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Abstract: This paper studies a family of (i, p)-cotangent fractional integral and differential operators
of Riemann—Liouville and Caputo type. A central structural observation is made explicit. After
the change of variable x = @(z) — ¢(c) and an exponential conjugation, the proposed operators
reduce to classical Riemann-Liouville/Caputo operators of normalized order @ = o/, multiplied
by an explicit normalization factor. Consequently, the parameters (o, u,r) do not represent three
independent degrees of freedom in the kernel shape; up to normalization, their effect is described by
the normalized order « and the attenuation rate a = cot(nr/2)/u. We retain o and u separately because
this notation is compatible with the y-Gamma calculus and makes the scaling relations and special
cases transparent. Within this corrected interpretation, we establish semigroup and composition rules,
Riemann-Liouville/Caputo inversion formulas, and an extended Gronwall inequality. The induction
step in the Gronwall proof is written with the complete Beta-to-I', conversion, and the associated
Mittag—Lefller series is identified explicitly with a scaled classical one-parameter Mittag—Leftler
function. As a concrete application, we prove an existence result and a Gronwall-based uniqueness
and continuous-dependence estimate for a nonlinear Cauchy problem governed by the (u, g)-cotangent
Caputo derivative. In addition to the classical-limit tests, a nontrivial example with u = 2, r = 1/2, and
©(z) = log z illustrates how the exponential attenuation and normalization jointly affect the bound.
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1. Introduction

The fractional calculus has its history going back to the famous problem raised by L’Hopital to
Leibniz in 1695 on the interpretation of the derivative of order not equal to an integer. It has grown
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from a purely mathematical concept into a very useful concept for describing complicated processes
in different fields of science in over three hundred years. Many outstanding mathematicians have
worked on this topic, among whom there are Euler, Lagrange, Laplace, Fourier, Liouville, Riemann,
and Griinwald. The 20th century was marked by important advances in the field of fractional calculus
that have been made by Weyl, Riesz, and Caputo. All the approaches to this topic proposed by these
mathematicians were intended to deal with certain problems arising in physics.

The Caputo derivative with the inclusion of initial conditions became a valuable resource in the field.
The field has experienced major advancements over the past decades. The realization that the fractional
operators are a better solution to problems in anomalous diffusion, viscoelasticity, and complex systems
than the integer-order operators has contributed to a better understanding of the field. The traditional
fractional derivatives are the Riemann—Liouville, Caputo, Hadamard, Erdélyi—Kober, Katugampola,
and Hilfer derivatives. The study of Riemann-Liouville (RL) fractional derivatives with respect to a
function g in [1-3] resulted in the definition of the p-Hilfer operator in [4].

The everlasting quest for fractional operators that are highly adaptable and physically interpretable
has led to various remarkable generalizations. The framework of the fractional operators through the
cotangent is provided in [5] and has an exponential kernel. This can be advantageous since it can be
used when there is a need for a tuneable attenuation effect. Subsequent investigations have involved
other generalizations, including u-Riemann—Liouville (RL) fractional derivatives [6, 7], (u, 9)-RL
operators, and the (u, )-Hilfer operator. The contribution made by the investigation by Sadek and
Algefary [8] has further boosted the theory of cotangent fractional operators for functions. This has
proven yet another potential application of the theory. In contrast, the advanced approach using non-
compactness theory analysis has been applied in examining the existence of complicated boundary
value problems as in [9].

Related developments include generalized k-fractional integrals and nonlinear (k,V)-Hilfer
equations [10, 11]. Non-singular-kernel and generalized fractional operators have also been used in
a range of models and fractional differential equations [12—16], while generalized fractional Gronwall
inequalities for proportional and y-Hilfer-type operators were established in [17, 18].

1.1. Motivation, current research context, and effective parameters

Cotangent-kernel fractional calculus was introduced in [5], where the exponential factor controlled
by cot(nrr/2) was combined with the usual power-law memory. A subsequent development with respect
to another function g was given in [8], allowing the memory variable to be expressed in a transformed
coordinate. In parallel, k- or u-scaled Riemann—Liouville-type operators and derivatives with respect
to another function have been studied in several settings, including nonlocal boundary-value problems
and numerical fractional Cauchy problems [9, 19]. These directions form the immediate background
of the present work.

A key point, emphasized in the revision, is that the parameters must not be interpreted as
independent sources of generality. Let

o nr cotf
a=—, 0=—, a:T, x = p(2) — p(c).

Lemma 1 shows that the proposed integral is an exponentially conjugated classical Riemann—Liouville
integral of order @, with the multiplicative normalization (usin#)™*. Thus, up to this explicit
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rescaling, (o, i, r) determine the two effective quantities @ and a. In particular, varying u while
compensating o and r so that @ and a are unchanged does not create a new kernel shape. The separate
symbols o and u are nevertheless useful for compatibility with I, for tracking the dimensional scaling,
and for making contact with the k/u-fractional literature. Accordingly, the contribution of this paper
is positioned as a structural and analytical development of the cotangent calculus rather than as the
introduction of three independent fractional parameters.

The principal characteristics of the framework are therefore: (i) Exact reducibility by conjugation to
classical fractional calculus, which makes many identities verifiable; (ii) an explicit attenuation factor
controlled by r together with a coordinate map g; and (iii) closed composition and Gronwall estimates
that can be transferred to nonlinear fractional equations. The advantage is analytical tractability
and coordinate flexibility, not an artificial increase in the number of independent parameters. The
nontrivial example in Section 7 and the Cauchy-problem application below provide direct checks of
these features.

