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Abstract: Let .o/ be a unital x-algebra over the complex field that possesses a nontrivial projection &
satisfying the faithfulness property 2 .o/ & = 0 = 2 = 0 (and the analogous condition for / — ).
Suppose a family {A,} ) of (not necessarily additive) maps A, : &/ — &/ where Ay = id,, satisfies the
mixed bi-skew Jordan—Lie higher derivation relation

AL oW, Z1) = [M(Z) 0 W, XN + (X ¢ AD), Z) +[Z o ¥, A(Z)],
L A2 e M), D)),

r+s+t=n
0<r,s,t<n—1

forall 2°,%,% € </, and each n > 1. We prove that all maps A, are additive and preserve the
involution. Consequently, the family {A,}* , forms an additive *-higher derivation with respect to the
ternary product [ - e -, -],. Direct consequences for prime x-algebras, factor von Neumann algebras,

and standard operator algebras are presented, and an example is provided to illustrate the theory.

Keywords: bi-skew Jordan triple product; bi-skew Lie triple product; higher derivation; x-derivation;
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1. Introduction

Understanding when a non-additive mapping automatically becomes additive is a prominent theme
in the theory of functional identities. In the context of associative algebras, much effort has been
devoted to maps that preserve Jordan or Lie structures built from the ordinary product. Over the past
two decades, the focus has shifted to non-standard products obtained by inserting an involution. Skew
and bi-skew Jordan and Lie products have proved to be a highly productive framework for distinctive
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algebraic features. In particular, bi-skew derivations on these structures were investigated in [1-3],
while maps preserving specific triple symmetric products were explored in [4—6]. More recently,
substantial progress has been made in characterizing mixed and higher order derivations [7-9] as well
as general multiplicative structures on von Neumann algebras [10-12].

For an associative x-algebra .7 over C, we shall work with the bi-skew Jordan product 2" e % =
2 + W X and the bi-skew Lie product [Z, %, = ZX%* - X Z*. Amap ® : &/ — &
(without any additivity assumption) is called a bi-skew Jordan triple derivation if

D(ZL 0X)e X)=D(ZX)oXW ¢ Z + X e D(W)oe XL+ X 0% e D(Y),
and a bi-skew Lie triple derivation if
O([Z, Y s, ZT0) = [[D(Z), X 1s, Z 15 + (L2, Q)]s Z s + (L2, D ], D(2)]s.

Investigating such mappings has led to striking additivity results: Many nonlinear maps of this kind
turn out to be *-derivations (see [12—14]).

More recently, mixed products that intertwine the bi-skew Jordan and bi-skew Lie products have
attracted attention and were explored in [15-18]. The higher analog {A,},>0 satisfying an n-term
functional equation on the mixed product arise naturally. In the present work, we study one such
family. Precisely, we consider a sequence A, : &/ — o/ (with Ay = id,,) that fulfills the following
relation for every 2, %, 2 € o/ and every integer n > 1:

An([f%- L4 g, g]*) = [An(%) L @’ Qp]* + [3{ L4 An(@)a g]* + [% L4 g, An(g)]*
L A2 e A, A2, (1.1)

r+s+t=n
0<r,s,t<n—1
The case n = 1 (where the tail sum is empty) was treated in [15], where it was shown that a map
satisfying the corresponding ternary mixed identity is an additive x-derivation. Our purpose is to
establish the analogous statement for every n. The main result reads as follows.

Theorem 1.1. Let </ be a unital x-algebra with identity 1. Assume that </ contains a nontrivial
projection &2 such that

AP =0 = Z =0, XAA-P)=0 = Z =0. (1.2)

If a family {A,};? ) of (not necessarily additive) maps A, : &/ — &/ with Ay = id,, satisfies (1.1) for
all ', %, % € o/, and every n > 1, then every A, is additive and satisfies A,(Z™*) = A,(Z")* for all
2" € /. Hence, {A, ) is an additive *-higher derivation with respect to the ternary product [ -e-,-],.

The proof is organized by induction on n; the base step n = 1 is furnished by [15, Theorem 2.1].
After fixing some notation in Section 2, we carry out the induction in Section 3. The method relies
on a Peirce decomposition with respect to the projection &7 and on a detailed analysis of how the
family acts on Hermitian and skew-Hermitian elements. An example and direct applications are given
in Section 4.
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2. Preliminaries and notation

Throughout this paper, 2/ denotes an associative unital x-algebra over C with the identity /. The
involution on .27 is denoted by *, and its Hermitian and skew-Hermitian parts are defined by

Ay =X ed X+ =22), Ay =L ed : X =-T).

