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Abstract: The nonlinear Schrödinger (NLS) equation appears in many physical contexts, such
as nonlinear optics, quantum mechanics, and wave propagation. This paper introduces a Galerkin
finite-element method based on bicubic B-spline basis functions for solving the two-dimensional
time-dependent NLS equation. The spatial discretization was carried out using bicubic B-splines
within a Galerkin framework, while time integration was performed using the Crank-Nicolson scheme,
resulting in a fully discrete formulation. Bicubic B-spline basis functions provide higher smoothness
across element interfaces and offer better approximation properties compared with standard polynomial
finite-element spaces. Linear stability was investigated under periodic boundary conditions using the
von Neumann method. A plane wave test problem was used to assess the accuracy, stability, and
convergence behavior of the proposed method. To supplement the plane-wave test, a spatially varying
amplitude benchmark was included to examine the nonlinear two-dimensional dynamics and the long-
time evolution of the discrete mass and Hamiltonian invariants, denoted by I1 and I2, respectively.
The numerical results indicated stable two-dimensional performance, with convergence rates close
to second order in both space and time, while the nonconstant-amplitude benchmark illustrated the
distinct long-time behavior of the discrete I1 and I2 invariants.

Keywords: two-dimensional NLS equation; bicubic B-spline Galerkin method; Crank-Nicolson time
discretization; numerical stability; convergence behavior
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1. Introduction

The nonlinear Schrödinger (NLS) equation is widely used to model a variety of physical processes
arising in nonlinear optics, quantum mechanics, plasma physics, and wave propagation in dispersive
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media. The interplay between nonlinearity and dispersion makes the accurate numerical simulation
of the NLS equation particularly challenging, especially in two and higher spatial dimensions. As a
consequence, the development of numerical methods that are both stable and reliable has remained
an active area of research over the past several decades. Although the present study focuses on the
numerical approximation of the two-dimensional NLS equation, recent analytical studies have also
investigated generalized NLS models using soliton-based approaches. For example, Yu and Yu [1]
investigated non-autonomous soliton propagation, wave propagation, and collision dynamics for a
(2+1)-dimensional, variable-coefficient, higher-order NLS equation, while Zhou and Yu [2] examined
space-time-shifted solitons and solution interactions for a generalized, nonlocal, nonlinear Schrödinger
equation.

A broad range of numerical techniques has been proposed for the approximation of the NLS
equation. Finite difference and spectral-type methods have been extensively investigated and have
demonstrated good performance in many applications [3, 4]. However, such methods may face
difficulties in higher-dimensional settings or when highly smooth and flexible approximation spaces
are required. The finite element method (FEM) offers a natural alternative, as it utilizes complex
spatial discretization and is well-suited for multidimensional problems.

The Galerkin FEM is a well-established framework for numerically solving parabolic and
Schrödinger-type equations, due to its stability properties [5–7]. For NLS equations, Galerkin-based
formulations have demonstrated reliable accuracy and robustness in both one- and two-dimensional
(2D) settings [8–10]. The Crank-Nicolson (CN) formulation is frequently combined with Galerkin
spatial discretization due to its stability features and second-order temporal accuracy [9, 11, 12].

On the other hand, spline-based finite element and collocation methods have gained growing
attention in solving nonlinear partial differential equations [13–15]. B-spline basis functions introduce
higher smoothness and better approximation properties compared with standard polynomial finite-
element spaces, which can lead to better accuracy for a fixed number of degrees of freedom.
Therefore, a variety of B-spline-based schemes have been applied to Schrödinger-type equations,
including cubic, quartic, and higher-order spline approximations [16–18]. Bicubic B-spline
finite-element formulations have shown good performance in solving Laplace, Burgers-type, and
convection–diffusion equations [19–21], highlighting their ability to generate smooth and accurate
spatial approximations in multidimensional settings [22].

Despite these developments, the numerical analysis of 2D NLS equations based on spline-based
Galerkin FEMs is still limited. A significant amount of available literature focuses either on one-
dimensional (1D) problems or on alternative discretization strategies, while systematic studies that
combine smooth spline-based spatial approximations with implicit time integration in two spatial
dimensions are infrequent. Recent studies have highlighted the importance of developing stable and
accurate numerical schemes for NLS-type equations, including conventional formulations, Galerkin-
based approaches, and spline-based techniques [23–25], as well as low-regularity integrators for
random-potential models [26], exponential-type dispersion-map integrators for soliton-management
problems [27], and relaxation schemes with local discontinuous Galerkin methods for shock-type
initial data [28]. These studies revealed the need for numerical methods capable of delivering good
performance in multidimensional settings.

Addressing the need, this paper introduces a Galerkin FEM based on bicubic B-spline basis
functions for solving the 2D, time-dependent NLS equation, whereby the time discretization is carried
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out using the CN scheme, leading to a fully discrete formulation that joins implicit time integration
with the smoothness features of spline-based spatial approximations. The proposed method is then
evaluated using stability analysis under periodic boundary conditions.

The primary contributions of this study are summarized as follows:

• A bicubic B-spline Galerkin finite-element formulation is developed for the 2D NLS equation.
• The Galerkin spatial discretization is combined with CN time integration to get a stable fully

discrete scheme.
• The stability and convergence behavior of the proposed method are tested.
• Numerical experiments are presented to show the accuracy and robustness of the approach in two

spatial dimensions.

The paper is organized as follows. Section 2 presents the mathematical model of the 2D NLS
equation and the bicubic B-spline Galerkin formulation, including the associated notation and the CN
time discretization. Section 3 is devoted to the stability analysis of the proposed scheme. Numerical
results illustrating the accuracy, stability, and convergence behavior are presented in Section 4. Finally,
concluding remarks are given in Section 5.

2. Bicubic B-spline Galerkin method

2.1. Formulation of the method

Let Ω = [a, b]× [c, d] ⊂ R2 denote a rectangular spatial domain, and let t ∈ [0,T ], where T denotes
the final time. The time-dependent 2D NLS equation is given by

i
∂u
∂t

+ ∆u + q|u|2u = 0, (x, y) ∈ Ω, t > 0, (2.1)

with the initial condition
u(x, y, 0) = f (x, y), (x, y) ∈ Ω, (2.2)

and periodic boundary conditions

u(a, y, t) = u(b, y, t), u(x, c, t) = u(x, d, t),
ux(a, y, t) = ux(b, y, t), uy(x, c, t) = uy(x, d, t),

uxx(a, y, t) = uxx(b, y, t), uyy(x, c, t) = uyy(x, d, t), (x, y) ∈ Ω, 0 ≤ t ≤ T.

(2.3)

For numerical implementation, the complex-valued solution is decomposed as

u(x, y, t) = r(x, y, t) + is(x, y, t), (2.4)

which leads to the coupled system

st − ∆r − q(r2 + s2)r = 0,
rt + ∆s + q(r2 + s2)s = 0.

(2.5)

Consider the 1D cubic B-spline basis functions Bi(x) and B j(y). A bicubic tensor product basis is then
formed as [22]

Bi, j(x, y) = Bi(x)B j(y), (2.6)
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which yields a C2-continuous basis over the rectangular domain Ω = [a, b] × [c, d].
The computational domain Ω is partitioned into N × M uniform rectangular elements with mesh

sizes

hx =
b − a

N
, hy =

d − c
M

.

Let {xl}
N
l=0 and {yk}

M
k=0 represent the grid points in the x- and y-directions, respectively. Therefore, the

bicubic B-spline basis is defined on these grids as follows:

Bl,k(x, y) = 1
h3

xh3
y



pc1qc1, [xl−2, xl−1] ×
[
yk−2, yk−1

]
,

pc2qc1, [xl−2, xl−1] ×
[
yk−1, yk

]
,

pc3qc1, [xl−2, xl−1] ×
[
yk, yk+1

]
,

pc4qc1, [xl−2, xl−1] ×
[
yk+1, yk+2

]
,

pc1qc2, [xl−1, xl] ×
[
yk−2, yk−1

]
,

pc2qc2, [xl−1, xl] ×
[
yk−1, yk

]
,

pc3qc2, [xl−1, xl] ×
[
yk, yk+1

]
,

pc4qc2, [xl−1, xl] ×
[
yk+1, yk+2

]
,

pc1qc3, [xl, xl+1] ×
[
yk−2, yk−1

]
,

pc2qc3, [xl, xl+1] ×
[
yk−1, yk

]
,

pc3qc3, [xl, xl+1] ×
[
yk, yk+1

]
,

pc4qc3, [xl, xl+1] ×
[
yk+1, yk+2

]
,

pc1qc4, [xl+1, xl+2] ×
[
yk−2, yk−1

]
,

pc2qc4, [xl+1, xl+2] ×
[
yk−1, yk

]
,

pc3qc4, [xl+1, xl+2] ×
[
yk, yk+1

]
,

pc4qc4, [xl+1, xl+2] ×
[
yk+1, yk+2

]
,

0, otherwise,

(2.7)

where
pc1 = (x − xl−2)3,

pc2 = h3
x + 3h2

x(x − xl−1) + 3hx(x − xl−1)2 − 3(x − xl−1)3,

pc3 = h3
x + 3h2

x(xl+1 − x) + 3hx(xl+1 − x)2 − 3(xl+1 − x)3,

pc4 = (xl+2 − x)3,

qc1 = (y − yk−2)3,

qc2 = h3
y + 3h2

y(y − yk−1) + 3hy(y − yk−1)2 − 3(y − yk−1)3,

qc3 = h3
y + 3h2

y(yk+1 − y) + 3hy(yk+1 − y)2 − 3(yk+1 − y)3,

qc4 = (yk+2 − y)3.

