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Abstract: This paper investigates equiform spatial kinematics using dual-vector line geometry.
Oriented lines in Euclidean three-space are represented by unit dual vectors or equivalently by
normalized Pliicker coordinates consisting of a unit direction vector and an orthogonal moment
vector. A consistent moving-frame formulation is developed for transformations combining a dual
orthogonal motion with a time-dependent uniform scale factor. The condition under which the
tangential component of acceleration vanishes is derived while retaining all derivatives of the scale
factor. The corresponding line loci are then characterized in Pliicker space, with particular attention to
Bresse complexes, line congruences, and the associated ruled surfaces. Explicit parametric expressions
are obtained for a selected dual spherical motion, and the rigid-body formulation is recovered as the
special case of a constant unit scale. The geometric significance of the selected equiform motion is
demonstrated through the resulting Bresse complexes, line congruences, and ruled-surface families.
Reproducible computational visualizations illustrate the resulting geometric structures. The developed
framework provides a line-geometric approach to equiform and rigid-body kinematics with potential
applications in mechanism theory, robotics, and computer-aided geometric design.
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1. Introduction

A surface is classified as ruled when it is generated by the continuous motion of a straight line in
space. Ruled surfaces (RS) constitute some of the fundamental geometric objects in surface theory
and geometric modeling, and they play an important role in numerous scientific and engineering
applications, including the geometric design and fabrication of mechanical components, spatial
kinematics, moving geometry, mathematical physics, and computer-aided geometric design (CAGD).
In spatial mechanisms and robotic systems, generating lines may also be interpreted geometrically as
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axes associated with joints, screws, or line trajectories.

The differential geometry of ruled surfaces has traditionally been developed using vector calculus
and classical differential-geometric methods [1]. The study of line trajectories and their differential
invariants was subsequently extended through dual vector calculus, providing an effective framework
for the geometric analysis of spatial motions [2, 3]. In line geometry, three-dimensional Euclidean
space can be investigated through the manifold of its oriented lines, establishing a close connection
between ruled-surface geometry, spatial kinematics, and mechanism theory [4, 5].

Dual vector calculus provides a particularly convenient representation of spatial line geometry. In
this setting, an oriented line in Euclidean three-space can be represented by a dual unit vector and
hence, by a point on the dual unit sphere (DUS). This representation allows the direction and moment
of an oriented line to be incorporated within a single dual-geometric object. The classical foundations
of this approach are closely related to Study’s representation of spatial displacements and line
geometry [6]. These ideas were further developed within differential geometry and spatial kinematics,
where dual vectors, screws, and related geometric quantities provide compact representations of
rotational and translational motion [1,4].

Within the dual-geometric framework, dual spherical motion (DSM) provides a useful interpretation
of spatial motion through curves on the dual unit sphere. The corresponding dual curves determine
families of oriented lines and, through the Study correspondence, generate associated ruled surfaces.
This connection makes it possible to investigate kinematic quantities and line-geometric invariants
simultaneously. In particular, the differential geometry of spatial line trajectories has been studied
using dual vector methods, with special attention to their associated ruled surfaces and kinematic
invariants [5,7-9].

Recent developments demonstrate the continuing relevance of dual algebraic and line-geometric
techniques in spatial kinematics. Condurache [10] employed dual tensor algebra and dual quaternions
in the description of full-body relative spacecraft motion. Wang et al. [11] developed dual-quaternion
operations for rigid-body motion and applied them to hand—eye calibration, and Farias et al. [12]
provided a comprehensive review of dual-quaternion applications in kinematics, robotics, control,
and motion representation. Recent investigations have also continued the geometric study of line
congruences and prescribed line trajectories [13, 14]. These contributions illustrate the effectiveness
of dual-geometric representations in connecting spatial motion with line geometry and provide further
motivation for studying the line structures associated with equiform spatial motions.

Among the geometric objects arising in spatial kinematics, Bresse loci are of particular interest.
They are associated with oriented lines whose trajectories satisfy the condition of vanishing tangential
acceleration equivalently and the orthogonality of the corresponding velocity and acceleration vectors.
In a dual-space formulation, this condition can be investigated through the motion of oriented lines on
the dual unit sphere. Although the existing literature provides substantial results on dual spherical
motions, line trajectories, ruled surfaces, and dual-quaternion representations, explicit analytical
descriptions of Bresse-type loci for equiform spatial motions, together with their associated line-
geometric structures, remain comparatively limited.

