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Abstract: Kizmaz introduced the concept of difference sequence spaces, studied their topological
properties and inclusion relations, and computed their duals. In this paper, we generalize difference
sequence spaces by introducing difference net spaces over directed sets. We define the norm on
these spaces and study their properties like completeness, separability, and inclusion relations. We

characterize the dual spaces and establish the isometric isomorphisms (¢*(A, D))" = %,

l 1 . . . .
c(A,D)" = w and (co(A, D))" = %. Lastly, we establish an application to fixed-point
theory, demonstrating that iterative nets generated by contraction mappings constitute natural elements

of the space Cy(A, D).
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1. Introduction

In functional analysis and summability theory, sequence spaces play a fundamental role. Classical
sequence spaces such as £, (1 < p < ), ¢, and ¢y have numerous applications in analysis, operator
theory, and approximation theory, and so they are extensively studied. They have been generalized in
many directions using matrix transformations and difference operators.

In 1981, Kizmaz [1] introduced difference sequence spaces, which are constructed by applying the
difference operator to classical sequence spaces. The motivation behind this construction is that the
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behavior of the differences of a sequence often provides more refined information about the sequence
than the sequence itself. Consider the sequence x = (1,2,3,4,5,---), which is not bounded and hence
does not belong to [, but Ax = (-1,-1,-1,---) € [.
Let w denote the space of all real or complex sequences x = (x;),-,. The forward difference
operator A is defined on w by
(Ax)k = Xk — Xk+1» k € N.

Using this operator, Kizmaz defined the following sequence spaces:

X(A) ={x=(x) cw: (Ax) € X},

where X is any classical sequence space such as £, ¢, or cy.
Thus, the Kizmaz sequence spaces are defined as

{o(A) = {x € w: (Axy) € €},

c(A) ={xew: (Ax) € c},
co(A) = {x € w : (Axy) € ¢y}

These are the sequence spaces whose difference sequences are in the corresponding classical
sequence spaces. These spaces impose conditions on the sequence’s first-order differences rather than
the sequence itself.

The study of sequence spaces took a new turn with the advent of difference sequence spaces.
These spaces offer a helpful framework for examining stability characteristics, smoothness behavior,
and convergence patterns of sequences since the difference operator captures the variation between
subsequent terms of a sequence.

Difference operators have also been widely used in numerical analysis for the approximation of
nonlinear and nonlocal problems. In particular, a high-order compact Crank—Nicolson alternating-
direction implicit (CN-ADI) scheme on graded meshes was proposed for three-dimensional nonlinear
partial integro-differential equations with multiple weakly singular kernels [2]. Moreover, time—
space two-grid methods were analyzed for two-dimensional nonlinear nonlocal mobile/immobile
transport models [3]. These studies illustrate the relevance of difference-based techniques in the
analysis of stability, convergence, and approximation of nonlinear and nonlocal mathematical models.
Motivated by this broader role of difference operators, our work develops an abstract framework
for difference operators acting on nets indexed by directed sets. In particular, we introduce and
investigate difference bounded, difference convergent, and difference null net spaces and establish
their fundamental structural properties. It is crucial to remember that the underlying space X
imparts numerous structural characteristics to the spaces X(A). Specifically, when equipped with
the standard norm

1xllxcay = |21l + [[Axllx,

the space X(A) becomes a Banach space, provided the X itself is a Banach space. So, . (A), c(A),
and cy(A) are Banach spaces.

Over the years, many researchers have extended the concept of Kimaz sequence spaces in various
directions. They extended Kizmaz’s spaces through generalized difference operators and duality [4,5],
and later through generalized weighted means [6, 7], matrix domain constructions [8, 9], weighted
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difference spaces, statistical-convergence extensions include weighted and fractional-order difference
sequences [10, 11] and rough statistical convergence in intuitionistic fuzzy normed spaces [13]. Such
generalizations have been studied in connection with summability theory, operator theory, compact
operators, and spectral theory.

The way these spaces relate to matrix transformations is another significant feature. Their behavior
between difference sequence spaces and classical sequence spaces can be used to characterize a broad
class of infinite matrices. The characterization of bounded and compact operators between these spaces
has advanced significantly as a result.

Difference sequence spaces have also been used in discrete models and numerical analysis, where
discrete derivatives are crucial. The study of such spaces can be seen as a discrete counterpart of
function spaces in classical analysis as the difference operator is a discrete analogue of differentiation.

Inspired by these advancements, researchers are still investigating novel structures and
characteristics of spaces of different types. New theoretical understandings and applications may
result from the study of generalized difference operators, net versions of difference spaces, and ordered
versions of such spaces. Although sequences provide a natural and useful framework for studying
convergence, they do not characterize the topology of an arbitrary topological space. In particular, in
spaces that are not first-countable, sequential convergence may fail to detect all topological closure
and continuity properties. Nets overcome this limitation: Every point in the closure of a set is the
limit of a net contained in that set, and the directed index set can be chosen naturally from the
neighborhood system of the point. Thus, nets provide a complete characterization of topological
convergence without requiring first-countability or metrizability. Replacing the natural-number index
set by an arbitrary directed set therefore extends the theory of difference sequence spaces to settings in
which sequences alone are insufficient. This observation motivates the introduction of difference net
spaces and the investigation of their functional-analytic properties, including completeness, duality,
separability, inclusion relations, and their applications to iterative processes.

In this paper, we extend these notions into the more general concept of difference net spaces. A net
is a generalization of a sequence indexed by a directed set rather than N. Difference net spaces capture
the variation of nets and allow for convergence acceleration via iterated difference operators.

