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1. Introduction

Fixed-point (FP) theory plays a central role in nonlinear analysis due to its wide-ranging
applications in differential equations, integral equations, optimization theory, dynamical systems, and
applied sciences. Among the many results in this area, contraction-type FP theorems in metric and
normed spaces form the backbone of both theoretical developments and practical algorithms. Over the
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years, researchers have progressively weakened classical contraction conditions in order to enlarge
the class of admissible mappings while preserving the existence, uniqueness, and convergence of FPs.

The Banach contraction principle (BCP) [1], established in the early twentieth century, represents
the foundational result in this direction. It asserts that every strict contraction mapping on a complete
metric space (CMS) admits a unique FP and that the Picard iterative sequence converges to this point.
Beyond guaranteeing existence and uniqueness, the BCP provides an effective iterative scheme, making
it indispensable in numerical analysis and the study of nonlinear functional equations. Despite its
strength, the requirement of a uniform Lipschitz constant strictly less than one is often too restrictive
for many nonlinear models arising in applications.

To overcome this limitation, several generalizations of the BCP have been proposed. One of the
most influential among them is the Kannan FP theorem [2], which replaces the classical
Lipschitz-type condition with an inequality involving distances between points and their images.
Remarkably, Kannan contractions do not require continuity of the mapping, yet they still ensure the
existence and uniqueness of an FP in a CMS. This result demonstrated that contractiveness can be
formulated in terms of self-distance control rather than direct comparison of distinct points, thereby
significantly expanding the scope of FP theory. Closely related to Kannan’s work is the Chatterjea FP
theorem [3], which introduces a symmetric contraction condition based on cross distances between
points and images. Chatterjea’s approach further illustrates that the contraction mechanism may arise
from the interaction between points and images rather than from their mutual distance alone.
Together, the Kannan and Chatterjea theorems form a fundamental class of nonlinear contractions that
are independent of Banach’s classical framework while preserving convergence and
uniqueness properties.

In a different but complementary direction, Fisher’s FP theorem [4] considers mappings that fall
outside the classical Banach contraction framework by introducing rational-type contractive
conditions. Instead of relying solely on linear Lipschitz inequalities, Fisher employed contractive
expressions involving rational combinations of metric distances.

Another important extension of contraction theory arises from problems with inherent structural
constraints. The Kirk FP theorem [5] for cyclic contractions considers mappings defined on a union of
subsets that are visited cyclically rather than globally invariant. This framework reflects many
real-world iterative processes where the domain is partitioned into phases or components. Kirk’s
results ensure the existence of FPs or periodic points under suitable cyclic contractive conditions,
thereby extending classical FP theory to structured and multidomain settings. Recently, significant
progress has been made through the introduction of interpolative contraction conditions, notably by
Karapmar [6]. These theorems unify and generalize several known contraction principles by
combining different distance expressions through adjustable parameters. These interpolative
conditions allow a smooth transition between Banach, Kannan, Chatterjea, and related contractions,
offering a flexible framework capable of handling highly nonlinear mappings.

In all the aforementioned classical FP theorems, the analysis is carried out within the framework
of metric spaces (MSs), which play a fundamental role in guaranteeing the convergence of iterative
sequences. The formal notion of an MS was introduced by Fréchet [7] in 1906, providing a precise
mathematical structure for capturing the notion of distance between elements of a nonempty set.
An MS is defined by a distance function satisfying essential properties such as positivity, symmetry,
and the triangle inequality. This framework has since become a cornerstone of modern analysis.
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Over time, however, it became evident that the classical metric structure is sometimes too
restrictive for certain theoretical investigations and real-world applications. As a result, numerous
generalizations have been developed to extend the applicability of metric-based techniques. One
important extension is the idea of a b-MS, pioneered by Bakhtin [8], in which the triangle inequality
is relaxed through embedding a constant coefficient. This modification allows the treatment of
problems where the standard triangular property does not hold, while still preserving many essential
features required for FP analysis. Dwivedi [9] developed FP theorems for cyclic contractive mappings
within the framework of h-MS. Further expanding this line of research, Berzig [10] proposed the
notion of supra metric spaces (SMSs), which impose even weaker constraints on the triangle
inequality. This flexible structure provides a broader setting for studying FP problems and has proven
particularly effective in the analysis of nonlinear integral equations and matrix equations. The
development of SMSs thus illustrates the ongoing effort to refine and generalize distance structures in
order to accommodate increasingly complex mathematical models. Later, Panda et al. [11] further
generalized the framework of SMSs by substituting the fixed constant in the triangle inequality with a
control function, thereby introducing greater flexibility into the underlying distance structure.

In a closely related line of research, Azam et al. [12] proposed the framework of complex-valued
metric spaces (C-VMSs) as a meaningful extension of classical MSs. In this approach, the distance
between two elements is taken to be a complex number, which enables the incorporation of additional
structural information and provides a broader analytical setting. Rouzkard et al. [13] extended the
contractive inequality given by Azam et al. [12] and obtained FP results in C-VMSs. Abbas et al. [14]
established FP results for cocyclic mappings in the setting of C-VMSs. Moreover, Fulga [15]
established FP theorems for interpolative contractions involving rational expressions, and Alharbi et
al. [16] extended these results to C-VMSs. Building upon this idea, Panda et al. [17] combined the
ideas of SMSs and C-VMSs to introduce complex-valued suprametric spaces (C-VSMSs). In this
unified setting, they established several common fixed point (CFP) results under rational-type
contractive conditions and showed the relevance of their theory through complex nonlinear integral
equations. Subsequently, Abdou [18] employed the C-VSMS framework to derive further CFP results
for more generalized contractive inequalities. Additional extensions and related investigations along
these lines may be found in the literature.

In this research article, we define the notion of C-VESMSs and establish CFP results under novel
cyclic and interpolative contractive conditions. To demonstrate the significance and novelty of our
findings, some illustrative examples are presented. Additionally, we apply these results to discuss the
existence and uniqueness of solutions to a nonlinear fractional integro-differential initial value problem
involving the Atangana—Baleanu—Caputo derivative of order 0 < a < 1.

2. Preliminaries

In this section, we recall some fundamental definitions and auxiliary results that will be used
throughout the paper. Let N, R, and R* denote the set of positive integers, a set of real numbers, and a
set of positive real numbers, respectively.

Definition 1. Let Q # (. A function d : Q X Q — R™ is called a metric if, for all »,¢,v € Q, the
following conditions hold:

(1) 0<d(,¢),andd(x%,¢) =0 = x =g;
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(i) d(x,¢) = d(s, %),
(i) d(x,¢) < d(x,v) +d(v, ).

Then, the pair (€2, d) is called an MS.
Definition 2. Let (2,d) bea CMS, and X : Q — Q.

e N is called a contraction if there exists a constant o € [0, 1) such that
d(Nx,N¢) < od(x,¢)

for all %, ¢ € Q.
e N is called a Kannan’s contraction if there exists a constant o € [0, %) such that

d(Rx,R¢) < 0 (d(x,N8x%) + d(g,N¢))

for all %, ¢ € Q.
e N is called a Chatterjea’s contraction if there exists a constant o € [0, %) such that

d(Rx, N¢) < o (d(x, R¢) + d(g, Nx))
for all %, ¢ € Q.
e N is called a Fisher’s contraction if there exist constants o-;, 0, € [0, 1) such that oy + 0, < 1, and

d(x,Nx)d(s,Ng)

d(NXx%,N¢) < o1d(%,¢) + 03 T+ doe.o)

for all x,¢ € Q.
e N is said to be an interpolative contraction if there exist constants o € [0,1) and p € (0,1)
such that
d(Nx, R¢) < o [d(x, R))” [d(s, Ng)]' ™"

for all %, ¢ € Q\Fix{X}.
e N: AUB — AUB s called a cyclic contraction if there exist two closed subsets A, B of CMS (€, d)
and a constant o € [0, 1) such that

N(A)cBandN(B)c A

and
d(Nx,N¢) < od(x, )

forall x € A,¢ € B.
Berzig [10] proposed the SMS based on the following procedure.

Definition 3. [10] Let Q # 0, and A > 0. Let d : Q x Q — R* U {0} denote a function that meets the
below-mentioned criteria:

(1) 0<d(x,¢),andd(x%,¢) =0 = x =g;
(i) d(x,¢) = d(s, %);
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(1) d(x,¢) <d(,v) +d(v,¢) + Ad(x, v)d(v, )

for all %,¢,v € Q. Then, (Q, d) is called an SMS.
Let us define a partial ordering < on C in this way:

21322 © Re(z)) <Re(zn), Im(z)) <Im(zy).

