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1. Introduction

The factorization of xn − 1 over a finite field Fq is a fundamental tool in the study of the cyclic
codes and related classes of linear codes. Since cyclic codes of length n over Fq correspond to ideals
of the quotient ring Fq[x]/⟨xn − 1⟩, their algebraic structure is determined by the irreducible factors of
xn − 1 over Fq [1, 2]. In particular, such factorizations play an important role in the study of cyclic
codes and their duals; see, for example, [3–6]. For this reason, it is useful to understand not only the
irreducible factors themselves but also their recursive behavior, their enumeration, and their interaction
with reciprocal and conjugate-reciprocal operations. The factorization of xn − 1 over finite fields is
classical and well known, both in direct and recursive forms (see, for example, [2, 7, 8]). The point
of view adopted in this paper is different. We focus on alternative recursive factorization patterns that
arise under explicit arithmetic conditions. In these cases, the factorization at higher prime power levels
can be obtained from that at suitable critical levels by simple power substitutions. This leads to a
structured description which is particularly convenient for enumeration problems in coding theory.

In many cases, especially when n contains a prime power divisor satisfying certain arithmetic
conditions, the factorization of xn − 1 exhibits a recursive structure. A simple example occurs over F3,
where

x5 − 1 = (x − 1) f (x),

x52
− 1 = (x − 1) f (x) f (x5),

and
x53
− 1 = (x − 1) f (x) f (x5) f (x52

),

with
f (x) = x4 + x3 + x2 + x + 1.

Later, in Corollary 3.2, we prove that

x5s
− 1 = (x − 1)

s−1∏
j=0

f (x5 j
)

for all s ≥ 1. This example suggests that once the factorization at a suitable critical degree is known, the
factorizations at higher degrees may be obtained recursively through substitutions of the form x 7→ xp j

.
The behavior of reciprocal factors of xn − 1 is closely related to the arithmetic of multiplicative

orders. Self-reciprocal irreducible monic (SRIM) factors have been used in the classification and
enumeration of self-dual, self-orthogonal codes, complementary dual codes, and hulls of codes with
respect to the Euclidean inner product; see, for instance, [3, 6, 9]. In the Hermitian setting,
self-conjugate-reciprocal irreducible monic (SCRIM) factors provide an analogous role over Fq2 and
have been studied in connection with Hermitian duality including self-dual codes, self-orthogonal
codes, complementary dual codes, and hulls of codes; see, for example, [5, 10]. These are also
connected with the theory of good integers and related divisibility conditions involving expressions of
the form ak + bk, which have appeared in both number theory and coding theory [11–13].

The first aim of this paper is to give an alternative perspective on the recursive factorization of xn−1
over finite fields. We begin with the prime power case n = ps, where p is an odd prime not dividing q,
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and explain that the irreducible factors induced by certain q-cyclotomic cosets are obtained by power
substitutions of x. We then extend this description to an odd integer n = ps1

1 ps2
2 and, more generally, to

some finite products of odd prime powers coprime to q. This yields explicit factorization patterns that
reduce the problem of factoring xn − 1 at higher degrees to the determination of irreducible factors at a
suitable critical degree. On the basis of the recursive factorization results, we derive explicit formulas
for the number of monic irreducible factors of xn−1 in case of the prime power and some finite products
of prime powers. This recursive viewpoint is particularly useful in coding theory. For cyclic codes, the
factorization of xn − 1 determines the possible generator polynomials, and hence the structure of the
codes themselves. In particular, the recursive framework developed here provides a systematic way to
derive formulas for the numbers of irreducible, SRIM, and SCRIM factors of xn − 1, which forms the
basis of the second aim of this paper.

The second aim is to apply these results to SRIM and SCRIM factors of xn − 1 over finite fields.
More precisely, we study SRIM factors over Fq and SCRIM factors over Fq2 in the same framework.
We obtain descriptions in the extremal situations where all irreducible factors are SRIM or SCRIM,
and where x − 1 is the unique such factor. Furthermore, these enumerative results have direct
applications to coding theory. The distributions of irreducible, SRIM, and SCRIM factors lead
naturally to enumeration formulas for Euclidean and Hermitian self-orthogonal cyclic codes.

The third aim is to connect these factorization results with applications in coding theory. The
distributions of SRIM and SCRIM factors are used to enumerate Euclidean and Hermitian
self-orthogonal cyclic codes.

The paper is organized as follows. In Section 2, we recall the basic definitions concerning
multiplicative orders, q-cyclotomic cosets, and irreducible factors of xn − 1. Section 3 is devoted to
alternative recursive factorizations in the prime power and some finite product of prime powers,
together with explicit factorization templates. In Section 4, formulas for the numbers of monic
irreducible factors are obtained and then applied to the enumeration of SRIM and SCRIM factors. In
Section 5, the results from earlier sections are applied to the enumeration of Euclidean and Hermitian
self-orthogonal cyclic codes over finite fields. Finally, Section 6 summarizes the main results and
indicates possible directions for further investigation.

2. Preliminaries

For a prime p and a positive integer a, the notation ps ∥ a means that s is the largest non-negative
integer such that ps divides a. Equivalently, ps | a but ps+1 ∤ a. In this case, s is called the p-adic
valuation of a and it is denoted by νp(a) = s. For positive integers i and j with gcd(i, j) = 1, the
multiplicative order of j modulo i, denoted by ordi( j), is the smallest positive integer s such that js ≡ 1
(mod i).

For an integer a and a positive integer n with gcd(n, q) = 1, the q-cyclotomic coset modulo n
containing a is defined by

Clq,n(a) = {aq j mod n : j = 0, 1, . . . }.

It is easily seen that

|Clq,n(a)| = ordn/ gcd(n,a)(q).
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Let ζ be a primitive n-th root of unity in a suitable extension field of Fq. For each integer a, define

fa(x) =
∏

i∈Clq,n(a)

(x − ζ i).

Then fa(x) is a monic irreducible polynomial over Fq. Moreover, fa(x) = fb(x) if and only if Clq,n(a) =
Clq,n(b). Let Γ be a complete set of representatives of the distinct q-cyclotomic cosets modulo n.
From [2], the factorization of xn − 1 over Fq is given by

xn − 1 =
∏
a∈Γ

fa(x).

The following standard results will be used frequently.

Theorem 2.1. ([14, Theorem 3.6]) Let q be a prime power and let p be an odd prime such that
gcd(p, q) = 1. Let γ be the positive integer such that pγ ∥

(
qordp(q) − 1

)
. Then, for every positive integer

s, we have

ordps(q) =

ordp(q), if 1 ≤ s ≤ γ,

ordp(q)ps−γ, if s > γ.

The recursive factorization results in Section 3 are established only for odd prime power
components, since they rely on the lifting formula for ordps(q) in Theorem 2.1.

Lemma 2.2. Let q be a prime power and let p be an odd prime such that gcd(p, q) = 1. Let a be a
positive integer such that gcd(a, p) = 1, and let γ be the positive integer satisfying pγ ∥

(
qordp(q) − 1

)
.

Then, for 0 ≤ i < s, the size of the q-cyclotomic coset Clq,ps(api) is

|Clq,ps(api)| =

ordp(q)ps−i−γ, if s − i > γ,

ordp(q), if s − i ≤ γ.

Proof. Let m be the smallest positive integer such that

apiqm ≡ api (mod ps).

This congruence is equivalent to ps | api(qm−1). Since gcd(a, p) = 1, this is equivalent to ps−i | (qm−1),
or, equivalently

qm ≡ 1 (mod ps−i).

Therefore,
|Clq,ps(api)| = ordps−i(q).

The result now follows directly from Theorem 2.1. Indeed, if s − i ≤ γ, then

ordps−i(q) = ordp(q),

whereas if s − i > γ, then
ordps−i(q) = ordp(q)ps−i−γ.

This proves the lemma. □
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3. Recursive factorization of xn − 1 over finite fields

In this section, we present recursive patterns in the factorization of xn − 1 over Fq. The main idea
is that, under suitable arithmetic conditions, irreducible factors at higher degrees can be obtained from
factors at a lower critical degree by power substitutions. However, as pointed out by one of the referees,
the classical procedure already suggests a recursive behavior (see Remarks 3.3 and 3.10). Therefore,
the purpose of our formulation is to give an alternative recursive view and make this recursive structure
explicit at the level of irreducible factors and q-cyclotomic cosets, and then to use it systematically in
enumeration problems and coding-theoretic applications.

We first treat the odd prime power case n = ps, then extend the result to a product of two prime
powers, and finally discuss the corresponding extension to a finite product of distinct prime powers.

3.1. The case of prime power

We begin with the case n = ps, where p is an odd prime not dividing q. The recursive structure in
this case is determined by the largest power of p dividing qordp(q) − 1. More precisely, if

pγ ∥
(
qordp(q) − 1

)
,

then, by Theorem 2.1, the order ordps(q) remains constant up to the critical level pγ and then grows by
a factor of p at each subsequent level. The parameter γ is obtained by first computing d = ordp(q) and
then determining

γ = νp(qd − 1) = νp
(
qordp(q) − 1

)
.

This classical lifting behavior leads directly to a recursive description of the irreducible factors of
xps
− 1. We present the resulting prime power recursion in our notation, since it provides the basic

recursive form used in the subsequent analysis of products of distinct odd prime powers.

Theorem 3.1. Let q be a prime power, let p be an odd prime such that gcd(p, q) = 1, and let γ be the
positive integer such that pγ ∥ (qordp(q) − 1). If s is a positive integer such that s ≥ γ, then

fapi(x) = faps−γ
(
xps−γ−i)

for every positive integer a such that gcd(a, p) = 1 and every i ∈ {0, 1, . . . , s− γ}, where fapi(x) denotes
the irreducible factor induced by the q-cyclotomic coset Clq,ps(api).

Proof. Let ζ be a primitive ps-th root of unity in a suitable extension field of Fq. Then, fapi(x) is the
minimal polynomial of ζapi

over Fq.
Fix i ∈ {0, 1, . . . , s − γ} and set r = s − γ − i. Since(

ζapi)pr

= ζaps−γ
,

the element ζapi
is a root of

faps−γ
(
xpr)
.

Hence, by the minimality of fapi(x), we have

fapi(x) | faps−γ
(
xpr)
.
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By Lemma 2.2 and Theorem 2.1

deg( fapi(x)) = ps−γ−i ordp(q) = pr ordp(q),

while deg( faps−γ(x)) = ordp(q). Therefore

deg( faps−γ
(
xpr)

) = pr ordp(q) = deg( fapi(x)).

Since both polynomials are monic, the divisibility above and equality of degrees imply

fapi(x) = faps−γ
(
xps−γ−i)

.

This proves the result. □

By Theorem 3.1, the factors corresponding to a, ap, ap2, . . . , aps−γ are recursively generated from
the factor faps−γ(x) through the substitutions x 7→ xps−γ

, x 7→ xps−γ−1
, x 7→ xps−γ−2

, . . . , x 7→ x.
Equivalently

fa(x) = faps−γ(xps−γ
),

fap(x) = faps−γ(xps−γ−1
),

fap2(x) = faps−γ(xps−γ−2
),

...

faps−γ−1(x) = faps−γ(xp),
faps−γ(x) = faps−γ(x).