This is how the rest of the paper is structured. We provide the fundamental definitions and findings
required for the ensuing advancements in Section 2. We prove the completeness of difference net
spaces in Section 3. The dual spaces of difference net spaces are covered in Section 4. The separability
of difference net spaces is covered in Section 5. Lastly, a fixed-point theory application of difference
net spaces is shown in Section 6.

2. Basic definitions

Definition 2.1. [/4] Let D be a non-empty set. A relation < defined on D is called a partial order if it
satisfies the following properties for all a, b, c € D:

1. a < a (reflexivity),
2. ifa<bandb < a,thena =b (antisymmetry),
3. ifa<bandb <c, thena < c (transitivity).

In this case, the pair (D, <) is called a partially ordered set (or simply a poset).
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Definition 2.2. [14] Let (D, <) be a partially ordered set. The set D is said to be directed if, for any
two elements a,b € D, there exists an element ¢ € D such that a < ¢ and b < c. In this situation, c is
called a common upper bound of a and b.

Definition 2.3. [15] Let (D, <) be a directed set, and let X be a topological space. A net in X indexed
by D is a mapping x : D — X. For convenience, we denote the value of the mapping at d € D by x,
instead of x(d), and the net itself is written as (X;)aep-

Definition 2.4. [15] Let (x4)4ep be a net in a topological space X, and let L € X. The net (x;) is said
to converge to L if, for every neighborhood U of L, there exists an index dy € D such that x; € U
whenever d > dy. In this case, we write x; — L.

Definition 2.5. Let (D, <) be a directed set. For a, € D, we say that 3 covers a and write @ < f3,
if @ < B and there is noy € D such that @ <y < .

We say that D has the immediate successor property if, for every a € D, there exists at
least one B € D such that a < 8. A mapping o : D — D is called a successor mapping
if @ < o(a) foreverya € D. Thus, @ < o(a) and there is no y € D satisfying « < y < o(a). If
an element has more than one immediate successor, the mapping o represents a fixed choice of one
such successor.

Remark 2.1. A general directed set need not possess the immediate successor property. In particular,
densely ordered directed sets, such as (R, <) and (Q, <), have no immediate successors and therefore do
not admit a successor mapping in the sense of Definition 2.5. Moreover, a directed set with a maximal
element cannot satisfy the immediate successor property.

Consequently, all definitions and results in this paper involving o are restricted to directed sets
admitting a specified successor mapping. They are not asserted for arbitrary directed sets. This class
remains more general than the natural numbers because it may include partially ordered and branching
directed systems, but it does not include densely ordered directed sets.

The term “discrete”, when used in this context, refers only to the existence of immediate
order successors and should not be confused with discreteness with respect to an independently
specified topology.

Example 2.1. Consider the set D = {A C N : A is finite}, ordered by inclusion; that is, for A,B € D,
A<B &= ACB. Then (D,<) is a directed set. Define the mapping o : D — D by 0(A) =
AU{min(N\A)}, A € D. Since A is finite, N\ A # @, and hence min(N \ A) exists. Therefore, A C o(A).
Moreover, there is no B € D such that A € B C o0(A). Indeed, since o0(A) \ A contains exactly one
element, namely min(N \ A), there is no set properly lying between A and o(A) with respect to the
inclusion order. Thus, o(A) is the immediate successor of A in the poset (D, C), and o defines a
successor mapping on D. Consequently, for a net x = (xa)aep, its difference net is defined by (Ax), =
Xo(A) — XA AeD.

2.1. Net spaces
From here on, we denote by (D, <) a directed set and let x = (x,).cp be a real or complex valued net.

Definition 2.6. The space of bounded nets indexed by D is denoted by €¢*(D) and is defined
by £*(D) = {x = (Xg)aeD : SUP4ep |Xal < 0} . For x € £2(D), the norm is given by ||x|| = Sup,cp |Xal-
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Definition 2.7. The space C(D) consists of all nets in D that converge in the usual sense. Thus C(D) =
{x = (Xy)qep : AL € R such that x, — L} .

Definition 2.8. The space Cy(D) is the collection of all nets that converge to zero, that is,
CO(D) = {X = (xa)aeD CXg ™ 0} .

It is immediate from the definitions that Co(D) C C(D) C = (D).

Definition 2.9. Let 0 : D — D be a successor mapping and (D, <) be a directed set. For a
net x = (Xq)qep, we define the difference operator A by (Ax), = Xg(a) — Xo, @ € D.

Throughout the sequel, whenever £*(A, D) is equipped with the norm || - ||, we assume that D has
a least element « and that, for every a € D, there exist non-negative integers m and n such that

(@) = o"(a).

Definition 2.10. The difference-bounded net space is defined by
(A, D) = {X = (Xa)aeD : sup |-x(r(0z) - xal < OO} .
aeD

For x € (A, D), we define ||x||n = |Xa,| + SUP,cp |xcr(a) - xa| .
Definition 2.11. The difference convergent net space is defined as
C(A, D) = {x = (Xa)aep : (Xr(@) — Xa) converges} .
Definition 2.12. The difference null net space is given by
Co(A, D) = {x = (X3)aep * Xo(@) — Xa — 0}.

Clearly, Co(A, D) C C(A, D) C £2(A, D).
We now present examples illustrating how the difference operator may transform certain nets that
are not bounded or not convergent into nets having better properties.

Example 2.2. Let D = {A C N : A is finite} be the family of all finite subsets of N, ordered by inclusion:
A<B < ACBH

Then (D, <) is a directed set. Indeed, for any A, B € D, the finite set AU B is an upper bound of both A
and B.
For every A € D, define my = min(N \ A) and 0(A) = AU {my}. Since A is finite, N \ A is nonempty,
and hence my is well defined. Clearly,
A C o(A).