Vz1, 2 € C. Consequently,
21 S 22,

provided that at least one of the following conditions is satisfied:

(@ Re(z;) = Re(z2), Im(z;) <Im(z2);
(b)Re(z1) < Re(zz), Im(z) =Im(z);
(©) Re(z1) < Re(zz), Im(z;) < Im(z2);
(A Re(z;) = Re(z), Im(z;) =Im(zy).

Azam et al. [12] defined the idea of C-VMS in this fashion.
Definition 4. [12] Let Q # 0, and d : Q X Q — C satisfy

(1) 0sdx,¢)and d(x,¢) =0 = x =g,

(i) d(x,¢) = d(s, %);
(ii1) d(%,¢) 3 d(%,v) +d(v,¢);

Y x%,¢,v € Q. Then, (Q,d) is called a C-VMS.
Panda et al. [17] proposed the definition of a C-VSMS in this form.

Definition 5. [17]LetQ # 0, A >0,and d : Q X Q — C satisfy

(1) 0sd(x,¢)and d(x,¢) =0 = x =g,

(i) d(x,¢) = d(g,%);
(i) d(%,¢) < d(e,v) +d(v,¢) + Ad(x,v)d(v, )

for all %, ¢, v € Q. It follows that (Q2, d) constitutes a C-VSMS.
Example 1. Let Q= {0, 1,2}, and let d : Q X Q—C be defined as

B 0,ifx=g;
. ) = { 1+, ifx# ¢
for all »%, ¢ €Q. Then, (Q,d) is a C-VSMS.

In this manner, we introduce the concept of a complex-valued extended suprametric space (C-
VESMS).

Definition 6. Let Q # 0, A : Q X Q — [0, +00), and d : Q X Q — C satisfy

(1) 0sd(x,¢)and d(x,¢) =0 = x =g,
(i) d(x,¢) = d(s,%);
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(i) d(%,¢) 3 d(x,v) +d(v,¢) + A%, $)d (3, v)d(v, <)
for all %, ¢, v € Q. It follows that (Q2, d) is said to be a C-VESMS.

Remark 1. The C-VESMS introduced above provides a genuine extension of the C-VSMS by
replacing the constant coefficient A in the triangle-type inequality with a non-negative control
function A : Q X Q — [0, +00). This point-dependent control allows the geometry of the space to vary
according to the particular pair of points under consideration, thereby providing greater flexibility
than the constant-coeflicient setting. In particular, the admissible upper bound for d(x, ¢) is no longer
governed by a single global parameter, but may vary from one pair of points to another. Consequently,
a C-VESMS can accommodate structures for which no single constant A is suitable for describing the
triangle-type relation.

The role of this functional control is also relevant to convergence and FP theory. Along an iterative
sequence ¥, the quantities A(3;, ;) may vary with j, allowing the triangle-type estimate to adapt to
the local behavior of the sequence. Thus, the C-VESMS framework provides a more flexible setting
for establishing convergence and FP results under contractive conditions that may not be naturally
formulated in a C-VSMS. The classical C-VSMS is recovered as the special case

A, €)= A,
where A > 0 is constant.
Example 2. Let Q = R. Defined : Q X Q — C as
d(x,¢) =l =gl +ilx -l
and A : QX Q — [0, +00) by

A, 6) =1
for all %, ¢ € Q. Then, (Q,d) is a C-VESMS, as
(1)
d(x,¢) = —gl+ilx—g|>0+0i
and
d(x,¢)=0+0i
imply

I —gl+ilx—¢l=0+0i

if and only if % = ¢.
(i)
dx,¢) =n — ¢l +ilx —g| = |g—x| +ilc—x| = d(g, ).

(i11) For all %, ¢, v € Q, we have

d(x,¢) e = ¢l (1 +1)

IA

(e =vI+1v=¢D (A +0)+2ipx —v|lv—g]
d(x,v) +d(v,¢) + A, ¢)d (e, v)d(v, ),

which holds by the triangle inequality and non-negativity. Hence, (€2, d) satisfies all conditions of
a C-VESMS.
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Example 3. Let Q = [0,1] and d : Q X Q — C be defined in this way:
d(x,¢) =% =gl +ilx -l
for all %, ¢ € Q. Define A : Q X Q — [0, +00) by
A%, 6) = | =]

for all »#,¢ € Q. Conditions (i) and (ii) are verified as in the previous example. For Condition (iii),
let %,¢,v € Q. Then,

d(x, <)

e =gl (1 +1)
(e =vl+v=eD@+0)+2ilx—gllx—vllv—gl
dx,v) +d(v,s) + A(t, ¢)d(x,v)d(v, §).
Hence, Condition (iii) is satisfied, and (€2, d) forms a C-VESMS.
Example 4. Let Q = C ([0, 1],R), and define d : Q x Q — C by
d(f,8) = If — 8l +illf — gl
and A : QX Q — [0, +00) by A(%,¢) = 2.

IA

(@)
d(f,8) = Ilf —glle (1 +1) = 0+0i
and
d(f,g) =0+0i
imply

If —gllo 1+ =0+0i
ifand only if f = g.
(i1)
d(f,8) =f =8l (1 + ) = llg = fllo, (1 + 1) = d(g, f).
(iii) For all f, g, h € Q, we have

a(f, g

If = 8l (1 + 1)

(f =hl+1h—ghd+0)+4ilf —hllh-g|
d(f,h) + d(h,g) + A(x,¢)d(f, h)d(h, g),
which holds by the triangle inequality (iii). Thus, (Q, d) forms a C-VESMS.

Remark 2. When A : QxQ — [0, +00) by A(%,¢) = A > 0in Definition 6, the concept of a C-VESMS
becomes that of a C-VSMS.

Lemma 1. A sequence {% j} in C-VSMS (Q, d) is said to converge to x iff

IA

|d(x 20| — 0
as j — oo.

Lemma 2. A sequence {% j} in C-VSMS (Q, d) is a Cauchy sequence iff

d(3t;, % jm)| = O

as j — oo for any fixed m € N.
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3. Core findings

This section is devoted to presenting the main FP results in the context of complete C-VESMSs.
Throughout the section, we assume that (€2, d) is a complete C-VESMS with A : Q X Q — [0, +00).

3.1. Rational contractions in complex-valued extended suprametric spaces

In this subsection, we examine rational contractive conditions for pairs of self-mappings defined
on a C-VESMS. Motivated by the increasing interest in extending classical contraction principles to
generalized metric frameworks, we prove a CFP theorem for self mappings that satisfy a rational-type
inequality with nonlinear control terms. This result encompasses several known contraction theorems
in SMS, E-SMS, C-VSMS, and C-VMS theory.

Theorem 1. Let M,N : Q — Q. Suppose that there exist the constants o1,0,,073 € [0, 1) with oy +
0, + 03 < 1 such that for all x, ¢ € Q,
d(x, Mx)d(g,N¢) d(¢,Mx)d(x,N¢)

dMx,R¢) < od(%,¢) + 0 [+ do) + 03 [t dog) 3.1

Furthermore, assume that for any x, € Q, the sequence {x ;} defined by
Hojrl = M%zj and Hojro = N%2j+1, (3.2)

V j € NU {0} satisfies

sup A (%,%m) < o0,
JmeNU{0)

Then, M, X have a unique CFP in Q.

