AIMS Mathematics, 11(9): 29062-29105.
DOI: 10.3934/math.20261156
AIMS Mathematics Received: 07 July 2026

Revised: 21 August 2026

Accepted: 01 September 2026
https://www.aimspress.com/journal/Math Published: 09 September 2026

Research article

Notes on convergence and stability of iteration processes

Wojciech M. Kozlowski*
School of Mathematics and Statistics, University of New South Wales, Sydney 2052, NSW, Australia
* Correspondence: Email: w.m.kozlowski@unsw.edu.au.

Abstract: The theory developed in this paper defines a mathematical technology for automating
residually stable convergence of iterative processes to common fixed points of semigroups of nonlinear
operators. Our ultimate aim is to simplify future research on convergence and stability across a broad
range of scenarios. By ‘automation’, we refer to the availability of a framework based on a single
property of a given Banach space and a single theorem that enables conclusions to be drawn regarding
stable convergence for a wide range of commonly used iterative processes. Such a novel framework is
developed in this paper. This is exemplified by the direct application of our results to convergence in
measure, convergence in Marcinkiewicz quasi-norm, and convergence in Lorentz quasi-norm within
spaces such as Lebesgue spaces, Sobolev spaces, Orlicz spaces, Musielak-Orlicz spaces, variable
exponent Lebesgue spaces, and other spaces constructed upon them. These specific outcomes, ready
for use, are novel results in their own right.

Keywords: fixed point; semigroup of nonlinear operators; iteration process; process convergence;
process stability
Mathematics Subject Classification: 47H10, 47H20, 47J26, 46B20, 46 A80

1. Introduction

We describe the aim of this paper with the following problem statement. Though precise definitions
of the concepts will be provided later, their intuitive meanings are quite clear.

Problem 1. Let us consider the setting defined by the following assumptions:

1) X is a uniformly convex Banach space.

2) X is equipped with a convergence, defined later as Y-convergence, weaker than the norm
convergence.

3) D C X is a nonempty convex, bounded, closed in the norm sense, and sequentially compact with
respect to the Y-convergence.
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4) T is an asymptotic pointwise nonexpansive semigroup of operators acting within D.
5) Let {w,} be a sequence in D, generated by an iteration process. Assume that {w,} is an
approximate fixed point sequence for the semigroup T .

Question: What single condition connecting the norm and the Y-convergence will automatically ensure
that {w,} is W-convergent to a common fixed point of T in a stable manner?

Hence, the theory developed in this paper defines a mathematical technology for automating
residually stable convergence of iterative processes to common fixed points.

To make it absolutely clear, our goal is not to introduce yet another specialised set of techniques,
nor is it merely to unify existing results. On the contrary, our ultimate aim is to simplify and automate
future research on convergence and stability across a broad range of scenarios. By ‘automation’, we
refer to the availability of a framework based on a single property of a given Banach space X and a
single theorem that enables one to draw conclusions regarding stable convergence for a wide range
of commonly used iterative processes. Such a framework is consequently developed throughout this
paper, with Theorem 6.1 fulfilling the role of this main theorem.

In the recent book [1], the author considers the existence of common fixed points for semigroups of
asymptotic pointwise nonexpansive mappings acting within uniformly convex Banach spaces. In this
context, the book examines both the strong and weak convergence of iterative fixed point construction
processes, including generalised forms of the Krasnosel’skii-Mann, Ishikawa, and implicit iteration
algorithms, as well as the stability of these processes under summable errors. The original, weak
topology, variant of the Opial property [2] is used to prove the convergence of iteration processes in
the weak topology. However, because the weak Opial property is quite restrictive (failing even in
simple cases such as L” when 1 < p # 2) alternative methods must be employed. Furthermore, from
the perspective of applications, different types of convergence, such as convergence in probability, are
often more meaningful.

In this paper, we present a novel solution to Problem 1 by introducing in Definition 3.1 a general
concept of convergence called Y-convergence. The topology generated by ¥-convergence is weaker
than the topology defined by the norm, yet the norm remains lower semicontinuous with respect to
this new convergence. Since both weak and strong convergence satisfy the conditions defining
Y-convergence, all results related to weak and strong convergence remain valid in this new
framework. More importantly, the advantage and novelty of the ¥-convergence approach lie in its
ability to guarantee the convergence and stability of iterative processes across a much broader class of
scenarios than just weak and strong convergence, through a single property known as the ¥-Opial
property (Definition 4.6).

There are known examples of Opial-like properties that arise from types of convergence other than
those based on the weak topology; refer, for example, to [3-9] and the literature cited therein. The
authors of [10] discuss an interesting example of an Opial property for noncommutative modular
function spaces of T-measurable operators affiliated with a semifinite von Neumann algebra that has a
faithful and normal trace 7. Such a space is defined using a ‘normal’ function modular p, as specified
in [11, Definition 2.1.1]. This Opial property relates to the Luxemburg norm and the p-a.e.
convergence, defined by p(x, — x) — 0 whenever m, _, — 0 a.e.; here, m,, _, denotes a generalised
rearrangement mapping. The authors demonstrate in their Theorem 4.3 that this noncommutative
modular function space exhibits the uniform Opial property, provided the function modular p has the
A,-type property, similar to our Theorem 4.6.
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In our case, this additional convergence in X is defined by ¥, a family of mappings from X to R*.
Our approach strikes an optimal balance between abstraction and practical usability. This is
exemplified by the direct application of our results to convergence in measure, convergence in
Marcinkiewicz quasi-norm, and convergence in Lorentz quasi-norm within spaces such as L” spaces,
Sobolev spaces, Orlicz spaces, Musielak-Orlicz spaces, variable exponent Lebesgue spaces, and other
spaces constructed upon them.

For the fundamentals of the theory of asymptotic pointwise nonexpansive semigroups, we direct
the reader to the monograph [1]. Specifically, we recommend familiarisation with the Introduction
chapter, which contains examples of such semigroups along with justifications for their consideration.
Generally, we do not recommend viewing such semigroups merely as a different type; rather, they
should be considered in light of possibly insufficient information regarding their regularity. For
instance, Examples 1.6 and 1.7 from [1] demonstrate that a semigroup can be nonexpansive within a
set D; while being only asymptotically nonexpansive in another set D,. The challenge lies in the fact
that, in many application scenarios, selecting an appropriate set D is not straightforward. This
underscores the importance of a more general theory. Moreover, there exist useful characterisations of
asymptotic pointwise nonexpansive semigroups when their members are continuously Fréchet
differentiable; refer to Proposition 2.1.

Our results are also novel for more regular types of semigroups, including asymptotic nonexpansive,
eventually nonexpansive, and nonexpansive semigroups. Therefore, readers primarily interested in
these cases will find the paper’s results relevant as well. Note also that when the results are applied
to a semigroup consisting of all iterations of a single operator 7, namely 7 = {T* : k = 0,1,...}, the
common fixed points of 7 coincide with the fixed points of 7. Consequently, the iterative processes
reduce to more straightforward methods for constructing fixed points for a single operator.

Section 2, ‘Preliminaries and general results’, summarises necessary background information
from [1] related to fixed point theory for semigroups of asymptotic pointwise nonexpansive operators.
It also reviews fundamental concepts of the theory of modular [12] and modular function spaces [13],
which are essential for understanding how the results of this paper can be applied to Musielak-Orlicz
spaces. The motivation is that, in these spaces, norm concepts interplay efficiently with their modular
counterparts, producing results unattainable through norm and weak topology methods alone, as
demonstrated in Theorem 4.5, along with the associated commentaries; see also Remark 6.1 regarding
implications for L”-spaces.

In Section 3, titled ‘Banach Spaces with Convergence’, we formally define W-convergence along
with its associated concepts, and present an extensive list of examples that encompass the cases
mentioned earlier in this Introduction.

In the context of the W-convergence, the following section, titled ‘Convergence Results’, introduces
the key concepts of the Demiclosedness Principle and the Opial property. We also pose the main
question of when a sequence {w,}, generated by a well-defined iteration process and assumed to be an
approximate fixed point sequence for an asymptotic pointwise nonexpansive semigroup 7, converges
in the sense of ¥ to a common fixed point of 7. The answer is provided in Theorem 4.3, which
underscores the critical importance of the W-based variants of compactness and the Opial property.
The remainder of this section is dedicated to a thorough examination of examples from Section 3,
illustrating how this general convergence result applies in each of these important scenarios.

In Section 5, we demonstrate that the W-convergence of iteration processes discussed in the previous
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section is residually stable. This stability question addresses a critical concern: whether a process
remains convergent in the presence of algorithmical errors. We introduce and examine the residual
stability and compare it with the stability under summable errors considered in [14—16].

In Section 6, titled ‘Summary of Results’, we summarise the paper’s findings in Theorem 6.1, which
provides a general and comprehensive answer to the question posed in Problem 1. Additionally, since
the paper presents a series of new specific results for various Banach spaces and types of convergence,
Theorems 6.2 through 6.6 summarise these novel contributions.

Section 7, titled ‘Applications’, is dedicated to the utilisation of the results from the preceding
sections, in demonstrating the convergence and stability of the generalised Krasnosel’skii-Mann and
generalised Ishikawa iteration processes for asymptotic pointwise nonexpansive semigroups. This
includes all the sample scenarios presented in the ‘Preliminaries’. In its last subsection, we discuss an
example of the application of our results to the problem of residually stable construction of stationary
points for dynamical systems represented by asymptotic pointwise nonexpansive semigroups.

Finally, in the ‘Conclusions’ section, we highlight the main achievements of the theory and its
applications discussed in the article, examining them from the perspective of potential future
developments and applications.

2. Preliminaries and general results

In this paper, X will always stand for a Banach space equipped with the norm || - ||, even if it is not
directly mentioned. By D we will denote a nonempty convex subset of X, which is bounded and closed
in the norm sense. Building on the work of [1], we will use the following definitions and notations.

2.1. Semigroups of operators

By J we will denote a subsemigroup of [0, +c0) with normal addition. We assume that O € J and
that there exists ¢+ > 0 such that + € J. This assumption implies that +oo is a cluster point of J in
the sense of the natural topology inherited from [0, o). The notation ¢+ — co will mean that ¢ tends
to infinity over J. Common examples include J = [0,00) and J = {na : n = 0,1,2,3, ...} for a given
number a > 0.

Definition 2.1. [, Definition 1.1] A one-parameter family T = {T, : t € J} of mappings from D into
itself is called a continuous semigroup on D if it satisfies the conditions:

1) To(x) = x, for x € D;
2) T s(x) =T(Ty(x)),forxe Dandt,s € J;
3) For each x € D, the mapping t — T,(x) is continuous in the norm sense.

For every t € J, define F(T,) = {x € D : T,(x) = x}. We define then the set of all common set points for
the mappings in T as the intersection:

FT) = ﬂ F(T)).

teJ

Definition 2.2. [I, Definition 1.5] A one-parameter family T = {T, : t € J} of mappings from D into
itself is called a pointwise Lipschitzian semigroup on D if it satisfies the following conditions:
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1) T is a continuous semigroup on D;
2) For eacht € J, T, is a pointwise Lipschitzian mapping, which means that for every x € D and
every t € J there exists a,(x) > 1 such that,

IT:(x) = T\WIl < a/(D)llx =yl forally € D.

In this paper, we will always deal with the asymptotic pointwise nonexpansive semigroups, defined
below.

Definition 2.3. [I, Definition 1.6] A pointwise Lipschitzian semigroup T is called asymptotic
pointwise nonexpansive if lima,(x) = 1 for every x € C. The class of all asymptotic pointwise
t—oo

nonexpansive semigroups on D will be denoted by APNS(D).

Asymptotic pointwise nonexpansive semigroups, which generalise nonexpansive semigroups,
represent an important class of semigroups with diverse applications, particularly in the theories of
differential equations, dynamical systems, and stochastic evolutionary processes. The study of
semigroups of iterations {T* : k = 0,1,2,3,...} of a Lipschitzian operator T was initially advanced
through the asymptotic nonexpansive approach, without focusing on pointwise methods, by Goebel
and Kirk in [17]. This framework was later broadened by Kirk and Xu in [18] to include pointwise
nonexpansive mappings. Kozlowski further extended the approach in [19] to incorporate asymptotic
pointwise nonexpansive semigroups. Since then, a substantial body of research has developed around
these concepts, underscoring the importance of asymptotic pointwise nonexpansive semigroups. For
more detailed information, readers can consult the recent book [1] and the references within.

