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1. Introduction
Let us consider the regular function f({) with the formation
Q=+ ) al* (eC (1.1)
=2

meeting certain conditions in the disk D = {{ : |{| < 1}. Let Q constitute the class of all the functions of
the form (1.1). Also, let €, designate the group of analytic p-valent functions /,({) with the structure

O =+ ) e, reC (1.2)
k=1
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The function f,({) of the form (1.2) is said to be p-valent in D provided it is regular and does not
presume any value more than p times for |{] < 1. In recent times, the class €2,, which is invariant
(symmetric) under rotations, has caught the attention of several researchers in geometric function
theory, with several interesting results established diversely in the literature [1,7,9]. However, the
study of said class €, as related to the Poisson distribution, exponential distribution, binomial
distribution, and Pascal distribution are not as well-known especially in geometric function theory.
Consequently, in this exploration, the regular p-valent functions blended with Pascal distribution
series (which is defined with respect to other points) are studied. In 2020, Serkan [10] examined
H(X = k) such that

k+a-1

H(X =k) = ( o1 )5"(1 -90)" (keNy=NuU{0}), (1.3)

where ¢ and «a are parameters [2, 3, 8]. It is worthy to note that (1.3) is a discrete random variable X
having a Pascal probability generating function.
In view of (1.3), the authors introduce and study a power series of the form

H{O ="+ )
k=1

(keNy, a>1,0<06<1, peN, feD).
Finding the Hadamard product of (1.2) and (1.4),

hp(©) = H5 () * f,(0).

S (k+p+a-2
a-1

)5k+p—1(1 _ 5)af§k+p (14)

That is,

S(k+p+a-2 _

%@=ﬁ+2( P )W”O—W%ﬁm- (1.5)
— a-1

In view of (1.5), we look at these definitions:

Definition 1.1. Let f,({) be of the form (1.5). The function h,({) belongs to the subclass
Si(p,a,0;1,J), provided that

(A =CEDP)h,O | 1+1
R <
p[hp(g) - hp(_g)] L+Jg

and S(p, @, 8; 1, J) denote the class of starlike functions with respect to a symmetric point associated
with Pascal distribution, where —1 < J < I <1, p = 2n+ 1, and n € Ny, and < denotes the
subordination symbol.

Definition 1.2. Let f,({) be of the form (1.5). The function h,({) belongs to the subclass
Si.(p,a,0;1,J), provided that

g || :+1§
plh@+n,@) | ¢
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and S’;.(p, @, 6; 1, J) denote the class of starlike functions with respect to a conjugate point associated
with Pascal distribution, where —1 < J < I <1, p = 2n+ 1, and n € Ny, and < denotes the
subordination symbol.

Geometrically, the subclass S (p, @, 6; 1, J) represents a family of p-valent functions whose images
are starlike with respect to conjugate points. The imposed Janowski subordination controls the radial
expansion of the mapping and confines the associated logarithmic derivative to a prescribed Janowski
region. As a result, the image domains retain a generalized starlike structure while exhibiting bounded
angular variation and enhanced geometric regularity.

For recent studies in this direction, see [4—6], among others.

2. Coeflicient estimates

At this point, we shall estimate the coefficient for £,({) in the subclasses S(p,a,0;1,J) and
St (p.a, 0651, J).

Theorem 2.1. Let h,({) be defined by (1.5). Then f,({) € S;(p,a,6;1,J), 0 <6 < 1, provided that

iﬂu—JXL«—wmk+m+pa—Du—c4w”ﬂﬁ+p+a-z
p(I = 1)(1 = (=1))

)5"*1’—1(1 =) aspl < 1. (2.1)
k=1

The result is sharp for the extremal function h,({) given by

(o)

h (é«) — gp + Z p(I_ J)(l - (_1)17) k+p‘
’ k=1 [(1 - DA =DP)k+ p)+ pI—1D)(1 - (_1)k+p)](k+';tcf_2)5k+1"l(1 %

Proof. By the principle of subordination, Definition 1.1 can be expressed as

(1 - D@ 1+ 1w
Pl - hy(-0)] 1+ @)

(2.2)

Obviously, (2.2) can be written as

(1= (=D"Q) = p|hp(@) = hp(=0)| = {Ip[p() = hy(=D)] = J(1 = (D)D) (). (2.3)
Simplifying (2.3) further, we obtain

