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1. Introduction

Inertial neural networks (INNs) have attracted sustained attention in recent years because they
provide an effective modeling framework for nonlinear systems with acceleration effects, memory
dependence, and second-order dynamical characteristics [1–4]. Different from traditional first-order
neural network models, INNs contain inertial terms that are closely related to Newtonian mechanics
and second-order control systems. More broadly, second-order dynamical structures have also been
exploited in continuous-time optimization, where appropriately designed time-varying second-order

https://www.aimspress.com/journal/Math
https://dx.doi.org/10.3934/math.20261172


29530

dynamics can accelerate convergence to optimal solutions [5]. This feature enables INNs to describe
oscillatory responses, transient overshoots, and momentum-driven evolution in a more realistic manner.
From the viewpoint of systems and control, such models are particularly relevant to large-scale
interconnected systems [6–9], where energy exchange, propagation effects, and dynamic coupling
play essential roles in the evolution and regulation of network dynamics.

In practical control environments, neural networks [10–13] are usually affected by time delays,
spatial propagation, and random disturbances [14–17]. Robustness against external perturbations
has also become an important issue in modern neural-network research, including the study of
robust adversarial examples for deep neural networks [18]. Time delays [19–21] may arise from
finite transmission speeds, signal processing lags, and communication constraints, and spatial
diffusion characterizes local interactions among distributed nodes and stochastic perturbations reflect
environmental fluctuations or measurement noise [22–24]. When these factors coexist with inertial
dynamics [25], the resulting networks exhibit higher-order structures, memory-dependent evolution,
spatially distributed coupling, and stochastic uncertainties simultaneously [26]. The interaction
among inertia, delay, diffusion, and randomness may lead to oscillation, instability, or complex
transient behaviors, which makes the analysis and control synthesis of such systems considerably more
challenging.

In many real-world networked systems, synchronization of all nodes is neither necessary nor
consistent with the intrinsic heterogeneous structure of the network [27–29]. Related synchronization
and control issues have also been studied [30–32]. Cluster synchronization provides a more flexible
and practically meaningful coordination mechanism, in which nodes within the same subgroup
are required to synchronize, whereas different clusters are allowed to preserve distinct dynamical
behaviors [33, 34]. This type of synchronization is closely related to cooperative control problems
in heterogeneous multiagent systems, distributed sensor networks, and large-scale neural structures.
Although cluster synchronization has been widely investigated for deterministic or first-order systems,
the corresponding control and analysis problems for stochastic inertial neural networks (SINNs) with
clustered architectures remain far from complete, especially when discrete space–time dynamics are
involved.

To facilitate digital implementation and numerical simulation while preserving spatial propagation
and stochastic effects [14–17], continuous reaction–diffusion INNs are often converted into discrete
space–time models. Finite-difference schemes are used to approximate spatial diffusion operators,
and stochastic discretization methods, such as the Euler–Maruyama approach [35], are employed to
characterize random perturbations. This procedure leads to discrete space–time SINNs governed by
partial difference equations [7–9]. Compared with continuous-time models, such discrete systems
simultaneously involve second-order difference dynamics, delay-dependent nonlinear couplings,
spatial diffusion, and stochastic disturbances. These features make mean-square stability analysis and
synchronization controller design substantially more difficult. Therefore, developing rigorous discrete-
time control criteria for space–time SINNs is of both theoretical importance and practical relevance for
networked and distributed parameter systems.

Whereas space–time discretization provides an effective framework for describing diffusion
dynamics, stochastic disturbances constitute another important source of uncertainty in practical neural
networks [36–38]. Random fluctuations may arise from environmental uncertainty, communication
noise, sensor inaccuracies, and external disturbances, and they can significantly affect the
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synchronization performance of networked systems. In contrast to deterministic networks, stochastic
neural networks require synchronization and stability to be investigated in probabilistic or mean-square
senses, which introduces additional analytical challenges. Although stochastic synchronization [7, 16,
26] has attracted considerable attention in recent years, existing results mainly focus on continuous-
time or first-order models. The corresponding cluster synchronization problem for discrete space–time
stochastic inertial neural networks remains far from fully understood, especially in the presence of
diffusion coupling and time-varying delays.

Time delays further increase the difficulty of the synchronization problem from both analysis and
control perspectives [39–42]. Delay-dependent terms introduce additional memory effects and may
interact nontrivially with inertial dynamics and stochastic perturbations. In the stochastic systems [4,
14, 36], delays may appear in both the deterministic drift part and the stochastic diffusion part, which
makes mean-square synchronization analysis more challenging than that for deterministic systems.
Thus, establishing delay-dependent criteria that guarantee asymptotic and exponential synchronization
for discrete SINNs is a meaningful and nontrivial problem in stochastic networked control.

For distributed systems governed by partial differential equations [43], boundary control
(BC) provides an effective way to regulate global network dynamics through spatially localized
actuation [44]. By applying control inputs only at boundary nodes, BC can reduce implementation
cost while affecting the interior states through diffusion coupling. Existing studies on space–time
discrete neural networks mainly rely on continuous BC strategies. Compared with internal control,
boundary control offers a different trade-off between control performance and implementation cost.
Internal control can directly regulate states at spatially distributed locations and may therefore provide
faster local control action; however, it generally requires actuators, sensors, and communication
channels to be deployed inside the spatial domain, which may increase installation, communication,
and maintenance costs, especially for large-scale distributed parameter systems. In contrast, boundary
control applies actuation only at accessible boundary locations and influences the interior states
through spatial diffusion [42]. This feature makes boundary control physically attractive when internal
nodes are difficult, expensive, or impractical to access. Nevertheless, because the control effect
must propagate from the boundary into the interior domain, its transient regulation may be less
direct than that of internal control. Therefore, boundary control provides a practically meaningful
compromise between spatial actuation cost and synchronization performance. However, continuous
boundary actuation may lead to unnecessary energy consumption and may be difficult to implement
when actuators are subject to duty-cycle, communication, or resource constraints. Intermittent
control, in which control inputs are activated only during prescribed time intervals, offers a more
flexible and energy-efficient alternative for practical networked and distributed parameter systems.
Although intermittent synchronization has been widely studied for deterministic or first-order systems,
the corresponding results for discrete space–time SINNs with clustered structures and stochastic
perturbations remain scarce.

In light of the above discussions and the limitations of existing studies on discrete SINNs [7–9], this
paper develops an intermittent boundary control framework for mean-square cluster synchronization
of discrete space–time SINNs. The emphasis is placed not only on the modeling of clustered stochastic
inertial dynamics, but also on the design of an energy-efficient boundary controller and the derivation
of tractable synchronization criteria. The main contributions are highlighted as follows.

• A clustered drive–response framework is established for discrete space–time SINNs with spatial
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diffusion, inertial dynamics, time-varying delays, and stochastic perturbations. This framework
extends existing studies from single-network stability, boundedness, and periodicity analysis to
multigroup cooperative synchronization control.

• An intermittent boundary control strategy is proposed for cluster synchronization. The controller
is imposed only on boundary nodes and is activated only during prescribed control intervals.
Compared with continuous boundary control, the proposed scheme reduces the control activation
time and is more suitable for energy-constrained distributed parameter and networked control
systems.

• A six-component space–time discrete Lyapunov–Krasovskii functional is constructed to jointly
capture second-order inertial differences, spatial diffusion, stochastic perturbations, and time-
varying delays. Different from conventional single-regime linear matrix inequality (LMI)-based
stability conditions, the resulting synchronization criterion consists of two coupled matrix-
inequality conditions corresponding to the control-active and control-inactive intervals. These
conditions are further linked by a periodwise contraction factor that explicitly incorporates the
control duty cycle, thereby quantifying how the decay accumulated during the active interval
compensates for the possible growth during the inactive interval and yielding an explicit mean-
square exponential convergence rate.

These results provide a computationally tractable theoretical basis for the analysis and design
of energy-efficient coordinated control schemes for high-dimensional stochastic diffusion neural
networks. They also offer a useful control-oriented framework for discrete distributed parameter
systems with intermittent actuation, spatial coupling, time delays, and random perturbations.

This paper is structured as follows. Section 2 formulates the discrete space-time SINNs’ model with
clustering structure and introduces the corresponding drive–response framework. In Section 3, a novel
discrete Lyapunov–Krasovskii functional consisting of six components is constructed, and several
preliminary lemmas, including Wirtinger-type inequalities, are presented to facilitate the subsequent
analysis. Section 3 establishes sufficient criteria for mean-square exponential cluster synchronization
of the drive-response systems under intermittent BC, expressed in terms of solvable matrix inequalities.
A numerical example in Section 4 is provided to verify the effectiveness of the proposed control
strategy and to illustrate the theoretical findings. Finally, Section 5 concludes the paper and outlines
possible directions for future research.

