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1. Introduction

The graphs presented in this paper are all non-empty, finite and undirected simple graphs. We
follow the notation and terminology of Bondy and Murty [1]. For a graph G, let V(G) and E(G) denote
its vertex set and edge set, respectively. Furthermore, |V(G)| denotes the order of graph G, and |E(G)|
denotes the number of edges within graph G. For an edge e = uv € E(G), the edge degree d(e) of edge
e 1s defined as

d(e) = d(u) + d®).

The minimal edge degree of graph G is defined by

min d(e) = {d(u) +d(v)},

min
ecE(G) uveE(G)
where d(u) denotes the degree of vertex u. Let K,,, P,, and C, denote the complete graph, path, and
cycle on n vertices, respectively.
The idea of a super totient number was first introduced by Mahmood and Ali in 2017 [2]. According
to the paper, a positive integer n is defined as a super totient number if the set of positive integers less
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than n and relatively prime to n can be partitioned into two sets of equal sum. Mahmood and Ali
also showed that every graph admits a super totient labeling, a concept closely related to the sum
index studied in this work. The sum index has been used in studies such as [3-5]. Further relevant
investigations can be found in [6-8].

Definition 1. Let n be a positive integer. Define R(n) as the set of positive integers that are less than n
and relatively prime to n, expressed formally as

R(n) ={k e N | k < nand gcd(k,n) = 1}.

A positive integer n is said to be a super totient number if R(n) can be partitioned into two disjoint
subsets with equal sum.

Definition 2. An injective function f: V(G) — N is called a super totient labeling of a graph G if the
induced function f*: E(G) — N, defined by

) = f(u) f(v)

for every edge uv € E(G), assigns a super totient number to each edge of G. A graph G is said to be a
super totient graph if it admits a super totient labeling.

Definition 3. A super totient labeling f of a graph G is called a restricted super totient labeling if the
range of fis {1,2,...,|V(G)|}. A graph G is said to be a restricted super totient graph if it admits a
restricted super totient labeling.

Definition 4. The super totient index of a graph G is the minimum positive integer k such that a super
totient labeling f of G exists where the cardinality of the range of [~ is k.

Formally, for a graph G, we can use an injective map f: V(G) — Z to assign distinct integers to the
vertices. For a chosen map f, an arbitrary vertex u € V(G), and an arbitrary edge vw € E(G), we call
f(u) the rank of vertex u; and call f(v) + f(w) the rank sum of edge vw. Let

(G, ) = {f(v) + fw) [vw € E},

which represents the set of distinct rank sums of all edges in G under the map f. Then, the sum index
of G, denoted by S (G), is defined as:

S(G) = f:%&Z{IU(G, A1

where miny.y()—z means taking the minimum value over all injective maps f from V(G) to Z, and
lo(G, f)| denotes the number of elements in the set.

Definition 5. Let f: V(G) — Z be an injective vertex labeling of G, and let f*: E(G) — Z be the
induced edge labeling defined by f*(uv) = f(u) + f(v) for each edge uv € E(G). The sum index of G,
denoted by S (G), is the minimum positive integer k such that an injective vertex labeling f of G with
{f*(uv)luv € E(G)}| = k exists.

Harrington and Wong [3] determined the sum indices of the complete bipartite graphs and complete
graphs, with a purely graph theoretic proof.
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Theorem 1.1. [3] Let K,,,, be the complete bipartite graph with m and n vertices in each part. Then,
S(Kpy)=m+n-—1.
Theorem 1.2. [3] Let K, be the complete graph with n vertices. Then,
S(K,) =2n-3.

Harrington and Wong [3] established the relationship between the super totient index and the sum
index, which is given by the following theorem.

Theorem 1.3. The super totient index of a graph G is equal to the sum index of G.

Next, we establish some fundamental bounds for the sum index of a graph.

First, recall that two edges in a graph are adjacent if they share a common vertex. Since the vertex
labelings are injective, it follows that the sum labels of adjacent edges must be distinct. Treating each
sum label as a “color”, this directly corresponds to a proper edge coloring of G a coloring, where
the adjacent edges receive different colors. By definition of the chromatic index y’(G) (the minimum
number of colors needed for a proper edge coloring of G), the sum index of G satisfies S(G) > y'(G).
From Vizing’s Theorem [9], we know that y’(G) is either A(G) (the maximum degree of G) or A(G)+1;
thus, we have

S(G) = min{A(G), A(G) + 1} = A(G).

For the upper bound, consider a graph G and any of its subgraphs G’. A valid labeling for G naturally
restricts to a valid labeling for G’, so the sum index of G’ cannot exceed that of G, i.e., S(G") < S(G).
By Theorem 1.3, we have S (K,) = 2n — 3. Since every graph G of order n is a subgraph of K, this
implies S (G) < 2n — 3 for all n-vertex graphs G.

Proposition 1.1. Let G be a graph of order n. Then,
AG) < X' (G) < S(G) <2n-3.

A further lower bound for the sum index has been established by Haslegrave, with the result
published in [5]. To state this bound, we first introduce notation for vertex degrees: Given a graph G
with n vertices (i.e., of order n), let its vertex degrees be arranged in a non-decreasing sequence,
denoted as 01(G) < 9,(G) < --- < 6,(G) (where 6;(G) represents the degree of the i-th vertex in this
ordered list).