Fractional differential equations are valuable precisely because the memory and hereditary behavior
is captured by the nonlocal kernel. Recent instances of this application include fractional differential
equations from chemical graph theory [20], dual-order models of memory for animal learning and
numerical sensitivity analysis [21], and nonlinear memory-dependent models of behavioral learning
with analytical and numerical validation [22]. These applications provide motivation for the qualitative
estimates obtained herein. In the case where a model can be formulated as a Volterra-type integral
equation, then a Gronwall inequality is a useful tool to study uniqueness and sensitivity.

1.2. Main contributions and logical relation of the results

The revised contribution is summarized in three points:

e We give the conjugation representation of the (u, g)-cotangent integral and its Riemann—Liouville
and Caputo derivatives, and use it to clarify the effective parameter dependence and to establish
the main composition and inversion identities.

e We prove an extended Gronwall inequality with a corrected induction calculation, identify the
associated series with a scaled classical Mittag—Lefller function, and make the regularity and
parameter assumptions explicit.

e We apply the Gronwall inequality to a nonlinear (u, ¢)-cotangent Caputo Cauchy problem,
obtaining existence under an explicit contraction condition and uniqueness/continuous
dependence through the new estimate; a genuinely non-classical example verifies the influence
of u, r, and .

The results follow in a sequence of dependency chain. Lemma 1 represents the structural link
to classical fractional calculus. Lemma 2 provides the power kernel lemma, Lemma 3 provides the
differentiation under the fractional integral lemma, and Lemma 4 gives the integer-order integral-
differentiation composition lemma. Theorem 1 provides the Riemann-Liouville semigroup and
inversion properties, whereas Theorem 2 provides the Caputo inversion property. Then, Theorem 3
relies on positivity and composition of kernels to obtain the Gronwall estimate, which is then used in
Theorem 4 for a concrete fractional Cauchy problem.

Section 2 states the function spaces and natural integration domain. Sections 3-5 develop the
integral and derivative operators. Section 6 proves the Gronwall inequality and its application to a
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Cauchy problem. Section 7 contains four examples. The first three isolate the theorem and its two
corollaries in the classical limit, while the fourth tests nontrivial values of u, r, and g and displays the
attenuation effect. The later derivation section provides exact checks of the representative formulas.

2. Function spaces and basic definitions

Fix ry € (0, 1). Throughout the analytical results and estimates, we take r € [ry, 1]. This removes
the singular endpoint » = 0, where sin(zr/2) — 0 and cot(nr/2) — oco. The formulas are meaningful
for each fixed r € (0, 1], but no uniform r — 0" limit is claimed here.

Let ¢ : [c,d] — R be continuously differentiable and strictly increasing, with ¢’(z) > 0 on [c, d].
The kernel is evaluated only on the triangular Volterra domain

Aca ={(z,m) :c<n<z<d,

not on the full square [c,d] X [c,d]. On A.,4, the quantity p(z) — ¢(77) is positive, and hence the real-
valued power in

cot(5 N(p@-9@m)

el Tam =TT 0() - pm)E! 2.1)

is unambiguous.
2.1. Function spaces and existence conditions
Puta =o/u, X = p(d) — 9(c), 8 = nr/2, a = cot8/u, and

hx) = e“h(p(p) + 1),  0<x<X

For the fractional integral, & € L'([c, d]) is sufficient because & > 0 makes the power singularity locally
integrable on A, 4 and, for r € [ry, 1], the exponential factor is bounded by one.
For the Riemann—Liouville derivative with i = [a], the natural domain is

7. = {h e L'(c.d]) : I;;"h € AC'(10,X])}.
For the Caputo derivative, the natural domain is
¢ ={h:heAC(10,X])}.

These conditions are the minimal regularity used by the iterated differential operators in the
transformed variable. The stronger assumptions 4 € C' and ¢ € C' with ' > 0 are convenient
sufficient conditions and are invoked in some statements where endpoint traces are needed.

2.2. Special functions

The generalized Gamma function I', plays a crucial role in our development and is defined
for u > 0 as

I,(z)= f sz_le_%ds, z€C, Re(z)>0,
0
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with the fundamental properties

Lz +p) =20(2), =1, Tu2)= ﬂﬁ—lr(i), I'(z) = lllig}rp(z)- (2.2)

This generalized Gamma function reduces to the classical Euler Gamma function when u = 1 and
provides the necessary normalization for our fractional operators. Because

(@) = p* T/ p),
its meromorphic continuation has simple poles precisely at
z2=0,—u, —2u,-3u,...
and no zeros. This explicit pole set is used below when a denominator involving I',, is discussed.

3. The (u, p)-cotangent fractional integral

Definition 1. Let o, u € R*,rg <r <1, and h € L'([c,d],R). The (u, p)-cotangent fractional integral
operator (CFIO) of order o for h is defined by

¢ 1 Zr il ’
cul”PZ) = —— f (Yo (@ me (mh(ndn.
sin(Fr)#ul, (o) Je
This operator represents a significant generalization that wunifies several well-known
fractional integrals:

e When u = 1, 9(z) = z, and r = 1, we recover the classical Riemann-Liouville fractional
integral [4].

e When ¢ = 1 and ¢(z) = z, we obtain the cotangent fractional integral introduced in [5].

e When u = 1, we recover the p-cotangent fractional integral developed in [8].

e When r = 1, the operator reduces to the (u, ¢)-Riemann—Liouville fractional integral studied
in [9].

e Specific choices of ¢ yield other important fractional integrals, up to the standard normalizations
used in each convention: ¢(z) = logz gives a Hadamard-type integral, p(z) = z¥ gives a
Katugampola-type integral, and ¢(z) = ¢(z)° is related to the general Caputo—Katugampola
setting discussed in [19].

The parameter r controls the exponential attenuation, while the pair (o, i) determines the normalized
order @ = o/u and the associated scaling. The function ¢ provides coordinate flexibility through the
transformed variable ¢(z) — ¢(c).