Motivated by this observation, the present work develops a dual-space formulation for equiform
spatial motion and investigates the associated Bresse loci, line congruences, and ruled-surface families.
In particular, we consider the dual-space motion

—_ —
—_

Y=pWy, (1.1)
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where W is a dual orthogonal transformation, p is the dual scale factor, andy represents an oriented
line on the dual unit sphere (DUS), satisfying

VitV ¥ =1 (1.2)
The dual orthogonal rotation matrix is taken in the form

cosBcosy sinBcosy siny
W= —sinf cosf 0 |. (1.3)
—cosfBsiny sinBsiny cosYy,

Here, _
B®) = B©) + gB°(0), (1) = y(t) + ey*(v), o) = p(1) + gp* (1) (1.4)

are dual-valued functions of the real-time parameter t.
When the real part p(t) of the dual scale factor p(t) varies with time, the transformation represents a
time-dependent equiform motion. The rigid-body case is recovered under the restriction

o) = 1. (1.5)

A constant nonunit dual scale factor, p = p + go*, corresponds to the constant-scale (static) equiform
case considered in the subsequent line-geometric analysis.

Within this framework, the Bresse condition is formulated in dual space, and the resulting algebraic
constraints are analyzed in terms of the associated line geometry. Particular attention is given to the
constant dual-scale case, for which the corresponding Bresse loci and their associated line-geometric
structures are derived explicitly. The analytical results are further supported by computer-generated
visualizations of the resulting line congruences and ruled surfaces.

1.1. Methodological comparison with modern Lie-group approaches

Whereas classical spatial kinematics traditionally relies on vector calculus and localized dual-
spherical configurations, modern theoretical developments heavily utilize geometric mechanics and
algebraic group formulations. Specifically, spatial rigid-body displacements are elegantly mapped
through Lie-group frameworks, where the special Euclidean group S E(3) captures the structural
manifold of rigid motions. In this context, kinematics is treated as an evolution on a Lie manifold,
where velocities and accelerations correspond to elements of the associated Lie algebra se(3).

To clarify the distinct value of our framework, Table 1 critically contrasts the present dual-space
formulation with modern Lie-group methods across key kinematic dimensions.
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Table 1. Comparison of Lie-group and dual-space equiform formulations.

Aspect Lie-group methods Dual-space equiform
formulation
Framework Rigid motions are represented Oriented lines are represented

Motion model

on S E(3) using Lie-group and
Lie-algebra structures.

Rotation and translation
are  incorporated  within

on the dual unit sphere using
dual vectors and the Study
correspondence.

The motion is represented by

Y = oWy,

the standard  rigid-body
framework.

Scaling Standard S E(3) does not The dual scale factor p(¢)
include a time-dependent distinguishes rigid, constant-
uniform scaling. scale, and time-dependent

equiform motions.

The condition Y - Y = 0
yields algebraic constraints for
the associated Bresse locus.

Bresse condition Tangential-acceleration
constraints are formulated
within  the  rigid-motion

framework.

The comparison in Table 1 highlights the distinct geometric role of the proposed formulation.
Unlike standard rigid-motion frameworks, the dual-space approach incorporates the scale factor p(t)
and enables the Bresse condition to be formulated directly in terms of dual line coordinates.

The main contributions of this paper are as follows:

1) A dual-space formulation of equiform spatial motion is developed, including the corresponding
velocity and acceleration conditions.

2) The Bresse locus is characterized through the vanishing tangential acceleration condition.

3) Explicit parametric representations are derived for a selected constant dual-scale motion.

4) The associated line congruences, ruled surfaces, and degenerate configurations are analyzed.

5) Computational visualizations are provided to illustrate the resulting geometric structures.

1.2. Theoretical novelty and differentiation from previous studies

To explicitly demonstrate the theoretical novelty of the present work, it is useful to contrast our
formulation with foundational studies in dual-space kinematics. Traditional line-geometric models,
including those developed by Kose et al. [2,3] and Sarioglu [15], primarily focused on classical rigid-
body spatial motions. In the rigid-body setting, no time-dependent homothetic scaling is introduced,
and the scale factor may be represented by p(t) = 1. Consequently, the corresponding velocity and
acceleration fields are determined by the rotational and translational components of the spatial motion.