Theorem 1.4. [5] For any graph G of order n, the sum index S (G) satisfies

$(G) 2 max (5(G) + 6441(G) — k).

keN

Theorem 1.5. For any graph G of order n, the sum index S (G) satisfies

$(G) 2 min {6,(G) + 6,(G), min {d(e) - 1}}.
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Proof. Let f: V(G) — Z be an optimal injective vertex labeling for G, so that [Im(f*)| = S(G). Let
Umin e the vertex with the smallest label, defined as

S(Umin) = m = min{f(v) | v € V(G)},
and Let u,,,, be the vertex with the largest label, defined as
f(umax) =M= max{f(v) | Ve V(G)}

Clearly, m < M by injectivity. Let diin = d(Umin) and dinax = d(umax) denote the degrees of uy,;,, and
Umax, respectively. For any edge uv € E(G), its sum label is defined as f.(uv) = f(u) + f(v).

Let eg = uv € E(G) be an edge with minimum edge degree. Then, d(ey) = d(u) + d(v). We consider
two cases,

Case 1. ugintmax ¢ E(G).

Let N(umin) = {ai1, a2, ...,a,,,,} be the set of all neighbors of u,,. The set of edge sums for edges
incident to Uy, 1S

Smin = {f+(uminai) | I = 1,2’- --’dmin} = {m+f(ai) | i=1, 2,---,dmin}-

Since f is injective, all values f(a;) for 1 < i < dy;, are distinct, so S, contains exactly d,
distinct elements. Furthermore, since f(a;) < M for all 1 < i < dn,, every elements in S, 1S strictly
less than m + M.

Let N(umax) = {b1,b2,...,by, .} be the set of neighbors of un,. The set of edge sums for edges
incident to i,y 1S

Sma = {folttmaxh) | j = 1.2, o) = {M + f(b)) | j = 1,2, das .

Similarly, injectivity ensures f(b,), f(b2),..., f(bg,, ) are distinct, SO S contains dpyax distinct
edge sums. Since f(b;) > m, every sum in S . satisfies M + f(b;) > m + M.

All elements in S ,;, are strictly smaller than m + M and all elements in § ,,x are strictly larger than
m+ M. Hence S in NS max = 0, and therefore

|Smin U Smaxl = dmin + dmax-

Notice that S i, and S .« are both subsets of the set of all edge sums Im(f"). Consequently, S i, U
S max € Im(f*), which yields
|Im(f+)| > |Smin U Smaxl-

By definition, S (G) = |Im(f*)|. Since 6,(G) and 6,(G) are the minimum and second-minimum vertex
degrees of G, we have
S(G) > dmin + dmax = 61 (G) + 62(G)

Case 2. Uninlmax € E(G).

The neighbor set N (up;,) includes uy,,x, so the set of edge sums for edges incident to uy,, is:
Smin = {m + M} U {m + f(ai) | a; € N(umin) \ {umax}}~
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Since f is injective, we have f(a;) # M for all a; # un., and all f(a;) are distinct. Hence, S nin
contains exactly dp;, distinct edge sums, one sum from the edge upinlmax, and dpi, — 1 sums from the
remaining neighbors.

The neighbor set N(uy,y) includes uy,,, so the set of edge sums for edges incident to u,,y 1S

Smax = {m+ MU {M + (b)) | b; € Ntta) \ {ttmin}

Similarly, injectivity of f implies f(b;) # m for all b; # uy;, and all f(b;) are distinct. Hence, S nax
contains exactly d,, distinct edge sums, one sum from the edge uminUmax and dyax — 1 sums from the
remaining neighbors.

The only common edge sum between S i, and S .« is m + M, which comes from the shared edge
UminUmax- The total number of distinct edge sums is

|Smin U Smaxl = |Smin| + |Smax| - |Smin N Smaxl = dmin + dmax - 1.

Since UminUmax € E(G), its edge degree is duin + dmax- By minimality of d(ep), we have dpin + dimax >
d(ep). It follows that the number of distinct edge sums is at least d(ey) — 1, so S(G) > d(ep) — 1.
Combining both cases, the sum index of G satisfies

$(G) = min {6,(G) + 6,(G). min {d(e) - 1}}.

This completes the proof. O

Theorem 1.6. [4] Let n > 3 be an integer. Then, S (C,) = 3.

The n-dimensional hypercube Q, is defined recursively via Cartesian product: Q; = P,, and Q,, =
Q,-10P, for n > 2. This recursive product structure makes hypercubes a typical representative of
Cartesian product networks.

Desai and Wang [7] obtained the exact sum index of hypercubes by making full use of the recursive
decomposition property of Cartesian products.

Theorem 1.7. [7] For the n-dimensional hypercube Q,, the sum index satisfies
S(Q,) =2n-1.

We organize this paper as follows: In Section 2, we establish upper and lower bounds for the sum
indices of the Cartesian product of two graphs G and H. In Section 3, we apply these results to
determine the sum indices of grid networks.