The approximate solution for the NLS equation is generated from the bicubic B-spline basis as

uN,M(x, y, t) = rN,M(x, y, t) + i sN,M(x, y, t) =

N+1∑
i=−1

M+1∑
j=−1

δi, j(t) Bi, j(x, y), (2.8)

where δi, j(t) = ρi, j(t) + iψi, j(t) are time-dependent complex coefficients. Accordingly, the approximate
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solutions can be separated as

rN,M(x, y, t) =

N+1∑
i=−1

M+1∑
j=−1

ρi, j(t) Bi, j(x, y),

sN,M(x, y, t) =

N+1∑
i=−1

M+1∑
j=−1

ψi, j(t) Bi, j(x, y).

(2.9)

The time-dependent coefficients ρi, j(t) and ψi, j(t) are determined through the Galerkin weighted-
residual approach. Periodic boundary conditions are enforced at the discrete level by identifying the
degrees of freedom associated with basis functions on opposite boundaries; equivalently, the coefficient
sets corresponding to x = a and x = b (and similarly for y = c and y = d) are constrained to be equal.
In matrix form, this identification may be expressed using a restriction operator R such that u = Rũ,
where ũ denotes the vector of all degrees of freedom before applying periodic constraints, and u is the
reduced vector after enforcing periodicity.

Due to the compact support in cubic B-splines, each bicubic tensor product basis function Bi, j(x, y)
has support over 4 × 4 neighboring elements. Hence, on a given element [xl, xl+1] × [yk, yk+1], only 16
basis functions are nonzero. Introducing the local coordinates µ = x−xl ∈ [0, hx] and η = y−yk ∈ [0, hy],
the nonzero bicubic basis functions on the element can be written explicitly as follows:

Bl−1,k−1 =
1

h3
xh3

y
(hx − µ)3(hy − η)3,

Bl−1,k =
1

h3
xh3

y
(hx − µ)3

(
4h3

y − 3h2
yη + 3hy(hy − η) − 3(hy − η)3

)
,

Bl−1,k+1 =
1

h3
xh3

y
(hx − µ)3

(
h3

y + 3h2
yη + 3hyη

2 − 3η3
)
,

Bl−1,k+2 =
1

h3
xh3

y
(hx − µ)3η3,

Bl,k−1 =
1

h3
xh3

y

(
4h3

x − 3h2
xµ + 3hx(hx − µ) − 3(hx − µ)3

)
(hy − η)3,

Bl,k =
1

h3
xh3

y

(
4h3

x − 3h2
xµ + 3hx(hx − µ) − 3(hx − µ)3

)
×

(
4h3

y − 3h2
yη + 3hy(hy − η) − 3(hy − η)3

)
,

Bl,k+1 =
1

h3
xh3

y

(
4h3

x − 3h2
xµ + 3hx(hx − µ) − 3(hx − µ)3

)
×

(
h3

y + 3h2
yη + 3hyη

2 − 3η3
)
,

Bl,k+2 =
1

h3
xh3

y

(
4h3

x − 3h2
xµ + 3hx(hx − µ) − 3(hx − µ)3

)
η3,

Bl+1,k−1 =
1

h3
xh3

y

(
h3

x + 3h2
xµ + 3hxµ

2 − 3µ3
)

(hy − η)3,

Bl+1,k =
1

h3
xh3

y

(
h3

x + 3h2
xµ + 3hxµ

2 − 3µ3
)
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×
(
4h3

y − 3h2
yη + 3hy(hy − η) − 3(hy − η)3

)
,

Bl+1,k+1 =
1

h3
xh3

y

(
h3

x + 3h2
xµ + 3hxµ

2 − 3µ3
)

×
(
h3

y + 3h2
yη + 3hyη

2 − 3η3
)
,

Bl+1,k+2 =
1

h3
xh3

y

(
h3

x + 3h2
xµ + 3hxµ

2 − 3µ3
)
η3,

Bl+2,k−1 =
1

h3
xh3

y
µ3(hy − η)3,

Bl+2,k =
1

h3
xh3

y
µ3

(
4h3

y − 3h2
yη + 3hy(hy − η) − 3(hy − η)3

)
,

Bl+2,k+1 =
1

h3
xh3

y
µ3

(
h3

y + 3h2
yη + 3hyη

2 − 3η3
)
,

Bl+2,k+2 =
1

h3
xh3

y
(µη)3. (2.10)

On the element [xl, xl+1] × [yk, yk+1], all remaining bicubic B-spline basis functions are zero.
Consequently, the approximation of the solution restricted to this element can be expressed, using
the local basis functions defined in (2.10), as

rN,M(x, y, t) =

l+2∑
i=l−1

k+2∑
j=k−1

ρi, j(t) Bi, j(x, y),

sN,M(x, y, t) =

l+2∑
i=l−1

k+2∑
j=k−1

ψi, j(t) Bi, j(x, y).

(2.11)

Using the bicubic B-spline basis functions (2.7) together with the trial approximation (2.9), the nodal
values of the approximate solution together with its first- and second-order partial derivatives at the grid
point (xl, yk), can be written in terms of the time-dependent coefficients ρi, j(t) and ψi, j(t) as follows:

rl,k = ρl−1,k−1 + 4ρl−1,k + ρl−1,k+1 + 4ρl,k−1 + 16ρl,k + 4ρl,k+1

+ ρl+1,k−1 + 4ρl+1,k + ρl+1,k+1,

sl,k = ψl−1,k−1 + 4ψl−1,k + ψl−1,k+1 + 4ψl,k−1 + 4ψl,k+1 + 16ψl,k

+ ψl+1,k−1 + 4ψl+1,k + ψl+1,k+1,

hx ∂xrl,k = 3(ρl−1,k−1 + ρl−1,k+1 − ρl+1,k−1 − ρl+1,k+1) + 12(ρl−1,k − ρl+1,k),
hx ∂xsl,k = 3(ψl−1,k−1 + ψl−1,k+1 − ψl+1,k−1 − ψl+1,k+1) + 12(ψl−1,k − ψl+1,k),
hy ∂yrl,k = 3(ρl−1,k−1 + ρl+1,k−1 − ρl−1,k+1 − ρl+1,k+1) + 12(ρl,k−1 − ρl,k+1),
hy ∂ysl,k = 3(ψl−1,k−1 + ψl+1,k−1 − ψl−1,k+1 − ψl+1,k+1) + 12(ψl,k−1 − ψl,k+1),

hxhy ∂xyrl,k = 9(ρl−1,k−1 + ρl+1,k+1 − ρl−1,k+1 − ρl+1,k−1),
hxhy ∂xysl,k = 9(ψl−1,k−1 + ψl+1,k+1 − ψl−1,k+1 − ψl+1,k−1),

(2.12)

where ∂x and ∂y denote the first-order partial derivatives with respect to x and y, respectively, while
∂xx, ∂yy, and ∂xy denote the corresponding second-order partial derivatives.

AIMS Mathematics Volume 11, Issue 9, 29256–29284.



29262

Applying the Galerkin method to the coupled system (2.5), and choosing the bicubic B-spline basis
functions as weight (test) functions, the weak formulation is enforced locally over each finite element
[xl, xl+1] × [yk, yk+1]. Within the Galerkin framework, the weight function W(x, y) is selected from the
same finite-element space as the trial function. Consequently, the following element-level equations
are obtained: ∫ xl+1

xl

∫ yk+1

yk

(W st + ∇W · ∇r − zl,k W r) dy dx = 0,∫ xl+1

xl

∫ yk+1

yk

(W rt − ∇W · ∇s + zl,k W s) dy dx = 0,
(2.13)

where
zl,k = q

(
r2 + s2

)
. (2.14)

Choosing the weight function as the bicubic B-spline basis function W(x, y) = Bn,m(x, y), substituting
the local approximations (2.11) into the element-level weak formulation (2.13), and transforming
the equation into the local coordinates (µ, η) results in the following system of ordinary differential
equations:

l+2∑
i=l−1

k+2∑
j=k−1

[ ∫ hx

0

∫ hy

0

(
Bn,mBi, j dµ dη

)
ψ̇i, j +

∫ hx

0

∫ hy

0

(
∇Bn,m ·∇Bi, j dµ dη

)
ρi, j

− zl,k

∫ hx

0

∫ hy

0

(
Bn,mBi, j dµ dη

)
ρi, j

]
= 0,

l+2∑
i=l−1

k+2∑
j=k−1

[ ∫ hx

0

∫ hy

0

(
Bn,mBi, j dµ dη

)
ρ̇i, j −

∫ hx

0

∫ hy

0

(
∇Bn,m ·∇Bi, j dµ dη

)
ψi, j

+ zl,k

∫ hx

0

∫ hy

0

(
Bn,mBi, j dµ dη

)
ψi, j

]
= 0.

(2.15)

System (2.15) can be expressed in the following compact form:Ae ψ̇
e

+ Be ρ e − zl,k De ρ e = 0,

Ae ρ̇ e − Be ψ e + zl,k De ψ e = 0,
(2.16)

where the overdot (.) represents differentiation with respect to t and the element coefficient vector ρ e

is defined as
ρ e =

[
ρl−1,k−1, ρl−1,k, ρl−1,k+1, ρl−1,k+2, ρl,k−1, ρl,k, ρl,k+1, ρl,k+2,

ρl+1,k−1, ρl+1,k, ρl+1,k+1, ρl+1,k+2, ρl+2,k−1, ρl+2,k, ρl+2,k+1, ρl+2,k+2
]T
.