Interestingly, in certain scenarios, we can characterise asymptotic pointwise nonexpansive
semigroups by analysing the asymptotic behaviour of the Fréchet derivatives of the semigroup
members, as illustrated in the following result.

Proposition 2.1. [1, Proposition 1.4] Let T be a pointwise Lipschitzian semigroup on D, where D is a
nonempty, bounded, closed and convex subset of a Banach space X. Assume that all mappings T, € T
are continuously Fréchet differentiable on an open convex set A containing D then T is asymptotic
pointwise nonexpansive on D if and only if for each x € D, lim sup ||(T,);|| <L

t—0o0

The fundamental common fixed point existence result for asymptotic pointwise nonexpansive
semigroups was originally proved in [19].

Theorem 2.1. [19, Theorem 3.4] [1, Theorem 2.3] Assume that X is uniformly convex. Let T be an
asymptotic pointwise nonexpansive semigroup on a nonempty, bounded, closed and convex set D C X.
Under these conditions, T~ has a common fixed point, and the set of common fixed points is closed and
convex.

The technique of approximate fixed point sequences is essential in demonstrating convergence and
stability of iteration processes.

Definition 2.4. Given the semigroup T, we say that a sequence {x;} of elements in D is an approximate
fixed point sequence for T if lim;_,. || T:(x;) — x| = 0 holds for each t € J.

To enhance simplicity when dealing with fixed-point construction iteration processes, we recall the
concept of asymptotic pointwise nonexpansive sequences.
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Definition 2.5. [I, Definition 3.6] Let D be a subset of a Banach space X. We say that a sequence
{H,} of mappings that act within D is an asymptotic pointwise nonexpansive sequence if to every x € D
there exists A,(x) > 1 such that for every x € D,

limA,(x) =1 (2.1

n—oo

and
|H,(x) — H.WIl < Au(0)llx = yl|

holds for all y € D and all n € N.
Define B,(x) = A, (x) — 1. In view of (2.1), we have

lim B,(x) = 0.
By A(D) we will denote the class of all asymptotic pointwise nonexpansive sequences of mappings
{H,} acting within D. Let {H,} € A(D). We say that a sequence {x,} of elements of D is generated by
{H,} if x, € D and x,,1 = H,(x,) for every n € N.

It is essential to recognise that asymptotic pointwise nonexpansive sequences serve as base for
iteration processes for constructing common fixed points of semigroups of nonlinear operators. Thus,
these sequences should not be confused with the semigroups themselves. An asymptotic pointwise
nonexpansive sequence does not necessarily adhere to the semigroup conditions and may differ
significantly from the semigroups to which it is related.

2.2. Modular spaces

When discussing examples related to Musielak-Orlicz spaces and their specialisations, such as
Orlicz and variable Lebesgue spaces, we will draw upon fundamental concepts from the theory of
modular spaces [12] and modular function spaces [11, 13]. This is because Musielak-Orlicz spaces, as
defined in Example 3.5, belong to the class of modular function spaces. Our focus will be limited to
convex modulars, as they are most pertinent for our setting.

Definition 2.6. [12] Let X be a real vector space. A functional p : X — [0, 00] is called a convex
modular (or simply, a modular, when the context is clear) if

1) p(x) =0ifand only if x =0

2) p(xl) = p(x)

3) plax + By) < ap(x) + Bp(y) for any x,y € X, and o, > Owitha + =1

The vector space X, = {x € X : p(dx) — 0, as A — 0} is called a modular space* .

Definition 2.7. [12, Def. 1.7] A modular p is called left-continuous if lim,_,;- p(1x) = p(x) for all
x € X,,. Similarly, p is called right-continuous if lim,_,+ p(Ax) = p(x) for all x € X,,.

*A more general definition of a modular is obtained when the convexity condition 3 of DefInition 2.6 is replaced by a weaker
condition p(ax + By) < p(x) + p(y) forany x,y € X,and o, > O withae+8=1.
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It is well known that every convex modular space can be equipped with a norm, called the
Luxemburg norm, defined as

. X
Ixll, = inf {a > 0 :p(;) <1j.
Note that, without any additional assumptions, one needs to prove that p(A(x, — x)) — 0 for every

A > 0 to conclude that ||x, — x[|, — 0, while the converse is always true. The following result illustrates
the relationships between norm and modular behaviour, which will be utilised in our analysis.

Proposition 2.2. [12] Let p be a convex modular. Then,

1) p(x) < lxll, if llxll, < 1.
2) If p is left-continuous, then the inequalities ||x||, < 1 and p(x) < 1 are equivalent.
3) If p is right-continuous, then the inequalities ||x||, < 1 and p(x) < 1 are equivalent.

Let us define the relative growth function for a convex modular.

Definition 2.8. Let p be a convex modular. For a 6 > 0, define:

p(sx)

o(0) D0 < p(x) < +oo}.

ws(s) = sup{

For convenience, if 6 = 0 we will simplify notation to w = ws and w will be referred to as the modular’s
growth function.

The following properties of the relative growth function are direct consequence of the definition.
Proposition 2.3. For a convex modular p, the following statements are true:

1) ws is a nondecreasing function.

2) ws(0) = 0 and ws(1) = 1.

3) p(sx) < ws(s)p(x),¥s > 0,Vx € X, such that 6 < p(x) < +oo.

4) ws(s) <tfors<1.

5) ws is a convex function.

6) ws is a continuous function at those s > 0 at which ws(s) < +oo.

Definition 2.9. [13, Definitions 3.5 and 3.6] The following properties of modulars will play important
roles in the discussion presented throughout the following sections.

1) We say that a modular p has the A, property if p(2x,) — 0 whenever p(x,) — O.
2) We say that a modular p has the A,-type property if there exists a constant 0 < K < oo such that
for every x € X, we have p(2x) < Kp(x).

Clearly, the A,-type condition implies the A;-condition. Furthermore, for modulars with the A,
property, p(x,) — 0 if and only if |[x,||, — 0, [13, Proposition 3.12]. Let us recall another important
property of modulars.

Definition 2.10. /13, Definition 5.4] A modular p is called uniformly continuous if for every € > 0
and every 0 < L < oo there exists 6 > 0 such that,

lo(x +y) = p(x)| < &, (2.2)

whenever x € X,,, y € X,, p(y) < 6, and p(x) < L.
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Proposition 2.4. Let p be a uniformly continuous modular then for every x € X,,,

1) p(x) < oo,
2) p is a continuous modular at x, that is, it is left and right-continuous at x
3) p has the A, property.

Proof. Let x € X,. Without loss of generality, we can assume that x # 0. From (2.2) it follows that
o(x) must be finite.

To prove part 2, fix € > 0 and L = p(x) < oo . It follows from the uniform continuity of p that there
exists a 0 < § < L such that,

lo(x +y) — p(X)| < &, (2.3)

0
provided p(y) < 6. Take A4 > 0 such that |1 — 1| < min {1, ﬂ} Lety = Ax — x. Then,
o(x

p(y) = p((A = 1x) < |4 = Tlp(x) < 0.

By (2.3) we get,
lo(Ax) — p(X)| = |o(x +y) — p(x)| < &.

Hence, p is a continuous modular at x.

To prove the A, property, assume that p(x,) — 0. Hence p(x,) < M < oo for n sufficiently large.
Let € > 0 and take 0 < 6 < M corresponding to &€ and M by the uniform continuity of p. Hence, for
sufficiently large n such that p(x,) < 4, it holds that,

lo2x,) = p(x)l = lo(x, + X4) — p(x)| < &.
Therefore, p(2x,) — 0, finishing the proof of the A, property. m|

Remark 2.1. Very useful property of uniform continuity holds for many important modulars. For
instance, in Orlicz spaces over a finite atomless measure [20] or in sequence Orlicz spaces [21] the
uniform continuity of the Orlicz modular is equivalent to the A, property. The next result provides
conditions sufficient for the uniform continuity of convex modulars.

Proposition 2.5. [22, Theorem 3.3] If a modular p satisfies the A,-type condition and its growth
function w is right-continuous at t = 1 then p is uniformly continuous.

We will need the following property of uniformly continuous convex modulars.

Theorem 2.2. Let p be a uniformly continuous convex modular. Let u € X, and {w,} be a sequence of
elements of X, be such that there exists B > 1 and 0 < L < oo, for which we have,

sup p(B(w, —u)) < L. 2.4
neN
Define function A, : [0,8] — [0, L] by the following formula,
A,(s) = liminf p(s(w, — u)). (2.5)

Then, A, is a uniformly continuous function.

AIMS Mathematics Volume 11, Issue 9, 29062-29105.



29070

Proof. For each natural number n, define function f,(s) = p(s(w, — u)) and note that each f, is a finite,
convex, increasing, continuous function, and that £,(0) = 0. We claim that {f,} is an equicontinuous
sequence of functions. Indeed, let us fix an £ > 0. Letn € N. Let sy, s, € [0,8] be such that [s,— 5| < 1.
Denoting x = s;(w, —u) and y = (s, — s1)(w,, — u), and remembering the boundedness condition (2.4),
use (2.2), with £ and L, to obtain a 0 < 6 < 1 such that,

[fa(s2) = fulsD] = lo(y + x) = p(x)| < & (2.6)

holds, whenever |s, — 51| < 8. Since (2.6) holds for any n € N and the choice of ¢ did not depend on 7,
the sequence {f,} is an equicontinuous. Assume that |s, — s;| < ¢ and s; < 55, then f,(s;) < f,(s2). It
follows from (2.6) that,

0 < fuls2) < fuls)) + &
holds for all n € N, which implies that,

0 < A(sp) = liminf f£,(s,) < liminf f,(s;) + € = A (s1) + &.

Finally,
IAL(52) = Au(s))l < &,

completing the proof. m|

Modular function spaces form a special subclass of the class of all modular spaces. We will use the
following adaptation of the definition of modular function spaces. Let (€2, i) be a finite measure space.
By & we denote the linear space of all simple measurable functions. By M., we will denote the space
of all extended measurable functions, that is, all functions f : Q — [—o0, 0o] such that there exists a
sequence {g,} C &, |g,| < |f] and g,(w) — f(w) for all w € Q. By 14 we denote the characteristic
function of the set A.

Definition 2.11. [I3, Def. 3.1] Let p : M., — [0, oo] be a nontrivial, convex and even function. We
say that p is a regular convex function pseudomodular if

(a) p(0) = 0;

(b) p is monotone, that is, | f(w)| < |g(w)| for all w € Q implies p(f) < p(g), where f, g € M...

(c) p is orthogonally subadditive, that is, p(flaup) < p(fla) + p(f1p) for any A, B € X such that
ANB#0, where f € M.

(d) p has the Fatou property: |f,(w)| T |f(w)| for all w € Q implies p(f,,) T p(f), where f € M.

(e) p is order continuous in &, that is, g, € & and |g,(w)| | 0 implies p(g,) | 0.

Similarly as in the case of measure spaces, we say that a set A € X is p-null if p(g1,) = O for every
g € &. We say that a property holds p-almost everywhere if the exceptional set is p-null. As usual
we identify any pair of measurable sets whose symmetric difference is p-null as well as any pair of
measurable functions differing only on a p-null set. With this in mind we define:

M={f e Ms:|f(w)] < p-a.el,

where each f € M is actually an equivalence class of functions equal p-a.e. rather than an individual
function.
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Definition 2.12. [13, Def. 3.2] Let p be a regular convex function pseudomodular. We say that p is a
regular convex function modular (or shortly, a function modular) if p(f) = 0 implies that f = 0p—a.e.

It is straightforward to demonstrate that every regular convex function modular is a left-continuous
convex modular. The modular space defined by such modular is called a modular function space.

In the next proposition, following [13], we collect some fundamental properties of modular function
spaces.

Proposition 2.6. In modular function spaces the following statements are true:

(a) (X, - lp) is a complete Banach space.
(b) If f, = f p—a.e.then p(f) < liminf,_,. p(f,). This property is a direct consequence of the Fatou

property.
(c) If fu, = f p — a.e. then there exists a subsequence {f,, } of { f,} such that f,, — f p-a.e.

We will be particularly interested in orthogonally additive function modulars, as defined below.

Definition 2.13. We say that a function modular p is orthogonally additive if

P(flaug) = p(f1a) + p(f1p),
whenever AN B = ().
We will need the following important property of orthogonally additive function modulars.