2. Cartesian product networks

The Cartesian product of two graphs G and H, written as GOH, is the graph with vertex set V(G) X
V(H), in which two vertices (u,v) and («’,Vv") are adjacent if and only if u = " and (v,Vv") € E(H), or
v ="V and (u,u") € E(G). By symmetry, we have GOH = HOG. For more details on product networks,

we refer to [10, 11].
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Let G and H be two connected graphs with V(G) = {uj,us,...,u,} and V(H) = {vi,va,..., v},
respectively. Then, we have

V(GoOH) = {(uj,v) |1 <i<n, 1< j<m}

For v € V(H), we use G(v) to denote the subgraph of GOH induced by the vertex set {(¢;,v) | 1 <i <
n}. Similarly, for u € V(G), we use H(u) to denote the subgraph of GOH induced by the vertex set
{(u,v)) |1 < j<mj.

Some well-known interconnection networks, e.g., hypercubes, meshes, tori, k-ary n-cubes, and
generalized hypercubes, are product networks [12—14]cankaowenxian.

Theorem 2.1. Let G be a graph of order n and H be a graph of order m. Then,
S(GoH) < min{S(G)m + S (H)n,2mn — 3}.

Proof. By definition of the sum index, an injective vertex labeling f;: V(G) — Z exists such that
Im(f2)| = S(G), where fi(uu') = fo(u) + fo(u’) for all uu’ € E(G). Similarly, an injective vertex
labeling fy: V(H) — Z exists such that [Im(f;;)| = S(H), where f;(W') = fu(v) + fu(v') for all
w' € E(H).

We define a vertex labeling F: V(GOH) — Z as

Fu,v)=M: fo(uw) + fu(v) VY(u,v) € V(GOH),
where M denotes a positive integer satisfying
M > max {2|fp(v) = fu()l | v,V € V(H)}.
Suppose F(uy,vy) = F(uy, v,) for two vertices (uy, vy), (uz, v2) € V(GOH). Then,

M - (fo(u1) = fo(u2)) = fu(va) = fu(v).

By the choice of M, the right-hand side satisfies | fy(v2) — fu(v1)| < M. The left-hand side is an integer
multiple of M, so the only solution is f;(u;) = fo(uz) and fy(vi) = fu(v2). Since f; and fy are
injective, this implies u; = u, and vy = v, so F'is injective.

By the definition of the Cartesian product, the edge set E(GOH) can be partitioned into two disjoint

subsets:
E¢ = {(u1,v)(uz,v) | uyuy € E(G), v € V(H)},

Ey = {(u,v)(u,v2) | viv2 € E(H), u € V(G)}.
We analyze the induced sum labeling F* on E; and Ey.
Case 1. Induced labeling F* on Eg.

For any edge (1, v)(uy,v) € Eg. Compute F* as follows:

F* ((uy,v)(ua,v)) = F(uy,v) + F(uy,v)
=M - fo(uy) + fu(v)) + (M - f6(uz) + fu(v))
=M - (fo(u) + fo(uz)) +2 fu(v).

S uuz)
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For each fixed v € V(H), define
A, ={M-s+2fy(v)| s eIm(f)}.

Since the map s — M - s + 2fy(v) is injective, we have |A,| = |Im(f})| = S(G). Moreover,
A, NA, =0 forv # Vv € V(H). Suppose for contradiction that there are distinct v,V € V(H) with
A, N A, # 0. Then, sy, s, € Im(f7) exist such that

M- s+ 2fH(V) =M-s5,+ 2fH(V/).

Then, we have

M - (s1 = $2) = 2(fu(V") = fu(v)).

Since 12 (fu(v') — fu(v))| < M, the left-hand side is an integer multiple of M, we obtain s; = s, and
fu(v) = fu(v'). By the injectivity of fy, we have v =V, a contradiction.
It follows that the image of F'* restricted to Eg is the disjoint union ey Ay, so the cardinality

satisfies
A

veV(H)
Case 2. Induced labeling F* on Ey.
For any edge (1, v1)(u,v,) € Ey. We compute F* as follows:

- Z \A| = m - S(G).
veV(H)

F+ ((Ll, V])(I/l, VZ)) = F(l/l, Vl) + F(Lt, VZ)
=M - fo(u) + fu(v)) + (M - f(u) + fu(v2))
=2M - fo(u) + fr(viva).

For each vertex u € V(G), let
B, = (2M - folw) + 1| 1 € Im(f})}.
Since t — 2M - fg(u) + ¢ is injective, we have
8.l = Im(f)| = S(H).

Moreover, B, N B,, = O whenever u # u’ € V(G). Suppose for contradiction that there are distinct
u,u’ € V(G) with 8, N B,, # 0. Then, t;, 1, € Im(f};) exists such that

2Mfg(1/t) +14H = 2MfG(I/t,) + 1.
Then, we have

2M - (fo(u) = fo(u')) =t — 1.

Since |, — t;| < M, we have fs(u) = fs(u') and t; = t,, implying u = u’, which is a contradiction.
Thus, we have
1 8d= ) 1BJ=n-SH).

ueV(G) ueV(G)

AIMS Mathematics Volume 11, Issue 9, 29888-29906.
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The total range of F* is the union of two sets:

Im(F*):{ | ﬂv)u( U Bu).

veV(H) ueV(G)

Therefore, the cardinality satisfies

Im(F*)| < ‘U A,

+‘UBM

By the definition of S(GOH), we have S(GOH) < [Im(F™)|. Since

=mS(G) +nS (H).

| Im(F™)| < mS(G) + nS(H),

it follows that
S(GoH) < S(Gm+ S(H)n.