Proof. For an arbitrary initial point %, € €, define a sequence {x;} according to (3.2). By (3.1) with » =
#yjand ¢ = x5j,1, we get

d(Mosj, Nrrji) < 01d (2, %2 j41)
d (32 j, Mroj)d(#je1, N2 ji1)

L +d@ej, %2j41)
d (%1, Mo ))d(x2j, Roty 1)

L +d(xaj,%2j11)
= O'ld(%2j,%2j+l)
d(x%2j,%2j01)d(%2j41, %2)42)

1 +d(xaj,%2j11)

d(%2j+1 , %2j42)

()

+073

(O]

b

which implies that

d(%zj,%2j+1)
L +d0ej, %2j41)

IA

|d(%2j+1 ) %2j+2)|

|d(%2j+1,%2j+2)| o |d(%2j»%2j+1)| + 02

IA

(og] |d(%2j,%2j+1)| + 0 |d(%2j+1,%2j+2)

b

that is,

|dGajir, #2j20)| < (3.3)

gl
o |d(%2j,%2j+1) ,
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Y je NU({0}. Leto = 1(_’—(172 < 1. Then, the inequality (3.3) becomes
|d(%2j+1,%2j+2)| =T |d(%2j,%2j+1)| ) (3.4)

¥ j € NU{0}. Similarly, applying the contractive condition (3.1) with % = 3;.» and ¢ = %,j,1, we obtain

|d(e2ji2. 22}43)| < 0 |d 22, 22 101). (3.5)

Y j € NU{0}, where o = 1‘_7—(1rz < 1. Finally, combining (3.4) and (3.5), we obtain
|d(%j,%j+1)| < O-|d(%j—la%j)|
for all N U {0}. Hence,
|dGej, )| < o |dGejr, )| < 02 |dGea, 2j-1)| < . < 07 ld (o, ) (3.6)

V¥ N U{0}. Let m > j. Then, we have

‘d (%j, %m)|

IA

+ ‘d (%j+1,%m)' + A (%j,%m) ‘d (%j,%j+1) ’d (%j+1’%m)

+ (1 + A (%j,%m) ‘d(%j,%j.;.l) )‘d (%‘,H,%m)‘ . (3.7

’d (%j’%j+l)

= ‘d (%j’%jH)

Applying the same inequality recursively to ‘d (% j+1 %m)‘ , we obtain

‘d (%j+2, %m)‘

)‘d (%j+2,%m)'

‘d(%jﬂ,%m)‘ + ‘d(%j+2’%m)‘ +A (%j+1,%m) ‘d(%j+l,%j+2)

IA

‘d (%j+]’%j+2)

= ‘d (%j+1,%j+2)

+ (1 + A (%j+1,%m) ‘d (%j+1,%j+2)
and similarly for ‘d (% 425 %m)‘ , and so on, until
|d (%m—Z’ %m)l < |d (%m—Za Xm-1 )l + |d (%m—l 5 %m)l + A (%m—Za %m) |d (%m—l’ Hm-1 )l |d (%m—l 5 %m)l
= |d (%m—Z, %m—l)l + (1 + A (%m—2, %m) |d (%m—Z’ %m—l)l) |d (%m—l, %m)l .

By recursively substituting each inequality into the preceding one in (3.7) and simplifying, we obtain

m—1 k—1

(5 20)| < > N (g )| | | 0+ A Geto ) d Gt 200D (3.8)

k=j i=j

Let

C= sup A(%j,%m) < 00,
j.meNU{0}

Using the inequality (3.6) in (3.8), it follows that

m—1 k-1
[ (2 20)| < " 01 Geo, 201 || ] (1 + Cor'ld Geos ) (3.9)
k=j =]
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Let

(o8]

(1+ Co'|d (0. 21)]).
=Jj

[}

Because

(o0
> o1 (o, 71)| < o0,
i=0

the infinite product converges to a finite positive number P; < P, < oo, independent of m. Hence, for
all m > j, we have

k=1
[ [(1+coid o, x) < P

i=j

Thus,
m—1 k

d (). 0) < P, kz o Id (o, 21)| € Py T Id Geo, ).
=j

Because 0/ — 0 as j — oo, we have 'a’ (%j,%m)| — 0 as j,m — oo. Therefore, {%J} is a Cauchy
sequence. As Q is complete, 3x* € Q such that

lim »; = »" (3.10)

J—)OO

From (3.11) and (3.13) with »x=x" € ¥, and ¢ =x,;,; € ¥,, we have

dx* Mx™) < d (%* X2 ) +d (%2,+2, Mo ) + AQG, MrY)d (%*, %2j+2) d(%2j+2, M%*)
+d (N%ZJH, ) + A Mo d (%* %2j+2) d (N%zj+1, M%*)
+ d(M% N%2J+1) + A G, Mo® )d(% %2]+2) (M%* N%sz)
d( M )d(%2j+lax%2j+l)

1+ d(%*,%sz)

< d(x" , U242 ) + O (% %2J+1)+O'2

d(%2j+1,M%*)d(%*, N%2j+1)
1+ d(%*,%sz)

g3

* A Mo )d (e j1,8%2j41)
O'ld(% s %21+1) T 02 L+d (o 22741

d(2jut Mo (e* N2 1) )
1 +d(%* X2 j+] )

+ A (%*, M%*) d (%*, %2j+2)
+073

that is,
d(" Mo )d(% 41, %2j42)
1+ d(%*, %2j+1)

d(%*,M%*) < d(%*,%zﬂ.z) + O']d(%*,%sz) + 0>

d(%2j1, Mo )d(%”, %212)
1+ d(%*, %2j+1)

g3

* d(e Mot )d (i1 %2 j42)
O'ld(% , %21+1) T o2 1+d (e 2541

d(o2jr1 , M )d(" 12 j42) ’
1+d(%*,%2]’+1)

+ A (", M) d (%*, %2j+2)

+0
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which entails that
ld(", Mx™)| < ‘d (%*,%zﬁz)‘ + 0 ‘d (%*,%2]~+1)‘

d(%zj+1 , %2j42)

1+ d(%*,%2j+1)

+05 |d(e" M)

d(x”,%2j42)

(21, MK
+O'3| (2j41, Mo) 1+d(%*,%2j+1)

1 'd (%*,%2j+1)
% +o |d(%* M%*)l d(2j41:%2j+2)
d(% ,%2j+2) 2 ) — =

l+d(%*,%2j+])
+073 |d(%2j+1,M%*)

+ A (", M)

d(x" %2j42)
1+d(%*,%2]’+1)

By taking the limit as j — +oo in the preceding inequality, we deduce the following:
ld(", Mx™)| = 0,

which implies x* = Mx*. Thus, »* is a FP of M. Likewise, %" is a FP of 8. Consequently, »* is
a CFP of N and M in Q. To establish the uniqueness of x*, assume to the contrary that there is one
more CFP ' of 8§ and M in ¥, NY,; thatis, % = Nx = Mx with» # % . Then, from (3.1) with % = »*
and ¢ = %', we have

d(e Moc*)d(x', Rod) N d( Moc)d(x*, Ro)

de*, %
(%) 1+doe.x) O Y dee.2)

d(Moc*,8x) < Gld(%*,%/) + 0,

dGd )d( %)
1+dGe, %)

O']d(%*,%,) + 03

which implies

dc, %)

|G, 2| T+doe.x)

IA

o |d(%*,%')| + 03 |d(%',%*)

IA

o1 |dGe, 7)) + o3 |dGd )|

(01 + 03) |G, ),

which implies
(1 -0 —03) |d(, %) < 0.

Because (1 — o —03) # 0, thus |d(%*,%')| = 0, which implies »* = % . Hence, the CFP is unique
in Q. O

Remark 3. The condition
sup A (%j,%m) < o0
JmeNU{0}
is a boundedness assumption on the generalized metric coefficient along the constructed iterative
sequence. It is used in the proof to obtain a finite constant C, which is required to control the
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generalized triangle inequality in establishing the Cauchy property of the sequence. We emphasize
that this condition is only a sufficient assumption for the present FP result; its necessity and sharpness
are not claimed. The investigation of weaker or intrinsic conditions on A that do not depend explicitly
on the generated sequence is an interesting direction for future research.

Example 5. Let Q = [0,1] C R. Defined : Q x Q — C by
d%,¢) =% —¢l+ilx—gl
for all %, ¢ € Q and i> = —1. Then, (Q, d) is a complete C-VSMS with A(x,s) = 1. Define

M) = z
and 9

For any x, ¢ € Q, we have

x <
w0 = (5o
d(Mx,Ng) 176 (1+49)
x <
< {l=--=(11
< (‘4 4‘)( + Q)
1d( )
= —=d(x,
4 S
For any %, € ¥, define
Ko Ko
Hyj1 = Mryj = = and Hojsa = Ntgjug = Zgl,

¥V j € NU{0}. Then,
0<x;<1, forallj.

