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1. Introduction

The factorization of x" — 1 over a finite field F, is a fundamental tool in the study of the cyclic
codes and related classes of linear codes. Since cyclic codes of length n over F, correspond to ideals
of the quotient ring IF,[x]/{x" — 1), their algebraic structure is determined by the irreducible factors of
x" — 1 over F, [1,2]. In particular, such factorizations play an important role in the study of cyclic
codes and their duals; see, for example, [3—6]. For this reason, it is useful to understand not only the
irreducible factors themselves but also their recursive behavior, their enumeration, and their interaction
with reciprocal and conjugate-reciprocal operations. The factorization of x* — 1 over finite fields is
classical and well known, both in direct and recursive forms (see, for example, [2,7, 8]). The point
of view adopted in this paper is different. We focus on alternative recursive factorization patterns that
arise under explicit arithmetic conditions. In these cases, the factorization at higher prime power levels
can be obtained from that at suitable critical levels by simple power substitutions. This leads to a
structured description which is particularly convenient for enumeration problems in coding theory.

In many cases, especially when n contains a prime power divisor satisfying certain arithmetic
conditions, the factorization of x" — 1 exhibits a recursive structure. A simple example occurs over Fs,
where

X —1=x-1Dfk),
=1 = (x= DS,

and s R
X = 1= (= D@ (),
with
fO=x'+x+x+x+1.

Later, in Corollary 3.2, we prove that

s—1
¥ -l=@-D] | A

J=0

for all s > 1. This example suggests that once the factorization at a suitable critical degree is known, the
factorizations at higher degrees may be obtained recursively through substitutions of the form x +— X7

The behavior of reciprocal factors of x* — 1 is closely related to the arithmetic of multiplicative
orders. Self-reciprocal irreducible monic (SRIM) factors have been used in the classification and
enumeration of self-dual, self-orthogonal codes, complementary dual codes, and hulls of codes with
respect to the Euclidean inner product; see, for instance, [3, 6, 9]. In the Hermitian setting,
self-conjugate-reciprocal irreducible monic (SCRIM) factors provide an analogous role over F,. and
have been studied in connection with Hermitian duality including self-dual codes, self-orthogonal
codes, complementary dual codes, and hulls of codes; see, for example, [5, 10]. These are also
connected with the theory of good integers and related divisibility conditions involving expressions of
the form a* + b*, which have appeared in both number theory and coding theory [11-13].

The first aim of this paper is to give an alternative perspective on the recursive factorization of x" — 1
over finite fields. We begin with the prime power case n = p°®, where p is an odd prime not dividing ¢,
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and explain that the irreducible factors induced by certain g-cyclotomic cosets are obtained by power
substitutions of x. We then extend this description to an odd integer n = p}' p3* and, more generally, to
some finite products of odd prime powers coprime to g. This yields explicit factorization patterns that
reduce the problem of factoring x" — 1 at higher degrees to the determination of irreducible factors at a
suitable critical degree. On the basis of the recursive factorization results, we derive explicit formulas
for the number of monic irreducible factors of x"—1 in case of the prime power and some finite products
of prime powers. This recursive viewpoint is particularly useful in coding theory. For cyclic codes, the
factorization of x" — 1 determines the possible generator polynomials, and hence the structure of the
codes themselves. In particular, the recursive framework developed here provides a systematic way to
derive formulas for the numbers of irreducible, SRIM, and SCRIM factors of x* — 1, which forms the
basis of the second aim of this paper.

The second aim is to apply these results to SRIM and SCRIM factors of x" — 1 over finite fields.
More precisely, we study SRIM factors over F, and SCRIM factors over F,. in the same framework.
We obtain descriptions in the extremal situations where all irreducible factors are SRIM or SCRIM,
and where x — 1 is the unique such factor. Furthermore, these enumerative results have direct
applications to coding theory. The distributions of irreducible, SRIM, and SCRIM factors lead
naturally to enumeration formulas for Euclidean and Hermitian self-orthogonal cyclic codes.

The third aim is to connect these factorization results with applications in coding theory. The
distributions of SRIM and SCRIM factors are used to enumerate Euclidean and Hermitian
self-orthogonal cyclic codes.

The paper is organized as follows. In Section 2, we recall the basic definitions concerning
multiplicative orders, g-cyclotomic cosets, and irreducible factors of x" — 1. Section 3 is devoted to
alternative recursive factorizations in the prime power and some finite product of prime powers,
together with explicit factorization templates. In Section 4, formulas for the numbers of monic
irreducible factors are obtained and then applied to the enumeration of SRIM and SCRIM factors. In
Section 35, the results from earlier sections are applied to the enumeration of Euclidean and Hermitian
self-orthogonal cyclic codes over finite fields. Finally, Section 6 summarizes the main results and
indicates possible directions for further investigation.

2. Preliminaries

For a prime p and a positive integer a, the notation p* || @ means that s is the largest non-negative
integer such that p* divides a. Equivalently, p* | a but p**! { a. In this case, s is called the p-adic
valuation of a and it is denoted by v,(a) = s. For positive integers i and j with gcd(i, j) = 1, the
multiplicative order of j modulo i, denoted by ord;( ), is the smallest positive integer s such that j* = 1
(mod i).

For an integer a and a positive integer n with gcd(n,gq) = 1, the g-cyclotomic coset modulo n
containing a is defined by

Cly.(a) = {ag’ modn: j=0,1,...}.

It is easily seen that

| Clq,n(a)l = Ordn/ gcd(n,a)(Q)'
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Let £ be a primitive n-th root of unity in a suitable extension field of [F,. For each integer a, define

fy= || &=,

i€Cly,n(a)

Then f,(x) is a monic irreducible polynomial over IF,. Moreover, f,(x) = f,(x) if and only if Cl,,(a) =
Cl,.(b). Let I" be a complete set of representatives of the distinct g-cyclotomic cosets modulo 7.
From [2], the factorization of x" — 1 over F, is given by

X'—1= nfa(x).
ael’

The following standard results will be used frequently.

Theorem 2.1. ([14, Theorem 3.6]) Let q be a prime power and let p be an odd prime such that
ged(p, q) = 1. Let y be the positive integer such that p” || (g9 — 1). Then, for every positive integer
s, we have

ord,(g), ifl1<s<v,
ord,:(q) = g .
ord,(@)p*7, ifs>y.

The recursive factorization results in Section 3 are established only for odd prime power
components, since they rely on the lifting formula for ord,s(¢) in Theorem 2.1.

Lemma 2.2. Let g be a prime power and let p be an odd prime such that gcd(p,q) = 1. Let a be a
positive integer such that gcd(a, p) = 1, and let 'y be the positive integer satisfying p” || (¢"%? — 1).
Then, for 0 < i < s, the size of the q-cyclotomic coset Cl, ps(ap') is

l, ord,(Q)p*™7, ifs—i>y,
| Cly ps(ap)| = ! ) .
ord,(q), ifs—i<vy.

Proof. Let m be the smallest positive integer such that

iom —

ap'q" = ap' (mod p°).

This congruence is equivalent to p* | ap’(¢"—1). Since gcd(a, p) = 1, this is equivalent to p*~ | (g™ 1),
or, equivalently
g"=1 (mod p*™).

Therefore,
| Cly,ps(ap’)| = ords-i(g).
The result now follows directly from Theorem 2.1. Indeed, if s — i < vy, then

Ordps—i(q) = Ordp(q)a

whereas if s — i > vy, then
ord,-i(g) = ord,(q)p* .

This proves the lemma. O
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3. Recursive factorization of x* — 1 over finite fields

In this section, we present recursive patterns in the factorization of x" — 1 over F,. The main idea
is that, under suitable arithmetic conditions, irreducible factors at higher degrees can be obtained from
factors at a lower critical degree by power substitutions. However, as pointed out by one of the referees,
the classical procedure already suggests a recursive behavior (see Remarks 3.3 and 3.10). Therefore,
the purpose of our formulation is to give an alternative recursive view and make this recursive structure
explicit at the level of irreducible factors and g-cyclotomic cosets, and then to use it systematically in
enumeration problems and coding-theoretic applications.

We first treat the odd prime power case n = p°®, then extend the result to a product of two prime
powers, and finally discuss the corresponding extension to a finite product of distinct prime powers.

3.1. The case of prime power

We begin with the case n = p*, where p is an odd prime not dividing g. The recursive structure in
this case is determined by the largest power of p dividing g%? — 1. More precisely, if

Pl (g = 1),

then, by Theorem 2.1, the order ord,s(g) remains constant up to the critical level p” and then grows by
a factor of p at each subsequent level. The parameter 7y is obtained by first computing d = ord,(¢) and
then determining

Y = (g’ = 1) = vy(¢" " - 1).

This classical lifting behavior leads directly to a recursive description of the irreducible factors of
x”" — 1. We present the resulting prime power recursion in our notation, since it provides the basic
recursive form used in the subsequent analysis of products of distinct odd prime powers.

Theorem 3.1. Let g be a prime power, let p be an odd prime such that gcd(p, q) = 1, and let y be the
positive integer such that p" || (¢°%9 — 1). If s is a positive integer such that s >y, then

fap"(x) = fapH (xpxiﬁ)

for every positive integer a such that gcd(a, p) = 1 and everyi € {0, 1, ..., s -y}, where f,,i(x) denotes
the irreducible factor induced by the g-cyclotomic coset Cl, ,:(ap").