We fix a nontrivial projection &2 € &/ and set £ = [ — &. Condition (1.2) is assumed throughout; it
is a primeness-type requirement that forces various operators determined by the Peirce components to
vanish. The Peirce decomposition of .7 relative to & is given by

2
of = EB%., A= Pod Py (P = P, Py =)

ij=1
For the skew-Hermitian part, we also define
As1g = P A2+ 24,7, i = Pt Py (i =1,2).

Every . € 4/ can be uniquely expanded as . = .7} + S5 + 2 With %), € o7, 1, and .F; € o ;.

We consider a family A = {A,}>  of maps A, : &/ — &/ with Ay = id,,. For the remainder of the
paper, we assume that A satisfies Identity (1.1) for all 27, %", 2 € &/ and eachn > 1. A family {A,},
of additive maps on .7 is called an additive x-higher derivation if A, = id,, and, for every n > 1, we
have

AN(ZY) = Z A ()N (Y), ALY = A2 forall 2, % € &/.
k=0

3. Proof of Theorem 1.1

We establish Theorem 1.1 by induction on n. The base case n = 1 is provided by [15, Theorem 2.1],
which ensures that A, is an additive x-derivation; in particular, A, is additive, preserves the involution,
is complex linear, and satisfies the higher derivation rule A{(Z %) = A\(Z)Y + X A(¥) (the case
n = 1 in the definition above). For the inductive step, we fix an integer n > 2 and assume that for all
1 < k < n, the maps A, are additive and satisfy Ay (Z™*) = A(Z)*, A(iZ) = iA(Z), and the higher
derivation rule .

AL D)= Y MIWNA),  forall 2% e .
i=0
We summarize the immediate consequences of this induction hypothesis in the following lemma.

Lemma 3.1. Under the induction hypothesis above, for every 1 < k < n, we have
A0) =0, A =0, AGD =0, A(Z™)=A(Z)", AMGZ) = iA(Z).

Proof. The properties Ay(Z™*) = A(Z)* and A (iZ) = iAN(Z) are part of the hypothesis, and
additivity gives A;(0) = 0. To see Ax(I) = 0, apply the higher derivation rule with " = % = I:

k k-1
Al = AT -1 = D MDA = 286(D) + > ADA(D).
i=0 i=1
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For k = 1, the sum is empty and we already know A,(/) = O (base case). For k > 1, we may assume
inductively that A;(I) = O for all 1 < i < k. Hence, the sum vanishes and we obtain A (1) = 2A.(I), so
Ar(1) = 0. Finally, A, (i) = iA() = 0. O

We assume this induction hypothesis throughout the remainder of this section and will use the facts
from Lemma 3.1 without explicit reference. To prove the main result for A,, we divide the argument
into a sequence of lemmas, beginning with the behavior of the map at zero.

Lemma 3.2. A,(0) =0.

Proof. Put ' =% = 2 =0in (1.1). Because A,(0) = O for all kK < n (by Lemma 3.1), the sum over
r, s, t vanishes and the first three terms are also zero. Hence, we have

A0) = A,(10#0,0],)
[A1(0) 0,01, + [0 @ A,(0), 0] + [0 ® 0, A,(0)],
+ > [AA0) € A(0), AO)],

r+s+t=n
0<r,s,t<n—1

= 0.

Thus, A,(0) = 0 for each n € N. O
Lemma 3.3. For every . € <, we have A,(.)* = —=A,(.L).
Proof. Any . € o satisfies . = [—% o7, %]* Applying A, and using (1.1) gives
A(S) = [A(=5) @ L 2], +[-5 0 A, 2], +[-5 o 7, Au(D)],
Y AED e AA), A, (3.1)
r+s+t=n

0<r,s,t<n—1

Inthesum, r+ s+t=nwithO<r,s,t<n-—1. Ifr > 1, then Ar(—%) = 0 by Lemma 3.1; similarly,
if > 1, then A,(%) = 0. Because s < n — 1, the constraint r + s + ¢ = n forces at least one of r,7 to
be > 1 (otherwise, r = t = 0 would imply s = n). Hence, every term in the sum contains a factor that
vanishes, and the whole sum is zero.