In contrast, the present study extends the dual-space formulation to time-dependent equiform spatial
motion by introducing the dual scale factor p(t) = p(t) + go*(t), whose components may vary with time.
This extension introduces the following three main features:
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e Scale-dependent velocity and acceleration fields: Unlike the classical rigid-body formulation,
the velocity and acceleration expressions explicitly retain the first- and second-order time
derivatives of the scale factor, f?(t) and ﬁ(t). These additional terms describe the coupling between
time-dependent homothetic scaling and the rotational part of the spatial motion.

e Generalization of the Bresse constraint: The vanishing tangential acceleration condition
introduced in Eq (3.1) is formulated for the general equiform motion Y = Z)‘W&\ For a time-
dependent scale factor, the resulting Bresse condition contains additional terms involving p and
,'5 The classical rigid-body condition is recovered as the special case p(t) = l,ﬁ(t) = O,ﬁ(t) =0.
A constant nonunit dual scale factor similarly yields the constant-scale equiform case considered
in the subsequent line-geometric analysis.

e Scale-dependent line-geometric structures: The introduction of a time-dependent dual scale
factor extends the analysis of Bresse loci, line congruences, and associated ruled surfaces from
the rigid-body setting to an equiform framework. Consequently, the resulting line-geometric
structures may depend not only on the rotational component of the motion but also on the
instantaneous scale and its time derivatives, providing a broader framework for studying the
evolution of oriented-line configurations under equiform spatial motions.

Thus, the principal theoretical contribution of the present study is the extension of the classical dual-
space kinematic framework from rigid-body motion to time-dependent equiform spatial motion, and
the rigid-body and constant-scale equiform motions are recovered as special cases of the general
formulation.

Organization of the paper. The remainder of this manuscript is organized as follows.

e Section 2 (Mathematical preliminaries): Introduces the fundamental concepts of dual numbers,
dual vectors, the dual unit sphere, and the mathematical framework required for the description
of spatial line geometry and equiform motion.

¢ Section 3 (Kinematic model): Develops the velocity and acceleration fields associated with the
general spatial equiform motion. The resulting kinematic formulation distinguishes among the
rigid-body case p = 1, the constant-scale equiform case p = constant # 1, and the time-dependent
equiform case p = p(t). The mathematical notations and symbols used in the kinematic model are
presented in Table 2.

e Section 4 (Bresse locus and line-complex characterization): Formulates the Bresse condition
in dual space and derives the corresponding algebraic constraints in Pliicker coordinates.
Particular attention is given to the constant dual-scale case and to the geometric structure and
dimensional properties of the resulting Bresse line families.

e Section 5 (Explicit example and singularity analysis): Considers a representative dual spherical
equiform motion, derives the corresponding explicit algebraic and parametric expressions, and
examines the resulting regular, singular, and degenerate configurations.

e Section 6 (Application): Presents the computational realization of the derived geometric
structures and illustrates the associated Bresse loci, line congruences, and ruled-surface families.
The computational procedure, parameter values, and plotting settings are specified to improve the
reproducibility of the graphical results.

¢ Section 7 (Conclusion and discussion): Summarizes the principal theoretical and computational
findings, discusses the scope and limitations of the proposed dual-geometric formulation, and
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outlines possible directions for future research.

Table 2. Summary of mathematical notations and symbols used in the kinematic model.

Symbol Geometric / Kinematic meaning

t Real-time parameter of the continuous spatial motion

e Dual unit satisfying the algebraic property &> = 0

D The set of dual numbers (a + £a*)

H Three-dimensional projective line space

ﬁ, A Fixed and moving orthonormal reference frames on the DUS
W(t) Dual orthogonal rotation matrix describing frame orientation
p(t) Time-dependent uniform dual scaling factor

p(t) Real part of the scale factor (governs homothetic deformation)
p*(1) Dual part of the scale factor

