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Abstract: This work develops an Atangana—Baleanu (AB)—y-fractal-fractional (ABFF) model for a
nonlinear memristive integrator circuit using an outer-derivative construction. The Atangana—Baleanu
derivative in Caputo (ABC) sense and the Atangana—Baleanu derivative in Riemann (ABR) sense
are distinguished explicitly throughout. The raw outer derivative is a y-weighted ABR operator;
therefore, a classical initial-value problem is posed for the regularized state v — v(0), which is
exactly equivalent to a weighted ABC equation. The resulting Volterra formulation contains the
operational-clock density wy¢(f) = O[y(r) — w(0)]° 'y’ (f) in both the instantaneous and hereditary
terms. We establish explicit growth and local Lipschitz estimates, a Krasnosel’skii existence result,
a continuation criterion, and finite-time uniqueness and continuous-dependence estimates based on a
fractional Gronwall argument. Importantly, the revised uniqueness and Ulam—Hyers estimates require
contraction only of the instantaneous AB term and no longer impose a smallness condition that grows
like 77. Generalized Ulam—Hyers—Rassias stability is reformulated in a weighted norm. A two-step
product-integration method is derived, and a full first-order convergence theorem is proved under a
bounded endpoint density. An exact scalar Volterra benchmark confirms the predicted order. For the
oscillatory circuit, terminal values and the uninformative initial-state maximum norm are replaced by
post-transient amplitudes and periods. A necessary initial-compatibility condition at ¢ = 0 is identified
explicitly. All reported fractional circuit simulations use endpoint-compatible bounded clocks with
wy 9(0)F(Up) = 05 in particular, the base clock y,(1) = >/(1 + t) is used for the fractional-order and
fractal-exponent studies. This removes an otherwise hidden incompatibility between the nonsingular
ABC kernel and the prescribed non-equilibrium initial state.
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1. Introduction

Fractional differential equations have now become an established method for modeling dynamic
phenomena in which the current state is influenced not only by instantaneous data but also by a
distribution of past events. The classical works of Podlubny [1], Kilbas et al. [2], Diethelm [3], and
Mainardi [4] provide a broad foundation for fractional initial-value problems, Mittag—Leffler
functions, hereditary constitutive laws, and numerical methods. Together, these studies show that
fractional modeling depends not only on the derivative order and kernel but also on how memory
enters the dynamics. PetrdS [5] provided a complementary treatment focused on nonlinear
fractional-order systems.

An important development in fractional calculus was the introduction of fractional operators with
nonsingular kernels. Caputo and Fabrizio [6] proposed an exponential-kernel derivative, and Losada
and Nieto [7] subsequently studied its associated integral operator and basic differential equations.
This work initiated a substantial line of regular-kernel modeling. Singh et al. [8], for example, applied
the Caputo—Fabrizio derivative to a fractional model for computer-virus propagation. A more recent
direction combined Mittag—Lefller and Caputo—Fabrizio features. Alghtani et al. [9] introduced the
Mittag-Leffler—Caputo—Fabrizio operator together with a numerical approach, while Sadek and
Aldawish [10] studied the corresponding integral, established existence and uniqueness conditions,
and developed a first-order numerical scheme.

This type of regular kernel direction has been taken further by Atangana and Baleanu [11] with the
introduction of Caputo- and Riemann derivatives with a Mittag—Leffler kernel. What makes the
Atangana—Baleanu (AB) approach particularly interesting for our purposes is that the integral
involved in this approach contains an instantaneous and a hereditary part. Existence and uniqueness
questions for ODEs of this kind have been explored by Jarad et al. [12]. Following this,
Atangana [13] defined fractal-fractional calculus, with both a fractional memory term and a fractal
scaling term. This additional degree of freedom is the immediate theoretical precursor of the
generalized model developed here.

The fractal-fractional operators have already been employed for modeling nonlinear circuits. Akgiil
et al. [14] formulated a fractal-fractional AB nonlinear integrator circuit and analyzed the existence and
uniqueness, Ulam—Hyers stability, numerical solutions, and phase portraits of the proposed system.
Their model is the closest applied antecedent to the system studied in this paper. However, its fractal
scale 1s tied to a fixed power-law clock. Here, that clock is replaced by a differentiable increasing
function ¢, which separates three modeling ingredients: the Mittag—Leffler memory kernel, the fractal
exponent, and the profile of operational time. Fractional-order integrator realizations have also been
studied from an engineering perspective. Zourmba et al. [15] constructed a fractional integrator circuit
using the Charef approximation, Krishna [16] surveyed realizations of fractional-order differentiators
and integrators, and Podlubny et al. [17] presented analogue realizations of fractional-order controllers.

The nonlinear circuit considered here is also closely related to memristive systems. Chua [18]
introduced the memristor as a fundamental circuit element relating charge and flux, and Strukov
et al. [19] later reported a nanoscale device exhibiting memristive behavior. Chua [20] clarified the
relation between resistance-switching memories and memristive signatures, while Yang et al. [21]
reviewed applications of memristive devices in memory, logic, and neuromorphic computing.

The generalized local clock that is employed in this study uses the y-fractal derivative that was
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proposed by Sadek et al. [22]. The fundamental concept is the measurement of the rate of change of
the function locally with respect to a non-uniform operational scale instead of just physical time. Using
the current notation, this clock is

Eyo(t) = (1) = p(0)]° 6]
with density
Wy (1) = By 4(1) = 61p(1) — (O]9 (1), 2

Thus, 6 controls the fractal exponent, whereas ¢ determines how the operational time is stretched or
compressed along the physical time axis.

This concept corresponds to the more general idea of fractional derivatives with respect to another
function. Specifically, in [23], a Caputo-like fractional derivative with respect to a function ¢ was
defined, and its basic properties and solutions were established; on the other hand, in [24], the -
Hilfer derivative was introduced, and an example of an auxiliary function was provided, helping to
define a whole class of fractional derivatives. All this means that a non-uniform clock may offer
modeling flexibility regardless of the fractional order. However, the fractional operator introduced in
this manuscript is structurally distinct in the sense that while s appears in the outer fractal derivative (2),
the time-lag variable ¢ — s still appears in the AB kernel.

In the present circuit analysis, ¢ is therefore treated as a phenomenological operational-time map
rather than as an additional resistance, capacitance, or memristor parameter. Polynomial, logarithmic,
rational, and exponential choices of ¥ are used only as sensitivity profiles for a nonuniform clock.
A physical realization would require calibration of a fractional-order integrator whose input—output
behavior reproduces the selected density wy ¢; that identification problem lies outside the scope of the
present mathematical and computational study.

The applications of AB derivatives in non-linear and chaotic systems give additional insight into
the current model. Alkahtani [25] investigated Chua’s circuit using AB derivative, and Atangana and
Koca [26] analyzed a chaotic system with AB derivatives. Both these models help to understand that
the replacement of the classical derivative by a nonsingular memory effect can change the dynamics of
the system. The current research incorporates the time-independent kernel .