Expanding the three remaining brackets using ."* = —.% yields

A(S) = i(A(=5) = AT + i (Au(5)* = Au(=5)") + 5(Au(L) = A(S)).
Rearranging, we have
5(A(L) + ALY = i(A(=5) = Mu(5)S + P (An(5)* = Au(=5)). (3.2)

The left-hand side is Hermitian. Taking the adjoint of the right-hand side and using .* = —.%

shows that it is skew-Hermitian. Consequently, both sides vanish, giving A,(.) + A,()* = 0, i.e.
A (L) = =Au(S). O

Lemma 3.4. For any 21, € 911, %12 € 912, and %5, € 955r, we have
A2+ Zha) = A(Z201) + Au(Ph2),
APy + Z90) = A(Ph2) + D(Z2).

AIMS Mathematics Volume 11, Issue 9, 29470-29487.



29474

Proof. We prove the first equality; the second is analogous. In view of Lemma 3.1, for k < n, we have
A(Z11 + P2) = A( 1) + A(Pho).

Set .7 = A (211 + Pn) — Mu(Z711) — A(#42). By Lemma 3.3, for every . € o, we have ./* = —..
Since

[P o (211 + P12), 2], = [P @ 211, 2], + [P @ Dy, 2],
Applying A, to both sides, expand each term via (1.1), we see that

AP o (20 + %), 21) = AP 0 211,210 + A, ([P & Do, 2),)
= [A (D)0 201, 20, + [P 0 A(211), 2,
P 0 211, 0, (D)),
D AP e A1), A (D),

r+s+t=n
0<r,s,t<n-1

HA(P) @ Wi, 2)s + [P 0 A (F), 2)s + [P 0 Din, A, (D)
D AP e A () A (D),

r+s+t=n
0<r,s,t<n—1

= [A (D) 0 (21 + D), 20 + [P o (A (210) + Ay (P), 21,
+[P2 o (211 + X12) , A (D))
D AP e A Z + D), A (D)),

r+s+t=n
0<r,s,t<n—1

On the other hand,

A ([P o(Z11+P12),2]) = [A(DP)e (211 +%12), L] + [P e A (211 + Ph2), 2
+H P o (211 + %), Ay (D)
D AP e A Zn + P) A (D)),

r+s+t=n
0<r,s,t<n—1

A direct comparison of the last two resulting expressions gives [Z o .7, 2], = 0, which gives .|, =
Y1 = 0. Next, using the same technique with the products [ & e %/,, &],, we see that

(A0 (D) 0 (L + Ph), P + [P 0 AL + i), P + [P 0 (L1 + i), A (P
+ D IA(P) 0 A2+ Ph), A (D)),

r+s+t=n

=N, ([P o (Z11 + %12), D)

= A ([P 201, P1) + D (P @ Dy, P),)

= [A (D) 0 231, PN + [P 0 A (201), Plu + [P @ i1, Ay (D)),
+ U IA(P) 0 A(Z1), A (D)),

r+s+t=n
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+[A (D) @ Do, P + [P 0 Ay (D), P + [P 0 Dio, A (D))
+ O IA(P) 0 A (Zh), A (D)),

r+s+it=n

= (A (D) 0 (L1 + D), P + [P 0 (A (Z0) + Ay (Zha)), P
+ [P o (Z11 + Z2) , Ay (P)]s
+ D IA(P) e AL + i), A (D)),

r+s+t=n

The last expression gives [P ., #?], = 0, which yields .#; = 0. In a similar manner, using the same
technique with the product [2 e %,, 2], shows that .%5, = 0. Hence, . = 0, i.e., A, (211 + #») =

An (%1) + An (@12) .

O

Lemma 3.5. For any 2\ € %511, %2 € Y510, 220 € 00,

A2 + Do + Z0) = A(Z211) + Bn(Ph2) + Au(Z2).

Proof. In view of Lemma 3.1, for k < n, we have

A (201 + Do + Z90) = M (200) + Ak (P12) + A (222) .