Moreover, there is no B € D such that A C B C 0(A). Indeed,
o(A)\ A = {my}

contains exactly one element. Thus, if
ACBCo(A),
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then either B = A or B = 0(A). Therefore,
A <o(A),

and o is a successor mapping on D.
Now define the scalar-valued net x = (x4)sep by

x4 = |Al,

where |A| denotes the cardinality of A. This net is unbounded. In fact, for every N € N, there exists a
finite set A € D such that

x4 = |A| > N.
Consequently,
sup |x4| = oo.
AeD
On the other hand,

(Ax)4 = Xo(A) — XA-

Since my ¢ A, we have
lo(A)l = [A U {ma}| = |A| + 1.

Therefore,
(Ax)a = (Al+ 1) - Al =1

for every A € D. Hence,
sup [(Ax)s] = 1 < oo.

AeD

Thus, x is an unbounded net whose difference net Ax is bounded.

Example 2.3. We now give an example of a net that does not belong to (C, D) or (Cy, D), but whose
difference net belongs to both C(A, D) and Cy(A, D).
Let D = N X N with the order

(m,n) = (p,q) < m<pandn<gq.
For a = (m,n) € D, define the successor mapping by
omn)=m+1,n+1).

Clearly,
(m,n) < o(m,n),

and there is no (p, q) € D such that
(m,n) < (p,q) <(m+1,n+1).

Thus, o is an immediate successor mapping on D.
Define a net x = (x,,,) by
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First, we show that the net does not converge. Consider the two cofinal paths. If m = n, then

n 1
Xnn = - = 3%
’ 2n 2
On the other hand, if n = 1 and m — oo, then
Xm,1 = " — 1
’ m+1

Since the two limits are different, the net does not converge. Hence,
x ¢ (C,D).

In particular, x ¢ (Cy, D).

Now, according to Definition 2.9, the difference net is defined using the successor mapping as

(Ax)mn = Xomn) — Xmapn = Xm+1n+l — Xmpn-

Therefore,
m+1 m
AX)pp = - .
(A0, m+n+2 m+n
After simplification, we obtain
n—m
AX) i = .
(B0, m+n)(m+n+2)
Taking absolute values gives
In —ml|
AX)pnl = )
(Al = s+ )
Since
|n —m| < m+ n,
we have

(Al m+n+?2

As (m,n) — oo in the directed set D, we have

m+n— oo,

and consequently
(AX)pn — O.

Hence,
Ax € Co(A, D) Cc C(A, D).

Thus, the net x does not belong to (C, D) or (Cy, D), where as its forward difference net belongs to

both C(A, D) and Cy(A, D).

AIMS Mathematics

Volume 11, Issue 9, 29610-29635.
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The generalized difference operator provides a systematic way of studying nets that may not
themselves possess a simple convergence behavior. Given a net x = (x,)qep, the operator Ap produces
the transformed net

Apx = ((ApX)a) yep-

Although the original net may be divergent or irregular, its generalized differences may satisfy a useful
regularity condition. In particular, the transformed net may be bounded, convergent, or convergent to
zero. These properties determine whether the original net belongs to the corresponding generalized
difference space. This conceptual process is illustrated in Figure 1.

Original net
X = (Xa)eeD
possibly divergent or irregular

Generalized
difference operator
Ap

Transformed
difference net
L Apx = ((ApX)a)aen y,

Converges to zero Converges to a limit Remains bounded
Apx — 0 Apx — L SUP,ep [(Apx)y| < o0

Corresponding generalized
difference net spaces

Figure 1. Conceptual role of the generalized difference operator in transforming a
potentially irregular net into a difference net whose regularity determines membership in
the associated spaces.

3. Main results

In this section, we prove the completeness of the spaces (A, D), C(A, D), and Cy(A, D).

Theorem 3.1. Let (D, X) be a directed set with a least element «y, and let o : D — D be a
successor mapping. Assume that, for every a € D, there exist non-negative integers m and n such
that c™(a) = 0" (ag). Let X be a Banach space of scalar-valued nets on D, and suppose that the
difference operator Ax = (X, — Xo)aep IS defined on X. Set X(A,D) = {x € X : Ax € X}.
For x € X(A, D), define ||x||a = |xq,| + |AxX||x. Assume, in addition, that the range of the mapping T :
X(A,D) — K x X defined by T(x) = (X4, Ax), is closed in K X X. Then (X(A,D),|| - |la) is a
Banach space.

Proof. First, we show that ||-||5 is a norm. Clearly, ||x||x > 0 and the homogeneity and triangle inequality
follow directly from the corresponding properties of the absolute value and the norm on X.

AIMS Mathematics Volume 11, Issue 9, 29610-29635.
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Suppose that
llxlla = 0.
Then
Xo, = 0 and Ax = 0.

Thus

Xo(a) = Xa for every @ € D.
Hence

Xok(a) = Xa for every k > 0.

Given a € D, by assumption, there exist non-negative integers m and n such that
o™(a) = o (ayp).

Therefore,

Xog = Xgn(a) = Xgn(ag) = Xay = 0.
Thus x = 0, and so || - || is a norm. Now define 7 : X(A, D) — K x X by

T(x) = (xq,, Ax).
By the definition of || - ||,
lIxlla = 1Xaol + 1AX]x = 1T (Ollxexx
where K X X is equipped with the norm
@, Wl = lal + [Iyllx-
Hence T is an isometry from (X(A, D), || - ||a) onto T'(X(A, D)).

Since K and X are Banach spaces, K X X is a Banach space. By assumption, 7(X(A, D)) is a closed

subspace of K X X and is therefore complete. Since 7 is an isometry, it follows that

(X(A, D), 11 - lla)

is complete. Hence it is a Banach space.