From Proposition 1.1, we have S(GOH) < 2mn — 3. Combining the two inequalities, we conclude
that
S(GOH) < min{S(G)m + S (H)n,2mn — 3}.

This completes the proof. O

Lemma 2.1. Let G be a connected graph of order n > 3. Then, an injective vertex labeling fg:
V(G) — Z exists such that | Im(fZ)| = S(G). Moreover,

| Im(fg) N Im(=f)] > 2,

where
fo ') = fo(u) + fo')
for every edge uu’ € E(G).

Proof. By definition of S (G), there is an injective vertex labeling gg: V(G) — Z satisfying | Im(gg)| =
S(G). Write gg(v;) = a; fori =1,...,n, where {ay, ..., a,} is a set of distinct integers.

Since G is connected with n > 3, we have A(G) > 2. Thus, there is a vertex v € V(G) with at least
two distinct neighbors u;, u,. By the injectivity of gg, g6(u1) # gc(u2), which implies

gc(v) + go(ur) # go(v) + go(uz).

Therefore, the edge-sum set admits at least two distinct values, thus [Im(g)| > 2.
Without loss of generality, let s < ¢ be the two smallest distinct elements of Im(g;). Choose the
edges uv, wz € E(G) such that

s = go(u) + gc(v), t=gcw) + g6(2).

We define a transformed labeling f; on each vertex v; € V(G) by
foi) =4gc(vi) — (s +1) =4a; — (s +1).
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For any edge xx” € E(G), direct computation yields

fo (xx') = fo(x) + fo(x)
= [4gc(x) — (s + )] + [4gc(xX) = (s + )]
= 4(go(x) + g6(x)) = 2(s + 1)
=4gl(xx") = 2(s + 1).

The map ¢: x — 4x — 2(s + 1) is a bijection on Z, so

[ Tm(f)l = [Im(g5)l = S(G).
Claim 1. f; is injective.

Proof. If fo(vi) = fc(v)), then, 4a; — (s + 1) = 4a; — (s + t), which gives a; = a;. The injectivity of g¢
forces v; = v;. |

Claim 2. |Im(f3) N Im(=f5) > 2.

Proof. Evaluate the edge sums corresponding to the selected edges uv and wz as follows:
feuv)=4s=2(s+1) =2(s—1),
fawz) =4t =2(s+1) =2(t — 5) = —fE (uv).

This yields a pair of mutually opposite nonzero edge sums

{2(s = 1), =2(s = O} S Im(fg) N Im(=f5),
which directly implies | Im(f7) N Im(=f3)| > 2. m|
The above claims complete the proof. O

Observation 2.1. Let f; be an injective vertex labeling V(G) — Z such that [Im(f;)| = S(G), where
feuu') = fo(u) + fo(u') for all uu’ € E(G). Leta, b € Z with a # 0. Then, g = afs + b is an injective
vertex labeling such that [Im(g})| = S(G), where g (uu’) = go(u) + go(u’) for all uw’ € E(G).

Theorem 2.2. Let G and H be connected bipartite graphs of order at least 3. Then,
S(GoH) <25(G)+2S(H) - 2.

Proof. Let G = (V(G),E(G)) and H = (V(H), E(H)) be bipartite graphs with bipartitions V(G) =
U, U U, and V(H) = V| U V,, respectively.

By Observation 2.1, starting from some optimal injective vertex labeling of G, after applying a
suitable affine transformation af; + b (@ # 0), we obtain an optimal injective labeling, which we
denote as fg, satisfying fo(u1) + fo(un) # 0 for any two distinct vertices uy, u, € V(G).

Similarly, by Lemma 2.1, there is an injective vertex labeling fy: V(H) — Z. Let f;(»') =
fa() + fy(v') for all v € E(H). This labeling satisfies

[Im(f;)| = S(H) and [Im(f;) N Im(~f;)] > 2.
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Let
Se ={fow) + fo) |uu’ € E(G)} and Sy = {fu(v)+ fa(V)| v € E(H)}

be the sets of edge sums induced by f; and fy, respectively. By the definition of the sum index,
ISGl = S(G) and |S | = S (H).
Choose an integer k sufficiently large so that

k > max {|fy(v) £ fu(V)l | v,V € V(H)).
Define F': V(GOH) — Z by

kfc(uw) + fu(v), uelU;, veV,

F(M,V) — —ka(l/l) +fH(v)’ uc U], LS Vz,

kfc(w) — fu(v), uelU, veV,
—kfc(u) — fu(v), ue€ U, veV,.

Claim 3. The labeling F is injective.

Proof. Suppose for contradiction that F(u;,v) = F(uy,v,) with (uy,vy) # (u4p,v;). We consider all
cases according to the membership of vertices in the bipartitions.

Case 1. u,uy € Uy, vy, vy € V).

kfc(u) + fu(vi) = kfc(uz) + fu(v2) = k(fo(ur) = fo(ua)) = fu(v2) = fu(vi).