Similarly, the element coefficient vector ψ e is given by

ψ e =
[
ψl−1,k−1, ψl−1,k, ψl−1,k+1, ψl−1,k+2, ψl,k−1, ψl,k, ψl,k+1, ψl,k+2,

ψl+1,k−1, ψl+1,k, ψl+1,k+1, ψl+1,k+2, ψl+2,k−1, ψl+2,k, ψl+2,k+1, ψl+2,k+2
]T
.
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The element matrices Ae
(n,m),(i, j), Be

(n,m),(i, j), and De
(n,m),(i, j) are given by

Ae
(n,m),(i, j) = De

(n,m),(i, j) =

∫ hx

0

∫ hy

0
Bn,m(µ, η) Bi, j(µ, η) dµ dη,

Be
(n,m),(i, j) =

∫ hx

0

∫ hy

0
∇Bn,m(µ, η) · ∇Bi, j(µ, η) dµ dη.

(2.17)

Here, the indices n, i ∈ {l − 1, l, l + 1, l + 2} and m, j ∈ {k − 1, k, k + 1, k + 2} correspond to the local
bicubic B-spline basis functions that are nonzero over the element [xl, xl+1]× [yk, yk+1]. As a result, the
element matrices Ae, Be, and De are of size 16 × 16 and can be obtained as follows:

Ae
(n,m),(i, j) = De

(n,m),(i, j) =

∫ hx

0

∫ hy

0
Bn,m(µ, η) Bi, j(µ, η) dµ dη =

hxhy

19600
Ae (2.18)

with

Ae =


Ae

1,1 Ae
1,2 Ae

1,3 Ae
1,4

Ae
2,1 Ae

2,2 Ae
2,3 Ae

2,4
Ae

3,1 Ae
3,2 Ae

3,3 Ae
3,4

Ae
4,1 Ae

4,2 Ae
4,3 Ae

4,4

 , Ae
α,γ ∈ R

4×4,

where Ae
α,γ (α, γ = 1, 2, 3, 4) denotes the 4×4 block submatrices of the element mass matrix Ae. Owing

to symmetry, several blocks are identical and are given as follows:

Ae
1,1 = Ae

4,4 =


400 2580 1200 20
2580 23760 18660 1200
1200 18660 23760 2580
20 1200 2580 400

 ,

Ae
1,2 = Ae

2,1 = Ae
3,4 = Ae

4,3 =


2580 16641 7740 129

16641 153252 120357 7740
7740 120357 153252 16641
129 7740 16641 2580

 ,

Ae
1,3 = Ae

2,4 = Ae
3,1 = Ae

4,2 =


1200 7740 3600 60
7740 71280 55980 3600
3600 55980 71280 7740
60 3600 7740 1200

 ,

Ae
1,4 = Ae

4,1 =


20 129 60 1
129 1188 933 60
60 933 1188 129
1 60 129 20

 ,

Ae
2,2 = Ae

3,3 =


23760 153252 71280 1188
153252 1411344 1108404 71280
71280 1108404 1411344 153252
1188 71280 153252 23760

 ,
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Ae
2,3 = Ae

3,2 =


18660 120357 55980 933

120357 1108404 870489 55980
55980 870489 1108404 120357
933 55980 120357 18660

 .
All other block entries follow by symmetry. Similar calculations can be done to the element matrix
Be

(n,m),(i, j):

Be
(n,m),(i, j) =

∫ hx

0

∫ hy

0
∇Bn,m(µ, η) · ∇Bi, j(µ, η) dµ, dη =

3
1400 hxhy

Be. (2.19)

Be =


Be

1,1 Be
1,2 Be

1,3 Be
1,4

Be
2,1 Be

2,2 Be
2,3 Be

2,4
Be

3,1 Be
3,2 Be

3,3 Be
3,4

Be
4,1 Be

4,2 Be
4,3 Be

4,4

 , Be
α,γ ∈ R

4×4.

Due to symmetry of the bicubic B-spline basis, several block of submatrices are identical. The distinct
4 × 4 blocks are listed as follows:

Be
1,1 = Be

4,4 =


120(h2

x + h2
y) 140h2

x + 774h2
y 360h2

y − 240h2
x 6h2

y − 20h2
x

140h2
x + 774h2

y 680h2
x + 7128h2

y 5598h2
y − 580h2

x 360h2
y − 240h2

x

360h2
y − 240h2

x 5598h2
y − 580h2

x 680h2
x + 7128h2

y 140h2
x + 774h2

y

6h2
y − 20h2

x 360h2
y − 240h2

x 140h2
x + 774h2

y 120(h2
x + h2

y)

 ,
Be

1,2 = Be
2,1 = Be

3,4 = Be
4,3

=


774h2

x + 140h2
y 903(h2

x + h2
y) 420h2

y − 1548h2
x 7h2

y − 129h2
x

903(h2
x + h2

y) 4386h2
x + 8316h2

y 6531h2
y − 3741h2

x 420h2
y − 1548h2

x

420h2
y − 1548h2

x 6531h2
y − 3741h2

x 4386h2
x + 8316h2

y 903(h2
x + h2

y)
7h2

y − 129h2
x 420h2

y − 1548h2
x 903(h2

x + h2
y) 774h2

x + 140h2
y

 ,
Be

1,3 = Be
2,4 = Be

3,1 = Be
4,2

=


360h2

x − 240h2
y 420h2

x − 1548h2
y −720(h2

x + h2
y) −12(5h2

x + h2
y)

420h2
x − 1548h2

y 2040h2
x − 14256h2

y −12(145h2
x + 933h2

y) −720(h2
x + h2

y)
−720(h2

x + h2
y) −12(145h2

x + 933h2
y) 2040h2

x − 14256h2
y 420h2

x − 1548h2
y

−12(5h2
x + h2

y) −720(h2
x + h2

y) 420h2
x − 1548h2

y 360h2
x − 240h2

y

 ,

Be
1,4 = Be

4,1 =


6h2

x − 20h2
y 7h2

x − 129h2
y −12(h2

x + 5h2
y) −(h2

x + h2
y)

7h2
x − 129h2

y 34h2
x − 1188h2

y −(29h2
x + 933h2

y) −12(h2
x + 5h2

y)
−12(h2

x + 5h2
y) −(29h2

x + 933h2
y) 34h2

x − 1188h2
y 7h2

x − 129h2
y

−(h2
x + h2

y) −12(h2
x + 5h2

y) 7h2
x − 129h2

y 6h2
x − 20h2

y

 ,
Be

2,2 = Be
3,3

=


7128h2

x + 680h2
y 8316h2

x + 4386h2
y 2040h2

y − 14256h2
x 34h2

y − 1188h2
x

8316h2
x + 4386h2

y 40392(h2
x + 5h2

y) 31722h2
y − 34452h2

x 2040h2
y − 14256h2

x

2040h2
y − 14256h2

x 31722h2
y − 34452h2

x 40392(h2
x + 5h2

y) 8316h2
x + 4386h2

y

34h2
y − 1188h2

x 2040h2
y − 14256h2

x 8316h2
x + 4386h2

y 7128h2
x + 680h2

y

 ,
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Be
12 = Be

21

=


5598h2

x − 580h2
y 6531h2

x − 3741h2
y −12(145h2

x + 933h2
y) −(933h2

x + 29h2
y)

6531h2
x − 3741h2

y 31722h2
x − 34452h2

y −27057(h2
x + h2

y) −12(145h2
x + 933h2

y)
−12(145h2

x + 933h2
y) −27057(h2

x + h2
y) 31722h2

x − 34452h2
y 6531h2

x − 3741h2
y

−(933h2
x + 29h2

y) −12(145h2
x + 933h2

y) 6531h2
x − 3741h2

y 5598h2
x − 580h2

y

 .
The nonlinear coefficient is approximated element-wise by evaluating r and s at the center of the

element. Specifically, it can be defined as

re
l,k =

1
4
(
rl,k + rl+1,k + rl,k+1 + rl+1,k+1

)
, se

l,k =
1
4
(
sl,k + sl+1,k + sl,k+1 + sl+1,k+1

)
.

Accordingly, the nonlinear coefficient is approximated as

zl,k =
q

16

[(
ρl−1,k−1 + 5ρl−1,k + 5ρl−1,k+1 + ρl−1,k+2 + 5ρl,k−1 + 25ρl,k + 25ρl,k+1

+5ρl,k+2 + 5ρl+1,k−1 + 25ρl+1,k + 25ρl+1,k+1 + 5ρl+1,k+2 + ρl+2,k−1 + 5ρl+2,k

+5ρl+2,k+1 + ρl+2,k+2
)2

+
(
ψl−1,k−1+ 5ψl−1,k + 5ψl−1,k+1 + ψl−1,k+2

+5ψl,k−1 + 25ψl,k + 25ψl,k+1 + 5ψl,k+2 + 5ψl+1,k−1 + 25ψl+1,k

+25ψl+1,k+1 + 5ψl+1,k+2 + ψl+2,k−1 + 5ψl+2,k + 5ψl+2,k+1 + ψl+2,k+2
)2
]
.

(2.20)

By assembling the element contributions over all elements and enforcing the periodic boundary
conditions, the semi-discrete system (2.16) leads to a global system of ordinary differential equations
of the form:

A ψ̇ + Bρ − D(z) ρ = 0,
A ρ̇ − Bψ + D(z)ψ = 0.

(2.21)

Here, ρ(t) and ψ(t) denote the global vectors of time-dependent spline coefficients associated with the
numerical solution in its real and imaginary parts, respectively, where

ρ =
[
ρ−1,−1, . . . , ρ−1,M+1, ρ0,−1, . . . , ρ0,M+1, . . . , ρN,−1,

. . . , ρN,M+1, ρN+1,−1, . . . , ρN+1,M+1
]T

and
ψ =

[
ψ−1,−1, . . . , ψ−1,M+1, ψ0,−1, . . . , ψ0,M+1, . . . , ψN,−1,

. . . , ψN,M+1, ψN+1,−1, . . . , ψN+1,M+1
]T .