Theorem 2.3. [13, Theorem 4.7] Let p be an orthogonally additive function modular. Let {f,} C X, be

p-a.e. convergent to zero. Assume that there exists § > 1 such that sup p(Bf,) < . Let g € E,,.. Then,
neN

liminf p(f, + g) = liminf p(f,,) + p(g).
Recall that E, = {f € X, : p(Af1,) is order continuous for every 4 > 0}, and that E, = X,
whenever p has the A, property ( [13, Theorem 3.8] ).

3. Banach spaces with convergence

Let X be a Banach space equipped with an additional convergence structure, as defined below.
Definition 3.1. Let ¥ be a family of functions ¢ : X — [0, +00) satisfying the following properties:

(Al) For each y € ¥ there exists ¢y, > 0 such that y(x +y) < cw(w(x) + w(y)) forall x,y € X.
(A2) x = 0 if and only if y(x) = 0 for every y € Y.

(A3) Each y € Y is || - ||-continuous at zero.

(A4) If {x,} is a bounded sequence such that Yy(x, — x) — O for every ¢ € ¥ then

[lx|| < liminf ||x,]|. 3.1

In this context, we say that the triple (X,|| - ||,Y) forms a Banach space equipped with the sequential

. . . ¥
convergence Y. Furthermore, we will say that {x,} is Y-convergent to x, and write x,, — x, whenever
W(x, —x) = 0 for every € Y. Equivalently, we will also write x =¥ — lim,,_,, X,,.
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¥
Remark 3.1. Since x, — x means that y(x, — x) — 0 for every ¢ € ¥, it follows that any subsequence
{x,} of {x,} is WY-convergent to x as well.

It is easy to notice that the convergence defined by W is the L*-convergence in the sense of Kisynski
[23]. Hence, accordingt to [23, Theorem 3], the W-convergence is equivalent to convergence in the

topology, where open sets are defined as all subsets V of X such thatif x € V and x, 5 x,thenx, € V
for sufficiently large n. For more details see also [24] and [25]. Consequently, we have the following
definitions of W-closed sets and sequentially W-compact sets.

Definition 3.2. Given (X, ||-||,'V), a set K C X is called Y-closed if, whenever x, € K for all n € N and
X, 5 x, it follows that x € K. Similarly, K is called sequentially Y-compact if from every sequence
{x,} of elements of K we can choose a subsequence {x,,} such that x,, i x foran x € X.

Note that condition (A4) of Definition 3.1 simply means that the norm || - || is lower
semi-continuous with respect to the ¥-convergence, while (A3) means that the ‘Y-convergence is
weaker than the convergence with respect to the norm.

Let us consider a few examples that effectively illustrate the generality of the concept. These
examples will be extensively utilised in the following sections.

Example 3.1. The norm convergence in X is itself a W-convergence with ¥ = {|| - ||}.

Example 3.2. The convergence in the weak topology is also a Y-convergence with¥ = {|y| : € Sx+},
where S x- is the unit sphere in the dual space X*.

Example 3.3. Similarly, the convergence in the weak-+ topology becomes a Y-convergence in X* for
Y = {|y|: v € Sx}, where S x is the unit sphere in the X.

In the subsequent examples, we will assume that (Q, X, u) represents a finite atomless measure
space, unless explicitly specified otherwise. Consequently, we will interpret convergence in measure
and convergence almost everywhere in relation to u, even if this is not explicitly stated.

Example 3.4. Consider L?, where 1 < p < +o0. Let ¥ = {}, where for every x € L?,

_ |x(2)]
o) = fQ o duto, (3.2)

It is well known that the Y-convergence defined by (3.2) is equivalent to convergence in measure. It
is clear that  is sub-additive, thus satisfying condition (Al) of Definition 3.1. While (A2) is evident,
it is also well established that LP convergence implies convergence in measure, thereby proving (A3).
Furthermore, the Fatou Lemma demonstrates that the LP-norm is lower semi-continuous with respect
to convergence in measure, which leads us to (A4).

Example 3.5. Consider the Musielak-Orlicz space [12], defined as
[f={xel’ :pe(Ax) > 0as A — 07},
where p, is a convex modular given by the formula:
Pp(X) = f @(t, |x(D)du(?),
Q

and ¢ : QX[0, +00) — [0, +00), called Musielak-Orlicz function, satisfies the following two conditions:
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(i) for everyt € Q, ¢(t,-) is a convex function such that ¢(t,0) = 0, o(t,u) > 0 for u > 0.
(ii) for every u > 0, ¢(-,u) is an integrable function.

It is well known (see, e.g., [12, Therem 7.7]) that L¥ is a Banach space with the Luxemburg norm
defined as
llxll, = inf{a > 0 : py(x/a) < 1}. (3.3)

Consider this space with convergence in measure, as discussed in Example 3.4. Since ||x,|l, — 0
implies p,(Ax,) — 0 for any A > 0, it easily follows that convergence in the Luxemburg norm implies
convergence in measure (see [12, Remark 7.9]), thereby proving (A3). To demonstrate (A4), we first
note that Musielak-Orlicz spaces are examples of modular function spaces, as discussed in the
Preliminaries section of this paper. It is well known that in case of Musielak-Orlicz spaces,
convergence p-a.e. is equivalent to convergence almost everywhere in the measure sense. In modular
function spaces, modulars are lower semi-continuous with respect to convergence p-a.e. Hence,
pPp(x) < linm_) glf Po(x,) provided x, — 0 almost everywhere. Assume that x, — x in measure. By

passing to a subsequence we can assume that x,, — x almost everywhere and that,
lim ||x,, |l = liminf [|x,,||4.
k—o00 n—o0

Let A = ||x,,|lp and Ay = limy_, Ax. Fix an arbitrary € > 0. From (3.3) it follows that,

p¢( alll ) <1 3.4)

A+ &

Xn,
%

Ay + & Ag+ &

along with (3.4), that,

Since almost everywhere, it follows from the lower semi-continuity of the modular,

( al )<liminf (x"k )<1
P\ Qe +e) = e P\ v )=

Thus, ||x|l, < Ao + € and, by the arbitrariness of € > 0, it follows that,

llxlly < Ao = liminf [|x,|,.
n—oo

Note the special cases:

1) If function ¢ does not depend on the second variable, then the corresponding Musielak-Orlicz
space is referred to as Orlicz space. Orlicz space theory has been proved to be of major
importance in mathematics and physics; see [20, 26-28].

2) When ¢(u,t) = |u|P for p(f) > 1, the space L? becomes the variable exponent Lebesgue space.
The theory of such spaces has become highly significant due to its important applications in
science and technology; see, for example, [29-31]. If p = p(t) is a constant, we obtain the
classical LP-space.

Example 3.6. Sobolev spaces WFP(Q) = {u € LP(Q) : D®u € LP(Q) V|a| < k}, where Q C R? is a
bounded domain, 1 < p < +oco, k € N and D"u are weak derivatives, play an important in the theory
of differential equations. W*P(Q) becomes a Banach space with the norm defined by:

1
4
[ (Z ||D“u||ﬁ,,@)) :

lal<k
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Consider this Banach space with ¥ defined as convergence in measure of measurable functions and
their weak derivatives D” for all |a| < k. Similarly, as we did in case of L? in Example 3.4, we can prove
that (WkP(Q), || - llwer), V) is a Banach space with convergence, as specified in Definition 3.1. This
example can be easily extended to Orlicz-Sobolev and generalized Orlicz-Sobolev (Musielak-Orlicz-
Sobolev) spaces discussed in [12, 32].

Example 3.7. Consider again L? space as in Example 3.4 but this time the convergence ¥ is introduced
by the Marcinkiewicz (weak L?) quasi-norm defined as

[[x]|pe = supa p{u € Q : |x(u)| > a/}%.
a>0

As a quasi-norm, ||- ||~ satisfies the generalised triangle inequality with a universal constant ¢y, = 2%,
thereby proving (Al) of Definition 3.1. To prove (A3), note that the L"™-convergence is weaker than
the LP-convergence, which follows from the inequality ||x|| r~ < ||X||.». The latter inequality is a direct
consequence of Markov’s inequality:

[E4]8
ufu € Q: |x(u)| > a} <

aP

It is known that the LP-norm is lower semicontinuous with respect to ||x|| . The standard proof relies
on the Fatou Lemma and the fact that convergence in ||x|| »= is stronger than convergence in measure,
which allows to extract a subsequence converging almost everywhere, which is required by the Fatou
Lemma. Therefore, condition (A4) is also satisfied.

Example 3.8. The previous example can be easily extended to the more general case of Lorentz spaces
LP1 for g > p > 1, where the Y-convergence is defined by the Lorentz quasi-norm:

C thi
Il = ( fo (rrx (@) 7) . (3.5)

In formula (3.5), x* represents the decreasing rearrangement of the function x. The standard arguments
show that conditions (A3) and (A4) hold in this case. This example can be further extended to Orlicz-
Lorentz spaces, see, e.g., [33].

In the following section, we will explore the concept of W-convergence of sequences in the context
of iterative fixed point construction processes. After presenting some general results, we will return to
the examples discussed above to illustrate the effectiveness of the theory developed in this paper.

4. Convergence results

In this section, we will always assume that a pointwise Lipschitzian semigroup 7~ is asymptotic
pointwise nonexpansive on the set D, denoted symbolically as 7~ € APNS(D). Recall that D is
assumed to be a nonempty convex and bounded subset of X.

We will use the following definition to precisely describe convergence to a common fixed point of
a pointwise Lipschitzian semigroup of operators acting within D.
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Definition 4.1. Given T € APNS(D), we say that a sequence {w,} of elements of D is Y-convergent
to the set of common fixed point of T, denoted by F(T"), if there exists a common fixed point w € F(T")
such thatw =¥ — lim,_,o, w,,.

Consider a sequence of pointwise Lipschitzian operators {H,} € A(D). Such sequence introduces a
generalised iterative procedure by setting a starting point, as specified by the following definitions.

Definition 4.2. Let {H,} € A(D). An iteration process generated by {H,} starting at u, € D, denoted
by T'({H,}, u,), is defined as the process producing a sequence {u,} by calculating u,., = H,(u,) for
n > 1. When we are not interested in a specific starting point, we will write T({H,}).

We are interested in processes that are P-convergent to some common fixed point of a given
semigroup, as defined below. Let us introduce some convenient notation that will be used throughout
thus paper: S} = H, o H,_; o ... o Hy, where n > k are natural numbers. Observe that § ’,i = H;. By
convention, we set S ]12—1 = Id, where Id stands for the identity operator.

Definition 4.3. Let 7 € APNS(D) and {H,} € A(D). We say that an iteration process I'({Hy}) is
Y-convergent to F(T) if for every x € D and every k € N, the sequence {S ﬁ*”‘z(x)},,eN Y-converges to
an element of F(T).

Note that the W-convergence of an iteration process I'(H,) to F(7") simply means that, regardless of
the initial starting point x € D selected, the iterates generated by {H,,(x)} will ¥-converge to a common
fixed point of 7.

We will see that our convergence results, the general Theorem 4.3 and its specialisations in Section
7 for generalised Krasnosel’skii-Mann and Ishikawa processes, articulate precisely this phenomenon.
However, it is important to recognise that, in general, asymptotic pointwise nonexpansive semigroups
do not guarantee the uniqueness of common fixed points. Consequently, the result of the construction
of a common fixed point, as outlined in Definition 4.3, may depend on the selection of the starting
point.

In its classical form, Demiclosedness Principle provides an effective means for demonstrating
convergence in the weak topology of fixed point construction processes. This method requires the
specification of particular conditions on a Banach space X that guarantee an element of X serves as a
fixed point if it is the weak limit of an approximate sequence. For more details, refer to the discussion
in [1]. To adapt this idea to our setting, we introduce a concept of the W-related Demiclosedness
Property.

Definition 4.4. We say that (X,|| - ||, ¥) possesses the Demiclosedness Property, shortly the (DC)-
property, if for every semigroup T € APNS(D) with nonempty F(T) and every {w,}, sequence of
elements of D, Y-converging to w € D, the following implication holds:

{w,} is an asymptotic fixed point sequence = w € F(T"). 4.1)

The role of the Demiclosedness Property is elucidated in our next result. Although it may appear
evident based on the definitions employed, it nonetheless provides clear guidance for addressing the
convergence of iterative processes, which will be discussed later in this section.