If u; # uy, then |k(fg(uy) — fo(uz))| = k, while |fy(v2) — fu(vi)| < k, which is a contradiction. Hence,
u; = u,, and also v; = v,, which is a contradiction.

Case 2. U, Uy € Uy, vi,vp € Vs

—kfo(u) + fu(vi) = =kfouz) + fu(v2) = —k(fo(ur) = fo(u2)) = fu(v2) = fu(v).

If u; # uy, then |k(fg(uy) — fo(un))| = k, while |fy(v2) — fu(vi)| < k, which is a contradiction. Hence,
u; = u, and v; = v,, which is a contradiction.

Case 3. U, Uy € Uy, vi, v € V.

kfc(ui) = fu(vi) = kfeuz) = fu(v2) = k(fo(ur) = fo(u2)) = fu(v1) — fu(vo).

If u; # up, then |k(fg(uy) — fo(un))| = k, while |fy(vi) — fu(v2)| < k, which is a contradiction. Hence,
u; = u, and v; = v,, which is a contradiction.

Case 4. Ui, Uy € Uy, vi,vp € V5.

—kfc(u) = fu(v1) = =kf(uz) = fu(v2) = k(fo(uz) — fo(ur)) = fu(vi) = fu(vo).

If u; # up, then |k(fg(uy) — fo(uy))| = k, while |fy(vi) — fu(v2)| < k, which is a contradiction. Hence,
u; = u, and v; = v,, which is a contradiction.
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CaseS. uj,u, e Uy, vy € Vi, vy € Vs
kfc(u) + fu(vi) = =kfo(uz) + fu(v2) = k(fo(u) + fo(u2)) = fu(v2) = fu(v).

If fo(ur) + fo(uo) # 0, then |k(fo(u) + fo(u2)| > k. Since |fu(v2) — fu(v)l < k, which is a
contradiction. If fo(u;) + fo(uz) = 0O, then fy(v,) — fu(vy) = 0; thatis, fy(vi) = fu(v2). By our
assumption that fs(x) + fo(y) # O for any pair of distinct vertices x,y € V(G), we conclude that
uy = u,. The injectivity of fy then yields v; = v,, which contradicts (uy, vy) # (12, v2).

Case 6. U, up € Uy, vi € Vi, v € Vs,
kfc(u) = fu(v1) = =k fo(uz) = fa(v2) = k(fo(ui) + fo(uz)) = fu(vi) = fu(v2).

If fo(uy) + fo(ur) # 0, then |k(fG(u1) + fG(uz))| > k. Since |[fy(vi) — fu(v2)| < k, which is a
contradiction. If fo(uy) + fo(uz) = 0, then fy(vi) — fu(vy) = 0; thatis, fy(vi) = fu(v2). By our
assumption that fs(x) + fo(y) # O for any pair of distinct vertices x,y € V(G), we conclude that
uy = u,. The injectivity of fy then yields v; = v,, which contradicts (u, vy) # (uz, v2).

Case 7. ur € Uy, up € Uy, vy, vy € V4.

kfc(ui) + fu(vi) = kfeuz) = fa(v2)) = k(fo(ur) — fo(uz)) = —fu(v1) = fa(v2).

Since u;, u, are distinct vertices of G, we have |k(fg(u1) — fo(uz))| = k, while |fz(v1) + fu(v)| < k,
which is a contradiction.

Case 8. ur € Uy, uy € Uy, vy, vy € V5.

—kfc(uy) + fu(vi) = =kfo(uo) = fu(va) = k(fo(ua) — fo(ur)) = —fu(1) = fu(v2).

Since u;, u, are distinct vertices of G, we have |k(fg(uy) — fo(uy))| = k, while |fz(v1) + fu(v)| < k,
which is a contradiction.

Case 9. u € U, uy € Uy, vy €V, vy € V5.
kfc(u) + fu(v1) = =k fo(uz) = fu(v2) = k(fo(ur) + fo(u)) = —fu(v1) — fu(v2).

Since u;, u, are distinct vertices of G, we have fs(uy) + fo(uz) # 0, so |k(fo(uy) + fo(uz))| > k, but
|fu(v1) + fu(v2)| < k, which is a contradiction.

Case 10. uy € Uy, up e U, v €V, vy € V5.
kfc(u) = fu(v1) = =k fo(uz) + fu(v2) = k(fo(ur) + fo(uz)) = fu(v1) + fu(v2).

Since u,;,u, are distinct vertices of G, we have fo(u;) + fo(uz) # 0, so |k(fo(u1) + fo(u2))| > k, but
| fu(v1) + fu(v2)| < k, which is a contradiction.
All cases lead to a contradiction unless (u;,v{) = (u», v5). Therefore, the claim holds. O

We now estimate the number of distinct edge sums of F. The edges of GOH are partitioned into
two types: Horizontal edges (u, v)(#’, v) induced by G and vertical edges (u, v)(u, V") induced by H.
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For each horizontal edge (u,v)(v',v) € E(GOH), the vertices u,u’ belong to opposite partition
classes of G. Direct computation yields

Fu,v) + F(u',v) = £k(fo(u) + fo(u)).
Define A, ={k-s|seSgland A_ ={-k-s|s € Ss}. Clearly,
A UA| < A+ A =2|S6] = 25(G).