The matrices A and B denote the assembled global mass and stiffness matrices, respectively, whereas
D(z) denotes the assembled nonlinear weighted mass matrix associated with the element-wise
nonlinear coefficient zl,k. The periodic boundary conditions are incorporated during the assembly by
identifying the corresponding degrees of freedom on opposite boundaries. Consequently, the global
matrices A, B, and D(z) admit sparse septa-diagonal block structures with periodic wrap-around, and
the kth row of each block matrix can be written in the following form:

A =
hxhy

19600

(
A1 A2 A3 A4 A5 A6 A7

)
, (2.22)
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where
A1 = A7 = (1, 120, 1191, 2416, 1191, 120, 1),
A2 = A6 = (120, 14400, 142920, 289920, 142920, 14400, 120),
A3 = A5 = (1191, 142920, 1418481, 2877456, 1418481, 142920, 1191),
A4 = (2416, 289920, 2877456, 5837056, 2877456, 289920, 2416),

B =
3

1400 hxhy

(
B1 B2 B3 B4 B5 B6 B7

)
, (2.23)

where

B1 = B7 =
(
−(h2

x + h2
y), −24h2

x − 120h2
y , −15h2

x − 1191h2
y , 80h2

x − 2416h2
y ,

− 15h2
x − 1191h2

y , −24h2
x − 120h2

y , −(h2
x + h2

y)
)
,

B2 = B6 =
(
−24h2

x − 120h2
y , −2880h2

x − 2880h2
y , −1800h2

x − 28584h2
y , 9600h2

x − 57984h2
y ,

− 1800h2
x − 28584h2

y , −2880h2
x − 2880h2

y , −24h2
x − 120h2

y
)
,

B3 = B5 =
(
−15h2

y − 1191h2
x, −1800h2

y − 28584h2
x, −17865(h2

x + h2
y),

95280h2
x − 36240h2

y , −17865(h2
x + h2

y), −1800h2
y − 28584h2

x, −15h2
y − 1191h2

x
)
,

B4 =
(
80h2

y − 2416h2
x, 9600h2

y − 57984h2
x, 95280h2

y − 36240h2
x,

193280(h2
x + h2

y), 95280h2
y − 36240h2

x, 9600h2
y − 57984h2

x, 80h2
y − 2416h2

x
)
,

and

D(zl,k) =
hxhy

19600

(
D1(zl,k) D2(zl,k) D3(zl,k) D4(zl,k) D5(zl,k) D6(zl,k) D7(zl,k)

)
, (2.24)

where
D1(zl,k) =

(
z1l,1k, 60z1l,1k + 60z1l,2k, 129z1l,1k + 933z1l,2k + 129z1l,3k, 20z1l,1k

+1188z1l,2k + 1188z1l,3k + 20z1l,4k, 129z1l,2k + 933z1l,3k

+129z1l,4k, 60z1l,3k + 60z1l,4k, z1l,4k
)
,

D2(zl,k) =
(
60z1l,1k+ 60z2l,1k, 3600z1l,1k + 3600z2l,1k + 3600z1l,2k + 3600z2l,2k, 7740z1l,1k

+7740z2l,1k + 55980z1l,2k + 55980z2l,2k + 7740z1l,3k + 7740z2l,3k, 1200z1l,1k

+1200z21,1k + 71280z1l,2k + 71280z2l,2k + 71280z1l,3k + 71280z2l,3k

+1200z1l,4k + 1200z2l,4k, 7740z1l,2k + 7740z2l,2k + 55980z1l,3k + 55980z2l,3k

+7740z1l,4k + 7740z2l,4k, 3600z1l,3k + 3600z2l,3k

+3600z1l,4k + 3600z2l,4k, 60z1l,4k + 60z2l,4k
)
,

D3(zl,k) =
(
129z1l,1k+ 933z2l,1k + 129z3l,1k, 7740z1l,1k + 7740z2l,1k + 55980z3l,1k

+ 55980z1l,2k + 7740z2l,2k + 7740z3l,2k, 16641z1l,1k + 120357z2l,1k

+ 16641z3l,1k + 120357z1l,2k + 870489z2l,2k + 120357z3l,2k + 16641z1l,3k

+ 120357z2l,3k + 16641z3l,3k, 2580z1l,1k + 18660z2l,1k + 2580z3l,1k

+ 153252z1l,2k + 1108404z2l,2k + 153252z3l,2k + 153252z1l,3k

+ 1108404z2l,3k + 153252z3l,3k + 2580z1l,4k + 18660z2l,4k + 2580z3l,4k, 16641z1l,2k
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+ 120357z2l,2k + 16641z3l,2k + 120357z1l,3k + 870489z2l,3k

+ 120357z3l,3k + 16641z1l,4k + 120357z2l,4k + 16641z3l,4k, 7740z1l,3k

+ 7740z2l,3k + 55980z3l,3k + 55980z1l,4k + 7740z2l,4k + 7740z3l,4k, 129z1l,4k

+ 933z2l,4k +129z3l,4k
)
,

D4(zl,k) =
(
20z1l,1k + 1188z2l,1k + 1188z3l,1k + 20z4l,1k, 1200z1l,1k+71280z2l,1k

+71280z3l,1k+1200z4l,1k+1200z1l,2k+71280z2l,2k+71280z3l,2k+1200z4l,2k, 2580z1l,1k

+153252z2l,1k+153252z3l,1k+2580z4l,1k+18660z1l,2k

+1108404z2l,2k+1108404z3l,2k+18660z4l,2k+2580z1l,3k

+153252z2l,3k+153252z3l,3k+2580z4l,3k, 400z1l,1k+23760z2l,1k

+23760z3l,1k+400z4l,1k+23760z1l,2k+1411344z2l,2k+1411344z3l,2k

+23760z4l,2k+23760z1l,3k+1411344z2l,3k+1411344z3l,3k+23760z4l,3k

+400z1l,4k+23760z2l,4k+23760z3l,4k+400z4l,4k, 2580z1l,2k

+153252z2l,2k+153252z3l,2k+2580z4l,2k+18660z1l,3k+1108404z2l,3k

+1108404z3l,3k+18660z4l,3k+2580z1l,4k+153252z2L,4k+153252z3l,4k

+2580z4l,4k, 1200z1l,3k+71280z2l,3k+71280z3l,3k+1200z4l,3k

+1200z1l,4k+71280z2l,4k+71280z3l,4k+1200z4l,4k, 20z1l,4k+1188z2l,4k

+1188z3l,4k+ 20z4l,4k
)
,

D5(zl,k) =
(
129z2l,1k + 933z3l,1k+129z4l,1k, 7740z2l,1k+55980z3l,1k+7740z4l,1k

+7740z2l,2k+55980z3l,2k+7740z4l,2k, 16641z2l,1k+120357z3l,1k

+16641z4l,1k+120357z2l,2k+870489z3l,2k+120357z4l,2k+16641z2l,3k

+120357z3l,3k+16641z4l,3k, 2580z2l,1k+18660z3l,1k+2580z4l,1k

+153252z2l,2k+1108404z3l,2k+153252z4l,2k+153252z2l,3k

+1108404z3l,3k+153252z4l,3k+2580z2l,4k+18660z3l,4w+2580z4l,4k, 16641z2l,2k

+120357z3l,2k+16641z4l,2k+120357z2l,3k+870489z3l,3k

+120357z4l,3k+16641z2l,4k+120357z3l,4k+16641z4l,4k, 7740z2l,3k

+55980z3l,3k+7740z4l,3k+7740z2l,4k+55980z3l,4k+7740z4l,4k, 129z2l,4k

+933z3l,4k+ 129z4l,4k
)
,

D6(zl,k) =
(
60z3l,1k +60z4l,1k, 3600z3l,1k+3600z4l,1k+3600z3l,2k+3600z4l,2k, 7740z3l,1k

+7740z4l,1k+55980z3l,2k+55980z4l,2k+7740z3l,3k

+7740z4l,3k, 1200z3l,1k+1200z4l,1k+71280z3l,2k+71280z4l,2k

+71280z3l,3k+71280z4l,3k+1200z3l,4k+1200z4l,4k, 7740z3l,2k

+7740z4l,2k+55980z3l,3k+55980z4l,3k+7740z3l,4k+7740z4l,4k, 3600z3l,3k

+3600z4l,3k+3600z3l,4k+3600z4l,4k, 60z3l,4k+ 60z4l,4k
)
,
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D7(zl,k) =
(
z4l,1k , 60z4l,1k + 60z4l,2k, 129z4l,1k + 933z4l,2k + 129z4l,3k, 20z4l,1k