4. The (u, p)-RL cotangent fractional derivative

Definition 2. Let o,u > 0, r € [ro, 1], i = [o/u], ¢ € C'([c,d]) be strictly increasing with ¢’ > 0,
and h € Dy, . The (u, p)-Riemann—Liouville cotangent fractional derivative (RL-CFDO) of order o is

ﬁﬂDmr’ph(Z) = DM (c,u]liy_mr’goh) (2),
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where D' is the i-fold iterate of

D"**h(z) = cos (%r) h(z) + psin (%) Z,(é))

If ip = o, ., 1% is understood as the identity.

Remark 1. The integer i = [o/u] is the smallest positive integer such that (i — Ny < o < iu.
Whenever iy = o, the operator ., 1 is understood as the identity operator.

Remark 2. The RL-CFDO can be equivalently expressed as
ipn—o
u

Di,r,go 4 o )
f’u]DO',r,SOh(Z) = - = : f o (@ (mh(ndn.
sin(Fr) # ul,(iu — o) Je

4.1. Fundamental properties of RL-CFDO

The following conjugation formula is useful throughout the paper. It reduces the proposed operators
to classical fractional operators after a change of variables and an exponential rescaling.

Lemma 1. (Conjugation representation) Let

nr cotd
0=—, a= T, x = p(z) — p(c),

and define
h(x) = e“h(p~ (p(c) + x)).
For every admissible function h and every o > 0, with @ = o /u, we have

—ax

e
Thz) = ——= I 4.1
WAThE) = e (16.h) (), (4.1)
D h(z) = psin 6 e H' (x), (4.2)
R D"Yh(z) = (usin6)"e™ (D7) (x), (4.3)
€ D7 h(z) = (usin6)"e™ (“Dg,h) (x). (4.4)

Here, I, Dg,, and CD8+ denote the classical left-sided Riemann—Liouville integral, Riemann—

Liouville derivative, and Caputo derivative with respect to the variable x.

Proof. Starting from Definition 1, use y = ¢(n7) — ¢(c). Since g is strictly increasing, this change of
variables is admissible and gives

@) —pm) =x-y, @' (mdn = dy.

Furthermore, the identity

uly (o) = ,UG/”F(Z)
u
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follows from (2.2). Therefore,

o7 Vh(Z) = (x =" h(p™ (p(c) + y)) dy

(,u sin 9)"F(a) f
(,u sin )« ( 0+A) ),

which proves (4.1). Next, differentiating h(z) = e‘““"h\(x) with respect to z and using x’ = ¢’(z) yields

W _
cos0h(z) + usin 0722 = 1isin 0T ().
9'(2)

Indeed, usinfa = cos 6. Iterating this identity and combining it with (4.1) gives (4.3) and (4.4). O

Lemma 2. Let o,u > 0, r € [ry, 1], and let the expressions below be well defined. Then:

1. For w > 0,
rﬂ(w) wro

e ,C).
s @it » @9

HUYW[}Z\PS (Z, C):| =
2. For the pointwise function identity, if w > o,

sin(3r) 7L (w),  # e
I(w-0) wFo (Z’ )

w

=-1
R i
C’#D(TFW[ZT&Z (Z, C)

The right-hand side also supplies the meromorphic continuation in w wherever I' ,(w— o) is finite;
for w < o, this continuation should not be confused with an ordinary locally integrable power
kernel at 7 = c.

Proof. For part 1, substitute the kernel into Definition 1, and set

_ 90D — 9(©)
9(2) — p(c)

The exponential factors combine, while the remaining integral is

BFgFmewm:mmmw
Wnl T Toromw N Tiorw)

After cancellation with the normalization in ., 17", the first identity follows.
For part 2, let i = [o/u], and first apply part 1 with order iy — o:

w

Hlﬂ O’rg’)|:lrl\{]xé‘ (Z, C):| =

w+iu—o

L) w,E (z0) (4.5)
sin(2r)=o/mT(w + ip — o) ¥ e ’

The iterated differentiation omitted in the earlier version is as follows. For every admissible 3,

B - Bou_,
D" W[L‘I’g’,‘ (z, c)] = sin(zr)(ﬁ -, ¥, (g0,
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and hence, by induction,

B B-iu
' 21 . T -1
Dy ;l}l;; (Z, C)] = sjn(zr)l“—(ﬁ)“l’ H (Z, C). (46)

2V =i

Indeed, the recurrence I',(g + u) = gI',(g) converts the product ]'[j-z (B = jw) into the quotient in (4.6).
Applying (4.6) to (4.5) with 8 = w + iu — o gives

sin(Zr)7/ T, (w) e
2 . p\PKO g (Z, C)’

“_
KDl (z,0)| =
ot by @0 I(w-o0)

as claimed. O

Remark 3. The phrase “a pole of I',” can now be made precise. Since the poles are 0, —u, =2y, .. ., a
denominator such as I',(w— o) is singular exactly when w—o = —ku for some k € Ny. Consequently, a
formal zero produced by the reciprocal Gamma factor is a consequence of meromorphic continuation;
it does not imply that every low-order kernel belongs to the pointwise domain of the Riemann—Liouville
derivative. This is why the ordinary function identity above is stated first for w > o.

Lemma 3. Let o, u > 0, r € [ry, 1], and 9 € C'([c,d]) be strictly increasing with ¢’ > 0, and
he L'([c,d]). If m € N* and m < o /u, then, almost everywhere on (c,d),

D™ (C,uI[mr’xoh) (2) = c,ﬂﬂa-_mﬂ’r’xoh(Z)'

Proof. Set « = o/u and b = usin(nr/2), and use the transformed function T from Section 2. By

Lemma 1,
d

cul”h@) = I (), DY =be et

Therefore,
m,r,Q o1, m—a —ax dm a7 m—q —ax ya—mg,
D" (o, I7h) = b" e Sl = b I,

where the classical identity d"1/dx™ = [*7" is valid for h € L' because @ > m. Reversing the
conjugation gives the stated formula.