,E(t),?(t) Dual angular parameters controlling directional evolution

Y Dual line vector representing an oriented spatial line

y Real direction vector of the spatial line

\A Orthogonal moment vector of the spatial line (Pliicker moment)
3 Real scalar parameter along the straight line locus

w Instantaneous angular velocity vector of the moving frame

Y Formulated linear congruence equation in H-space

n,o Real parts of the spherical coordinates of the dual unit sphere
n,o* Dual parts of the spherical coordinates of the dual unit sphere

2. Mathematical preliminaries

Consider two orthonormal, right-handed frames u = (u;,w,,u3) and v = (v, V»,V3), defined on the
dual unit sphere (DUS), each associated with a triple of points on the surface. Each point on the DUS
can be uniquely expressed as a linear combination (LCO) of either the u-frame basis vectors u;, u, and
u; or the v-frame basis vectors Vi, V,, and v3. Consequently, each point on the DUS admits a unique
representation, which defines a corresponding dual vector Y on the surface:

i?@ = i?ﬁi. (2.1)

Using Eq (2.1), we obtain
Yi = @ V)Y, + (@ - V)Y, + (@ - V3)Ys. (2.2)

Additionally, each vector of the frame field V can be expressed as a linear combination of the basis
vectors uj, Uy, and us, such that

3
Vk = Zb?ikﬁi. (23)
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By defining @u; - vy, W= () = (ag + ea, ), the transformation between the two frame fields can be
written as

— T~ —~ =T~ __T=

V=WU, Y=Y U=y V. (2.4)
Here, V= (V.2 V)", U= @. 0. w)", Y = (Y. Y2, Y3)T, and ¥ = (3,.,.¥5)" € D°.

The dual vectors Y and y y represent the same oriented spatial line with respect to the fixed frame

U and the moving frame v, respectively. Here, y denotes the unit direction vector of the line, and y*
denotes its moment vector. To distinguish the line direction from the position of a point on the line, let
x(£) denote the position vector of an arbitrary point on the line. Thus,

x@) =x0+&y, E€R 2.5)

The corresponding moment vector is
y' =X XYy. (2.6)

Consequently, the oriented line is represented by the unit dual vector

Y=y+ey =y+axoxy), 2.7)
subject to
y-y=1, y-y =0. (2.8)
The position vectors are related by
=P Wy. (2.9)

where W is an orthogonal dual matrix describing the orientation of the moving frame V relative to the
fixed frame U. In the adopted kinematic model, the frame field U is assumed to be stationary, and the
vectors uy, u, of the frame field V depend on a real parameter t, representing time. Hence, V undergoes
a spatial motion relative to U. Geometrically, this motion can be interpreted as a DSM, in which the
DUS K, rigidly attached to the moving frame V, rolls on the DUS K’ attached to the fixed frame U.
Accordingly, K and K are referred to as the fixed and moving spheres, and the motion is represented
by K/K’. When the DUS K’ and K are associated with the line spaces H and H’, respectively, the DSM
K/K represents a spatial rigid body motion in three-dimensional space, represented by H/H. Certain
points on the moving DUS exhibit remarkable kinematic properties due to their distinctive velocity and
acceleration characteristics. The analysis of these characteristic points is addressed in the following
section.
Classification of the kinematic scaling factor p:

The geometric and kinematic nature of the dual space transformation is fundamentally dictated
by the behavior of the dual scaling factor p(t) = p(t) + £o0*(t). To provide a rigorous mathematical
foundation, we explicitly distinguish among three distinct physical cases:

1) Case 1: p(t) = 1 (Pure rigid-body motion): Under this restriction, the real part p(t) remains
constantly equal to one, and its time derivatives vanish. The transformation completely recovers
classical Euclidean rigid-body motion (H/H’). In this state, distances, angles, and spatial volumes
are strictly preserved, and the motion can be geometrically interpreted as the pure rolling of the
moving dual unit sphere over the fixed dual unit sphere without any scaling or deformation.
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2) Case 2: p(t) = constant # 1 (Static equiform motion): In this case, the scaling factor possesses
a constant value other than unity throughout the motion. Whereas the instantaneous geometric
shapes are preserved up to a constant global scale factor, the kinetic velocity and acceleration
fields are modified uniformly by a constant multiplier. This represents a static homothetic
expansion or contraction superimposed on the rigid-body displacement.