Proof. Let { be a primitive p*-th root of unity in a suitable extension field of F,. Then, f,,(x) is the
minimal polynomial of £*”" over F,,.
Fixie{0,1,...,s—vy}and setr = s —y — i. Since

@y =,

the element ¢ ar' i3 a root of
ﬁzps‘y(xp )-

Hence, by the minimality of f,,(x), we have
Fap ) | fup=r (7).
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By Lemma 2.2 and Theorem 2.1
deg(f.yi(x)) = p* " ord,(g) = p"ord,(g),
while deg(f,,-(x)) = ord,(q). Therefore
deg(fupr+(x")) = p"ord,(q) = deg(fo(x)-
Since both polynomials are monic, the divisibility above and equality of degrees imply

Fap(X) = fuper (7).

This proves the result. O

By Theorem 3.1, the factors corresponding to a,ap,ap?,...,ap*” are recursively generated from
the factor f,,—(x) through the substitutions x - x” ', x 7 x s 77 x> X
Equivalently

[aX) = fupr (6P,
Fup(®) = fapr (P77,
Fur(X) = fapr (P77,

Japsr-1(X) = faprr (xP),
Japs=+(X) = fapsr ().

A practical description of the full factorization of x*" — 1 can be recursively deduced on the basis of
Theorem 3.1 once the factorization at the critical degree p” is known.

Corollary 3.2. Let g be a prime power and let p be an odd prime such that gcd(p,q) = 1. Let
pY | (gD — 1). Assume that the factorization of x — 1 over F, is

X =1 = (= DAL - f(0),

where fi(x), [>(X), ..., fi(x) are precisely the irreducible factors among fi(x), fr(x),..., f-(x) that
divide x' — 1. Then, for every s >y, we have

k 5= r
W -1=@- D] ] ﬁ [ ] re.
i=1 Jj=0 i=k+1

Proof. Since the factors f;(x), f2(x), ..., fi(x) already occur at degree p?~!, they remain unchanged in
the factorization of x”* — 1. The remaining factors are those appearing for the first time at the critical
degree p”. By Theorem 3.1, each such factor generates the chain

0, fi(P), ), L, fGPT.

Combining the stable factors and these generated chains gives the stated factorization. O
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Remark 3.3. Building on the classical factorization of x"—1 over finite fields F, (see, for example, [8]),
one may consider the cyclotomic decomposition

X'—1= ]—[ D (x),

din

where ®,(x) denotes the d-th cyclotomic polynomial. Thus, the factorization of x"—1 over F, is reduced
to factoring each ®4(x) over F,. Equivalently, for each divisor d of n, one may choose a primitive d-th
root of unity &; in a suitable extension field of F, and compute its minimal polynomial over F,. The
distinct irreducible factors then correspond to the g-cyclotomic cosets modulo d in the unit group of
Zd.

In the prime power case n = p°®, where p is an odd prime with p 1 q, this standard procedure may
be expressed in a recursive form as follows:

(1) Let d = ord,(q). Then there exists an extension field K of F, of degree d containing a primitive
p-th root of unity. If B is a generator of the multiplicative group K*, then

-1
I :ﬁ(q )/ p

is a primitive p-th root of unity in K. The minimal polynomial of {, over IF, gives an irreducible
factor of ®,(x) over IF,,.
(2) Let
Y = (@™ = D).

Then p” || (¢* — 1) and vy is the critical exponent determining the highest level before the recursive
power substitution pattern begins. Starting from a primitive p-th root of unity, one may determine
primitive p’-th roots of unity for 1 < j <y and compute their minimal polynomials over F,. In
this way, one obtains the irreducible factors corresponding to

D, (x), D2(x), . .., Dy ().

(3) For m > v, once a minimal polynomial y,(x) of a primitive p”-th root of unity is known, the
corresponding minimal polynomial of a primitive p™-th root of unity is obtained by

fm(X) = pry(xP" 7).

In our formulation, this is precisely the recursive pattern made explicit in Theorem 3.1 and
Corollary 3.2. After the critical level p”, the higher p-power factors are generated recursively by
power substitutions.

Example 3.4. Consider the factorization of x> — 1 over Fss. Since ord;(53) = 2 and 3% || (530463 —1),
we have y = 3. Hence, the critical degree is 37 = 3°.
First, we note that the factorization of x> — 1 over Fs; is

Fol=(x-1) ]_[ (*+cex+ 1),

ce(1,18,39,49)
. . 3 .
and the factorization of x> — 1 over Fs3 is
33 _ 2 2
x=1=(x-=-1 x*+cx+1) (x*+dx+1).
ce(1,18,39,49) de(3,6,12,17,19,30,31,46,48)
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By Corollary 3.2, the factorization of x3" = 1 over Fs; is

4
¥ o1=(x=1) [] (f+cx+DIT [] (¥ +ax +1)].

c€{1,18,39,49} Jj=0 \de{3,6,12,17,19,30,31,46,48}

3.2. The case of the product of two odd prime powers
In this subsection, we consider an alternative recursive factorization of x" — 1 over F, in the case

n=p'py,
where p; and p, are distinct odd primes not dividing g. In contrast to the case of prime power, the
behavior of the g-cyclotomic cosets depends on the interaction between the two prime power
components.

The main new theoretical contribution of our recursive framework begins in this setting. We
determine a precise arithmetic separation criterion under which the multiplicative order modulo p}' p3’
splits into independent prime power contributions. Under this criterion, the associated g-cyclotomic
cosets admit a uniform recursive block structure, which leads to the recursive factorization in
Theorem 3.6. The same principle is subsequently extended to certain finite products of distinct odd
prime powers.

The following lemma gives the exact arithmetic condition required for this multiplicative order
separation and hence for the recursive factorization argument.

Lemma 3.5. Let g be a prime power and p, and p, be distinct odd primes such that gcd(p,p2,q) = 1.
Fort = 1,2, let d, = ord, (q) and p]' | (g% —1). Assume that s, > vy, for t = 1,2. Then,

ord, 1 ,2(q) = py' 7' py " lem(dy, d) (3.1)

if and only if
si=vy10rp1tdy, and sy =7y, or pr 1d.
In particular, if s; >y, and s, > y,, then (3.1) holds if and only if p1 ¥ d, and p, 1 d,.

Proof. Since p, and p, are distinct primes and gcd(p; p», g) = 1, we have

ord 1% (g) = lem(ord 1 (¢), ord 2 (¢))-

By Theorem 2.1, ord,«(q) = d,p;"”" for all # = 1,2. Consequently,

5272

ord 1 2(g) = lem(d, py' 7 dop,

Set A = s —y; and B = 5, — 5. Since d; = ord, (¢) divides p; — 1, we have p, 1 d;. Similarly,
p2 1 d,. Comparing the p;-adic valuations, we obtain

Vp, (lcm(dlpf, dgsz)) = max{A, v, (d2)},

whereas
v, (PiPE lem(dy, dy)) = A +v,,(do).
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These two quantities are equal if and only if A = 0 or v, (d,) = 0. Equivalently, s; =y, or p; 1 d>.
Similarly, comparing the p,-adic valuations gives that equality holds if and only if s, = 7y, or
p2 1 dy. Therefore,
lCIIl(d le 71 Yz 72) — Yl 71 2 72 lcm(dl,dz),

if and only if s = y; or p; 1 d», and s, = y; or p, 1 d;. The result follows. O

Under the separation criterion established in Lemma 3.5, the classical prime power recursion
extends to the product of two distinct odd prime powers. This yields the following recursive
factorization result, which is one of the main theoretical contributions.

Theorem 3.6. Let g be a prime power and p; and p, be distinct odd primes such that gcd(p1p2,q) = 1.
Fort=1,2, let d; = ord, (q) and il (¢% — 1) and let s, be an integer such that s, > y,. Assume that
sy =7y10r p1 1 dy, and s, =y, or p, 1 dy. Let a be a positive integer such that gcd(a, p1p,) = 1. Then,

S1=Y1=i1 $2=Y2~iy
f i i (x) f Sl )’|p52—72 (xpl p2 ),

ap,' p;

forall 0 < i1 < s1—y1and 0 < ip < 55 — ¥y, where f, s (x) is induced by the g-cyclotomic coset
172

Clq Pl p2 (ap1

Proof. By Lemma 3.5, we have

o s — STV 5272
ord s n(q) = py "'py 7 lem(d,, dy).
Let « be a primitive element of quiryl P22 ko dy and set

qpir” py P lemdidy) _ |

j = S 5
PPy

Then, o/ is a primitive p}' p;’-th root of unity. The g-cyclotomic coset Cl,, P2 (ap! p%) has a size
pil e “PEZ vt lem(d;, d) = Ordp;1*i1p22*i2 (Q),

by Lemma 3.5. Since 0 < i, < s, — y,, we have s, — i, > y, for all r = 1, 2. It follows that the coset can

be partitioned into lcm(d;, d>) subsets

C, {aplllplzzqucm(m Jda)+m mod pilp 0<r< pS1 -y1- llpéz Y2— },

where 0 < m < lem(d,,d,) — 1. For each k € C,,, we obtain

vy — rlem(dy .d-
$2-v20 SI=Y1 52772 rlem(d).dy)+m @

((CL'J) )1’11 o 1’2 — (a,])up P g S17Y1 52 72(]»1)‘1

_ (( J)aP P,
Since p!" | (¢* — 1)and d, | lem(d;, d,) for t = 1, 2, it follows that

pi’lpgz I (qlcm(dl,dz) _ 1).
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Hence, the power ¢'*™“®) fixes every root of unity whose order divides p)'py’. Therefore,
((aj)k)pl Y101 22 ¥2-ia _ (af)apil leAz qum.
Consequently,
[Te- @iy =™ — iy ™

keCy,

Multiplying over 0 < m < lcm(d,, d,) — 1, we obtain

S17Y1—

i1 SH—yy—i
f i1 lz(x) f Yl ylpyz ¥y (xpl 1[722 2 2).
2

ap| p;
This proves the result. O

Under certain conditions, a pattern similar to that of the case of odd prime power is obtained for the
case of a product of two odd prime powers, as shown by Theorem 3.6. Once the factor

fapl lez Vz(x)

is known, the preceding factors are obtained by the substitutions

lll u2
x> xP P2 ,

where 0 < u, < s, — y, for t = 1,2. Thus, the recursive structure is indexed by a two-dimensional grid

rather than by a single chain.