- k+p+a-2
Z Ml( P a )5k+p—1(1 _ 5)Ozak+p€k+p
— a-1

2.4)
k+p+a-2

a-—1

= {p(l S EICVEIEDY M2( )6“”‘1(1 - 6)“ak+p§"+”} w({),
k=1

where
M, = [(1 = (=D")k + p) - p(1 - (—1)k+p)] and M, = [J(l —(=DP)k+ p)—Ip(1 - (_1)k+p)].
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Using the fact that |w({)| < 1,

- k+p+a-2
Z Ml( prT«a )6k+p_l(l _ 5)aak+p§k+p

— |

k+p+a-2
a—1

<|pU =1 =DM = Mz( )5"“"1(1 =)@ 7|,
k=1

where M, and M, are as earlier defined. As [{| — 17! through the real values, we have

> |- D0 = Eonie p+pa - D - 1>k+f’)](k Thres 2)6“1’-1(1 — " |are,
k=1
< pU =N = (=DP).
Therefore,
(1 =01 = (=DP)k+ p)+ p = 1)(1 = (=1)k*+ -
D [ ( )Jk+p)+p ( )| (k +pra 2)5k+p_1(1 Sl < 1,
P p(I = D)1 = (=1)) a-1
which concludes the proof. O

Corollary 2.1. Let h,({) be defined by (1.5). Then h,({) € S;(1,a,6;1,J), 0 <6 < 1, provided that

21 =Dk + 1)+ I - 1)1 - (—1)k+1)](k by

> |
Z 2(I-1J) a—1

1
)6k<1 — 8)ags1| < 1.
k=1

Corollary 2.2. Let h,({) be defined by (1.5). Then h;({) € S;(1,a,0;1,-1), 0 <6 < 1, provided that
k
Zﬂc 1)( e )6"(1 8 laa] < 1.

Theorem 2.2. Let h,({) be defined by (1.5). Then h,({) € S;.(p,a,0;1,J), 0 <6 < 1, provided that

i[k+[p—](k+p)](k+p+a,_2
= p(I—1J) a—1

Proof. Using the principle of subordination and Definition 1.2 and following the same steps as in
Theorem 2.1. Inequality (2.5) is obtained. O

)5k+P-1(1 — 0)*lagspl < 1. (2.5)

Corollary 2.3. Let h,({) be defined by (1.5). Then hi({) € S;.(1,,6;1,J), 0 <6 < 1, provided that

= [k(l—])+(1—])](k+a_

Z (r-J a-1

k=1

Corollary 2.4. Let h,({) be defined by (1.5). Then h,({) € S;.(1,,6;1,-1), 0 <6 < 1, provided that

1)5’<(1 — 0| < 1. (2.6)

Z(k + 1)(k - 1)5’%1 —8)arn] < 1. (2.7)
— a-1
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3. Growth and distortion properties

Here, the growth and distortion results for the function f,({) in the subclasses S{(p, @, ;1,J) and
S (p,a,0;1,J) are considered. When talking about the size of the image domain, |f({)|, we refer to
the concept of the growth of function f({), whereas when talking about the geometric analysis of | f/({)
from the Jacobian |f/(¢)[* as the infinitesimal amplification factor of the area of the image domain (or
as the nanoscopic amplification factor of the arc length under mapping/function f), we are refer to the
distortion of f(Z).

Theorem 3.1. Assume the function f,({) € S5(p,a,6;1,J), 0 <6 < 1. Then

. p( = D)(1 = (1)) o
(1= D(p + DA = (1) + pI = D1 = (=1yrH)| (77" )or(1 - o)
<|r@| <+ p = (1 = 1)) o

[ = D(p + DA = (=1) + pI = (1 = (=1yr=H)| (727" )or(1 - 6)
Proof. From Theorem 2.1, we have

pd —D(1 - (=1)")

I — . 3.1)
(1= D(p + DA = (1)) + pI = (A = (=D )| (727 M)or(1 - o)
Also, from (1.2), one can write that
5] = '{” + ) awpT (3.2)
k=1
or -
OGN e
k=1
so that .
O <77+ ) Jaw|. (3.3)
k=1
In view of (2.1) and (3.3), we obtain
|fp(§)| < P+ p(l - ‘I)(l - (_1)p) l"p+l.
|1 = D(p + DA = (1)) + p(I = (1 = (=1yr+H)| (727" )or (1 - o)
Similarly,
0] =27 = > a7, (3.4)
k=1
or