O

Corollary 3.1. Under the assumptions of Theorem 3.1, each of the spaces (*(A,D) , C(A, D),

and Cy(A, D) is a Banach space with respect to the norm

X1l = 1ol + SUP [Xoa) — Xa -
aeD

Proof. The spaces (D), C(D), and Cy(D) are Banach spaces under the supremum norm. Applying

Theorem 3.1 to each of these spaces, with the difference operator defined by

(Ax)a = Xo(a) — Xas

gives the completeness of {*(A, D), C(A, D), and Cy(A, D), respectively, with respect to the norm

xlla = Pagl + Ao = 1y ] + SUP [Xor@) — Xa -
aeD

Hence, each of the spaces ¢*(A, D), C(A, D), and Cy(A, D) is a Banach space.

O
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4. Duals of difference net spaces

In this section, we present the duals of difference net spaces.

Theorem 4.1. Let (D, <) be a directed set with a least element agy, and let o : D — D be a
successor mapping. Assume that, for every a € D, there exist non-negative integers m and n such
that o™ (@) = 0" (ay). Let €*(A, D) = {x = (Xg)aeD : SUP,ep |x0(a) — xa| < oo} , equipped with the norm

X1l = 1o + SUP [Xoa) = Xa -
aeD

Define T : {*(A,D) — K X (D) by T(x) = (Xo,, Ax). Then T is an isometric linear embedding.
Consequently,

(t2(A, D))" = T(t°(A, D))
If, in addition, T (> (A, D)) is a closed subspace of K X £ (D), then

(t°(A, D))" = (TI(%’S(ZC,I(DD)))) — as Banach spaces.

Proof. Define T : £*(A, D) — K X (D) by

T(x) = (Xoqs A).
The map T is clearly linear. Moreover, for every x € {(A, D),

1T (Ollkxepy = 1Xag| + [1AX]|oo

= 0
| x4, + sup |x(,(a) - xa|
aeD

= [lxlla.
Thus, T is an isometry.
We next show that 7 is injective. Suppose that
T(x) = (0,0).
Then
Xo, = 0 and Ax = 0.

Hence

Xo(a) = Xa for every a € D.
Therefore,

Xok(a) = X for every k > 0.

Fix @ € D. By assumption, there exist non-negative integers m and n such that
(@) = 0" (a).

It follows that
Xa = Xom@) = Xon(ag) = Xag = 0.
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Thus x = 0, and hence T is injective.
Since T is an isometry, £ (A, D) is isometrically isomorphic to its image

R :=T({™(A, D)).

Therefore,
(6°(A, D))" = R* isometrically.

Suppose now that R is closed in K x £*(D). Since K x £*(D) is a Banach space, R is also a Banach
space. By the Hahn—Banach theorem, every continuous linear functional on R extends to a continuous
linear functional on K x £°(D). Hence

. EX D))

R
RJ_

Since

(K x (D))" = K x ba(D),
we obtain

- . Kxba(D)

(*(A, D)) = —

This proves the result. m|

Theorem 4.2. Let (D, <) be a directed set with a least element «, and let o : D — D be a successor
mapping. Assume that, for every a € D, there exist non-negative integers m and n such that

(@) = 0" ().

Define c¢(A,D) = {x € {*(A, D) : lim,(Ax), exists}, where (AX)y = Xg@) — Xo- Equip c(A, D) with
the norm

”x”A = |x(10| + sup Ix(r(rx) - xal-
aeD
Then the mapping T : c(A, D) — K X c(D) defined by
T(x) = (Xgq, AX)
is an isometric linear embedding. Consequently,

c(A, D) = T(c(A, D))" isometrically.

If, in addition, T (c(A, D)) is a closed subspace of K X c(D), then

K X c¢(D)*

P T oy

Since c(D)* = (D) ® K, the dual can be represented as a quotient of K x (€1(D) & K).

AIMS Mathematics Volume 11, Issue 9, 29610-29635.
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Proof. Define
T :c(A,D) — KX c(D)

by
T(x) = (xqy, Ax).

The map T is linear. Moreover, for every x € c(A, D),

IT Ol = xaq| + l|AX]|o

= |xao| + sup |x0'(a) - xal
aeD

= [Ixlla.

Thus, T is an isometry.
We next show that 7 is injective. Suppose that

T(x) = (0,0).
Then
Xey =0
and
Xo(a) = Xa for every a € D.
Hence,
Xok(a) = X for every k > 0.

For any « € D, by the standing assumption, there exist non-negative integers m and n such that
(@) = c"(ap).
Therefore,
Xo = Xom(@) = Xo(ap) = Xay = 0.
Thus x = 0, and T is injective.
Since T is an isometry, c(A, D) is isometrically isomorphic to its range
R =T(c(A, D)).
Therefore,
c(A,D)" =R

isometrically.
If R is closed in K X ¢(D), then R is a Banach space. By the Hahn—Banach theorem,

o o EX D)
RJ_
Since
(K X (D))" = KX c(D)"

AIMS Mathematics Volume 11, Issue 9, 29610-29635.
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and
c(D) =" (D)oK,
we obtain 1
Kx({' (D)oK
(A, D) = CD)SK)
RJ_
This completes the proof. O

Theorem 4.3. Let (D, <) be a directed set with a least element a, and let o : D — D be a successor
mapping. Assume that, for every a € D, there exist non-negative integers m and n such that

(@) = o"(ap).
Let
co(A,D) = {x € (A, D) : Ax € co(D)},

where
(Ax)a = Xo(a) — Xa-

Equip co(A, D) with the norm

lIxlla = o] + SUP [Xor@) = Xol-
aeD

Define
T : co(A, D) — K X C()(D)

by
T(x) = (Xg,, AX).

Then T is a linear isometric embedding. Consequently,
(co(A, D))" = T(co(A, D))

isometrically.
If, in addition, T (co(A, D)) is a closed subspace of K X co(D), then

K x £4(D)
A D) & ———
(&P = T m Dy
as Banach spaces.