Set " = A(Z11 + D+ Z20) — Ai(Z11) — A(Ph2) — Au(Z22). Using the fact that [&? e 25, 2], = 0,
and Lemma 3.4 one expands A,([Z o (211 + %2 + Z25), Z],) in two ways

A ([P o (2 + %+ 22), 2]4)

AIMS Mathematics

= AP o (211 + ), 21) + A, ([P @ 2, 2]5)

[A (D) o (211 + Ph2), 2] + [P 0 A (211 + Ph2), D)
+HP o (211 + P12) , A (D)
D AP e AL + D), A (D),

r+s+t=n
0<r,s,t<n—1

Ay (P) 0 2, D), + [P 0 A (Z), 24
HP o L My (D)) + D [A(P) 0 A (Z2), A (D)),

r+s+t=n
0<r,s,t<n—1

(A0 () @ (211 + D), 2)s + [P 0 A (210) + Ay (Zho), 2,
P 0 (X1 + i), A (D)),
£ AP e AL + P, A (D),

r+s+t=n
0<r,s,t<n-1

HA (D) 0 2y, D), + [P 0 A (Z), 2,
HP o L My ( D))+ D [A(P) 0 A (Z2), A (D)),

r+s+t=n
0<r,s,t<n—1

[A, (D) o (211 + P+ Z252) . P
+[Z o (A, (Z11) + A (%10) + A, (£22)), 2]
+[P o (211 + Dhn + Z0) , A (D))

Volume 11, Issue 9, 29470-29487.
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O AP e AL + Ty + Z) A(D)],

r+s+t=n
0<r,s,t<n-1

and

A([ZP o (21 + P+ 29),2]) = [A(D) e (211 + P+ Z2), 2.
+HP o A (211 + D2 + 222), 2]
+P o (21 + P+ Z22), A (D)
D AP e AL + T+ %), A (D],

r+s+t=n
0<r,s,t<n—1

which gives, after a straightforward calculation, [ ¢ ., 2], = 0, whence .¥; = .%3; = 0. A similar
technique with the product [(2 — &) e Z,,il], yields .} = %5, =0,s0.% = 0. O

Lemma 3.6. For any 215, %, € 912,
A(Zo + Phn) = M(Z02) + A(P2).

Proof. Write 27, and %/, in their Peirce components as 21, = AL+ QAP , %, = B2+ 2BY
with A, B € <7, and put Z = % We divide the proof into two steps. We first prove that

A (—F) = -A, () forevery . € o ,. (3.3)

Let . € /5. A direct computation gives [iZ o ./, Z], = —. Applying (1.1) to the bracket
[(Z .7, 7Z],, we obtain

A=) = [A(IP)e L Z), +[IiP e A(S),Z] + [iP 0., N(2)],
+ D AGP) 0 M), AD)],.

r+s+t=n
0<r,s,t<n—1

Similarly, since [{ Y o (—.%), Z]x = ., applying (1.1) to [iZ? e (—.), Z]* gives

A(S) = [MGDP) & (=), 2] + 1P 0 M(=F), Z)s + [i P 0 (-7, (D)),
) IAGP) e A=), MDD,

r+s+t=n
0<r,s,t<n—1

Set T = A(S) + Ay(—). By Lemma 3.3, T € 7. Adding the two displayed equations and using
Lemma 3.1, such that Ay(—.¥) = —-A(.) forevery 0 < s < n—1, weobtain T = [i¥ e T,Z],.
For T € «/;, decomposing T = Ty, + Ty, + T, with T;; € &7;;, a direct Peirce computation gives
[iPeT,Z], = (2T +TZ). Hence

T = (2T +TP),

or equivalently
T+2T+TZ =0.

AIMS Mathematics Volume 11, Issue 9, 29470-29487.
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Projecting onto the Peirce components yields 37, + 27, + T5, = 0, and therefore Ty, = T1, = T, = 0.
Thus T = 0, proving (3.3).
We now prove the desired additivity. Set D = i Z1,%1, + i%, Z1,. Since

Z12%, = (PA2 + QAP)(FPB2 + 2BY) = PALBY + 2AXYB2,

and similarly

Win X1, = PBLZ2AY + QBFA2,

we get

D = Zi(A2B+ B2A)Y + Qi(AXB + BXA)2 € o1 + ;.

A direct computation gives the four identities

[l‘@ L lQ,Z]* = 05 [l'gz L %%Z]* = _%2’
(21, 0i2,Z], =-Z12, [Z120%11,Z], =D.