3) Case 3: p(t) = p(t) [or p(t) + go*(t)] (Time-dependent equiform motion): This represents
the general and most comprehensive equiform spatial motion framework investigated in this
paper, where the scaling factor varies dynamically as a function of the real-time parameter t.
The continuous variation of p(t) induces nontrivial, time-dependent homothetic deformations in
the Euclidean three-space. Consequently, the resulting velocity and acceleration fields depend
explicitly not only on the instantaneous scale p(t) but also on its higher-order time derivatives,
namely p(t) and p(t), which directly influence the configuration of the Bresse line complex.

3. Kinematic model

Now, we analyze the points on the moving DUS K for which the tangential component of
acceleration vanishes, that is, those satisfying

Y dY _ 0
e dt
which expresses the orthogonality between the dual velocity and the dual acceleration vectors. From
(2.9), Eq (3.1) can be written as
— —~T —~ —~T —~
dod’p _dpodW dW_ _,_dW d°W_

ap & Wi S W50, 32
dtae Pa Ta @t TPY Ta ¢ (3-2)

3.1

4. Bresse locus and line-complex characterization

In this section, we investigate the geometric structure of the locus of oriented lines satisfying the
vanishing tangential acceleration condition during spatial equiform motion. Let the instantaneous line
coordinates in the moving frame be represented by the dual Pliicker vectory =y + gy* € D?.

The Bresse locus at a fixed instant t is defined as the set of oriented spatial lines satisfying

Y dY

——=0 4.1

de  dt D
— = . . T T =

For the constant dual-scale case p = p+&p”, p = 0, Eq (3.2) simplifies to p deW /dt d>W/dt’y = 0.
Substituting W = W + eW* andy = y + &y* and separating the real and dual parts yields

dWT &*W
T —|y=0 4.2
Py ( i e )y ) (4.2)
and
o (AW d*W o (dWT W) |
dt N dt > )Y
dt dt 43)

+ _
dt  di? dt  d?

o (dWT W dWT &*W 7 (dWT W
+ =0.

AIMS Mathematics Volume 11, Issue 9, 29796-29815.



29804

The direction and moment coordinates also satisfy the Pliicker conditions
ity +y;=1 (4.4)

and
Y1Y1 +Ya2y2 +ysy; = 0. (4.5)

Equations (4.2)—(4.5) define the Bresse locus as an algebraic family of oriented lines in Pliicker
space. In general, the resulting constraints contain quadratic and bilinear terms and therefore do not
necessarily define a linear line complex. The dimension and geometric structure of the corresponding
line family depend on the independence of these constraints for the particular motion considered.
Under special parameter choices, the locus may reduce to lower-dimensional line congruences or
degenerate configurations, as illustrated in the following section.

4.1. Regularity conditions and geometric dimensionality

The structural dimension of the resulting Bresse line family depends on the rank and independence
of the algebraic constraints formulated in Eqs (4.2)—(4.5) at a given instant t. In general, these relations
describe the Bresse complex (BC) within the projective line space H. Under the regularity conditions
associated with the considered motion, the corresponding Bresse complex may be represented as a
three-parameter family of lines.

At a fixed instantaneous value of the time parameter t, and provided that the corresponding
constraints remain independent, the admissible locus may reduce to a two-parameter family of lines.
This specialized subfamily constitutes a line congruence in H-space and directly characterizes the
geometric trace of the instantaneous spatial motion H/H" induced by the underlying dual spherical
equiform motion K/K’.

If the constraint system loses rank for particular parameter values or degenerate kinematic
configurations, one or more of the governing relations may become dependent. Consequently, the
dimension of the resulting line family may increase, giving rise to higher-dimensional or degenerate
configurations. Thus, the precise dimensionality of the Bresse locus is determined by the rank of the
corresponding constraint system for the particular motion under consideration.