Before presenting the model formulation, the notation used throughout this paper is introduced
below.
Mathematical symbols and abbreviations: Rn denotes the n-dimensional Euclidean space equipped
with the standard norm ∥ · ∥. Z represents the set of all integers, Z0 = {0, 1, 2, . . .}, and Z+ = {1, 2, 3, . . .}.
For any subsets I, J ⊆ R, the notation I ∩ J denotes their intersection.

For a function z : Z × Z → Rn, let z[ι]
k =

(
z[ι]

1,k, . . . , z
[ι]
n,k

)T
, where ι and k represent the spatial and

temporal indices, respectively. The forward difference operator with respect to time is defined as

∆z[ι]
k = z[ι]

k+1 − z[ι]
k , ∆

2z[ι]
k = z[ι]

k+2 − 2z[ι]
k+1 + z[ι]

k .

The spatial forward difference operator is given by ∆ιz
[ι]
k = (z[ι+1]

k − z[ι]
k )/ℏ, and the second-order

spatial difference operator is
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∆2
ι z

[ι]
k = ∆ι

(
∆ιz

[ι]
k

)
=

z[ι+2]
k − 2z[ι+1]

k + z[ι]
k

ℏ2 ,

where (ι, k) ∈ Z × Z, and ℏ > 0 denotes the spatial step size.
For a square matrix A ∈ Rn×n, ddiag(A) denotes the diagonal matrix whose diagonal entries coincide

with those of A. Throughout the paper, A > 0 (A ≥ 0) indicates that the matrix A is positive definite
(positive semidefinite). E{·} denotes the mathematical expectation operator.

2. Clustered differencing SINNs

In this section, we formulate a class of clustered space–time differencing stochastic inertial neural
networks (SINNs) that serve as the fundamental model for subsequent synchronization analysis. By
employing the forward difference operator and the second-order time difference, the inertial effect of
neurons is characterized in a fully discrete-time framework, and a spatial discrete diffusion operator
is introduced to describe the local coupling and propagation behavior among neighboring nodes.
The resulting model incorporates inertial terms, damping effects, spatial diffusion, deterministic
synaptic coupling, stochastic perturbations, and dual time-varying delays appearing in both the drift
and diffusion channels. Furthermore, the network nodes are partitioned into multiple clusters, and
clusterwise parameter consistency is imposed to reflect structural similarity within each group. Based
on this clustered configuration, a drive–response scheme is constructed, which enables the derivation
of the associated error dynamics and lays the groundwork for the analysis of mean-square exponential
cluster synchronization. The proposed clustered differencing SINN model captures the combined
influence of inertia, diffusion, delay, and stochastic disturbances, providing a rigorous mathematical
framework for studying synchronization behavior in discrete space–time neural networks. The control
objective is to design an intermittent boundary actuation law for the response network such that the
synchronization error converges exponentially in the mean-square sense.

The basic network model considered here is developed from the discrete-time and discrete-
space stochastic INNs studied in [7–9]. Such models can be obtained from continuous reaction–
diffusion INNs by applying finite-difference approximation to the spatial diffusion terms and the
Euler–Maruyama scheme [35] to the stochastic dynamics. On this basis, we incorporate time-varying
delays and subsequently introduce a clustered drive–response structure for synchronization analysis.
Accordingly, the following space–time discrete stochastic INNs are considered:

∆2z[ι]
i,k = 2(e−

1
2 aih − 1)∆z[ι]

i,k +

[2 − 2e−
1
2 aih

ai

]2[
γi∆

2
ι z

[ι−1]
i,k − biz

[ι]
i,k

+

n∑
j=1

ci j f j(z
[ι]
j,δk

) +
1
√

h

n∑
j=1

ξi jσ j(z
[ι]
j,ok

)ε j,k + Ii

]
, ∀ι ∈ (0,ℵ)Z, (2.1)

where i = 1, 2, . . . , n; the variable zi denotes the dynamical state associated with neuron i; the
parameters ai and bi > 0 represent the damping coefficient and the intrinsic feedback intensity of
neuron i, respectively; the symbol γip characterizes the diffusion rate; the coefficients ci j and ξi j

describe the deterministic and stochastic coupling strengths between neurons; the functions f j(·) and
σ j(·) correspond to the activation mapping and the noise intensity function, respectively; the term
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Ii accounts for external stimuli applied to neuron i; the positive constants ℏ and h (with ℏ, h < 1)
denote the spatial and temporal discretization step sizes, respectively; the delay terms δk and ok satisfy
0 ≤ δk, ok ≤ δ∞ for all k ∈ Z0, where δ∞ ≥ 1 is a prescribed integer bound; the random variables
ε j,k ∼N(0, 1) are independent standard Gaussian sequences; and {ε j,k}

n
j=1 are mutually independent for

each fixed k. The factor 1/
√

h in the stochastic term arises from the Euler–Maruyama discretization.
Indeed, for a Brownian increment over the time step h, one has ∆B j,k =

√
h ε j,k with ε j,k ∼ N(0, 1),

and hence, ∆B j,k/h = ε j,k/
√

h. The initial conditions together with the mixed boundary conditions of
System (2.1) are given by  z[ι]

i,τ = φ
[ι]
i,τ, ∀τ ∈ [−δ∞, 1]Z, ι ∈ (0,ℵ)Z;

z[0]
i,k = 0 = ∆ιz

[ℵ−1]
i,k ,

(2.2)

∀k ∈ Z0, i = 1, 2, . . . , n.
Corresponding to the drive system (2.1), the response SINNs are formulated as follows:

∆2w[ι]
i,k = 2(e−

1
2 aih − 1)∆w[ι]

i,k +

[2 − 2e−
1
2 aih

ai

]2[
γi∆

2
ιw

[ι−1]
i,k − biw

[ι]
i,k

+

n∑
j=1

ci j f j(w
[ι]
j,δk

) +
1
√

h

n∑
j=1

ξi jσ j(w
[ι]
j,ok

)ε j,k + Ii

]
, ∀ι ∈ (0,ℵ)Z,

w[ι]
i,τ = ϕ

[ι]
i,τ, ∀τ ∈ [−δ∞, 1]Z, ι ∈ (0,ℵ)Z,

w[0]
i,k = 0, ∆ιw

[ℵ−1]
i,k = ρi,k,

(2.3)

where k ∈ Z0, i = 1, 2, . . . , n. Here, ρi denotes the intermittent control action applied at the boundary,
and its specific design will be specified subsequently.

Suppose that the node set c := {1, 2, . . . , n} is divided into m disjoint subsets {c1, c2, . . . , cm} such
that c =

⋃m
s=1 cs, cs1 ∩ cs2 = ∅, s1 , s2. For each node i ∈ c, denote by î the cluster index satisfying

i ∈ ĉi. Without loss of generality, assume that each cluster consists of consecutive indices and can be
expressed as

cs = {ϖs−1 + 1, ϖs−1 + 2, . . . , ϖs}, s = 1, 2, . . . ,m,

where ϖ0 = 0, ϖm = n, and 1 ≤ ϖs−1 < ϖs ≤ n. Here, ϖs−1 + 1 and ϖs represent the first and last
nodes in cluster cs, respectively.

In what follows, we impose the following assumption.

(CI)1 ai = a j, bi = b j, γi = γ j, ∀i, j ∈ cs, s = 1, 2, . . . ,m.