Proof. Define
T : co(A, D) — K X co(D)

by
T(x) = (x4y, AX).

The map T is linear. Moreover, for every x € co(A, D),

IT Ol = o, | + l|AX]|o

= |xagl + sup |x0'(a) - xal
aeD

= [Ixlla.
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Hence, T is an isometry.
We now show that 7 is injective. Suppose that

T(x) = (0,0).
Then
Xey =0
and
Xo@) — Xa =0 for every @ € D.

Thus

Xo(a) = Xa for every a € D.
Consequently,

Xok(a) = Xa for every k > 0.

Fix @ € D. By the standing assumption, there exist non-negative integers m and n such that
(@) = o"(a).
Therefore,
Xa = x(rm(a/) = xgn(ao) = 'x(YO = 0

Since « is arbitrary, x = 0. Hence T is injective.
Thus, T is an isometric isomorphism from cy(A, D) onto its range

R =T(co(A, D)).

It follows that
(co(A, D))" =R

isometrically.
If R is closed in K X ¢y(D), then R is a Banach space. By the Hahn—Banach theorem,

e = EXaD)”

RJ_
Since
co(D)" = L'(D),

we have

(K X co(D))* = K x £1(D).
Consequently,

. Kxt'(D)
(co(A, D))" = —Rr

This completes the proof.

O
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5. Separability of difference net spaces

In this section, we will see whether the difference net spaces are separable or not.

Theorem 5.1. Let (D, <) be an infinite directed set with a least element oy, and let o : D — D be a
successor mapping. Assume that, for every a € D, there exist non-negative integers m and n such that

o™(a) = o (ap).

Then the difference bounded net space

aeD

gw(A, D) = {X = (xa)aeD : SUP |x(r(0z) - xafl < OO}

is non-separable with respect to the norm

”x”A = |xa'0| + sup |x0'(a) - xa'l-
aeD

Proof. For each bounded scalar net y = (y,)oep € €7 (D), define x = T'(y) by
Xey =0
and, along the successor orbits, define x recursively by

Xo(@) = Xa + Ya-

Under the standing assumptions on D and o, this construction gives a well-defined
element x € £{(A, D) satisfying
Ax =y.

Consequently,
lIxlla = [xaq | + 1AX]leo = [[¥l]eo-

Thus, T is an isometric embedding of {*(D) into (A, D).

Since D is infinite, £*(D) is non-separable with respect to the supremum norm. Hence £*(A, D)
contains an isometric copy of a non-separable Banach space. Therefore, £(A, D) itself cannot
be separable.

Thus

(A, D)

is non-separable with respect to the norm || - |[5. O

Theorem 5.2. Let (D, <) be a countable directed set with a least element a, and let o : D — D be a
successor mapping. Assume that, for every a € D, there exist non-negative integers m and n such that

(@) = o"(ap).

Let
c(A, D) = {x € £°(A. D) : lim(Ax), exists},
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where
(Ax)a = Xo(a) — Xa-

Then c(A, D) is separable with respect to the norm

lIxlla = [xao| + SUP [Xora) = Xol-
aeD

Proof. Define
T :c(A,D) — KX c(D)
by
T(x) = (xqy, Ax).
By the definition of the norm,
lIxlla = [Xaq| + [[AX]|o-

Thus, T is an isometry onto its range.

Since D is countable, the space c(D) of convergent scalar nets can be identified, after fixing
an enumeration of D with the corresponding space of convergent sequences. In particular, c(D) is
separable with respect to the supremum norm. Since K is separable, the product space

KX (D)

is separable.
The range
T(c(A, D))

is a subspace of K X c¢(D). Under the standing assumptions, the anchor value x,, together with
the difference net Ax determines x uniquely. Hence T is an isometric identification of c(A, D) with
its range.

Therefore c(A, D) is isometric to a subspace of the separable space K X c(D). Since every subspace
of a separable metric space is separable, it follows that

c(A, D)
is separable with respect to || - ||a. O

Theorem 5.3. Ler (D, <) be a countable directed set with a least element a, and let o : D — D be a
successor mapping. Assume that, for every a € D, there exist non-negative integers m and n such that

(@) = o"(a).

Let
co(A,D) = {x € *(A,D) : Ax € co(D)},

where
(Ax)a = Xo(a) — Xa-

Then cy(A, D) is separable with respect to the norm

lIxlla = [xao| + SUP [Xora) = Xol-
aeD
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Proof. Define
T : co(A, D) — K X co(D)
by
T(x) = (Xgq, AX).
By the definition of the norm,
IT Ol = xaq| + [|AX]|eo = [lxlla-

Hence, T is an isometry.
We next show that 7T is injective. Suppose that

T(x) =(0,0).
Then
Xop =0
and
Xo(a) = Xa for every @ € D.
Thus
Xok(a) = Xa for every k > 0.

By the standing assumption, for every @ € D, there exist non-negative integers m and n such that
(@) = o"(a).

Consequently,
Xa = Xom(@) = Xo(ay) = Yoy = 0.

Therefore, x = 0, and T is injective.
Since D is countable, c¢o(D) is a separable Banach space with respect to the supremum norm.
Since K is also separable, the product space

K X co(D)

is separable.
The range
T(co(A, D))

is a subspace of K X c¢o(D). Since T is an isometry, co(A,D) is isometric to this range.
Therefore, co(A, D) is separable with respect to the norm || - |[4. O

For clarity, Table 1 summarizes the relationship between the classical Kizmaz sequence spaces and
their corresponding net-based generalizations. The classical construction is recovered by taking the
directed index set to be N equipped with its usual order. Therefore, the proposed framework extends
the classical sequential setting to more general directed index sets.
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Table 1.