The sequence is then bounded, and thus,

sup A (%]xm) < o0,
JmeNU{0)
All hypotheses of Theorem 1 are satisfied. Therefore, there exists a unique CFP »* = 0 € Q of
mappings M and N.
Corollary 1. Let 8 : Q — Q. Suppose that there exist the constants o, 0,,073 € [0, 1) with o + 0 +
o3 < 1 such that for all x,¢ € Q,
d(x,N»)d(s, Ng) N d(¢,8x)d(, Ng)
o
1+d(x, ) Y l+dGes)

Furthermore, assume that for any x, € €, the sequence {x;} defined by

d(Nx,RX¢) < o1d(%,¢) + 0

%1 = Notj;

V j € NU {0} satisfies

sup A (%j,%m) < 00,
jmeNU{0}

Then, N has a unique FP in Q.
Proof. Take M = N in Theorem 1. O
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3.2. Common fixed-point results for Kannan type cyclic contraction

Theorem 2. Let V| and ¥, be nonempty closed subsets of Q. Consider the mappings M,N : ¥,U¥Y, —
Y, U Y, satisfying

MM)) SV, M(Yy) CWyand N (W) CY¥,, N(P,) C VY.
Suppose that there is a constant o € [0, %) such that
d(Mx,N¢) < o (d(x Mx) + d(s,N¢)) (3.11)
holds for all x € ¥\, ¢ € ¥,. Furthermore, assume that for any x, € V1, the sequence {x;} defined by
Hojs1 = Moyj € Wy and #yj0 = N €'y, (3.12)
V j € NU {0} satisfies

sup A (%,%m) < co.
JmeNU(0)

Then, M, N have a unique CFP in Q.

Proof. Let xy € ¥, be given. Define the sequence {x;} as in (3.12). By (3.11) with x = 3,; € ¥,
and ¢ = %7, € ¥, we get

d(M%2j’ N%2j+1) < O-(d(%2j’M%2j) + d(%2j+1’ N%2j+1))

O-(d(%2j’%2j+l) + d(%2j+1»%2j+2)) ;

d(%2j+1 > %2j+2)

that is,

o
d(%ji1,%2j42) < ] d(x2j,%2j41),

-
which implies that

-
o [dCaj50) (3.13)

¥ j € NU{0}. Similarly, using (3.11) with » = %5;,, € W) and ¢ = x%,;,; € ¥, we get

|d(%2j+1 , %2j+2)| <

g

|d(%2j+2, %2j+3)| < |d(%2j+1, %2j+2)| (3.14)

1-0
forall j € NU{0}. Let 4 = ;% < I. Then, the inequalities (3.13) and (3.14) become

|dGe2jar, #2j42)| < A|dCerjerin) (3.15)

and
|d(%2j+2,%2j+3)| <A1 |d(%2j+1,%2j+2)| (3.16)
for all j € N U {0}. Finally, combining (3.15) and (3.16), we obtain

|d(%j,%j+1)| < 0'|d(%j_1,%j)|
for all N U {0}. Hence,

|dGej, )| < o |dGesor, )| < 02 |dGe 0, 2j-1)| < . < 07 |d(o, ) (3.17)
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¥V N U {0}. Following the same procedure as in Theorem 1, we can show that the sequence {% j} is a
Cauchy sequence in Q. As Q is complete, dx* € Q such that

lim x; = »". (3.18)
J—ooo
Because {x,;} is a subsequence in ¥, and ¥, is clﬁed, its limit »* belongs to ‘ITl = ¥,

Similarly, {»,;,,} 1s in ¥, and ¥, is closed, so x* € ¥, = Y¥,. Consequently, »* € ¥, N ¥,.
From (3.11) with % = %" € ¥, and ¢ = %,,; € ¥,, we have

dx" Mx™) < d (%* %2j+2) +d (%2j+2, M%*) + AQG, MrY)d (%* %2j+2) d (%2j+2, M%*)
= d (%* %2j+2) +d (N%2j+1 , M%*) + NG, M) d (%*, %2j+2) d (N%2j+1 , M%*)
= d (%* %2j+2) +d (M%* N%sz) + NG, M) d (%*, %2j+2) d (M%* N%sz)
< d (%*, %2j+2) + 0 (d G MY +d (%2j+1, Nx2j+1))

+o A (", M) d (%*, %2j+2) (d G M) +d (%2j+1 , N%2j+1))
= d (%*, %2j+2) + 0 (d G M) +d (%2j+1, %2j+2))
+o A (", M) d (%*, %2j+2) (d G M) +d (%2j+1 , %2j+2)) ,

which entails that

lde, Mo < [ (3 50g00)| + 0l G, Mo +

d(%2j+1,%2j+2)‘

v A G M) A (01| (1 6 Mo + [ (g1, 0212)

Taking the limit as j — +oo in the preceding inequality, we deduce the following
|d(*, M) < o |d (3", M),
which implies
(1 —=0)]d(", Mx™)| < 0.

Because (1 —0) # 0, |d(x*, Mx*)] = 0, which implies »* = Mbx*. Hence, x* is an FP of M.
Likewise, »* is an FP of N. Consequently, »* is a CFP of § and M in ¥; N ¥,. To establish the
uniqueness of %*, assume to the contrary that there is one more CFP %' of N and M in ¥, N ¥, that
is, % = Nx' = My with x* # % . Then, from (3.11) with x = »* € ¥, and » = » € ¥,, we have
Ao, %) = dMo*,R') < od (" Moc™)d (o, Noe)
= 0,

which implies
|dGe, )| = 0.

Hence, »* = % . Thus, CFP is unique in ¥, N \P,. |
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Example 6. Let Q = [0,2] C R. Defined : Q x Q — C by
d(%,¢) = |x — ¢l +ilx = I,
for all x,¢ € Q and i? = —1. Then, (€, d) is a complete C-VSMS with A(x%,s) = 1. Let
Y, = [0,1], and ¥, = [1,2].
Clearly, ¥, and ¥, are nonempty and closed, and ¥; N'¥; = {1} . Define M,N : ¥, U¥; —» ¥, U¥, by

1+ %L ifxeW,,

Moo ={ | T

1—%4;1, if%E‘I]z

and

1+ %=L ifx e ¥,
— 8 b b
N(")‘{ -2l ifx e ¥,
Then,
M) €Wy, M(P,) C Y
and

N(¥) c¥,, N(Py) C VY.

The cyclic condition is thus satisfied. Now, for any » € ¥,¢ € ¥,

d(Mn,Ng) =< (%I%—l|+%|§—1|)(1+i)

IA

4
o (d(x,Mx) + d(s, Ns))

(1 | — 1] + % Ig—ll)(l +1)

holds for any o = Al, € [0, %). For any %, € ¥, define
Hojr1 = Mayj € Wy and yj5 = Nopjyy € Wy,
¥ j € NU{0}. Because {x;} C [0,2], the sequence is bounded, and thus,

sup A (%.,-,%m) < 00,
j.meNU{0}

All hypotheses of the theorem are satisfied. Therefore, there exists a unique CFP »* =1 € ¥, N''¥; of
mappings M and N.

Corollary 2. Let ¥, and Y, be nonempty, closed subsets of Q. Consider the mappings N : Y1 U¥Y; —
Y, UY,; satisfying
NP ¥, RN(W2) C Y.

Suppose that there is a constant o € [0, %) such that

d(No,R¢) < o (d(#,8%) + d(g,N¢))
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holds for all x € ¥, ¢ € W,. Furthermore, assume that for any », € ¥\, the sequence {x;} defined by
Hoje1 = Ny €Wy and najp = Npjy € W,

V j € NU {0} satisfies

sup A (%j,%m) < 0.
jmeNU{0}

Then, N has a unique FP in Q.
Proof. Take M = N in Theorem 2. O

Corollary 3. Let M, N : Q — Q. Suppose that there is a constant o € [0, %) such that
d(Mpx,R¢) < o (d(x,Mx) + d(s, Ng))
holds for all %, ¢ € Q. Furthermore, assume that for any », € L, the sequence {x ;} defined by
Hojrl = M%zj and Hojro = N%2j+1,

V j e N U {0} satisfies

sup A (%j,%m) < 00,
j.meNU{0}

Then, M, N admit a unique CFP in Q.
Proof. Take ¥, = ¥, = Q in Theorem 2. ]

Corollary 4. Let N : Q — Q. Suppose that there is a constant o € [0, %) such that
d(No, Ng) < 0 (d(%,8%) + d(¢, Ng))

holds for all %, € Q. Furthermore, assume that for any x, € £, the sequence {x;} defined by »;,; =
Ny ;, ¥ j € NU {0} satisfies

sup A (%j,%m) < 00,
j,meNU{0)

Then, N admits a unique FP in Q.
Proof. Take M = N in the above corollary. O

3.3. Fixed-point results for interpolative—rational hybrid contractions

Theorem 3. Let M,N : Q — Q. Suppose that there exist constants o € [0,1) and p,q,r € (0,1)
with p + q + r = 1 such that

(3.19)

d(Mo, R¢) < o [deeMo)]” - [d(c, R - [d(%,M%)d(g, xg)]