Assuming that Condition (CI)1 holds, Systems (2.1), (2.2), and (2.3) can be reformulated in a
compact vector representation as follows:

∆2z[ι]
s,k = 2(e−

1
2 ãsh − 1)∆z[ι]

s,k +

[2 − 2e−
1
2 ãsh

ãs

]2[
γ̃s∆

2
ι z

[ι−1]
s,k − b̃sz[ι]

s,k

+

m∑
s′=1

c̃ss′Fs′(z[ι]
s′,δk

) +
1
√

h

m∑
s′=1

ξ̃ss′ ε̃s′,kσ̃s′(z[ι]
s′,ok

) + Ĩs

]
, ∀ι ∈ (0,ℵ)Z,

z[ι]
s,τ = φ̃

[ι]
s,τ, ∀τ ∈ [−δ∞, 1]Z, ι ∈ (0,ℵ)Z,

∆ιz[0]
s,k = 0 = ∆ιz[ℵ−1]

s,k ,

(2.4)
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where k ∈ Z0, s = 1, 2, . . . ,m; zs = (zc0
s
, . . . , zc1

s
)T , ãs = ac0

s
, b̃s = bc0

s
, γ̃s = γc0

s
,

c̃ss′ = [ci j]c0
s≤i≤c1

s ,c
0
s′≤ j≤c1

s′
, Fs(zs) = ( fc0

s
(zc0

s
), . . . , fc1

s
(zc1

s
))T , ξ̃ss′ = [ξi j]c0

s≤i≤c1
s ,c

0
s′≤ j≤c1

s′
, σ̃s(zs) =

(σc0
s
(zc0

s
), . . . , σc1

s
(zc1

s
))T , ε̃s = diag(εc0

s
, . . . , εc1

s
), Ĩs = (Ic0

s
, . . . , Ic1

s
)T , φ̃s = (φc0

s
, . . . , φc1

s
)T , s, s′ =

1, 2, . . . ,m.
Following the same procedure, System (2.3) admits the clustering representation given below:

∆2w[ι]
s,k = 2(e−

1
2 ãsh − 1)∆w[ι]

s,k +

[2 − 2e−
1
2 ãsh

ãs

]2[
γ̃s∆

2
ιw

[ι−1]
s,k − b̃sw[ι]

s,k

+

m∑
s′=1

c̃ss′Fs′(w[ι]
s′,δk

) +
1
√

h

m∑
s′=1

ξ̃ss′ ε̃s′,kσ̃s′(w[ι]
s′,ok

) + Ĩs

]
, ∀ι ∈ (0,ℵ)Z,

w[ι]
s,τ = ϕ̃

[ι]
s,τ, ∀τ ∈ [−δ∞, 1]Z, ι ∈ (0,ℵ)Z,

∆ιw[0]
s,k = 0, ∆ιw[ℵ−1]

s,k = ρ̃s,k,

(2.5)

where k ∈ Z0, ws = (wc0
s
, . . . ,wc1

s
)T , Fs(ws) = ( fc0

s
(wc0

s
), . . . , fc1

s
(wc1

s
))T , σ̃s(ws) =

(σc0
s
(wc0

s
), . . . , σc1

s
(wc1

s
))T , ϕ̃s = (ϕc0

s
, . . . , ϕc1

s
)T , ρ̃s = (ρc0

s
, . . . , ρc1

s
)T , s = 1, 2, . . . ,m.

Define the synchronization error between Systems (2.4) and (2.5) as es = ws−zs, for s = 1, 2, . . . ,m.
Consequently,

∆2e[ι]
s,k = 2(e−

1
2 ãsh − 1)∆e[ι]

s,k +

[2 − 2e−
1
2 ãsh

ãs

]2
×

{
γ̃s∆

2
ι e

[ι−1]
s,k − b̃se[ι]

s,k +

m∑
s′=1

c̃ss′
[
Fs′(w[ι]

s′,δk
) − Fs′(z[ι]

s′,δk
)
]

+
1
√

h

m∑
s′=1

ξ̃ss′ ε̃s′,k

[
σ̃s′(w[ι]

s′,ok
) − σ̃s′(z[ι]

s′,ok
)
]}
, ∀ι ∈ (0,ℵ)Z,

e[ι]
s,τ = φ̃

[ι]
s,τ − ϕ̃

[ι]
s,τ, ∀τ ∈ [−δ∞, 1]Z, ι ∈ (0,ℵ)Z,

∆ιe[0]
s,k = 0, ∆ιe[ℵ−1]

s,k = ρ̃s,k,

(2.6)

where k ∈ Z0, s = 1, 2, . . . ,m.
An intermittent control strategy is imposed on the Reumann boundary and formulated as

ρ̃s,k =

 αs

ℵ−1∑
ι=1

e[ι]
s,k, k ∈ [nθ, nθ + β)Z,

0, k ∈ [nθ + β, nθ + θ)Z, n ∈ Z0,

(2.7)

where θ > δ∞ is a prescribed integer representing the control period, β ∈ (0, θ]Z denotes the active
duration within each period, and αs is the control gain associated with the sth cluster, s = 1, 2, . . . ,m.

Definition 2.1. Under the intermittent BC (2.7), the SINNs (2.1) are said to achieve m-cluster
exponential synchronization (ES) in the mean-square sense if there exist constants Ξ > 0 and κ ∈ (0, 1)
such that

m∑
s=1

ℵ∑
ι=0

E
∥∥∥w[ι]

s,k − z[ι]
s,k

∥∥∥2 ≤ Ξκ k, ∀k ≥ 0.
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Remark 2.1. Taken together, [7–9] mainly investigated discrete-time and discrete-space SINNs from
the perspectives of stability, periodicity, or antisynchronization. In particular, [8,9] focused on single-
network properties such as mean-square boundedness, exponential stability, and random periodic
solutions, and [7] considered heterogeneous drive–response antisynchronization without involving
clustered structures. In contrast, Model (2.1) in the present paper incorporates discrete time,
discrete spatial diffusion, stochastic perturbations, inertial effects, and time delays within a clustered
drive–response framework. This elevates the analysis from individual network dynamics to organized
multigroup cooperative behavior, significantly enriching the structural complexity and coordination
capacity of SINNs.

3. Intermittent boundary synchronization

In this section, an intermittent boundary control scheme is proposed to realize mean-square
exponential cluster synchronization for the considered clustered differencing SINNs. The control
is applied periodically to boundary nodes, reducing control cost while maintaining synchronization
performance. Based on a drive–response framework, the corresponding error system is derived with
piecewise boundary actuation over control and rest intervals.

A discrete Lyapunov–Krasovskii functional is then constructed to account for inertia, diffusion,
stochastic disturbances, and delays. By estimating its forward difference over both active and inactive
periods, sufficient matrix inequality conditions are obtained to ensure mean-square exponential cluster
synchronization, establishing the theoretical foundation of the proposed approach.

Let

ℵ∗ =
4
ℏ2 cos2 π

2ℵ − 1
, as = 2(e−

1
2 ãsh − 1), ds =

[2 − 2e−
1
2 ãsh

ãs

]2
,

where s = 1, 2, . . . ,m. Then, the first equation of the error network (2.6) is turned into

∆2e[ι]
s,k = as∆e[ι]

s,k + dsγ̃s∆
2
ι e

[ι−1]
s,k − dsb̃se[ι]

s,k + ds

m∑
s′=1

c̃ss′
[
Fs′(w[ι]

s′,δk
) − Fs′(z[ι]

s′,δk
)
]

+
1
√

h
ds

m∑
s′=1

ξ̃ss′ ε̃s′,k

[
σ̃s′(w[ι]

s′,ok
) − σ̃s′(z[ι]

s′,ok
)
]
, ∀ι ∈ (0,ℵ)Z, (3.1)

where k ∈ Z0, s = 1, 2, . . . ,m.
To analyze System (3.1), a space–time discrete stochastic Lyapunov–Krasovskii functional (LKF)

is proposed as
Vk = V1,k + V2,k + V3,k + V4,k + V5,k + V6,k,
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where 

V1,k =

m∑
s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Ps∆e[ι]
s,k,

V2,k = λP

m∑
s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

T Pse[ι]
s,k,

V3,k =

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q=k−l

(e[ι]
s,q)TL f

s WsL
f

s e[ι]
s,q,

V4,k =
m
h

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q=k−l

(e[ι]
s,q)T Yse[ι]

s,q

V5,k =

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q=k−l

k−1∑
q′=q

(e[ι]
s,q′)

TL f
s WsL

f
s e[ι]

s,q′ ,

V6,k =
m
h

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q=k−l

k−1∑
q′=q

(e[ι]
s,q′)

T Yse[ι]
s,q′ ,

where λP > 0; L f
s = diag(L f

c0
s
, L f

c0
s+1
, . . . , L f

c1
s
); L σ

s = diag(Lσ
c0

s
, Lσ

c0
s+1
, . . . , Lσ

c1
s
); and Ws,Ys > 0 are

diagonal, and s = 1, 2, . . . ,m. To facilitate the evaluation of the above LKF, the following assumptions
are introduced.

(CI)2 For any u, v ∈ R,

| f j(u) − f j(v)| ≤ L f
j |u − v|, |σ j(u) − σ j(v)| ≤ Lσj |u − v|,

where j = 1, 2, . . . , n.

(CI)3 For each cluster s = 1, 2, . . . ,m, the following inequalities are valid:

(1 + 3ε−1 + ξ−1)m
m∑

s′=1

d2
s′ c̃

T
s′sPs′ c̃s′s ≤ Ws,

m∑
s′=1

d2
s′L

σ
s ddiag(ξ̃T

s′sPs′ ξ̃s′s)L σ
s ≤ Ys.