For completeness, this also justifies the direct differentiation used in the earlier proof. In the base
case m = 1, the assumption 1 < « implies that the kernel behaves as (x — y)*! at y = x, so its
endpoint value is zero, while its derivative behaves as (x—y)?~ with an exponent greater than —1 and is
integrable. The same argument applies at each subsequent step because before the k-th differentiation,
one has @ —k + 1 > 1. The vacuous case m = 0 has therefore been removed from the statement. O

Lemmad4. Leti € N, u >0, r € [r/o\, 1] and 9 € C'([c,d)) be strictly increasing with ¢’ > 0, and
assume that the transformed function h belongs to AC'([0, X]). Then

c,ﬂ]Ii#’r’so(Di’r"@h) (Z) — l’l(z) _ Zl: L‘P;)_](Z, C)

- — D™ hc).
=1 (usin(rr/2))™ (i = j)!
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Proof. Let b = usin(nrr/2) and x = p(z) — 9(c). By Lemma 1,
DYPh(z) = be h (@), M Vg(@) = be T, B ().

Thus S
if,r. i,r,p —axyi 7.0 —ax [, ) h(k)(0+)
end” ,K’(D - h) (2) = €Iy, K0 (x) = e | h(x) — Z k! al
k=0

Since D" h(c) = b*h®(0+) and TP (2, ¢) = e x*, the formula follows after reindexing.
We also record explicitly the correction to the inductive calculation in the earlier version. Lemma 2

with o = pand w = u(g + 1) gives

1

q+1
s g e @O “.7)

I[y 7, (J[r\{;q (Z, C)]

The factor 1/u was missing in the previous intermediate line. Equation (4.7) produces exactly the
factor (usin(nr/2))~*D already present in the final statement, so the final formula of the lemma is
unchanged. The present proof is independent of Theorem 1; hence there is no longer any use of the
semigroup property before it is established. O

Theorem 1. Let 0,6, > 0 and ro < r < 1, and let p € C'([c,d],R) be strictly increasing with ¢'(z) >
0. Assume that all the displayed expressions are well defined. Then:

1. The semigroup property holds:
el (cu2R) (2) = 17 h() = W10 (170 h) (),

2. Foré > o,
ﬁMDa,r,W(C’#Iﬁ,r,goh) (2) = C’“HJ—U,r,Wh(Z)_

3. Let @ = o/uand i = [a], and set x = p(z) — p(c). Let h be defined as in Lemma 1. If the
traces (Dg;k/h\) (0+) exist fork = 1,...,1i, then

i a—k
o9 (R o A") _ _ —W}c X a—k
el (£D70R) (2) = h(z) — e ; T (P 1) 0. (4.8)
Proof. Let 8 = nir/2 and a = cotf/u. Use the notation introduced in Lemma 1.
For the first assertion, relation (4.1) and the classical semigroup property give

—ax

NN O, 1, _ 4 a'/y S/
eul (C’/‘I[ h) (@) = (1 sin G)@+)/u Lo oy h(x)

—ax

€ [T
(/J sin §)(@+0)/u Lo, h(x)

— C#I[U'+5r ;,ah(z)

The reverse order follows in exactly the same way. Equivalently, this calculation can be verified directly
by changing the order of integration and using the Beta identity

N sy
| — o) algi-lg =
f Sl T(o +0)/p)
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For the second assertion, Eqs (4.1) and (4.3) yield

R D702 h) (2) = (usin )7 e~ Dy | (u sin 0) "I h] (x)

—ax

—

- ¢ (6=0)/4
= (isin @)oo+ h(»)

— C’#I[ﬁ—()',r,goh(z).
Finally, by applying (4.1), (4.3), and the classical Riemann-Liouville composition rule, we obtain
ol779 (R D7Vh) (2) = 15, DY h(x)
i a—k
- X
= e |h(x)— Y ——— (D%*h)(0+)].
Since e™*“h(x) = h(z), formula (4.8) follows. O

5. The (u, p)-Caputo cotangent fractional derivative

Definition 3. Let o,u > 0, r € [ro, 1], i = [o/u], ¢ € C'([c,d]) be strictly increasing with ¢’ > 0,
and h € D{. The (u, p)-Caputo cotangent fractional derivative (C-CFDO) of order o is

EﬂDa-,moh(Z) = C’Hﬂiﬂ—o—,r,xo (Di,r,wh) (2), (5.1)

with ., 1% interpreted as the identity when iy = 0.

Remark 4. The C-CFDO can be equivalently expressed as
iu—o

1 < BT .
f ZEN @' (DT h(pdn.

S#DU,V,?’h(Z) = e
sin(5r) # ul,(iju — o)

5.1. Fundamental properties of C-CFDO

Lemmas. Leto,u>0,rg <r<1,andi=[o/u]. Ford > iu, we have

[

o] e sin(Zr)iT,(6), =2
cC,yD 0 [ﬂl{l;: , C)] —_ 27 m7

Le—o #v O
Moreover, for j =0,1,...,i—1, 4
CC,’#D‘”’“’ [Z‘I’é(z, c)] =0.