Numerical reliability is equally important because fractional discretizations accumulate the entire
solution history. Consequently, a scheme should be assessed through consistency, stability, and
convergence, rather than through trajectory plots alone. A solid numerical framework for fractional
initial value problems was provided in the monograph of Diethelm [3], whereas Garrappa [27]
reviewed various numerical schemes and their implementation. Regarding nonsingular kernels, Djida
et al. [28] looked into the numerical evaluation of a derivative involving a nonlocal and nonsingular
kernel; Toufik and Atangana [29] suggested a numerical scheme for evaluating these derivatives and
applying it to chaotic systems; and Akgiil [30] constructed a numerical scheme for fractional
equations involving nonlocal and nonsingular kernels. All these references inspire us to devise an
explicit history-based product integration scheme and, more importantly, the actual convergence
analysis of the generalized circuit equation.

The literature, therefore, leaves a specific gap. Existing fractal-fractional AB circuit models use a
fixed power-type operational scale, whereas the literature on i-dependent operators allows the
operational time to vary but does not address the present weighted AB circuit structure. In particular,
we are not aware of a convergence analysis for an AB circuit discretization in which the nonlinear
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vector field is multiplied by the generalized density wy . The present paper connects these directions
by developing an Atangana—Baleanu—y-fractal-fractional (ABFF) framework together with a
first-order convergence theory for its explicit product-integration discretization.

Motivated by this gap, the fixed power-type fractal scale ¢ is replaced by the operational clock (1).
Each of the variables vy, 6, and  has its own mathematical significance: y manages the Mittag—Leffler
memory, 6 manages the fractal scaling, and y manages the unevenness of operational time. The key
contributions can be summarized as follows:

(1) The outer derivative operation is called the ABFF derivative, and its notation is distinguished
from the classical ABC and ABR derivatives. The nature of its ABR property, initial value
regularization, inverse integral, reductions, and end-point behavior is explicitly stated.

(2) The nonlinear integrator circuit is expressed for U — U, and converted to a weighted
ABC/Volterra equation. Evaluating that equation at the initial endpoint reveals the necessary
compatibility condition wy g(0)F(Uy) = 0 for 0 < y¥ < 1. Because the prescribed circuit state is
not an equilibrium, the reported fractional simulations are built from clocks with zero endpoint
density. The function ¢ is interpreted within clear physical limits as an operational-time
relationship that would require calibration against a controlled integrator circuit.

(3) Existence follows from a Krasnoselskii splitting and a continuation principle. Uniqueness,
continuous dependence, and Ulam-Hyers stability are enhanced using fractional Gronwall
inequalities that rely solely on contraction of the instantaneous AB term without the previous
requirement g < 1. Ulam—Hyers—Rassias stability is given in the suitable weighted norm.

(4) Product integration comes with a stability lemma and a first-order convergence theorem. The
exact scalar experiment confirms the predicted order, while circuit outcomes are described
through post-transient amplitudes and periods rather than endpoint values. All fractional circuit
experiments satisfy the bounded-density and initial-compatibility requirements; the convergence
theorem additionally assumes the stated source smoothness.

The paper is organized as follows: Section 2 introduces the generalized operator and its limiting
cases. Section 3 formulates the circuit and derives the weighted Volterra representation. Sections 4—6
contain the structural estimates, well-posedness results, and Ulam-type stability analysis. Section 7
gives the numerical derivation and implementation. Section 8 reports the simulations, an exact
convergence benchmark, and an application-level refinement check based on oscillation statistics; the
final section summarizes the conclusions.

2. Preliminaries and the y-fractal-fractional AB operator

2.1. Mittag—Leffler function and AB normalization

For 0 < y < 1, the one-parameter Mittag—Leffler function is

E = _ 3
v ZiT(yk + 1) ©)
Let B(y) be a positive normalization satisfying B(0) = B(1) = 1. In all computations, we use
Y
B(y)=1-y+ —/—. 4)
AR v0Y)
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For 0 < y < 1, the classical Atangana—Baleanu derivative in Caputo (ABC) sense [11] is

B t
mepryn = 2D [ yiE (-2 -5 )ds,  0<y<1. )
1-vJo 1y
For 0 < y < 1, the corresponding Atangana—Baleanu derivative in Riemann (ABR) sense is
By)d (" Y
oBRDIv(t) = Toya fo v(s)E, ‘ﬁ"‘ s |ds,  O<y<l. (6)

The formulas containing (1 — y)~! are definitions for 0 < y < 1. The endpoint y = 1 is used
only through the standard limit y — 17, which gives the ordinary first derivative in the regularized
formulation; it is not obtained by direct substitution into those singular prefactors.

For sufficiently regular v, the standard identity

aBRDY (v — v(0)) = 45Dy (7)

holds. This identity is essential below: it permits classical initial data even though the new definition
differentiates the convolution after it is formed.
Its associated fractional integral is

AByy _ -y Y ft el
0 180 = 50) g(t) + BT O(t 5)"g(s) ds. (8)

2.2. The y-fractal derivative

Lety: [0,T] — R be strictly increasing, continuous on [0, 7], continuously differentiable on (0, T],
and satisfy ¢/(¢) > 0 for ¢ > 0.

Definition 1. [22] For 0 < 6 < 1, the Y-fractal derivative of a function v is

d™v(r) - v(s) — ()
it s [Y(s) = (O))° = [(0) — w(0)]”

€))

whenever the limit exists.
If v is differentiable and the denominator density does not vanish, then

A V(D)

— _ 6-1 ;7
A9 = wy(1)’ wy o(1) = O[Y(1) — Y (O)]" ¢’ (0). (10)

Thus, this derivative is differentiable with respect to the generalized clock E, 4.

2.3. ABFF derivative
Definition 2. (ABFF derivative) For 0 <y < 1 and 0 < 6 < 1, define

B(y) a* ("
ABFFY (1) = %Wf V(s)E, —ﬁ(t— s)” |ds. (1D
— b 0 -

The abbreviation ABFF is used only for the new ABFF operator; ABC and ABR retain their standard
meanings.
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When the y-fractal derivative is represented by (10), Definition 2 becomes

1
SBFFDZ,H,;DV(I) ABR D).
wyo(0)°

(12)

Hence, the raw outer-derivative expression is a y-weighted ABR operator and does not annihilate
constants. A classical initial condition v(0) = v, is therefore imposed by applying the operator to

v —vy. Aty = 1, we understand the regularized operator by the limity — 1°.

Proposition 1. (Initial-value regularization) Let v be absolutely continuous and let wy¢(t) > 0 for

t > 0. Then,

ABFF XY (y — w(0))(r) = ! T )ABCDYV(I)
Wy 0

Proof. By (12) and the standard regularization identity (7),

1 1
ABFF1~Y.04 ABR 1Y ABC vy
D v—v(0) = —""D/(v—-v(0)) = Div.
0 t ( ) l//’g(t)o t( ) ,p,g(t)o t

This completes the proof.

Definition 3. (ABFF integral) For a continuous function g, define

1 -
P ot = g oua0g) + 5L [ st s

B(y)

Proposition 2. Let v be sufficiently regular. Then the raw operator satisfies
ABFF1Y.0.0 (ABFF~Y.0.
e g (o Dy wv) (1) = (@),
whereas the regularized initial-value form satisfies

SEPET (GPFFDYM (v = w(0))) (1) = () = v(0).