3.1. Difference estimation of the Lyapunov–Krasovskii functional

Based on the definition of LKF, we have

EV1,k+1 = E
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k+1)T Ps∆e[ι]

s,k+1

= E
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k+1 − ∆e[ι]

s,k + ∆e[ι]
s,k)

T Ps(∆e[ι]
s,k+1 − ∆e[ι]

s,k + ∆e[ι]
s,k)

= E
m∑

s=1

ℵ−1∑
ι=1

(∆2e[ι]
s,k + ∆e[ι]

s,k)
T Ps(∆2e[ι]

s,k + ∆e[ι]
s,k)

= E
m∑

s=1

ℵ−1∑
ι=1

(∆2e[ι]
s,k)

T Ps∆
2e[ι]

s,k︸                           ︷︷                           ︸
£1,k
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+E
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Ps∆e[ι]
s,k + 2E

m∑
s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Ps∆
2e[ι]

s,k︸                            ︷︷                            ︸
£2,k

, ∀k ∈ Z0. (3.2)

In line with the error INN (3.1), it addresses

£1,k = E
m∑

s=1

ℵ−1∑
ι=1

{
as∆e[ι]

s,k + ds

[
γ̃s∆

2
ι e

[ι−1]
s,k − b̃se[ι]

s,k +

m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)

+
1
√

h
ds

m∑
s′=1

ξ̃ss′ ε̃s′,kσ̃
∗
s′(e

[ι]
s′,ok

)
]}T

Ps

{
as∆e[ι]

s,k + ds

[
γ̃s∆

2
ι e

[ι−1]
s,k

−b̃se[ι]
s,k +

m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

) +
1
√

h
ds

m∑
s′=1

ξ̃ss′ ε̃s′,kσ̃
∗
s′(e

[ι]
s′,ok

)
]}

= E
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

TasPsas∆e[ι]
s,k + 2E

m∑
s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

TasPsdsγ̃s∆
2
ι e

[ι−1]
s,k︸                                        ︷︷                                        ︸

∁1,k

−2E
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

TasPsdsb̃se[ι]
s,k + 2E

m∑
s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

TasPsds

m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)︸                                                  ︷︷                                                  ︸
∁2,k

+E
m∑

s=1

ℵ−1∑
ι=1

(∆2
ι e

[ι−1]
s,k )T γ̃sdsPsdsγ̃s∆

2
ι e

[ι−1]
s,k︸                                             ︷︷                                             ︸

∁3,k

+ (−2)E
m∑

s=1

ℵ−1∑
ι=1

(∆2
ι e

[ι−1]
s,k )T γ̃sdsPsdsb̃se[ι]

s,k︸                                              ︷︷                                              ︸
∁4,k

+ 2E
m∑

s=1

ℵ−1∑
ι=1

(∆2
ι e

[ι−1]
s,k )T γ̃sdsPsds

m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)︸                                                         ︷︷                                                         ︸
∁5,k

+E
m∑

s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

T b̃sdsPsdsb̃se[ι]
s,k

+ (−2)E
m∑

s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

T b̃sdsPsds

m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)︸                                                       ︷︷                                                       ︸
∁6,k

+E
m∑

s=1

ℵ−1∑
ι=1

( m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)
)T
dsPsds

m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)︸                                                                 ︷︷                                                                 ︸
∁7,k

+
1
h
E

m∑
s=1

ℵ−1∑
ι=1

( m∑
s′=1

ξ̃ss′ ε̃s′,kσ̃
∗
s′(e

[ι]
s′,ok

)
)T
dsPsds

m∑
s′=1

ξ̃ss′ ε̃s′,kσ̃
∗
s′(e

[ι]
s′,ok

)︸                                                                              ︷︷                                                                              ︸
∁8,k

, (3.3)
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where F∗s′(e
[ι]
s′,δk

) := Fs′(w[ι]
s′,δk

) − Fs′(z[ι]
s′,δk

), σ̃∗s′(e
[ι]
s′,ok

) := σ̃s′(w[ι]
s′,ok

) − σ̃s′(z[ι]
s′,ok

), k ∈ Z0.

By using the Wirtinger-type inequality [7, Lemma 3.1], one has

∁1,k ≤ E
m∑

s=1

ℵ−1∑
ι=1

a2
s (∆e[ι]

s,k)
T Ps∆e[ι]

s,k + E
m∑

s=1

ℵ−1∑
ι=1

d2
s γ̃

2
s(∆2
ι e

[ι−1]
s,k )T Ps∆

2
ι e

[ι−1]
s,k (3.4)

≤ εE
m∑

s=1

ℵ−1∑
ι=1

a2
s (∆e[ι]

s,k)
T Ps∆e[ι]

s,k +
ℵ∗

ε
E

m∑
s=1

ℵ−1∑
ι=1

d2
s γ̃

2
s(∆ιe[ι]

s,k)
T Ps∆ιe[ι]

s,k, (3.5)

∁2,k ≤ εE
m∑

s=1

ℵ−1∑
ι=1

a2
s (∆e[ι]

s,k)
T Ps∆e[ι]

s,k +
1
ε
E

m∑
s=1

ℵ−1∑
ι=1

d2
s

( m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)
)T

Ps

m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)

≤ εE
m∑

s=1

ℵ−1∑
ι=1

a2
s (∆e[ι]

s,k)
T Ps∆e[ι]

s,k +
1
ε

mE
m∑

s=1

ℵ−1∑
ι=1

m∑
s′=1

d2
s

[
F∗s′(e

[ι]
s′,δk

)
]T

c̃T
ss′Psc̃ss′F∗s′(e

[ι]
s′,δk

)

= εE
m∑

s=1

ℵ−1∑
ι=1

a2
s (∆e[ι]

s,k)
T Ps∆e[ι]

s,k +
m
ε
E

m∑
s=1

ℵ−1∑
ι=1

[
F∗s(e[ι]

s,δk
)
]T
ΠsF∗s(e[ι]

s,δk
), (3.6)

where Πs :=
∑m

s′=1 d
2
s′ c̃

T
s′sPs′ c̃s′s,

∁3,k ≤ ℵ∗E
m∑

s=1

ℵ−1∑
ι=1

d2
s γ̃

2
s(∆ιe[ι]

s,k)
T Ps∆ιe[ι]

s,k, (3.7)

via the formula of the integral by parts [33]:

∁4,k = −2E
m∑

s=1

ℵ−1∑
ι=1

d2
s γ̃sb̃s(∆2

ι e
[ι−1]
s,k )T Pse[ι]

s,k

= −
2
ℏ
E

m∑
s=1

d2
s γ̃sb̃s(e[ℵ]

s,k )T Psρ̃s,k + 2E
m∑

s=1

ℵ−1∑
ι=1

d2
s γ̃sb̃s(∆ιe[ι]

s,k)
T Ps∆ιe[ι]

s,k, (3.8)

∁5,k ≤ εE
m∑

s=1

ℵ−1∑
ι=1

d2
s γ̃

2
s(∆2
ι e

[ι−1]
s,k )T Ps∆

2
ι e

[ι−1]
s,k

+
1
ε
E

m∑
s=1

ℵ−1∑
ι=1

d2
s

( m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)
)T

Ps

m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)

≤ ℵ∗εE
m∑

s=1

ℵ−1∑
ι=1

d2
s γ̃

2
s(∆ιe[ι]

s,k)
T Ps∆ιe[ι]

s,k

+
m
ε
E

m∑
s=1

ℵ−1∑
ι=1

m∑
s′=1

d2
s

[
F∗s′(e

[ι]
s′,δk

)
]T

c̃T
ss′Psc̃ss′F∗s′(e

[ι]
s′,δk

)

= ℵ∗εE
m∑

s=1

ℵ−1∑
ι=1

d2
s γ̃

2
s(∆ιe[ι]

s,k)
T Ps∆ιe[ι]

s,k
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+
m
ε
E

m∑
s=1

ℵ−1∑
ι=1

[
F∗s(e[ι]

s,δk
)
]T
ΠsF∗s(e[ι]

s,δk
), (3.9)

∁6,k ≤ εE
m∑

s=1

ℵ−1∑
ι=1

d2
s b̃2

s(e
[ι]
s,k)

T Pse[ι]
s,k +

m
ε
E

m∑
s=1

ℵ−1∑
ι=1

[
F∗s(e[ι]

s,δk
)
]T
ΠsF∗s(e[ι]

s,δk
), (3.10)

∁7,k ≤ mE
m∑

s=1

ℵ−1∑
ι=1

[
F∗s(e[ι]

s,δk
)
]T
ΠsF∗s(e[ι]

s,δk
). (3.11)

Furthermore, by Assumption (CI)2,

∁8,k ≤
m
h
E

m∑
s=1

ℵ−1∑
ι=1

m∑
s′=1

d2
s

[
σ̃∗s′(e

[ι]
s′,ok

)
]T

ddiag(ξ̃T
ss′Psξ̃ss′)σ̃∗s′(e

[ι]
s′,ok

)

≤
m
h
E

m∑
s=1

ℵ−1∑
ι=1

m∑
s′=1

d2
s (e[ι]

s′,ok
)TL σ

s′ ddiag(ξ̃T
ss′Psξ̃ss′)L σ

s′ e
[ι]
s′,ok

=
m
h
E

m∑
s=1

ℵ−1∑
ι=1

(e[ι]
s,ok

)T Yse[ι]
s,ok
, ∀k ∈ Z0. (3.12)

Substituting (3.4)–(3.12) into (3.3) leads to the following.