Corollary 3.7. Let q be a prime power, and let p; and p, be distinct odd primes such that
ged(pipr,q) = 1. Fort = 1,2, let d; = ord,(q) and let vy, be the positive integer such that
pl | (g% = 1). Let s, > v, and assume that sy =y, or p\ { d», and s, =y or p, {1 d;. Set

— Y12
no=py Py

-1=| | fw

fefo

and let

be its factorization into monic irreducible factors over F,. For each f € ¥, let pel(f 'p2D pe the
common multiplicative order of the roots of f, where 0 < et( f) < v:. Define

T@—{fefo:el(f)<71, ex(f) <yah,

={f €Fo:ei(f) =71, e2(f) <72}
95 ={f €Fo:ei(f) <1, e2f) =72},
Fra ={f € Fo: e1(f) =71, ea(f) = 72}

Then, we have

S1=71 $2-Y2 S1=Y182=72

R = nf(x)x n nf(x”‘) l_[ 1—[ f(xpz) 1—[ 1—[ ﬂf(xpflp?).

feFo fefr 1=0 fefr j2=0 feFiz 1=0 j2=0
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Proof. Let g(x) be an irreducible factor of xP1'P7 —1, and let & be aroot of g(x). Write the multiplicative
order of ¢ as pi'py for 0 < r, < 5. Set e, = min{r,,y,}, j, = max{r, — y,,0}, and M = p{‘pf. Then
&M has the order Py p5’, and hence EM is a root of a unique factor f(x) € Fy. Therefore, & is a root of
f(x) which implies that g(x) | f(x™).

It remains to compare their degrees. Indeed, by Theorem 2.1, ord . (q) = p{" ord,«(q) forallt = 1,2.
Since ¢, < y,, we have ordpfz (¢) = d, whenever ¢, > 1, while ord,(g) = 1 if ¢, = 0. Moreover, if j; > 0,
then s, > y; and hence p; 1 d». Similarly, if j, > O, then p, 1 d;. Therefore,

Ji o Ja

ordp? 17;2 (q) =D P Ordpilpgz (q)

Consequently,
deg(g(x)) = M deg(f(x)) = deg(f(x")).

Since both polynomials are monic, it follows that g(x) = f(x™).

Ife; <y;and e, <y, then j; = j, =0and f € F,. If e; = v, and e, < y,, then f € ¥, and only
powers of p; occur in M. The case f € ¥, is analogous. Finally, if e; = y; and e; = y,, then f € 1,
and both powers may occur.

On the other hand, the same degree argument shows that each polynomial displayed in these four
families is an irreducible factor of x”1'P2" — 1. Moreover, the order of its roots uniquely determines j
and j,, while the corresponding factor f at the critical level is unique. Hence, the four families are
pairwise disjoint and together give the stated factorization. O

3.3. The case of the product of finite odd prime powers

Finally, we briefly extend the preceding recursive factorization to a finite product of distinct odd
prime powers. The same idea applies when the prime power components separate uniformly. To
explain this condition more concretely, note that for

n=
t:

hl
P/
=1
the recursive factorization argument requires the multiplicative order ord,(q) to separate into two parts:
A lifted prime power contribution
1
n ptst—)’t
t=1

and a base term lcm(d,, . .., d,), where d, = ord,, (q). The separation condition ensures that when one
passes from the critical exponent y, to a higher exponent s,, no additional divisibility coming from
another prime p, enters the order through d,. In other words, each prime power component
contributes independently to the lifted part of the order. This independence is exactly what allows the
associated g-cyclotomic cosets to decompose into uniform blocks and hence makes the recursive
power substitution argument possible. Without this condition, the prime power components may
interact inside the multiplicative order, so the clean block structure of the cosets may break down. The
statements below are direct analog of the corresponding results for a product of two odd prime
powers, and their proofs follow by similar arguments. We therefore omit the details.

AIMS Mathematics Volume 11, Issue 9, 29327-29364.



29338

Foreacht € {1,2,...,4}, letd; = ord,, (¢) and pll (¢* — 1). By Theorem 2.1, whenever s, > y,,

one has
St=Yt

ord,«(q) = d,p;

Hence

Ordn;lZI Pf[ (q) - lcm (dlpil_)/l 9oy d/lpfl/l_’)//{) .

Thus, in order to obtain the separated form

A
Ordﬁle p;z (q) = (l_[ ptst_%) lcm(d] oo ns d,l),
=1

it is necessary and sufficient that, for every v € {1,2,..., A} we have
s, =vy,orp,1d, forall t+v.

Equivalently, whenever the p,-power is lifted beyond the critical degree y,, the prime p, must not occur
in any of the base orders d; with t # v.

Under this separation condition, the g-cyclotomic cosets decompose into uniform blocks, exactly
as in the case of two prime powers. Raising the roots in each block to the appropriate power collapses
the block to a single root corresponding to the terminal coset. This yields the following extension.

Theorem 3.8. Let g be a prime power and let

Pl
n=|[]rn
=1
where py, pa,...,p, are distinct odd primes and gcd(n,q) = 1. For each t € {1,2,...,4}, let d, =
ord, (q) and pI" || (¢" — 1). Assume that s, > 7y, for all, t and that, for every v € {1,..., 4},

s, =vy,orp,fd, forall t+v.

Let a be a positive integer such that gcd (a, ]_[f=l pt) = 1. Then,

Jarit, pr ) = Sappt, i (xm:lp;rwt) ’
where 0 < i; < s, — vy, forallt = 1,...,4, and f, H,ilpﬁ’(x) is induced by the g-cyclotomic coset
Cly.n (a [T P?)-
The full factorization at the critical degree can be extended recursively by lifting each irreducible
factor only in the prime power directions in which its root order reaches the corresponding critical

exponent. Under the separation assumptions above, these liftings are independent. This yields the
following full recursive factorization.

Corollary 3.9. Let g be a prime power and let
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where pi, pa,...,p, are distinct odd primes such that gcd(n,q) = 1. For each t € {1,2,...,4}, let
d, = ord,,(q) and let vy, be the positive integer such that p]" || (¢* — 1). Assume that s, >y, for all t and
that, for everyv € {1,2,...,4}, s, =vy,, or p, 1 d, forall t # v. Set

and let
w0 —1=[]r
feFo
be its factorization into monic irreducible factors over F,,.
For each f € Fy, let the common multiplicative order of its roots be

A
[T 0sen=m
=1

and define J(f) ={t € {1,2,...,4} : ef) = v, }. Then,

X'—1= n 1_[ f(xnteJ(f) P}ir) ,

fero  Gean
0<ji<s1~v:

where, if J(f) = @, the corresponding contribution is understood to be simply f(x).

For completeness, the corresponding classical viewpoint (see, for example, [8]) in the general finite
product setting is reviewed in the following remark.

Remark 3.10. Remark 3.3 extends naturally to a general positive integer

;
- m;
n=11p;",
i=1

where the values of p; are distinct primes and gcd(n, q) = 1. For each prime power divisor p}", one
may first determine the corresponding irreducible factors of

D, (x), (DP?(X)’ cees (I)p;"i (x)

by the classical procedure described in Remark 3.3. Equivalently, one may work in suitable extension
fields containing primitive p}"-th roots of unity and compute the associated minimal polynomials over
F,.

If K; is an extension field of F, containing the relevant primitive p"-th roots of unity, then its degree
is determined by the corresponding multiplicative orders. Since finite extensions of F, are determined
uniquely, up to isomorphism, by their degrees, it is convenient to work inside a common extension field
L of F, whose degree is a common multiple of the relevant orders. In this field, primitive d-th roots of
unity for divisors d | n may be obtained as products of the roots of appropriate prime power orders,
and their minimal polynomials then yield the irreducible factors of X" — 1 over F,.

Thus, in the general case, the classical procedure produces the full factorization by assembling the
prime power contributions inside a common extension field. The point of our formulation is that in
suitable arithmetic settings such as those of Theorem 3.8 and Corollary 3.9, this construction can be
reorganized into an explicit recursive description.
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4. SRIM and SCRIM factors of x" — 1

In this section, we present a systematic treatment of the numbers of monic irreducible, SRIM,
and SCRIM factors of x” — 1 over finite fields, based on the recursive factorizations established in
Section 3. We note that direct enumerations of SRIM and SCRIM factors of x* — 1 were previously
discussed in [9, 10]. The importance of our results lies in the fact that they place these enumerations
into a recursive framework, showing that the factorization and counting problems at higher degrees can
be reduced to those at a suitable critical degree.

Let f(x) € F,[x] be a monic polynomial with a nonzero constant term. The reciprocal polynomial
of f(x) is defined by

[0 = =D O .
The polynomial f(x) is called self-reciprocal if f*(x) = f(x). A monic irreducible polynomial over I,
is called a SRIM polynomial if it is self-reciprocal.

Let n be a positive integer such that gcd(n,g) = 1, and let { be a primitive n-th root of unity in an
extension field of IF,. For each integer a, we recall that the irreducible factor of x" — 1 induced by the
g-cyclotomic coset Cl, ,(a) is

fmy = || &=,

i€Cly ,(a)

The reciprocal polynomial f;(x) is induced by the coset Cl,,(-a). Hence f,(x) is SRIM if and only if
Clyq(a) = Cly,(—a).