Comparison between the classical Kizmaz

based generalizations.

spaces and their net-

Feature

Classical Kizmaz spaces

Proposed net spaces

Basic object
Index set
Index structure
Convergence

Difference
transformation

Null
space

difference

Convergent
difference space

Bounded difference
space

Defining condition

A sequence (X,)nen

The set N with its usual order
Countable and linearly ordered
Sequential convergence

The classical difference operator
Ax, = X, — X,—1

co(A)

c(Q)

les(A)

The relevant condition is imposed
on the transformed sequence (Ax,)

A net (X4)aen

A general directed set D

Directed and possibly uncountable
Net convergence

The corresponding net-difference
operator Ax,, as defined in this

paper
co(A, D)
c(A, D)

{(A, D)

The relevant condition is imposed
on the transformed net (Ax,)

Generalization Represents the classical sequential Reduces to the classical setting
relationship case when D = N
Scope Applicable to sequential structures Applicable to general directed and

topological structures

6. Application to fixed point theory

The principal advantage of this framework is that it treats the successive differences of an iterative
net as elements of a normed space. Consequently, the convergence and stability of an iterative
procedure can be studied through the difference net

(Ax)a/ = Xo(a) — Xa-

In particular, the quantity
”Axa” = ”xrr(af) - xa”

is directly computable from two successive iterates. It can therefore serve as a residual measuring how
close the current iterate is to being a fixed point. This is useful because the fixed point itself is usually
unknown. For example, if 7 : X — X is a contraction with constant O < k < 1 and

Xo(a) = T(xa)’

then
||xa'2(a) - xo-(a)” = ”T(xa'(a/)) - T(xa/)” < k”x(r(a) - xa/”
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By induction,
”xa"*l((x) - xo”(a)” < kn”x(r(ar) - xa”'

Thus, the associated difference net tends to zero along the successive orbit. This shows that the iteration
is asymptotically regular. Moreover, if p denotes the unique fixed point of 7', then

”-xa - P” < ”xa - -xtT(a)” + ||x0'(a) - P||
= ”xa - xa‘((t)” + ”T(x(z) - T(P)”
< ”x(x - x(r(a)” + k”xa - p”

Therefore,

1 1
1 — k”xo—(a) - xa” = EH(AX)QH
This is an a posteriori error estimate: It bounds the unknown error ||x, — p|| in terms of the computable
difference between two successive iterates. In particular, the condition

llxa = pll <

”xtr(oz) - -xa/” < (1 - k)g

guarantees that
llxe = pll < e&.

Hence, the difference net provides a practical stopping criterion for fixed point algorithms. The merit
of the paper is therefore not merely that a contraction iteration converges, which is already known
from the Banach contraction principle. Rather, the spaces introduced in the paper provide a functional-
analytic setting in which

successive-iterate differences are treated as elements of normed or Banach net spaces;
asymptotic regularity can be expressed as membership in Cy(A, D);

perturbations and stability of iterative nets can be measured using the difference norm; and
4. computable residuals yield quantitative error estimates and stopping criteria.

W=

Theorem 6.1. Let (D, <) be a directed set, let o : D — D be a successor mapping, and let (X, || - ||) be
a Banach space. Suppose that T : X — X is a contraction with constant k € (0, 1).
Let Dy C D, and suppose that there exists a mapping

v:D — Ny

such that the following conditions hold:

1. for every a € D, there exists y € Dy such that
o =" y);

2. V(@) > c0asa — oo inD;
3. the initial successor differences are uniformly bounded:

M := sup [|xg¢) — Xy|| < o0.
yeDo
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Assume that the net x = (X,)qep Satisfies

Xo(@) = T(xa), a € D.

Then
1(Ax)oll < KM, @ €D.

Consequently,

(Ax)a = Xo(@) — Xa — 07
and hence

x € Co(A, D; X).

Moreover,

Sup |[Xo@) — Xoll < M.
aeD

If D has a least element a, then

lIxlla = llXaoll + SUP [[Xo(@) = Xall < [IXgll + M.
aeD

Proof. Let @ € D. By assumption, there exists y € D, such that
a = O'V(a)(’)/).
The contraction property and the iterative identity give

I(AX)o@)ll = [Xe28) = Xl
=T (x5) — T (xp)l
< kllxg@) — xgl|
= kll(Ax)gl|-

Applying this inequality successively along the successor orbit of y yields

(A = [I(AX) vyl
< K" ll(Ax),
<k9M.

Since v(a) — o0 and 0 < k < 1, it follows that

K9OM —s 0.
Therefore
I(Ax), || — O,
SO
x € Co(A,D; X).

Finally, @ < 1 gives
sup [[(Ax)ell < M.

a€eD
If D has a least element «, the asserted estimate for the anchored difference norm follows immediately.
O
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Ilustrative examples

Example 6.1. Let
D =F(N)

be the family of all finite subsets of N = {1, 2, ...}, ordered by inclusion:
A<B < ACB

Then D is a directed set with least element ay = @. Indeed, for A,B € D, the finite set A U B
is an upper bound of both A and B. Notice that D is not linearly ordered. Define the successor
mapping o : D — D by

o(A) = AU {min(N \ A)}.

Since A is finite, N \ A is nonempty, so o(A) is well defined. Moreover,
lo(A)] = |A] + L.

Consider the Banach space X = R with its usual norm and the contraction T : X — X defined by

t
T@) = —.
(®) >
Define an iterative net x = (xp)aep by
x4 = 271 AeD.
Using |o(A)| = |A| + 1, we obtain
Xoppy = 277
— 7-(41+D)
1
— _2—|A|
2
=T(xa)

Thus, x satisfies the contraction iteration
Xo4) = T(XA), A€ D.
The associated successor difference net is

(Ax)q = Xo(A) — XA
= 2~ (A+D) _ o-A]

— _o-(alD).