Proposition 3.1. For any k ∈ Z0, we have

£1,k ≤ (1 + ε)E
m∑

s=1

ℵ−1∑
ι=1

d2
s b̃2

s(e
[ι]
s,k)

T Pse[ι]
s,k − 2E

m∑
s=1

ℵ−1∑
ι=1

asdsb̃s(∆e[ι]
s,k)

T Pse[ι]
s,k

+(1 + 2ε)E
m∑

s=1

ℵ−1∑
ι=1

a2
s (∆e[ι]

s,k)
T Ps∆e[ι]

s,k −
2
ℏ
E

m∑
s=1

ℵ−1∑
ι=1

d2
s γ̃sb̃s(e[ℵ]

s,k )T Psρ̃s,k

+E
m∑

s=1

ℵ−1∑
ι=1

d2
s ((1 + ε + ε−1)ℵ∗γ̃2

s + 2γ̃sb̃s)(∆ιe[ι]
s,k)

T Ps∆ιe[ι]
s,k

+(1 + 3ε−1)mE
m∑

s=1

ℵ−1∑
ι=1

[
F∗s(e[ι]

s,δk
)
]T
ΠsF∗s(e[ι]

s,δk
) +

m
h
E

m∑
s=1

ℵ−1∑
ι=1

(e[ι]
s,ok

)T Yse[ι]
s,ok
. (3.13)

Additionally,

£2,k = 2E
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Ps

{
as∆e[ι]

s,k + ds

[
γ̃s∆

2
ι e

[ι−1]
s,k − b̃se[ι]

s,k

+

m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

) +
1
√

h
ds

m∑
s′=1

ξ̃ss′ ε̃s′,kσ̃
∗
s′(e

[ι]
s′,ok

)
]}
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= 2E
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Psas∆e[ι]
s,k + 2E

m∑
s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Psdsγ̃s∆
2
ι e

[ι−1]
s,k︸                                     ︷︷                                     ︸

B1,k

−2E
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Psdsb̃se[ι]
s,k + 2E

m∑
s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Psds

m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)︸                                              ︷︷                                              ︸
B2,k

, (3.14)

in which

B1,k ≤ ξE
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Ps∆e[ι]
s,k +

1
ξ
E

m∑
s=1

ℵ−1∑
ι=1

d2
s γ̃

2
s(∆2
ι e

[ι−1]
s,k )T Ps∆

2
ι e

[ι−1]
s,k

≤ ξE
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Ps∆e[ι]
s,k +
ℵ∗

ξ
E

m∑
s=1

ℵ−1∑
ι=1

d2
s γ̃

2
s(∆ιe[ι]

s,k)
T Ps∆ιe[ι]

s,k, (3.15)

B2,k ≤ ξE
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Ps∆e[ι]
s,k +

1
ξ
E

m∑
s=1

ℵ−1∑
ι=1

d2
s

( m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)
)T

Ps

m∑
s′=1

c̃ss′F∗s′(e
[ι]
s′,δk

)

≤ ξE
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Ps∆e[ι]
s,k +

m
ξ
E

m∑
s=1

ℵ−1∑
ι=1

m∑
s′=1

d2
s

[
F∗s′(e

[ι]
s′,δk

)
]T

c̃T
ss′Psc̃ss′F∗s′(e

[ι]
s′,δk

)

= ξE
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Ps∆e[ι]
s,k +

m
ξ
E

m∑
s=1

ℵ−1∑
ι=1

[
F∗s(e[ι]

s,δk
)
]T
ΠsF∗s(e[ι]

s,δk
), (3.16)

where k ∈ Z0.
In line with (3.14)–(3.16), we attain

Proposition 3.2. For any k ∈ Z0, we have

£2,k ≤ −2E
m∑

s=1

ℵ−1∑
ι=1

dsb̃s(∆e[ι]
s,k)

T Pse[ι]
s,k + E

m∑
s=1

ℵ−1∑
ι=1

2(as + ξ)(∆e[ι]
s,k)

T Ps∆e[ι]
s,k

+
ℵ∗

ξ
E

m∑
s=1

ℵ−1∑
ι=1

d2
s γ̃

2
s(∆ιe[ι]

s,k)
T Ps∆ιe[ι]

s,k +
m
ξ
E

m∑
s=1

ℵ−1∑
ι=1

[
F∗s(e[ι]

s,δk
)
]T
ΠsF∗s(e[ι]

s,δk
). (3.17)

Replacing £1 and £2 in (3.2) by the right sides of (3.13) and (3.17) respectively, we get the following.

Proposition 3.3. For any k ∈ Z0, we have

E(∆V1,k) ≤ (1 + ε)E
m∑

s=1

ℵ−1∑
ι=1

d2
s b̃2

s(e
[ι]
s,k)

T Pse[ι]
s,k − 2E

m∑
s=1

ℵ−1∑
ι=1

(1 + as)dsb̃s(∆e[ι]
s,k)

T Pse[ι]
s,k

+E
m∑

s=1

ℵ−1∑
ι=1

[(1 + 2ε)a2
s + 2as + 2ξ](∆e[ι]

s,k)
T Ps∆e[ι]

s,k
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+E
m∑

s=1

ℵ−1∑
ι=1

d2
s ((1 + ε + ε−1 + ξ−1)ℵ∗γ̃2

s + 2γ̃sb̃s)(∆ιe[ι]
s,k)

T Ps∆ιe[ι]
s,k

+(1 + 3ε−1 + ξ−1)mE
m∑

s=1

ℵ−1∑
ι=1

[
F∗s(e[ι]

s,δk
)
]T
ΠsF∗s(e[ι]

s,δk
) +

m
h
E

m∑
s=1

ℵ−1∑
ι=1

(e[ι]
s,ok

)T Yse[ι]
s,ok

−
2
ℏ
E

m∑
s=1

d2
s γ̃sb̃s(e[ℵ]

s,k )T Psρ̃s,k︸                             ︷︷                             ︸
§1,k

, ∀k ∈ Z0. (3.18)

In line with Model (3.1), we attain

E(∆V2,k) = λPE
m∑

s=1

ℵ−1∑
ι=1

(e[ι]
s,k+1)T Pse[ι]

s,k+1 − EV2,k

= λPE
m∑

s=1

ℵ−1∑
ι=1

(e[ι]
s,k+1 − e[ι]

s,k + e[ι]
s,k)

T Ps(e[ι]
s,k+1 − e[ι]

s,k + e[ι]
s,k) − EV2,k

= λPE
m∑

s=1

ℵ−1∑
ι=1

(∆e[ι]
s,k)

T Ps∆e[ι]
s,k + 2λPE

m∑
s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

T Ps∆e[ι]
s,k, ∀k ∈ Z0. (3.19)

3.2. Treatment of nonlinearities and time delays

On account of the condition (CI)2, we take

0 = E
m∑

s=1

ℵ−1∑
ι=1

[
F∗s(e[ι]

s,δk
)
]T

WsF∗s(e[ι]
s,δk

) − E
m∑

s=1

ℵ−1∑
ι=1

[
F∗s(e[ι]

s,δk
)
]T

WsF∗s(e[ι]
s,δk

)

≤ E
m∑

s=1

ℵ−1∑
ι=1

(e[ι]
s,δk

)TL f
s WsL

f
s e[ι]

s,δk
− E

m∑
s=1

ℵ−1∑
ι=1

[
F∗s(e[ι]

s,δk
)
]T

WsF∗s(e[ι]
s,δk

), ∀k ∈ Z0. (3.20)

In accordance with the preceding definition of V3, we can infer that

E(∆V3,k) = EV3,k+1 − EV3,k

= E
m∑

s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k∑
q=k+1−l

(e[ι]
s,q)TL f

s WsL
f

s e[ι]
s,q

−E
m∑

s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q=k−l

(e[ι]
s,q)TL f

s WsL
f

s e[ι]
s,q

= E
m∑

s=1

ℵ−1∑
ι=1

δ∞∑
l=1

(e[ι]
s,k)