-

G RN GEDN s
k=1
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so that .
O] 277 =) Jaw- (3.5)
k=1
Then
Q| = 7 - pd =1 = 1Y) P+
’ [ = D(p + DA = (1)) + p(T = (1 = (=1yr+H)| (727" )or (1 - o)
This concludes the proof. O

Corollary 3.1. Assume the function f,({) € S;(1,,6;1,J). Then

d-D
2(1 = DHad(1 — 6)“

( _J) 2
J)ozd(l—é)“ '

*<|f|<r

Corollary 3.2. Assume the function f,({) € S(1,a,06;1,-1). Then
2 2
C2a8(1 - 6)r — ‘f : @‘ T 261 = o)
Theorem 3.2. Assume the function f,({) € Sy(p,@,6;1,J),0 <6 < 1. Then

p(p + DU = D(1 = (=1)?)

(= D(p + DA = (1)) + pI = (1 = (=1yrH)| (77" )or (1 - o)
p(p + DU = (1 = (=1)?)

[ = D(p + DA = (1)) + pI = (1 = (=1yr+H)| (727 ")or(1 - 6)

Pl — r’

< pr’ '+ rP.

Proof. From (1.2), one can write that

£ = pl™ + ) (ke + Pl (3.6)
k=1

[ = e+ Sk + pra, |
k=1

or
k+p-1

@] < e + Z(k + Plai||¢]

so that .
< prf +rf Z(k + p)|ak+p|. 3.7

Applying (3.1) in (3.7), we obtain

p(p + DU = D(1 = (=1)?)
|1 =D+ D(1 = (=1)) + pd = (1 = (=1 )|(727")or(1 = o)

rP.

@] < 7+
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Similarly,
plp + 1) = (1 = (=1)?)
[ = D(p + DA = (=1)) + p(I = D1 = (=1yr+H)| (77" )or(1 - 6)

which completes the proof. O

r’,

|2 pr -

Corollary 3.3. Assume the function f,({) € S;(1,,6;1,J). Then

(I-J) , I-J)
1= Nas(d —oy =~ 'fl({)' <= T 7ewa-er"

Corollary 3.4. Assume the function f,({) € S;(1,,6;1,—-1). Then

r , r
T @ —op - @ =1+ as(l— o)y
Theorem 3.3. Assume the function f,({) € S5.(p,a,6;1,J), 0 <6 < 1. Then
p-J) 1
(1= )+ p = (7 Nor(1 - o)

) pd - J) P+l
< 'f"({)‘ =T [(1 -+ pd - J)](p:f?l)fsp(l - 5)"r |

1 -

P —

(3.8)

Proof. Using the fact that
p —J)
[k +1p = Ik + p)| (<097 2)okr-1(1 - )

the proof is similar to that of Theorem 3.1. O

(3.9)

|ak+p| S

Corollary 3.5. Let the function fi({) belong to the subclass S, (1, @, ;1,J). Then
- I1-J
< s
ad(l = 2J + I)(1 = 6)* ad(l =2J + I)(1 = 6)*
Corollary 3.6. Let the function fi({) belong to the subclass S, (1, @, 06;1,—1). Then
2 2
C2a6(1 = 6)* — ‘f ! @‘ T 2a5(1 — o)
Theorem 3.4. Assume the function f,({) € S;.(p,a,6;1,J). Then
p(p + U = J) .
|1 =1+ p = D](FieNor(1 - o)
pip+ DU -J) »
(1= D+ pd = D)7 )or(1 - oy
Corollary 3.7. Assume the function f,({) € S.(1,,06;1,J). Then
2(1-1J) 2(1-1J)
— < 1+
ad(l —2J + I)(1 —6)“ 'f]@)‘ ad(l —2J + I)(1 —6)“
Corollary 3.8. Assume the function f,({) € S.(1,,0;1,=1). Then

()| <1+

pri7t —

(3.10)

<prf+

r < r
ad(1 = 6)* = ad(l - 6)
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4. Radii of starlikeness and convexity

Before proceeding to the results in this section, we note that the following classes of analytic p-
valent functions in Eq (1.2) are well-known.