1+dx,¢)
holds for all »%,¢ € Q\Fix{M,N}. Furthermore, assume that for any %, € Q, the sequence {x;}
defined by
Hojr1 = M%zj and H2j42 = N%zjn,
¥V j € N U {0} satisfies

sup A (%j,%m) < o0,
JmeNU(0)

Then, M, N admit a CFP in Q.
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Proof. Let %y € Q be given. Define the sequence {x;} by
Hojr1 = M%Zj and H2j42 = N%2]'+1,
¥ j € NU{0}. If for some j, we have %,; € Fix {M,NX}, then
%y = Mbyj = Nty
and hence, x,; is a CFP. Thus, without loss of generality, we assume
%y & Fix {MN},

VYj e NU{0}. By (3.19) with % = %,; and ¢ = 5,1, we have

d(2pj,Mra )d (%241, N22j11) |
d(Moyj, Rxzjir) = O'[d(%Zj,M%2j)]p ) [d(%2j+l,x%2j+1)]q ) [ 2 & i s ] )

L +d(esj,%2j11) '

that is,

d(xaj, %2 1)d(%2 1, %2j42) ]r
b

d(xji1,%0j42) = O'[d(%zj,%zj+1)]p : [d(%2j+1,%2j+2)]q : [ 1+ dGoy 7))
Jr%2j

from which it follows that

d(%2j, %2j41) '
|d%2'1%2'2| < 0'|d%2'%2'1|p'|d%2'1%2'2|q' —— |d%2'1%2'2|
( J+1s J+ ) ( ] J+ ) ( J+1s J+ ) 1 + d(%z‘/‘,%zl,}l) ( J+1s J+ )
P q r
< 0'|d(%2j,%2j+1)| '|d(%2j+1,%2j+2)| '|d(%2j+1,%2j+2)

14 q+r
o |G| - |[doaj k)"

Because g + r = 1 — p, we obtain

b4 1-p
|d(%2j+1,%2j+2)| < 0'|d(%2j,%2j+1)| . |d(%2j+1,%2j+2)| ,

which implies
P P
|dCerjir, 22j0)|” < o |dCeajinasin)|

Taking both sides to power 11—] (because p > 0), we get
|dCeajir, 22j2)| < 077 |dCeajtajin)| (3.20)
¥ j € NU{0}. Similarly, from (3.19) with % = 5%,;, and ¢ = %,;,;, we have

|d(%2j+2»%2j+3)| < o |d(%2j+1,%2j+2)|- (3.21)

Let
1 1
Uy =ovr and yu, = oa.

Because o < 1, and p, g € (0, 1), we have uy, u, < 1. Then, the inequalities (3.20) and (3.21) become
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|dGajer 22700)| < 1 |dGeajajun)| (3.22)

and
|d(%2j+2,%2j+3)| < 2 |d(%2j+1,%2j+2)| . (3.23)

Let u = max {u;, 4o} < 1. Then, from (3.22) and (3.23), we conclude
|d(%j’%j+1)| SH |d(%j—la%j)|
for all j € N. Hence,
|d(%j,%j+1)| <u |d(%j_1,%j)| <u? |d(%j_2,%j_1)| < o < W d(eo, 1), (3.24)

¥ N. By using the same procedure as we have done in Theorem 1, we can prove that {x} is a Cauchy
sequence in Q. As Q is complete, there exists a point x* € € such that

lim »; = »" (3.25)

]—)00

From (3.19) with % = »* and ¢ = x%,;,;, we have

d(, Max™)

IA

(% xzﬁz) (%2j+2, M%*) + A", M)d (%*, %2j+2) d (%2j+2, M%*)
= (% %2]+2) (N%2j+1 , M%*) + A, Mr)d (%*, %2j+2) d (N%2j+1 , M%*)
= (% %2J+2) + d(M% N%zm) + A, Mr® )d(% %2J+2) (M%*,N%2j+1)
< d(;{ ,x2j+2) + o [dG Mr)]P - [d(%2j+lax%2j+l)]
. [ d (", M%*)d(%sz, N%2j+l)—r
1+ d(% %214_1) ]
A G Mo )od (3" 210) [ MY - [d g, N |
_ [ d(e" Mr” )d(%2j+1,N%2j+1) '
| 1 +d(%*,%2j+]) ]
= d(%*,%zﬂz) + o [doe M) - [d(%2j+1,%2j+2)]q
Vd(%*,M%*)d(%sz,%zﬂz) '
' 1+d(e, %41) ]

+

+¥A (", M )od (%*’ %2j+2) [d(" M) - [d(%2j+l, %2j+2)]q

. d(%*,M%*)d(%sz ) %2j+2)]r

(3.26)
L+d0et, %41)

which implies

+ 0 1d( M - |dGta i, #2100)||

d(%2j+1,%2j+2) '
I +d(x*, %41)

lde', Mo < [ (7 100)

Nd (e Mo
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+ A (", Moo ‘d (%*, %2j+2)

d(%2j+1 , %2j42)
I +d(e*, %241)

|d (" Mo - |d(%’2j+1,%'2j+2)|q

r

d (e Mo

Taking the limit as j — +oo in inequality (3.27), we get

ld(e™, Mo")| = 0;

that is, »* = Mb*. Similarly, x* is an FP of N. Hence, x* is a CFP of the mappings M and N.

Example 7. Let Q = {0, 1, 3, 1}. Define d : Q x Q — C by
d(x,s) = | — gl e

for all %, ¢ € Q, and i? = —1, where k = 27. Define A : Q X Q — [0, +c0) by

1
A, ) = 3

for all %, ¢ € Q. Then, (Q, d) is a complete C-VESMS. Define M,N : Q — Q by

if % € {0,4,1},
, ifx =1

1
M () :{ 4

(S]]

and N = M for all x € Q. Because .
F. 5N =15, =)
ix{M, N} {4 2}

we have
O\ Fix{&} = {0, 1}.
Let
p=02¢g=03,r=0.5,
then,

p+q+r=1.

(3.27)

Now, let x,¢ € Q\Fix{M,N}, and then, (x,¢) € {(0,1),(1,0)}. Then, the inequality (3.19) holds

foro = % € [0, 1). Moreover, for any »x, € Q, defining the sequence {x;} by
Hojrl = M%2j and H2jp2 = N%2j+1a

V j € NU {0} satisfies

1
sup A (%j,%m) = 5 < 00,
meNU(0)

Thus, all the hypotheses of Theorem 3 are satisfied. Consequently, the mappings M and N

have CFPs that are } and 3.
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Corollary 5. Let N : Q — Q. Suppose that there exist constants o € [0,1) and p,q,r € (0,1) with
p +q +r =1 such that

(3.28)

1 +d(x,¢)

holds for all %, ¢ € Q\Fix{N}. Furthermore, assume that for any », € Q, the sequence {x;} defined by
Hijv1 = Nx s

V j e N U {0} satisfies

sup A (%j,%m) < 00,
j.meNU{0}

Then, X admits an FP in Q.
Proof. Take M = N in Theorem 3. O
Example 8. Let Q = {0, a} witha > 0. Defined : Q x Q — C by

dx,¢) =t —gl+ilx—gl,

for all %,¢ € Q and i> = —1. Define A : Q X Q — [0, +o0) by

1
Mm@=5

for all %, ¢ € Q. Then, (Q,d) is a complete C-VESMS. Define X : Q — Q by

N(0)=0, N(a)=0+#a.

Because
Fix{&} = {0},
we have
Q\Fix{&} = {a}.
Let
p=02¢g=03,r=0.5,
then,
p+qg+r=1
and choose {
=—¢€[0,1).
o=3¢€ [0, 1)

Then, the inequality (3.28) holds for all %, ¢ € Q\Fix{N} = {a}. Moreover, for any %, € Q, defining the
sequence {x;} by

Hjp1 = N o
VY j € N U {0} satisfies

sup A (%j,%m) < 00,
j;meNU{0}
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Hence, all the hypotheses of Corollary 5 are satisfied. Then, N has an FP x* = 0 in Q.

Corollary 6. Let M, N : Q — Q. Suppose that there exist constants o € [0, 1) and r € (0, 1) such that

dMx,R¢) < o [dGoe, M) - d(g, N S,)]lz—r.[d(%,m)d(g,xg)]

1+d(x,¢)

holds for all »%,¢ € Q\Fix{M,N}. Furthermore, assume that for any %, € Q, the sequence {x;}
defined by

Hoj+1 = M?fzj and H2j42 = x%2j+l,
¥V j e N U {0} satisfies

sup A (%j,%m) < 0.
j.meNU{0}

Then, M, N admit a CFP in Q.