Expanding (i & — Z7,) e (i2 — %},) bilinearly and using equations above, we obtain
(P — Z12) @ (i2 — %2), Z)s = X2+ P12 + D.
Since 21> + %5 € 1, and D € ;1 + 95, Lemma 3.5 yields
A( 212 + Py + D) = A(Z12 + Pho) + Ay(D).

Therefore,

A(Z12 + P12) + Au(D) = A ([P — Z12) @ (12 = Dh2), Z1y). (3.4)
We now expand the right-hand side of (3.4) by (1.1). By Lemmas 3.4, and 3.1, and the earlier case
An(lgz - %2) = An(lgz) - An(%‘u),
An(lQ - %2) = An(lg) - An(@lZ)a
and, forO <r,s <n-1, we have
AP = Z1n) = A(IDP) = A(Z12), A(2 — Xp) = A(i2) — Ay(Ph2).
Substituting these decompositions and using the bilinearity of the products, we obtain

AP — Z1p) 0 (12 - Ph2), Z1,) = Ay(i P @i 2, 7)) — A([iP7 @ P2, Z],)
- An([f%Z L iQ,Z]*) + An([%z L %Z,Z]*)
= =A(=%12) — Au(=Z12) + Ay(D).

Using (3.3), we have
-0 (=%12) = A(Ph2), =A(=Z12) = A(Z712).

Thus,
A([(P — Z12) @ (12 — Ph1), Z]4) = Au(Z12) + Au(Ph2) + Au(D).

AIMS Mathematics Volume 11, Issue 9, 29470-29487.
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Combining this with (3.4), we get
A(Z12 + D12) + Aw(D) = Ay(Z12) + An(#12) + Au(D).
Cancelling the common term A, (D), we conclude that
A Z12 + Ph2) = A(Z12) + Au(Ph2).

This proves the lemma. O
Lemma 3.7. For all 211, % € <1, and Xy, %5y € 951, we have

A(Z11 + 1) = A(Z0) + An(Phh), A( X + H2) = A(Z2) + An(P52).
Proof. We prove the first relation; the second is similar. By Lemma 3.1, for k < n, we have

A (Z + P = M (Z) + A (Ph)

Let & = A, (211 + %11) — Ay (Z11) — A, (Z41) . Applying A, to [2 @ (211 + %11), Z]. and expanding

via (1.1) in two ways, we have

Ay([2e (21 +211), 2]) = A([LZe 211, 210+ A ([2 e 241, P]s)
[A, (2) ¢ 211, P]x + [2 0 A (Z11), P
+H[2 o 211, A, (P)]x
) IA(D) e A2, A (D)),

r+s+t=n
0<r,s,t<n—1

A (D) 0 i1, P +[2 0 A (Hh), P,
+[Q.@11,An(<@)]*
) A (D e A, AP,

r+s+t=n
0<r,s,t<n—1

= [A(2) o (Zi + D), P +[2 0 (A (1) + A (Z4), P,
+Z2 o (211 + Z11), Aw (D]
£ A2 e A2 + i), A (D),

r+s+t=n
0<r,s,t<n—1

and

A ([Ze (2 +21), P]) = [A(QD)e (211 +%01), P +[Z2 oA (Z11 +%11), P
+[2 o (211 + 211, Ay ()]
) A(D e AL+ B, A (D)),

r+s+t=n
0<r,s,t<n—1

Comparing the two relations gives [2 o ., ], = 0, and hence ., = %5 = 0. Next, choose
an arbitrary 2 € </ 1,. Since [9,” o 21, %L , [D@” o, é]* € 15, Lemma 3.6, together with the

expansion of A, ([Qf o (Z11+%), %L) 1.e.

|80 (2) 0 210+ 200, é] + |z ean i, é] SETEART /DN (é)]

AIMS Mathematics Volume 11, Issue 9, 29470-29487.
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1
" Z [A,@)-As(%l+%>,A,(5)L
0<r,s,t<n-1
1
- An([fw%w%),i])

o [zemnd] ool s

|8 @) e @i+ 210 5] +]Ze@ @08 @05

" [f;f. (Zn + @11)’A”(é)]*

vy v @ea@inea <%>’Af(£)]*

r+s+t=n
0<r,s,t<n-1

yields [QP .7, %]* = 0. This forces .}, = %2 = 0, proving the lemma.
O

Remark 3.1. It follows from Lemmas 3.2-3.7 that A, is additive on the complete skew-Hermitian part
.