The analytic p-valent function defined in (1.2) is said to be starlike of order u, provided the
following geometric condition is satisfied:

Re {Zf,é(z)
I P ()

Also, the analytic p-valent function defined in (1.2) is said to be convex of order u provided the
following geometric condition is satisfied:

}>,u, O<u<p, peN.

z //(Z)

Re{1+ Ui }>,u, O<u<p, peN.
1@

Theorem 4.1. Let f,({) be given by (1.2). If f,({) € Si(p,a,0;1,J) (starlike class associated with

a symmetric point), 0 < u < 1, then f,({) is called starlike of order u(0 < u < 1) with respect to a
symmetric point in || < ry, where

r=nr(p,a,é,u;1,J)
1

- W[ = D(1 = (=D")k + p) + p(I = (1 = (=1F7) ()11 = 6)7 | * - (@4.1)
~ Pk + p— 0 - H(1 - (~1)p) |

Proof. It is sufficient to prove that

iGN
@)

p’ﬁp—,u O<u<l). 4.2)

This implies that

’ (o] 5 k
gfp(g) _ ‘ — Zk:l kak+pé/k+p Zk:l k|ak+17||§| (4 3)
WO 1o+ S a1 s Ja
Equation (4.3) holds true, provided that
< k
D U= p+ plac |l < (0 - . (4.4)
k=1
In view of (4.4) and (3.1), we have
k
(k= 1 + p)larep||¢]
pP—Hu 4.5)

(1= D1 = DMK+ p) + pd = D(1 = (=1F)|(“77 )k (1 = )

<
pU = N1 = (=1)7)
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Solving for |¢] in (4.5), we obtain

' (p = w|(1 = D(1 = (=DP)k + p) + pU = D1 = (=1y7)|(*2r472)gker=1(1 = 67 | |
<
¢ plk+p—w = JI)(1-(=1)p) ’

and this concludes the proof Theorem 4.1. O

Corollary 4.1. Let f,({) be given by (1.2). If fi({) € S;(1,a,06;1,J), then fi({) is called starlike of
order u(0 < u < 1) with respect to a symmetric point in || < ry, where

ri=rn(,a,do,u;l,J)
1

{(1—m[z(l—f)(k+1>+<1—1>(1 D )eta 5)“}"

= inf

k 2k+1 -y -J)

Corollary 4.2. Let f,({) be given by (1.2). If fi({) € S;(1,a,06;1,-1), then f,({) is called starlike of
order u(0 < u < 1) with respect to a symmetric point in |{| < ry, where

(k+1-p)

Theorem 4.2. Let f,({) be given by (1.2). If f,({) € S(p,a,d;A, B) (convex class associated with a
symmetric point), 0 < 6 < 1, then f,({) is said to be convex of order u(0 < u < 1) with respect to a
symmetric point in |{| < r,, where

{(1 -t D)ot - WF
T :r](l,oz,é,,u;l,—l):irlzf )

ry=np,a,éuwl,J)

1

. {(p — |1 = (A = (1)) + p) + pd = (1 = (=D)r)|(F*rra72)gker-1(1 — 6)“}" (4.6)
= 1n .

k k(k+ p =k + p)I = ))(1 = (=1)?)

Proof. We shall show that

¢f @)
1+ - u. 4.7
' 7@ p‘ Sp-p 4.7)
This implies that
‘1 . $H@ | Yy k(k + p)ag, ¢t Y1 k(k + p)agp* 4.8)
f,;(() p+ Zk 1k + p)ak+p§ pP— Zk 1k + p)ak+p{k '

Equation (4.8) holds true, provided that

Dkt + p =k + placey |l < p(p - . (4.9)

k=1
Using (3.1) and (4.9), we obtain
(k+p-wik+ e _ [(1= D1 = (=D7)k + p) + p = D)1 = (= 1)) | (524 2)sk=r=1 (1 - 6)
p(p — ) - pd = 1)1 = (=1))

b
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so that
¢ (= =D = (D) k+ p) + pd = 1)(1 = (=1)F7)|(“P472)5k+r1 (1 - 5)
1
< )
k(k + p — )k + p)d = ))(1 = (=1)7)
from which we obtain the required result. O

Corollary 4.3. Let f,({) be given by (1.2). If fi({) € S5(1,,0;1,J), then fi({) is said to be convex of
order u(0 < u < 1) with respect to a symmetric point in || < r,, where