Theorem 4.1. Assume that (X, || - ||,¥Y) has the Demiclosedness Property. Let, as usual, D C X be
closed, bounded and convex. In addition, assume that D is sequentially compact with respect to V.
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Given T € APNS(D), assume that {w,} is an asymptotic fixed point sequence. If the sequence {w,}
has at most one Y-cluster point in D, then this sequence Y-converges to F(T).

Proof. Since D is sequentially compact with respect to ¥ and {w,} has at most one ¥-cluster point in
D, it follows that there exist w € D such that w = ¥ —lim,,_,., w,,. By the (DC)-property, w € F(7). O

Since the (DC)-property plays the crucial role in the proof of Theorem 4.1, we need to establish
some practical mechanisms that will guarantee this property for a large variety of cases including
examples discussed in the previous section. In this paper, we will mainly deal with characteristics of
Banach spaces that are related to the renowned Opial property [2].

Definition 4.5. We say that (X, || - ||, ¥) has the non-strict Y-Opial property if for every x € X,

liminf ||w, — w|| < liminf ||w, — x||, 4.2)
or equivalently
lim sup [[w,, — w|| < limsup |[w,, — x||, 4.3)
¥
provided {w,} is a || - ||-bounded sequence such that w, — w.

Definition 4.6. We say that (X, || - ||, V) has the Y-Opial property if for every x # w,

liminf ||w, — w|| < liminf |jw, — x||, 4.4)
or equivalently
lim sup ||w,, — w|| < limsup ||lw, — x||, 4.5)
¥
provided {w,} is a || - ||-bounded sequence such that w,, — w.

Note that W-Opial property implies non-strict ¥-Opial property.

The proof of equivalence between the lim inf and lim sup conditions uses the standard subsequence
argument. For the sake of completeness we detail the proof for the strict case. The proof of the non-
strict case follows the same approach.

Proposition 4.1. Let w, i w. Assume that x # w. Then, conditions (4.4) and (4.5) are equivalent.

Proof. Part 1. The lim inf condition implies the lim sup condition.
Choose the subsequence {w,, } of {w,} such that,

l}im Wy, — wll = lim sup |[w,, — w||. (4.6)

n—oo

By Remark 3.1, ¢(w,, —w) — 0. Therefore, we can apply (4.4) to it.
likminfllwnk —w|| < liininfllwnk = x|
Since ]}im lw,, — wl| exists, it follows from (4.6) that,

liminf [w,, —w|| = lim |lw,, — w|| = limsup[lw, — w||.
k— o0 k—o0

n—oo

AIMS Mathematics Volume 11, Issue 9, 29062-29105.



29077

Hence,

lim sup [lw, — w|| = liminf |lw,, — w|| < liminf |w,, — x|| < limsup |lw,, — x|| < limsup [lw, — x]|.
k— o0 k—00

n—o0 k—o0 n—o0

Part 2. The lim sup condition implies the lim inf condition.
Choose the subsequence {w,, } of {w,} so that,

;im Wy, — x|l = liminf ||w,, — x]|. 4.7)
By (4.5),
lim sup [lw,,, — wl| < limsup [lw,, — x]|.
k— 00 k— o0
Note that,
liminf ||w, — w|| < likm inf [|w,, — w|| < lim sup |[w,,, — wl. (4.8)
n—-»oo0 —00 k—)OO

Because l}im lwn, — x|| exists, it follows from (4.7) that,
limsup [lw,,, — x| = ]}im Wy, — x|l = lim inf ||w, — x]|. 4.9)
k— o0 —00 n—oo

Finally, using (4.8) and (4.9), we conclude that,

liminf |lw, — w|| < limsup |lw,, — w|| < limsup ||w,, — x|| = liminf |jw, — x||.
n—oo n—oo

k—o0 k—o0

O

We will now demonstrate that the non-strict W-Opial property provides a universal mechanism for
proving the (DC)-property in uniformly convex Banach spaces.

Theorem 4.2 (Demiclosedness Principle). Let X be a uniformly convex Banach space. Assume that
(X, || - II, ¥) has the non-strict Y-Opial property. Then, (X, || - ||, ¥) has the (DC)-property.

Proof. Assume that 7~ € APNS(D). Since X is uniformly convex, it follows that F(7") # 0. Let {w,}
be an asymptotic fixed point sequence ‘P-converging to w € D. We need to show that w € F(7). Let ¢
be a function defined for every x € D by

@(x) = limsup [lw,, — x]|.

Let us arbitrarily fix an s € J. We claim that,
lim (i (w)) = ¢(w). (4.10)

From the non-strict Opial condition (4.3) it follows that for every x € D,

@(w) = limsup [w, — w|| < limsup [w, — x[| = @(x).

n—o00 n—oo

This implies that ¢ attains its minimum at w € D. Thus, to prove (4.10) it is enough to demonstrate
that,

lim (i (w)) < (w). (4.11)
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Since {x,} is an asymptotic fixed point sequence, we observe that for any x € D,

@(x) < limsup [|w, = Tis(Wn)ll + lim sup || Tig(wy) — xI| = lim sup [|Ts(wn) — x]I.

n—oo n—oco n—oo

By applying this to x = T,(w), we derive the following inequality:

O(Tis(w)) < limsup [|Tis(wy) = Tis(WI| < as(w) lim sup |lwy, — wil = ags(w)p(w).

n—oo n—oo

Remembering that ]}im ars(w) = 1, take the limits of both sides as k — oo to obtain inequality (4.11),

d
proving our claim (4.10). Choose d > 0 such that ||u|| < 3 for every u € D. Because X is uniformly

convex, if follows from [34, Theorem 2] that there exists a continuous, strictly increasing and convex
function A, : [0, 00) — [0, o) such that A,(f) = 0 if and only ¢ = 0, and the following parallelogram
inequality holds for any @ € [0, 1] and all x, y such that ||x|| < d and ||y|| < d,

llax + (1 —ayll* < alxl* + (1 = a&)lyl* - a(l = @)(lx = yl).

1
By applying this inequality to x = w, —w,y =w, — T(w) and a = 5 we have,

which implies that,

2

Lo+ Ti)| < 2w = Wl + 2w — TP = S240Tesw) — wl)
Wy w ks\W —2Wn w 2Wn ks\W 4d ks\W wil),

2

1 1 1
p(w)* < EQD(W)2 + EQD(T/@(W))Z = 74Tk (w) = wiD, (4.12)

where we used the fact that ¢ attains its minimum at w. By taking the limits in (4.12) as k — oo and
using the equality (4.10), we conclude that,

lim A4(|Tys(w) = wiD) = 0. (4.13)

Since Ay is strictly increasing and continuous, equal zero only at zero, it follows from (4.13) that
Tis(w) = w as k — oo. Using the continuity of T, we infer from this that,

T(Tis(w)) = Ti(w), (4.14)
when k — co. By the same argument as above, we can conclude that 7 4)(w) — w as k — oo. Thus,
T&(Tkv(w)) = T(l+k)s(w) - W. (415)

Given the uniqueness of the limit, equations (4.14) and (4.15) establish that 7;(w) = w. By arbitrariness
of s € J, we get w € F(7). Therefore, (X, || - ||, V) has the (DC)-property, as claimed. O

In the following discussion, we will need to assume some degree of control over the iteration
processes. As will be clarified in the next sections, typical iteration processes conform to these
restrictions.
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Definition 4.7. Let {x;} be a sequence of elements from D. Let {H,} € A(D). Given 1 < L < +00, a
sequence {Hi} will be called well-controlled by L if there exists a natural number py such that,

[]%sL<+m, (4.16)
pP=prL
where
L, =sup{A,(z) : z € D}, “4.17)

where functions {Ay(-)} are associated with {H} by the definition of A(D). We say that {H,} is well-
controlled if it is controlled by some L. In this situation, we will also say that the process T ({H}) is
well-controlled.

Recall that for each {H;} € A(D) we assume that to every x € D there exists A;(x) > 1 such that for
eachy e D,
|Hk(x) = HiW)Il < Ae(0)llx = yll, (4.18)

and ]}im Ai(x) = 1. We also use notation: Bi(x) = Ai(x) — 1.
We will need the following technical result.

Lemma 4.1. [I, Lemma 3.5] Let {H} € A(D) and let {w} be a sequence generated by {H}. Assume

thatw € ﬂ F(H,) is such that,
k=1

Z&M<m (4.19)
i=1
Then, there exists an r € R such that ]}im llxe — w|| = r.

When discussing convergence of iterative processes to common fixed points of semigroups, some
structural connection between them is necessary. This necessary compatibility connection is captured
by the following definition.

Definition 4.8. We say that the sequence {Hy} € A (alternatively, that the process I'{H\})) is T -
compatible if

nﬂcﬂﬂm) (4.20)
n=1

We are now ready to formulate our main convergence problem.
Problem 2. Let us consider the setting defined by the following assumptions:

1) X is a uniformly convex Banach space.

2) D c X is a nonempty convex, bounded and closed in the norm sense.

3) D is sequentially Y-compact.

4) T € APNS(D).

5) {w,} = T({H,,}) is an approximate fixed point sequence, where {H,} € A(D) is well-controlled and
T -compatible.
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Question: What do we need to assume about (X,|| - ||,Y) to ensure that the process I'({H,}) is Y-
convergent to F(7)?

In our next result, we resolve Problem 2.

Theorem 4.3. In the settings of Problem 2, assume that (X, || - ||,Y) has the Y-Opial property. Then,

the sequence {w,} = T'({H,}) is W-convergent to F(T"), which means that there exists w € D such that
¥

W, = W.

Proof. Since X is uniformly convex and has the W-Opial property, it follows from the Demiclosedness
Principle (Theorem 4.2) that (X,]|| - ||,'¥) posses the (DC)-property. Because of this and the
Y-compactness of D, by employing Theorem 4.1, the only thing needed to show that {w,}
Y-converges to an element of F(7") is to prove is that the sequence {w,} has at most one W-cluster
point. Assume to the contrary that u # v are two different W-cluster points of {w,}. There exist then

{u,} and {v,}, subsequences of {w,}, such that u, 5 u and v, 5 v. By the Demiclosedness Property,
both u and v belong to F(7) c (=, F(H,). Note that condition 4.19 is satisfied because {H,} € A(D)
is well-controlled, which means by (4.16) that,

B =Y Ww-nsYd-ns] [L<w
i=1 i=1 i=1

i=1

Therefore, it follows from Lemma 4.1 that there exist r, r, € R such that
ri = lim flw, —ull = lim [, —ull, r> = lim {lw, V] (4.21)
Because {v,} and {u,} are both subsequences of {w,}, the W-Opial property and (4.21) imply that,
ro = limfjw, —ull = liminf {lu, — || <liminf[lu, - vl = lim [lw, = vl = r,
= liminf{y, —v|| <liminf|jv, —ull = lim [jw, —ull = 7.

The contradiction implies that {w,} has at most one ¥-cluster point in D. Since D is sequentially

compact with respect to ', it follows that there exist w € D such that w, 5 w. By the (DC)-property,
w € F(7). The proof is complete. O

The above result is new. The closest examples, would be a combination of results from [1] spread
across Theorem 3.4 (Demiclosedness Principle), weak convergence results for Krasnosel’skii-Mann,
Ishikawa and implicit iteration processes (Theorems 4.1, 5.1, 6.1, respectively), strong convergence
results for these processes (Theorems 4.11, 5.7, 6.3, respectively). These convergence results can be
traced back to [35, Theorems 22.23, 22.35, 22.39].

Now, let us revisit Examples 3.1 to 3.8 in light of the application of Theorem 4.3. In the scenarios
discussed below, we assume that all assumptions on X, D, 7, {H,}, {w,}, as stated in Problem 2, are
satisfied.