All horizontal edge sums belong to A, U A_.
For each vertical edge (u, v)(u, V") € E(GOH), the terms involving & f;(u) cancel out, and thus

F(u,v) + F(u,v') = £(fg(v) + fu(v")).

Set B, ={t|teSyland B_ ={—-t|t € Syg}). By Lemma 2.1, Sy N (=Sy) > 2,50 B, NB_| > 2.
Therefore,
B, UB_| <|B |+ 1B |-2=2|Sy|—-2=25(H) - 2.

By the choice of k, every element in A, UA_ has an absolute value of at least k, while every element
in B, U B_ has an absolute value of less than k. This implies

(A, VAINBL,UB) =0.
The whole set of edge sums of F'is contained in (A, U A_) U (B, U B_). Consequently,
| Im(F*)| < | A, UA| +|B. UB_| <25(G) + 25 (H) - 2.

Since the sum index S (GOH) is the minimum possible size of Im(F*) over all injective labelings, we
obtain

S(GoH) <28(G)+25(H) - 2.

The proof is complete. O

This bound is particularly effective for analyzing special bipartite graphs, including grid graphs,
hypercubes, and complete bipartite graphs, for which the sum index of Cartesian products depends
crucially on the sizes of the vertex partitions.

Corollary 2.3. Let G be a bipartite graph and H be a bipartite graph. Suppose there is an injective
vertex labeling f: V(G) — Z such that | Im(f*)| = S(G), Im(f*) = —Im(f*) and f(u) + f(u’) # O for
any distinct u,u’ € V(G). Suppose there is also an injective vertex labeling g: V(H) — Z, such that
|Im(g™)| = S(H) and Im(g*) = —Im(g*). Then,

S(GoH) < S(G)+ S(H),
and there is an injective labeling of GOH satisfying Im(F*) = —Im(F™).
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Proof. Let G = (U; U Uy, Eg) and H = (V; U V,, E) be bipartite graphs, where U,, U, and V, V, are
the bipartitions of G and H, respectively.
By assumption, there is an injective vertex labeling f: V(G) — Z satisfying

Im(f M) = S(G), Im(f") =-Im(f"), fQ) +f@u)#0, Yu#u €V(G),

where f"(uu’) = f(u) + f(u') for all uu’ € Es. Similarly, an injective vertex labeling g: V(H) — Z
exists such that
|Im(g")| = S(H), Im(g")=-Im(g"),

where g* (W) = g(v) + g(v/) forall v € Ey.
Write
So ={fw) + f(') | u’ € Eg}, Su=1{gv) +g(/) | € Ep}.
Then, |Sg| = S(G), ISyl = S(H),and Sg = =S¢, Su = =S
Choose an integer k that is sufficiently large such that

+ <k.
, max lg(vi) = g(1)

Define a vertex labeling F: V(GOH) — Z by

kf(u) +g(V)» ue Ul» S V19

F( ) _kf(l/t) + g(v)a ue Ul’ Ve VZ’
u,v) =

kf(u)—g(v), uel, velV,

—kf(u)—g(v), uelU,, veV,.

Claim 4. The labeling F is injective.

Proof. Suppose F(uy,vi) = F(uy,v,). The case analysis is entirely analogous to the proof of the
preceding theorem. In each case, we obtain an equality of the form ka = 3, where @ = f(u;) = f(uy).
By the injectivity of f and the condition f(«) + f(u") # 0 for all distinct vertices u, u’, we have a # 0.
Since all labels are integers, || > 1, so |ka| > k. On the other hand, § is a combination of values of
g, and |B] < k by the choice of k. This yields a contradiction. Therefore, (u;,v;) = (uz,Vv2), and F is
injective. O

We now analyze the set of edge sums of F. The edges of GOH consist of horizontal edges
(u,v)(u’,v) induced by G and vertical edges (u, v)(u, V") induced by H.
For each horizontal edge (u, v)(u’,v) € E(GOH), we have

F(u,v) + F(u',v) = 2k(f(u) + f(u)).

Let A=1{ks|seSglU{-ks|seSg} Since Sg = —Sg, wehave {—ks | s € Sg} C {ks| s € Ss}
Hence, A = {ks| s € S¢} and [A| = |S¢| = S(G). All horizontal edge sums belong to A.
For each vertical edge (u, v)(u, V') € E(GOH), we have

F(u,v) + F(u,v') = =(g(v) + g(v")).
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LetB={t|teSyglu{-t|reSy} Since Sy =—-Sy, weobtain B =Sy and |B| = |Sy| = S(H). All
vertical edge sums belong to 8.

By the choice of k, every element in A has an absolute value of at least &k, and every element in 8
has an absolute value of less than k. Thus, AN B = (. Note that |[A| = [Im(f")| and |B| = [Im(g*)|,
and [Im(F*)| = [Im(f*)| + [Im(g*)|. Recall that Im(f*) = —Im(f*) and Im(g*) = —Im(g"). Hence,
A =-Aand B = -B, which yields

Im(F')=AUB=—-(AUB)=—-Im(F").

Consequently, Im(F*) = —Im(F™*).
Moreover,
[ Im(F*)| = [AUB| = |A|l +|B| = S(G) + S(H).

By the definition of the sum index S(GOH) as the minimum cardinality of Im(F*) over all injective
labelings, we conclude that
S(GOH) <S(G)+ S(H).