A practical description of the full factorization of xps
− 1 can be recursively deduced on the basis of

Theorem 3.1 once the factorization at the critical degree pγ is known.

Corollary 3.2. Let q be a prime power and let p be an odd prime such that gcd(p, q) = 1. Let
pγ ∥ (qordp(q) − 1). Assume that the factorization of xpγ − 1 over Fq is

xpγ − 1 = (x − 1) f1(x) f2(x) · · · fr(x),

where f1(x), f2(x), . . . , fk(x) are precisely the irreducible factors among f1(x), f2(x), . . . , fr(x) that
divide xpγ−1

− 1. Then, for every s ≥ γ, we have

xps
− 1 = (x − 1)

k∏
i=1

fi(x)
s−γ∏
j=0

r∏
i=k+1

fi(xp j
).

Proof. Since the factors f1(x), f2(x), . . . , fk(x) already occur at degree pγ−1, they remain unchanged in
the factorization of xps

− 1. The remaining factors are those appearing for the first time at the critical
degree pγ. By Theorem 3.1, each such factor generates the chain

fi(x), fi(xp), fi(xp2
), . . . , fi(xps−γ

).

Combining the stable factors and these generated chains gives the stated factorization. □
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Remark 3.3. Building on the classical factorization of xn−1 over finite fields Fq (see, for example, [8]),
one may consider the cyclotomic decomposition

xn − 1 =
∏
d|n

Φd(x),

whereΦd(x) denotes the d-th cyclotomic polynomial. Thus, the factorization of xn−1 over Fq is reduced
to factoring each Φd(x) over Fq. Equivalently, for each divisor d of n, one may choose a primitive d-th
root of unity ξd in a suitable extension field of Fq and compute its minimal polynomial over Fq. The
distinct irreducible factors then correspond to the q-cyclotomic cosets modulo d in the unit group of
Zd.

In the prime power case n = ps, where p is an odd prime with p ∤ q, this standard procedure may
be expressed in a recursive form as follows:

(1) Let d = ordp(q). Then there exists an extension field K of Fq of degree d containing a primitive
p-th root of unity. If β is a generator of the multiplicative group K×, then

ζp = β
(qd−1)/p

is a primitive p-th root of unity in K. The minimal polynomial of ζp over Fq gives an irreducible
factor of Φp(x) over Fq.

(2) Let
γ = νp(qordp(q) − 1).

Then pγ ∥ (qd −1) and γ is the critical exponent determining the highest level before the recursive
power substitution pattern begins. Starting from a primitive p-th root of unity, one may determine
primitive p j-th roots of unity for 1 ≤ j ≤ γ and compute their minimal polynomials over Fq. In
this way, one obtains the irreducible factors corresponding to

Φp(x),Φp2(x), . . . ,Φpγ(x).

(3) For m > γ, once a minimal polynomial µγ(x) of a primitive pγ-th root of unity is known, the
corresponding minimal polynomial of a primitive pm-th root of unity is obtained by

µm(x) = µγ
(
xp m−γ)

.

In our formulation, this is precisely the recursive pattern made explicit in Theorem 3.1 and
Corollary 3.2. After the critical level pγ, the higher p-power factors are generated recursively by
power substitutions.

Example 3.4. Consider the factorization of x37
−1 over F53. Since ord3(53) = 2 and 33 ∥ (53ord3(53)−1),

we have γ = 3. Hence, the critical degree is 3γ = 33.
First, we note that the factorization of x32

− 1 over F53 is

x32
− 1 = (x − 1)

∏
c∈{1,18,39,49}

(x2 + cx + 1),

and the factorization of x33
− 1 over F53 is

x33
− 1 = (x − 1)

∏
c∈{1,18,39,49}

(x2 + cx + 1)
∏

d∈{3,6,12,17,19,30,31,46,48}

(x2 + dx + 1).

AIMS Mathematics Volume 11, Issue 9, 29327–29364.



29334

By Corollary 3.2, the factorization of x37
− 1 over F53 is

x37
− 1 = (x − 1)

∏
c∈{1,18,39,49}

(x2 + cx + 1)
4∏

j=0

 ∏
d∈{3,6,12,17,19,30,31,46,48}

(
x2·3 j
+ dx3 j

+ 1
) .

3.2. The case of the product of two odd prime powers

In this subsection, we consider an alternative recursive factorization of xn − 1 over Fq in the case

n = ps1
1 ps2

2 ,

where p1 and p2 are distinct odd primes not dividing q. In contrast to the case of prime power, the
behavior of the q-cyclotomic cosets depends on the interaction between the two prime power
components.

The main new theoretical contribution of our recursive framework begins in this setting. We
determine a precise arithmetic separation criterion under which the multiplicative order modulo ps1

1 ps2
2

splits into independent prime power contributions. Under this criterion, the associated q-cyclotomic
cosets admit a uniform recursive block structure, which leads to the recursive factorization in
Theorem 3.6. The same principle is subsequently extended to certain finite products of distinct odd
prime powers.

The following lemma gives the exact arithmetic condition required for this multiplicative order
separation and hence for the recursive factorization argument.

Lemma 3.5. Let q be a prime power and p1 and p2 be distinct odd primes such that gcd(p1 p2, q) = 1.
For t = 1, 2, let dt = ordpt(q) and pγt

t ∥ (qdt − 1). Assume that st ≥ γt for t = 1, 2. Then,

ordps1
1 ps2

2
(q) = ps1−γ1

1 ps2−γ2
2 lcm(d1, d2) (3.1)

if and only if
s1 = γ1 or p1 ∤ d2, and s2 = γ2 or p2 ∤ d1.

In particular, if s1 > γ1 and s2 > γ2, then (3.1) holds if and only if p1 ∤ d2 and p2 ∤ d1.

Proof. Since p1 and p2 are distinct primes and gcd(p1 p2, q) = 1, we have

ordps1
1 ps2

2
(q) = lcm

(
ordps1

1
(q), ordps2

2
(q)

)
.

By Theorem 2.1, ordpst
t
(q) = dt p

st−γt
t for all t = 1, 2. Consequently,

ordps1
1 ps2

2
(q) = lcm

(
d1 ps1−γ1

1 , d2 ps2−γ2
2

)
.

Set A = s1 − γ1 and B = s2 − γ2. Since d1 = ordp1(q) divides p1 − 1, we have p1 ∤ d1. Similarly,
p2 ∤ d2. Comparing the p1-adic valuations, we obtain

νp1

(
lcm(d1 pA

1 , d2 pB
2 )

)
= max{A, νp1(d2)},

whereas
νp1

(
pA

1 pB
2 lcm(d1, d2)

)
= A + νp1(d2).
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These two quantities are equal if and only if A = 0 or νp1(d2) = 0. Equivalently, s1 = γ1 or p1 ∤ d2.
Similarly, comparing the p2-adic valuations gives that equality holds if and only if s2 = γ2 or

p2 ∤ d1. Therefore,
lcm

(
d1 ps1−γ1

1 , d2 ps2−γ2
2

)
= ps1−γ1

1 ps2−γ2
2 lcm(d1, d2),

if and only if s1 = γ1 or p1 ∤ d2, and s2 = γ2 or p2 ∤ d1. The result follows. □

Under the separation criterion established in Lemma 3.5, the classical prime power recursion
extends to the product of two distinct odd prime powers. This yields the following recursive
factorization result, which is one of the main theoretical contributions.

Theorem 3.6. Let q be a prime power and p1 and p2 be distinct odd primes such that gcd(p1 p2, q) = 1.
For t = 1, 2, let dt = ordpt(q) and pγt

t ∥ (qdt − 1) and let st be an integer such that st ≥ γt. Assume that
s1 = γ1 or p1 ∤ d2, and s2 = γ2 or p2 ∤ d1. Let a be a positive integer such that gcd(a, p1 p2) = 1. Then,

fapi1
1 pi2

2
(x) = faps1−γ1

1 ps2−γ2
2

(
xps1−γ1−i1

1 ps2−γ2−i2
2

)
,

for all 0 ≤ i1 ≤ s1 − γ1 and 0 ≤ i2 ≤ s2 − γ2, where fapi1
1 pi2

2
(x) is induced by the q-cyclotomic coset

Clq,ps1
1 ps2

2
(api1

1 pi2
2 ).

Proof. By Lemma 3.5, we have

ordps1
1 ps2

2
(q) = ps1−γ1

1 ps2−γ2
2 lcm(d1, d2).

Let α be a primitive element of F
q p

s1−γ1
1 p

s2−γ2
2 lcm(d1 ,d2) and set

j =
q ps1−γ1

1 ps2−γ2
2 lcm(d1,d2) − 1
ps1

1 ps2
2

.

Then, α j is a primitive ps1
1 ps2

2 -th root of unity. The q-cyclotomic coset Clq,ps1
1 ps2

2
(api1

1 pi2
2 ) has a size

ps1−γ1−i1
1 ps2−γ2−i2

2 lcm(d1, d2) = ordps1−i1
1 ps2−i2

2
(q),

by Lemma 3.5. Since 0 ≤ it ≤ st − γt, we have st − it ≥ γt for all t = 1, 2. It follows that the coset can
be partitioned into lcm(d1, d2) subsets

Cm =
{
api1

1 pi2
2 qr lcm(d1,d2)+m mod ps1

1 ps2
2 : 0 ≤ r < ps1−γ1−i1

1 ps2−γ2−i2
2

}
,

where 0 ≤ m ≤ lcm(d1, d2) − 1. For each k ∈ Cm, we obtain

(
(α j)k)ps1−γ1−i1

1 ps2−γ2−i2
2 = (α j)aps1−γ1

1 ps2−γ2
2 qr lcm(d1 ,d2)+m

=
(
(α j)aps1−γ1

1 ps2−γ2
2 qm)qr lcm(d1 ,d2)

.

Since pγt
t | (qdt − 1) and dt | lcm(d1, d2) for t = 1, 2, it follows that

pγ1
1 pγ2

2 |
(
qlcm(d1,d2) − 1

)
.
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Hence, the power qlcm(d1,d2) fixes every root of unity whose order divides pγ1
1 pγ2

2 . Therefore,(
(α j)k)ps1−γ1−i1

1 ps2−γ2−i2
2 = (α j)aps1−γ1

1 ps2−γ2
2 qm

.

Consequently, ∏
k∈Cm

(
x − (α j)k) = xps1−γ1−i1

1 ps2−γ2−i2
2 − (α j)aps1−γ1

1 ps2−γ2
2 qm

.

Multiplying over 0 ≤ m ≤ lcm(d1, d2) − 1, we obtain

fapi1
1 pi2

2
(x) = faps1−γ1

1 ps2−γ2
2

(
xps1−γ1−i1

1 ps2−γ2−i2
2

)
.

This proves the result. □

Under certain conditions, a pattern similar to that of the case of odd prime power is obtained for the
case of a product of two odd prime powers, as shown by Theorem 3.6. Once the factor

faps1−γ1
1 ps2−γ2

2
(x)

is known, the preceding factors are obtained by the substitutions

x 7→ xpu1
1 pu2

2 ,

where 0 ≤ ut ≤ st − γt for t = 1, 2. Thus, the recursive structure is indexed by a two-dimensional grid
rather than by a single chain.