Proposition 4.2. Strong (norm) convergence (Example 3.1). When ¥ represents convergence with
respect to the original norm in the Banach space X, the Y-Opial inequality given in (4.4) is trivially
fulfilled. By Theorem 4, the sequence {w,} = I'({H,}) converges in norm to F(7") provided D is norm-
compact. The difficulty of this case lies in the fact that the norm-compactness in infinite-dimensional
Banach spaces is a very strong assumption, which is usually unrealistic in practice.
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Proposition 4.3. Weak convergence (Example 3.2). When X is a uniformly convex Banach space with
the weak-Opial property, Theorem 4.3 guarantees the weak convergence of {w,} = I'({H,}) to F(T).
Weak-compactness of D follows from its convexity, boundedness and norm-closedness. This is the case,
for example for [P for p > 1; however it does not apply to L? when 1 < p # 2 because such spaces fail
the weak-Opial condition. For the latter case, convergence in measure (Example 3.4), convergence in
the sense of the Marcinkiewicz-quasi-norm (Example 3.7), or Lorentz-quasi-norm (Example 3.8) may
be more suitable.

Remark 4.1. We would like to highlight the existence of alternative methods for spaces L’ when
1 < p # 2 and for other Banach spaces that are both uniformly convex and uniformly smooth, as
discussed in [1, 36]. However, the techniques utilised in those references are more complex, with
stricter assumptions compared to the current framework that relies on the Y-Opial property.
Additionally, the approach presented in the current paper enables a unified treatment of all LP and
other related spaces, as indicated by the examples provided.

Proposition 4.4. Weak-+ convergence (Example 3.3). If X is uniformly smooth, then X* is uniformly
convex and Theorem 4.3 guarantees the weak-x-convergence of {w,} = I'({H,}) to F(T") provided X*
has the weak-+ Opial property and the convex set D is bounded and closed in X*.

The following result will be utilised when considering other examples.

Proposition 4.5. Consider (L?,|| - ||,,¥), where p > 1. If from every bounded sequence {w,}, which
Y-converges to w € LP, we can extract a subsequence almost everywhere converging to w, then the
Banach space with convergence (L7, || - ||,,,'¥) possesses the W-Opial property.

Proof. Assume to the contrary that there exists x # w such that,
liminf [lw, — x||, < liminf [lw, — wl|,,
n—00 n—00

where {w,} is a bounded sequence, which W-converges to w € L”. By passing (possibly twice) to a
subsequence, we can select a subsequence {w,, } such that w,, — w almost everywhere and

]}im Wy, — xll, = liminf |[w, — x||, < liminf[lw, —w||, < likminfllwnk - wllp.
—00 n—oo n—00 —00
Thus, from now on, we can assume that w, — w almost everywhere and
lim [lw, — x||, < liminf [lw, — wl|,. 4.22)
n—-oo n—oo
Since the function ¢ +— #” is for ¢ > 0 continuous and increasing, it follows from (4.22) that,
lim ||jw, — xIIZ < liminf ||w, — WIIZ. 4.23)
n—oo n—oo
From the Brezis-Lieb Theorem ( [37, Theorem 1]) it follows that,
liminf ||w, — X||§ = liminf ||w, — WIII; +|w — xllg.
n—o0 n—-oo

This implies that,
lim inf |lw, — wllf’ < lim inf [jw,, — x]I7,
n—oo n—oo

which contradicts (4.23), finishing the proof. O
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Corollary 4.1. It follows directly from Proposition 4.5 that the following spaces possess the respective
Y-Opial property:

1) L? for p > 1 (Example 3.4), where Y is the convergence in measure: using Proposition 4.5, we
conclude from Theorem 4.3 that {w,} = IU'({H,}) converges to F(T), provided the convex set D
is sequentially compact with respect to the topology of convergence in measure. Note that the
convergence in measure of {w,} implies that the sequence {w,} converges to F(7) in the weak
topology as well, provided the sequence {w,} is bounded.

2) Sobolev space with ¥ being the convergence in measure of functions and all their relevant weak
derivatives (Example 3.6): apply Proposition 4.5 to functions and each of their derivatives.

3) L? (where p > 1) with the convergence with respect to the Marcinkiewicz quasi-norm and Lorentz-
quasi-norm (Examples 3.7 and 3.8, respectively): the Y-Opial property is ensured by Proposition
4.5, as both of these convergences imply convergence in measure, which in turn guarantees the
existence of a subsequence that converges almost everywhere (since the measure is finite).

The case of Musielak-Orlicz spaces requires additional preparatory work.
Next, let us recall the following definition of the A,-condition for Musielak-Orlicz functions ¢
(see [12, Definition 8.13]).

Definition 4.9. We say that the Musielak-Orlicz function ¢ satisfies the A, condition if there exists a
nonnegative function h € L' and a constant 0 < M(2) < +oo, for which the following inequality

@(t,2u) < M(2)p(t, u) + h(?),
holds for all u > 0 and almost all t € Q. Hence, for every x € L,

po(2X) < M(2)p,(x) + H, (4.24)

where H = fh(t)d,u(t) < 400,
Q
If the constant H = 0, we will say that ¢ satisfies the A,-type condition.
Remark 4.2. Clearly, the A,-type condition for ¢ implies the A,-condition for .

Proposition 4.6. Assume that the Musielak-Orlicz function ¢ satisfies the A, condition. Then, for any
B > 1 there exist M(B) > 0 and a nonnegative function g € L' such that,

o(t, Bu) < M(B)p(t, u) + g(1), (4.25)
holds for all u > 0 and almost all t € Q). Hence, for every x € L,
po(Bx) < M(B)py(x) + G, (4.26)

where G = fg(t)d,u(t) < 400
Q

Proof. Assume that § < 2" for an n € N. Then, the rest of the proof follows from the following
inequality:

n—1

(1, Bu) < MYl + ), MY o).
i=0
O
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The following estimate shows, in particular, that the norm bounded sets are also p,-bounded,
provided ¢ satisfies the A, condition.

Remark 4.3. Assume that ¢ satisfies the A, condition. Let ||x]|, < @ and B > 1, then
po(Bx) < M(aﬁ)pw(f) + H < M(ap) + H < +oo, 4.27)
a

where we used the fact that for every left-continuous p, ||wl|l, < 1 ifonly if p < 1.

Proposition 4.7. The Musielak-Orlicz function ¢ satisfies the A, condition if and only if the modular
py has the A, property (as defined in Definition 2.9).

Proof. It follows from the Egoroff Theorem and the fact that f, = 0 implies p(f,) — O, that if ¢
satisfies the A, condition, then the modular p, has the A, property. For the other direction, let us
assume that p,, has the A, property but ¢ fails the A, condition. Take M = 2 and h = 1. Hence there
exists a measurable set Q" c Q with u(Q’) > 0 and a number u > 0 such that,

@(t, 2u) > 2¢(t, u) + 1(1), (4.28)

forevery ¢t € . Let {€2 } be a decreasing to an empty set sequence of measurable subsets of ’. Define
x, = lg/. Since p, has the A, property, it follows that p,(x,) — 0, which implies (also by the the A,
property of p,) that,

pe(2x,) — 0. (4.29)

On the other hand, by using (4.28), we have,

po(25) = f
Q

contradicting (4.29). O

@(t, 2u)du(r) = 2 f et wdp(®) + p(Q) > () > 0,

Q

’
n

Remark 4.4. Using the Lebesgue Dominated Convergence Theorem, it is easy to demonstrate that the
As-property implies that p, is a right-continuous modular. Since p,(1x) — 0 as A — 0%, it follows
from (4.26) that, in the A, case, p,(x) < +oo for every x € L. Moreover, according to (4.26), for any
0 > 0, we have ws(s) < +oo for all s > 0. This leads us to conclude, based on Proposition 2.3, that wg
is a continuous function, whenever the Musielak-Orlicz function ¢ satisfies the A, condition.

Note that every Musielak-Orlicz modular is orthogonally additive. Therefore, remembering that
for Musielak-Orlicz spaces, p-a.e. convergence is equivalent to convergence almost everywhere with
respect to measure i, we can adapt Theorem 2.3 to our Musielak-Orlicz setting, as stated below.

Theorem 4.4. Let LY be Musielak-Orlicz space with the A,-property. Let w, — w m-a.e., where w € L¥

and sup p,(w,) < +oo, then for every x € L? such that x # w, we have,
neN

liminf p,(w, — x) = liminf p,(w, — w) + py(x —w) > liminf p,(w, — w).

Our next result shows that, if p, is uniformly continuous, then L? possesses the ¥-Opial property,
where ¥ denotes convergence in measure .
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Theorem 4.5. Let L? be Musielak-Orlicz space such that p, is uniformly continuous. Let w, — w in

measure, where w € L? and sup ||w,||l, < +oo, then for every x € L? such that x # w, we have,
neN

liminf [lw, — wll, < liminf [w, — x]|,. (4.30)

Therefore, L¥ possesses the Opial property with respect to convergence in measure.

Proof. Note first that, by part 3 of Proposition 2.4, the modular p, has the A, property. This implies,
by Proposition 4.7, that ¢ satisfies the A, condition. Next, let us assume to the contrary that (4.30) does
not hold, that is that,

lirlgglfllwn —xllp, < linm_)glfllwn = Wllp.

Using our assumptions and the same subsequence argument as the one used in the proof of Proposition
4.5, we can assume that w, — w almost everywhere and

lim [[w, — x||, < liminf [lw, — wl,. (4.31)
Without any loss of generality, we can assume that,
liminf [lw, — wll, = v > 0, (4.32)

as otherwise, by (4.31), lim [|w,—x||, would equal zero, implying w, — x in measure, which contradicts
n— oo

our assumption x # w. Observe that, by Theorem 4.4, for every a > 0,

lim infpw(?) ~ lim infp¢,(W"; W) - p¢(x - W) >0, (4.33)

n—oo n—oo a

because ¢, (t,u) = cp(t, —) is also a Musielak-Orlicz function satisfying the A,-condition, sequence
a

w w w
{—"} converges to — almost everywhere, and sup pw(—") < +oo due to the norm boundedness of
a a neN a

{lwall,}; refer to Remark 4.3.

Define two functions, A,, and A, on the interval [0, co) by the formula:

A, (s) = liminf p,(s(w, —w)), A.(s) = liminf p,(s(w, — x)).

: : 1 .. .
We claim that there exists sy > — such that A,,(s9) > 1. Indeed, assume that this is not the case, that is,
%

1
for every s > — it holds,
v
A, (s) = liminf p,(s(w, —w)) < 1.

This implies that for some subsequence {w,,} of {w,}, we have p,(s(w,, —w)) < 1, and finally that

1
wg, — wll, < 3 < v. Thus,

.. .. 1
v = liminf [w, — wll, < liminf|w,, —wll, < - <,
n—oo n—oo S
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which is impossible. Since {||w,l|,} is a bounded sequence, there exists K > 0 such that [[w, — wl|, < K
and ||w, — x|l, < K hold for all n € N. Let 8 = s + 2 and note that by Remark 4.3,

sup p.(Bw, —u)) < M(BK) + H < oo, (4.34)

neN

holds for both u = w and u = x. It follows from Theorem 2.2 that both A, and A, functions are
continuous and nondecreasing on [0, 8]. Since A,,(0) = 0 and A,,(s¢) > 1, there must exist s; < 5o <8

1
such that A,,(s;) = 1. Denote @ = —. By utilising (4.33), we conclude that there exists v > 1 such

S1
that,
lim infp(p(w" - W) — 1 <y<lim inf,%(w” - x). (4.35)
n—oo a n—oo (04
Select a subsequence of {w,} so that,
lim p¢(w"k - W) = lim inf p¢(w" - W). (4.36)
k— o0 o n—oo 104
Thus,
lim p¢(wnk W) 1 <y < liminf p¢(w" - x) < lim infp¢(wnk x). (4.37)
k—co a n—oo 0% k—00 a
Hence, for every 0 < & <y — 1 there exists k. € N such that for every k > k.,
Wnk -w ’
pq;( ) <l+é& <y,
a
which implies that for such k,
(22 < ! (F=) < (4.38)
Pe a(l +¢&) _1+8’pSZJ a - '
By (4.37), there exists also ky, which is independent of &’, such that,
Wy, — X
p¢( - ) sy, (4.39)

holds for k > ky. By the left-continuity of p,, we conclude from (4.38) that ||w,, — wl|, < a(1 + &) for
k > k. Utilising this and (4.31), we have,

lim |lw,, — xll, = lim |lw, — x[l, < liminf |jw, — w||, < liminf |lw,, —wll, < (1 + &').
k— o0 n—oo n—oo k— o0

Since & > 0 can be arbitrarily small, we conclude that lim;_, [lw,, — xll, < @. Therefore, for every
€ > 0 there exists a k, > ko such that for every k > k., ||lw,, — x|l, < a + &. This implies that,

Wy, — X
<1 4.4
p¢(a+8)_ ’ (4.40)

for k > k.. Assume now that & < 1. Thus,

! x) < liminf p¢(wnk x). (4.41)

Wy — .. w
< liminf p,
k—o0 a+1 a+e

w
0 <& := liminf (
o pe a+1
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Note that 6 > 0 because if it did not, then by A, it would imply existence of a subsequence {w, } such
that lim;_, ||w,,kl —wll, = 0, contradicting (4.32). It follows from (4.41) that there exists ks > k, such
that,

(W”k _x) > (4.42)
Pe\Ta v e '

holds for all k > k;.
In view of Remark 4.4, the growth function wy, is right-continuous. Hence, we can take 0 < £ < 1

such that w5(1 + E) < 7. Using this together with (4.39) and (4.40), for any k > ks we have,
@

Wnk_x & Wnk_x E
<y nla) nfi Dl i)

The contradiction completes the proof. O

Remark 4.5. It is known that the A,-property, along with the uniform convexity of ¢, implies the
uniform convexity of the Musielak-Orlicz space equipped with the Luxemburg norm [12, Theorem

11.6].