Lemma 3.8. A, (/) =0.
Proof. Since [I o 1,il], = —4il, we apply A, and expanding via (1.1), we see that
A, (4i) = A, ([Ie1ill,)
= [Ay(D) e L]+ [IeA,(D),illy + [ A, D]k
)0 [A () e A, A GD,

r+s+t=n
0<r,s,t<n—1

= =8iA, () +2A, (iD)* = 2A, (il).
In view of Lemma 3.1, a straightforward calculation gives
A GI) + A,(GD* = 4iA, (D).

On the other hand, applying % to the relation derived from [/ e I,1], = 0 yields A, (I)* = A, ().
Combining these two facts yields A, (I) = 0; the detailed steps can be found in [15, Lemma 2.7]. O

Lemma 3.9. For every Hermitian 7€ € <), A, (F€)* = A, (7).

Proof. If we write . = A, (7€) — A, (), then .¥ € o7, by Lemma 3.3. It can be decomposed as
S = S+ Lo+ S with A, € 9, and .S € ;. Using Lemma 3.1, we shall prove that all
components vanish. In the following, we see that

(P e, D), = PHD-2HP.
Apply A, to the identity above and expanding A, ([ e 57, 2],) with the aid of (1.1)
M(PAL-2P) = [A(P)e A, 2]+ [P o\ (H), 2] + [P 0 A, A (D]

AIMS Mathematics Volume 11, Issue 9, 29470-29487.
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AP e A A (D),

r+s+t=n
0<r,s,t<n-1

Taking the adjoint of the expression above, and adding the two relations gives
P (M (A = 0, () 2 = 2 (A () = A, () P =0,

This gives [ o ., 2], = 0, and consequently, we get .}, = 0. Next, take [&? & 7, 7], =
HP - P and [2 e H, 2], = H 2 — 25. Applying A, on both identities, we obtain

M(HDP = DPAH) = [D(P) 0 H, D)y + [P 0 M(H), P+ 1P 0 H 0y (P,
D AP e A AP,

r+s+t=n
0<r,s,t<n—1

and

A(H L= 2H) = [A(2) 0 H, 2, +[2 00, (H), 2]y +[2 0 H, A, (D)
D A2 e A (), A(D,

r+s+t=n
0<r,s,t<n—1

respectively. Taking the adjoints and adding the corresponding pairs (with the aid of Lemma 3.1) gives
[P e P, =0and [Z e ., 2], =0, which forces .¥|; = 0 and ., = 0. Thusin all .%¥ =0, i.e.,
A, () = N, (). ]

Lemma 3.10. There is a complex number n such that A,(il) = inl. Moreover, for every F€ € <), we
have

A = iN(H) + in .

Proof. The first statement follows from the fact that i/ is central and the faithfulness condition (1.2);
a detailed justification is given in [15, Lemma 2.9]. Using the decomposition i.77 = [I e J7,il], and
expanding the A, of this product with the help of Lemma 3.1 yields the desired formula. |

Lemma 3.11. A, is additive on the Hermitian part <7,

Proof. Take 741, .76 € <7,. Then i, i € of,. By Remark 3.1 and Lemma 3.10,

A (A +176) A7) + An(i6)

iA,(F0) + iA(I5) + in(FE + H6).

On the other hand,
A + 75)) = IM(IG + I6) + in(JO + F6).
Equating the two expressions yields
A(FO + 76) = D (F8) + Ay (H53).

O
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Lemma 3.12. Forevery 2" € </, A,(Z*) = A(Z)*.

Proof. Write 2" = € + i.¥ with 77, % € of,. Using Lemmas 3.1 and 3.11, and the results obtained
so far one confirms that

A([Z o LI, = AP +ix)el1],)
= A (eIl +A,([i% el,1],)
= 0,

while a direct evaluation of the same expression via (1.1) gives
AL o I 11,) = 2(Au(Z) = Ap(2)).
Hence, A,(Z7) = A(Z)*, which is precisely A,(Z %) = A (Z)*. O

Lemma 3.13. A, is additive on the whole algebra <7 .