Corollary 3.7. Let q be a prime power, and let p1 and p2 be distinct odd primes such that
gcd(p1 p2, q) = 1. For t = 1, 2, let dt = ordpt(q) and let γt be the positive integer such that
pγt

t ∥ (qdt − 1). Let st ≥ γt and assume that s1 = γ1 or p1 ∤ d2, and s2 = γ2 or p2 ∤ d1. Set

n0 = pγ1
1 pγ2

2 ,

and let
xn0 − 1 =

∏
f∈F0

f (x)

be its factorization into monic irreducible factors over Fq. For each f ∈ F0, let pe1( f )
1 pe2( f )

2 be the
common multiplicative order of the roots of f , where 0 ≤ et( f ) ≤ γt. Define

F∅ = { f ∈ F0 : e1( f ) < γ1, e2( f ) < γ2},

F1 = { f ∈ F0 : e1( f ) = γ1, e2( f ) < γ2},

F2 = { f ∈ F0 : e1( f ) < γ1, e2( f ) = γ2},

F12 = { f ∈ F0 : e1( f ) = γ1, e2( f ) = γ2}.

Then, we have

xps1
1 ps2

2 − 1 =
∏
f∈F∅

f (x) ×
∏
f∈F1

s1−γ1∏
j1=0

f
(
xp j1

1

)
×

∏
f∈F2

s2−γ2∏
j2=0

f
(
xp j2

2

)
×

∏
f∈F12

s1−γ1∏
j1=0

s2−γ2∏
j2=0

f
(
xp j1

1 p j2
2

)
.
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Proof. Let g(x) be an irreducible factor of xps1
1 ps2

2 −1, and let ξ be a root of g(x). Write the multiplicative
order of ξ as pr1

1 pr2
2 for 0 ≤ rt ≤ st. Set et = min{rt, γt}, jt = max{rt − γt, 0}, and M = p j1

1 p j2
2 . Then

ξM has the order pe1
1 pe2

2 , and hence ξM is a root of a unique factor f (x) ∈ F0. Therefore, ξ is a root of
f (xM) which implies that g(x) | f (xM).

It remains to compare their degrees. Indeed, by Theorem 2.1, ordprt
t
(q) = p jt

t ordpet
t
(q) for all t = 1, 2.

Since et ≤ γt, we have ordpet
t
(q) = dt whenever et ≥ 1, while ord1(q) = 1 if et = 0. Moreover, if j1 > 0,

then s1 > γ1 and hence p1 ∤ d2. Similarly, if j2 > 0, then p2 ∤ d1. Therefore,

ordpr1
1 pr2

2
(q) = p j1

1 p j2
2 ordpe1

1 pe2
2

(q).

Consequently,
deg(g(x)) = M deg( f (x)) = deg( f (xM)).

Since both polynomials are monic, it follows that g(x) = f (xM).
If e1 < γ1 and e2 < γ2, then j1 = j2 = 0 and f ∈ F∅. If e1 = γ1 and e2 < γ2, then f ∈ F1 and only

powers of p1 occur in M. The case f ∈ F2 is analogous. Finally, if e1 = γ1 and e2 = γ2, then f ∈ F12

and both powers may occur.
On the other hand, the same degree argument shows that each polynomial displayed in these four

families is an irreducible factor of xps1
1 ps2

2 − 1. Moreover, the order of its roots uniquely determines j1

and j2, while the corresponding factor f at the critical level is unique. Hence, the four families are
pairwise disjoint and together give the stated factorization. □

3.3. The case of the product of finite odd prime powers

Finally, we briefly extend the preceding recursive factorization to a finite product of distinct odd
prime powers. The same idea applies when the prime power components separate uniformly. To
explain this condition more concretely, note that for

n =
λ∏

t=1

pst
t ,

the recursive factorization argument requires the multiplicative order ordn(q) to separate into two parts:
A lifted prime power contribution

λ∏
t=1

p st−γt
t

and a base term lcm(d1, . . . , dλ), where dt = ordpt(q). The separation condition ensures that when one
passes from the critical exponent γt to a higher exponent st, no additional divisibility coming from
another prime pv enters the order through dt. In other words, each prime power component
contributes independently to the lifted part of the order. This independence is exactly what allows the
associated q-cyclotomic cosets to decompose into uniform blocks and hence makes the recursive
power substitution argument possible. Without this condition, the prime power components may
interact inside the multiplicative order, so the clean block structure of the cosets may break down. The
statements below are direct analog of the corresponding results for a product of two odd prime
powers, and their proofs follow by similar arguments. We therefore omit the details.
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For each t ∈ {1, 2, . . . , λ}, let dt = ordpt(q) and pγt
t ∥ (qdt − 1). By Theorem 2.1, whenever st ≥ γt,

one has
ordpst

t
(q) = dt p

st−γt
t .

Hence
ord∏λ

t=1 pst
t
(q) = lcm

(
d1 ps1−γ1

1 , . . . , dλp
sλ−γλ
λ

)
.

Thus, in order to obtain the separated form

ord∏λ
t=1 pst

t
(q) =

 λ∏
t=1

pst−γt
t

 lcm(d1, . . . , dλ),

it is necessary and sufficient that, for every v ∈ {1, 2, . . . , λ} we have

sv = γv or pv ∤ dt for all t , v.

Equivalently, whenever the pv-power is lifted beyond the critical degree γv, the prime pv must not occur
in any of the base orders dt with t , v.

Under this separation condition, the q-cyclotomic cosets decompose into uniform blocks, exactly
as in the case of two prime powers. Raising the roots in each block to the appropriate power collapses
the block to a single root corresponding to the terminal coset. This yields the following extension.

Theorem 3.8. Let q be a prime power and let

n =
λ∏

t=1

pst
t ,

where p1, p2, . . . , pλ are distinct odd primes and gcd(n, q) = 1. For each t ∈ {1, 2, . . . , λ}, let dt =

ordpt(q) and pγt
t ∥ (qdt − 1). Assume that st ≥ γt for all, t and that, for every v ∈ {1, . . . , λ},

sv = γv or pv ∤ dt for all t , v.

Let a be a positive integer such that gcd
(
a,

∏λ
t=1 pt

)
= 1. Then,

fa
∏λ

t=1 pit
t
(x) = fa

∏λ
t=1 pst−γt

t

(
x
∏λ

t=1 pst−γt−it
t

)
,

where 0 ≤ it ≤ st − γt for all t = 1, . . . , λ, and fa
∏λ

t=1 pit
t
(x) is induced by the q-cyclotomic coset

Clq,n

(
a
∏λ

t=1 pit
t

)
.

The full factorization at the critical degree can be extended recursively by lifting each irreducible
factor only in the prime power directions in which its root order reaches the corresponding critical
exponent. Under the separation assumptions above, these liftings are independent. This yields the
following full recursive factorization.

Corollary 3.9. Let q be a prime power and let

n =
λ∏

t=1

pst
t ,
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where p1, p2, . . . , pλ are distinct odd primes such that gcd(n, q) = 1. For each t ∈ {1, 2, . . . , λ}, let
dt = ordpt(q) and let γt be the positive integer such that pγt

t ∥ (qdt − 1). Assume that st ≥ γt for all t and
that, for every v ∈ {1, 2, . . . , λ}, sv = γv, or pv ∤ dt for all t , v. Set

n0 =

λ∏
t=1

pγt
t ,

and let
xn0 − 1 =

∏
f∈F0

f (x)

be its factorization into monic irreducible factors over Fq.
For each f ∈ F0, let the common multiplicative order of its roots be

λ∏
t=1

pet( f )
t , 0 ≤ et( f ) ≤ γt,

and define J( f ) = { t ∈ {1, 2, . . . , λ} : et( f ) = γt }. Then,

xn − 1 =
∏
f∈F0

∏
( jt)t∈J( f )

0≤ jt≤st−γt

f
(
x
∏

t∈J( f ) p jt
t

)
,

where, if J( f ) = ∅, the corresponding contribution is understood to be simply f (x).

For completeness, the corresponding classical viewpoint (see, for example, [8]) in the general finite
product setting is reviewed in the following remark.

Remark 3.10. Remark 3.3 extends naturally to a general positive integer

n =
r∏

i=1

pmi
i ,

where the values of pi are distinct primes and gcd(n, q) = 1. For each prime power divisor pmi
i , one

may first determine the corresponding irreducible factors of

Φpi(x),Φp2
i
(x), . . . ,Φpmi

i
(x)

by the classical procedure described in Remark 3.3. Equivalently, one may work in suitable extension
fields containing primitive pmi

i -th roots of unity and compute the associated minimal polynomials over
Fq.

If Ki is an extension field of Fq containing the relevant primitive pmi
i -th roots of unity, then its degree

is determined by the corresponding multiplicative orders. Since finite extensions of Fq are determined
uniquely, up to isomorphism, by their degrees, it is convenient to work inside a common extension field
L of Fq whose degree is a common multiple of the relevant orders. In this field, primitive d-th roots of
unity for divisors d | n may be obtained as products of the roots of appropriate prime power orders,
and their minimal polynomials then yield the irreducible factors of xn − 1 over Fq.

Thus, in the general case, the classical procedure produces the full factorization by assembling the
prime power contributions inside a common extension field. The point of our formulation is that in
suitable arithmetic settings such as those of Theorem 3.8 and Corollary 3.9, this construction can be
reorganized into an explicit recursive description.
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4. SRIM and SCRIM factors of xn − 1

In this section, we present a systematic treatment of the numbers of monic irreducible, SRIM,
and SCRIM factors of xn − 1 over finite fields, based on the recursive factorizations established in
Section 3. We note that direct enumerations of SRIM and SCRIM factors of xn − 1 were previously
discussed in [9, 10]. The importance of our results lies in the fact that they place these enumerations
into a recursive framework, showing that the factorization and counting problems at higher degrees can
be reduced to those at a suitable critical degree.

Let f (x) ∈ Fq[x] be a monic polynomial with a nonzero constant term. The reciprocal polynomial
of f (x) is defined by

f ∗(x) = xdeg( f ) f (0)−1 f (x−1).

The polynomial f (x) is called self-reciprocal if f ∗(x) = f (x). A monic irreducible polynomial over Fq

is called a SRIM polynomial if it is self-reciprocal.
Let n be a positive integer such that gcd(n, q) = 1, and let ζ be a primitive n-th root of unity in an

extension field of Fq. For each integer a, we recall that the irreducible factor of xn − 1 induced by the
q-cyclotomic coset Clq,n(a) is

fa(x) =
∏

i∈Clq,n(a)

(x − ζ i).

The reciprocal polynomial f ∗a (x) is induced by the coset Clq,n(−a). Hence fa(x) is SRIM if and only if

Clq,n(a) = Clq,n(−a).

Equivalently, fa(x) is SRIM if and only if there exists a non-negative integer j such that aq j ≡ −a
(mod n). In terms of the reduction modulo n

gcd(n,a) , this is equivalent to

q j ≡ −1 (mod
n

gcd(n, a)
).