Equivalently, f,(x) is SRIM if and only if there exists a non-negative integer j such that ag’ = —a

(mod n). In terms of the reduction modulo = d?n 3 this is equivalent to

ji=_1 a—"2
d (mod = i a)

Over a finite field of square order, the notion of a SCRIM polynomial is defined in a similar fashion.
For a polynomial

f@) =) fix' € Fplxl,
i=0
define its conjugate by

fx) = Z fixl,
i=0

The conjugate-reciprocal polynomial of f(x)is fT(x) = ]T*(x). A monic irreducible polynomial f(x) €
F,2[x] is called SCRIM if fT(x) = f(x). The irreducible factor of x* — 1 over F,» induced by a q*-
cyclotomic coset Cl ,(a) is

= ]| «-0.

ieCl 5 (@)

Its conjugate-reciprocal polynomial f, (x) is induced by the coset Cl, ,(—qa). Therefore, f,(x) is
SCRIM if and only if
Clqz’n(a) = Clqz,n(—qa).
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Equivalently, there exists a non-negative integer j such that ag>’ = —ga (mod n). Under the reduction
modulo —"— this is equivalent to
ged(n,a)
2= - mod ———).
q q ( g«mm)

For an odd prime p with gcd(p, ¢) = 1, let y be the unique positive integer such that p? || (g°%© —1).
For a positive integer s, let

o ()
Apq(s) := Z ord,i(¢q)’

=1
where ¢ denotes Euler’s phi function. The quantity A, ,(s) has the concrete interpretation of counting
the nonzero g-cyclotomic cosets in Z,s, equivalently, the nontrivial monic irreducible factors of x” — 1
over [, (see Proposition 4.1 and [9, Section 4]). The following piecewise form of A, ,(s) reflects
the transition at the critical exponent y: For j < v, the orders ord,i(¢) remain constant, whereas for
j > v, they acquire an additional factor of p/~, and this changes the corresponding cyclotomic coset’s
contributions. By Lemma 2.2 and the standard lifting property of multiplicative orders, this can be
written explicitly as

s 1
P if1<s<y,
A (s) = ] 0@ @.1)
P4 pP-1 (s=-yp~'p-1 . '
, ifs>y.

ord,(q) ord,(q)

For each positive integer n, let N,(n) denote the number of monic irreducible factors of x" — 1 over
IF,. The enumeration formula of N,(n) is presented in the following subsections.

4.1. Numbers of monic irreducible factors

With the notation introduced above, the standard divisor sum formula for the number of irreducible
factors immediately gives the following convenient expression. The quantity A, ,(s) will also be used
repeatedly in the subsequent enumeration of irreducible, SRIM, and SCRIM factors, as well as in the
resulting formulas for self-orthogonal cyclic codes.

Proposition 4.1. Let g be a prime power and let p be an odd prime such that gcd(p, q) = 1. Then,

N,(p*) = 1+ A, g(s).

Proof. We note that the number of monic irreducible factors of x" — 1 over F, is

, d - J
(”:Z:¢()_l+ o(p’)

N, = =14+A,,05).
p ord,(q) ‘= ord,(q) X

q
d\p*

This proves the result. O

Example 4.2. Let g = 3 and p = 5. Then, ords(3) = 4. Since 3* — 1 = 80 and 5' || 80, we have y = 1,
which implies that

57 -1 N (s—y)5715-1) _5-1
ords(3) ords(3) -4

4
As3(s) = +(s— 1)1 =,
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and
N3(5%) =1+ As3(s) =s+1

forall s > 1.

Remark 4.3. We note that the case p = 2 requires separate treatment. Indeed, if q is odd, then the
behavior of ord,s(q) depends on the 2-adic valuations of both g — 1 and q* — 1. More precisely, for
s> 1,
1, if1 <s<wg-1),
ordys(q) = 42, ifvalg = 1) < s <wm(g® = 1),
2s—v2(q2—1)+1’ l:fS > V2(q2 _ 1)
Consequently, the number of monic irreducible factors of x* — 1 over F is

o\ _¢2)
Ny(2) = JZ; S

where ord;(q) = 1. However, unlike the odd-prime case, a closed formula for N,(2°) is naturally
piecewise according to v,(q — 1) and v»(g* — 1).

The separation conditions considered in Section 3 can be strengthened to obtain an important
enumerative consequence. Under the hypotheses below, the relevant prime power orbit sizes are
pairwise coprime, so that the divisor sum for the number of irreducible factors separates
multiplicatively.

Theorem 4.4. Let g be a prime power, and let p, and p, be the distinct odd primes such that
ged(pipa, @) = 1. If ged(ord, (¢), ord,,(q)) = 1, p1 1 ord,,(q), and p; 1 ord,, (q), then,

Nq(pf‘pﬁz) =(1+ Am,q(sl))(l + Apz,q(SZ))-
Proof. First, we note that each divisor of p}' p* has the form p{' p5’ for some 0 < e; < sy and 0 < ¢, <

8. Set
d, = ord, (¢) and d, = ord,,(q)

and let y, be the positive integer such that p)* || (¢* — 1) forall t = 1, 2.
If e; = 0 or e; = 0, then one of Ordpjl (¢) and ordp;z (g) is equal to ord;(¢q) = 1. Hence, we have

gcd(ordpil (q), Ordpgz (@) =1.
Assume that ¢; > 1 and e, > 1. Then,
max{e;—y1,0 max{ez—y2,0}

Ol‘dpfl (@) = dip, ! and Ordpgz (@) = dop),

by Theorem 2.1. Since d, = ord,,(gq) divides p, — 1 for t = 1,2, we have p; 1 d; and p; 1 d,. Together
with the assumptions gcd(d;, d») = 1, p 1 d», and p, 1 d;, it follows that

gcd(ordpvivl (q), ordp;z (@) =1.
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Consequently,
ordp? P2 (@) = lcm(ordpiw (@), ordp;z (@) = ordpelw (@) Ol‘dpgz (¢)
forall0<e; <s;and 0 < ep < 5.
By the Chinese remainder theorem, we have

Zpi'lpzé = Zpi'l X Zp;z,

and multiplication by g corresponds to the diagonal action on the right-hand side. Since the sizes of
the corresponding component g-cyclotomic cosets are coprime by the argument above, each pair of
component g-cyclotomic cosets corresponds to exactly one g-cyclotomic coset modulo pi' p3’. Hence,
the number of g-cyclotomic cosets, and, equivalently, the number of monic irreducible factors,
separates multiplicatively.

Therefore,

S e ps)

Ny(pi'py) = Z Z ord i ,2(q)

e1=0er=0
S1 52

Z Z 90(p1 go(p; )

e1=0 e2=0 ord p}! (q) Ol‘d Py (q)

_ S (p(pl ) S (,0(]72 )

B [;) ord e (q)] (;:O ord (61)]

= (14 Ap,g(50) (1 + Appg(s2)

as desired.
Illustrative examples are given as follows.

Example 4.5. Let g = 3, py = 13, and p, = 11. Then ord3(3) = 3 and ord,;(3) = 5. Thus,
gcd(ord3(3),0rd;;(3)) = gcd(3,5) = 1,13 { ord1(3) = 5, and 11 t ordi3(3) = 3. Hence, the
separation hypotheses in Theorem 4.4 are satisfied.

For py = 13, we have 3> — 1 = 26 and 13" || 26. Hence, y, = 1 and
13-1 13-1
Az3(s1) = 3 + (51— DT = 4s.

For p, = 11, we have 3° — 1 = 242 = 2 - 112. Hence, 11? || (3° — 1) which implies that y, = 2. It
follows that

-1 if1<s,<2,
Ar13(s2) = 3
’ 112—1+(s2—2)11(11—1) 35> 2
5 5 ’ ’
2, ifso =1,
=424, if s, =2
24 +22(s5 —2), if 55> 2.
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By Theorem 4.4, we obtain
N3(13711%) = (1 + Az 3(s))(1 + Ap13(52))
3, if s =1,
= (451 + 1)125, ifs) =2
25 +22(sp —2), ifsp > 2.
Example 4.6. Let g = 11, p; = 13, and p, = 43. Then, ord;3(11) = 12 and ordy(11) = 7. Thus,
gcd(ord3(11), ordy3(11)) = ged(12,7) = 1, 13 { ordys(11) = 7, and 43 t ord;3(11) = 12. Hence, the

separation hypotheses in Theorem 4.4 are satisfied.
For py = 13, we have 13 || (11'2 = 1), so y; = 1. By (4.1), it follows that

135 -1
12 7
13 -1 (s1 -D(A3-1)

12 ’
L Jsl—l
lfS1>1

For p> = 43, we have 43 || (117 — 1), so y» = 1. Again by (4.1), we obtain

3&—1
ifsp=1,
Agz11(82) =

ifS1 =1,
Az 11(sy) =

l'fS1>1,

43—1 -3 -1
C )7( )’ s> 1,

6, ifsr=1,
6S2, lfS2>1

By Theorem 4.4, we obtain
Ni1(13%143%) = (1 + Az11(51))(1 + Ausz 11(52))

14, if s =1ands, =1,
1255 + 2, if sy =1ands, > 1,
s, + 1, ifs;>1and s, = 1,
(51 + )65, + 1), ifs;>1ands, > 1.

We now extend the preceding results to the case

A

S,

n=] [
t=1

where py, pa, ..., p, are distinct odd primes such that gcd(n, g) = 1. Before proceeding to the formula,
we indicate the main idea. The number of monic irreducible factors of x" — 1 over F, is given by

_ @(d)
N = 2 S

AIMS Mathematics Volume 11, Issue 9, 29327-29364.