TL f
s WsL

f
s e[ι]

s,k

+E
m∑

s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q=k+1−l

(e[ι]
s,q)TL f

s WsL
f

s e[ι]
s,q
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−E
m∑

s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q=k−l

(e[ι]
s,q)TL f

s WsL
f

s e[ι]
s,q

= δ∞E
m∑

s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

TL f
s WsL

f
s e[ι]

s,k − E
m∑

s=1

ℵ−1∑
ι=1

δ∞∑
l=1

(e[ι]
s,k−l)

TL f
s WsL

f
s e[ι]

s,k−l

≤ δ∞E
m∑

s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

TL f
s WsL

f
s e[ι]

s,k − E
m∑

s=1

ℵ−1∑
ι=1

(e[ι]
s,δk

)TL f
s WsL

f
s e[ι]

s,δk
; (3.21)

likewise,

E(∆V4,k) = EV4,k+1 − EV4,k

=
m
h
E

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

 k∑
q=k+1−l

(e[ι]
s,q)T Yse[ι]

s,q −

k−1∑
q=k−l

(e[ι]
s,q)T Yse[ι]

s,q


=

m
h
E

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

[
(e[ι]

s,k)
T Yse[ι]

s,k − (e[ι]
s,k−l)

T Yse[ι]
s,k−l

]
=

mδ∞
h
E

m∑
s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

T Yse[ι]
s,k −

m
h
E

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

(e[ι]
s,k−l)

T Yse[ι]
s,k−l

≤
mδ∞

h
E

m∑
s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

T Yse[ι]
s,k −

m
h
E

m∑
s=1

ℵ−1∑
ι=1

(e[ι]
s,ok

)T Yse[ι]
s,ok
, ∀k ∈ Z0. (3.22)

Additionally,

E(∆V5,k) =
m∑

s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k∑
q=k+1−l

k∑
q′=q

(e[ι]
s,q′)

TL f
s WsL

f
s e[ι]

s,q′ − V5,k

=

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

(e[ι]
s,k)

TL f
s WsL

f
s e[ι]

s,k +

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q=k+1−l

(e[ι]
s,k)

TL f
s WsL

f
s e[ι]

s,k

+

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q=k+1−l

k−1∑
q′=q

(e[ι]
s,q′)

TL f
s WsL

f
s e[ι]

s,q′

−

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q=k−l

k−1∑
q′=q

(e[ι]
s,q′)

TL f
s WsL

f
s e[ι]

s,q′

≤ δ∞

m∑
s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

TL f
s WsL

f
s e[ι]

s,k + δ
2
∞

m∑
s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

TL f
s WsL

f
s e[ι]

s,k

−

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q′=k−l

(e[ι]
s,q′)

TL f
s WsL

f
s e[ι]

s,q′

= δ∞(δ∞ + 1)
m∑

s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

TL f
s WsL

f
s e[ι]

s,k − V3,k, (3.23)

AIMS Mathematics Volume 11, Issue 9, 29529–29559.



29544

and likewise,

E(∆V6,k) ≤ δ∞(δ∞ + 1)
m
h

m∑
s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

T Yse[ι]
s,k − V4,k, (3.24)

E(V5,k) ≤
m∑

s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q=k−l

k−1∑
q′=k−l

(e[ι]
s,q′)

TL f
s WsL

f
s e[ι]

s,q′

≤ δ∞

m∑
s=1

ℵ−1∑
ι=1

δ∞∑
l=1

k−1∑
q=k−l

(e[ι]
s,q)TL f

s WsL
f

s e[ι]
s,q = δ∞V3,k, (3.25)

and E(V6,k) ≤ δ∞V4,k, k ∈ Z0.

3.3. Design of intermittent boundary control

By (3.18) and (2.7), §1,k = 0 for k ∈ [nθ + β, nθ + θ)Z, and when k ∈ [nθ, nθ + β)Z, we have

§1,k =
2
ℏ
E

m∑
s=1

ℵ−1∑
ι=1

d2
s γ̃sb̃s(e[ℵ]

s,k )T Psαse[ι]
s,k,

which implies that by letting e⃗[ι]
s,k = e[ℵ]

s,k − e[ι]
s,k,

§1,k =
2
ℏ
E

m∑
s=1

ℵ−1∑
ι=1

d2
s γ̃sb̃s

[
(⃗e[ι]

s,k)
T Psαse[ι]

s,k + (e[ι]
s,k)

T Psαse[ι]
s,k

]
. (3.26)

Furthermore, in accordance with [7, Eq (22)], it holds that

E
m∑

s=1

ℵ−1∑
ι=1

(⃗e[ι]
s,k)

TΛse⃗[ι]
s,k ≤

ℵℏ2

4 sin2 π
2ℵ

E
m∑

s=1

ℵ−1∑
ι=1

(∆ιe[ι]
s,k)

TΛs∆ιe[ι]
s,k, ∀k ∈ Z0. (3.27)

3.4. Mean-square exponential cluster synchronization

For (ι, k) ∈ [0,ℵ]Z × Z0 and s = 1, 2, . . . ,m, introduce the augmented vector

υ[ι]
s,k =
(
e[ι]

s,k,∆e[ι]
s,k,∆ιe

[ι]
s,k, e⃗

[ι]
s,k

)
.

Suppose that Condition (CI)3 is satisfied and that 0 < ς < 1/(1 + δ∞). Combining (3.18) with the
inequalities derived in Subsection 3.2 and Subsection 3.3, one obtains

E(∆Vk) + ςE(Vk) ≤ E
m∑

s=1

ℵ−1∑
ι=1

υ[ι]
s,k


k11

s k12
s 0 k14

s

∗ k22
s 0 0

∗ ∗ k33
s 0

∗ ∗ ∗ k44
s

︸                       ︷︷                       ︸
ks

(υ[ι]
s,k)

T − (1 − ς − δ∞ς)E(V3,k + V4,k)
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≤ E
m∑

s=1

ℵ−1∑
ι=1

υ[ι]
s,kks(υ

[ι]
s,k)

T , when k ∈ [nθ, nθ + β)Z, ∀n ∈ Z0, (3.28)

where

k11
s = (1 + ε)d2

s b̃2
s Ps + δ∞(δ∞ + 2)L f

s WsL
f

s +
mδ∞(δ∞ + 2)

h
Ys −

2
ℏ
αsd

2
s γ̃sb̃sPs + ςλPPs,

k22
s = ((1 + 2ε)a2

s + 2as + 2ξ + λP + ς)Ps,

k33
s = d2

s [(1 + ε + ε−1 + ξ−1)ℵ∗γ̃2
s + 2γ̃sb̃s]Ps +

ℵℏ2

4 sin2 π
2ℵ

Λs,

k44
s = −Λs, k

12
s = −2(1 + as)dsb̃sPs + 2λPPs, k

14
s = −

1
ℏ
αsd

2
s γ̃sb̃sPs.

If k ∈ [nθ + β, nθ + θ)Z with n ∈ Z0, analogous to (3.28), one obtains

E(∆Vk) + ςE(Vk) ≤ E
m∑

s=1

ℵ−1∑
ι=1

υ[ι]
s,kk̃s(υ

[ι]
s,k)

T , (3.29)

where k̃s is equal to ks with αs = Λs = 0, s = 1, 2, . . . ,m.

Theorem 3.1. Suppose that 0 < ς < 1/(1 + δ∞) and that Conditions (CI)1, (CI)2, and (CI)3 are
satisfied. In addition, assume that the following statements hold:

(CI)4 There exist positive constants λP > 0, µ ≥ 0, αs ≥ 0, a symmetric matrix Ps > 0, and diagonal
matrices Ws,Ys ≥ 0 such that

ks :=


k11

s k12
s 0 k14

s

∗ k22
s 0 0

∗ ∗ k33
s 0

∗ ∗ ∗ k44
s

 ≤ 0,

and

k̃′s :=


k̃11

s k12
s 0 0

∗ k22
s 0 0

∗ ∗ 0 0
∗ ∗ ∗ 0

 ≤ µ diag(Ps, λPPs, 0, 0),

where

k̃11
s = (1 + ε)d2

s b̃2
s Ps + δ∞(δ∞ + 2)L f

s WsL
f

s +
mδ∞(δ∞ + 2)

h
Ys + ςλPPs, s = 1, 2, . . . ,m.

(CI)5 µ∗ := max
{
(1 − ς + µ)θ−β(1 − ς)β, (1 − ς)β

}
< 1.