Over a finite field of square order, the notion of a SCRIM polynomial is defined in a similar fashion.
For a polynomial

f (x) =
r∑

i=0

fixi ∈ Fq2[x],

define its conjugate by

f (x) =
r∑

i=0

f q
i xi.

The conjugate-reciprocal polynomial of f (x) is f †(x) = f ∗(x). A monic irreducible polynomial f (x) ∈
Fq2[x] is called SCRIM if f †(x) = f (x). The irreducible factor of xn − 1 over Fq2 induced by a q2-
cyclotomic coset Clq2,n(a) is

fa(x) =
∏

i∈Clq2 ,n(a)

(x − ζ i).

Its conjugate-reciprocal polynomial f †a (x) is induced by the coset Clq2,n(−qa). Therefore, fa(x) is
SCRIM if and only if

Clq2,n(a) = Clq2,n(−qa).
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Equivalently, there exists a non-negative integer j such that aq2 j ≡ −qa (mod n). Under the reduction
modulo n

gcd(n,a) , this is equivalent to

q2 j ≡ −q (mod
n

gcd(n, a)
).

For an odd prime p with gcd(p, q) = 1, let γ be the unique positive integer such that pγ ∥
(
qordp(q)−1

)
.

For a positive integer s, let

∆p,q(s) :=
s∑

j=1

φ(p j)
ordp j(q)

,

where φ denotes Euler’s phi function. The quantity ∆p,q(s) has the concrete interpretation of counting
the nonzero q-cyclotomic cosets in Zps , equivalently, the nontrivial monic irreducible factors of xps

− 1
over Fq (see Proposition 4.1 and [9, Section 4]). The following piecewise form of ∆p,q(s) reflects
the transition at the critical exponent γ: For j ≤ γ, the orders ordp j(q) remain constant, whereas for
j > γ, they acquire an additional factor of p j−γ, and this changes the corresponding cyclotomic coset’s
contributions. By Lemma 2.2 and the standard lifting property of multiplicative orders, this can be
written explicitly as

∆p,q(s) =


ps − 1

ordp(q)
, if 1 ≤ s ≤ γ,

pγ − 1
ordp(q)

+
(s − γ)pγ−1(p − 1)

ordp(q)
, if s > γ.

(4.1)

For each positive integer n, let Nq(n) denote the number of monic irreducible factors of xn − 1 over
Fq. The enumeration formula of Nq(n) is presented in the following subsections.

4.1. Numbers of monic irreducible factors

With the notation introduced above, the standard divisor sum formula for the number of irreducible
factors immediately gives the following convenient expression. The quantity ∆p,q(s) will also be used
repeatedly in the subsequent enumeration of irreducible, SRIM, and SCRIM factors, as well as in the
resulting formulas for self-orthogonal cyclic codes.

Proposition 4.1. Let q be a prime power and let p be an odd prime such that gcd(p, q) = 1. Then,

Nq(ps) = 1 + ∆p,q(s).

Proof. We note that the number of monic irreducible factors of xn − 1 over Fq is

Nq(ps) =
∑
d|ps

φ(d)
ordd(q)

= 1 +
s∑

j=1

φ(p j)
ordp j(q)

= 1 + ∆p,q(s).

This proves the result. □

Example 4.2. Let q = 3 and p = 5. Then, ord5(3) = 4. Since 34 − 1 = 80 and 51 ∥ 80, we have γ = 1,
which implies that

∆5,3(s) =
5γ − 1
ord5(3)

+
(s − γ)5γ−1(5 − 1)

ord5(3)
=

5 − 1
4
+ (s − 1)

4
4
= s,
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and
N3(5s) = 1 + ∆5,3(s) = s + 1

for all s ≥ 1.

Remark 4.3. We note that the case p = 2 requires separate treatment. Indeed, if q is odd, then the
behavior of ord2s(q) depends on the 2-adic valuations of both q − 1 and q2 − 1. More precisely, for
s ≥ 1,

ord2s(q) =


1, if 1 ≤ s ≤ ν2(q − 1),

2, if ν2(q − 1) < s ≤ ν2(q2 − 1),

2s−ν2(q2−1)+1, if s > ν2(q2 − 1).

Consequently, the number of monic irreducible factors of x2s
− 1 over Fq is

Nq(2s) =
s∑

j=0

φ(2 j)
ord2 j(q)

,

where ord1(q) = 1. However, unlike the odd-prime case, a closed formula for Nq(2s) is naturally
piecewise according to ν2(q − 1) and ν2(q2 − 1).

The separation conditions considered in Section 3 can be strengthened to obtain an important
enumerative consequence. Under the hypotheses below, the relevant prime power orbit sizes are
pairwise coprime, so that the divisor sum for the number of irreducible factors separates
multiplicatively.

Theorem 4.4. Let q be a prime power, and let p1 and p2 be the distinct odd primes such that
gcd(p1 p2, q) = 1. If gcd(ordp1(q), ordp2(q)) = 1, p1 ∤ ordp2(q), and p2 ∤ ordp1(q), then,

Nq(ps1
1 ps2

2 ) =
(
1 + ∆p1,q(s1)

)(
1 + ∆p2,q(s2)

)
.

Proof. First, we note that each divisor of ps1
1 ps2

2 has the form pe1
1 pe2

2 for some 0 ≤ e1 ≤ s1 and 0 ≤ e2 ≤

s2. Set
d1 = ordp1(q) and d2 = ordp2(q)

and let γt be the positive integer such that pγt
t ∥ (qdt − 1) for all t = 1, 2.

If e1 = 0 or e2 = 0, then one of ordpe1
1

(q) and ordpe2
2

(q) is equal to ord1(q) = 1. Hence, we have

gcd
(
ordpe1

1
(q), ordpe2

2
(q)

)
= 1.

Assume that e1 ≥ 1 and e2 ≥ 1. Then,

ordpe1
1

(q) = d1 pmax{e1−γ1,0}
1 and ordpe2

2
(q) = d2 pmax{e2−γ2,0}

2

by Theorem 2.1. Since dt = ordpt(q) divides pt − 1 for t = 1, 2, we have p1 ∤ d1 and p2 ∤ d2. Together
with the assumptions gcd(d1, d2) = 1, p1 ∤ d2, and p2 ∤ d1, it follows that

gcd
(
ordpe1

1
(q), ordpe2

2
(q)

)
= 1.
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Consequently,
ordpe1

1 pe2
2

(q) = lcm
(
ordpe1

1
(q), ordpe2

2
(q)

)
= ordpe1

1
(q) ordpe2

2
(q)

for all 0 ≤ e1 ≤ s1 and 0 ≤ e2 ≤ s2.
By the Chinese remainder theorem, we have

Zps1
1 ps2

2
� Zps1

1
× Zps2

2
,

and multiplication by q corresponds to the diagonal action on the right-hand side. Since the sizes of
the corresponding component q-cyclotomic cosets are coprime by the argument above, each pair of
component q-cyclotomic cosets corresponds to exactly one q-cyclotomic coset modulo ps1

1 ps2
2 . Hence,

the number of q-cyclotomic cosets, and, equivalently, the number of monic irreducible factors,
separates multiplicatively.

Therefore,

Nq(ps1
1 ps2

2 ) =
s1∑

e1=0

s2∑
e2=0

φ(pe1
1 pe2

2 )
ordpe1

1 pe2
2

(q)

=

s1∑
e1=0

s2∑
e2=0

φ(pe1
1 )

ordpe1
1

(q)
·
φ(pe2

2 )
ordpe2

2
(q)

=

 s1∑
e1=0

φ(pe1
1 )

ordpe1
1

(q)


 s2∑

e2=0

φ(pe2
2 )

ordpe2
2

(q)


=

(
1 + ∆p1,q(s1)

) (
1 + ∆p2,q(s2)

)
as desired. □

Illustrative examples are given as follows.

Example 4.5. Let q = 3, p1 = 13, and p2 = 11. Then ord13(3) = 3 and ord11(3) = 5. Thus,
gcd(ord13(3), ord11(3)) = gcd(3, 5) = 1, 13 ∤ ord11(3) = 5, and 11 ∤ ord13(3) = 3. Hence, the
separation hypotheses in Theorem 4.4 are satisfied.

For p1 = 13, we have 33 − 1 = 26 and 131 ∥ 26. Hence, γ1 = 1 and

∆13,3(s1) =
13 − 1

3
+ (s1 − 1)

13 − 1
3
= 4s1.

For p2 = 11, we have 35 − 1 = 242 = 2 · 112. Hence, 112 ∥ (35 − 1) which implies that γ2 = 2. It
follows that

∆11,3(s2) =


11s2 − 1

5
, if 1 ≤ s2 ≤ 2,

112 − 1
5

+
(s2 − 2)11(11 − 1)

5
, if s2 > 2,

=


2, if s2 = 1,
24, if s2 = 2,
24 + 22(s2 − 2), if s2 > 2.
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By Theorem 4.4, we obtain

N3(13s111s2) =
(
1 + ∆13,3(s1)

)(
1 + ∆11,3(s2)

)
= (4s1 + 1)


3, if s2 = 1,
25, if s2 = 2,
25 + 22(s2 − 2), if s2 > 2.

Example 4.6. Let q = 11, p1 = 13, and p2 = 43. Then, ord13(11) = 12 and ord43(11) = 7. Thus,
gcd(ord13(11), ord43(11)) = gcd(12, 7) = 1, 13 ∤ ord43(11) = 7, and 43 ∤ ord13(11) = 12. Hence, the
separation hypotheses in Theorem 4.4 are satisfied.

For p1 = 13, we have 13 ∥ (1112 − 1), so γ1 = 1. By (4.1), it follows that

∆13,11(s1) =


13s1 − 1

12
, if s1 = 1,

13 − 1
12

+
(s1 − 1)(13 − 1)

12
, if s1 > 1,

=

1, if s1 = 1,
s1, if s1 > 1.

For p2 = 43, we have 43 ∥ (117 − 1), so γ2 = 1. Again by (4.1), we obtain

∆43,11(s2) =


43s2 − 1

7
, if s2 = 1,

43 − 1
7
+

(s2 − 1)(43 − 1)
7

, if s2 > 1,

=

6, if s2 = 1,
6s2, if s2 > 1.

By Theorem 4.4, we obtain

N11(13s143s2) =
(
1 + ∆13,11(s1)

)(
1 + ∆43,11(s2)

)

=



14, if s1 = 1 and s2 = 1,

12s2 + 2, if s1 = 1 and s2 > 1,

7(s1 + 1), if s1 > 1 and s2 = 1,

(s1 + 1)(6s2 + 1), if s1 > 1 and s2 > 1.

We now extend the preceding results to the case

n =
λ∏

t=1

pst
t ,

where p1, p2, . . . , pλ are distinct odd primes such that gcd(n, q) = 1. Before proceeding to the formula,
we indicate the main idea. The number of monic irreducible factors of xn − 1 over Fq is given by

Nq(n) =
∑
d|n

φ(d)
ordd(q)

.
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For each t ∈ {1, 2, . . . , λ}, let dt = ordpt(q) and let γt be a positive integer such that pγt
t ∥

(
qdt − 1

)
.