29345

Foreacht € {1,2,...,4}, letd; = ord,, (g) and let y, be a positive integer such that il (g% - 1).
By Theorem 2.1, for every 1 < e, < s;, we have

ord,« (q) = d,p;naX{e’_”’O},

while ord;(¢) = 1 when ¢, = 0.
Suppose that gcd(d,,d,) = 1 and p, 1 d, for all u # v. Since d; | (p, — 1), we also have p, 1 d; for
every t. Hence, for distinct values of u, v and all relevant exponents e,, e,, we have

ged(ord e (q), ord e (@) = 1,

where the case ¢, = 0 or e, = 0 follows from ord;(¢) = 1. Thus, for every divisor

A
d=]]n
=1

of n, the corresponding prime power orders are pairwise coprime. Therefore, we have

A

ords(q) = lem (ord 1 (q), ..., ord,1(9)) = ]—[ ord,« (g).

t=1

This is the order separation property underlying the product formula in Theorem 4.7. Since Euler’s phi
function is also multiplicative on relatively prime factors, the divisor sum separates into a product of
sums. Extending the idea in the proof of Theorem 4.4, we obtain the following result.

Theorem 4.7. Let g be a prime power and let

where py, pa, ..., pa are distinct odd primes; sy, s», ..., S, are positive integers; and gcd(n,q) = 1. If
ged(ord,, (g),0rd,, (q)) = 1, and p, 1 ord, (q) for all u # v, then the number of monic irreducible
factors of X" — 1 over F, is

A
Ny = | (1 + A q(s0).
t=1

4.2. SRIM factors of x" — 1

The preceding results lead naturally to the study of self-reciprocal irreducible monic factors of x"—1
over finite fields. Let SRIM,(n) denote the number of self-reciprocal irreducible monic factors of x" —1
over F,. We first present results on SRIM factors of x" —1 over F,, with emphasis on the extremal cases
where all irreducible factors are SRIM and where x — 1 is the unique SRIM factor.

Lemma 4.8. ([7]) Let q be a prime power and let p be an odd prime such that gcd(p, q) = 1. Let s be
a positive integer. Then the following statements hold:

(1) All monic irreducible factors of x — 1 over F, are SRIM if and only if ord,(q) is even.
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(2) The polynomial x — 1 is the unique SRIM factor of X" — 1 over F, if and only if ord,(q) is odd.
Proposition 4.9. Let g be a prime power.

(1) Let p be an odd prime such that gcd(p, q) = 1. Then, we have

1, if ord,(q) is odd,

SRIM,(p*) =
1+ A,,(s), iford,(q) iseven.

(2) For 1> 2, let
1
n=|1]pr
=1

where py, pa, ..., pa are distinct odd primes such that gcd(n,q) = 1. If ord, (q) is odd for every
1 <t < A, then x — 1 is the unique SRIM factor of x" — 1 over F,.

Proof. The case of prime power follows from Lemma 4.8 and Proposition 4.1. For the latter case, if
ord,,(q) is odd for every prime divisor p, of n, then no nontrivial g-cyclotomic coset is fixed under
negation. Hence, x — 1 is the unique SRIM factor of x" — 1 over F,,. O

Proposition 4.10. Let g be a prime power, and let p, and p, be distinct odd primes such that
ged(pip2, @) = 1. Assume that ged(ord,, (g), ord,,(q)) = 1, p; 1 ord,,(q), and p, 1 ord, (q). If at least
one of ord,, (q) and ord,,(q) is odd, then,

SRIM,(p;' p*) = SRIM,(p}') - SRIM,(p3?).
In particular,

1, if ord,, (¢) and ord,,(q) are odd,
SRIM,(p}'py) = 1 + A, 4(s1), if ord, (q) is even and ord,,(q) is odd,
1+A,,,(s2), ifordy,(q)isoddand ordy,(q) is even.

Proof. The separation hypotheses imply that the irreducible factor enumeration for X't~ separates
according to the two prime power components by Theorem 4.4. If ord, (q) is odd, then x — 1 is
the unique SRIM factor of xP' = 1. Hence, this component contributes no nontrivial self-reciprocal
factor. If the other component has and even order, then all irreducible factors from that prime power
component are SRIM. Therefore, the number of SRIM factors is the product of the corresponding one
prime counts. O

Example 4.11. Let g = 3, p; = 41, and p, = 13. Then, pip>, = 41 - 13 = 533, ord4;(3) = 8, and
ord;3(3) = 3. Hence, gcd(ordy(3), ord;3(3)) = ged(8,3) = 1, 41 1 ordy3(3) = 3, and 13 { ordy;(3) = 8.
Moreover, ordy;(3) is even and ord,3(3) is odd. Thus, the hypotheses of Proposition 4.10 are satisfied.

For p; = 41, we have 41 || (3°%® — 1) = 38 — 1 = 6560, which implies that y, = 1. By (4.1), we

have
p@dl) 40

Ay 3(1) = =
413(1) ordy(3) 8
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Since ord 3(3) is odd, Proposition 4.10 gives

SRIM;(533) = SRIM3(41 - 13) =1 + Ayy5(1) =6

Therefore, x°** — 1 over Fs has exactly six SRIM factors. The corresponding 3-cyclotomic cosets

modulo 533 are as follows:

Cl3533(0) = {0},

Cl3533(13) = {13,39,117,351,520,494, 416, 182},

Cls533(26) = {26,78,234,169, 507,455,299, 364},

Cl3533(52) = {52,156, 468, 338,481,377, 65, 195},

Cl3533(91) = {91,273, 286, 325,442,260, 247, 208},
{

Cl3533(104) = {104, 312,403, 143,429,221, 130, 390}.

These 3-cyclotomic cosets induce the six SRIM factors of x> — 1 over F3. Since Zss3 is quite large, we

do not list the other 3-cyclotomic cosets explicitly, although they can be computed readily.

In general, the number of SRIM factors of x" — 1 over F, does not satisfy a multiplicative formula
with respect to the prime power decomposition of n. However, under suitable parity conditions on
the relevant multiplicative orders, some simplified formulas can be derived. These observations are
summarized in the following propositions.

Proposition 4.12. Let g be a prime power, and let p; and p, be distinct odd primes such that
ged(pips, q) = 1. If ord, (q) and ord,,(q) are even, and v,(ord, (q)) # v2(ord,,(q)), then,

SRIM,(pi'py) = 1+ A, 4(s1) + Ay, 4(52).

Proof. By Theorem 2.1, we have

max{e;—yy,0}

ord 6r(Q) = Ordp,(Q)pt

forallz=1,2and 1 < e, < s,. Since p; is odd, we have

va(ord () = va(ord,, ()

forallt=1,2and 1 <e¢, < s,.
We show that no mixed divisor pf‘ p?, with e, e, > 1, contributes an SRIM factor. Such a factor is
SRIM if and only if there exists j > 0 such that ¢/ = —1 (mod p}' p3?). Equivalently,

ord " (q) ord «(q)

> (mod ordpil (9)) and j = pT2 (mod ordp;z (@)).

By the Chinese remainder theorem, this system is solvable if and only if

J

va(ord,¢1(9)) = va(ord 2 (q)).

Since p; and p, are odd, we have

va(ord i (g)) = va(ord,, () and vy(ord () = v2(ord,,(q))
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by Theorem 2.1. These valuations are distinct by hypothesis. Hence, no mixed divisor contributes an
SRIM factor.

Since both ord, (¢) and ord,,(q) are even, Lemma 4.8 implies that all irreducible factors arising
from the prime power divisors p}' and p’ are SRIM. Therefore, the SRIM factors are precisely x — 1
together with the nontrivial prime power contributions. Hence, we have

SRIMq(pi‘p;) =1+ A, (1) + A, ,(5)

as desired. O

Example 4.13. Let g = 3, p; = 37, and p, = 41. Then, pip, = 37 -41 = 1517, ords;(3) = 18, and
ords;(3) = 8. Thus, both orders are even and

v2(ords;(3)) = v2(18) = 1 # 3 = v5(8) = vz(ordy (3)).

Hence, the hypotheses of Proposition 4.12 are satisfied. Since 37 || (3'® — 1) and 41 || (3% — 1) = 6560,
we have vy, =y, = 1. Therefore, by (4.1), it follows that

(37 _ 36

A 1 = = =
w3l ord;;(3) 18
and @1) 40
¢
Ay (1) = - =5
413(1) ordi(3) 8

By Proposition 4.12, we obtain

SRIM;(1517) = SRIM3(37 - 41) = 1 + Agy5(1) + Agga(1) = 1 +2 +5 = 8.

Therefore, x''7 — 1 over Fs has exactly eight SRIM factors. Their corresponding 3-cyclotomic cosets

modulo 1517 are as follows:

Clz,1517(0) = {0},

Cls1517(37) = {37,111, 333,999, 1480, 1406, 1184, 518},
Cls1517(41) = {41, 123,369, 1107,287, 861, 1066, 164,492, 1476},
Cls1517(74) = {74,222, 666, 481, 1443, 1295, 851, 1036},
Cls1517(82) = {82,246,738,697,574, 205, 615, 328, 984, 1435},
Cls 1517(148) = {148,444, 1332,962, 1369, 1073, 185, 555},
Cl3.1517(259) = {259,777, 814,925, 1258, 740,703, 592},

{

Cls,1517(296) = {296, 888, 1147, 407, 1221, 629,370, 1110}.

These 3-cyclotomic cosets induce the eight SRIM factors of x'3'7 — 1 over F3. Since Z,s\7 is quite large,

we omit the remaining 3-cyclotomic cosets, although they can be determined explicitly.

Proposition 4.14. Let g be a prime power, and let p; and p, be distinct odd primes such that
ged(pipa2, @) = 1. Assume that ord, (q) and ord,,(q) are even, and

a = va(ord,, () = va(0rd,, ().
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I

o ( ordp;w (@) ordp;z(q) )_

2V2(0rdp.:1 @)’ 2V2(0rdp;z (@)

then we have
SRIMq(pf'p?) =1+ A, 4051) + Ay, 4(52) + 29N, ,(sDA), 4(52).