Proof. Set

g= éBFFDV 0 W
By (12),

wl// 08 = ABRDY

Substitution into Definition 3 gives the standard composition

AB ABR
o LG Dlv) = v,

(13)

(14)

15)

(16)

which proves (15). Applying the same argument to v — v(0) proves (16). Equivalently, Proposition 1

reduces the second statement to the standard ABC inverse identity.

O
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2.4. Special cases and endpoint behavior

Proposition 3. The following reductions hold:

(1) If y(t) = t and 6 = 1, the raw operator becomes the standard ABR derivative, while its regularized
form applied to v — v(0) becomes the standard ABC derivative.

(2) If Y(t) = t, then wy (1) = 01! and the regularized model recovers the usual power-scale fractal—
fractional AB initial-value equation.

(3) If 0 = 1, then wy ¢(t) = Y'(t), so the AB memory is modulated by the nonuniform operational clock
1/

(4) Formally, as v — 17, the raw operator tends to the y-fractal derivative V'(t)/wy¢(t); the
regularized and raw limits coincide because the derivative of a constant vanishes in the
integer-order limit.

(5) If y = 0 = 1 and Y(t) = t, the regularized model reduces to the ordinary first-order initial-value
problem.

For the uniform-norm theory and for every numerical experiment reported below, we impose the
following endpoint-compatible hypothesis.

Assumption 1. (Bounded density) The density wy g has a bounded, nonnegative, continuous extension
to [0, T]. We denote

M, = &12); Wy o(1).
The choice y(t) = t with 0 < 8 < 1 produces
wyo(t) = 68771,

which is unbounded at the origin and therefore lies outside Assumption 1. In the revised simulations,
we do not regularize that singular clock. Instead, the fractal-order experiment uses

1 Lo 1240
v 0T oy

Yp(1) = 17

For every 6 > 1/2, its density behaves as
wyo(t) ~ 2047

as ¢ | 0 and therefore extends continuously and boundedly to the endpoint (with value O for every
6 > 1/2). This places the revised values 6 € {1,0.99,0.98, 0.965} inside the analytical setting.

Remark 1. (Scope of the analytical results) Theorems 1-4 are proved under Assumption 1. Singular
clocks such as y(t) = t, 0 < 6 < 1, require a different weighted-space analysis and are not used
as evidence for the present theorems. The long-time computations are numerical trajectories; the
analytical continuation statement below explains precisely what additional boundedness is needed to
extend a local solution to a prescribed finite horizon.
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3. The generalized integrator circuit model

3.1. Dimensionless nonlinear system

Throughout Sections 3-8, the symbol 487FDI™ denotes exactly the ABFF operator of
Definition 2; ABC and ABR retain their standard meanings. With this notation, the circuit studied
in [14] is generalized as follows:

62D x = xo(1) = y(0),

0Dy = yo(n) =

1 3
73 x“’*(izz(’)‘l)y@]’ (x(0).5(0).20)) = (1,-1,2).  (18)

éBFFDZﬂMZ — 20(t) = —y(f) — gz(t) + y(1)z(1),

Let
y
x 1 3,
U=|vy], FU)=|"3 X+(§Z —1)y] : (19)
Z 3
Y- 32 +yz
Then, Eq (18) is
SO (U(n) - Ug) = F(U®),  U(0) = U, (20)

3.2. Equivalent weighted Volterra equation

By Proposition 1, the regularized outer-derivative Eq (20) is equivalent to
0PEDIU(1) = wyo(OF(U(1)).

Applying the standard AB integral componentwise and using the classical initial value U(0) = U,
yields

U@)=Uy+ ay(,()w’g(l)F(U(l')) + by f (r- s)y_lwl/,,g(s)F(U(s)) ds, 21
0
where |
- Y
= —0, b = . 22
“ = By) "~ By)T() (22)

Proposition 4. (Initial compatibility) Let 0 < y < 1 and suppose that a continuous solution of (21)
satisfies the prescribed initial value U(0) = Uy. Then necessarily

wy0(0)F(Uj) = 0. (23)

For the present circuit,
T
4 11
F(UO): _17 5 = ;&0’
375
so every fractional circuit computation with the stated non-equilibrium initial condition must use an

operational clock for which wy¢(0) = 0. The condition is not imposed on the classical limit y = 1,
where a, — 0 and the instantaneous AB term disappears.
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Proof. Sett = 01n (21). The hereditary integral vanishes and continuity gives
Uy=Uy+ aya)lp,g(O)F(Uo).

Because
a,=(1-vy)/B(y)>0
for 0 <y < 1, Eq (23) follows. |

The three scalar equations are therefore
!
x(1) = xo + aywy g(0)y(t) + b, f (r- S)y_l(,()w’g(S)y(S) ds, 24)
0

ay
() = yo — ?ww(f)

x(t) + (%f(t) - l)y(t)]
b7 ' -1 3 2
- = f (1= 5) wy(s) [X(s) + (—z (s) — 1)y(S)] ds, (25)
3 Jo 2
3
(1) = 20 + aywy (1) [—y(t) - gz(t) + y(t)z(t)]

+ b, f (= 5)" " wyo(s) [—y(S) - %Z(S) + y(S)Z(S)] ds. (26)
0

These equations make clear the purpose of the new definition: Every nonlinear element is weighted by
the generalized density wy ¢ before entering the instantaneous and hereditary AB terms. Proposition 4
also shows that the endpoint value of this density is part of the initial-value structure and cannot be
chosen independently of U,.

3.3. Circuit implementation and non-dimensionalization

The algebraic vector field is inherited from the integrator-circuit model of Akgiil et al. [14]. Before
nondimensionalization, their circuit equations have the form

1 R
ABFFyY04 x _ ¥y = ~- 2 |y 27
e e )
1 R 1 1
ABFF Y00 7 2
D Y-Y)=— Y-—X-—Z77Y], 28
0 A o) Co \RgRs R, Rg ) (28)
1 R 1 1
ABFF1 .00 12
D"N(Z - Zy) = — YZ——Y——Z). 29)
0 ! "7 Co \Ri3Rs Ry Ry

The source article reports Ry = Ry = R3 = Rs = R; = Ry = Ryjp = R = Ri3 = 10 kQ, Rg = 10.3 kQ,
Ry = 11.62 kQ, and R;; = 11.49 kQ [14]. Its printed parameter line also contains “R, = 10.3 kQ”,
whereas the circuit equation uses Rg and no R,; we therefore retain that source-level labeling ambiguity
rather than infer an unreported value for Rg.

After fixing the resistor ratios, sign conventions of the operational-amplifier stages, and the
voltage/time scales, Eqs (27)—(29) reduce to the dimensionless field (19). The generalized derivative
changes the constitutive time law of the integrator blocks but not these algebraic gains. Table 1
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summarizes the electrical interpretation of the model quantities and clarifies the scope of the present
circuit-inspired formulation.