+ 1188z4l,2k + 1188z4l,3k + 20z4l,4k, 129z4l,2k + 933z4l,3k

+ 129z4l,4k, 60z4l,3k + 60z4l,4k, z4l,4k
)
, (2.25)

where

z1l,1k =
q
16

[(
ρl−2,k−2 + 5ρl−2,k−1 + 5ρl−2,k + ρl−2,k+1 + 5ρl−1,k−2 + 25ρl−1,k−1

+ 25ρl−1,k + 5ρl−1,k+1 + 5ρl,k−2 + 25ρl,k−1 + 25ρl,k + 5ρl,k+1

+ ρl+1,k−2 + 5ρl+1,k−1 + 5ρl+1,k + ρl+1,k+1
)2

+
(
ψl−2,k−2

+ 5ψl−2,k−1 + 5ψl−2,k + ψl−2,k+1 + 5ψl−1,k−2 + 25ψl−1,k−1 + 25ψl−1,k

+ 5ψl−1,k+1 + 5ψl,k−2 + 25ψl,k−1 + 25ψl,k + 5ψl,k+1 + ψl+1,k−2

+ 5ψl+1,k−1 + 5ψl+1,k +ψl+1,k+1
)2
]
,

z1l,2k =
q

16
[(
ρl−2,k−1 + 5ρl−2,k + 5ρl−2,k+1 + ρl−2,k+2 + 5ρl−1,k−1 + 25ρl−1,k

+ 25ρl−1,k+1 + 5ρl−1,k+2 + 5ρl,k−1 + 25ρl,k + 25ρl,k+1 + 5ρl,k+2

+ ρl+1,k−1 + 5ρl+1,k + 5ρl+1,k+1 + ρl+1,k+2
)2

+
(
ψl−2,k−1

+ 5ψl−2,k + 5ψl−2,k+1 + ψl−2,k+2 + 5ψl−1,k−1 + 25ψl−1,k + 25ψl−1,k+1

+ 5ψl−1,k+2 + 5ψl,k−1 + 25ψl,k + 25ψl,k+1 + 5ψl,k+2 + ψl+1,k−1

+ 5ψl+1,k + 5ψl+1,k+1 +ψl+1,k+2
)2
]
,

z1l,3k =
q

16
[(
ρl−2,k + 5ρl−2,k+1 + 5ρl−2,k+2 + ρl−2,k+3 + 5ρl−1,k + 25ρl−1,k+1

+ 25ρl−1,k+2 + 5ρl−1,k+3 + 5ρl,k + 25ρl,k+1 + 25ρl,k+2 + 5ρl,k+3

+ ρl+1,k + 5ρl+1,k+1 + 5ρl+1,k+2 + ρl+1,k+3
)2

+
(
ψl−2,k + 5ψl−2,k+1

+ 5ψl−2,k+2 + ψl−2,k+3 + 5ψl−1,k + 25ψl−1,k+1 + 25ψl−1,k+2

+ 5ψl−1,k+3 + 5ψl,k + 25ψl,k+1 + 25ψl,k+2 + 5ψl,k+3 + ψl+1,k

+ 5ψl+1,k+1 + 5ψl+1,k+2 +ψl+1,k+3
)2
]
,

z1l,4k =
q

16
[(
ρl−2,k+1 + 5ρl−2,k+2 + 5ρl−2,k+3 + ρl−2,k+4 + 5ρl−1,k+1 + 25ρl−1,k+2

+ 25ρl−1,k+3 + 5ρl−1,k+4 + 5ρl,k+1 + 25ρl,k+2 + 25ρl,k+3 + 5ρl,k+4

+ ρl+1,k+1 + 5ρl+1,k+2 + 5ρl+1,k+3 + ρl+1,k+4
)2

+
(
ψl−2,k+1 + 5ψl−2,k+2

+ 5ψl−2,k+3 + ψl−2,k+4 + 5ψl−1,k+1 + 25ψl−1,k+2 + 25ψl−1,k+3

+ 5ψl−1,k+4 + 5ψl,k+1 + 25ψl,k+2 + 25ψl,k+3 + 5ψl,k+4 + ψl+1,k+1

+ 5ψl+1,k+2 + 5ψl+1,k+3 +ψl+1,k+4
)2
]
,

z2l,1k =
q

16
[(
ρl−1,k−2 + 5ρl−1,k−1 + 5ρl−1,k + ρl−1,k+1 + 5ρl,k−2 + 25ρl,k−1
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+ 25ρl,k + 5ρl,k+1 + 5ρl+1,k−2 + 25ρl+1,k−1 + 25ρl+1,k + 5ρl+1,k+1

+ ρl+2,k−2 + 5ρl+2,k−1 + 5ρl+2,k + ρl+2,k+1
)2

+
(
ψl−1,k−2 + 5ψl−1,k−1

+ 5ψl−1,k + ψl−1,k+1 + 5ψl,k−2 + 25ψl,k−1 + 25ψl,k + 5ψl,k+1

+ 5ψl+1,k−2 + 25ψl+1,k−1 + 25ψl+1,k + 5ψl+1,k+1 + ψl+2,k−2

+ 5ψl+2,k−1 + 5ψl+2,k +ψl+2,k+1
)2
]
,

z2l,2k =
q

16
[(
ρl−1,k−1 + 5ρl−1,k + 5ρl−1,k+1 + ρl−1,k+2 + 5ρl,k−1 + 25ρl,k

+ 25ρl,k+1 + 5ρl,k+2 + 5ρl+1,k−1 + 25ρl+1,k + 25ρl+1,k+1 + 5ρl+1,k+2

+ ρl+2,k−1 + 5ρl+2,k + 5ρl+2,k+1 + ρl+2,k+2
)2

+
(
ψl−1,k−1 + 5ψl−1,k

+ 5ψl−1,k+1 + ψl−1,k+2 + 5ψl,k−1 + 25ψl,k + 25ψl,k+1 + 5ψl,k+2

+ 5ψl+1,k−1 + 25ψl+1,k + 25ψl+1,k+1 + 5ψl+1,k+2 + ψl+2,k−1

+ 5ψl+2,k + 5ψl+2,k+1 +ψl+2,k+2
)2
]
,

z2l,3k =
q

16
[(
ρl−1,k + 5ρl−1,k+1 + 5ρl−1,k+2 + ρl−1,k+3 + 5ρl,k + 25ρl,k+1

+ 25ρl,k+2 + 5ρl,k+3 + 5ρl+1,k + 25ρl+1,k+1 + 25ρl+1,k+2 + 5ρl+1,k+3

+ ρl+2,k + 5ρl+2,k+1 + 5ρl+2,k+2 + ρl+2,k+3
)2

+
(
ψl−1,k + 5ψl−1,k+1

+ 5ψl−1,k+2 + ψl−1,k+3 + 5ψl,k + 25ψl,k+1 + 25ψl,k+2 + 5ψl,k+3

+ 5ψl+1,k + 25ψl+1,k+1 + 25ψl+1,k+2 + 5ψl+1,k+3 + ψl+2,k

+ 5ψl+2,k+1 + 5ψl+2,k+2 +ψl+2,k+3
)2
]
,

z2l,4k =
q

16
[(
ρl−1,k+1 + 5ρl−1,k+2 + 5ρl−1,k+3 + ρl−1,k+4 + 5ρl,k+1 + 25ρl,k+2

+ 25ρl,k+3 + 5ρl,k+4 + 5ρl+1,k+1 + 25ρl+1,k+2 + 25ρl+1,k+3 + 5ρl+1,k+4

+ ρl+2,k+1 + 5ρl+2,k+2 + 5ρl+2,k+3 + ρl+2,k+4
)2

+
(
ψl−1,k+1 + 5ψl−1,k+2

+ 5ψl−1,k+3 + ψl−1,k+4 + 5ψl,k+1 + 25ψl,k+2 + 25ψl,k+3 + 5ψl,k+4

+ 5ψl+1,k+1 + 25ψl+1,k+2 + 25ψl+1,k+3 + 5ψl+1,k+4 + ψl+2,k+1

+ 5ψl+2,k+2 + 5ψl+2,k+3 +ψl+2,k+4
)2
]
,

z3l,1k =
q

16
[(
ρl,k−2 + 5ρl,k−1 + 5ρl,k + ρl,k+1 + 5ρl+1,k−2 + 25ρl+1,k−1 + 25ρl+1,k

+ 5ρl+1,k+1 + 5ρl+2,k−2 + 25ρl+2,k−1 + 25ρl+2,k + 5ρl+2,k+1 + ρl+3,k−2

+ 5ρl+3,k−1 + 5ρl+3,k + ρl+3,k+1
)2

+
(
ψl,k−2 + 5ψl,k−1 + 5ψl,k + ψl,k+1

+ 5ψl+1,k−2 + 25ψl+1,k−1 + 25ψl+1,k + 5ψl+1,k+1 + 5ψl+2,k−2 + 25ψl+2,k−1

+ 25ψl+2,k + 5ψl+2,k+1 + ψl+3,k−2 + 5ψl+3,k−1 + 5ψl+3,k +ψl+3,k+1
)2
]
,
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z3l,2k =
q