5. Explicit example and singularity analysis

Next, we examine the DSM Y = Z)\W’f, where W is an orthogonal dual transformation matrix [2,16]
given by
cosfB cosy sinf cosy siny
W= - sinﬁ cos,73\ 0 . 5.1
—cosf siny sinf siny cosy
Here, ,E(t) = B(t) + gB*(t), Y(t) = y(t) +&y*(t), and p(t) = p(t) + gp*(t) are functions of the real parameter
t (time).
For the particular case B(t) = g*(t) = y*(t) = t,p = 2,p" = 1,y = n/2, Eqs (4.2)—(4.5) reduce to

Y2 —y1¥3 = 0. (5.2)
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=2 ((y; + 2y,) sin*(t) + y; cos(t)(1 + 2sin(1))) y; +(4y; cos*(t) = 2y; sin(t) + (y,y, + 2y,) sin(20) y5 = 0.

(5.3)
Yi+ys+y;=1. (54)
Yi¥1 + ¥a2¥2 +Y3y3 = 0. (5.5)
The solution of Eqgs (5.2)—(5.5) has infinitely many solutions, setting
Y1 =P Ipl< 1,
1-p?
I L
3T+ p?

Because Eq (5.6) and Eqs (5.2)—(5.5) yield two independent relations in three unknowns, the solution
space forms a line congruence.

Let

Y1 =4,

Py | PSP Rl i SIn(6) + |— P’ cos(t)(1 + 2 sin(t))
qa(|p 1+ p? 1 +p?
Yo =-— ’
1 -p? 1-p* . 1-p’]..
—4 2 2 - 2 2
e [p T\ (5.7)
1 —p2 1 —p2
) 2 ([p +2 T iz] sinz(t) \/1 " II:Q cos(t)(1 +2 Sin(t))J

_ . ,
1-p? 1-p? 1-p? . 1-p2|.
‘/1+p2 —41f1+p2 cosZ(t) + 2 T2 sin(t) — |p + 2 s sin(2t)

where q is a free parameter. Lety = (y;,y,,y3), and y* = (y},y5,y3). The linear congruence (LC)
equation in H is obtained by B B

L=yxy +¢&y. (5.8)

The cross product can be expressed in the form
Y Xy = (¥2¥3 — ¥3¥2: ¥a¥1 — Yi¥3s Yi¥a ~ ¥a¥i)s (5.9)
and from the vector Eq (5.8), we obtain three scalar equations, where
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A

]sm () \/

5 cos(t) (1+2 s1n(t))]

yXy =
/ 1-p? / p
2 +2 t 2 2t
cos()+ 1_|_p2s1n() [p+ pJsm( )
—p? —p? 1 -p?
o 2 T+ p+2 T+ p? sin2(t) \/1 T cos(t) (1 + 2 sin(t))
pap | P >
L
-4 cosZ(t)+2 sm(t) p+2 sin(20)
+ p?
+
(5.10)
/ 2 1 —p2
2 p+2 T 52 sin(t) \/1 " 52 cos(t)(1 + 2 sin(t))
1— 2
a| e~ P[P+
cosz(t)+2 sm(t) p+2 p sin(2t)
+p?
1-p?
1 +p?
1 2
2p [[p 124 / ] sin(t) + p ~ cos(t)(1 +2 sm(t))]
a4~ \} 1+ p? )
cosz(t) 2 sm(t) +{p+2 il sin(2t)
+p?
p2
, ) L. 5.11
y= (pp\/lerz " 2) Ipl< (5.11)

The configuration space of the equiform motion is determined through the family of line congruences
(LC) L(p, g, ¢, t), which characterizes the Bresse complex associated with the considered dual spherical
motion.

The functions E(t),?(t), and p(t) are selected to provide an analytically tractable representative
case of dual spherical equiform motion. Here, E(t) and (t) determine the angular evolution of
the dual spherical direction and therefore control its rotational geometric behavior, whereas p(t)
represents the time-dependent uniform scale factor and accounts for the equiform component of the
motion. This parameterization is chosen to obtain explicit expressions for the Bresse condition and
the associated line families while retaining nontrivial rotational and scaling effects. The resulting
general kinematic formulation and Bresse condition do not depend on this particular parameterization.
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However, the explicit closed-form expressions for the Bresse complex, line congruences, and ruled
surfaces derived in the subsequent analysis are specific to the selected functions ﬁ(t),?(t), and p(t).
Thus, the selected case should be regarded as a representative analytical example rather than a
general characterization of all dual spherical equiform motions. Accordingly, conclusions concerning
the explicit parameterizations and geometric configurations obtained in this section are restricted to
the selected parameterization, whereas the underlying dual-space kinematic formulation and Bresse
condition are applicable more generally.