Table 1. Electrical interpretation and scope of the generalized model.

Quantity Interpretation in the present paper

Reported resistors Component values above are taken from the reference architecture of Akgiil et al. [14]; the
nonlinear multiplier stages generate the Z?Y and YZ products.
Co Common integrator capacitance/time-scale parameter before nondimensionalization; no new

value is inferred here.

0% Mittag—Leffler memory order of the AB integrator law.
0 Fractal exponent entering the operational-time density.
7/ Phenomenological operational-time map. It is not claimed to be a standalone physical

component or a specific resistor/capacitor value.
Hardware/SPICE scope = No new fabricated circuit or SPICE validation is claimed. The revised contribution is
mathematical analysis and numerical approximation of a circuit-inspired model; physical

calibration of y is left for future experimental work.

4. Structural estimates for the nonlinear field

4.1. Equilibrium and Jacobian
The only equilibrium is U, = (0,0, 0)". The Jacobian is

0 1 0
Jruy,2)=|-3 +-12%2 -z |. (30)

0 z-1 y—%

At the origin,

0 1 0
Jr(0,0,0)=1-1/3 1/3 0 |[.
0 -1 -3/5

The eigenvalues are 1/6 + i V11/6 and —3/5. Hence, the corresponding classical vector field has an
unstable oscillatory plane along with a stable dimension. This can be helpful in analyzing the phase
diagrams, even though the stability of the nonlocal fractional system cannot be deduced from the
classical eigenvalue test alone.

4.2. Growth and Lipschitz bounds
For ||Ull. <R,

IF1(U)| <R,
2 1

F <R+ =R’

|[F2(U)| < FR+ SR
8

IFs(U) < 2R+ R

AIMS Mathematics Volume 11, Issue 9, 29816-29847.
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Hence,

2 1,8 5
IF(U)ll < Mp(R) := max{R. 3R+ -R*. SR+ R [ 31)

Using the induced infinity norm of Eq (30), one convenient local Lipschitz constant on the cube ||U||,, <
Ris

2 3 8
Lr(R) = 1,Z+=R*> - +2R}. 32
F(R) rnaX{ 35k } (32)
Therefore,
IF(U) = F(V)llo < LE(R) U = V| (33)
for U, V in that cube.
For later use, define the weighted memory mass
!
H,,(T) = sup f (t— 5)"  wye(s) ds. (34)
0<i<T Jo
Under Assumption 1,
M, T
H,.,(T) < (35)

5. Existence and uniqueness

Let X = C([0, T]; R?) with norm

IUlly = max Ul ,
1€[0,T]

and let
Xy, ={U € X : U(0) = Uy}, Bro =1{U € Xy, : IU|lx < R}.

The initial-value-preserving set B is used below; by Proposition 4, the Volterra operator maps this
set into itself at # = 0.

Assumption 2. (Growth and local Lipschitz conditions) On the bounded state cube relevant to By,
the vector field is continuous and satisfies

IF(Wlle < CrllUlle + Mp, (36)
IF(U) = F(V)ll < LU = V| - (37)

For the circuit, explicit choices follow from (31) and (32).

Define
(AU = Up + ay,wy o(DF (U (1)), (38)
(KU)(®) = b, f (t = 5) ' wy g(s)F(U(s)) ds. (39)
0
Then a solution is a fixed point of A + K.

AIMS Mathematics Volume 11, Issue 9, 29816-29847.



29827

Theorem 1. (Existence) Assume 1 and 2. Suppose
a,M,Lr < 1, (40)
and there exists R > 0 such that
1ol + (ayM,, + byH, o(T)) (CFR + MF) < R. 41)

Assume additionally the initial compatibility condition (23). Then, problem (20) has at least one
solution in Bg.

Proof. First, Eqgs (40) and (37) give

AU — AVlx < ayM,Lr ||U = Vllx,
so A is a contraction. Next, Eq (36) implies

KUl < by(CrR + Mp)H, ,(T),

so K maps bounded sets into bounded sets. Continuity follows from dominated convergence.
To prove compactness, set Mg = CpR+ My and take U € Bg. For 0 < t; < t, < T, split the history
difference as

(KU)t) = (KU)(t1) = by f (2= 77" = (1 = 59 | wye()F(U(s)) ds
0
+b, f 2(z2 — 5)" wy g()F(U(s)) ds.

Consequently,
" -1 -1 byMRMw
(KU (t2) — (KUYt < byMgM,, f (GRS G| |ds+T<r2—rm.
0

The second term converges to zero uniformly as t, — #; — 0. The first term also converges uniformly
to zero because translations of the integrable kernel #~! are continuous in L'(0,T). Thus, K(Bgo)
is equicontinuous. Together with the uniform bound above, the Arzela—Ascoli theorem shows that K
maps bounded sets into relatively compact sets; hence, K is compact.

Finally, for U,V € Bgy,

IAU + K Vlix < 10l + (ayMe, + byHyo(T)) (CrR + Mp) < R.

The compatibility condition gives (AU +KV)(0) = U,. Krasnosel’skii’s fixed-point theorem therefore
provides a fixed point of A + K in Bg. O

Remark 2. The original circuit article used a Schauder-style argument for the full AB integral
operator. Because the AB integral contains an instantaneous Nemytskii term, compactness of the full
operator is not automatic. The splitting above preserves the same existence objective while treating
the local term as a contraction and the history term as a compact Volterra operator.
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Theorem 2. Assume that two solutions U,V remain in a cube on which the Lipschitz constant is L,
and set
n=a,M,LF. 42)

If n < 1, then the two solutions coincide on every finite interval on which they both exist and remain in
that cube.

Proof. Letd(t) = ||U(t) — V(#)||. Subtracting the two Volterra equations gives

d(t) < nd(t) + byM,,Lr f (t — s)"'d(s) ds.
0

Becausep < 1,

d » b,M,Ly
dit)<c, | (t—15)"d(s)ds, ¢y = —.
0 1-n
The fractional Gronwall inequality with zero free term yields d(#) = 0 on [0, 7]. Unlike the former
condition Lg(a,M, + b,H, ,(T)) < 1, condition (42) does not grow with the final time. O

Theorem 3. (Continuous dependence on the initial state) Under the hypotheses of Theorem 2, solutions
with initial states Uy and U, satisfy, for0 <t < T,

1U® - Tl < ||U01—_[70||oo Ey(b”‘ﬁwff”n””ﬂ), @)
Proof. With d(t) = ||U(¢) — U (1)||c, subtraction gives
d(t) < Ay +nd(t) + byM,Lp j;(r — ) 'd(s)ds, Ao = 1Uy — Uplle.
Rearrangement followed by the standard fractional Gronwall inequality proves (43). O

Proposition 5. (Continuation criterion) Suppose Assumptions 1 and 2 hold locally on bounded cubes
and n < 1 on each cube reached by a solution. A local solution can be continued beyond any time T\
provided its norm remains bounded on [0, T] and the density remains bounded there. Consequently,
a finite maximal existence time can occur only together with loss of the bounded-set hypotheses (in
particular, unbounded state norm or density).