Proof. Let0 =nr/2,a = cotf/u, x = p(z) — p(c), and @ = o /u. For

[
! o_
h(z) = W5 (z,0) = e “xn,

the transformed function in Lemma 1 is /h\(x) = x°/#=1, Since ¢ > iu, the classical Caputo power rule is
applicable and gives
cDg+xg—1 __ T/ -t
I'((6 - o)/
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Using (4.4) and T,(s) = u*/*~'T'(s/u), we obtain

9

r Tk : a _—ax r(5//'l) oo _
A A C)] = (usin6)’e :

G-
_sin(0)7MT,(6), S

-
o W @O

C ™o
c,MD

For the second relation, the transformed function associated with L‘I‘;;(z, ¢) = e"*x/ is x/. Tts classical

Caputo derivative of order  vanishes for j = 0,...,7 — 1. Equation (4.4) completes the proof. ]

Theorem 2. Let o,u > 0, ro <r <1, and i = [o/u], and let p € C!([c,d],R) satisfy ¢’(z) > 0. For
every admissible function h, we have

1.
€7 (o, I7"9h) (2) = h(2):
2.
o9 (C ]DO',r,gph) (2) = h(z) — i L\P’;J(Z’ c) Dk,r,@h(c) (5.2)
ou c, - 1 ) '
1 i (u sin(zrr/2))kk!

Proof. Leta = o/u, 0 = nr/2,and a = cot@/u. Set x = p(z) — p(c), and let h be given l’)\y L/e\mma 1.
For the first relation, Eqs (4.1) and (4.4), together with the classical identity CDg A5 ho= h, yield

+
SﬂDa,r,sp (c’/lI[O',r,!@ ]’l) (Z) — e—axC D&_ Ig;h\(x)
= ¢ “h(x) = h(z).

For the second relation, the classical Caputo composition rule gives

i-1 7
a a@ 7o T h(k)(0+)
15, DG, h(x) = h(x) - Z k! v
k=0 '
Therefore,
i-1 7
q ) h(k)(0+)
cul” (GD7R) @) = he) = et ) — .

k=0
By iterating (4.2), we have _
D" h(c) = (usin ) h™(0+).

Since L‘P’Kf,(z, c) = e~ x*, formula (5.2) follows. O

6. Extended Gronwall inequality

We now derive the estimate that will be used in the Cauchy-problem application. The assumptions
are stated with " > 0 consistently with the Volterra change of variables.
Theorem 3. (Extended (u, p)-cotangent fractional Gronwall inequality) Let o, > 0 and r € [ry, 1],
and let p € C'([c,d)) be strictly increasing with ¢’ (z) > 0. Assume
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(H1) u and v are non-negative and integrable on [c, d];
(H2) w is non-negative, continuous, and non-decreasing on [c, d].

If
r
u(z) <v(z) + ”:t(r) W(2)e, 17 u(z),

then, for z € [c,d],

u(z) < v(z) + f

Proof. Define the positive Volterra operator

nao

Z sin(Zry o/t 1T (no)* ¥

n=1

oy f qu”_l_l(z, me’ (mu(n)dn.

(mu)@zm pto

Then (6.1) is u < v + Ru, and the iteration gives

n—1
u < Z Ry + R'u.
=0

no

r ! "
[ #(O')W(Z)] AV H I(Z’ g)g)/(é:)u(é:)df

We claim that
"z
R" <

The case n = 1 is exactly (6.3). Suppose (6.4) holds for n
of w(n) < w(z), and Fubini’s theorem give

Z o

[ I_‘ n -
LAPWRT 1y ™! 0 ) ot vt | .

6.1)

(6.2)

(6.3)

(6.4)

m. Substitution into R(R"u), use

mao

r m m+1 Z -1 1
W0 W) x f o' (Eu(é) [ L WS @S (1,69 (pdn | dé.

iRm+1 <
M(Z) - Sin(%r)(m+l)0'//1ﬂm+31"ﬂ(mo-)

This is the corrected prefactor. It contains I',(0))", not FH(O')’"“, before the Beta integral, and there is

no extraneous factor 1/u in the change of variables. Indeed, with

=W ZRE) oy = (o) - 9@,

0(2) — &)’

the inner integral becomes
(m+1)o
P o mo
,u\Pgo g (Z’ é‘:)B(_’ _) .
nou

The requested classical-to-u conversion is

( o @) _ T(o/wI(mo /)
pop )] Tm+ Do/w
I, (o), (mo)

“HT G+ Do)
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After cancellation, we obtain exactly (6.4) withn =m + 1.
Since w is continuous on the compact interval, 0 < w(z) < w*. Moreover, ¢’ € C([c,d]), so M, :=
19 llo rc.a7 < o0. Therefore, for all sufficiently large n,

WL ()]"[p(d) = ()]

R'u(z) < —
u(@) sin(Zry i T, (nr)

Mgo ||u||L1([c,d])-

Indeed, the factor M,, comes from the estimate fc - 9 Eué)dé < Myllullpieay. Using I'y(no) =
W T(no /i) and Stirling’s formula shows that the right-hand side tends to zero. Letting n — oo
in the iterated inequality yields (6.2). m|

Corollary 1. Under the assumptions of Theorem 3, let w(z) = M > 0. If

MT (o)

u(z) < v(z) + el u(z),

then

= ML ()", 2
Do Erpri Ty b9 @19 (n)V(n)} dn.

u(z) < v(z) + f

Corollary 2. Assume the hypotheses of Theorem 3, and suppose in addition that v is non-
decreasing. Then

n=1

I
u(z) < v(z)Eﬂ,a(%[m - p(c)]”/“) , (6.5)
2
where
_ q"
E,.(q) = ZO T (6.6)

Proof. Because v(17) < v(z) and the exponential in the kernel is at most one, Theorem 3 gives

r n
MW oy~ o]

- 1
u(z) < v(z) ZO e

which is (6.5). O

sin(5r)7/ u

Remark S. The series in (6.6) is not a new special function. If @ = o /u, then
[u(no +p) = f"T'(na + 1),
and consequently

a

E,.(q) = E(i) 6.7)
u

where E, is the classical one-parameter Mittag—Leffler function. Since E, is an entire function for
every a > 0, the series (6.6) converges for every complex, and hence every real, q.
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6.1. Application to a nonlinear cotangent-Caputo Cauchy problem

Consider, for0 < a = o/u < 1,
D7 x(z) = F(z, x(2)), x(c) = Xe. (6.8)
By Theorem 2, (6.8) is equivalent to
X(2) = LF(2 % + Wl X()(E). 6.9)
Theorem 4. Assume that F : [c,d]XR — R is continuous and globally Lipschitz in its second variable,
|F(z,x) = F(z,y)| < LIx = .