Proof. As in Proposition 4.12, all prime power contributions are SRIM and their total contribution is

Apl,q(sl) + Apz,q(SZ)’

together with the factor x — 1.

€1 €2

For a mixed divisor p}' py?, the SRIM condition is equivalent to the simultaneous solvability of
¢’=-1 (mod p{") and ¢’=-1 (mod p3).
By the Chinese remainder theorem, this is equivalent to

va(ord,¢1(9)) = va(ord 2 (q)).

By Theorem 2.1, these 2-adic valuations are equal to

v2(ord,, (9)) and vx(ord,, (),

respectively. Hence, by the hypothesis, every mixed irreducible factor is SRIM.
It remains to count the mixed factors. For each mixed divisor p{'p5’, the number of irreducible
factors contributed is
e(p e(py
ord 1, (q) '
Assume that
va(0rd,;1(9)) = va(ord,;2(4)) = a.

Write Ordpjl (¢) = 2%uy, and ordp;z (¢) = 2°u,, where u; and u, are odd. Since

o ( Ordpi‘l (q@) ordp;z(q) )_

2V2(0rdp.]¥1 @)’ 2V2(0rdp;z (@)

at the top-degree orders, then gcd(uy, u,) = 1. It follows that

ordpe;. (@) ordp;z (q@)

lcm(ordp;q (q), ordp;z (@) = lemQ2%u;, 2°uy) = 2%ujuy = T

Therefore, the mixed contribution is

=5 e )& e )L
2 [Z Ordp‘;'(Q)]{Z Ol‘dp? (61)] =20, 4(s1DA, 4(52).

e1=1 er=1

Adding the contributions from x — 1, the pure prime power parts, and the mixed part gives the desired
formula. =
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Example 4.15. Let g = 3, p; = 41, and p, = 241. Then, p1p, = 41 - 241 = 9881, ord4(3) = 8, and
ord,4(3) = 120. Hence, both orders are even and

V2(Ofd41(3)) = V2(8) =3 and V2(01'd241(3)) = V2(120) = 3.

Thus,
a = vy(ord4;(3)) = va(ordy41(3)) = 3.

Moreover, 41 || (3% — 1) = 6560 and 241 || (3'%° — 1), which implies that y, = v, = 1. By (4.1), we have

o(41) 40
A 1 = = — ==
413(1) ordi(3) 8
and 41) 240
Y
A 1) = = =2.
213(1) ordyy (3) 120
In this case, we have s, = s, = 1, and it follows that
ord41(3) _ 8 -1
() g
and
0rd24](3) _ 120 - 15
Dva(ordr41(3)) - 8 - )
Therefore, we have
d4 (3 dya; (3
ordy;(3) ordyy(3) | ocd(1, 15) = 1.

2v2(0rda1(3)) > Prvalordrai3) |

Hence, the hypotheses of Proposition 4.14 are satisfied. By Proposition 4.14, we have

SRIM;(9881) = SRIM;(41 - 241)
= 1+ Agia(1) + Agar (1) + 2°Agy 3(1)Aga1 5(1)
=1+5+2+8-5-2=288.
Therefore, x*38' — 1 over F; has exactly 88 SRIM factors. Since Zogg) is fairly large, we do not display
all the corresponding 3-cyclotomic cosets explicitly, although they can be determined without difficulty.

4.3. SCRIM factors of x" — 1

In this subsection, we next turn to the Hermitian analog over finite fields of square order. Let
SCRIM,:(n) denote the number of self-conjugate-reciprocal irreducible monic factors of x" — 1 over
[F,2. We then establish the corresponding results on SCRIM factors of x" — 1 over F», again focusing
on the extremal cases where all irreducible factors are SCRIM and where x — 1 is the unique SCRIM
factor.

Proposition 4.16. ([10, Theorem 2.13]) Let g be a prime power and let A be a positive integer. Let

A

S

n= | |pzt’
=1

where py, pa, ..., pa are distinct odd primes such that gcd(n,q) = 1. Then, the following statements
hold:
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(1) The polynomial x — 1 is the unique SCRIM factor of x" — 1 over Fp if and only if, for every
tef{l,2,...,A4}, we have
ordpt(qz) is even or ord, (q) is odd.

(2) All monic irreducible factors of x" —1 over F» are SCRIM if and only if, for every t € {1,2,..., 1},
we have
ordpt(qz) is odd and ord, (q) is even.

Proposition 4.17. Let g be a prime power and let p be an odd prime such that gcd(p, q) = 1. Then,

1, if ord,(¢?) is even or ord,(q) is odd,
SCRIM,: (p*) =
1+A,,.(s), if ord,(g?) is odd and ord,(q) is even.

Proof. The results follow directly from Proposition 4.16. In the case where all monic irreducible
factors of x»" — 1 over IF,» are SCRIM, we have

SCRIqu(pS) = qu(ps) =1+ Ap’qz(s),
by an argument similar to the proof of Proposition 4.1, with ¢ in place of g. O

When all irreducible factors are SCRIM, the number of SCRIM factors is simply the total number
of monic irreducible factors. Under the same separation condition used in the finite prime enumeration,
this total number admits the following product formula.

Proposition 4.18. Let g be a prime power and let A be a positive integer. Let

where pi,ps...,py are distinct odd primes and gcd(n,q) = 1. For each t € {1,2,...,4}, let pZ; |
(1)@ — 1). Assume that for every t € {1,2,..., A}, ord,, (¢%) is odd and ord, (q) is even. Assume
also that the following separation conditions hold: gcd(ord,, (¢°), ord,,(¢*)) = 1 for all u # v and, for
everyu € {l,2,...,4}, s, =y, or p, 1 ord,,‘,(qz)for allv # u. Then,

A
SCRIM,»(n) = ]—[(1 + Ay, 2 (50))-

t=1

Proof. By Proposition 4.16, the assumptions ord,, (¢*) is odd and ord,, (¢) is even for all 7 imply that all
monic irreducible factors of x" — 1 over IF» are SCRIM. The additional separation conditions ensure,
by the same order separation argument used before Theorem 4.7, that

A
N = [ [(1+Ap0050).
t=1

Since all monic irreducible factors are SCRIM, the desired formula follows. m]
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5. Applications to self-orthogonal cyclic codes

In this section, we focus on self-orthogonal cyclic codes. Some preliminary results on such codes
were discussed in [4, 15]. Our main point here is that the recursive factorization results established
above provide an effective tool for the enumeration of such codes. Indeed, they reduce the factorization
of x" — 1 at higher degrees to the corresponding factorization at suitable critical degrees, thereby giving
a structured description of the generator polynomials involved. The enumeration is then presented in
terms of the distribution of SRIM and SCRIM factors of x" — 1 over the underlying finite fields.

5.1. Cyclic codes and their Euclidean and Hermitian duals

A linear code of length n over F, is an F-subspace of the F,-vector space . If C has a dimension
k and the minimum Hamming distance

d = min{wt(c) : ¢ € C \ {0}},

then, C is called an [n, k, d], linear code, where wt(c) is the number of non-zero positions in ¢. For
u= (U, Upy...,Up—1),v = WVo,V1,...,v,1) € F, the Euclidean inner product is defined by

n—1

(u,v)g = Z Upvi.

i=0

The Euclidean dual of a linear code C of length n over F, is
C* ={ueF,:(uv;g=0forallyeC}

The code C is called Euclidean self-orthogonal if C C C*E.
Over F ., the Hermitian inner product is defined by

n—1
(u,v)y = Z MiV?
i=0
forall u = (ug,uy,...,u,—1) and v = (vo,vi,..., V1) € FZZ. The Hermitian dual of a linear code C
over F is
CH={ue IFZZ :{u,v)y =0forallv € C).

The code C is called Hermitian self-orthogonal if C C C*.

A linear code C of length n over F, is called cyclic if every cyclic shift of a codeword in C is again
a codeword in C. Cyclic codes of length n over F, can be identified with ideals of the principal ideal
ring F,[x]/{x" — 1). Moreover, every cyclic code is generated by a unique monic divisor g(x) of x" — 1,
which is called the generator polynomial of C [1]. If C is a cyclic code of length n over F, with the
generator polynomial g(x), then, dim(C) = n — deg(g(x)). The polynomial h(x) = (x" —1)/g(x) is
called the parity-check polynomial of C.

The following standard facts describe the Euclidean and Hermitian duals of cyclic codes in terms
of parity-check polynomial.
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Proposition 5.1. (/2]) Let C be a cyclic code of length n over F, with the generator polynomial g(x)
and let h(x) = (x" — 1)/g(x). Then, the Euclidean dual C*E is the cyclic code generated by h*(x).

Proposition 5.2. ([5]) Let C be a cyclic code of length n over F» with generator polynomial g(x) and
let h(x) = (x" — 1)/g(x). Then, the Hermitian dual C*" is the cyclic code generated by h'(x).

Consequently, the self-orthogonality conditions for cyclic codes can be expressed purely in terms
of the divisibility of generator and parity-check polynomials.

Theorem 5.3. Let C be a cyclic code of length n with generator polynomial g(x) and let h(x) =
(x" —1)/g(x). Then, the following statements hold:

(1) OverF,, the code C is Euclidean self-orthogonal if and only if h*(x) | g(x).
(2) Over Fp, the code C is Hermitian self-orthogonal if and only if h'(x) | g(x).

5.2. Enumeration of Euclidean self-orthogonal cyclic codes

Let F, be a finite field of characteristic p and let n = mp", where u > 0 and gcd(m,p) = 1. We
emphasize that over a finite field of characteristic p, we have (a — by’" = a*" — b*". Consequently, we
have

- 1= (" - 1

This identity plays a key role later in the enumeration developed in this section, especially in
Theorem 5.4 and its subsequent corollaries.