Corollary 4.2. From Theorems 4.5 along with Remark 4.5, it follows immediately that any Musielak-
Orlicz space L¥, where ¢ is uniformly convex and p, is uniformly continuous, possesses the ¥-Opial
property, with ¥ representing convergence in measure. This guarantees the convergence in measure
of iw,} = I'(H,) to F(T), provided {w,} is an approximate fixed point sequence and D is sequentially
compact with respect to the topology of convergence in measure.

Our next result shows that if p, has the A,-type property, then the Musielak-Orlicz space L¢
possesses the W-Opial property, where ¥ denotes convergence in measure m.

Theorem 4.6. Let LY be Musielak-Orlicz space, where p, has the Ay-type property. Let w, — w in
measure, where w € L? and sup [[w,||, < +oo, then for every x € L? such that x # w, we have,
neN

liminf [lw, — wll, < liminf [|w, — x]|,.
n—oo n—oo

Therefore, L¥ possesses the Opial property with respect to convergence in measure.

Proof. The A,-type condition of p,, implies that the growth function w(s) < co for every s > 0. Hence,
by Proposition 2.3, the growth function w is continuous at every s > 0, and in particular at s = 1. It
then follows from Proposition 2.5 that p, is uniformly continuous. Therefore, we can apply Theorem
4.5, which completes the proof. O

Note that, by utilising Japon’s Theorem 4.1 from [4], we can strengthen our results for Musielak-
Orlicz spaces to obtain a uniform variant of W-Opial property, provided p, has the A,-type property.
Since our main results do not rely on such uniform conditions, we will not explore this topic in the
current paper. However, future research may reveal its significance.

Remark 4.6. Since every LP space, with p > 1, is also the Musielak-Orlicz space L?, where ¢ is
uniformly convex and satisfies the A,-type condition, the process convergence in L? follows from the
more general scenario summarised in Corollary 4.2. However, we treated the LP-case separately due
to its inherent simplicity.
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5. Stability of V-convergent processes

In the preceding section, we presented a general method for demonstrating the W-convergence of
iterative processes, summarised in Theorem 4.3 and illustrated by the subsequent examples. This
section will focus on the stability of such convergent processes.

Consider {H,}, a sequence of pointwise Lipschitzian operators. We define a generalised iteration
process as follows: starting from an arbitrarily chosen element w; € D, we generate a sequence {wy}
by iteratively computing wy.; = Hy(wy) for every k € N. If this process ¥-converges to a common
fixed point of a semigroup 7, irrespective of the starting point, it serves as a method for approximating
such common fixed points. In practical applications, each iteration may introduce algorithmical errors,
making it vital to be able to evaluate the stability of this process—specifically, whether it continues to
Y-converge to F(7°) when each iteration k yields a point x;,; that is close to, but not precisely equal to
Hi(x;). This section aims to present a general method for establishing a particular type of stability, so
called residual stability, for iteration processes that \W-converge to F'(77). In Section 7, we will illustrate
this method with examples from the preceding section, applied to generalised Krasnosel’skii-Mann and
Ishikawa iteration processes. These examples may serve as templates that can be adapted to various
other contexts.

Similar concepts of stability can be traced back to Ostrowski’s 1967 paper [38]. Following this
trajectory, Butnariu, Reich, and Zaslavski explored the stability of the iterates of a nonexpansive
mapping [39, 40]. Additionally, noteworthy contributions have been made by Reich, Taiwo, and
Zaslavski [14, 41-43], along with references to pertinent literature. The books authored by
Zaslavski [44—47] provide an excellent exposition of the current state of stability theory for iterative
processes related to fixed point problems. In the context of weakly and strongly convergent iteration
processes for pointwise Lipschitzian semigroups, recent works [1, 15, 16, 48, 49] address stability
under summable errors.

Definition 5.1. Assume that {H;} € A(D). Let T'({H,}) be the iteration process generated by {H}.
Assume that the process U({H,}) is W-convergent to F(T). We say that T({H,}) is residually stable if
for any sequence {x,} of elements from D such that its k-th maximal residual error

Or({x,}) = supl[xps1 — Hy 0 Hyy 0 ... 0 Hi(xp)ll, (5.1)

m>k

tends to zero as k — +oo, there exists a common fixed point w € F(T"), which is the Y-limit of {x,}.
In this case, we will say that the Y-convergence of this process is residually stable.

For the sake of brevity, we will use d; to denote 6,({x,}) when there is no risk of confusion. From
a practical numerical implementation perspective, residual stability implies that if we are confident
that, after a sufficient number of steps, the algorithmical errors are and will remain sufficiently small,
the results of subsequent iterations will converge progressively closer to a common fixed point of the
semigroup in question. However, unless we know in advance that such a common fixed point is unique,
the procedure does not provide any indication of which fixed point is being approximated.

Stability under summable errors, defined below, is less demanding than residual stability; see
Proposition 5.1 and the associated commentary.
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Definition 5.2. Let {H,} € A(D). We define an iteration process U'({Hy}), which Y-converges to F(T"),
as being stable under summable errors if for every sequence {x;} satisfying the estimation:

D it = Hi)l < oo, (5.2)
k=1

there exists an w € F(7") such that x; 5 w.
We will need the following technical lemma.

Lemma 5.1. [I, Lemma 7.1] Assume that {H} € A(D). Let {x;} be a sequence of elements from D.
Then, the inequality:

IS (g = ST ol (5.3)

k+qg+1

i
k+g+j—-1 k+
< | [ Akar it gl esgn = S G0l
J=1

holds for any three integers k > 1, > 0,i > 1.
We are now ready to prove our stability result.

Theorem 5.1. Let T € APNS(D). Assume that the sequence {H,} € A(D) is well-controlled by L. If
the iteration process IU'({Hy}) is W-convergent to F(T") then I'({H,}) is residually stable.

Proof. Let {x,} be a sequence of elements of D such that its maximal residual error ; — 0 as k — oo.
Let k > k;. Take any two integers ¢ > 0 and i > 1. Using (5.3) along with the assumption that {H} is
well-controlled by L, we have,

1S 557 () = S P00 < Lilwirger = SE700ll < L &, (5:4)

which tends to zero as k — oo. Since the process I'({H,}) is W-convergent to F(7") it follows that for
every k > 1 and g > O there exists y, € F(7") and yi.4+1 € F(7") such that for every ¢ € P,

(S (rge) = ST (0 = Yeager — i) = 0,
as i — oo. Therefore, by condition (A4) of Definition 3.1,

s k+q+i k+q+i
I9keqer = yell < liminf [S§77] Crergen) = SF 00| < L6 — 0,

as k — oo. Hence, {y,} is a Cauchy sequence. Since D is assumed in this paper to be norm closed,
there exists then a w € D such that,
]}Lrgo lyx = wll = 0.

We claim that w € F(7"). Indeed, fix any ¢ € J and k € N and observe that,
T, (w) = wll < ITi(w) = Tyl + IT: (i) = Yl + llyx = wll < (@:(w) + Dllyr = wl| — 0.
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It remains to prove that x, 5 w. Let us fix any ¢ € ¥ and € > 0. Since lim;_,, ||[yx — wl|| = 0, it follows
from (A3) of Definition 3.1 that there exists ky € N such that,
e

Y(w —yi) < (5.5)

2Cl/, '

Similarly, it follows from (5.4), used with g = 0, and (A3) of Definition 3.1 that there exists k; > kg

such that for every k > ki,
e

< — (5.6)
2Ci

(") = X )

holds for all i € N. Fix temporarily i € N. For such i and any k > k;, using (A1) of Definition 3.1 along
inequalities (5.5) and (5.6), we obtain the following:

YW = Xirin1) < (W —yi) + Ci}ﬁ(yk - Sﬁ”(xk)) + cit//(S i) — xk+,~+1)
= - SEw) + 5 (5.7

2
)

IA

Using the definition of yy, it follows from (5.7) that,

limsupy(w — x,) = lim sSup Yy(w — Xg4ir1) < € + limsup cét//(yk -5 ,’:”(xk)) =,

m— o0 —00 [—00
By arbitrariness of € > 0, we conclude that lim ¥(w — x,,) = 0. Since this is true for any ¥ € Y, it
m-—0oo

follows that x, 5 w, completing the proof. O

Theorem 5.1 recovers the stability results [1, Theorem 7.3, 7.5] (albeit under less demanding regime
of stability under summable errors).

Theorem 5.1 is significant because it elucidates the relationship between convergence and residual
stability in iterative processes. In light of the scenarios explored in the previous sections of this paper,
we can encapsulate this phenomenon in the following result.

Corollary 5.1. From Theorem 5.1 it follows that, in the settings of Problem 2, every well-controlled
process IU({Hy}) is residually stable provided assumed conditions on the set D and the semigroup T
guarantee that this process is Y-convergent to F(T). Therefore, the residual stability will be
guaranteed in all scenarios discussed in Propositions 4.3 and 4.4, as well as Corollaries 4.1 and 4.2.

The next result demonstrates that residual stability is a more demanding type of stability comparing
to the stability under summable errors.

Proposition 5.1. For well-controlled by L sequences {H,} € A(D), residual stability implies stability
under summable errors.

Proof. Assume that I'({H,}) is residually stable. We want to prove that it is also stable under summable
errors. To this end, assume that for a sequence {x;} the inequality (5.2) holds. Let us introduce the
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notation: ry = |[xx4+1 — Hi(x)||. Then, the following inequality holds for every k > k; and every integer
i >0 (cf,[1, Lemma 7.2]):

s = S5 Gl < ( ﬁ Al i i) < ) Al i r)<L (i ri),
J=k J=k J=k =k =k

which tends to zero as k — oo, because of (5.2). By residual stability of I'({H,}), there exists an

¥
w € F(7) such that x, — w. Hence, the process is stable under summable errors. The proof is
complete. O

To interpret the residual stability and its comparison with the stability under summable errors, let
us consider H;(x;) as an expected outcome of application of the procedure to x;, while x;,; should be
understood as the actual reading of this iterative computational step. From this perspective d;, defined
by the formula (5.1), represents the difference between the expected value after m — k + 1 iterations
starting from x; and the actual reading after these iterations. Consequently, the residual stability means
that, given any stopping condition of the form d; < ¢, for all k > ky, this stopping condition will be
met after a sufficiently large number of iterations. Assume that the process is residually stable and that

1 : . v :
Ox = T Hence, there exists a common fixed point w such that x;, — w. However, knowing only that

. .. 1
the process is stable under summable errors, the condition ||x; ., — Hip(xp)|| = Z does not allow us to

deduce such convergence.

From a practical, numerical standpoint, one can use the quadratic convergence approach, which is
frequently employed for estimating how fast numerical algorithms reach the solution for problems like
impulsive differential systems, [50,51]. Assume that {x,} is quadratically convergent to the solution x,
which means that there exists a constant M > 0 such that ||x,,; — x|| < M||x,,; — x||* at each step n.
Thus,

m 0

2 2

Wons1 = Hoy © Hycy © o0 HiGill < M Yl =l < M)l = P
i=k i=k

(o)

Consequently, if we knew that Z |lx; — x||* < o0, then we would conclude that the process is residually
i=1
stable. The finiteness of this infinite sum may follow from conditions like,

1
141 — x| < o (5.8)

Since, in our context, the solution x is typically unknown, condition (5.8) is in practical
implementations replaced by a stopping condition of the form ||x,.; — x,|| < ¢o. For instance, for
accuracy to 6 decimal places, one could use ¢y = 107°,

The above commentary indicates that the residual stability of iterative processes, arising from our
automation technology under an appropriate W-Opial condition, can be practically assessed using
routine numerical techniques, such as quadratic convergence.