Therefore,
(Ax)a| = 271D,

We now show that Ax — 0 as a net on D. Let € > 0. Choose N € N such that

2N < g
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and choose Ay € D with |Ag| = N. Whenever A > A, we have Ay C A, and hence
|Al > |Aol = N.

It follows that
[(Ax)y| = 270AFD < 2=(V+D o

Consequently,

and therefore
x € Co(A, D;R).

Finally,
X@ = 1
and
1
—(A]+1
Sup |Xp(a) — Xa| = sup2 (A —
AeD AeD

Hence the anchored difference norm of x is

lxlla = |xg| + Sup [Xea) — x4l

AeD
1 3
=14+=-==
2 2

Thus, the contraction mapping T(t) = t/2 generates an element of the difference-null net space on
a genuinely nonlinearly ordered directed set. This example shows that the sequence generated by a
contraction mapping naturally produces an element of the difference net space Co(A, D). Figure 2
illustrates that both the iterative sequence x, = 2~V and its difference Ax, = X, — X, = —27"
converge to zero, confirming that the generated sequence belongs to Cy(A, D).

1071 8§ —e— xj, (initial-segment chain)
‘i xs, (even-first chain)
S (A, = HAX)s,
0.8 1 \
\
\
< 0.6 1 \
3 \
= \
c n h
g N\
= \

o
S
L

/s

. .
0.2 1 o
‘. .. ‘.‘*v\.,,_,_'_
""" T

0.0 T T T ! o 'I ----- D : .*.:".’f=‘.’.lﬂr7+ﬁ—r..-—‘_.l — -

0 1 2 3 4 5 6 7 8

Cardinality g = |Ag| = |B4l

Figure 2. Iterative sequence x, = Tl—l and its difference Ax,,.
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Example 6.2. Let
D =NxN

be equipped with the product order
(my,ny) < (my,ny) & my <myandn; < ny.

Then D is a directed set with least element (1, 1). Define the successor mapping o : D — D by

(m+1,n), m<n,
o(m,n) =<(m,n+ 1), m>n,
m+1,n+1), m=n.

Thus, when m + n, the smaller coordinate is increased by one. Every successor orbit eventually reaches
the diagonal, after which it remains on the diagonal. Define the scalar-valued net x = (X(un))onnyen by

m

Hmm = m+n

The net x does not converge. Indeed, let (M,N) € D. By taking m > M sufficiently large while

keeping n = N, the value
m

m+ N

can be made arbitrarily close to 1. On the other hand, by taking n > N sufficiently large while
keeping m = M, the value

X(m,N) =

M
M+n
can be made arbitrarily close to 0. Both types of indices lie above (M, N), no tail of the net can
converge to a single scalar. We now calculate its successor difference. If m < n, then

X(Mn) =

(Ax)(m,n) = X(m+1,n) — X(mn)
m+1 m

m+n+1 m+n
n

m+nm+n+1)

If m > n, then

(AX)onny = Xmps1) = Xomn)
m m

T m+n+1 m+n
m

CmAn)m+n+1)

Finally, if m = n, then
(Ax)(m,m) = Xm+1,m+1) — Xmm) = 0.

Therefore

(Aol m+n+1
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Let € > 0. Choose Ny € N such that
1

— < E.
No+1 ¢

Whenever
(m,n) = (No, No),

we have m + n+ 1 > 2Ny + 1, and consequently

< : <
m+n+1  2Ny+1

|(Ax)(m,n)| < E.
It follows that
(Ax)(m,n) — 0

in the product-directed set. Hence
x € Co(A, D),

although the original net x does not converge.
Figure 3 shows that the net X,y = —— approaches different limits along two directed paths, and
therefore does not converge, whereas its difference Ax, ,, converges to zero.

1.0 1

(a) 0.16 1 (W) —= |(Ax)g,1)| = [(Ax), )l
0.14
0.8 1 =
R 3 012
= =
£ ©
= 0.6 1 S 0.10
<
v = Xmyp=m/im+1) | 2
3
E Xam=1n+1) | £ 008
T 0.4 2
= o 0.06 1
o
v
=3
v 0.04 1
0.2 1
0.02 4
0.0 T T T T T T 0.00 - T T T T T T
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Varying coordinate m or n Varying coordinate q

Figure 3. Two directed paths of the net x,,,) = "~ showing non-convergence.

7. Conclusions

In this work, we introduced and studied a new class of spaces, called difference net spaces, which
extend the classical framework of difference sequence spaces to nets indexed by directed sets. By
introducing a successor mapping on a directed set, we defined a natural difference operator for nets. We
used it to construct the spaces €,(A, D), C(A, D), and Cy(A, D). These spaces capture the asymptotic
behavior of nets through their discrete variation and provide a broader functional-analytic setting for
studying generalized convergence phenomena.

Several fundamental structural properties of these spaces were established. In particular, it was
shown that (A, D), C(A,D), and Cy(A, D) are Banach spaces under the norm induced by the
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supremum of the net together with the supremum of its associated difference net. We also characterized
the continuous duals of these spaces and investigated their separability properties. The results indicate
that while ¢,(A, D) inherits the non-separability typical of bounded spaces over infinite index sets, the
spaces C(A, D) and Cy(A, D) possess separable structures under the same norm.

The examples presented in the paper demonstrate that the difference operator can significantly
improve the asymptotic behavior of nets: Nets that are neither bounded nor convergent may still
produce bounded or convergent difference nets. The observation underscores the application of the
suggested spaces in studying the stability and variation of the generalized index settings. To give an
example of this view, we briefly discussed the role of the net spaces of iterations as they occur in fixed
point theory and how nets of contraction mappings are naturally in Cy(A, D) as well.