Proof. Take p = g = % in Theorem 3. |
4. Corollaries of the principal results

In this section, we present the consequences of our main results by first deriving FP theorems in C-
VSMSs, followed by their extensions to SMSs.

4.1. Complex-valued suprametric spaces and fixed-point results

If we define the function A : Q X Q — [0, +00) by A(%,¢) = A € R* U {0} as in Definition 6,
the concept of a C-VESMS reduces to that of a C-VSMS. This simplification allows us to derive
the following results in C-VSMSs. Throughout this subsection, we assume that (Q, d) is a complete C-
VSMS.

Corollary 7. Let M,N : Q — Q. Suppose that there exist the constants o, 05,03 € [0, 1) with oy +
0, + 03 < 1 such that for all x, ¢ € Q,

d(x Mx)d(g, N¢) N d(¢c, Mx)d(x, Ng).

d(Mx,N¢) < o1d(%,6) + 02 1+d(x.q) T 4 dGe )

Then, there exists a unique point x* € Q such that Mx* = Nx* = x*.
Proof. Define A : QX Q — [0, +00) by A(x,¢) = A € R* U {0} in Theorem 1. |

Corollary 8. Let ¥, and Y, be nonempty, closed subsets of Q. Consider the mappings M,N : ¥; U
Y, —» ¥, UY,; satisfying

M(\Pl) - \I"z, M(‘Pz) - \Pl and N(‘Pl) - \Pz, N(‘Pz) - \Pl.
Suppose that there is a constant o € |0, %) such that
d(Mo, Re) < o (d(2e, Mox) + d(s, R¢)),

holds for all x € ¥, s € W,. Then, there exists a unique point x* € Y1 NV, such that Mx* = Rx* = x*.
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Proof. Define A : QX Q — [0, +00) by A(x%,¢) = A € R U {0} in Theorem 2. |

Corollary 9. Let M,N : Q — Q. Suppose that there exist constants o € [0, 1) and p, q,r € (0, 1) with
p+q +r =1 such that

d(Mx, R¢) < o [doe, Mo)T” - [d(s, N - [d("’M")d(S‘, NC)]

1 +d(x,¢)

holds for all %, ¢ € Q\Fix{M,X}. Then, M, X admit a CFP in Q.

Proof. Define A : Q X Q — [0, +00) by A(%,¢) = A € R U {0} in Theorem 3. O
Corollary 10. Let M, N : Q — Q. Suppose that there exist constants o € [0, 1) and r € (0, 1) such that

d(xRx)d(s,8¢) |
1+d(x,¢)

dMe,Rs) < o [de M) - dis, Re)T T - [

holds for all %, ¢ € Q\Fix{M.,N}. Then, M, & admit a CFP in Q.

Proof. Take p = g = 5% in Corollary 18. i

4.2. Fixed-point analysis in extended suprametric spaces

If we restrict the set of complex numbers C to the set of real numbers in Definition 6, by setting the
imaginary part to zero, the concept of a C-VESMS is reduced to that of an E-SMS. This simplification
allows us to deduce the following outcomes in E-SMSs. Throughout this subsection, (€2, d) is assumed
to be a complete E-SMS, with A : Q X Q — [0, +00).

Corollary 11. Let M,NX : Q — Q. Suppose that there exist the constants o,0,,03 € [0,1) with
o1 + 0, + 03 < 1 such that for all x, ¢ € Q,
d(x,Mx)d(s,Ng) d(¢,Mox)d(x,N¢)

<
d(Mx,R¢) < o1d(%,6) + 0 T+doe.e) 7T 1+deeo

Furthermore, assume that for any x, € Q, the sequence {x;} defined by
X241 = M%zj and Hoj2 = N%2j+1,

V j € NU {0} satisfies

sup A (%.,-,%m) < 00,
j.meNU{0}

* *

Then, there exists a unique point x* € Q such that Mx* = Nx* = »*.

Corollary 12. Let M,X : Q — Q. Suppose that there exist the constants 0,0, € [0, 1) with oy +
o, < 1 such that for all »,¢ € Q,

d(x,Mx)d(s,Rg)

No) <
d(Mo, Re) < 0r1d(x,6) + ===

Furthermore, assume that for any x € €, the sequence {x;} defined by

Hojrl = M%zj and Hojr2 = N%zjﬂ,
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V j € NU {0} satisfies

sup A (%.,-,%m) < 00,
j.meNU{0}

Then, there exists a unique point x* € Q such that Mx* = Nx* = x*.

Proof. Take o3 = 0 in Corollary 11. O

Corollary 13. Let ¥, and Y, be nonempty, closed subsets of Q. Consider the mappings M,N :
Y, UY¥Y, - ¥, UY, satisfying

M) S ¥, M(Wy) S and X (W) CWs, N(Wy) C V).
Suppose that there is a constant o € [0, %) such that
d(Mx,R¢) < o (d(x,Mx) + d(s, Ng))
holds for all x € ¥\, ¢ € ¥,. Furthermore, assume that for any x, € ¥y, the sequence {x;} defined by
Hojs1 = Moyj €Wy and #yjn = N € Wy,

V j € NU {0} satisfies

sup A (%j,%m) < 00,
j:meNU{0}

Then, there exists a unique point x* € WY1 NV, such that Mx* = Kx* = x*.

Corollary 14. Let M,N : Q — Q. Suppose that there exist constants o € [0,1) and p,q,r € (0,1)
with p + q + r = 1 such that

dMo, RS) < o [doe M) - [d(g, Re)]? - [d(%,/\/(%)d(g, Ng)]

1+dx,¢)
holds for all »%,¢ € Q\Fix{M,N}. Furthermore, assume that for any %, € Q, the sequence {x;}
defined by
Hojr1 = M%zj and )5 = z~<%2]'+1,
YV j e N U {0} satisfies

sup A (%j,%m) < 0.
jmeNU{0}

Then, M, N admit a CFP in Q.
Corollary 15. Let M, N : Q — Q. Suppose that there exist constants o € [0, 1) and r € (0, 1) such that
d(x,Nx)d(s, Ne) ]
1 +d(x,¢) ’

holds for all »%,¢ € Q\Fix{M,N}. Furthermore, assume that for any %, € Q, the sequence {x;}
defined by

dMx,Rg) < o [doeMx) - d(s,R¢)] T - [

Hojel = M%2j and H2jp2 = N%2‘/+1,

V j € NU {0} satisfies
sup A (%j,%m) < 0.
jmeNU{0}

Then, M, N admit a CFP in Q.
Proof. Take p = g = 5% in Corollary 14. m
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4.3. On fixed-points in suprametric spaces

If we define the function A : Q X Q — [0, +00) by A(%,5) = A € R* U {0} and restrict the set of
complex numbers C to the set of real numbers in Definition 6, the concept of a C-VESMS reduces to
that of an SMS. This simplification allows us to derive the following results in SMSs. Throughout this
subsection, we assume that (€2, d) is a complete SMS.

Corollary 16. Let M,N : Q — Q. Suppose that there exist the constants o, 05,03 € [0,1) with
o1+ 05+ 03 < 1 such that for all x,¢ € Q,

d(x Mx)d(g, N¢) d(¢, Mx)d(x,N¢)

d M ) N S d N + +
(Mo, Rg) < 01d(%,6) + 02 [+ doz.0) T T dr <)
Then, there exists a unique point x* € Q such that Mx* = Rx* = »".
Proof. Define A : QX Q — [0, +00) by A(x,¢) = A € R* U {0} in Theorem 1. |

Corollary 17. Let Y| and ¥, be nonempty, closed subsets of Q. Consider the mappings M,N :
YUY, - ¥, UY, satisfying

M(\Pl) - \Pz, M(Tz) c \Pl and N(\Pl) c Tz, x(\Pz) - \Pl.
Suppose that there is a constant o € [0, %) such that
d(Ms,R¢) < o (d(x,Mx) + d(g, Ng))

holds for all x € Y, s € W,. Then, there exists a unique point x* € Y1 NV, such that Mx* = Rx* = x*.