If

— _ Llpd) = p@)]" -

" (usin(rr/2)T(a + 1) ’
then (6.8) has a unique solution in C([c, d]). Moreover, if x and y are any two solutions corresponding
to initial data x. and y,, then

(6.10)

(6.11)

L _ a
(@) ~ 3@ < lx. = E( [9(@) = 9()] )

(usin(mrr/2))®
In particular, solutions with the same initial value coincide.

Proof. Define 7 by the right-hand side of (6.9). Using the kernel bound e~“#@=9) < 1 and the
substitution s = 9(z) — P(n) gives

7% = Tylleo < Ollx = Ylleo-

Hence, Banach’s fixed-point theorem proves existence and uniqueness under (6.10).
To show explicitly how Theorem 3 enters, let u(z) = |x(z)—y(z)| and 6 = |x.—y.|. Since L‘I‘g(z, c)<1,

FM(O')( ulL
Ly(o)

u(z) <8+ L., 17 u(z) =6 + )C,M]I‘T’r’wu(z).
Apply Corollary 2 with the constant w = uL/T',(0), and use (6.7). This yields (6.11). If x. = y.,
then 6 = 0 and u = 0, which is the Gronwall uniqueness argument. O

7. Illustrative examples

The first three examples deliberately use the classical limit to isolate, respectively, Theorem 3,
Corollaries 1 and 2. Their aim is to verify the hypotheses and distinguish the assumed integral
inequality from the final majorant. Example 4 then leaves the classical limit and tests u # 1, r < 1, and
a nonlinear coordinate map ¢.

In the first three examples, we take

1
c=0, d=1, u=1, r=1, 0 =1z O'ZE.
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Consequently, the (u, ¢)-cotangent fractional integral reduces to the classical Riemann-Liouville
integral Iéfrz. For
uiz) =1+z,

we have " 3
z Z i 1/2 4 sp 7.1)

+ = + —
rG/2) TG/ vr 3v%
Example 1. (lllustration of Theorem 3) Let

Iy 7u() =

v(z) =1, w(z) = % uiz)=1+z.

The functions u and v are non-negative and integrable, whereas w is continuous, non-negative, and
non-decreasing on [0, 1]. By (7.1),

1 1+ 4
v(z) + F(E) w(z)léizu(z) =1+ Tz (2z1/2 + §Z3/2)

>1+z=u(2), 0<z<I.

Thus, all hypotheses of Theorem 3 are fulfilled. Since v is constant, the series in the theorem can be
written in terms of the classical Mittag—Leffler function E :

u(@) < Erp(Vaw(z'?). (7.2)

Figure I compares u, the right-hand side of the assumed integral inequality, and the upper bound
in (7.2).

Hlustration of Theorem 3 for p=r =1, p(z) =z, 0 =1/2
\ \ \ \

50 T \ T \
u(z) =14z
45 = = 0() + T/ ()
Gronwall upper bound
40 - 1
35 b

30 [ n

Function value
N
3
I
!

20

15

Figure 1. Graphical illustration of Theorem 3 foru = r = 1, 9(z) = z, and o = 1/2. The
assumed integral inequality and the Gronwall upper bound are both satisfied on [0, 1].
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Example 2. (lllustration of Corollary 1) Take
1
v(z) = 1, w(iz)=M = 7’ uiz)=1+z

Using (7.1), we obtain

1 2
v(z) + MF(E) 1312,,,(2) =1+z77+ §Z3/2

>1+z=u(2), 0<z<I.
Corollary 1 therefore gives

M(Z) < E]/z(gzlu). (73)

For instance, at z = 1, the left-hand side is u(l) = 2, whereas the upper bound in (7.3) is
approximately 3.925771.

Example 3. (Illustration of Corollary 2) Let

1
WQ=1+3  w@=g  w@=1+z
The function v is non-decreasing. Moreover,
1 {1\ 1 ;2 B
+ -1/ =l+-+—=—+—=—
@+ (2)‘HZKZ) 272 T3
>1+z=u(z), 0<z<l1.
Hence, Corollary 2 yields the explicit estimate
M(Z) < (1 + E)E]/z ﬁzl/z . (74)
2 4
At z = 1, inequality (7.4) gives u(1) = 2 < 2.681766.
Example 4. (Nontrivial parameters and attenuation) Let
1 1
c=1, d=e, u=2, o=1, a:E, p()=logz, u(@x)=v(z) =1, w(z)EM:E.

Choose first r = 1/2. Then 8 = nt/4, sinf = \/5/2, and a = cot@/u = 1/2. Since the memory term is
non-negative, condition (6.1) is automatically satisfied:

(1
l=u@) <1+ i)MWPWL
For x = logz, the exact series bound from Theorem 3 can be evaluated without dropping the

exponential factor. Define

_cot(rr/2)

X
o (x) = f e vtalyy, a,
0 M
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Forr <1,

Jur(x) = a," y(na, a,x),

where vy is the lower incomplete Gamma function, while for r = 1, the limit is J,;(x) = x"/(na).
Hence,

RS [Co(DM]"
B2 =1+ HZ:; sin(zrr/2)"22"+1T 5 (n) Ins(log2) 75

is an explicit Gronwall majorant for u(z) = 1.