16
[(
ρl,k−1 + 5ρl,k + 5ρl,k+1 + ρl,k+2 + 5ρl+1,k−1 + 25ρl+1,k + 25ρl+1,k+1

+ 5ρl+1,k+2 + 5ρl+2,k−1 + 25ρl+2,k + 25ρl+2,k+1 + 5ρl+2,k+2 + ρl+3,k−1

+ 5ρl+3,k + 5ρl+3,k+1 + ρl+3,k+2
)2

+
(
ψl,k−1 + 5ψl,k + 5ψl,k+1 + ψl,k+2

+ 5ψl+1,k−1 + 25ψl+1,k + 25ψl+1,k+1 + 5ψl+1,k+2 + 5ψl+2,k−1 + 25ψl+2,k

+ 25ψl+2,k+1 + 5ψl+2,k+2 + ψl+3,k−1 + 5ψl+3,k + 5ψl+3,k+1 +ψl+3,k+2
)2
]
,

z3l,3k =
q

16
[(
ρl,k + 5ρl,k+1 + 5ρl,k+2 + ρl,k+3 + 5ρl+1,k + 25ρl+1,k+1 + 25ρl+1,k+2

+ 5ρl+1,k+3 + 5ρl+2,k + 25ρl+2,k+1 + 25ρl+2,k+2 + 5ρl+2,k+3 + ρl+3,k

+ 5ρl+3,k+1 + 5ρl+3,k+2 + ρl+3,k+3
)2

+
(
ψl,k + 5ψl,k+1 + 5ψl,k+2 + ψl,k+3

+ 5ψl+1,k + 25ψl+1,k+1 + 25ψl+1,k+2 + 5ψl+1,k+3 + 5ψl+2,k + 25ψl+2,k+1

+ 25ψl+2,k+2 + 5ψl+2,k+3 + ψl+3,k + 5ψl+3,k+1 + 5ψl+3,k+2 +ψl+3,k+3
)2
]
,

z3l,4k =
q

16
[(
ρl,k+1 + 5ρl,k+2 + 5ρl,k+3 + ρl,k+4 + 5ρl+1,k+1 + 25ρl+1,k+2+ 25ρl+1,k+3

+ 5ρl+1,k+4 + 5ρl+2,k+1 + 25ρl+2,k+2 + 25ρl+2,k+3 + 5ρl+2,k+4+ρl+3,k+1

+ 5ρl+3,k+2 + 5ρl+3,k+3 + ρl+3,k+4
)2

+
(
ψl,k+1 + 5ψl,k+2 + 5ψl,k+3+ψl,k+4

+ 5ψl+1,k+1 + 25ψl+1,k+2 + 25ψl+1,k+3 + 5ψl+1,k+4 + 5ψl+2,k+1 + 25ψl+2,k+2

+ 25ψl+2,k+3 + 5ψl+2,k+4 + ψl+3,k+1 + 5ψl+3,k+2 + 5ψl+3,k+3 +ψl+3,k+4
)2
]
,

z4l,1k =
q

16
[(
ρl+1,k−2 + 5ρl+1,k−1 + 5ρl+1,k + ρl+1,w+1 + 5ρl+2,k−2 + 25ρl+2,k−1+ 25ρl+2,k

+ 5ρl+2,k+1 + 5ρl+3,k−2 + 25ρl+3,k−1 + 25ρl+3,k + 5ρl+3,k+1 + ρl+4,k−2+5ρl+4,k−1

+ 5ρl+4,k + ρl+4,k+1
)2

+
(
ψl+1,k−2 + 5ψl+1,k−1 + 5ψl+1,k + ψl+1,k+1+5ψl+2,k−2

+ 25ψl+2,k−1 + 25ψl+2,k + 5ψl+2,k+1 + 5ψl+3,k−2 + 25ψl+3,k−1 + 25ψl+3,k

+ 5ψl+3,k+1 + ψl+4,k−2 + 5ψl+4,k−1 + 5ψl+4,k +ψl+4,k+1
)2
]
,

z4l,2k =
q

16
[(
ρl+1,k−1 + 5ρl+1,k + 5ρl+1,k+1 + ρl+1,k+2 + 5ρl+2,k−1 + 25ρl+2,k+ 25ρl+2,k+1

+ 5ρl+2,k+2 + 5ρl+3,k−1 + 25ρl+3,k + 25ρl+3,k+1 + 5ρl+3,k+2 + ρl+4,k−1+5ρl+4,k

+ 5ρl+4,k+1 + ρl+4,k+2
)2

+
(
ψl+1,k−1 + 5ψl+1,k + 5ψl+1,k+1 + ψl+1,k+2+5ψl+2,k−1

+ 25ψl+2,k + 25ψl+2,k+1 + 5ψl+2,k+2 + 5ψl+3,k−1 + 25ψl+3,k + 25ψl+3,k+1

+ 5ψl+3,k+2 + ψl+4,k−1 + 5ψl+4,k + 5ψl+4,k+1 +ψl+4,k+2
)2
]
,

z4l,3k =
q

16
[(
ρl+1,k + 5ρl+1,k+1 + 5ρl+1,k+2 + ρl+1,k+3 + 5ρl+2,k + 25ρl+2,k+1+ 25ρl+2,k+2

+ 5ρl+2,k+3 + 5ρl+3,k + 25ρl+3,k+1 + 25ρl+3,k+2 + 5ρl+3,k+3 + ρl+4,k+5ρl+4,k+1
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+ 5ρl+4,k+2 + ρl+4,k+3
)2

+
(
ψl+1,k + 5ψl+1,k+1 + 5ψl+1,k+2 + ψl+1,k+3+5ψl+2,k

+ 25ψl+2,k+1 + 25ψl+2,k+2 + 5ψl+2,k+3 + 5ψl+3,k + 25ψl+3,k+1 + 25ψl+3,k+2

+ 5ψl+3,k+3 + ψl+4,k + 5ψl+4,k+1 + 5ψl+4,k+2 +ψl+4,k+3
)2
]
,

z4l,4k =
q

16
[(
ρl+1,k+1 + 5ρl+1,k+2 + 5ρl+1,k+3 + ρl+1,k+4 + 5ρl+2,k+1 + 25ρl+2,k+2+ 25ρl+2,k+3

+ 5ρl+2,k+4 + 5ρl+3,k+1 + 25ρl+3,k+2 + 25ρl+3,k+3 + 5ρl+3,k+4 + ρl+4,k+1+5ρl+4,k+2

+ 5ρl+4,k+3 + ρl+4,k+4
)2

+
(
ψl+1,k+1 + 5ψl+1,k+2 + 5ψl+1,k+3 + ψl+1,k+4+5ψl+2,k+1

+ 25ψl+2,k+2 + 25ψl+2,k+3 + 5ψl+2,k+4 + 5ψl+3,k+1 + 25ψl+3,k+2 + 25ψl+3,k+3

+ 5ψl+3,k+4 + ψl+4,k+1 + 5ψl+4,k+2 + 5ψl+4,k+3 +ψl+4,k+4
)2
]
.

The semi-discrete system (2.21) is advanced in time using the CN method. Specifically, the
midpoint approximations and finite-difference formulas are given by

ρ =
1
2

(
ρn+1 + ρn

)
, ψ =

1
2

(
ψn+1 + ψn

)
,

ρ̇ =
ρn+1 − ρn

∆t
, ψ̇ =

ψn+1 − ψn

∆t
.

(2.26)

Substituting (2.26) into the semi-discrete system (2.21), the following fully discrete scheme is obtained:

2Aψn+1 + ∆t
(
B − D(z)

)
ρn+1 = 2Aψn − ∆t

(
B − D(z)

)
ρn,

2A ρn+1 − ∆t
(
B − D(z)

)
ψn+1 = 2A ρn + ∆t

(
B − D(z)

)
ψn.

(2.27)

The CN scheme is second-order accurate in time and preserves the symmetric structure of the
semi-discrete system, making it well-suited for the NLS equation. In the present implementation,
the unknown coefficient vectors at the new time level are treated implicitly, whereas the nonlinear
coefficient in D(z) is evaluated from the known numerical solution at the previous time level. Therefore,
the resulting scheme is linearly implicit rather than fully nonlinear implicit. After enforcing the
periodic boundary conditions, the resulting linear system at each time step exhibits a block septa-
diagonal structure. The mass matrix A was verified to be symmetric positive definite, while the
assembled matrices B and D(z) were symmetric. Together with the condition estimates reported in
Table 4, these properties support the nonsingularity of the coefficient matrix; hence, the solution of
the linear system exists and admits a unique solution at each time step. The system is solved using a
suitable sparse linear solver implemented in MATLAB R2026a.

2.2. Initial values under periodic boundary conditions

Initially, the parameter vectors

ρ0 =
[
ρ0

0,0, ρ
0
0,1, . . . , ρ

0
0,N , ρ

0
1,0, . . . , ρ

0
1,N , . . . , ρ

0
N,0, . . . , ρ

0
N,N

]T
,

ψ0 =
[
ψ0

0,0, ψ
0
0,1, . . . , ψ

0
0,N , ψ

0
1,0, . . . , ψ

0
1,N , . . . , ψ

0
N,0, . . . , ψ

0
N,N

]T
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are constructed to initialize the system. The initial approximations of the real and imaginary parts are
expressed in the bicubic B-spline space as

rN,M(x, y, 0) =

N+1∑
i=−1

M+1∑
j=−1

ρ0
i, j Bi, j(x, y),

sN,M(x, y, 0) =

N+1∑
i=−1

M+1∑
j=−1

ψ0
i, j Bi, j(x, y),

(2.28)

and the coefficients ρ0 and ψ0 are determined by enforcing the interpolation conditions

rN,M(xl, yk, 0) = r(xl, yk, 0),
sN,M(xl, yk, 0) = s(xl, yk, 0),

(2.29)

for l = 0, 1, . . . ,N and k = 0, 1, . . . ,M.
After enforcing the conditions at the grid points (xl, yk), the resulting linear systems possess a block

tridiagonal structure with cyclic coupling between the first and last blocks. This structure directly
reflects the compact support of the bicubic B-spline basis and the imposed periodicity in both the x and
y directions as follows.



N2 N1 0 · · · 0 0 N1

N1 N2 N1
. . . 0 0 0

0 N1 N2 N1
. . . 0 0

...
. . .

. . .
. . .

. . .
. . .

...

0 0 . . . N1 N2 N1 0
0 0 0 0 N1 N2 N1

N1 0 0 · · · 0 N1 N2





ρ0
0,k
ρ0

1,k
ρ0

2,k
...

ρ0
l−2,k
ρ0

l−1,k
ρ0

l,k


=



r0
0,k

r0
1,k

r0
2,k
...

r0
l−2,k

r0
l−1,k
r0

l,k


and 

N2 N1 0 · · · 0 0 N1

N1 N2 N1
. . . 0 0 0

0 N1 N2 N1
. . . 0 0

...
. . .

. . .
. . .