Then, under the intermittent BC law (2.7), System (2.1) achieves m-cluster exponential
synchronization in the mean-square sense.
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Proof. For k ∈ (nθ, nθ + β]Z, ∀n ∈ Z0, via (3.28),

E(Vk+1) ≤ (1 − ς)E(Vk)→ E(Vk) ≤ (1 − ς)k−nθE(Vnθ) ≤ E(Vnθ).

From (3.29) and (CI)4, we get

E(∆Vk) + ςE(Vk) ≤ E
m∑

s=1

ℵ−1∑
ι=1

υ[ι]
s,kk̃
′
s(υ

[ι]
s,k)

T ≤ µE(Vk)→ E(Vk+1) ≤ (1 − ς + µ)E(Vk),

which implies

E(Vk) ≤ (1 − ς + µ)k−nθ−βE(Vnθ+β) ≤ (1 − ς + µ)k−nθ−β(1 − ς)βE(Vnθ) ≤ µ∗E(Vnθ),

if k ∈ (nθ + β, nθ + θ]Z with n ∈ Z0. It then becomes apparent that

E(Vnθ) ≤ µ∗E(Vnθ−θ) ≤ · · · ≤ µn
∗E(V0)→ 0, as n→ ∞.

Additionally, E(Vk) ≤ E(Vnθ) ≤ µn
∗E(V0) = µ

k
θ−1
∗ µ

1
θ (nθ+θ−k)
∗ E(V0) ≤ µ−1

∗ E(V0)µ
k
θ
∗ , where k ∈ (nθ, nθ +

θ]Z, n ∈ Z0. Hence,

λPλ
e
PE

m∑
s=1

ℵ−1∑
ι=1

(e[ι]
s,k)

T e[ι]
s,k ≤ E(Vk) ≤ µ−1

∗ E(V0)µ
k
θ
∗ → E

m∑
s=1

ℵ−1∑
ι=1

∥e[ι]
s,k∥

2 ≤
E(V0)
µ∗λPλ

e
P

µ
k
θ
∗ , ∀k ∈ Z0,

where λe
P is the minimum eigenvalue of Ps for all s = 1, 2, . . . ,m. This completes the proof. □

Remark 3.1. The scalars ϵ > 0, ξ > 0, and µ ≥ 0 are free tuning parameters rather than
physical parameters of the network. The parameters ϵ and ξ originate from the estimates of cross
terms. Because ϵ, ϵ−1, ξ, and ξ−1 appear simultaneously in the resulting matrix inequalities, neither
excessively small nor excessively large values are generally favorable. In practice, ϵ and ξ can be
determined by a coarse-to-fine search over positive values.

For each fixed pair (ϵ, ξ), the admissible range of µ can first be determined from Condition (CI)5.
In particular, for β < θ, (1 − ς + µ)θ−β(1 − ς)β < 1 is equivalent to 0 ≤ µ < (1 − ς)−

β
θ−β − (1 − ς).

The remaining matrix inequalities can then be tested for feasibility for each candidate value of µ.
Notice that a larger µ relaxes the matrix inequality corresponding to the control-off interval, whereas
it increases the contraction factor µ∗ and hence weakens the predicted convergence rate. Therefore,
a convenient practical strategy is to select the smallest µ that renders the matrix inequalities feasible.
Among the feasible combinations of (ϵ, ξ, µ), the one with a larger feasibility margin or a smaller µ∗

may be preferred.

Corollary 3.1 (Continuous BC case). Assume that the conditions (CI)2, (CI)3, and (CI)4 in
Theorem 3.1 hold, and let 0 < ς < 1/(1 + δ∞). Further, assume that the intermittent control width
satisfies β = θ; that is, the BC is active throughout each control period. If the corresponding parameter
µ∗ in (CI)5 (with β = θ) satisfies µ∗ < 1, then SINN (2.1) achieves mean-square exponential m-cluster
synchronization under the continuous BC law.

Proof. The result follows directly from Theorem 3.1 by setting β = θ, which eliminates the control-off
interval in the intermittent BC scheme. □
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Corollary 3.2 (Zero-growth condition during control-off interval). Assume that the conditions (CI)2,
(CI)3, and (CI)4 in Theorem 3.1 hold, and let 0 < ς < 1/(1 + δ∞). If the parameter µ∗ in (CI)5 (with
µ = 0) satisfies µ∗ < 1, then SINN (2.1) achieves mean-square exponential m-cluster synchronization
under the intermittent BC law (2.7).

Proof. The conclusion is obtained from Theorem 3.1 by choosing µ = 0, which enforces non-
expansiveness of the Lyapunov functional during the control-off interval. □

Remark 3.2. Although [8] and [9] primarily addressed existence, boundedness, exponential stability,
and random periodicity, and [7] studied heterogeneous antisynchronization, these works remain
essentially within single-objective stability or pairwise synchronization paradigms. The present paper
advances the theme to mean-square exponential cluster synchronization under stochastic disturbances,
spatial diffusion, and time delays. Theorem 3.1 establishes not only convergence of synchronization
errors but also an explicit exponential decay rate in the mean-square sense. This represents a
conceptual shift from stability analysis of isolated networks to the coordinated organization of clustered
stochastic diffusion systems.

Remark 3.3. In the existing literature, [8] adopts guaranteed cost control, [7] designs boundary
feedback with adaptive corrective laws, and [9] does not involve synchronization control. Overall, most
control strategies are continuous or internally applied. The present work proposes an intermittent BC
strategy within a clustered structure, where control acts only on boundary nodes during prescribed time
intervals and is switched off otherwise. Despite this reduced control duty cycle, Theorem 3.1 shows that
mean-square exponential synchronization is still guaranteed via LMI-type conditions. The integration
of clustering, boundary-based actuation, and temporal intermittency constitutes a comprehensive
enhancement of control design for SINNs.

4. Numerical example

In this section, a numerical example is provided to verify the effectiveness of the proposed
intermittent boundary synchronization scheme for clustered differencing SINNs. A multinode
network with a prescribed cluster structure is constructed, where all parameters satisfy the theoretical
assumptions. With properly chosen control gains and duty cycle parameters, the synchronization
criteria are validated numerically. Simulation results show that, despite inertia, diffusion, stochastic
disturbances, and delays, the synchronization errors converge to zero in the mean-square exponential
sense, confirming the correctness and feasibility of the proposed method. The verification framework
adopted in this section is illustrated in Figure 1.
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Figure 1. Verification framework of the numerical example.

Consider the two-cluster drive INN:

∆2z[ι]
i,k = 2(e−

1
2 aih − 1)∆z[ι]

i,k +

[2 − 2e−
1
2 aih

ai

]2[
γi∆

2
ι z

[ι−1]
i,k − biz

[ι]
i,k

+

n∑
j=1

c f j(z
[ι]
j,k) +

1
√

h

n∑
j=1

ξσ j(z
[ι]
j,k−2)ε j,k + Ii

]
, ∀ι ∈ (0, 5)Z, (4.1)

where i = 1, 2, 3, f1(s) = f2(s) = sin(s), f3(s) = cos(s), σ1(s) = σ2(s) = cos(s), σ3(s) = sin(s),
a1 = a2 = 30, a3 = 35, h = 0.01, ℏ = 0.05, γ1 = γ2 = −0.001, γ3 = −0.002, b1 = b2 = 10, b3 =

10.5, c = 0.001, ξ = 0.002, I1 = I2 = 20, I3 = −10. The two clusters are assigned the boundary control
gains α1 = −5 and α2 = −4, respectively; equivalently, the neuronwise gains used in the simulation are
−5 for i = 1, 2 and −4 for i = 3. The initial and boundary values are depicted as

z[ι]
i,τ = 1, ∀τ ∈ [−2, 1]Z, ι ∈ (0, 5)Z; z[0]

i,k = 0 = ∆ιz
[4]
i,k , ∀k ∈ Z0, i = 1, 2, 3.