5.1. Geometric interpretation of the line structures

Figures 1-3 illustrate representative geometric configurations of the Bresse line family obtained
by fixing selected parameters. Figure 1 shows how fixing p produces reduced families of lines,
while Figure 2 illustrates the variation of the corresponding spatial configurations with &. Figure 3
presents further parameter slices, showing how the Bresse family generates lower-dimensional line
congruences. These visualizations complement the analytical results and provide a geometric
interpretation of the associated line structures and their variations under the selected parameter values.
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Figure 1. t-Family of degenerate (RS) L(p, q, &, t).
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5.2. The spherical motion of the equiform motion

The point 3 on K is mapped to Y = W

Y(p.q.0 = Wy +&((W+EW)y + e Wy')

=Y +eY" 612
Thus, we derive the LC equation in H as follows:
Y(p,q,t,8) =Y XY +£Y, (5.13)
where
Y = (y;t,y, tcos(t) — x; tsin(t), —y, tsin(t) — y, tcos(t)),
Y' =(-y, t? cos(t) — Y, t? sin(t) + Y3 +Yst, (5.14)

—y, t2 cos(t) + y, sin(t) + y, cos(t) — y, t* sin(t) + y, tcos(t) — yj tsin(t),
—y, cos(t) + y, t* — y,t* cos(t) — y, sin(t) — Y3 t? — y; tsin(t) — ty; tsin(t) — ty? cos(t)).

From the vectors y and y*, it is easy to display the family of LC Y(p,q,t,&) as shown in the
figures. The one-parametric family of ruled surfaces in Figure 4 is a degenerate family of developable
ruled surfaces (intersection planes). The one-parametric family of ruled surfaces in Figure 5 is a
degenerate family of parallel planes. From Figures 6(a)-7(b), we obtain the 4-parametric family of
lines. The corresponding line space, consisting of ruled surfaces, line congruences, and line complexes,
is illustrated in Figure 7(c).

5.3. Geometric insights from Figures 4 and 5

Figures 4 and 5 illustrate representative line and ruled-surface configurations obtained for the
selected constant dual scale p = 2 + &. Figure 4 shows how fixing selected parameters produces
reduced ruled-surface families, whereas Figure 5 illustrates the corresponding planar and spatial line
configurations for different parameter choices. These visualizations complement the analytical results
by showing how the Bresse line family generates distinct geometric structures under the prescribed
kinematic constraints.

5.4. Geometric insights from Figures 6 and 7

Figures 6 and 7 illustrate representative parameter slices of the four-dimensional line space through
its associated ruled-surface representations in Euclidean three-space. By fixing selected combinations
of the dual parameters (1, 7", o, c*), lower-dimensional families of lines are obtained and visualized.
The figures show how variations in these parameters modify the spatial arrangement and geometric
form of the corresponding ruled structures, thereby providing a visual interpretation of the line-space
parameterization and its associated geometric configurations.
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6. Application
In the line space, the dual unit sphere 33 + 3 +37§ = 1 1s not represented. Ultimately, we generate
its graph using computer assistance. The equation in parametric form of the dual unit sphere can be

expressed in the form
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y, = sin7sino, y, = sin7jcos T, Y5 = cos7, (6.1)
where 7 =n+en*,and o = o + eo™.
Separating the real and dual parts of Eq (6.1) gives

y, =sinnsino, y, = sinncos o, Y3 = €os1, (6.2)
and
y] =1 cosnsino + o sinncos o,
y5 =1 cosncoso — o sinnsino, (6.3)
y; = -1 sinn.

These expressions satisfy the Pliicker conditions in Eq (2.8), and the corresponding oriented line in
Euclidean three-space is parameterized by

X(, ", 0,078 =y Xy +&y,  £€R (6.4)
Using Eqgs (6.2) and (6.3), we obtain
yXy =(—-n"coso + o*sinngcosnysino,
n*sino + o siny cosn cos o, (6.5)
— o sin’ 7).
Hence, the line-space representation becomes

x(n,n",0,0",&) = (—n"coso + o*singcosysino + £sinnsin o,
n'sino + o sinncosncos o + £sinncos o, (6.6)

— o sin’ i + £cosn).