According to the discussion above, the repeated-root factorization of x"—1 is completely determined
by the simple root factorization of x” — 1. In particular, the recursive factorization results obtained
earlier for x™ — 1 can be used directly in the repeated-root setting.

Suppose that the factorization of x" — 1 over F, is

xﬁJ:HﬁmHmwmn
i= Jj=

where fi(x), ..., f(x) are SRIM factors and (%;(x), hj.(x)) are reciprocal pairs of irreducible factors for
all j=1,2,...,t. Then,

r t
= 1= A | iy ey (5.1)
i=1 =1
Hence, every cyclic code of length mp" over IF, has aa generator polynomial of the form
r t
g = [ [ | [ hieoPimson,
i=1 =1
where 0 < «;,8;,0; < p".
The following elementary counting result serves as the bridge between the polynomial factorization
and the enumeration of Euclidean self-orthogonal cyclic codes. Its significance here lies in allowing
the SRIM and reciprocal pair counts obtained in the preceding sections to be converted directly into

code enumeration formulas.
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Theorem 5.4. Let F, be a finite field of characteristic p and let n = mp* with u > 0 and gcd(m, p) = 1.
Assume the factorization in (5.1). Then the number of Euclidean self-orthogonal cyclic codes of length

mp" over F, is
ol L\ (@t Dot +2)Y
(=] (=5

g = | | fm | | riePmeo,
i=1 j=1

Proof. Let

where 0 < «;,8;,0; < p*. Then,

xmp“ -1 r a t . s
0 =gy = | [ ] [

J=1

By Theorem 5.3 (1), the code (g(x)) is Euclidean self-orthogonal if and only if 4*(x) | g(x). Since each
fi(x) is self-reciprocal, this is equivalent to p* —a; < a; foralli = 1,2,...,r, and p" — 6; < B; and
p'—=pj<ojforall j=1,2,...,¢t Thus,

pu
R A
a”l - 2 “ 9
so each SRIM factor contributes
P A
el =+l ==+

choices. For each reciprocal pair, the two inequalities are equivalent to
IBj + (Sj > p“.
Hence, the number of admissible pairs (8;,0;) with 0 < 5;,6; < p" is

(" + D" +2)
> :

Multiplying over all SRIM factors and all reciprocal pairs, the result follows. O

With the terms introduced in Section 4, for a positive integer m such that gcd(p, m) = 1, we have

N,(m) — SRIM,(m)

r=SRIM,(m) and t= > (5.2)
By Theorem 5.4, the number of Euclidean self-orthogonal cyclic codes of length mp" over F, is
Ng(m)~SRIMy(m)
pu SRIM (m) (pu + 1)(pu + 2) - 2
—|+1
2 2
In the case where u = 0, this result reduces to the simple root case and we have
1 ’ 1+ 1)1 +2)Y
( §| + 1) =1and (%) =3 (5.3)
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Therefore, by Theorem 5.4, the number of Euclidean self-orthogonal cyclic codes of length n over F,
with ged(n, g) = 1 is 3.

The following example illustrates a coding theoretic consequence of the enumeration formulas
above for a product of two distinct odd prime powers. It directly uses the separation framework
developed in the preceding sections.

Example 5.5. Consider cyclic codes over Fyy of length n = 13°'43%2, where 51,5, > 1. As shown in
Example 4.6, the separation hypotheses are satisfied and

N11(13°143%2) = (51 + 1)(6s, + 1).
Moreover, since ord3(11) = 12 is even and ordy3(11) = 7 is odd, Proposition 4.10 gives
SRIM11(13S143S2) =5 + 1.

Hence, the number of reciprocal pairs is

N;1(13°143%2) — SRIM;(13143%2)
2

= 35,(51 + 1).

Consequently, by Theorem 5.4 with u = 0, the number of Euclidean self-orthogonal cyclic codes of
length 13%143% over Fy; is 335261+,

We now record repeated-root versions of the preceding Euclidean enumeration formulas by
combining the SRIM counts for the simple root part with Theorem 5.4.

Corollary 5.6. Let F, be a finite field of characteristic p and let p be an odd prime such that
gcd(p,q) = 1.

Let p? || (¢°%'? — 1). Then, the number of Euclidean self-orthogonal cyclic codes of length p*p" over
F, is

pu 1+A, 4(s)
( E| + 1) , if ord,(q) is even,
u u u %
({%l + 1)((’) il 1)2(’) b 2)) . if ord,(q) is odd,

where A, ,(s) is given in terms of s and y in (4.1).

Proof. The proof can be given by applying Theorem 5.4 with m = p®. If ord,(q) is even, then all
irreducible factors of x”° — 1 over [F, are SRIM. Hence, we have

SRIM,(p°*) = Ny(p*) = 1 + A, 4(s)

which implies that r = 1 + A, ,(s) and ¢ = 0. If ord,(¢) is odd, then x — 1 is the unique SRIM factor of
x?" — 1 over F,. Hence,
t= Nq(ps) -1 — Ap,q(s)
2 2
Substituting these values into Theorem 5.4, the result follows. m]

r=1 and
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The following examples illustrate the recursive enumeration formulas for Euclidean self-orthogonal
cyclic codes over finite fields.

Example 5.7. Let p = 13 and q = 3. Then, ord3(3) = 3 is odd. The polynomial x — 1 is the unique
SRIM factor of x'* — 1 over Fs for all s > 1 by Lemma 4.8.
For s = 1, the factorization of x'> — 1 over F3 has the form

x? =1 = (x = Dhy(0)h}(0)hy(x)h3(x),

where hi(x) = x> — x — 1 and hy(x) = x> — x* — x — 1. Thus, there are two reciprocal pairs, and hence
there exist 3* = 9 Euclidean self-orthogonal cyclic codes of length 13 over Fs.

Since 13 || (3933 — 1), we have y = 1. Therefore, Ay33(s) = 4s for all s > 1. Hence, the number
of Euclidean self-orthogonal cyclic codes of length 13* over Fs is 3%°. In particular, we have values
shown in the Table 1.

Table 1. Number of Euclidean self-orthogonal cyclic codes of length 13° over F;.

s 13°¢ Number of Euclidean self-orthogonal cyclic codes
1 13 3?=9

2 169 3* =81

3 2197 36 =729

4 28561 3% = 6561

Example 5.8. Let p = 7 and q = 11. Then, ord;(11) = 3 is odd. By Lemma 4.8, x — 1 is the unique
SRIM factor of x — 1 over Fy,.
For s = 1, the factorization of x' — 1 over F is

X =1=x=D—4x> =5x = D3 + 5% +4x - 1).
Since
(X —4x* -5x-1) =X +5x +4x -1,

there is exactly one reciprocal pair. Hence, there exist 3' = 3 Euclidean self-orthogonal cyclic codes
of length T over Fy.

Since 7 || (111D — 1) = 11° — 1 = 1330, we have y = 1. Therefore, A7 1,(s) = 2s for all s > 1.
Hence, the number of Euclidean self-orthogonal cyclic codes of length 7° over Fy; is 3°. In particular,
we have the values shown in Table 2.

Table 2. Number of Euclidean self-orthogonal cyclic codes of length 7° over F;.

s 7 Number of Euclidean self-orthogonal cyclic codes
1 7 3
2 49 9
3 343 27
4 2401 81

Corollary 5.9. Let F, be a finite field of characteristic p, and let p, and p, be distinct odd primes such
that gcd(p1p2, q) = 1. If s and s, are positive integers and u > 0, then the following statements hold.
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(1) If both ord,, (q) and ord,,(q) are odd, then the number of Euclidean self-orthogonal cyclic codes

S1 4,52

of length p\' py’p" over F, is
Ng(py! py)-1
u u u 2
Pl "+ D" +2)
2 2

(2) If both ord, (q) and ord,,(q) are even and v,(ord, (q)) # v»(ord,,(q)), then the number of

S1 .52

Euclidean self-orthogonal cyclic codes of length p\' p;’p" over F, is

S1 .52

Proof. The proof can be given via Theorem 5.4 by setting m = p|'p;’. In Case (1), Proposition 4.9
gives SRIM,(p|' p5?) = 1 which implies that » = 1 and

s 5
NrN’ll I’zz )=1=Ap1,q(s1)=Ap;.q(52)
u 2

ol

2

+1

)1+A],1,q(.Y1)+Ap2’q(S2) ((pu + 1)(pu + 2)
)

_ Nq(pilpzz -1
=
In Case (2), Proposition 4.12 gives

SRIM,(p}'py) = 1+ A, 4(s1) + Ay, 4(52).

Hence, we have

No(py'Py) = 1= Ay g(s51) = Ap, 4(s2)
5 .

Substituting these values into Theorem 5.4, the result follows. m]

r=1+A, ,(s1)+A,,(s2) and t=

The following example complements Corollary 5.9 by providing an explicit code construction. It
also illustrates the recursive factorization for a product of two prime powers in Corollary 3.7, where
both prime power exponents are strictly greater than their corresponding critical exponents.

Example 5.10. Consider cyclic codes of length n = 5*7* = 1225 over Fs. Here, s, = s, = 2. We have
ords(3) = 4 and ord;(3) = 6. Since 5 || (3* = 1) and 7 || (3% — 1), we have

)/1:')/2:1.

Hence, s; >y, and s, > y,. Since 5 1 6 and 7 1 4, the hypotheses of Corollary 3.7 are satisfied. Thus,
the critical degree is ny =5 -7 = 35.
Over Fs, we have
=1 = (x = 1) i(x) /()81 (x)g2(%),
where
fl(x):x4+x3+x2+x+ 1,
fz(x)=x6+x5+x4+x3+x2+x+ 1,

2

gl(x):x12+x10—x8+x7+x5—x4+x3—x -—x+1,
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and

gz(x):xlz—x“—x1°+x9—x8+x7+x5—x4+x2+l.