Proof. Let & = 1 +i76 and % = ) + i, with J, %, € of,. Using additivity on .o7,, Lemmas 3.1,
3.11, and 3.10,

A(Z +Y) =N, (S + ) + (G + )
= A(H1 + ) + IM(IG + ) + in(H + )
= (Au(A) + iM(I5) + i) + (A( ) + iA (D) + i)

=A(Z)+ A(Y).
O
Lemma 3.14. A, (il) = 0.
Proof. From the identity
[il il il ] il
P— . P— P— — ——
227 2 2’
applying A, and using additivity on o7, we see that
) = (2o ] e 2] [ )
2 2/ 22 2 2/ 2 2 2 2 /1%
74 7 il
w2 GGG
r+s+i=n 2 2
0<r,s,t<n—1
By a straightforward calculation and Lemma 3.1, we obtain 3A,, (51) ( d ) hence, A, (” ) =0 and,
therefore, A, (il) = 0. Alternatively, one could derive A,(il) = 0 directly from the identity above
without the intermediate 7. |

Lemma 3.15. Forevery " € o/, A,(iZ") = iA(Z).
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Proof. In view of Lemma 3.1 and 3.14, n = 0 in Lemma 3.10, which implies that A, (i7¢) = iA,(F€)
for all 77 € o,. Writing 2" = J€ + i.# with 7€, % € o, and using additivity we get

AGE) N, — K)
= (A(I) +iA (X))

= lAn(%)’

which is the required property. O

Lemma 3.16. For all Z°,% € <f, the map A, satisfies the higher derivation rule

AL D)= Y AL,

k=0

Proof. We first prove the rule when both arguments are Hermitian, and then extend it to the whole
algebra using additivity and complex linearity.

Write the arbitrary elements, 2" = J4 + i96, % = 2| + i, with I, & € o, If the statement
holds for Hermitian elements, then, by additivity and Lemma 3.15, we obtain

An(%@) = An(%f%/l) + lAn(%f%/Z) + lAn(t%ﬂZt%/l) - An(%%)
= Y [AADA (A + iDL A (H5)
k=0
+ iMN(FG) Nk (7)) — A (TGN (7)) ]

- Z(Ak(%ﬁ) + iIMN(I)) Dk () + i1 ()

k=0

= > AP,
k=0

Thus, it suffices to prove the higher derivation rule on .<7,.
Take 71, 7 € of),. Using [ o I, 76, = 2(756 — 7.74]) and applying A, via (1.1) gives

A(HH = H6H) = [ANIE) @ 1, ) + (I @ (D), AL + [ @ 1, AT,
D A 0 AD, A,

r+s+t=n
0<r,s,t<n—1

By Lemma 3.8, A,(/) = 0. Lemma 3.1 gives A;(/) = 0for 1 < s <n -1, and Ay(I) = I. Therefore,
only s = O contributes to the sum, and the condition r, s, <n—1forcesr+t=nwith1 <r,t <n-1.
Hence, the sum reduces to

[A(FA) o I, A(F3)].
r+t=n
1<rt<n—1

Because the induction hypothesis guarantees A,(J41)* = A (J4) and A,(54)* = A(F5), we have

[A(H7) o I, A(F)]x = [2A(H7), A(H)]x = 2(A(FHDA(H5) — A(TB)A(HY)).
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The first three terms simplify similarly, yielding

2A(HH = H6HE) = A DI I = HaD(IR) + HON(HE) = D H)HE)
£2 3 (AIMI) = ML),

r+t=n
1<rt<n—1

Dividing by 2, we obtain the commutator higher derivation rule

n

ANHOAE = H6HE) = D (DI HB) = Ay (IBYA(IAR)). (3.5)

k=0

Now, use [ o 1,i76), = =2i(F6.56 + 76.5¢]). Applying A,, we have

2N (HOH + H6IE) = [A(IE) @ Lids)s + (A7 @ A, i), + [ @ 1, A(H5)],
D A 0 AD, AL,

r+s+t=n
0<r,s,t<n—1

Again A,(I) = 0and Ay(/) =0 for s > 1. The sumrunsover s =0, r+t=n,1 <r,t <n-—1. Using
A(i76) = iN(76) (Lemma 3.15) and the Hermitian nature of A,(74)), A,(745), we have

(A7) @ 1, iN(IB)]i = 2i(A(F)A(IE) + A(FB)A ().