As noted in Section 2, the response two-cluster INN is governed by
∆2w[ι]

i,k = 2(e−
1
2 aih − 1)∆w[ι]

i,k +

[2 − 2e−
1
2 aih

ai

]2[
γi∆

2
ιw

[ι−1]
i,k − biw

[ι]
i,k

+

n∑
j=1

c f j(w
[ι]
j,k) +

1
√

h

n∑
j=1

ξσ j(w
[ι]
j,k−2)ε j,k + Ii

]
, ∀ι ∈ (0, 5)Z,

w[ι]
i,τ = −1, ∀τ ∈ [−2, 1]Z, ι ∈ (0, 5)Z; w[0]

i,k = 0, ∆ιw
[4]
i,k = ρi,k,

(4.2)

where k ∈ Z0, i = 1, 2, 3; ρi denotes the intermittent control input:

ρi,k =

 αi

ℵ−1∑
ι=1

(w[ι]
i,k − z[ι]

i,k), if k ∈ [6n, 6n + 2)Z;

0, if k ∈ [6n + 2, 6n + 6)Z, n ∈ Z0,
(4.3)

where i = 1, 2, 3.
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Clearly, δ∞ = 2, m = 2, θ = 6, and β = 2. Taking µ = ς = ξ = ϵ = 0.1, λP = 10−4, Ps = diag(1, 2),
Λs = 10−9, Ws = 10−5, and Ys = 10−9, s = 1, 2, the matrix inequalities in (CI)3 and (CI)4 are
numerically verified to be feasible. Moreover,

µ∗ = max
{
(1 − ς + µ)θ−β(1 − ς)β, (1 − ς)β

}
= max

{
(1 − 0.1 + 0.1)4(1 − 0.1)2, (1 − 0.1)2

}
= 0.81 < 1,

and hence, Condition (CI)5 is also satisfied. Conditions (CI)1 and (CI)2 follow directly from the
cluster parameters and the Lipschitz properties of the selected activation functions. Therefore, all the
conditions of Theorem 3.1 are fulfilled, and Systems (4.1) and (4.2) achieve mean-square exponential
cluster synchronization under the intermittent boundary control law (4.3).

Figures 2–7 provide a spatially resolved verification of cluster synchronization under intermittent
boundary control by presenting the time evolutions at three distinct spatial nodes ι = 1, 3, 5. Figures
2–4 display the state trajectories of the drive system z[ι]

i,k and the response system w[ι]
i,k at ι = 1, 3, 5,

respectively, for i = 1, 2, 3. At ι = 1 (Figure 2) and ι = 3 (Figure 3), the response trajectories
initially deviate significantly from the drive trajectories due to different initial conditions, but they
gradually approach and eventually overlap with them as k increases, indicating successful tracking
under boundary control. At ι = 5 (Figure 4), which is closer to the controlled boundary, noticeable
high-frequency oscillations appear in the early stage of the response states due to stochastic disturbance
and boundary actuation; however, these oscillations are progressively attenuated, and the trajectories
ultimately coincide with the drive states. This spatial comparison reveals that synchronization
propagates from the controlled boundary into the interior domain.

Figure 2. The state trajectories: w[1]
i,k , z

[1]
i,k , i = 1, 2, 3.
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Figure 3. The state trajectories: w[3]
i,k , z

[3]
i,k , i = 1, 2, 3.

Figure 4. The state trajectories: w[5]
i,k , z

[5]
i,k , i = 1, 2, 3.

Figures 5–7 further quantify synchronization by plotting the errors w[ι]
i,k − z[ι]

i,k at the same spatial
nodes. At ι = 1 (Figure 5) and ι = 3 (Figure 6), the errors exhibit a smooth, monotonic decay toward
zero, reflecting exponential convergence in mean-square sense. At ι = 5 (Figure 7), the error shows
pronounced oscillatory fluctuations at early times due to the direct influence of boundary control and
stochastic excitation, yet its amplitude decays exponentially and eventually vanishes. Collectively,
these figures imply that intermittent boundary control is capable of overcoming inertia, diffusion, and
stochastic perturbations, and that synchronization is not instantaneous but propagates spatially with
transient oscillations near the boundary before achieving global exponential convergence.
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Figure 5. The error trajectories: w[1]
i,k − z[1]

i,k , i = 1, 2, 3.

Figure 6. The error trajectories: w[3]
i,k − z[3]

i,k , i = 1, 2, 3.

Figure 7. The error trajectories: w[5]
i,k − z[5]

i,k , i = 1, 2, 3.

Figures 8–11 examine the robustness of the proposed synchronization scheme under five
independent standard normal random initial values for each case. Here, neuron i = 1 belongs to
the first cluster, whereas neuron i = 3 belongs to the second cluster. At the interior node ι = 3 (Figures
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8 and 10), both the first-cluster state z[3]
1,k and the second-cluster state z[3]

3,k (solid lines) together with
their corresponding response states w[3]

1,k and w[3]
3,k (dotted lines) initially display significant dispersion

due to different Gaussian initializations, but all trajectories gradually converge, and the response states
asymptotically coincide with the drive states. At the boundary-adjacent node ι = 5 (Figures 9 and 11),
stronger transient oscillations and larger variability are observed in the early stage, especially because
this location is directly influenced by boundary control and stochastic perturbations; nevertheless, both
clusters still achieve convergence and trajectory matching as time evolves. These results indicate
that synchronization holds for different clusters and spatial locations simultaneously, and that the
intermittent boundary control guarantees spatially consistent and clusterwise robust synchronization
despite heterogeneous neuron dynamics and multiple independent random initial conditions.

Figure 8. Synchronized robustness under random initial values. Full line: z[3]
1 ; Dotted line:

w[3]
1 .

Figure 9. Synchronized robustness under random initial values. Full line: z[5]
1 ; Dotted line:

w[5]
1 .

AIMS Mathematics Volume 11, Issue 9, 29529–29559.



29553

Figure 10. Synchronized robustness under random initial values. Full line: z[3]
3 ; Dotted line:

w[3]
3 .

Figure 11. Synchronized robustness under random initial values. Full line: z[5]
3 ; Dotted line:

w[5]
3 .

Figures 12–14 present three-dimensional spatiotemporal surfaces of the drive states z[ι]
i,k, the response

states w[ι]
i,k, and their synchronization errors w[ι]

i,k − z[ι]
i,k for i = 1, 2, 3, where the initial values of the

drive and response systems are set to 1 and −1, respectively. For each neuron, the left subfigure
illustrates the evolution of z[ι]

i,k and w[ι]
i,k over both time k and spatial index ι, showing that although the

two systems start from opposite initial states, their surfaces gradually approach and eventually overlap
across the entire spatial domain. The right subfigure displays the corresponding error surface, which
initially has large magnitude due to the contrasting initial values but decays smoothly toward zero as k
increases. The distinction among Figures 12–14 lies in the neuron index: i = 1 and i = 2 (first cluster)
exhibit convergence toward a common positive steady profile, whereas i = 3 (second cluster) converges
toward a different equilibrium level, reflecting the cluster synchronization structure. Their intrinsic
connection is that, for all neurons and all spatial nodes, the error surfaces uniformly collapse to zero,
demonstrating global spatiotemporal synchronization despite strongly mismatched initial conditions.
These figures imply that the proposed intermittent boundary control not only guarantees exponential
error attenuation but also enforces clusterwise coherent behavior throughout the entire spatial domain,
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confirming robustness against large initial deviations.

Figure 12. Spatiotemporal surfaces of the drive-response states z[ι]
1,k,w

[ι]
1,k.

Figure 13. Spatiotemporal surfaces of the drive-response states z[ι]
2,k,w

[ι]
2,k.

Figure 14. Spatiotemporal surfaces of the drive-response states z[ι]
3,k,w

[ι]
3,k.

5. Conclusions

This paper has addressed the mean-square exponential cluster synchronization problem for a class of
clustered discrete space–time stochastic inertial neural networks with diffusion effects and time-varying
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delays. By incorporating inertial dynamics, spatially discrete diffusion, stochastic perturbations, and
dual delay channels into a unified drive–response framework, a control-oriented model has been
established for describing cooperative dynamics in stochastic distributed parameter networks.

An energy-efficient intermittent boundary control strategy has been developed to realize cluster
synchronization. The proposed controller acts only on boundary nodes and is activated only
during prescribed control intervals, which reduces the control activation time compared with
continuous boundary actuation. By constructing a six-component discrete Lyapunov–Krasovskii
functional and estimating its forward difference over both control-active and control-inactive intervals,
sufficient matrix-inequality conditions have been derived to guarantee mean-square exponential cluster
synchronization. The obtained criteria explicitly characterize the effects of control gains, duty-
cycle parameters, inertial coefficients, diffusion intensities, delay bounds, and stochastic perturbation
strengths on the synchronization performance.

A numerical example has been presented to verify the feasibility and effectiveness of the proposed
theoretical results. The simulation results show that the designed intermittent boundary controller
can ensure the exponential decay of synchronization errors in the mean-square sense, confirming its
potential for energy-efficient coordinated control of discrete stochastic diffusion networks.

Future research may focus on extending the proposed framework to more general network
topologies, adaptive or event-triggered boundary control schemes, and discrete fractional-order or
complex-valued neural network models.
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