6. Summary of results
Let us recall the overarching settings of this paper:
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1) X is a uniformly convex Banach space equipped with W-convergence,

2) D c X is a nonempty convex, bounded, closed in the norm sense, and sequentially Y-compact,

3) T € APNS(D), that is, 7 is an asymptotic pointwise nonexpansive semigroup of operators
acting within D.

Using the notation and overall assumptions presented above, the following theorem summarises the
operation of the mathematical technology introduced in the preceding sections.

Theorem 6.1. Let sequence {w,} be generated by a well-controlled, T -compatible, iterative process.
Assume that X has the Y-Opial property. If {w,} is an approximate fixed point sequence for the

semigroup T, then there exists a common fixed point w € F(T") such that w, — w. Moreover, this
convergence is residually stable.

Proof. The proof uses results obtained in Sections 4 and 5, and can be divided into the three steps:

1) Since X is uniformly convex it follows from Theorem 2.1 that F(7"), the set of all common fixed
point of 77, is nonempty.

2) Since X has the W-Opial property, Theorem 4.3 guarantees that the process W-converges to an
element of F(7).

3) Since the process is Y-convergent to an element of F(7), it follows from Theorem 5.1, that this
convergence is residually stable.

O

Theorem 6.1 is a new and original result based on a novel mathematical technology. It has no
equivalents, even in special cases like nonexpansive semigroups. It recovers [16, Theorem 4.1], which
is a special case when Y is a weak convergence and stability is considered as a less demanding stability
under summable errors. Theorem 3.1 in [15] is a somewhat related result in metric spaces.

Let us emphasise that Theorem 6.1 provides the sought-after single property of space X (the W-Opial
property), which guarantees that a sequence generated by a well-controlled process compatible with
the semigroup is W-convergent to a common fixed point of this semigroup, given that the sequence is
an approximate fixed point sequence. Importantly, this convergence is automatically residually stable.

As indicated in the Introduction, the aim of this paper is not to introduce yet another specialised
set of techniques, nor is it merely a unification of existing results. The objective is focused on the
simplification and automation of future work. Given a scheme with a Banach space X together with
a suitably chosen W-convergence, to prove residually stable W-convergence of iterative common fixed
point processes for asymptotic pointwise non-expansive semigroups on a closed, bounded, convex, and
Y-sequentially compact set D, one needs to verify that only these three conditions are satisfied:

1) X is uniformly convex (to ensure that such common fixed points exist);

2) X has the W-Opial property;

3) The iterative process under consideration is well-controlled and 7 -compatible, and the sequence
generated by this process is an approximate fixed point sequence.

Considering that in a large number of interesting cases, uniform convexity is well studied, and that
for many classical W-convergences, known compactness criteria exist, this leaves only two conditions
needing verification. It is quite likely that the relevant W-Opial condition is already known or can be
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relatively easily derived from other established results. Hence, in many situations, the only task will
be to verify the last of the aforementioned conditions.

However, even the latter task may be substantially simplified or completely automated. This is
because many standard iterative processes are inherently compatible with the considered semigroup
(a natural assumption for common fixed-point construction processes) and well-controlled. Notably,
in the nonexpansive, eventually nonexpansive and asymptotic nonexpansive cases, this property can
usually be easily obtained by a suitable choice of parameters. Even in the more complex scenario of
asymptotic pointwise nonexpansive semigroups, relatively straightforward guidelines exist to achieve
this. Furthermore, many standard processes generate approximate fixed-point sequences, as this is a
natural approach to approximating fixed points (as the name itself suggests). In the next section, we
will illustrate the above commentary by discussing two popular iterative schemes: the Krasnosel’skii-
Mann and Ishikawa processes.

The above discussion is not purely theoretical. This paper applies the theory summarised in
Theorem 6.1 to prove residual stability across a range of significant scenarios. These results are novel;
indeed, each could warrant a dedicated paper. However, our methods enable us to achieve these
results with considerably less effort, primarily focusing on the identification of relevant ¥-Opial
conditions. In accordance with the general philosophy outlined in this study, we believe it is critically
important that the application of the introduced technology allows us to minimise the otherwise
necessary repetition of argumentation. These new results are summarised in the following theorems.

Theorem 6.2. Let LY = L?(Q, X, i) be a Musielak-Orlicz space, where i is a finite, atomless measure,
@ is uniformly convex and p, is uniformly continuous. Assume that ¥ is the convergence in measure
W, and D C L? is sequentially compact with respect to convergence in measure. Assume that T is
an asymptotic pointwise nonexpansive semigroup of operators acting within D. Let sequence {w,} be
an approximate fixed point sequence, generated by a well-controlled, T -compatible, iterative process.
Then, there exists a common fixed point w € F(T") such that w, 5w, Moreover, this convergence is
residually stable.

Proof. The proof is divided into the following steps:

1) From Remark 4.5, it follows that L¥ is uniformly convex with respect to the Luxemburg norm
I - lp, which guarantees that the set of all common fixed point of 77, is nonempty.

2) By Theorem 4.5, L? has the P-Opial property.

3) From Theorem 6.1 it follows that the sequence {w,} is convergent in measure to a common fixed
point w € F(7"), and that this convergence is residually stable.

O

By applying Theorem 6.2 to specific instances of Musielak-Orlicz spaces, we can directly derive
the following results on residually stable convergence. We are not aware of any comparable findings.

Theorem 6.3. Let LY = L¥(Q,Z, u) be an Orlicz space, where u is a finite, atomless measure, ¢ is
uniformly convex and and satisfies the A,-condition. Assume that ¥ is the convergence in measure
u, and D C X is sequentially compact with respect to convergence in measure. Assume that T is
an asymptotic pointwise nonexpansive semigroup of operators acting within D. Let sequence {w,} be
generated by a well-controlled, T -compatible, iterative process. Then, there exists a common fixed

: It . . .
point w € F(T") such that w, — w. Moreover, this convergence is residually stable.
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Proof. Remark 2.1 indicates that the modular p,, is uniformly continuous. Since every Orlicz space is
also a Musielak-Orlicz space, the desired conclusions are derived directly from Theorem 6.2. O

Theorem 6.4. Let L”V be a variable Lebesgue space, where i is a finite, atomless measure on , and
there exists a > 1 and b < oo such that a < p(t) < b for all t € Q. Assume that Y is the convergence
in measure u, and D C LPV) is sequentially compact with respect to convergence in measure. Assume
that T is an asymptotic pointwise nonexpansive semigroup of operators acting within D. Let sequence
{w,} be an approximate fixed point sequence, generated by a well-controlled, T -compatible, iterative
process. Then, there exists a common fixed point w € F(T) such that w, % w. Moreover, this
convergence is residually stable.

Proof. Since p(t) > a > 1 for all t € Q, it follows that L”" is uniformly convex with respect to the
Luxemburg norm induced by the convex modular:

() = f O du(s). 6.1)
Q

Modular p defined by (6.1) has the A,-type property and its growth function w(t) is right-continuous
at t = 1. Hence, by Proposition 2.5, p is uniformly continuous. Since L”" is also a Musielak-Orlicz
space with ¢(t, u) = u' , the desired conclusions are derived directly from Theorem 6.2. O

Remark 6.1. Note that, in particular, if p(t) = p for all t € Q, then Theorem 6.4 gives us residually
stable convergence in measure of processes in L? spaces for 1 < p < co. Since convergence in measure
on bounded subsets of such LP space implies weak convergence, it follows that Theorem 6.4 gives
us also convergence and residual stability with respect to the weak convergence. For p # 2, this
result cannot be directly obtained by using the weak Opial property, as such spaces do not posses this
classical version of Opial property. This phenomenon shows the advantage of our approach.

Let us consider now how our theory works in Sobolev spaces. Recall from Example 3.6 the
definition of Sobolev space: WXP(Q) = {u € LP(Q) : D*u € LP(Q) VY|a| < k}, where Q c R? is a
bounded domain, 1 < p < +00, k € N and D”u are weak derivatives. The convergence W is defined by
the family ¥ = {¢,(x) = ¢o(D%(x)) : |la| < k}, where ¥ relates to the convergence in measure and is
defined by formula (3.2).

Theorem 6.5. Let WrP(Q) be a Sobolev space, as defined above. Assume that D ¢ W*P(Q) is
sequentially compact with respect to the Y-convergence. Assume that T is an asymptotic pointwise
nonexpansive semigroup of operators acting within D. Let sequence {w,} be an approximate fixed
point sequence, generated by a well-controlled, T -compatible, iterative process. Then, there exists a

common fixed point w € F(T") such that w, 5w Moreover, this convergence is residually stable.
Proof. The proof is divided into the three usual steps:

1) Because p > 1, WFP(Q) is uniformly convex, which guarantess that the set of all common fixed
point of 7, is nonempty.

2) As observed in part 3 of Corollary 4.1, space W*?(Q) possesses the ¥-Opial property.

3) From Theorem 6.1 it follows that the sequence {w,} is W-convergent in measure to a common
fixed point w € F(7°), and that this convergence is residually stable.
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Let us finish this summary section with the following novel result.

Theorem 6.6. Let D be a subset of LP, where p > 1. Let Y be the convergence defined by the
Marcinkiewicz quasi-norm or Lorentz-quasi-norm (Examples 3.7 and 3.8). Assume that D is
sequentially compact with respect to this Y-convergence. Assume that T is an asymptotic pointwise
nonexpansive semigroup of operators acting within D. Let sequence {w,} be an approximate fixed
point sequence, generated by a well-controlled, T -compatible, iterative process. Then, there exists a

¥
common fixed point w € F(7T") such that w, — w. Moreover, this convergence is residually stable.
Proof. In this case, the usual steps of the proof are:

1) L? is uniformly convex since p > 1.

2) The W-Opial property is ensured by Proposition 4.5, as both of these convergences imply
convergence in measure, which in turn guarantees the existence of a subsequence that converges
almost everywhere.

3) Hence, from Theorem 6.1 it follows that the sequence {w,} is W-convergent in measure to a
common fixed point w € F(7), and that this convergence is residually stable.

7. Applications

In this section, we will illustrate how our technology, applies to some commonly used iterative
processes. We will also outline an application to differential equations and dynamical systems.

In first two subsections, we will utilise the framework and results discussed in the preceding sections
to the generalised Krasnosel’skii - Mann and generalised Ishikawa iteration processes. Both algorithms
are commonly used for the approximation of fixed points. In our exposition, we will loosely base our
discussion on [1, 16], where convergence in the weak topology and stability under summable errors
were considered. However, in this section, we will seek to answer the question of when these processes
are W-convergent in a residually stable manner.

Next, in the subsection *Application to differential equations and dynamical systems’, we discuss
residually stable construction of stationary points for dynamical systems defined by asymptotic
pointwise nonexpansive semigroups related to differential equations in Banach spaces.

7.1. Generalised Krasnosel’skii-Mann process

Definition 7.1. [I, Definition 4.1] Let T € APNS(D). Let {t,} be a sequence of elements in J
and {c,} be a sequence of numbers from (0, 1). The generalised Krasnosel’skii-Mann iteration process
gKM(T ,{c,}, {t,}) generated by the semigroup T, the sequences {c,} and {t,}, is defined by the iterative
formula:

Xn+l = cht,,(xn) + (1 = co)xp, (7.1)

where x| € D is chosen arbitrarily, and

(i) {cn} is bounded away from 0 and 1,
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(ii) {t,} is chosen so there exists no € N such that Z M,, < oo, where M, = sup{b, (x) : x € D}.

n=ng

Recall that b,(x) = a,(x) — 1, where a,(x) > 1 is chosen so that the inequality:

IT:(x) = Tl < a(0)llx = yll

holds for any y € D.