The first three terms give —2i(A,(74).76 + F6 N, () + TN (75) + A (565) 7). Putting everything
together, we have

2UANIEH + HEIE) = 2B H)H + HEMIR) + HEAIB) + M(HR)H)
=2 ) (AIDAIA) + AABAAD)).

r+t=n
1<rt<n—1

Dividing by —2i yields the anti-commutator higher derivation rule

A(HEAE + IBHE) = ) (DI l(HB) + Ay ((IBYNIHR)). (3.6)

k=0

Adding (3.5) and (3.6) and dividing by 2 gives
AIAAB) = ) M)A ().
=0

This completes the proof. O

All the lemmas together complete the induction step: A, is additive, preserves the involution, is
complex-linear, and satisfies the higher derivation rule. Thus the family {A,}  is an additive *-higher
derivation. Theorem 1.1 is proved.
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4. Applications

In this section, we apply Theorem 1.1 to several specific algebraic settings. In each case, the
corollaries follow directly because the underlying algebra is either prime or satisfies the faithfulness
condition (1.2) for the chosen projection. To see why Condition (1.2) holds in these settings, consider
the following three scenarios.

e Prime x-algebras: If 2 o/ %7 = 0, then the left ideal generated by 2" annihilates the nonzero
projection &?. Because the algebra is prime, this forces 2~ = 0. The same argument applies to
-2

e Factor von Neumann algebras: The set {X : X&/P = 0} forms a weakly *-closed two-sided
ideal. By factoriality, this ideal must be {0}, since the only other option forces the contradiction
P=0.

e Standard operator algebras: On infinite-dimensional Hilbert spaces, primeness follows directly
from the density of finite-rank operators.

Consequently, Theorem 1.1 yields the following immediate results.

Corollary 4.1 (Prime x-algebras). Let </ be a unital prime *-algebra containing a nontrivial
projection. Then every family {A,}, of maps A, : &/ — < (not necessarily additive) with Ay = id,
that fulfills (1.1) is an additive %-higher derivation for the ternary product [ - ® -, -],.

Corollary 4.2 (Factor von Neumann algebras). Let <7 be a factor von Neumann algebra with dim <7 >
1. Then the conclusion of Theorem 1.1 holds for any family satisfying (1.1).

Corollary 4.3 (Standard operator algebras). Let o/ be a standard operator algebra on an
infinite-dimensional complex Hilbert space, that is closed under the adjoint operation and contains
a nontrivial projection. Then the conclusion of Theorem 1.1 remains valid.

Example 4.1. Let o7 = M,(C) be the algebra of 2 X 2 complex matrices with the usual conjugate-
transpose involution. Take the projection & = ey, then 2 = I — &7 = ey, and Condition (1.2) is
easily verified. Define A, : &/ — < by

A(A) = I[P, A] = i(PA - ADP),

and set :
Ag(A) = A, Ay (A) = EA?H(A) (n>1),

where A{" denotes the n-fold composition of A.
It is well known and straightforward to check that A, is a x-derivation as follows:

A1(AB) = Aj(A)B + AA((B), A(A™) = A((A)™.

Hence, {A,}", is the ordinary additive x—higher derivation generated by A;; that is, for all A, B € ./
and everyn > 1,

An(AB) = Z Ar(A)Ay-i(B), Ay(A*) = Ay(A)".

k=0

AIMS Mathematics Volume 11, Issue 9, 29470-29487.



29485

Using the ordinary higher derivation property and A(A*) = Ay(A)*, we obtain for all X,Y,Z € &/
and every n > 1, we have

A([X @ Y, Z1,) = A((XY* + YX*)Z* — Z(XY* + YX™))
D (A COAD*AUZY* + MDA A2

r+s+t=n

— ADAOAY)* = AZDATNIAX)*)
D [AX) ¢ A(Y), D).

r+s+t=n

Splitting off the three terms with (r, s,1) = (n,0,0), (0,n,0), and (0, 0, n) gives exactly

A([X oY, Z],) = [Ap(X) @ Y, Z]u + [X ¢ Ay(Y), Z],c + [X @ Y A (D)) + Z [A(X) o Ay(Y), A(D)],

r+s+t=n
r,s,t<n—1

which is precisely (1.1). Therefore the family {A,}” satisfies (1.1) and, in accordance with
Theorem 1.1, is an additive x-higher derivation with respect to the ternary product.
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