Figure 2 compares (1.5) forr = 1/2 and r = 1. The r = 1/2 kernel contains the attenuation
factor e™'/?, whereas r = 1 has no exponential attenuation. The plot also illustrates that attenuation
is not a standalone phenomenon since the normalizing function sin(zr/2)™" varies in parallel, and,
therefore, the majorant may not be monotonically decreasing as r becomes smaller. It is for this reason
that the phenomenon needs to be considered based on the whole normalized kernel.

Nontrivial (p, p)-cotangent Gronwall majorants
\ \ \ \

u(z)=1
Gronwall bound, r=1/2
Gronwall bound, r=1

1.08

1.04

1.02

| | | | | |
1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8
z

Figure 2. Exact series majorant (7.5) foru = 2,0 = 1, 9(z) = logz, and M = 1/5, comparing
the attenuated case r = 1/2 with the unattenuated case r = 1.

Table 1. Representative numerical values for the three illustrative examples.

Z u(z) RHS in Example 1 Bound in Example 1 Bound in Example 2 Bound in Example 3
0.00  1.000000 1.000000 1.000000 1.000000 1.000000
0.25 1.250000 1.729167 2.129057 1.787844 1.472238
0.50  1.500000 2414214 4.394504 2.405847 1.850980
0.75 1.750000 3.273317 11.798055 3.103976 2.250592
1.00  2.000000 4.333333 45.999326 3.925771 2.681766
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8. Expanded derivations and exact verification of the examples

For the sake of completeness, this section describes the direct computations of the basic composition
rules and the first three illustrative examples. The computations are meant to complement the
conjugation argument of Lemma 1. They are presented for completeness of the paper and for
illustration of the interplay of the exponential factor, rescaling due to g, and y-Gamma normalization.

8.1. Direct kernel calculation for the semigroup property

Set
9= nr 0= cotf
- 2 ) - )
and introduce the kernel
Kz, n) = WYMoy —pm)i~!,  e<n<z<d @8.1)
From Definition 1, we get
1 Z
) = s [ K b . 2)
u c

Let 0,6 > 0. Substituting (8.2) twice and using Fubini’s theorem gives

1
X
(sin )72l ()L u(6)

T T00) () = | [ L K e (YK, 9 (1) din | 9 () .

(8.3)
The exponential factors in the inner integral combine into

e~ 4w@=p() ,—alp=p() — ,~alP()-9E)

Next, put
) —p(&)

s = .
P(2) — (&)

Since ¢’(z) > 0, the change of variables is allowed. As i moves from £ to z, s changes from O to 1.

Thus

o' (mdn = (p(z) — p(&))ds.

Therefore,

f Kz Ko, £ ()
3
. 1 .
= ¢ WOV (o(7) — p(é:))%”—l f (1- S)%—lsﬁ‘l ds
0

_ e—a(@(z)—w(f))(go(z) _ p(é:))af‘lB(O_-, é) ) (8.4)
noH
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Using

) - ﬂ )
u p)  To+6)/w) L (o+6)
we see that all intermediate constants cancel exactly. Substitution of (8.4) into (8.3) yields

C’#]Io-,r,go(c’ﬂ]lé,r,p h) (2) = C’MI[O'+5,I‘,XO h(z).

The same process with o~ and ¢ switched shows commutativity. Hence, the computation of the direct
kernel matches the proof using conjugation as stated in Theorem 1.

8.2. First-order cancellation and its iterated form

The case A = p is particularly informative. Since I',(u) = 1, formula (8.2) becomes

Z
A05E) = s [ D g iy 8.6)
usind J.
Apply (8.6) to
re _ . W)
D" h(n) = cos @ h(n) + usin 6 .
9’ (1)
We obtain
L9 (Y9 st (% oo, © a9y
e V(D h) (2) = Lsind e O (mhmdn+ | e h'(n) dn. 8.7

An integration by parts in the last integral gives

Z Y4
f e—a(@’(z)—s@(n))h'(n) dn = h(z) - e—a(ﬁ)(z)—p(c))h(c) _ af e—a(w(z)—()(n))sof(n)h(n) dn. (8.8)
Because a = cos 6/(u sin 6), the integral terms in (8.7) and (8.8) cancel. Consequently,
w7 (DR (2) = h(z) — e PO p(c). (8.9)

The identity (8.9) describes the boundary term that remains when the first-order derivative is integrated.
It also explains the structure of the correction polynomial in the Caputo composition formula.
Iterating (8.9) gives a useful integer-multiple identity. For every integer m > 1 and every sufficiently

smooth function £,
m—1  rgyk )

Y (z, ¢
oI (pmre = h(z) — E L
§y ( ) () () - (u sin 0)kk!

Indeed, the case m = 1 is exactly (8.9). Assume that (8.10) holds for a fixed integer m. Apply it

to D"¥h, then integrate once more with ., I*"*¥. The semigroup law and Lemma 2 shift the power
r k . . . . . _ .

of /'¥{, by one, while (8.9) supplies the missing boundary term corresponding to k = 0. This proves the

formula for m + 1.