By Theorem 2.1, for every 1 ≤ et ≤ st, we have

ordpet
t
(q) = dt p

max{et−γt ,0}
t ,

while ord1(q) = 1 when et = 0.
Suppose that gcd(du, dv) = 1 and pu ∤ dv for all u , v. Since dt | (pt − 1), we also have pt ∤ dt for

every t. Hence, for distinct values of u, v and all relevant exponents eu, ev, we have

gcd
(
ordpeu

u
(q), ordpev

v
(q)

)
= 1,

where the case eu = 0 or ev = 0 follows from ord1(q) = 1. Thus, for every divisor

d =
λ∏

t=1

pet
t

of n, the corresponding prime power orders are pairwise coprime. Therefore, we have

ordd(q) = lcm
(
ordpe1

1
(q), . . . , ordpeλ

λ
(q)

)
=

λ∏
t=1

ordpet
t
(q).

This is the order separation property underlying the product formula in Theorem 4.7. Since Euler’s phi
function is also multiplicative on relatively prime factors, the divisor sum separates into a product of
sums. Extending the idea in the proof of Theorem 4.4, we obtain the following result.

Theorem 4.7. Let q be a prime power and let

n =
λ∏

t=1

pst
t ,

where p1, p2, . . . , pλ are distinct odd primes; s1, s2, . . . , sλ are positive integers; and gcd(n, q) = 1. If
gcd(ordpu(q), ordpv(q)) = 1, and pu ∤ ordpv(q) for all u , v, then the number of monic irreducible
factors of xn − 1 over Fq is

Nq(n) =
λ∏

t=1

(
1 + ∆pt ,q(st)

)
.

4.2. SRIM factors of xn − 1

The preceding results lead naturally to the study of self-reciprocal irreducible monic factors of xn−1
over finite fields. Let SRIMq(n) denote the number of self-reciprocal irreducible monic factors of xn−1
over Fq. We first present results on SRIM factors of xn−1 over Fq, with emphasis on the extremal cases
where all irreducible factors are SRIM and where x − 1 is the unique SRIM factor.

Lemma 4.8. ([7]) Let q be a prime power and let p be an odd prime such that gcd(p, q) = 1. Let s be
a positive integer. Then the following statements hold:

(1) All monic irreducible factors of xps
− 1 over Fq are SRIM if and only if ordp(q) is even.
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(2) The polynomial x − 1 is the unique SRIM factor of xps
− 1 over Fq if and only if ordp(q) is odd.

Proposition 4.9. Let q be a prime power.

(1) Let p be an odd prime such that gcd(p, q) = 1. Then, we have

SRIMq(ps) =

1, if ordp(q) is odd,

1 + ∆p,q(s), if ordp(q) is even.

(2) For λ ≥ 2, let

n =
λ∏

t=1

pst
t ,

where p1, p2, . . . , pλ are distinct odd primes such that gcd(n, q) = 1. If ordpt(q) is odd for every
1 ≤ t ≤ λ, then x − 1 is the unique SRIM factor of xn − 1 over Fq.

Proof. The case of prime power follows from Lemma 4.8 and Proposition 4.1. For the latter case, if
ordpt(q) is odd for every prime divisor pt of n, then no nontrivial q-cyclotomic coset is fixed under
negation. Hence, x − 1 is the unique SRIM factor of xn − 1 over Fq. □

Proposition 4.10. Let q be a prime power, and let p1 and p2 be distinct odd primes such that
gcd(p1 p2, q) = 1. Assume that gcd(ordp1(q), ordp2(q)) = 1, p1 ∤ ordp2(q), and p2 ∤ ordp1(q). If at least
one of ordp1(q) and ordp2(q) is odd, then,

SRIMq(ps1
1 ps2

2 ) = SRIMq(ps1
1 ) · SRIMq(ps2

2 ).

In particular,

SRIMq(ps1
1 ps2

2 ) =


1, if ordp1(q) and ordp2(q) are odd,

1 + ∆p1,q(s1), if ordp1(q) is even and ordp2(q) is odd,

1 + ∆p2,q(s2), if ordp1(q) is odd and ordp2(q) is even.

Proof. The separation hypotheses imply that the irreducible factor enumeration for xps1
1 ps2

2 −1 separates
according to the two prime power components by Theorem 4.4. If ordpt(q) is odd, then x − 1 is
the unique SRIM factor of xpst

t − 1. Hence, this component contributes no nontrivial self-reciprocal
factor. If the other component has and even order, then all irreducible factors from that prime power
component are SRIM. Therefore, the number of SRIM factors is the product of the corresponding one
prime counts. □

Example 4.11. Let q = 3, p1 = 41, and p2 = 13. Then, p1 p2 = 41 · 13 = 533, ord41(3) = 8, and
ord13(3) = 3. Hence, gcd(ord41(3), ord13(3)) = gcd(8, 3) = 1, 41 ∤ ord13(3) = 3, and 13 ∤ ord41(3) = 8.
Moreover, ord41(3) is even and ord13(3) is odd. Thus, the hypotheses of Proposition 4.10 are satisfied.

For p1 = 41, we have 41 ∥ (3ord41(3) − 1) = 38 − 1 = 6560, which implies that γ1 = 1. By (4.1), we
have

∆41,3(1) =
φ(41)

ord41(3)
=

40
8
= 5.
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Since ord13(3) is odd, Proposition 4.10 gives

SRIM3(533) = SRIM3(41 · 13) = 1 + ∆41,3(1) = 6.

Therefore, x533 − 1 over F3 has exactly six SRIM factors. The corresponding 3-cyclotomic cosets
modulo 533 are as follows:

Cl3,533(0) = {0},
Cl3,533(13) = {13, 39, 117, 351, 520, 494, 416, 182},
Cl3,533(26) = {26, 78, 234, 169, 507, 455, 299, 364},
Cl3,533(52) = {52, 156, 468, 338, 481, 377, 65, 195},
Cl3,533(91) = {91, 273, 286, 325, 442, 260, 247, 208},

Cl3,533(104) = {104, 312, 403, 143, 429, 221, 130, 390}.

These 3-cyclotomic cosets induce the six SRIM factors of x533 − 1 over F3. Since Z533 is quite large, we
do not list the other 3-cyclotomic cosets explicitly, although they can be computed readily.

In general, the number of SRIM factors of xn − 1 over Fq does not satisfy a multiplicative formula
with respect to the prime power decomposition of n. However, under suitable parity conditions on
the relevant multiplicative orders, some simplified formulas can be derived. These observations are
summarized in the following propositions.

Proposition 4.12. Let q be a prime power, and let p1 and p2 be distinct odd primes such that
gcd(p1 p2, q) = 1. If ordp1(q) and ordp2(q) are even, and ν2(ordp1(q)) , ν2(ordp2(q)), then,

SRIMq(ps1
1 ps2

2 ) = 1 + ∆p1,q(s1) + ∆p2,q(s2).

Proof. By Theorem 2.1, we have

ordpet
t
(q) = ordpt(q)pmax{et−γt ,0}

t

for all t = 1, 2 and 1 ≤ et ≤ st. Since pt is odd, we have

ν2(ordpet
t
(q)) = ν2(ordpt(q))

for all t = 1, 2 and 1 ≤ et ≤ st.
We show that no mixed divisor pe1

1 pe2
2 , with e1, e2 ≥ 1, contributes an SRIM factor. Such a factor is

SRIM if and only if there exists j ≥ 0 such that q j ≡ −1 (mod pe1
1 pe2

2 ). Equivalently,

j ≡
ordpe1

1
(q)

2
(mod ordpe1

1
(q)) and j ≡

ordpe2
2

(q)

2
(mod ordpe2

2
(q)).

By the Chinese remainder theorem, this system is solvable if and only if

ν2(ordpe1
1

(q)) = ν2(ordpe2
2

(q)).

Since p1 and p2 are odd, we have

ν2(ordpe1
1

(q)) = ν2(ordp1(q)) and ν2(ordpe2
2

(q)) = ν2(ordp2(q))
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by Theorem 2.1. These valuations are distinct by hypothesis. Hence, no mixed divisor contributes an
SRIM factor.

Since both ordp1(q) and ordp2(q) are even, Lemma 4.8 implies that all irreducible factors arising
from the prime power divisors pe1

1 and pe2
2 are SRIM. Therefore, the SRIM factors are precisely x − 1

together with the nontrivial prime power contributions. Hence, we have

SRIMq(ps1
1 ps2

2 ) = 1 + ∆p1,q(s1) + ∆p2,q(s2)

as desired. □

Example 4.13. Let q = 3, p1 = 37, and p2 = 41. Then, p1 p2 = 37 · 41 = 1517, ord37(3) = 18, and
ord41(3) = 8. Thus, both orders are even and

ν2(ord37(3)) = ν2(18) = 1 , 3 = ν2(8) = ν2(ord41(3)).

Hence, the hypotheses of Proposition 4.12 are satisfied. Since 37 ∥ (318 − 1) and 41 ∥ (38 − 1) = 6560,
we have γ1 = γ2 = 1. Therefore, by (4.1), it follows that

∆37,3(1) =
φ(37)

ord37(3)
=

36
18
= 2

and
∆41,3(1) =

φ(41)
ord41(3)

=
40
8
= 5.

By Proposition 4.12, we obtain

SRIM3(1517) = SRIM3(37 · 41) = 1 + ∆37,3(1) + ∆41,3(1) = 1 + 2 + 5 = 8.

Therefore, x1517 − 1 over F3 has exactly eight SRIM factors. Their corresponding 3-cyclotomic cosets
modulo 1517 are as follows:

Cl3,1517(0) = {0},
Cl3,1517(37) = {37, 111, 333, 999, 1480, 1406, 1184, 518},
Cl3,1517(41) = {41, 123, 369, 1107, 287, 861, 1066, 164, 492, 1476},
Cl3,1517(74) = {74, 222, 666, 481, 1443, 1295, 851, 1036},
Cl3,1517(82) = {82, 246, 738, 697, 574, 205, 615, 328, 984, 1435},

Cl3,1517(148) = {148, 444, 1332, 962, 1369, 1073, 185, 555},
Cl3,1517(259) = {259, 777, 814, 925, 1258, 740, 703, 592},
Cl3,1517(296) = {296, 888, 1147, 407, 1221, 629, 370, 1110}.

These 3-cyclotomic cosets induce the eight SRIM factors of x1517−1 over F3. Since Z1517 is quite large,
we omit the remaining 3-cyclotomic cosets, although they can be determined explicitly.

Proposition 4.14. Let q be a prime power, and let p1 and p2 be distinct odd primes such that
gcd(p1 p2, q) = 1. Assume that ordp1(q) and ordp2(q) are even, and

a = ν2(ordp1(q)) = ν2(ordp2(q)).
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If

gcd
 ordps1

1
(q)

2
ν2(ord

p
s1
1

(q)) ,
ordps2

2
(q)

2
ν2(ord

p
s2
2

(q))

 = 1,

then we have
SRIMq(ps1

1 ps2
2 ) = 1 + ∆p1,q(s1) + ∆p2,q(s2) + 2a∆p1,q(s1)∆p2,q(s2).