(1= w20 = Dk + 1)+ (1 = (1 = (DD )st1 - o)
20+ 1 -k + DI - J) '

r = r2(1,a’,5,/.l;l,,]) = HI}f{

Corollary 4.4. Let f,({) be given by (1.2). If fi({) belongs to the class S(1,a,0;1, 1), then fi({) is
said to be convex of order u(0 < u < 1) with respect to a symmetric point in |{| < r,, where

e o A
r2=1’2(1,0!,5aﬂ’1’_1):1r/3f (k+1-pwk+1)

Theorem 4.3. Let f,({) be given by (1.2). If f,({) € S;.(p,a,06;1,J) (starlike class associated with
a symmetric conjugate point), then f,({) is called starlike of order u(0 < u < 1) with respect to a
conjugate point in |{| < r3, where

1
P b D) = infA —wlk+Ip = I+ p|(Ur)e A - 0| (4.10)
rs =r3 p’a’ 7/1’ s —II; p(k‘l‘p_ﬂ)(l_-]) )
Proof. It suffices to show that
9 )409) i
-p|<sp-p O=p<l). (4.11)
1
This implies that
’ [e5) o k
{fp({) _ p’ _ Zk:] kak+p{k+p Zk:l k|ak+]7||§| (4 12)
WO e S e T s Ja
Equation (4.12) holds true if
- k
D =+ placy|le] < (p - p. (4.13)
k=1
In view of (4.13) and (3.9), we have
k k+p+a-2\ ck+p—1 @
k—u+pla k+1p—Jk+p)|("F7) P~ (1 - 6)
(k= pt el _ | (2257 | win

p—Hu pU —J)
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Solving for |§ | in (4.14), we obtain

(p = |k +1Ip = Ik + p)|(**27372)5 771 (1 = 5)° %
1< pk+p— ) — ) ’

which concludes the proof of Theorem 4.3. O

Corollary 4.5. Let f,({) be given by (1.2). If f1({) € S;.(1,,06;1,J), then fi({) is called starlike of
order u(0 < u < 1) with respect to a conjugate point in || < r3, where

(1 —/J)[k+ I—J(k+ 1)](k::1)6k(1 e 1
(k+1-md =) :

rn=nl,aoulJ)= irklf{

Corollary 4.6. Let f,({) be given by (1.2). If f1({) € S5.(1,@,6;1,-1), then f,({) is called starlike of
order u(0 < u < 1) with respect to a conjugate point in |{| < r3, where

(1= mk+ (7)ot - 6)@}i

r3:”3(1,(¥,5,ﬂ;1,—1):1f]}f{ *ri-p

Theorem 4.4. Let f,({) be given by (1.2). If f,({) € S5.(p,a,0;1,J) (covex class associated with a
symmetric conjugate point), then f,({) is said to be convex of order (0 < u < 1) with respect to a
conjugate point in |{| < r4, where

P e —wlk+Ip = e+ p|(e)a - | 4.15)
ry =1r4\p,a,0,U; 1, _H; k(k+p—,u)(k+p)(]—]) ( .
Proof. Using (3.9), the proof is similar to that of Theorem 4.3. O

Corollary 4.7. Let f,({) be given by (1.2). If f1({) € S5.(1,,6;1,J), then fi({) is said to be convex of
order u(0 < u < 1) with respect to a conjugate point in |{| < r4, where

(1= |k +1-J(k+ D|(*25")6" 1 - 6)° :
k(k + 1 — )(k + )T — J) '

ra =ry(l,a, 0,51, J) = ir]:f{

Corollary 4.8. Let f,({) be given by (1.2). If fi({) € S¢.(1,,6;1,-1), then fi({) is said to be convex
of order u(0 < u < 1) with respect to a conjugate point in |{| < r4, where

(1 -tk + D)ot o)
kk+ 1=k +1)

ra =ry(l,a,6,u;1,—-1) = irlzf{
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5. Extreme points

Theorem 5.1. Let
() =" (5.1)

and

pI = I)(1 = (=1)?) o
[(1= D1 = (=1P)k + p) + p = (1 = (= 1)) | (52142 )sk+r-1(1 = )
0<o6<l1, -1<J<I<1, p=2n+1,neN;=NU{0}.
Then, f,({) € Si(p,a,6;1,J) if and only if it can be written as