Proof. At T), split the Volterra history into the already known integral over [0, 7] and the new integral
over [Ty, t]. The first part is a continuous known forcing. For a suitably small interval [T, Ty + 6],
the Krasnosel’skii decomposition used in Theorem 1 can be used on a cube that contains the bounded
trace at Ty; the hereditary term for the new interval is O(6”). Because of the uniqueness of Theorem 2,
the extensions are compatible where they coincide. Repeating produces continuation as long as the
bounded-set properties hold. O

Remark 3. The long-time runs in Section 8 are not justified by a horizon-dependent contraction factor.
Their computed states remain inside [-2,2)? for the reported parameter sets. On this cube, we obtain
Lp(2) = 20/3. For example, with y(t) = y,(t) = 12/(1 + 1), M, < 1, and y = 0.90, condition (42) gives
n < 0.708; for the other reported vy values with the base clock, the instantaneous factor is smaller.
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Across the complete reported fractional parameter set, the largest value occurs for the exponential
scale-function case at y = 0.95, for which M,, ~ 2.69124 on [0, 100] and n ~ 0.92384 < 1. Thus,
all reported fractional runs satisfy the uniqueness/stability smallness condition on the numerically
observed cube, while Proposition 5 states separately the analytical boundedness requirement needed
for rigorous continuation to a prescribed horizon.

6. Ulam-Hyers stability

Definition 4. (Ulam—Hyers stability) Problem (20) is Ulam—Hyers stable on [0, T] if there exists
Cypn >0 such that every V satisfying

”(f)xBFF]Dty,@w(V(t) - V(0)) - F(V(t))“oo <e (44)

is within Cyye of the exact solution having the same initial state.

Let
b, T”

Y

Lemma 1. (Integral form of a perturbed solution) If (44) holds, there exists e € C([0,T];R>) with
lle()ll < & such that

Pr=M, (a,/ + ), n=aM,Lr <1. 45)

V(@) = V(0) + aywy o(OF(V(D) + b, f (t- S)y_l(,()lp,g(S)F V(s)) ds
0
+ a,wyo(He(t) + b, f (r— s)y_la)l/,,g(s)e(s) ds. (46)
0

The perturbation line is bounded by Pre.

Theorem 4. (Ulam—Hyers stability on an arbitrary finite horizon) If n < 1, then problem (20) is
Ulam—Hyers stable with

Cyu(T) = 1 (47)

P b,M,LgT"
T Ey( y FL'(y) TV) .
I=n
No condition of the form q(T) < 1 is required.

Proof. Let U be the exact solution with U(0) = V(0) and put d(t) = ||V(¢) — U(¢)||.. Lemma 1 and local
Lipschitz continuity give

t
d(t) < Pre +nd(t) + byM,Lp f (t — $)"'d(s) ds.
0

After dividing by 1 — n, the fractional Gronwall inequality yields (47). O

Generalized Ulam—Hyers—Rassias stability. Let ¢: [0, T] — (0, c0) be continuous and introduce the
weighted norm

IW®lloo
Wl = sup :

48
o<i<t (1) %)
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Assume )
f (t—5) " wya(s)p(s)ds < Ayp(t), 0<t<T, (49)
0
and define
g, = Lr (a,M,, + b,A,). (50)
If g, < 1 and the residual in (44) is bounded by e¢(t), then
ay,M, + b,A,
V(@) — U)o < BT ep(1). (1)
(4

Indeed, division of the pointwise difference inequality by ¢(#) and use of (49) give
IV —Ull, < (ayMy, + b,Ay)e + q,lIlV = Ully,

which proves (51). This weighted formulation avoids the unjustified replacement of a pointwise ¢(¢)
bound by the unweighted constant used in the previous version.

7. Numerical approximation

This section gives a self-contained derivation of the numerical method used in the simulations. It
discretizes the Volterra equation obtained from the regularized ABFF model

SEFDIM(U - Ug) = F(U).

The numerical source is therefore multiplied by the generalized y-fractal density.

7.1. Weighted source and grid notation

Define
G(t,U) = wyy()F(U). (52)

The Volterra Eq (21) can then be written as
!
uw =Uy+a,G(tU®)+b, f (t - s)"'G(s, U(s)) ds, (53)
0
where a, and b, are defined in (22). Let
T
t, = nh, h=—, n=0,1,...,N, (54)
N

and denote
Un ~ U(tn)’ Gn = G(tn’ Un) = wl//,H(tn)F(Un)-

The term a,G(t, U(7)) in (53) is instantaneous and nonlinear. To retain the explicit character of the
method used in the original circuit study, it is evaluated at the preceding time level:

G(tn+1a U(tn+1)) ~ Gn- (55)
This lagging is the only first-order part of the construction. An implicit corrector could instead solve

Up1 = Uy + ayG(tn+1a Uni1) + Hyy.
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7.2. Two-step extrapolation of the history source

On the cell [t},7,1], the source is approximated by the linear polynomial through the two already
available values G;_; and G;:

S—=1j S§—1
Pi(s) = p G- A Gj1, s €[tj, il (56)

Although (56) is obtained from the Lagrange formula, it is an extrapolation over the current cell
because both data values lie at or before ¢;. For j = 0, there is no value G_;; we therefore set

G-, = Gy, (57

so that Py(s) = Gy. This gives a one-step product-Euler start and permits the same two-step recurrence
to be used for all subsequent steps.
Evaluating (53) at #,;, applying (55), splitting the history integral over the mesh cells, and
inserting (56) yields
?j+1
Ui = Up+ @Gyt by D | (tar = 577 Py(s) ds. (58)
=0 i

7.3. Analytical derivation of the convolution weights

The weights are now derived in the main text. Set m = n — j and use the local variable s = 1; + h¢
and 0 < ¢ < 1. Then,

tas1 — S = h(m + 1= &), Pi(t;+ hé) = (1 +6)G; - &Gy.

Therefore,
fis1 1
 (taer — ) P(s5)ds =R U (m+1-&7'1+¢) dg] G;
tj 0
1
- U (m+1- f)y‘lfdf] Gj-1. (59)
0
We get
A()’)
_ 1
f(m+l (1 +&)dé = Yo+ 1) (60)
C(Y)
— 1 —
f<m+1 orleds = 61)
where
AV =+ 1-jy(n—j+2+y) - (- j)(n—j+2+2y), (62)
Cl=(+1=)" —(n=jy(n=j+1+y). 63)
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Terms of the form 07 are understood as zero. Since

[y +2) =y(y+ DI(y),

substituting (60) and (61) into (58) gives the explicit recurrence

n

Unat = Ug + @Gy + 10 ) (ATIG; = CT)G ) (64)
Jj=0
with
hY
z (65)

B BTy +2)

7.4. First step and componentwise recurrence

For n = 0, relation (57) reduces (64) to

hY
U, = U0+(GY+W)G0. (66)

Thus the starting value does not require a separate nonlinear solver. For the circuit, define