Proof. Define A : Q X Q — [0, +00) by A(%,¢) = A € R U {0} in Theorem 2. O

Corollary 18. Let M,N : Q — Q. Suppose that there exist constants o € [0, 1) and p,q,r € (0,1)
with p + q + r = 1 such that

d(Mx, R¢) < o [doe, Mo)T” - [d(s, N - [d(%’M")d(S" NC)]

1+dx,¢)
holds for all %, ¢ € Q\Fix{M,N}. Then, M, & admit a CFP in Q.
Proof. Define A : Q X Q — [0, +00) by A(%,¢) = A € R U {0} in Theorem 3. O

Corollary 19. Let M, N : Q — Q. Suppose that there exist constants o € [0, 1) and r € (0, 1) such that

d Mo, R¢) < o [doeMx) - d(g,R¢)]'™ - [d(%,m)d(g, N¢) ]

1 +d(x,¢)
holds for all %, ¢ € Q\Fix{ M,X}. Then, M, X admit a CFP in Q.

Proof. Take p = g = 5% in Corollary 18. |
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4.4. Fixed-points in the setting of complex-valued spaces

If we define the function A : Q X Q — [0, +00) by A(%,¢) = 0 as in Definition 6, the concept of
a C-VESMS reduces to that of a C-VMS. This simplification allows us to derive the following results
in C-VMSs. Throughout this subsection, we assume that (€2, d) is a complete C-VMS.

Corollary 20. Let M,N : Q — Q. Suppose that there exist the constants o,03,03 € [0,1) with
o1+ 0y + 03 < 1 such that for all x, ¢ € Q,

d(x, Max)d(g, N d(¢, Mxn)d(», N
dMx,N¢) < ord(%,¢) + 0> ( o ;(%(Z) ¢) + 03 (gl n d)(%( 9 g‘).

Then, there exists a unique point x* € Q such that Mx* = Nx* = »".

Proof. Define A : Q X Q — [0, +00) by A(%,¢) = 0in Theorem 1. m|

Corollary 21. Let ¥, and Y, be nonempty, closed subsets of Q. Consider the mappings M,N :
Y, UY¥, - ¥, UY, satisfying

M(\Pl) - \1"2, M(‘Pz) - \Pl and N(‘Pl) - \1"2, N(‘Pz) C \Pl.
Suppose that there is a constant o € [0, %) such that
d(Mox, Rg) < o (d(x, M) + d(¢, Ng))

holds for all x € ¥, ¢ € ¥Y,. Then, there exists a unique point x* € Y1 N\'Y, such that Mx* = Kx* = »".

Proof. Define A : QX Q — [0, +00) by A(%,¢) = 0 in Theorem 2. |

Corollary 22. Let M,N : Q — Q. Suppose that there exist constants o € [0,1) and p,q,r € (0,1)
with p + q + r = 1 such that

d(Mox,R¢) < o [d(x,Mx)]" - [d(s,N¢)]? - [d(%»M%)d(S'a NS‘)]

1+d(x,¢)
holds for all %, ¢ € Q\Fix{M,X}. Then, M, X admit a CFP in Q.
Proof. Define A : QX Q — [0, +00) by A(%,¢) = 0 in Theorem 3. |

Corollary 23. Let M,N : Q — Q. Suppose that there exist constants o € [0, 1) and r € (0, 1) such that

i | dGe,Nn)d(¢, 8 r
d(Mo,Rg) < O'[d(%,M%).d(g’Ng)]z_[ (%1 +%;(}({§g) §)]

holds for all %, ¢ € Q\Fix{M.,N}. Then, M, & admit a CFP in Q.
Proof. Take p = g = 5% in Corollary 22. m
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5. Applications

Fractional differential operators with nonsingular kernels have attracted considerable attention in
recent years due to their ability to describe memory and hereditary effects more realistically than
classical fractional derivatives. Their applications to nonlinear problems arising in physics and other
applied fields have also motivated both analytical and numerical investigations [19]. Among these
operators, the Atangana-Baleanu derivative in the Caputo sense plays a prominent role, as it
incorporates the Mittag-Lefller kernel, ensuring nonlocality without singular behavior and providing
improved modeling flexibility in applied problems. Motivated by these features, this section is
devoted to the study of a nonlinear fractional integro-differential initial value problem governed by the
Atangana-Baleanu-Caputo derivative of order 0 < a < 1.

By employing the associated Atangana-Baleanu fractional integral, the considered problem is
transformed into an equivalent integral equation, which allows the use of FP techniques. To this end,
an appropriate operator is constructed on the Banach space C([0,T],R), endowed with a
complex-valued extended metric structure. Under suitable Lipschitz-type conditions on the nonlinear
terms, we establish the existence and uniqueness of the solution by verifying that the associated
operator is a contraction. This approach highlights the effectiveness of complex-valued metric
methods in the analysis of fractional integro-differential equations involving nonsingular kernels.

For 0 < a < 1, the Atangana-Baleanu derivative in the Caputo sense (ABC derivative) of a
function x € C' ([0, T],R) is defined by

DGt = D f W (), (- = 57 ds,
0

where

e FE, (-) is the Mittag-Leffler function;
e B () is a normalization constant with B(0) = B(1) = 1.

Consider the initial value problem

ABC D (1)) = f(t,%(t), [ K, 5,%(s)) ds], te[0,T1, 5.0
X .

x(0) = xy.

Using the associated Atangana—Baleanu fractional integral, the above problem is equivalent to

x(t) = xno+

a
B(a)f t,%(t),fK(t, s, %(5))ds
0

L _ el
+B(C¥)F(a)f (=" | 52(9), f K (s, 7,2(1)) dr | ds.
0 0

For more complex nonlinear problems involving the Atangana-Baleanu-Caputo operator, an
analytical solution may not be available, and numerical approximation may therefore be required. The
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above equivalent integral formulation provides a convenient basis for numerical treatment. In
particular, a time discretization combined with suitable quadrature or product-integration techniques
can be employed to approximate the history-dependent integral terms. Because the kernel (f — 5)*' is
weakly singular for O < @ < 1, a quadrature procedure adapted to this fractional kernel is preferable.
The nonlinear terms can then be treated by a predictor-corrector or FP iterative procedure at each time
step. Such a strategy allows the numerical method to account for both the nonlinear dependence and
the accumulated memory effects of the ABC operator. Related numerical treatments of fractional
models involving Caputo-type operators have been considered in the literature, including the studies
reported in [20-22]. A detailed numerical implementation, together with stability, convergence, and
error analysis, is beyond the scope of the present theoretical study and will be considered in
future research.

Theorem 4. Let Q = C([0,T],R), and define d : Q x Q — C by

d(x,¢) = l% = ¢lle (1 + 1) = S[ISIT)] () = c(OI (1 +1).

Then, (Q,d) is a complete C-VESMS with A : QX Q — [0, +00) defined by A(x,¢) = 1 forall x,¢ € Q.
Define the operator X : Q — Q as follows:

(Rn) () = o+ -« f{t,%(t), f K(t,s,%(s))ds]
B(a

0

Far@ ] I [”"”“)’ [ K dT] ds.
0 0

Assume that the following conditions hold.

(i) f is Lipschitz continuous; that is,
Flene) =1t 51, (s 4 s -,

for some constant Ly > 0,
(i1) K is Lipschitz in the third variable

K (t,5,%2) — K(t,5,6)| < Lg | —¢].

(iii) Let

3 ) a
" |B@ " B@r@+1)

and assume o < 1. Then, the initial value problem (5.1) has a unique solution x* € C ([0, T'], R).

L;(1+TLg),

Proof. For any %,¢ € Q and fixed ¢ € [0, T], we have

@ f [t, x(1), fK (1, 5,%(5)) ds] - f[t, s(1), fK (t,5,6(5)) ds]}

Rn) () —R) (1) = ——
0 0

B(a)
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f[S,%(S),fSK(s, 7, %(7)) dr]
0 ds.  (5.2)

a
+—f(t—s)a_1 s

B@T'(a) J —f(s, s(s), [K (s.7, §(T))dT)
0

Taking the absolute on both side and using the triangle inequality, we get

i f[t,%(t), f K, s,%(s))ds]— f[t, (o), f K, s,g(s))ds]

1—
|(Rx) (1) = (Ne) (1) < m
0 0

f(s, %(s), fSK (s, 7, 2%(7)) dr)
d

0 s.