Proof. As in Proposition 4.12, all prime power contributions are SRIM and their total contribution is

∆p1,q(s1) + ∆p2,q(s2),

together with the factor x − 1.
For a mixed divisor pe1

1 pe2
2 , the SRIM condition is equivalent to the simultaneous solvability of

q j ≡ −1 (mod pe1
1 ) and q j ≡ −1 (mod pe2

2 ).

By the Chinese remainder theorem, this is equivalent to

ν2(ordpe1
1

(q)) = ν2(ordpe2
2

(q)).

By Theorem 2.1, these 2-adic valuations are equal to

ν2(ordp1(q)) and ν2(ordp2(q)),

respectively. Hence, by the hypothesis, every mixed irreducible factor is SRIM.
It remains to count the mixed factors. For each mixed divisor pe1

1 pe2
2 , the number of irreducible

factors contributed is
φ(pe1

1 )φ(pe2
2 )

ordpe1
1 pe2

2
(q)
.

Assume that
ν2(ordpe1

1
(q)) = ν2(ordpe2

2
(q)) = a.

Write ordpe1
1

(q) = 2au1, and ordpe2
2

(q) = 2au2, where u1 and u2 are odd. Since

gcd
 ordps1

1
(q)

2
ν2(ord

p
s1
1

(q)) ,
ordps2

2
(q)

2
ν2(ord

p
s2
2

(q))

 = 1

at the top-degree orders, then gcd(u1, u2) = 1. It follows that

lcm
(
ordpe1

1
(q), ordpe2

2
(q)

)
= lcm(2au1, 2au2) = 2au1u2 =

ordpe1
1

(q) ordpe2
2

(q)

2a .

Therefore, the mixed contribution is

2a

 s1∑
e1=1

φ(pe1
1 )

ordpe1
1

(q)


 s2∑

e2=1

φ(pe2
2 )

ordpe2
2

(q)

 = 2a∆p1,q(s1)∆p2,q(s2).

Adding the contributions from x − 1, the pure prime power parts, and the mixed part gives the desired
formula. □
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Example 4.15. Let q = 3, p1 = 41, and p2 = 241. Then, p1 p2 = 41 · 241 = 9881, ord41(3) = 8, and
ord241(3) = 120. Hence, both orders are even and

ν2(ord41(3)) = ν2(8) = 3 and ν2(ord241(3)) = ν2(120) = 3.

Thus,
a = ν2(ord41(3)) = ν2(ord241(3)) = 3.

Moreover, 41 ∥ (38 − 1) = 6560 and 241 ∥ (3120 − 1), which implies that γ1 = γ2 = 1. By (4.1), we have

∆41,3(1) =
φ(41)

ord41(3)
=

40
8
= 5

and
∆241,3(1) =

φ(241)
ord241(3)

=
240
120
= 2.

In this case, we have s1 = s2 = 1, and it follows that

ord41(3)
2ν2(ord41(3)) =

8
8
= 1

and
ord241(3)

2ν2(ord241(3)) =
120

8
= 15.

Therefore, we have

gcd
(

ord41(3)
2ν2(ord41(3)) ,

ord241(3)
2ν2(ord241(3))

)
= gcd(1, 15) = 1.

Hence, the hypotheses of Proposition 4.14 are satisfied. By Proposition 4.14, we have

SRIM3(9881) = SRIM3(41 · 241)
= 1 + ∆41,3(1) + ∆241,3(1) + 23∆41,3(1)∆241,3(1)
= 1 + 5 + 2 + 8 · 5 · 2 = 88.

Therefore, x9881 − 1 over F3 has exactly 88 SRIM factors. Since Z9881 is fairly large, we do not display
all the corresponding 3-cyclotomic cosets explicitly, although they can be determined without difficulty.

4.3. SCRIM factors of xn − 1

In this subsection, we next turn to the Hermitian analog over finite fields of square order. Let
SCRIMq2(n) denote the number of self-conjugate-reciprocal irreducible monic factors of xn − 1 over
Fq2 . We then establish the corresponding results on SCRIM factors of xn − 1 over Fq2 , again focusing
on the extremal cases where all irreducible factors are SCRIM and where x − 1 is the unique SCRIM
factor.

Proposition 4.16. ([10, Theorem 2.13]) Let q be a prime power and let λ be a positive integer. Let

n =
λ∏

t=1

pst
t ,

where p1, p2, . . . , pλ are distinct odd primes such that gcd(n, q) = 1. Then, the following statements
hold:

AIMS Mathematics Volume 11, Issue 9, 29327–29364.



29351

(1) The polynomial x − 1 is the unique SCRIM factor of xn − 1 over Fq2 if and only if, for every
t ∈ {1, 2, . . . , λ}, we have

ordpt(q
2) is even or ordpt(q) is odd.

(2) All monic irreducible factors of xn−1 over Fq2 are SCRIM if and only if, for every t ∈ {1, 2, . . . , λ},
we have

ordpt(q
2) is odd and ordpt(q) is even.

Proposition 4.17. Let q be a prime power and let p be an odd prime such that gcd(p, q) = 1. Then,

SCRIMq2(ps) =

1, if ordp(q2) is even or ordp(q) is odd,

1 + ∆p,q2(s), if ordp(q2) is odd and ordp(q) is even.

Proof. The results follow directly from Proposition 4.16. In the case where all monic irreducible
factors of xps

− 1 over Fq2 are SCRIM, we have

SCRIMq2(ps) = Nq2(ps) = 1 + ∆p,q2(s),

by an argument similar to the proof of Proposition 4.1, with q2 in place of q. □

When all irreducible factors are SCRIM, the number of SCRIM factors is simply the total number
of monic irreducible factors. Under the same separation condition used in the finite prime enumeration,
this total number admits the following product formula.

Proposition 4.18. Let q be a prime power and let λ be a positive integer. Let

n =
λ∏

t=1

pst
t ,

where p1, p2 . . . , pλ are distinct odd primes and gcd(n, q) = 1. For each t ∈ {1, 2, . . . , λ}, let pγ
′
t

t ∥(
(q2)ordpt (q

2) − 1
)
. Assume that for every t ∈ {1, 2, . . . , λ}, ordpt(q

2) is odd and ordpt(q) is even. Assume
also that the following separation conditions hold: gcd

(
ordpu(q

2), ordpv(q
2)
)
= 1 for all u , v and, for

every u ∈ {1, 2, . . . , λ}, su = γ
′
u or pu ∤ ordpv(q

2) for all v , u. Then,

SCRIMq2(n) =
λ∏

t=1

(
1 + ∆pt ,q2(st)

)
.

Proof. By Proposition 4.16, the assumptions ordpt(q
2) is odd and ordpt(q) is even for all t imply that all

monic irreducible factors of xn − 1 over Fq2 are SCRIM. The additional separation conditions ensure,
by the same order separation argument used before Theorem 4.7, that

Nq2(n) =
λ∏

t=1

(
1 + ∆pt ,q2(st)

)
.

Since all monic irreducible factors are SCRIM, the desired formula follows. □
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5. Applications to self-orthogonal cyclic codes

In this section, we focus on self-orthogonal cyclic codes. Some preliminary results on such codes
were discussed in [4, 15]. Our main point here is that the recursive factorization results established
above provide an effective tool for the enumeration of such codes. Indeed, they reduce the factorization
of xn−1 at higher degrees to the corresponding factorization at suitable critical degrees, thereby giving
a structured description of the generator polynomials involved. The enumeration is then presented in
terms of the distribution of SRIM and SCRIM factors of xn − 1 over the underlying finite fields.

5.1. Cyclic codes and their Euclidean and Hermitian duals

A linear code of length n over Fq is an Fq-subspace of the Fq-vector space Fn
q. If C has a dimension

k and the minimum Hamming distance

d = min{wt(c) : c ∈ C \ {0}},

then, C is called an [n, k, d]q linear code, where wt(c) is the number of non-zero positions in c. For
u = (u0, u1, . . . , un−1), v = (v0, v1, . . . , vn−1) ∈ Fn

q, the Euclidean inner product is defined by

⟨u, v⟩E =
n−1∑
i=0

uivi.

The Euclidean dual of a linear code C of length n over Fq is

C⊥E = {u ∈ Fn
q : ⟨u, v⟩E = 0 for all v ∈ C}.

The code C is called Euclidean self-orthogonal if C ⊆ C⊥E .
Over Fq2 , the Hermitian inner product is defined by

⟨u, v⟩H =
n−1∑
i=0

uiv
q
i

for all u = (u0, u1, . . . , un−1) and v = (v0, v1, . . . , vn−1) ∈ Fn
q2 . The Hermitian dual of a linear code C

over Fq2 is
C⊥H = {u ∈ Fn

q2 : ⟨u, v⟩H = 0 for all v ∈ C}.

The code C is called Hermitian self-orthogonal if C ⊆ C⊥H .
A linear code C of length n over Fq is called cyclic if every cyclic shift of a codeword in C is again

a codeword in C. Cyclic codes of length n over Fq can be identified with ideals of the principal ideal
ring Fq[x]/⟨xn − 1⟩. Moreover, every cyclic code is generated by a unique monic divisor g(x) of xn − 1,
which is called the generator polynomial of C [1]. If C is a cyclic code of length n over Fq with the
generator polynomial g(x), then, dim(C) = n − deg(g(x)). The polynomial h(x) = (xn − 1)/g(x) is
called the parity-check polynomial of C.

The following standard facts describe the Euclidean and Hermitian duals of cyclic codes in terms
of parity-check polynomial.
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Proposition 5.1. ([2]) Let C be a cyclic code of length n over Fq with the generator polynomial g(x)
and let h(x) = (xn − 1)/g(x). Then, the Euclidean dual C⊥E is the cyclic code generated by h∗(x).

Proposition 5.2. ([5]) Let C be a cyclic code of length n over Fq2 with generator polynomial g(x) and
let h(x) = (xn − 1)/g(x). Then, the Hermitian dual C⊥H is the cyclic code generated by h†(x).

Consequently, the self-orthogonality conditions for cyclic codes can be expressed purely in terms
of the divisibility of generator and parity-check polynomials.

Theorem 5.3. Let C be a cyclic code of length n with generator polynomial g(x) and let h(x) =
(xn − 1)/g(x). Then, the following statements hold:

(1) Over Fq, the code C is Euclidean self-orthogonal if and only if h∗(x) | g(x).
(2) Over Fq2 , the code C is Hermitian self-orthogonal if and only if h†(x) | g(x).

5.2. Enumeration of Euclidean self-orthogonal cyclic codes

Let Fq be a finite field of characteristic ρ and let n = mρu, where u ≥ 0 and gcd(m, ρ) = 1. We
emphasize that over a finite field of characteristic ρ, we have (a − b)ρ

u
= aρ

u
− bρ

u
. Consequently, we

have
xmρu
− 1 = (xm − 1)ρ

u
.

This identity plays a key role later in the enumeration developed in this section, especially in
Theorem 5.4 and its subsequent corollaries.

According to the discussion above, the repeated-root factorization of xn−1 is completely determined
by the simple root factorization of xm − 1. In particular, the recursive factorization results obtained
earlier for xm − 1 can be used directly in the repeated-root setting.