G = z‘jnyna 67)
@, 3
Gy, = —% X, + (Ezﬁ -~ 1)yn] , (68)
— 3
G n = wy (_yn - gzn + ynzn) > (69)

where, in the revised algorithm,

a)\n = ww,@(tn)

is evaluated directly under Assumption 1. Reported computations do not replace an unbounded
endpoint by a mesh-dependent midpoint value. The three components of (64) are

n

Xn1 = Xo + any,n + Ky.h Z (AEZ/ij,] - C,?:])'Gx,j—l) ’ (70)
j=0
n
Yn+1 = Yo + ayGy,n + Ky.n Z (A;T}Gy,j - Cg])‘Gy,j—l) > (71)
Jj=0
n
Zust = 20+ @G + Ky Y (AV)Gj = CG ). (72)
Jj=0

Here, G,_; = G for € € {x,y,z}.
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7.5. Endpoint compatibility and algorithm

The instantaneous AB operator involves wy ¢(t,) directly, rather than in terms of its integral. As
such, an adjustment of an infinite w,¢(0) to a mesh-based finite value affects the discrete problem
formulation. Thus, the adjusted version of the implementation requires a finite end point evaluation
and, if 0 < y < 1, additionally verifies the compatibility criterion wy ¢(0)F(Uy) = 0. In case of failing
any of the conditions, the program aborts with a warning, and the respective example is not considered
in the circuit results. In the bounded clock case (17), the value at the end point can be found analytically
and is equal to zero (see Algorithm 1).

Algorithm 1 Explicit ABFF product-integration method.
Require: 7, N, v, 0, ¢ and U,
Ensure: Approximations U, ~ U(t,) forn=0,...,N
1: h < T/N; construct t, = nh
Compute B(y), a,, and
Evaluate wy ¢(t,); verify finiteness and, for 0 <y < 1, verify wy ¢(0)F(Uy) = 0
Gy «— wyp(0)F(Up) and set G_; < Gy
forn=0,1,...,N—1do
H« (0eR?
for j=0,1,...,ndo
Compute A} and CY from (62)—(63)
HeH+AYG;-CG
end for
U1 < Uy +a,G, + &, H
Gur1 « Wy gt ) F(Upyt)
. end for

D AU i

—_— = = =
W N = O

7.6. Integer-order reduction

Proposition 6. Ify = 6 = 1 and y(t) = t, then a, = 0, wy ¢(t) = 1, and the difference of two consecutive
forms of (64) is the two-step Adams—Bashforth method after the starting step:

3 1
Uner = Up + | SF(Uy) = SEUn-1)) n>1l. (73)

Proof. Sincey =1, we have B(1) =1, Aﬁll; = 3, and Cff; = 1. Subtracting the formula for U,, from that

for U, cancels all common history contributions and leaves (73). The convention G_; = G, provides
the first explicit Euler step. O

7.7. Consistency and convergence
Let g(t) = G(t, U(t)) be the exact weighted source and define the nodal defect by inserting the exact
grid values into (64):

n

Surt = Ultnr) = Up = ay8(t) = Ky ) (AV)g(2)) = Cg(t;1)), (74)

J=0
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where g(z_1) = g(t).
Proposition 7. (Consistency) Assume g € C*([0, T1; R?) and a bounded endpoint density. Then

max ||6,41lle < Cih + Coh'™ + C3H2, (75)

0<n<N-1
with constants independent of h; hence, the explicit method is first-order consistent for 0 <y < 1.

Proof. The lagged instantaneous term contributes

ay”g(tnﬂ) - g(tn)”oo < ay”g/”ooh-

On cells j > 1, the two-step extrapolation remainder is O(h?), and convolution with the integrable
kernel preserves that order on a fixed interval. The constant first-cell start contributes O(h'*?).
Summation gives (75). O

The integral representations of the product-integration weights imply Aflyj)., Cﬁly} > (. Moreover, with
m = n — j, one has the uniform estimate

AV +CY < am+ 1T, 0<y <l (76)

n,j —
This estimate follows directly by factoring the cell-integral formulas (60) and (61) and using the
monotonicity of 77~! on each grid cell.

Lemma 2. (Discrete weakly singular stability) Let 0 < y < 1, 0 < n < 1, and let a nonnegative
sequence satisfy ey = 0 and

enst S1ey + A7 Y (n = j+ 1) maxlej,ej 1} + pi, (77)
=0
withe_y = eyandt, < T. Then there is a constant Cr, independent of h and N, such that maXo<,<y €, <

Crpp.

Proof. Iteration of the one-step term ne, yields a resolvent with geometrically weighted weights.
Convolution of this resolvent with the kernel (m + 1)*~! is bounded above by C,,(m+ 1)~!; this can
be done by splitting the geometric sum at m/2 and using the estimates

(m—r+ 1y <2"m+ 1y

in the first half of the sum and exponential decay of 1" in the other half. The estimate (77) thus reduces
to a standard discrete weakly singular Volterra estimate. The resolvent series obtained by successive
substitutions has the kth term estimated by C "tﬁy /T'(ky + 1) (the discrete convolution sum is bounded
by the corresponding beta-integral up to a y-dependent constant). The series is dominated by a Mittag—
Leffler function on [0, T'], yielding e,, < Crp;, uniformly in the mesh. O

Theorem 5. (Global first-order convergence) Assume the exact solution satisfies ||U ()|l < Ron[0,T],
g € C*([0, T1;R?), and Assumption 1 holds. Suppose there exists R, > R such that

n. = ayM,Lr(R,) < 1. (78)

Then there exist hy > 0 and Cy > 0, independent of h, such that for every O < h < hy, the numerical
solution is well defined, remains in the cube ||U,|| < R., and

max [|U(z,) = Uyl < Crh. (79)
0<n<N
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Proof. Setd., = R.—R>0andlet E, = ||U(t,) — U,||». As long as the numerical states remain in the
R.-cube,
IG(z;, Ut)) — G, Uplleo < Mo, Lr(ROE;.

Subtracting the numerical scheme from the exact defect identity and using (76) gives, on every such
truncated interval,

Ept 0B, + CH' Y (0= j+ 1™ max{Ej, Ej 1} + 61l
=0

Proposition 7 gives
Pn = mythllénﬂlloo < Coh,

so Lemma 2, applied to any truncated sequence, yields E, < Crh with the same mesh-independent
constant Cy.

It remains to justify that the numerical states do not leave the R.-cube. If a first exit index existed,
then all preceding states would lie in the cube, and the truncated estimate above would apply through

that index. Choose J

2Cr

ho <
For h < hy, we would have
Uullo < NU@)leo + E, < R+ Crh <R,

at the alleged first exit, a contradiction. Hence, no exit occurs, the local Lipschitz estimate is valid on
the whole grid, and the global first-order bound follows. m|

The direct history sum takes O(N?) work and O(N) space. The provided MATLAB program
reproduces the reported circuit figures and tables, rejects a non-finite endpoint density, and also stops
if the fractional circuit data violate w,¢(0)F(Uy) = 0. The convergence theorem assumes the
additional smoothness g € C?; the exact benchmark below is used specifically to verify that theorem.