The proof is complete. m|

Theorem 2.4. Let G be a bipartite graph of order n and H be a graph of order m. Then,
S(GoH) < S(G) +nS (H).

Proof. Let G = (U, U U,, E(G)) be a bipartite graph of order n, whose vertex set is partitioned into two
independent sets U; and U, satisfying |U,| = ny, |U,| = n, and ny + n, = n. Let H = (V(H), E(H)) be
a graph of order m with vertex set V(H) = {v{,va,...,Vp}.

By the definition of the sum index, there is an optimal injective vertex labeling f;: V(G) — Z with
[Im(f5)| = S(G), where fi(uu') = fe(u) + fo(u’) for every edge uu’ € E(G).

Similarly, take an optimal injective labeling fy for H with [Im(f;)| = S (H).

Define a vertex labeling F: V(GOH) — Z for the Cartesian product GOH as follows:

Fuv) k- fou)+ fu(v), ifueU,,veVy,
u,v) =
k.fG(u)_fH(V)9 ifue UZa VEVH’
where k is a sufficiently large positive constant satisfying
k > 2max {|fy(v)| |v € V(H)).

Claim 5. F is injective.
Proof. Suppose for contradiction that F is not injective. Then there are two distinct vertices (i, vy) #
(uz,v2) € V(GOH) such that F(uy,v,) = F(us, v,). We consider the following cases.
Case 1. uy,ur € Uy or uy,uy € Uy, with vy, v, € V(H).
If uy, u, € Uy, then
k- fo(ui) + fu(v1) = k- fo(ua) + fu(v2).
Rearranging, we have

k- (fou) = fo)) = fu(v2) = fu(vi).
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If u; # u,, then the absolute value of the left-hand side is at least k, whereas |fy(v2) — fu(vi)| < k,
which is a contradiction. Thus, u; = u,. Then, fy(v2) = fu(v1). By injectivity of fy, we have v; = v,,
which contradicts (1, vy) # (uz, v2).

The case u;,u, € U, follows by an entirely symmetric argument, replacing + fz(-) with —fy(-).

Case 2. uy € Uy ,up € Uyand vy, vy € V(H)
By the definition of F, we have

k- fo(u) + fu(vi) = k- f(uz) — fu(v2).

Rearranging, we obtain
k- (fo(ur) = fo(u2)) = —fu(v1) = fu(v2).

Since u; # u, and fg is injective, we have fs(u1) # fg(u2). Thus, the left-hand side is a nonzero integer
multiple of k, so its absolute value is at least k. However, by the choice of k > 2 max{|fy(v)| : v € V(H)},
we have

| = fu1) = fu@)l < | fu@Dl + [fu(v2)l < k.

This is a contradiction.
The case with u; € U,, u, € Uy, and vy, v, € V(H) follows by a similar argument. Therefore, F is
injective. O

Claim 6. [Im(F*)| < S(G) + nS (H).

Proof. The edge set of GOH can be partitioned into two disjoint families: Edges inherited from G, and
edges inherited from H. We compute the cardinality of the edge sum set induced by F.

Case 1. Edges inherited from G (fixing vertices in H).

These edges have the form (u,v)(u,,v) € E(GOH), where uju, € E(G). Since G is bipartite,
we have u; € U, , u, € U,, and v € V(H). The corresponding edge sum is F(uy,v) + F(u,v) =
k- (fo(uy) + fo(uy)). For each fixed v € V(H), define A, = {k- s | s € S(G)}. Since multiplication by
the nonzero constant k is injective, we have|A,| = S (G)| = S (G).

Moreover, all sets A, coincide for every v € V(H), so

| A|=1A1=5G).

veV(H)

Case 2. Edges inherited from H (fixing vertices in G).

These edges have the form (u, v)(u, v,) € E(GOH) with viv, € E(H) and u € V(G).
If u € Uy, the edge sum satisfies

F* ((u, vi)(u,v2)) = F(u,v1) + F(u,v2)
= (k- fou) + fu(v1)) + (k- fo(u) + fu(v2))
=2k - fo(u) + fr(viva).

For each u € Uy, let 8, = {2k - fo(u) +t | t € Im(f;;)}. The map ¢t — 2kfs(u) + ¢ is injective,
so |B,] = [Im(f;;)| = S(H). For distinct vertices u # u’ € U;, we claim 8, N B,, = 0. Suppose, for
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contradiction, that 2k - f;(u) + t; = 2k - fo(u’) + t,. which rearranges to 2k - (fo(u) — fo(u')) = t, — ;.
By the choice of k, |t, — t;| < k. Since u # u’, the absolute value of the left-hand side is at least 2k > k,
which is a contradiction.

If u € U,, the edge sum satisfies

F*((u,vi)(u,v2)) = (kfo(u) = fa(v1) + (kfe) = fu(v2)) = 2k fo(u) — fr(viva).

For each u € V(G), let B, = {2k - fo(u) —t | t € Im(f};)}. The map ¢t — 2k - fi(u) — ¢ is injective,
so |B_| = [Im(f)| = S(H). For distinct vertices u # u’ € U,, we claim8B, N B, = 0. Suppose, for
contradiction, that 2k - f;(u) — t; = 2k - fo(u’') — t,. which rearranges to 2k - (fo(u) — fo(u')) = t; — t,.
By the choice of k, |t, — t;| < k. Since u # u’, the absolute value of the left-hand side is at least 2k > k,
which is a contradiction.