Suppose that the factorization of xm − 1 over Fq is

xm − 1 =
r∏

i=1

fi(x)
t∏

j=1

h j(x)h∗j(x),

where f1(x), . . . , fr(x) are SRIM factors and (h j(x), h∗j(x)) are reciprocal pairs of irreducible factors for
all j = 1, 2, . . . , t. Then,

xmρu
− 1 =

r∏
i=1

fi(x)ρ
u

t∏
j=1

h j(x)ρ
u
h∗j(x)ρ

u
. (5.1)

Hence, every cyclic code of length mρu over Fq has aa generator polynomial of the form

g(x) =
r∏

i=1

fi(x)αi

t∏
j=1

h j(x)β jh∗j(x)δ j ,

where 0 ≤ αi, β j, δ j ≤ ρ
u.

The following elementary counting result serves as the bridge between the polynomial factorization
and the enumeration of Euclidean self-orthogonal cyclic codes. Its significance here lies in allowing
the SRIM and reciprocal pair counts obtained in the preceding sections to be converted directly into
code enumeration formulas.
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Theorem 5.4. Let Fq be a finite field of characteristic ρ and let n = mρu with u ≥ 0 and gcd(m, ρ) = 1.
Assume the factorization in (5.1). Then the number of Euclidean self-orthogonal cyclic codes of length
mρu over Fq is (⌊

ρu

2

⌋
+ 1

)r ( (ρu + 1)(ρu + 2)
2

)t

.

Proof. Let

g(x) =
r∏

i=1

fi(x)αi

t∏
j=1

h j(x)β jh∗j(x)δ j ,

where 0 ≤ αi, β j, δ j ≤ ρ
u. Then,

h(x) =
xmρu
− 1

g(x)
=

r∏
i=1

fi(x)ρ
u−αi

t∏
j=1

h j(x)ρ
u−β jh∗j(x)ρ

u−δ j .

By Theorem 5.3 (1), the code ⟨g(x)⟩ is Euclidean self-orthogonal if and only if h∗(x) | g(x). Since each
fi(x) is self-reciprocal, this is equivalent to ρu − αi ≤ αi for all i = 1, 2, . . . , r, and ρu − δ j ≤ β j and
ρu − β j ≤ δ j for all j = 1, 2, . . . , t. Thus,

αi ≥

⌈
ρu

2

⌉
,

so each SRIM factor contributes

ρu −

⌈
ρu

2

⌉
+ 1 =

⌊
ρu

2

⌋
+ 1

choices. For each reciprocal pair, the two inequalities are equivalent to

β j + δ j ≥ ρ
u.

Hence, the number of admissible pairs (β j, δ j) with 0 ≤ β j, δ j ≤ ρ
u is

(ρu + 1)(ρu + 2)
2

.

Multiplying over all SRIM factors and all reciprocal pairs, the result follows. □

With the terms introduced in Section 4, for a positive integer m such that gcd(ρ,m) = 1, we have

r = SRIMq(m) and t =
Nq(m) − SRIMq(m)

2
. (5.2)

By Theorem 5.4, the number of Euclidean self-orthogonal cyclic codes of length mρu over Fq is(⌊
ρu

2

⌋
+ 1

)SRIMq(m) ( (ρu + 1)(ρu + 2)
2

) Nq(m)−SRIMq(m)
2

.

In the case where u = 0, this result reduces to the simple root case and we have(⌊
1
2

⌋
+ 1

)r

= 1 and
(
(1 + 1)(1 + 2)

2

)t

= 3t. (5.3)
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Therefore, by Theorem 5.4, the number of Euclidean self-orthogonal cyclic codes of length n over Fq

with gcd(n, q) = 1 is 3t.
The following example illustrates a coding theoretic consequence of the enumeration formulas

above for a product of two distinct odd prime powers. It directly uses the separation framework
developed in the preceding sections.

Example 5.5. Consider cyclic codes over F11 of length n = 13s143s2 , where s1, s2 ≥ 1. As shown in
Example 4.6, the separation hypotheses are satisfied and

N11(13s143s2) = (s1 + 1)(6s2 + 1).

Moreover, since ord13(11) = 12 is even and ord43(11) = 7 is odd, Proposition 4.10 gives

SRIM11(13s143s2) = s1 + 1.

Hence, the number of reciprocal pairs is

N11(13s143s2) − SRIM11(13s143s2)
2

= 3s2(s1 + 1).

Consequently, by Theorem 5.4 with u = 0, the number of Euclidean self-orthogonal cyclic codes of
length 13s143s2 over F11 is 3 3s2(s1+1).

We now record repeated-root versions of the preceding Euclidean enumeration formulas by
combining the SRIM counts for the simple root part with Theorem 5.4.

Corollary 5.6. Let Fq be a finite field of characteristic ρ and let p be an odd prime such that

gcd(p, q) = 1.

Let pγ ∥
(
qordp(q) − 1

)
. Then, the number of Euclidean self-orthogonal cyclic codes of length psρu over

Fq is 

(⌊
ρu

2

⌋
+ 1

)1+∆p,q(s)

, if ordp(q) is even,(⌊
ρu

2

⌋
+ 1

) (
(ρu + 1)(ρu + 2)

2

) ∆p,q(s)
2

, if ordp(q) is odd,

where ∆p,q(s) is given in terms of s and γ in (4.1).

Proof. The proof can be given by applying Theorem 5.4 with m = ps. If ordp(q) is even, then all
irreducible factors of xps

− 1 over Fq are SRIM. Hence, we have

SRIMq(ps) = Nq(ps) = 1 + ∆p,q(s)

which implies that r = 1 + ∆p,q(s) and t = 0. If ordp(q) is odd, then x − 1 is the unique SRIM factor of
xps
− 1 over Fq. Hence,

r = 1 and t =
Nq(ps) − 1

2
=
∆p,q(s)

2
.

Substituting these values into Theorem 5.4, the result follows. □
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The following examples illustrate the recursive enumeration formulas for Euclidean self-orthogonal
cyclic codes over finite fields.

Example 5.7. Let p = 13 and q = 3. Then, ord13(3) = 3 is odd. The polynomial x − 1 is the unique
SRIM factor of x13s

− 1 over F3 for all s ≥ 1 by Lemma 4.8.
For s = 1, the factorization of x13 − 1 over F3 has the form

x13 − 1 = (x − 1)h1(x)h∗1(x)h2(x)h∗2(x),

where h1(x) = x3 − x − 1 and h2(x) = x3 − x2 − x − 1. Thus, there are two reciprocal pairs, and hence
there exist 32 = 9 Euclidean self-orthogonal cyclic codes of length 13 over F3.

Since 13 ∥
(
3ord13(3) − 1

)
, we have γ = 1. Therefore, ∆13,3(s) = 4s for all s ≥ 1. Hence, the number

of Euclidean self-orthogonal cyclic codes of length 13s over F3 is 32s. In particular, we have values
shown in the Table 1.

Table 1. Number of Euclidean self-orthogonal cyclic codes of length 13s over F3.

s 13s Number of Euclidean self-orthogonal cyclic codes

1 13 32 = 9
2 169 34 = 81
3 2197 36 = 729
4 28561 38 = 6561

Example 5.8. Let p = 7 and q = 11. Then, ord7(11) = 3 is odd. By Lemma 4.8, x − 1 is the unique
SRIM factor of x7s

− 1 over F11.
For s = 1, the factorization of x7 − 1 over F11 is

x7 − 1 = (x − 1)(x3 − 4x2 − 5x − 1)(x3 + 5x2 + 4x − 1).

Since
(x3 − 4x2 − 5x − 1)∗ = x3 + 5x2 + 4x − 1,

there is exactly one reciprocal pair. Hence, there exist 31 = 3 Euclidean self-orthogonal cyclic codes
of length 7 over F11.

Since 7 ∥
(
11ord7(11) − 1

)
= 113 − 1 = 1330, we have γ = 1. Therefore, ∆7,11(s) = 2s for all s ≥ 1.

Hence, the number of Euclidean self-orthogonal cyclic codes of length 7s over F11 is 3s. In particular,
we have the values shown in Table 2.

Table 2. Number of Euclidean self-orthogonal cyclic codes of length 7s over F11.

s 7s Number of Euclidean self-orthogonal cyclic codes

1 7 3
2 49 9
3 343 27
4 2401 81

Corollary 5.9. Let Fq be a finite field of characteristic ρ, and let p1 and p2 be distinct odd primes such
that gcd(p1 p2, q) = 1. If s1 and s2 are positive integers and u ≥ 0, then the following statements hold.

AIMS Mathematics Volume 11, Issue 9, 29327–29364.



29357

(1) If both ordp1(q) and ordp2(q) are odd, then the number of Euclidean self-orthogonal cyclic codes
of length ps1

1 ps2
2 ρ

u over Fq is

(⌊
ρu

2

⌋
+ 1

) (
(ρu + 1)(ρu + 2)

2

) Nq(p
s1
1 p

s2
2 )−1

2

.

(2) If both ordp1(q) and ordp2(q) are even and ν2(ordp1(q)) , ν2(ordp2(q)), then the number of
Euclidean self-orthogonal cyclic codes of length ps1

1 ps2
2 ρ

u over Fq is

(⌊
ρu

2

⌋
+ 1

)1+∆p1 ,q(s1)+∆p2 ,q(s2) ( (ρu + 1)(ρu + 2)
2

) Nq(p
s1
1 p

s2
2 )−1−∆p1 ,q(s1)−∆p2 ,q(s2)

2

.

Proof. The proof can be given via Theorem 5.4 by setting m = ps1
1 ps2

2 . In Case (1), Proposition 4.9
gives SRIMq(ps1

1 ps2
2 ) = 1 which implies that r = 1 and

t =
Nq(ps1

1 ps2
2 ) − 1

2
.

In Case (2), Proposition 4.12 gives

SRIMq(ps1
1 ps2

2 ) = 1 + ∆p1,q(s1) + ∆p2,q(s2).

Hence, we have

r = 1 + ∆p1,q(s1) + ∆p2,q(s2) and t =
Nq(ps1

1 ps2
2 ) − 1 − ∆p1,q(s1) − ∆p2,q(s2)

2
.

Substituting these values into Theorem 5.4, the result follows. □

The following example complements Corollary 5.9 by providing an explicit code construction. It
also illustrates the recursive factorization for a product of two prime powers in Corollary 3.7, where
both prime power exponents are strictly greater than their corresponding critical exponents.

Example 5.10. Consider cyclic codes of length n = 5272 = 1225 over F3. Here, s1 = s2 = 2. We have
ord5(3) = 4 and ord7(3) = 6. Since 5 ∥ (34 − 1) and 7 ∥ (36 − 1), we have

γ1 = γ2 = 1.

Hence, s1 > γ1 and s2 > γ2. Since 5 ∤ 6 and 7 ∤ 4, the hypotheses of Corollary 3.7 are satisfied. Thus,
the critical degree is n0 = 5 · 7 = 35.

Over F3, we have
x35 − 1 = (x − 1) f1(x) f2(x)g1(x)g2(x),

where
f1(x) = x4 + x3 + x2 + x + 1,

f2(x) = x6 + x5 + x4 + x3 + x2 + x + 1,

g1(x) = x12 + x10 − x8 + x7 + x5 − x4 + x3 − x2 − x + 1,
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and
g2(x) = x12 − x11 − x10 + x9 − x8 + x7 + x5 − x4 + x2 + 1.