The framework developed here opens several directions for further investigation. Future work may
include the study of higher-order difference net spaces, weighted or statistical variants of these spaces,
and matrix transformations between difference net spaces. In addition, potential applications may
arise in operator theory, summability theory, and the analysis of convergence and stability of iterative
algorithms defined over more general index structures.

Author contributions

Adil Hussain Dar: Investigation, software, methodology, writing-original draft preparation,
writing-review and editing; Lateef Ahmad Wani: Validation, formal analysis, project administration,
writing-review and editing; Mudasir Younis: Conceptualization, methodology, writing-original draft
preparation; Saiful R. Mondal: Validation, formal analysis, project administration, writing-review and
editing. All authors have read and approved the final version of the manuscript.

Use of Generative-Al tools declaration

The authors declare that they have not used Artificial Intelligence (Al) tools in the creation of
this article.

Acknowledgments

The authors gratefully acknowledge the three anonymous reviewers for their insightful and
constructive feedback, which substantially enhanced the quality of this manuscript.

Funding

This work was supported by the Deanship of Scientific Research, Vice Presidency for Graduate
Studies and Scientific Research, King Faisal University, Saudi Arabia [Grant No. KFU265098].

Conflict of interest

The authors declare no conflicts of interest.

AIMS Mathematics Volume 11, Issue 9, 29610-29635.



29635

References

1. H. Kizmaz, On certain sequence spaces, Can. Math. Bull., 24 (1981), 169-176.
https://doi.org/10.4153/CMB-1981-027-5

2. T. Liu, H. Zhang, S. Wang, A new high-order compact CN-ADI scheme on graded meshes for
three-dimensional nonlinear PIDEs with multiple weakly singular kernels, Appl. Math. Lett., 171
(2025), 109697. https://doi.org/10.1016/j.am1.2025.109697

3. X. Yang, Y. Shi, H. Zhang, Z. Zhang, Analysis of a new time-space two-grid method for the two-
dimensional nonlinear nonlocal mobile/immobile transport model, J. Sci. Comput., 107 (2026), 96.
https://doi.org/10.1007/s10915-026-03314-8

4. M. Et, Generalized difference sequence spaces and their dual spaces, J. Math. Anal. Appl., 292
(2004), 423-432. https://doi.org/10.1016/j.jmaa.2003.12.006

5. M. Bagar, R. Colak, Some new difference sequence spaces, Appl. Math. Comput., 157 (2004),
677-693. https://doi.org/10.1016/j.amc.2003.08.055

6. H. Polat, V. Karakaya, N. Simsek, Difference sequence spaces derived by using a generalized
weighted mean, Appl. Math. Lett., 24 (2011), 608—614. https://doi.org/10.1016/j.aml1.2010.11.020

7. A. A. Basar, Difference sequence spaces derived by using generalized means, J. Egypt. Math. Soc.,
23 (2015), 127-133. https://doi.org/10.1016/j.joems.2014.02.010

8. E. Malkowsky, S. D. Parashar, Matrix transformations in spaces of bounded
and convergent difference sequences of order m, Analysis, 17 (1997), 87-97.
https://doi.org/10.1524/anly.1997.17.1.87

9. B. C. Tripathy, Matrix transformations between some classes of sequences, J. Math. Anal. Appl.,
206 (1997), 448—450. https://doi.org/10.1006/jmaa.1997.5236

10.H. §. Kandemir, M. Et, H. Cakall, Weighted statistical convergence of
order « of difference sequences, Facta Univ.-Ser. Math., 38 (2023), 317-327.
https://doi.org/10.22190/FUMI211004022S

11. A. A. Nabiev, M. Et, On weighted statistical convergence of difference sequences of fractional
order, Math. Method. Appl. Sci., 46 (2023), 14567-14579.

12. G. Kaur, M. Chawla, Rough A™-statistical convergence of order a of generalized difference
sequences in intuitionistic fuzzy normed spaces, Commun. Math. Appl., 16 (2025), 405-418.
https://doi.org/10.26713/cma.v16i2.3006

13. J. Jin, Generalized Hilbert operators acting on weighted sequence spaces, P. Edinburgh Math. Soc.,
69 (2026), 1148-1167. https://doi.org/10.1017/S0013091526101412

14. B. S. W. Schroder, Ordered sets: An introduction, Boston: Birkhduser, 2003.
15. S. Willard, General topology, Mineola, NY: Dover, 2004.

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 11, Issue 9, 29610-29635.


https://dx.doi.org/https://doi.org/10.4153/CMB-1981-027-5
https://dx.doi.org/https://doi.org/10.1016/j.aml.2025.109697
https://dx.doi.org/https://doi.org/10.1007/s10915-026-03314-8
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2003.12.006
https://dx.doi.org/https://doi.org/10.1016/j.amc.2003.08.055
https://dx.doi.org/https://doi.org/10.1016/j.aml.2010.11.020
https://dx.doi.org/https://doi.org/10.1016/j.joems.2014.02.010
https://dx.doi.org/https://doi.org/10.1524/anly.1997.17.1.87
https://dx.doi.org/https://doi.org/10.1006/jmaa.1997.5236
https://dx.doi.org/https://doi.org/10.22190/FUMI211004022S
https://dx.doi.org/https://doi.org/10.26713/cma.v16i2.3006
https://dx.doi.org/https://doi.org/10.1017/S0013091526101412
https://creativecommons.org/licenses/by/4.0

	Introduction
	Basic definitions
	Net spaces

	Main results
	Duals of difference net spaces
	Separability of difference net spaces
	Application to fixed point theory
	Conclusions