The total cardinality of the edge sum set of GOH induced by the injective labeling F satisfies

[tm(F)| = ( g AV)U(U B, U UB;)

veV(H) uelU, ucly
<\ al+ D 81+ ) 18
veV(H) ucl, ucl
= S(G) +nS(H).
This completes the proof. O

By the definition of the sum index S (GOH), which is the minimum cardinality of the edge sum set
over all injective vertex labelings of GOH, we conclude

S(GuH) < S(G) +nS(H).
This completes the proof. O

Corollary 2.5. Let G be a graph of order n and H be a bipartite graph of order m. Then,
S(GOH) < mS(G) + S(H).
3. Applications

In this section, we illustrate the effectiveness of our theoretical results by applying them to one
typical class of Cartesian product networks, namely the m-dimensional grid networks.

m-dimensional grid networks. An m-dimensional grid graph is defined as the Cartesian product
P, 0P,0...0P,, of the path graphs, where each path P, has n; > 3 vertices for all 1 < i < m. For
more details about grid graphs, we refer to [15].

Lemma 3.1. Let P, be a path graph of order n > 3. Then, S (P,) = 2, and an injective vertex labeling
F: V(P,) — Z exists such that |Im(F*)| = S(P,), 0 ¢ Im(F") and Im(F*) = —Im(F*), where
F*(ww') = F(w) + F(W') for every edge ww' € E(P),).
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Proof. For the lower bound. By Proposition 1.1, we have S(P,) > 2.
Let P, = wiw,...w,. Define a vertex labeling F(w;) = (=1)' -i. Since 1,2,...,n are mutually
distinct integers, the labeling F is injective. For each edge w;w;,|, we have

Fw) + Fwier) = (Di + (=)™ G + 1) = (=),

The edge sum set is Im(F*) = {1, —1}. Thus, |Im(F*)| = 2, Im(F*) = —Im(F*) and 0 ¢ Im(F™).
Hence, S (P,) < 2. Combining the lower bound and upper bound, we have S (P,) = 2. The labeling F
satisfies all the required conditions. O

Theorem 3.1. Let integer m > 2 and n; > 3 for each 1 <i < m. Then,
S(P,0P,,0---0P,,) =2m.

Proof. We proceed by induction on the dimension m. Denote G, = P, 0P,,0---0OP,, .

For m = 2. Both P, and P,, are bipartite graphs. By Lemma 3.1, we have each path admits a
symmetric optimal labeling satisfying the hypotheses of Corollary 2.3. Applying Corollary 2.3, we
have

S(P,OP,,) <S(Pp)+S(P,,)=2+2=4=2-2.

The maximum degree of the two-dimensional grid G, is 4, so S(G,) > 4. Consequently, S (G,) = 4.
Moreover, Corollary 2.3 guarantees that G, also has a symmetric optimal labeling. The case m = 2
holds.

Assume that for the (m — 1)-dimensional grid

Gy = P, 0P,,0---0P,, |,

we have S (G,,—1) = 2(m — 1), and G,,_; satisfies the labeling condition required in Corollary 2.3.
Write the m-dimensional grid as the Cartesian product

G, = Gm—IDan = anDGm—l-
G,-1 and P, are both bipartite graphs equipped with symmetric optimal labelings. By Corollary 2.3,
SGu) £SGu-1)+SPy,) =2m—-1)+2 =2m.

On the other hand, the maximum degree of the m-dimensional grid satisfies A(G,,) = 2m, which implies
the lower bound S (G,,) > 2m.
Combining the upper bound and lower bound, we conclude that S (G,,) = 2m. O

4. Conclusions

In this work, we study the sum index of Cartesian product graphs, which serve as topological models
for interconnection networks. Several upper bound inequalities for S(GOH) are established under
different structural assumptions. When both factor graphs are bipartite, we obtain enhanced bounds
by utilizing bipartite partition structures. As an application, we derive the exact sum index value for
m-dimensional grid networks: S (P, ,0P,,0---0P, ) = 2m for all integers n; > 3.
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Our analysis focuses primarily on upper bound estimates, while tight lower bound results for
S(GOH) remain limited in existing literature. The labeling constructions we adopt rely on affine
transformations with large scaling constants for theoretical derivation, yet they do not yield labelings
with small integer ranges. Our bounds become sharp for bipartite product networks such as
multi-dimensional grids, which benefit from the symmetric optimal labeling property of path graphs.
However, such favorable labelings may not exist for non-bipartite networks. For example, it remains
open whether torus networks constructed from odd length cycles admit symmetric optimal labelings,
which restricts direct application of our bipartite oriented techniques.

Some open problems remain for future research. It is worthwhile to develop tighter lower bounds
for the sum index of general Cartesian product graphs. Constructing minimal range integer labelings
achieving the sum index and computing exact sum index values for torus networks constitute interesting
directions. Moreover, extending the sum index analysis to strong products, lexicographic products,
tensor products, directed graphs, and weighted graphs deserves further attention.
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