A AR
+B(a)r(a)f(’ )
0

By the assumption (i), we have

—f(s, S'(S),fK(S,T, (1)) dT]
0

1 3 t t
%) () - R (D] < F;;Lf{m(r) ~soi+| [ Kitsands - [ Kssts) ds]
0 0
l(s) — ¢(s)|
a 1 el fK(s, 7,%(7))dt
+B(a/)F(a/)Lff(t s) 0 ds
0 - fK(s, 7,6(1)) dt
0
< ;%;Lf[lx(t)—g(t)HflK(h s,%#(s)) — K (¢, S,S‘(S))IdS]
0

N ; 1 [ pe(s) = s ()| ]
‘ L f st 3| K mx) ds.  (53)
B@T@ " | ke |7

By the assumption (ii), we have

t t

fIK(t, 5,%(8)) — K (,s,6(s)lds < fLK [%(s) — g(s)lds
0 0
< TLg|lx = 6lle -
Similarly,
flK(s, 7,%(7)) — K (s5,7,6(7)|dt < TLg ||% — Gl -
0
Because

Pe(2) = s < sup |x(2) = (D) = [t = gl
1€[0,7]
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and

Pe(s) = ()l < sup |re(s) = g(s)| = e = Sl -
5€[0,T]

Thus, inequality (5.3) becomes

-«

B (@)

t
@ o =gl
—L t_ (05 1 d ,
"B@TI (@ ff( ) (+TLK||%—g||m) .
0

[(R20) (1) - (Re) ()] < Ly (Il = ¢lleo + TLg [12¢ = llo0)

which implies that

1-a

B(a)
|(8x) (1) = (R¢) (D] < Ly (1 + TLg) |1 = 6l . - (5.4)
! +B(<x)l"(<z) Of(t - S) : dS
Now, because
t
f(z $) lds = — < —,
a
0
we have
t
a a/_l (04
_ < - .
B(a)F(a)f(t s < p e T @ D (5-5)
0

Taking the supremum over ¢ € [0, 7] and using (5.5) in inequality (5.4), we have

X% — Ngll = sup [(Rax) (1) = (Re) ()] < ol = 6l

te[0,7]

where
1l-a lo%

" 1B@ T B@r@+1

Ly(1+TLg) <1,
by Hypothesis (iii). Thus,
8% — ¢l < o[l = 6lleo -

Now, by the definition of d,

d(Nx, X¢) 182 = Relloo (1 +0) < ol = 6l (1 + 1)

od(x,¢).

Thus, all the conditions of Corollary 1 are satisfied with oy = o and 0, = 03 = 0, and the operator
defined by (5.2) has a unique »* € C ([0, T],R), which is a solution of the initial value problem (5.1).
O

AIMS Mathematics Volume 11, Issue 9, 29365-29398.



29394

Example 9. Let

1
T:1,0<a:§<1,B(a):1,

and consider the initial value problem

ABC D (x(1)) = f(t,%(t), [K (1, 5,%(s)) ds), te0,1],
%((())) = o,

(5.6)

where the functions f and K are defined by

1 1

f(t,%,g) = _(% +g)a K(t’s’%) = —X.

6 4

Now, for any x%,%/,¢,¢/ € R, we have
1
I A = / /
ftong) = f(tx.s )' = 6(|%_% | +]s—¢]).

Hence, f is Lipschitz continuous with L, = é. Thus, Assumption (i) is satisfied. Also, for any »,¢ € R,
we have

1
|K(I,S,%)—K(Z,S,g‘)| = Z|%_g|'

Thus, Lg = %,' Hence, Condition (ii) of above theorem is satisfied. Now, because 7 = 1, and o = %,

3\ rm
Ta+1)=T[2]|=-2.
(@+1) (2) 2
Thus,
1o, ¢ L,(1+TLg)
O' =
|B(@) B@T(@+D]| ™’ K
1 L | 1
= §+ 23 6(1_'—6)
2 1(3)
(1 1 11/5
= |=+—|=[~]
2 yrl6\4
Numerically,

o =~ (0.5+0.564) x 0.2083 =~ 0.221 < 1.

Therefore, the assumption (iii) holds. Thus, all the conditions of Theorem 4 are satisfied. Hence,
the operator

t l t s
(Nx) (1) = %0+%-é[%(z)+ f %%(s)ds]+r(2%) Of (r—s)%[%(s)+ f %%(T)d?’]ds

0 0

has a unique FP in C ([0, 1],R).
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6. Conclusions

In this work, we introduced the concept of C-VESMSs and established some CFP theorems under
newly proposed generalized contractive conditions. The developed framework provides a unified
setting that encompasses several existing structures as particular cases, including SMSs, E-SMSs,
C-VSMSs, and C-VMSs. Consequently, the obtained results extend and generalize a number of
existing CFP results available in the literature.

The theoretical results were established under suitable contractive assumptions and were supported
by nontrivial examples to illustrate the applicability and effectiveness of the proposed conditions. These
examples demonstrate that the obtained CFP theorems can be applied in settings that are not necessarily
covered directly by some of the existing FP results. The developed C-VESMS framework therefore
provides a flexible mathematical structure for studying CFP problems involving generalized distance-
type functions with complex-valued and extended-valued characteristics.

As an application of the main theoretical results, we considered a nonlinear fractional
integro-differential initial value problem involving the Atangana-Baleanu-Caputo derivative of
order 0 < @ < 1. By employing the corresponding Atangana-Baleanu fractional integral, the
considered problem was transformed into an equivalent integral equation. An appropriate operator
was then constructed on the underlying function space, and the proposed CFP results were applied
within the C-VESMS framework. Under suitable assumptions on the nonlinear terms, the existence
and uniqueness of the solution were established. This application demonstrates the usefulness of the
proposed FP framework in the analysis of nonlinear fractional problems involving nonsingular
memory kernels.

Overall, the results obtained in this study contribute to the development of generalized FP theory
in C-VESMSs and demonstrate the theory’s applicability to nonlinear fractional integro-differential
equations. The proposed framework provides a basis for further investigations involving more general
contractive conditions, mapping structures, and applications to nonlinear mathematical models.

7. Future work

Several promising directions can be considered for extending the present results and broadening
the applicability of the C-VESMS framework. First, an important direction for future research is to
investigate the short-memory concept in the fractional integro-differential problem considered in this
work. The present formulation is developed under a full-memory setting, where the
Atangana-Baleanu-Caputo derivative and the Volterra-type integral term account for the history over
the entire interval [0, 7] . In practical applications, however, the contribution of the distant past may
become sufficiently small so that only a finite portion of the recent history needs to be retained. A
short-memory formulation could therefore provide a potentially more efficient representation of the
memory effects while preserving the dominant contribution of the recent history.  Fractional
formulations involving memory, hereditary effects, and time-dependent fractional behavior have been
investigated in related studies, including Zhou et al. [20], Sumelka et al. [21], and Voyiadjis et
al. [22]. These works provide motivation for further investigation of memory-dependent fractional
models. In this context, a natural extension of the present work would be to formulate and analyze a
short-memory version of the considered problem within the C-VESMS framework, including the
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corresponding existence and uniqueness results and the relationship between the full-memory and
short-memory formulations.

Beyond the memory-related extension, the framework of C-VESMSs can be further developed by
incorporating fuzzy structures, leading to the study of complex-valued fuzzy SMSs and corresponding
fuzzy CFP results. Such extensions could provide a useful mathematical setting for problems
involving vagueness, imprecision, and uncertainty. In addition, other generalized classes of
contractions, such as polynomial, rational, implicit, nonlinear, and hybrid-type contractions, can be
introduced and investigated within the proposed framework. This may lead to further generalizations
and unifications of existing CFP results.

The proposed C-VESMS framework may also be applied to broader classes of nonlinear problems,
including nonlinear integral equations, integro-differential equations, fractional integral equations,
fractional differential equations, and systems of fractional differential or integro-differential
equations. In these applications, the developed FP techniques could be used not only to establish the
existence and uniqueness of solutions but also to investigate stability and other qualitative properties.

Another interesting direction is the extension of the present CFP results from single-valued
mappings to multivalued or set-valued mappings. Such developments could be useful for
mathematical models involving multiple admissible states or solutions. CFP results for multivalued
mappings in C-VESMSs could therefore be investigated under suitable generalized
contractive conditions.

From an applied perspective, the proposed framework may be explored in physics, engineering,
biomechanics, and control theory, particularly for nonlinear models involving memory, hereditary
effects, fractional dynamics, or complex-valued quantities. The fractional integro-differential
application presented in this work provides a starting point for such investigations. Further
applications to models with time-dependent memory and fractional constitutive behavior may also
be considered.

Finally, randomized, probabilistic, and fuzzy extensions of C-VESMSs could be developed to
address uncertainty and randomness in mathematical modeling. Combining these structures with
generalized CFP techniques may provide a unified framework for studying deterministic, uncertain,
and stochastic nonlinear problems. Collectively, these extensions, together with the investigation of
short-memory formulations, may substantially broaden the theoretical scope and practical
applicability of C-VESMSs.
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