The roots of fi(x), fr(x), g1(x), and g>(x) have multiplicative orders 5, 1, 35, and 35, respectively.
Hence,

7:(3 = {X— 1}57:1 = {fl}a% = {fZ}’ Clndﬂ2 = {glagZ}'
By Corollary 3.7, we have

1 1 1 1
S —t= [ [ [ eI e [T e

feFa feF1 1=0 feFa j2=0 feFi2 j1=0 jo=0

2
= (= DA@ACA®AE) | | 2028 )gi(x).
i=1

We next relate this factorization to Corollary 5.9. Since v,(ords(3)) = 2 and v,(ord;(3)) = 1, the
hypotheses of Corollary 5.9 (2) are satisfied. From the factorization above, we have

N3(1225)=1+2+2+8 =13.
Moreover, As3(2) = 2 and A73(2) = 2. Hence, by Proposition 4.12, we have
SRIM;(1225) = 1 + As3(2) + A73(2) = 5.

Thus, the number of reciprocal pairs is

N;(1225) — SRIM3(1225) 13 -5

= 4.
2 2

Since the length 1225 is coprime to the characteristic 3, we have u = 0 in Corollary 5.9. Hence, the
number of Euclidean self-orthogonal cyclic codes of length 1225 over F5 is

3* =8l
We now construct one of these codes explicitly. Since
81(%) = g2(x),
let C = (G(x)) be a cyclic code of length 1225 , where
G(x) =(x - Dfi0f (xs)fz(x)fz(x7)g1(x)gz(x)gl(x5)g1(x7)g1(x35).

Its parity-check polynomial is
1225 _

H(x) = oo 3,

= gz(xS)gz(x7)g2(x

Hence,
H*(x) = g1(x)g1(x")g1(x)
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and H*(x) | G(x). Consequently, C is Euclidean self-orthogonal by Theorem 5.3. Since
deg(H(x)) =12-5+12-7+12-35 =60 + 84 + 420 = 564,
we have dim(C) = 564. A computation using the Magma computational algebra system [16] gives
d(C) = 12.
Therefore, the constructed Euclidean self-orthogonal cyclic code has the parameters
[1225,564,12];.

A direct comparison with a best known ternary code of the same length and dimension was not
available from the public databases consulted. For reference, the Griesmer bound (see, for
example, [7]) gives

d <444

for a ternary linear code of length 1225 and dimension 564, since

563 563
444 445
§ {—w = 1225 and Z {—} = 1227 > 1225.
=0 31 i=0 3l

Thus, the purpose of this example is to demonstrate an explicit and verifiable application of the two-
dimensional recursive factorization, rather than to claim the optimality of the resulting code.

5.3. Enumeration of Hermitian self-orthogonal cyclic codes

We next consider Hermitian self-orthogonal cyclic codes of length
n = mp"

over F ., where p = char(F ), u > 0, and gcd(m, p) = 1. Assume that
r t
¥ =1 =] 1A ] [rionl),
i=1 j=1

where fi(x), 2(x),..., f,(x) are SCRIM factors and (h j(x),h;(x)) is a conjugate-reciprocal pair of
irreducible factors for every j = 1,2,...,¢. We note that, over a finite field of characteristic p, we have
(a — by" = a”" — b*". Consequently

== =1y = A ] | R (5.4)
i=1

J=1

Hence, every cyclic code of length mp" over F,> has a generator polynomial of the form
r 1
g0 = [ | Ao | | mePimieo™,
i=1 j=1
where 0 < «;,8;,6; < p*.
The corresponding Hermitian enumeration follows from the same counting principle, with SCRIM

factors and conjugate-reciprocal pairs replacing SRIM factors and reciprocal pairs.
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Theorem 5.11. Let F 2 be a finite field of characteristic p and let n = mp" with u > 0 and ged(m, p) = 1.
Assume the factorization of X" =1 is as in (5.4). Then, the number of Hermitian self-orthogonal cyclic

codes of length mp" over F is
u r u u t
Pl (" + D)(p* +2) .
2 2

Proof. The proof can be given using arguments similar to those in the proof of Theorem 5.4 for the
Euclidean case and Theorem 5.3 (2). O

Given the notations given in Section 4, we have
N, (m) — SCRIM 2 (m)
2
and the number of Hermitian self-orthogonal cyclic codes of length mp" over F. is
SCRIMA0m) ¢ o [\t 4 D)\ T
N 1) ((p )(p ))

% 2

For u = 0, this reduces to the simple root case, and hence the number of Hermitian self-orthogonal
cyclic codes of length m over F is 3.

From Theorem 5.11 and Proposition 4.17, the following corollaries can be deduced directly and the
proofs are omitted.

r=SCRIM,:(m) and 1=

qu (m)=SCRIM 5 (m)

Corollary 5.12. Let F be a finite field of characteristic p, and let p be an odd prime such that
gcd(p, q) = 1. Let s be a positive integer and let u > 0. Then, the number of Hermitian self-orthogonal
cyclic codes of length p’p" over F is

A o)

([&J + 1) ((pu * 1)2('0u hl 2))2 , if ord,(g*) is even or ord,(q) is odd,

2

(V’;J + 1)]+A’]"12(s) , if ord,(¢?) is odd and ord,(q) is even.

Corollary 5.13. Let F» be a finite field of characteristic p, and let p, and p, be distinct odd primes
such that gcd(p1p»,q) = 1. Let s1, s, be positive integers and let u > 0. Let m = p\'py*. Then, the
following statements hold:

(1) If, for each t € {1,2}, ordp,(qz) is even or ord,,(q) is odd, then, the number of Hermitian self-
orthogonal cyclic codes of length mp" over Fp is

N 2 (m-1
P\ [(@+ Dt )\
—|+1
(5=
(2) If, for each t € {1,2}, ordp,(qz) is odd and ord, (q) is even,

ged(ord,, (%), ord,,(¢%) = 1, p1 1 ord,,(¢%), and p, 1 ord, (¢*), then, the number of Hermitian
self-orthogonal cyclic codes of length mp" over F is

|
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Example 5.14. Let p = 5 and q = 3, and let a be a primitive element of Fy.. Then ords(3) = 4 and
ords(3%) = ords(9) = 2. Thus, ords(3?) is even. Hence, by Proposition 4.17, the polynomial x — 1 is the
unique SCRIM factor of x*° — 1 over Fx. forall s > 1.
For s = 1, we have
©-1=x-D*+ax+ D> +a’x+ 1)

over Fxy, where x — 1 is the unique SCRIM factor and (x* + ax + 1,x*> + a’x + 1) forms a conjugate-
reciprocal pair. Therefore, by Corollary 5.12, the number of Hermitian self-orthogonal cyclic codes of
length 5 over Fx is 3. Since 5' || ((32)°rd5(32) —1)=92-1=280, we have y = 1. Hence,

A5’32(S) = 2s.

By Corollary 5.12, the number of Hermitian self-orthogonal cyclic codes of length 5° over Fs: is

A5520

—z2 =135
In particular, we have Table 3.

Table 3. Number of Hermitian self-orthogonal cyclic codes of length 5° over F3..

s 5° Number of Hermitian self-orthogonal cyclic codes
1 5 3
2 25 9
3 125 27
4 625 81

6. Conclusions

In this paper, we presented an alternative view of the recursive factorization patterns of x" — 1 over
finite fields, special factor enumerations, and applications to self-orthogonal cyclic codes. Beginning
with the prime power case n = p°, we showed that suitable irreducible factors induced by
g-cyclotomic cosets can be obtained recursively through power substitutions. This recursive
description was then extended to products of two prime powers and, more generally, to certain finite
products of distinct prime powers under suitable separation conditions on the relevant multiplicative
orders. These recursive factorizations provide explicit templates for the factorization of x* — 1 at
higher degrees once the factorization at a suitable critical degree is known. In particular, they reduce
the problem of factoring x" — 1 for large values of n to the determination of certain base factors and
their subsequent power substitutions.

We also derived formulas for the number of monic irreducible factors of x" — 1 in the prime power,
a product of two prime powers, and a finite product of prime powers. By introducing the contribution
function A, ,(s), the enumeration was expressed in a compact form. Under the separation hypothesis,
the total number of irreducible factors was shown to decompose multiplicatively according to the prime
power components of 7.

As applications, we used these enumerative results to describe SRIM and SCRIM factors in several
important cases. In particular, we obtained clean characterizations for the extremal situations where
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x—1 1s the unique SRIM or SCRIM factor and where all monic irreducible factors are SRIM or SCRIM.
These results were then applied to enumerate Euclidean and Hermitian self-orthogonal cyclic codes.

From this perspective, the main contribution of the present work is not a new general algorithm
for factoring x" — 1 over finite fields, but an explicit recursive and enumerative framework that is
particularly well suited to applications in algebraic coding theory.

Several directions remain open for future work. One natural problem is to weaken the separation
condition on the multiplicative orders while still retaining a usable recursive factorization pattern. In
the present paper, the recursive power substitution method depends crucially on the fact that the order
contributions from the different prime power components remain separated so that the corresponding
g-cyclotomic cosets decompose into uniform blocks. If this condition is relaxed, then extra divisibility
interactions among distinct prime power components may enter the multiplicative order, and the clean
block structure of the cosets may break down. As a result, the recursive factorization may no longer be
expressible in the same simple form, and a more refined analysis of mixed order interactions would be
required. Another interesting direction is to obtain sharper formulas for the number of SRIM factors in
mixed divisor cases, where the interaction between different prime power components becomes more
subtle. It would also be worthwhile to investigate further applications of self-orthogonal cyclic codes,
especially to the construction and study of quantum codes; see, for example, [17, 18].
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