The roots of f1(x), f2(x), g1(x), and g2(x) have multiplicative orders 5, 7, 35, and 35, respectively.
Hence,

F∅ = {x − 1},F1 = { f1},F2 = { f2}, and F12 = {g1, g2}.

By Corollary 3.7, we have

x1225 − 1 =
∏
f∈F∅

f (x)
∏
f∈F1

1∏
j1=0

f (x5 j1 )
∏
f∈F2

1∏
j2=0

f (x7 j2 )
∏
f∈F12

1∏
j1=0

1∏
j2=0

f (x5 j1 7 j2 )

= (x − 1) f1(x) f1(x5) f2(x) f2(x7)
2∏

i=1

gi(x)gi(x5)gi(x7)gi(x35).

We next relate this factorization to Corollary 5.9. Since ν2(ord5(3)) = 2 and ν2(ord7(3)) = 1, the
hypotheses of Corollary 5.9 (2) are satisfied. From the factorization above, we have

N3(1225) = 1 + 2 + 2 + 8 = 13.

Moreover, ∆5,3(2) = 2 and ∆7,3(2) = 2. Hence, by Proposition 4.12, we have

SRIM3(1225) = 1 + ∆5,3(2) + ∆7,3(2) = 5.

Thus, the number of reciprocal pairs is

N3(1225) − SRIM3(1225)
2

=
13 − 5

2
= 4.

Since the length 1225 is coprime to the characteristic 3, we have u = 0 in Corollary 5.9. Hence, the
number of Euclidean self-orthogonal cyclic codes of length 1225 over F3 is

34 = 81.

We now construct one of these codes explicitly. Since

g∗1(x) = g2(x),

let C = ⟨G(x)⟩ be a cyclic code of length 1225 , where

G(x) =(x − 1) f1(x) f1(x5) f2(x) f2(x7)g1(x)g2(x)g1(x5)g1(x7)g1(x35).

Its parity-check polynomial is

H(x) =
x1225 − 1

G(x)
= g2(x5)g2(x7)g2(x35).

Hence,
H∗(x) = g1(x5)g1(x7)g1(x35)
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and H∗(x) | G(x). Consequently, C is Euclidean self-orthogonal by Theorem 5.3. Since

deg(H(x)) = 12 · 5 + 12 · 7 + 12 · 35 = 60 + 84 + 420 = 564,

we have dim(C) = 564. A computation using the Magma computational algebra system [16] gives

d(C) = 12.

Therefore, the constructed Euclidean self-orthogonal cyclic code has the parameters

[1225, 564, 12]3.

A direct comparison with a best known ternary code of the same length and dimension was not
available from the public databases consulted. For reference, the Griesmer bound (see, for
example, [7]) gives

d ≤ 444

for a ternary linear code of length 1225 and dimension 564, since

563∑
i=0

⌈
444
3i

⌉
= 1225 and

563∑
i=0

⌈
445
3i

⌉
= 1227 > 1225.

Thus, the purpose of this example is to demonstrate an explicit and verifiable application of the two-
dimensional recursive factorization, rather than to claim the optimality of the resulting code.

5.3. Enumeration of Hermitian self-orthogonal cyclic codes

We next consider Hermitian self-orthogonal cyclic codes of length

n = mρu

over Fq2 , where ρ = char(Fq2), u ≥ 0, and gcd(m, ρ) = 1. Assume that

xm − 1 =
r∏

i=1

fi(x)
t∏

j=1

h j(x)h†j(x),

where f1(x), f2(x), . . . , fr(x) are SCRIM factors and (h j(x), h†j(x)) is a conjugate-reciprocal pair of
irreducible factors for every j = 1, 2, . . . , t. We note that, over a finite field of characteristic ρ, we have
(a − b)ρ

u
= aρ

u
− bρ

u
. Consequently

xmρu
− 1 = (xm − 1)ρ

u
=

r∏
i=1

fi(x)ρ
u

t∏
j=1

h j(x)ρ
u
h†j(x)ρ

u
. (5.4)

Hence, every cyclic code of length mρu over Fq2 has a generator polynomial of the form

g(x) =
r∏

i=1

fi(x)αi

t∏
j=1

h j(x)β jh†j(x)δ j ,

where 0 ≤ αi, β j, δ j ≤ ρ
u.

The corresponding Hermitian enumeration follows from the same counting principle, with SCRIM
factors and conjugate-reciprocal pairs replacing SRIM factors and reciprocal pairs.
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Theorem 5.11. Let Fq2 be a finite field of characteristic ρ and let n = mρu with u ≥ 0 and gcd(m, ρ) = 1.
Assume the factorization of xmρu

−1 is as in (5.4). Then, the number of Hermitian self-orthogonal cyclic
codes of length mρu over Fq2 is (⌊

ρu

2

⌋
+ 1

)r ( (ρu + 1)(ρu + 2)
2

)t

.

Proof. The proof can be given using arguments similar to those in the proof of Theorem 5.4 for the
Euclidean case and Theorem 5.3 (2). □

Given the notations given in Section 4, we have

r = SCRIMq2(m) and t =
Nq2(m) − SCRIMq2(m)

2
and the number of Hermitian self-orthogonal cyclic codes of length mρu over Fq2 is(⌊

ρu

2

⌋
+ 1

)SCRIMq2 (m) ( (ρu + 1)(ρu + 2)
2

) N
q2 (m)−SCRIM

q2 (m)

2

.

For u = 0, this reduces to the simple root case, and hence the number of Hermitian self-orthogonal
cyclic codes of length m over Fq2 is 3t.

From Theorem 5.11 and Proposition 4.17, the following corollaries can be deduced directly and the
proofs are omitted.

Corollary 5.12. Let Fq2 be a finite field of characteristic ρ, and let p be an odd prime such that
gcd(p, q) = 1. Let s be a positive integer and let u ≥ 0. Then, the number of Hermitian self-orthogonal
cyclic codes of length psρu over Fq2 is

(⌊
ρu

2

⌋
+ 1

) ( (ρu + 1)(ρu + 2)
2

) ∆p,q2 (s)

2

, if ordp(q2) is even or ordp(q) is odd,(⌊
ρu

2

⌋
+ 1

)1+∆p,q2 (s)
, if ordp(q2) is odd and ordp(q) is even.

Corollary 5.13. Let Fq2 be a finite field of characteristic ρ, and let p1 and p2 be distinct odd primes
such that gcd(p1 p2, q) = 1. Let s1, s2 be positive integers and let u ≥ 0. Let m = ps1

1 ps2
2 . Then, the

following statements hold:

(1) If, for each t ∈ {1, 2}, ordpt(q
2) is even or ordpt(q) is odd, then, the number of Hermitian self-

orthogonal cyclic codes of length mρu over Fq2 is(⌊
ρu

2

⌋
+ 1

) (
(ρu + 1)(ρu + 2)

2

) N
q2 (m)−1

2

.

(2) If, for each t ∈ {1, 2}, ordpt(q
2) is odd and ordpt(q) is even,

gcd(ordp1(q
2), ordp2(q

2)) = 1, p1 ∤ ordp2(q
2), and p2 ∤ ordp1(q

2), then, the number of Hermitian
self-orthogonal cyclic codes of length mρu over Fq2 is(⌊

ρu

2

⌋
+ 1

)(1+∆p1 ,q
2 (s1)

)(
1+∆p2 ,q

2 (s2)
)
.
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Example 5.14. Let p = 5 and q = 3, and let a be a primitive element of F32 . Then ord5(3) = 4 and
ord5(32) = ord5(9) = 2. Thus, ord5(32) is even. Hence, by Proposition 4.17, the polynomial x − 1 is the
unique SCRIM factor of x5s

− 1 over F32 for all s ≥ 1.
For s = 1, we have

x5 − 1 = (x − 1)(x2 + ax + 1)(x2 + a3x + 1)

over F32 , where x − 1 is the unique SCRIM factor and (x2 + ax + 1, x2 + a3x + 1) forms a conjugate-
reciprocal pair. Therefore, by Corollary 5.12, the number of Hermitian self-orthogonal cyclic codes of
length 5 over F32 is 3. Since 51 ∥

(
(32)ord5(32) − 1

)
= 92 − 1 = 80, we have γ = 1. Hence,

∆5,32(s) = 2s.

By Corollary 5.12, the number of Hermitian self-orthogonal cyclic codes of length 5s over F32 is

3
∆

5,32 (s)

2 = 3s.

In particular, we have Table 3.

Table 3. Number of Hermitian self-orthogonal cyclic codes of length 5s over F32 .

s 5s Number of Hermitian self-orthogonal cyclic codes

1 5 3
2 25 9
3 125 27
4 625 81

6. Conclusions

In this paper, we presented an alternative view of the recursive factorization patterns of xn − 1 over
finite fields, special factor enumerations, and applications to self-orthogonal cyclic codes. Beginning
with the prime power case n = ps, we showed that suitable irreducible factors induced by
q-cyclotomic cosets can be obtained recursively through power substitutions. This recursive
description was then extended to products of two prime powers and, more generally, to certain finite
products of distinct prime powers under suitable separation conditions on the relevant multiplicative
orders. These recursive factorizations provide explicit templates for the factorization of xn − 1 at
higher degrees once the factorization at a suitable critical degree is known. In particular, they reduce
the problem of factoring xn − 1 for large values of n to the determination of certain base factors and
their subsequent power substitutions.

We also derived formulas for the number of monic irreducible factors of xn − 1 in the prime power,
a product of two prime powers, and a finite product of prime powers. By introducing the contribution
function ∆p,q(s), the enumeration was expressed in a compact form. Under the separation hypothesis,
the total number of irreducible factors was shown to decompose multiplicatively according to the prime
power components of n.

As applications, we used these enumerative results to describe SRIM and SCRIM factors in several
important cases. In particular, we obtained clean characterizations for the extremal situations where
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x−1 is the unique SRIM or SCRIM factor and where all monic irreducible factors are SRIM or SCRIM.
These results were then applied to enumerate Euclidean and Hermitian self-orthogonal cyclic codes.

From this perspective, the main contribution of the present work is not a new general algorithm
for factoring xn − 1 over finite fields, but an explicit recursive and enumerative framework that is
particularly well suited to applications in algebraic coding theory.

Several directions remain open for future work. One natural problem is to weaken the separation
condition on the multiplicative orders while still retaining a usable recursive factorization pattern. In
the present paper, the recursive power substitution method depends crucially on the fact that the order
contributions from the different prime power components remain separated so that the corresponding
q-cyclotomic cosets decompose into uniform blocks. If this condition is relaxed, then extra divisibility
interactions among distinct prime power components may enter the multiplicative order, and the clean
block structure of the cosets may break down. As a result, the recursive factorization may no longer be
expressible in the same simple form, and a more refined analysis of mixed order interactions would be
required. Another interesting direction is to obtain sharper formulas for the number of SRIM factors in
mixed divisor cases, where the interaction between different prime power components becomes more
subtle. It would also be worthwhile to investigate further applications of self-orthogonal cyclic codes,
especially to the construction and study of quantum codes; see, for example, [17, 18].
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