. . .
. . .

...

0 0 . . . N1 N2 N1 0
0 0 0 0 N1 N2 N1

N1 0 0 · · · 0 N1 N2





ψ0
0,k

ψ0
1,k

ψ0
2,k
...

ψ0
l−2,k

ψ0
l−1,k
ψ0

l,k


=



s0
0,k

s0
1,k

s0
2,k
...

s0
l−2,k

s0
l−1,k
s0

l,k


,

where
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N1 =



4 1 0 · · · 0 0 1

1 4 1 . . . 0 0 0

0 1 4 1 . . . 0 0
...

. . .
. . .

. . .
. . .

. . .
...

0 0 . . . 1 4 1 0
0 0 0 0 1 4 1
1 0 0 · · · 0 1 4


, N2 =
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
.

The system described above can be solved in MATLAB. The approximate solutions for rN,M (xl, yk, t)
and sN,M (xl, yk, t) are then obtained from the ρn+1

l,k and ψn+1
l,k by solving the system (2.27).

3. Stability analysis

The stability properties of the proposed Galerkin CN scheme are examined under periodic
boundary conditions in both spatial directions. Under these conditions, the resulting system matrices
exhibit block circulant structures, which naturally admit a Fourier-mode representation and allow the
application of a von-Neumann–type stability analysis [3]. At the same time, the periodic setting
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preserves the algebraic structure of the discrete operators, enabling the stability behavior to be
investigated directly at the matrix level.

Starting from the real-valued form of the NLS system (2.5), we define

U =

[
s
r

]
, M =

0 −1
1 0

 .
Therefore, system (2.5) takes the following compact form:

Ut + M∆U + F(U) U = 0, (3.1)

where

F(U) =

[
0 −q(r2 + s2)

q(r2 + s2) 0

]
=

[
0 −ζ1

ζ2 0

]
.

To facilitate a linear stability analysis, the nonlinear term is frozen by a standard local linearization
ζ = max{ζ1, ζ2}, whereby the matrix F(U) is approximated by a bounded constant multiple of the
skew-symmetric matrix M, namely, F(U) ≈ ζM. This approximation leads to the linearized system

Ut + M∆U + ζMU = 0. (3.2)

Applying the Galerkin finite element discretization based on bicubic B-spline basis functions yields
the semi-discrete system

A U̇ + M
(
B − ζD

)
U = 0, (3.3)

where A denotes the symmetric positive definite mass matrix, B is the stiffness matrix, and D is a
mass-type matrix associated with the linearized nonlinear term. All matrices are assembled under
periodic boundary conditions, resulting in block circulant operators that retain the shift-invariance of
the continuous problem. Time discretization is then carried out using the CN scheme, which leads to
the fully discrete formulation[

2A + ∆t M(B − ζD)
]
Un+1 =

[
2A − ∆t M(B − ζD)

]
Un. (3.4)

The stability scheme (3.4) is analyzed using the following Fourier-mode approach:

Un = P Gn exp
[
i
(
kxx + kyy

)]
is admissible, where P ∈ R2 is a constant vector, G denotes the amplification matrix, and kx and ky are
the Fourier wave numbers in the x and y directions, respectively. Substituting into Un yields

G =
(
2A + ∆t MDκ

)−1(2A − ∆t MDκ

)
, (3.5)

where Dκ represents the Fourier symbol associated with the operator B − ζD. Since the mass matrix
A is symmetric positive definite and the matrix M is skew-symmetric, the matrices 2A ± ∆t MDκ have
eigenvalues with identical moduli. As a consequence, the amplification matrix G satisfies ρ(G) = 1,
where ρ(G) denotes the spectral radius. This result shows that the proposed Galerkin CN scheme is
unconditionally stable for the linearized problem, independent of the spatial mesh size and the time
step.

The stability result obtained above is consistent with the energy-conserving character of the CN
method when applied to Hamiltonian-type systems such as the NLS equation. Moreover, the tensor-
product structure of the bicubic B-spline basis, together with the imposed periodicity in both spatial
directions, ensures that the analysis extends naturally to the fully 2D setting.
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4. Numerical results

A plane wave problem is considered to assess the efficiency and accuracy of the method. The
accuracy is assessed by means of the error norms L2 and L∞, as well as the associated conservation
laws, defined, respectively, as follows:

L2 =

hxhy

N∑
i=1

M∑
j=1

∣∣∣u exact
i, j − u num

i, j

∣∣∣2
1
2

and
L∞ = max

1≤i≤N, 1≤ j≤M

∣∣∣u exact
i, j − u num

i, j

∣∣∣ .
Moreover, the 2D conserved quantities are expressed as invariants:

I1 =

"
Ω

|u(x, y, t)|2 dx dy

and
I2 =

"
Ω

(
|ux|

2 + |uy|
2 −

q
2
|u|4

)
dx dy.

Example 4.1 (Plane wave solution). The analytical plane wave solution in 2D to the NLS equation
is [29]

u(x, y, t) = C exp[i(k1x + k2y − ωt)], (4.1)

where C is the constant amplitude of the plane-wave solution, k1 and k2 are the wave numbers, and ω
is determined by ω = k2

1 + k2
2 − q|C|2.

In the numerical experiments, the parameter values are chosen to be the same as those used by
Wang et al. [30]. The 2D NLS equation is considered with the nonlinear coefficient q = −2. The
computational domain is taken as [0, 2π] × [0, 2π], with periodic boundary conditions (2.3) applied in
both spatial directions. The plane wave solution is defined by setting the amplitude C = 1 and the wave
numbers k1 = k2 = 1. The initial condition is taken as the exact solution evaluated at t = 0. Uniform
spatial meshes with hx = hy = h are used, and the time integration is performed using a constant time
step ∆t. All computations were carried out in MATLAB R2026a on a 64-bit system equipped with an
Intel Core i5-7200U processor (2.50 GHz) and 20 GB of RAM.

Table 1 reports the temporal evolution of the numerical error norms and the discrete invariants for
the bicubic B-spline Galerkin method (Bicubic-BSGM) up to the final time T = 3, computed with fixed
spatial mesh size h = π/30 and ∆t = 10−3. It is observed that both the L2 and L∞ error norms remain
uniformly small throughout the simulation interval, indicating that the proposed scheme maintains a
high level of accuracy during long-time integration. Moreover, the values of the discrete mass I1 and
I2 remain constant at the considered time levels. These results indicate that the proposed Bicubic-
BSGM preserves the main invariants with high accuracy and yields stable numerical behavior over the
considered time interval. Figures 1–3 further illustrate the approximate solution by comparing the real
and imaginary parts of the numerical solution with the corresponding exact solutions along the spatial
slices y = π and y = π/10 at different time levels with h = π/30 and ∆t = 10−3. Figure 4 shows the
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distribution of the absolute error over Ω at t = 3, and Figure 5 shows the corresponding error slice along
y = π obtained using the Bicubic-BSGM method with h = π/30 and ∆t = 0.001. Good agreement
is observed at all times, which is consistent with the small error magnitudes L2 and L∞ reported in
Table 1. The graphical results show that the numerical solution retains the qualitative structure of the
plane wave throughout the simulation. The real and imaginary components preserve their periodic
oscillatory profiles and remain in close agreement with the exact solution along the slices y = π and
y = π/10. This indicates that the proposed method captures the phase propagation accurately without
producing visible spurious oscillations. The smooth and periodic error distribution further suggest that
the observed error is mainly associated with a small accumulated phase difference between the exact
and approximate solutions as italic increases. This behavior is consistent with the near preservation of
the invariants I1 and I2, supporting the stable representation of the wave structure.

Table 1. Temporal evolution of numerical errors and invariants of the Bicubic-BSGM with
h = π/30 and ∆t = 0.001.

t L∞ L2 I1 I2

0.5 5.469 × 10−3 3.436 × 10−2 3.947842 × 101 1.181471 × 102

1.0 1.094 × 10−2 6.872 × 10−2 3.947842 × 101 1.181471 × 102

1.5 1.641 × 10−2 1.031 × 10−1 3.947842 × 101 1.181471 × 102

2.0 2.187 × 10−2 1.374 × 10−1 3.947842 × 101 1.181471 × 102

2.5 2.734 × 10−2 1.718 × 10−1 3.947842 × 101 1.181471 × 102

3.0 3.281 × 10−2 2.062 × 10−1 3.947842 × 101 1.181471 × 102
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Figure 1. Evolution of the real and imaginary parts of the plane wave solution at t = 1 for
y = π and y = π/10, computed with h = π/30 and ∆t = 10−3.
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Figure 2. Evolution of the real and imaginary parts of the plane wave solution at t = 2 for
y = π and y = π/10, computed with h = π/30 and ∆t = 10−3.

x
0 2 4 6

<
(u

)

-1

-0.5

0

0.5

1

Exact

Bicubic-BSGM

x
0 2 4 6

=
(u

)

-1

-0.5

0

0.5

1

Exact

Bicubic-BSGM

x
0 2 4 6

<
(u

)

-1

-0.5

0

0.5

1

Exact

Bicubic-BSGM

x
0 2 4 6

=
(u

)

-1

-0.5

0

0.5

1
Exact

Bicubic-BSGM

(a) Real part at y = : (b) Real part at y = :=10

(c) Imaginary part at y = : (d) Imaginary part at y = :=10

Figure 3. Evolution of the real and imaginary parts of the plane wave solution at t = 3 for
y = π and y = π/10, computed with h = π/30 and ∆t = 10−3.
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Figure 4. The absolute error over Ω of the Bicubic-BSGM with h = π/30 and ∆t = 0.001.

Figure 5. The error slice of the Bicubic-BSGM with h = π/30 and ∆t = 0.001.