8. Numerical results and simulations

Unless stated otherwise, Uy = (1,-1,2)", T = 100, and the fractional circuit simulations use
N = 1800 (h = 0.05556). In accordance with Proposition 4, every reported run with 0 < y < 1 satisfies
wy9(0)F(Up) = 0. To summarize oscillatory trajectories, we discard the initial transient 0 < ¢ < 10 and
report the component amplitude

1
A, ==| max g, — min q,,), q € {x,y,2}, (80)

2 \ios,<r T 10<n,<T
and P,, the median separation of successive detected local maxima of x(¢). These quantities are more
informative for an oscillatory system than the terminal state. The previous column max, ||U,||, is
removed because it was always attained at the initial state and therefore contained no
parameter-dependent information.
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8.1. Classical integer-order reference

Fory = 6 = 1 and y(¢) = t, the limiting regularized equation is the ordinary first-order system.
Figure 1 is generated with MATLAB’s adaptive ode45 using 4000 output points, relative
tolerance 107, and absolute tolerance 107!,

Classical reference

a) r— b)x—=z
15 T T (), Y T T 1 T T (),

0.5¢F

ot
0.5+

y
z
S
o

05+

.15 L
1 ‘ 2
2 15 1 0.5 0 0.5 1 2 1
X xT
] (c)y—=z (d) v —y—=
0.5F |
Or 0
2 05 “
1
At
2
|
15} |
0 0
2 -1
1 1.5 Y 2 x

Figure 1. Classical reference trajectory for Uy = (1,-1,2)!, T = 100, y = 6 = 1, and
Y(t) = t. Panels show the x—y, x—z, y—z, and three-dimensional phase projections. The
trajectory is computed with ode45 (4000 output points, RelTol = 10~%, AbsTol = 10~'!).

8.2. Fractional AB attractor

Figure 2 uses y = 0.90, 6 = 1, and the compatible base clock
(1) = /(1 +1)

from (17), for which wy(0) = 0. This example illustrates a fractional ABFF trajectory satisfying
the same endpoint assumptions used in the analysis. Because Figure 1 uses the identity clock, the
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two figures should not be interpreted as a one-parameter memory-only comparison; the effect of vy is

isolated next by keeping ¢, fixed.

Y

0.5

-0.5

0.4

0.2+

0,

-0.2F

04+

-0.6+

-0.8F

-1

ABFF fractional reference
(b) z—z

0.4

0.2

0t

-0.21

041}

-0.61

-0.8+

-1

(d)z-—y—=

-05 0 05 y 05 - x

y
Figure 2. Endpoint-compatible ABFF phase portraits for Uy = (1,-1,2)", T = 100, N =
1800 (h = 0.05556), ¥ = 0.90, 6 = 1, and () = £*/(1 + t). The same four phase projections
as in Figure 1 are shown.

8.3. Influence of the fractional order

We fix 6 = 1 and the endpoint-compatible clock

Y@ =yt = /(1 + 1)

and vary y € {0.99,0.98,0.97,0.965}. Figures 3—5 show the time histories, and Table 2 quantifies the
post-transient oscillation rather than comparing only U(T).
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Figure 3. x(¢) for T =

AIMS Mathematics

; Influence of v on a(t) (0 =1, ¥(t) = t*/(1 +t))
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100, N = 1800, 0 = 1, y(r) = £*/(1+1), and y = 0.99,0.98,0.97,0.965.

; Influence of v on y(t) (6 = 1, 9(t) = t2/(1+1))
0.8
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Figure 4. y(¢) for the same grid and parameters as Figure 3.

Influence of v on z(t) (0 = 1, (t) = t*/(1 + 1))

I I I I I I
0 10 20 30 40 50 60 70

I I |
80 90 100

Figure 5. z(¢) for the same grid and parameters as Figure 3.
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Table 2. Post-transient amplitudes and median x-period for different fractional orders (r €
[10,100], N = 1800, 8 = 1, ¥(t) = £*/(1 + 1)).

y A, A, A, P,

0.990 1.06634 0.78732 1.11196 10.0000
0.980 1.01865 0.74245 1.03741 10.1111
0.970 0.97927 0.70250 0.96921 10.2778
0.965 0.96126 0.68361 0.93675 10.3889

In the fractional-order case, the decrease of y from 0.99 to 0.965 is reflected by the following
damping of the amplitude: A,, A,, and A, are reduced by about 9.9%, 13.2%, and 15.8%, while the
median value of x-period is increased only from 10.0000 to 10.3889. Thus, in this compatible-clock
family, decreasing y primarily reduces the oscillation amplitudes while producing a more modest

period elongation.

8.4. Influence of the fractal exponent under the bounded-density hypothesis

To isolate 6 without violating Assumption 1, we fix y = 0.99 and use the bounded clock (17).
The density behaves like 26¢*%! near zero and is finite for every reported 6. No first-cell midpoint
regularization is used. Figures 6-8 show the component histories for the reported fractal exponents,
while Table 3 summarizes the corresponding post-transient amplitudes and median x-period.

0.5

-0.5

Influence of 6 on z(t) (v = 0.99, ¥ = t*/(1 +t))

|

[

0=1

0 =0.99
0 =0.98
0 = 0.965

\ |

10

20 30 40 50
t

60 70 80

90 100

Figure 6. x(7) for T = 100, N = 1800,y = 0.99, y/(¢) = £*/(1+1), and 6 = 1,0.99, 0.98, 0.965.
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Influence of 6 on y(t) (y = 0.99, v = t*/(1+ 1))
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Figure 7. y(¢) for the same bounded-density grid and parameters as Figure 6.
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/
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Figure 8. z(¢) for the same bounded-density grid and parameters as Figure 6.

Table 3. Post-transient amplitudes and median x-period for the bounded-density fractal-
exponent study (¢ € [10, 100], N = 1800, y = 0.99, y(t) = £*/(1 + 1)).

0 A, A, A, P,

1.000 1.06634 0.78732 1.11196 10.0000
0.990 1.06704 0.78818 1.11324 10.4444
0.980 1.06817 0.78893 1.11468 11.0556
0.965 1.06876 0.78957 1.11567 11.8889

The principal effect in this bounded family is a change in oscillation period: as 6 decreases from 1
to 0.965, P, increases from 10.0000 to 11.8889 (about 18.9%), while all three amplitudes change by
less than 0.4%. This is precisely why period-based diagnostics are preferable to terminal coordinates
for the fractal-exponent sensitivity study.
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8.5. Study of the scale function

We fix y = 0.95, 6 = 1 and write ¢(t) = #*/(1 + t). To vary the operational clock while preserving
the initial compatibility condition, we compare

log(1 + 0.05¢(t)) 00l _

(1) = q(),  Ya(0) = q(t) + 0.0054%(1), 3(r) = e W) = oo

All four functions are increasing for ¢ > 0, satisfy ;(0) = 0 and ¢(0) = 0, and hence have bounded
endpoint-compatible densities wy, ;(0) = 0. They are mathematical sensitivity profiles for slower or
faster operational clocks; no direct hardware realization of these analytic forms is claimed.