The four independent parameters 1, n*, o, and o determine the corresponding family of oriented
lines, and & parameterizes the points along each individual line. By fixing selected combinations of
these parameters, lower-dimensional line families and their associated ruled surfaces are obtained.
These parameter reductions provide the geometric configurations illustrated in the following figures.

6.1. Computational implementation and reproducibility

All geometric visualizations, line congruences, and ruled surfaces presented in this study were
generated using Wolfram Mathematica (v13.0). The computational procedure was implemented as
follows:

1) Symbolic computation: Dual-number operations (g2 = 0) and the corresponding dual-vector
relations were evaluated symbolically using the derived parametric equations.

2) Numerical sampling: The parameter £ € [-10, 10] was sampled with A¢ = 0.1, and t € [0, 7]
was sampled with At = 7/60. The free parameters p and q were sampled over their prescribed
domains using a uniform step of 0.05.

3) Visualization: The resulting parametric line and ruled-surface representations were visualized
using ParametricPlot3D. Parameter values and ranges used for individual plots are specified in
the corresponding figure captions.
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6.2. Potential applications to robotic kinematics

The dual-space formulation developed in this study provides a line-geometric framework that may
be useful in the kinematic analysis of spatial mechanisms and robotic systems. In such applications,
joint axes and other oriented lines can be represented by dual unit vectors, allowing their geometric
evolution to be studied within the same dual-space setting.

In particular, the Bresse condition identifies line configurations for which the tangential component
of acceleration vanishes at a given instant. This property may provide a geometric criterion for studying
special instantaneous configurations of spatial mechanisms. Moreover, the line congruences and ruled-
surface families obtained from the proposed formulation offer geometric representations that may be
useful for visualizing the evolution of families of joint axes or line trajectories.

The present study is theoretical and does not consider a specific robot architecture, manipulator
Jacobian, actuator dynamics, or experimental motion data. Therefore, direct conclusions regarding
robotic singularities, energy consumption, or control performance are beyond the scope of the present
work. Future studies may investigate these applications by integrating the proposed dual-space
formulation with specific robotic mechanisms and numerical or experimental validation.

7. Conclusions and discussions

This study developed a dual-space framework for the geometric analysis of equiform spatial motion
and its associated line structures. Oriented lines were represented on the dual unit sphere, allowing the
rotational, translational, and scaling components of the motion to be incorporated within a unified dual-
vector formulation. The velocity and acceleration relations were derived for a general time-dependent
dual scale factor p(t), with rigid and constant-scale motions recovered as special cases.

The Bresse locus was characterized by the vanishing tangential acceleration condition Y- Y =0.
For the selected constant dual-scale motion p = 2 + &, explicit algebraic and parametric representations
were obtained, yielding line congruences, ruled-surface families, and degenerate configurations.
Computational visualizations were used to illustrate these structures and their dependence on the
selected parameters.

From a quantitative viewpoint, an oriented spatial line is represented by six real components (y, y*)
subject to two fundamental constraints, leaving four independent degrees of freedom in the line space.
The Bresse condition imposes additional algebraic restrictions on this four-dimensional space. In the
selected constant-scale example, these restrictions yield lower-dimensional line families parameterized
by the free parameters p and q. These results provide a quantitative geometric characterization of the
Bresse locus and demonstrate the usefulness of dual-vector calculus for the analysis of equiform spatial
motions.

7.1. Limitations of the study

The present study has several limitations. The explicit parametric results and visualizations are
based on a selected equiform motion and therefore represent a particular case rather than all possible
motion configurations. More general parameter choices may also lead to increased symbolic and
algebraic complexity. Finally, the present work is theoretical and computational and does not include
experimental validation using a specific mechanical or robotic system.
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7.2. Future research directions

Future research may focus on the following directions:

e Non-Euclidean extensions: Extend the present framework to non-Euclidean geometries,
including Minkowski and Galilean spaces.

e Data-driven kinematic analysis: Develop numerical and data-driven methods for extracting
Bresse line structures from experimental motion data.

e Robotic kinematic applications: Integrate the dual-space formulation with specific robotic
mechanisms to investigate trajectory planning, singular configurations, and related kinematic
constraints.
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