Jirp() =7 + , (5.2)

O =D i@, (5.3)
k=0
where .
Vi 20, and Z Yip = 1. (5.4)
k=0

Proof. Suppose that
O = D Wi fien©),
k=0

as stated in (5.3). Then

7O = 0,8
k=0

(o8]

p( = (1 = (=1)7) "
+ D &,
S (= D= 1)K+ p) + pUd = (1 = (=L)< 2)rer1(1 - 5

Because (5.4) is given, it follows that

> s pU =1 = (=1)?) e+
="+ ) Uy, v,
’ 2; L= DA = DR + )+ pd = D(1 = (=) | (a2 gker-1(1 - g

Also, because

pu-n(1-(-1r) kip

(1—J)(l—(—l>p)<k+p>+p<1—1>(1—(—l)kw)](k*f,t?*2)5k+v4(1—6)“

Z/io:l lﬁ}§+p[

p=n(1--1y) Kip
[(1—J)(l—(—l)ﬂ)<k+p)+p<1—1)(1—(—1)k+v)](’”ﬁt‘{‘z)aﬂv*<1—6>a

then .
Dok, =1 (5.5)
k=1
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From (5.4), one can say that

k=0 k=1
Therefore, (5.5) can be written as
1-y,<1
so that
W, > 0.

Hence, the function f,({) belongs to the subclass S5(p, @, 6;1, J).
Conversely, let f,({) € Si(p, @, 6;1,J). Then, from (3.1),

‘ ‘< pd =) =(=17)
Ghtp| = _ —_(=1)r _ — (—1)k+p k+p+a-2 k+p—1 _ a.
[ = (1 = (=1)P)k + p) + p = D)(1 = (=1y)](*02972)gker-1(1 - 6)

Also, let

[ = D(1 = (1)) k + p) + p = 1)(1 = (=1)k*7)|(F*72972)gk=r=1 (1 — 5)°

Yirp = (Il - J)(l _ (—1)”) |ak+p|
and . - - -
Yp=1- Zwk+p’ (Zlﬁmp = Zwk+p -y, and Zl/’lwp = 1)-
k=1 k=1 k=0 k=0
From (1.2), we have
O =+ D a0
k=1

then,

= I—0)(1-(-1)

fp(é,) _ {p + Zlﬁ]ﬁ.p P( )( ( ) ) {k+p

o= D = (=0P)K+ p)+ pU = 1)1 = (= 1) (22 )ker1 (1 - 6)

= ('7017 + Z ¢k+p){p
k=1

p = D)(1 = (=1)?) -
(1= D)(1 = (=DP)k + p) + pd = D(1 = (=1yn)|(*2222)gker-1(1 = )

p( = D)(1 = (=1)?) ]
(1= D1 = (=DP)k + p) + p(I = (1 = (= 1)) ](“*27572)54r-1(1 = 6)

+

l//k+p|:

00
k=1

0+ Y i+ |
k=1

(7[/k+pf}<+p({)’

M

>~
Il

1

which shows that the function f,,({) can be represented by (5.3). This concludes the proof. O

Corollary 5.1. The extreme points of the subclass S(p,a,06;1,J) are the functions f,({) and fi.,({)
given by (5.1) and (5.2), respectively.
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Theorem 5.2. Let
H =172 (5.6)
and
p =) -
|+ Ip = Ik + p)|(“7552)ar=1(1 = o)

Jep() =P + (5.7)

Then, f,({) € S;.(p,a,0;1,J) if and only if it can be written as

Q=D 05 fip O,
k=0

where

Vi, 20, and Yoy, =1
k=0

Proof. The proof is similar to that of Theorem 5.1. O

Corollary 5.2. The extreme points of the subclass S;.(p,a,6;1,J) are the functions f,({) and fis,()
given by (5.6) and (5.7), respectively.

6. Conclusions

The research in this article is primarily concerned with the analytic function £,({) blended with a
power series having Pascal distribution as its coefficients using the Hadamard product. Having defined
two subclasses S(p,@,0;1,J) and S.(p, @, 6;1,J), certain properties, including the extreme points
for the function f,({) belonging to the aforementioned subclasses, are investigated using a succinct
mathematical approach, and several corollaries follow as simple consequences.
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