Figures 9-11 compare the resulting trajectories, x-responses, and operational-time densities, while
Table 4 reports the associated post-transient oscillation statistics.

Scale-function dependence

Pi(t) = q(t) o = q + 0.005¢2
0.5 0.5
0 0
w 0.5 « 0.5 )
-1 A
1.5 -15
1 1
0.5 1 05 1
0 0 0 0
Yy 05 -1 " y 05 - -
¥3 = log(1 + 0.05¢)/0.05 Py = (0% —1)/0.01
0.5 0.5
0 0
w 05 w -05
-1 1
1.5 -15
1 1
0.5 1 05 1
0 0 0 0
y 05 - . y 05 - )

Figure 9. Three-dimensional trajectories for 7 = 100, N = 1800, y = 0.95, 6 = 1, and the
four scale functions ;-4 defined in the text.
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Influence of ¥ on z(t) (y=0.95, 6 =1)

0.5 /\ ’A
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-0.5r

"7 — 1) /0.01

1+0.054)/0.05

15 L L L L L I T
0 10 20 30 40 50 60 70 80
t
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Figure 10. x(¢r) for T = 100, N = 1800, y = 0.95, 6 = 1, under the four operational-time

profiles.

Effective bounded density profiles

U (t) = qlt)
— 1y = q + 0.005¢"

¥ (t)

wy1(t)

0 I I I I I I I I
0 10 20 30 40 50 60 70 80

t

Figure 11.
functions used in Figures 9 and 10.

90 10C

Endpoint-compatible bounded densities wy (1) = ¢'(¢) for the four scale

Table 4. Post-transient oscillation statistics for the scale-function study (¢ € [10,100], N =

1800,y = 0.95, 6 = 1).

Case W(T) — y(0) A, Ay A, P,
Base q 99.010 0.91154 0.63106 0.84382 10.6111
Polynomial in q 148.025 0.90160 0.62028 0.82402 6.3889
Logarithmic in q 35.669 0.94445 0.66826 0.91883 32.6389
Exponential in q 169.150 0.90051 0.61910 0.82153 5.3611

The operational-time span has a pronounced influence on the temporal scale of the oscillation.
Relative to the base clock, the polynomial and exponential transformations enlarge ¥(7) — ¥(0) and
shorten the median period to 6.3889 and 5.3611, respectively, whereas the logarithmic transformation
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compresses the operational span and increases the median period to 32.6389. The corresponding
amplitude variations are substantially smaller than these period changes, indicating that the principal
sensitivity to i in these runs is a time-rescaling effect rather than a large change in attractor size.

In the case of the logarithmic clock, there are just three post-transient peaks in the
interval [10, 100]. Thus, its median period is calculated on the basis of two peak distances and should
therefore be interpreted as a coarse period estimate rather than a highly averaged statistic.

8.6. Exact convergence benchmark and circuit refinement

A convergence claim should be tested where an exact solution is available. Consider the scalar
Volterra problem

!
Lt(t) =1 +ayt+b7f(t_ s)y_1SdS, 0 <t< 1’ (81)
0

which corresponds to the source g(7) = t. Its exact solution is

m0:1+at+—fi—ﬂ“ (82)
Ty + )

With

y=095 6=1,

and the identity clock, the benchmark has g(0) = 0 and therefore satisfies the same Volterra endpoint

compatibility even though ¢’(0) = 1. The numerical errors in Table 5 approach first order, in agreement
with Theorem 5.

Table 5. Exact-error convergence test for (81) (y = 0.95).

N error rate

50 1.278887e-03 -

100 5.793758e-04 1.1423
200 2.741414e-04 1.0796
400 1.330471e-04 1.0430
800 6.548213e-05 1.0228

Figure 12 displays the maximum nodal errors from Table 5 together with the first-order reference
slope, providing a visual confirmation of the rate predicted by Theorem 5.
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Exact b k for the first-order product-integration scheme
T

< —6— maximum nodal error
103k N\ —— —-slope 1 4

maximum nodal error
/

104 F - 4

L
102 10°
N

Figure 12. Maximum nodal error for the exact scalar benchmark (81) and (82), with T = 1,
vy=0.9560=1,y() =t and N = 50, 100,200,400, 800. The dashed reference has slope
one.

However, for the case of the nonlinear circuit, which does not have an exact solution trajectory, and
where phase shifts after a long time invalidate pointwise differences, Table 6 keeps track of physically
meaningful oscillation statistics. The stabilization of these statistics under refinement supports the
computed long-time behavior without calling nonmonotone pointwise differences a convergence
order. In particular, from N = 1800 to N = 3600, the relative changes in A,, A,, and A, are
approximately 0.004%, 0.14%, and 0.08%, respectively, while the median period changes by
about 0.26%.

Table 6. Application-level refinement for the circuit with 7 = 100, y = 0.95, 6 = 1, and
(1) = 12/(1 + 1); statistics use ¢ € [10, 100].

N h A, Ay A, P,

450 0.22222 0.91168 0.64112 0.85777 10.4444
900 0.11111 0.91161 0.63352 0.84625 10.6667
1800 0.05556 0.91154 0.63106 0.84382 10.6111
3600 0.02778 0.91151 0.63019 0.84316 10.6389

The three model elements cannot be considered equivalent: y will modify the memory function
and the AB coeflicients, § will modify the fractal exponent, and ¢ will modify the operational-time
trajectory. A future identification of the physical nature of this model must therefore calibrate the
impact of these elements against real circuit data, rather than assume some arbitrary value of .

9. Conclusions
This study formulates a nonlinear integrator circuit governed by the ABFF outer derivative. The
nomenclature is distinct from the well-known operators ABC and ABR, and the singular expressions

are considered only within the range of 0 < y < 1, where y = 1 is the limit value. The U — U,
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regularization transforms the original ABR-type system into the weighted ABC/Volterra integral
equation.

Two improvements have been made to the analysis. The first is that uniqueness, continuous
dependence, and Ulam-Hyers stability are based on the contraction constant = a,M,Lr < 1
combined with fractional Gronwall estimates, instead of a bound increasing in 77. Continuation
criteria are clear about the required boundedness for existence. The second is that generalized
Ulam-Hyers—Rassias stability holds in a weighted norm with a new constant g,. On the numerical
side, a discrete weakly singular stability lemma and a global O(h) convergence theorem complement
the consistency calculation, and an exact benchmark exhibits rates tending to one.

The reported simulations were also redesigned to match both the bounded-density hypothesis and
the necessary endpoint compatibility w, ¢(0)F(Uy) = 0. Because the prescribed initial circuit state is
not an equilibrium, every fractional circuit run now uses a clock with zero endpoint density. The base
choice is ¥,(f) = £2/(1 + 1), and the scale-function study uses monotone transformations of this base
clock that preserve ¢/(0) = 0. Terminal coordinates and the parameter-independent maximum norm
are replaced by post-transient amplitudes and periods. Finally, ¢ is interpreted as a phenomenological
operational-time map. The present paper does not claim a new fabricated circuit or SPICE realization
of arbitrary analytic clocks; experimental calibration and controlled hardware realization are natural
directions for future work.
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