Formula (8.10) is consistent with Theorem 2. In fact, if i = [o/u], then
C’M]Id,r,p(gﬂDo:r,ph) — C’M]I(T,r,()(C#]Iip—a,r,gvDi,r,goh)
— C’Mﬂi/l,r,gp(Di,r,goh) ,

DM h(c). (8.10)

and the right-hand side is evaluated by (8.10). This provides a direct derivation of (5.2) that is
independent of the conjugation representation.
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8.3. Interpretation of the transformed trace terms

The transformed traces in (4.8) are not arbitrary additions. They are inherited from the classical
Riemann—Liouville composition rule after the change of variables x = @(z) — ¢(c) and the
exponential rescaling

h(x) = e“h(p™ (p(c) + x)).

More precisely, if @ = o/u and i = [a], then

x(t—k

I, Dy hx) = h(x) = )’ e kD (DgR) (0+). (8.11)
k=1

Multiplication by e™** immediately yields (4.8). For integer values @ = m, the terms in (8.11) reduce
to the usual endpoint data for an mth-order differential equation. For non-integer «, they are fractional
traces. This distinction is important: The Riemann—Liouville and Caputo operators generally have
different natural boundary data even though they are built from the same kernel.

8.4. Exact verification of the first three examples

The inequalities in Section 7 can be checked without numerical approximation. Put s = +/z, so
that 0 < s < 1. In Example 1, the difference between the right-hand side of the assumed inequality
and u(z) is

1+ 4 5 2
1+ TZ(ZZW + §z3/2) —(1+42) = s(l — s+ §s2 + §s4) > 0.
Every term inside the last parentheses is non-negative on [0, 1], except that the first two have already
been combined as 1 — s > 0. Hence, the integral inequality required by Theorem 3 holds pointwise on
the whole interval.
For Example 2, the corresponding difference is

2 2
1+z1/2+§z3/2—(1+z):s(1—s+§s2)20.

Thus Corollary 1 is applicable with M = 1/2.
Finally, in Example 3, the difference becomes
1/2 3/2
z z 2 s 2,
l+-+—+—-( ==(l1-5s+=57|>0.
+2+2+3 (1+2) 2( s+3s)_0

Moreover, v(z) = 1 + z/2 is non-decreasing. Therefore, the Mittag—Leffler estimate of Corollary 2
applies. When u = 1 and o = 1/2, the generalized function in (6.6) reduces to

Ei12(q) = Z(; % = E12(9),

which is the classical one-parameter Mittag—Leffler function used in Section 7. The numerical values
in Table 1 are therefore evaluations of rigorous analytical bounds rather than empirical curve fits.
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8.5. Interpretation and use of the resulting bounds

The first three examples clarify the logical role of the estimates, while Example 4 tests the genuinely
non-classical parameter regime. The right-hand side in the assumed integral inequality is not the same
object as the final Gronwall upper bound. The assumed inequality is the starting point. It describes
a function u whose value is controlled by a forcing term v and a fractional-memory contribution.
The bound supplied by Theorem 3 is obtained after repeatedly substituting this memory term into
itself. Consequently, it is expected to be larger than the initial right-hand side, especially near the right
endpoint of the interval. This phenomenon is visible in Figure 1. The theorem provides a guaranteed
majorant, not an approximation formula for u.

The distinction is relevant in applications to fractional differential equations. Suppose that two
candidate solutions x; and x, satisfy an estimate of the form

rﬁ‘(o-) (oK)
1x1(2) = x2(2)] < v(z) + p W(2)e L7121 = X2/(2).

Taking u(z) = |x1(2) — x2(z)|, Theorem 3 yields an explicit upper bound for the discrepancy between the
solutions. If the forcing term vanishes, v = 0, the series estimate implies # = 0 under the hypotheses
of the theorem, which is the usual route to a uniqueness argument. If v is small but nonzero, the same
estimate provides a continuous-dependence or stability bound. In this sense, the generalized Gronwall
inequality can be used as an analytical tool before a numerical discretization is introduced.

The estimate depends on the transformed distance ¢(z) — ¢(c), the normalized order @ = o/p,
the attenuation rate a = cot(nr/2)/u, and the explicit normalization. As stressed in Lemma 1, o, yu,
and r should not be counted as three independent parameters governing the kernel shape. Example 4
retains the full normalization and exponential weight, thereby showing their combined influence on the
final majorant.

Corollary 1 isolates the frequent situation in which the coefficient multiplying the memory integral
is constant. Corollary 2 imposes the additional monotonicity of v so that v(17) can be replaced by v(z)
inside the integral. This step is what converts the series of integral terms into a closed Mittag—Leffler
expression. Thus, the corollaries are not redundant restatements of Theorem 3: Each one trades a
stronger assumption for a simpler and more directly usable estimate.

The tabulated values were computed from the displayed analytical formulas at representative points
of [0, 1]. They are included to facilitate independent verification of the plot and to distinguish the exact
inequalities from purely qualitative illustrations. Additional grid points can be generated directly from
the same expressions without changing any assumption or conclusion.

9. Conclusions

This paper has developed the (u,p)-cotangent fractional integral together with its Riemann—
Liouville and Caputo derivatives, while clarifying an important structural limitation of the
parameterization. Through exponential conjugation and the coordinate x = p(z) — ¢(c), the operators
reduce to classical fractional operators of order @ = o/u with an explicit scaling and attenuation. Thus
the main value of the framework lies in its transparent transformed structure, coordinate flexibility,
and tractable composition rules, rather than in treating o, u, and r as three independent parameters
governing the kernel shape.
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Apart from that, the nonlinear (u, )-cotangent Caputo Cauchy problem has also been considered.
Existence is proven using an explicit contractive condition, while the uniqueness and continuous
dependence of the solution upon the initial data are obtained via Gronwall estimate. The first three
examples individually show how the theorem and the corollaries can be verified in the classical limit
case; however, the fourth example with u = 2, r = 1/2 and p(z) = logz gives an illustration to the
complete normalized exponential kernel with competing attenuation and normalization in the bound.
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