Table 2 presents the numerical errors and the corresponding observed orders of convergence
obtained by successively refining the spatial mesh size h, while keeping the time step fixed at ∆t = 10−5.
This choice of ∆t is sufficiently small to ensure that temporal discretization errors are negligible, so
that the reported convergence rates exclusively reflect the spatial accuracy of the proposed scheme.

Table 2. Spatial convergence of the Bicubic-BSGM at t = 1 with ∆t = 10−5.

h L∞ Order L2 Order
1.5708 1.3614 × 100 – 8.5538 × 100 –
0.7854 5.3622 × 10−1 1.34 3.3692 × 100 1.34
0.3927 1.4920 × 10−1 1.85 9.3742 × 10−1 1.85
0.1963 3.8233 × 10−2 1.96 2.4023 × 10−1 1.96
0.09817 9.6096 × 10−3 1.99 6.0379 × 10−2 1.99
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As the mesh is refined, the observed convergence orders in both the L2 and L∞ norms approach
the theoretical value of two, demonstrating second-order spatial convergence. The slightly reduced
convergence rates observed on coarse meshes are attributed to pre-asymptotic effects, whereas the
optimal spatial convergence order is fully recovered on sufficiently fine grids.

Table 3 lists the temporal convergence results at t = 1 obtained with a fixed spatial step size h =

π/120. To assess the temporal order on a sufficiently fine spatial mesh, the computations were carried
out on the reduced spatial domain [0, π]. This reduction was adopted because of the size of the resulting
discrete system on the full domain, which prevents computations with spatial step sizes finer than
h = π/60. Reducing the spatial domain makes it possible to use finer spatial discretizations, so that the
observed convergence behavior is mainly governed by the temporal discretization error. The results
in the table show that the observed orders in both the L2 and L∞ norms are close to two, indicating
second-order temporal accuracy. In terms of temporal convergence, the present method exhibits rates
close to second order, in agreement with the second-order temporal accuracy reported by [30]. The
main distinction between the two approaches lies in the spatial representation: Wang et al. [30] used
a compact finite difference framework on discrete grid points, whereas the present method provides a
continuous spline-based approximation over the computational domain.

Table 3. Temporal convergence results of the Bicubic-BSGM method at t = 1 with h =

π/120.

∆t L∞ Order L2 Order
0.200 1.757928 × 100 – 5.522692 × 100 –
0.100 7.131606 × 10−1 1.30 2.240460 × 100 1.30
0.050 2.030467 × 10−1 1.81 6.378900 × 10−1 1.81
0.025 5.425479 × 10−2 1.91 1.704464 × 10−1 1.91
0.020 3.580866 × 10−2 1.86 1.124962 × 10−1 1.86

The conditioning of the Crank–Nicolson linear system is examined by estimating the 1-norm
condition number of the block coefficient matrix in Eq (2.29),

Mn =

[
2A −∆t

(
B − D(zn)

)
∆t

(
B − D(zn)

)
2A

]
.

Since the matrices are large and sparse, the MATLAB function condest is used to obtain a 1-norm
condition estimate instead of computing the exact condition number. In the implementation, the
nonlinear matrix D(zn) is assembled from the numerical solution at the previous time level and is
kept fixed during the solution of the linear system at the current time step.

As reported in Table 4, the estimated condition numbers remain moderate and of the same order
for the tested mesh sizes. This indicates that the Crank–Nicolson systems do not exhibit severe ill-
conditioning as the mesh is refined from h = π/10 to h = π/30. For the plane-wave test, the estimates
are the same at t = 0 and t = 3 because the modulus of the solution is constant; hence, the element-wise
nonlinear coefficient and the corresponding coefficient matrix do not change in time.
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Table 4. Estimated 1-norm condition numbers of the CN block coefficient matrix for different
mesh sizes with ∆t = 10−3.

h Matrix size t = 0 t = 3
π/10 800 × 800 3.782550 × 102 3.782550 × 102

π/20 3200 × 3200 4.318313 × 102 4.318313 × 102

π/30 7200 × 7200 3.939830 × 102 3.939830 × 102

Example 4.2 (Spatially varying amplitude). To further assess the performance of the proposed method
beyond the constant-modulus plane-wave solution, we consider a benchmark problem with spatially
varying amplitude, following [29–31]. The initial condition is given by

u(x, y, 0) = (1 + sin x)(2 + sin y), (x, y) ∈ [0, 2π] × [0, 2π], (4.2)

with periodic boundary conditions and q = −1. Unlike the plane-wave solution, the modulus of this
initial condition is not constant. Therefore, the nonlinear term q|u|2u does not reduce to a constant phase
contribution, and the test provides a more demanding assessment of the nonlinear two-dimensional
dynamics. For this problem, the initial mass and Hamiltonian are given by I1(0) = 27π2 and I2(0) =(
12 + 7945

32

)
π2. The computation is carried out using h = π/60 and ∆t = 5 × 10−4 up to the final time

T = 7. For the nonconstant-amplitude benchmark, the spatial and temporal step sizes were refined
systematically to improve the accuracy of the computation and to obtain reliable long-time results for
the discrete invariants. Such refinement is particularly necessary for the present nontrivial test, since
the spatially varying amplitude introduces stronger nonlinear and gradient effects than the constant-
amplitude plane-wave solution. Consequently, nontrivial two-dimensional NLS simulations generally
require smaller spatial and temporal step sizes than the simpler plane-wave case. Since no closed-
form exact solution is available for this benchmark at later times, the numerical assessment focuses
on the peak amplitude and the long-time behavior of the discrete mass and Hamiltonian invariants.
The relative invariant errors are computed with respect to the numerical initial values as Erel

Ii
(t) =

|Ii(t) − Ii(0)|/|Ii(0)|, i = 1, 2.

Table 5 presents the long-time behavior of the numerical invariants for the spatially varying
amplitude benchmark. The mass invariant I1 remains highly stable throughout the simulation; at t = 7,
its relative error is still below 10−5. By contrast, the Hamiltonian invariant I2 shows a gradual increase
in error as time advances. This difference reflects the greater sensitivity of I2, which involves both
spatial derivative terms and the nonlinear potential contribution. Such a distinction between mass
and energy preservation is commonly reported in numerical studies of NLS-type equations, where
energy-conserving schemes usually rely on specifically constructed conservative discretizations and/or
nonlinear treatments [30, 32, 33]. Therefore, this benchmark provides a more demanding test of the
proposed bicubic B-spline Galerkin method than the constant-modulus plane-wave solution.

Figure 6 highlights the distinct long-time behavior of the discrete mass and Hamiltonian invariants.
The relative error associated with the mass invariant remains at a low level throughout the simulation,
whereas the Hamiltonian invariant exhibits a progressive increase in error as time advances.
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Table 5. Long-time behavior of the peak amplitude and numerical invariants for the spatially
varying amplitude benchmark using the Bicubic-BSGM with h = π/60 and ∆t = 5 × 10−4.

t max |u| Inum
1 Erel

I1
Inum
2 Erel

I2

0 6.0000000000 2.6647931883 × 102 0.0000 × 100 2.5688729606 × 103 0.0000 × 100

1 4.3513150993 2.6647963853 × 102 1.1997 × 10−6 2.6003232178 × 103 1.2243 × 10−2

2 4.3436177002 2.6647981100 × 102 1.8469 × 10−6 2.6491311283 × 103 3.1243 × 10−2

3 4.9501440609 2.6647988017 × 102 2.1065 × 10−6 2.7235412307 × 103 6.0209 × 10−2

4 4.6239125043 2.6648021904 × 102 3.3782 × 10−6 2.8385928501 × 103 1.0500 × 10−1

5 4.3588156193 2.6648053049 × 102 4.5469 × 10−6 3.0068116539 × 103 1.7048 × 10−1

6 5.0187869364 2.6648095807 × 102 6.1515 × 10−6 3.2386435657 × 103 2.6073 × 10−1

7 5.2584657690 2.6648189200 × 102 9.6562 × 10−6 3.5841064865 × 103 3.9521 × 10−1

1 2 3 4 5 6 7
Time t

10 6

10 5

10 4

10 3

10 2

10 1

Re
la

tiv
e 

er
ro

r

Long-time relative errors of I1 and I2
Erel

I1

Erel
I2

Figure 6. Long-time behavior of the relative errors in the discrete mass and Hamiltonian
invariants for the spatially varying amplitude benchmark using the Bicubic-BSGM with h =

π/60 and ∆t = 5 × 10−4.

5. Conclusions

The numerical experiments indicate that the proposed Bicubic-BSGM achieves high numerical
accuracy and remains stable over the specified time interval when sufficiently fine spatial meshes
are employed. The condition estimates for the Crank-Nicolson block systems remained moderate
for the tested mesh sizes, indicating that mesh refinement did not lead to severe ill-conditioning of the
resulting linear systems. In particular, the numerical solution improves systematically as the spatial
step size is reduced, suggesting that the spatial discretization error plays a dominant role once the
time step is chosen sufficiently small. When compared with the compact finite difference method of
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Wang et al. [30], the proposed method offers the additional advantage of representing the numerical
solution by smooth bicubic B-spline basis functions rather than only by values at discrete grid points.
Overall, the proposed bicubic B-spline Galerkin FEM provides a reliable numerical framework for the
simulation of the 2D NLS equation. The spatially varying amplitude benchmark further extends the
numerical assessment beyond the constant-modulus plane-wave solution. The observed sensitivity of
the Hamiltonian invariant suggests that higher-degree B-spline bases may be examined in future work
to enhance the long-time behavior of energy-related quantities for nonconstant-amplitude solutions.
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