Remark 7.1. It is worthwhile noting that assumption (ii) of Definition 7.1 implies that,

T, () = T, WIl < (1 + by, (0)llx = yll < (A + M)llx = yll, (7.2)

where M, — 0. However, this does not imply that the semigroup T must be asymptotic nonexpansive,
where all a,(-) are constants. The only correct implication is that we can select a sequence {t,} such
that (7.2) holds. This assumption is quite reasonable, as for every x € D, b(x) — 0 ast — +oco.
However, the selected sequence {t,} does not need to tend to infinity; any sequence satisfying (ii) will
do. Note that there exist less restrictive, yet more intricate, assumptions, see [1,16]. However, we limit
our considerations to a much simpler, yet quite general, condition (ii). Readers whose requirements
demand more general conditions may modify the considerations of this section accordingly.

Proposition 7.1. Let gKM(T ,{c,},{t.}) be a generalised Krasnosel’skii-Mann iteration process. For
every n € N, define:
H,(x) = ¢, T,,(x) + (1 = cp)x. (7.3)

Then, {H,} is a well-controlled asymptotic pointwise nonexpansive sequence, which is T -compatible,
i.e., such that,

F(T) c ﬂ F(H,). (7.4)
n=1
Proof. Observe that,

|H,(x) = HyWIl < ¢ty (Ollx =yl + (1 = ep)llx = yll = (1 + ¢,by, (x)llx = yl.

which proves that {H,} € A(D) because b, (x) — 0 by condition (ii) of Definition 7.1. To prove that
{H,} is well-controlled, let us denote:

An(x) = (1 + ¢,by,)(%),

and observe that,
L,:=sup{A,(x) : xeD} <1+ M,,

L::ﬁL,,SeM,

n=ny

and, therefore, that,

where M = Z M, < +oo, in accordance with point (i) of Definition 7.1. This proves that {H,} is
n=ngy

well-controlled. Inclusion (7.4) immediately follows from (7.3). |
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Corollary 7.1. Let semigroup T € APNS(D). From Proposition 7.1, Corollary 5.1 and Theorem 4.3
it follows that for all scenarios discussed in Propositions 4.3 and 4.4, as well as Corollaries 4.1 and
4.2, the generalised Krasnosel’skii-Mann iteration process gKM(T , {c,}, {t,}) is a residually stable Y-
convergent to F(T) iteration process, provided the sequence {x,} generated by gKM (7T, {c,.}, {t,}) is an
approximate fixed-point sequence.

In Corollary 7.1, we concluded that for a very large class of spaces (X, || - ||, ¥) with the relevant
Y-Opial property (including all examples from Section 3), the W-convergence and residual stability
of generalised Krasnosel’skii-Mann iteration processes are assured when the sequence generated by
this process is an approximate fixed-point sequence. In applications, this result simplifies proceedings
considerably, as verification of only a single condition is required. This demonstrates the power of our
approach.

The literature provides several criteria for the sequence generated by the generalised Krasnosel’skii-
Mann iteration process to be an approximate fixed-point sequence. As an example, we below adapt
Lemma 4.3 from [1] to our context. The proof closely follows that of the cited result and is therefore
omitted.

Theorem 7.1. Let T € APNS(D), where J = [0, +0), be such that every a,(-) is a bounded function.
Let {x;} = gKM(T,{ci},{tc}) be the generalised Krasnosel’skii-Mann process. Let us assume that to
every s € J there exists a strictly increasing sequence of natural numbers {j,} satisfying the following
conditions:

lim [l = x|l = 0,

and
131_{1; ”Tek(xjk) - xjk” = O,
where e, = |tj,, —t;, — s| € J. Then, {x;} is an approximate fixed point sequence for T .

For practical reasons, assumptions of Theorem 7.1 may be restricted to a much smaller subset of
J, see [1] for more details. Observe that boundedness of each q,(-) implies that each operator 7; is
Lipschitzian with some Lipschitzian constant 1 < L, < 4+oco . This however is not very restrictive
assumption since these constants might be extremely large. For alternative assumptions consult [1, 16].

As another example, let us adapt Theorem 4.2 from [1] and note that we can always construct {z,}
with the properties specified in the assumptions of Theorem 7.2.

Theorem 7.2. Assume that the semigroup T € APNS(D) is parametrised by J that is generated by a
finite set A = {a, @2, @3..., @y} where each «; is a natural number. Assume that every a,(-) is a bounded
function. Let {x;} = gKM(T ,{ci}, {tc}) be the generalised Krasnosel’skii-Mann process. Assume that
for every natural number m < M, there exists a strictly increasing, quasi-periodic sequence of natural
numbers { ji(m)}, with a quasi-period p,,, such that the equality:

Ljgsiom) = @+ Ljym

holds for every k € N. Then, the sequence {x;}, generated by gKM(T ,{ci},{t}), is an approximate
fixed point sequence for F(T").

In practice, Theorems 7.1 and 7.2 provide guidance on how to construct the sequence {z,} when
implementing concrete algorithms based on the Krasnosel’skii-Mann method.
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7.2. Generalised Ishikawa process

Let us examine the two-step Ishikawa iteration process, a generalisation of the one-step
Krasnosel’skii-Mann method. The Ishikawa iteration process offers increased flexibility in defining
algorithm parameters, which is crucial for improving performance of numerical implementations.
Additionally, this section illustrates how the theoretical results presented earlier can be leveraged to
tackle increasingly complex processes, building on the foundation of the one-step generalised
Krasnosel’skii-Mann process. Let us start with the following definition.

Definition 7.2. Let T € APNS(D), {t;} C J. Let {t;} be a sequence of elements in J and let {c;} {d;} be
two sequences of numbers from (0, 1). The generalised Ishikawa iteration process gI(T , {ci}, {di}, {tc})
generated by the semigroup T, the sequences {ci}, {d} and {t,}, is defined by the iterative formula:

X1 = Ty (di Ty (x1) + (1 = di)x) + (1 = cp)x,
where x| € D is chosen arbitrarily, and

(i) {ck} is bounded away from 0 and 1, and {d,} is bounded away from 1,

(ii) {t,} is chosen so there exists no € N such that Z M,, < oo, where M, = sup{b, (x) : x € D}.

n=ngp

Similarly, as in the previous subsection, we will need the following result.

Proposition 7.2. Let gI(7,{ci}, {di}, {ti}) be a generalised Ishikawan iteration process. For every
n € Nand all u € D, define:

Hy(u) = o T, (di T, (u) + (1 = dpu) + (1 = cp)u. (7.5)

Then, {H,} is a well-controlled asymptotic pointwise nonexpansive sequence, which is T -compatible,
i.e., such that,

F(T) ﬂ F(H,). (7.6)

n=1
Proof. For any u,v € D, denote uy, = di T, (u)+(1—dy)u and vy = di T, (v)+(1—d)v. The straightforward
calculation shows that,
|H (1) — HyOW)|| < a;, (w)ay, (w)l|u — vi|.

Denote Ax(u) = a, (ux)a, (u). 1t follows from assumption (ii) that Ax(u) — 1. Hence,
Ar(u) = a,(upa, () < 1+ b, () + by, (uy) + by (Wb, (u) <1+ 2M, + M,Zk -1,
and, therefore, {H} € A(D). To prove that it is well-controlled, observe that,
L, := sup{A,(x) : x € D} < 1 +2M,, + M,

and, therefore, that

LzzﬁLnSeM,

n=ngy
_ - - 2 . . . .. o .
where M =1+ Z M, + Z M; < +oo, in accordance with point (ii) of Definition 7.2. Hence, {H,} is

n=ngp n=ngo

well-controlled. Inclusion (7.6) immediately follows from (7.5). |
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Corollary 7.2. Let semigroup T € APNS(D). From Proposition 7.2, Corollary 5.1 and Theorem 4.3
it follows that for all scenarios discussed in Propositions 4.3 and 4.4, as well as Corollaries 4.1 and
4.2, the generalised Ishikawa iteration process is a residually stable Y-convergent to F(T") iteration
process, provided the sequence {x,}, generated by it, is an approximate fixed-point sequence.

Corollary 7.2 implies that for a very large class of spaces (X, || - ||,'¥) with the relevant W-Opial
property (including all examples from Section 3), the Y-convergence and consequential residual
stability of generalised Ishikawa iteration processes are assured when the sequence generated by this
process is an approximate fixed-point sequence. Results analogous to Theorems 7.1 and 7.2 can be
also obtained for the Ishikawa process case; see [1, Theorems 5.4 and 5.5].

7.3. Application to differential equations and dynamical systems

In this section, we will discuss an example of the application of our results to the problem of
residually stable construction of stationary points for dynamical systems defined by asymptotic
pointwise nonexpansive semigroups. In numerous application, dynamical systems relate to initial
value problems for differential equations. Let us consider the following initial value problem for an
unknown function u(x,-) : [0,00) —» D C X,

u(x,0) =x

%(x, N+ (I — H)u(x, 1) =0, -7)
where [ stands for the identity operator, and H : D — D is pointwise Lipschitzian mapping, which
means that for every x € D there exists a(x) > 1 such that |[H(x) — H(y)|| < a(x)||lx — y|| for all
y € D. Recall that, for H to be pointwise Lipschitzian, it is sufficient (but not necessary) for H to be
Lipschitzian (e.g., nonexpansive) or continuously Fréchet differentiable on a bounded, open, convex
set A containing D; see [1, Corollary 1.1]. Hence, the procedure described below is valid for a large
class of seed operators H. The set D is assumed to be, as always in this paper, a nonempty, closed,
bounded, and convex subset of a uniformly convex Banach space X. We assume that (X, || - ||, ¥) is a
Banach space equipped with a sequential convergence . We will later show in this section how this
scenario works in some concrete cases of X and .
Define the sequence of functions u, : D X [0, c0) — D by:

(7.8)

uo(x,t) = x
Ups1 (X, 1) = e 'x + fot e "H(u,(x, s))ds.

Define the following two quantities: M, () = sup a(u,(x, s)), and M(t) = sup M,(t). Observe that
s€[0,1] neNy
for all n and ¢, both M, (t) and M(t) are equal to 1 when H is nonexpansive. By employing Theorems

9.1, 9.2 and 9.3 from [1], we obtain our next result.

Theorem 7.3. Assume that (1 — e " )M(t) < 1 for every t > 0, and that 1_[ M,(t) > 1 ast — oo. Then,
n=0

1) The sequence {u,} converges almost uniformly to the solution of the initial value problem (7.7),
denoted by u.
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2) Denoting T\(x) = u(x,t), where t > 0, x € D, the family of mappings T = {T,};>0 forms an
asymptotic pointwise nonexpansive semigroup (nonexpansive semigroup if H was nonexpansive).

3) The set of common fixed points of this semigroup, F(T), is the set of all stationary points of the
dynamical system defined by (7.7).

The next result follows immediately from Theorems 6.1 and 7.3.

Theorem 7.4. Assume that X possesses Y-Opial property and D is sequentially Y-compact. Under
assumptions of Theorem 7.3, let T,(x) = u(x, t), where u is the solution of the initial value problem (7.7).
Denote T = {T;};s0. Let {wi} = T({H,}) be a well-defined iterative process. If {w;} is an approximate
fixed point sequence for the semigroup T, then there exists a stationary point w € F(7) such that

¥ . . .
w, — w and its convergence is residually stable.

This result well demonstrates the workings of our automated technology: in the presence of the V-
Opial property, the only action required is to use the iterative process, which generates an approximate
fixed point sequence. The rest is taken care of automatically.

If the seed operator H is nonexpansive and J = [0, c0), then the assumptions of Theorem 7.3 are
automatically met, the semigroup 7 is nonexpansive and the sequence {w;} generated by the
generalised Krasnosel’skii-Mann iteration process is automatically an approximate fixed point
sequence, giving us the following very useful result.

Theorem 7.5. Assume that X possesses Y-Opial property and D is sequentially Y-compact. Consider
the initial value problem (7.7). Assume that the seed operator H is nonexpansive and that the
dynamical system deals with continuous time, that is that J = [0, o). Let T,(x) = u(x, t), where u is the
solution of (7.7), and denote T = {T,};»o. Let {wi} = T({H,}) be a well-defined iterative process. Then

there exists a stationary point w € F(T") such that w, — w and its convergence is residually stable.

Let us consider a special case when X is a Musielak-Orlicz space L¥, where ¢ is uniformly convex
and p, is uniformly continuous. Then, by Corollary 4.2, L¥ has the ¥-Opial property, where ¥
denotes convergence in measure. Let {w;} = I'({H;}) be the generalised Krasnosel’skii-Mann iteration
process generated by the semigroup 7. If {w,} is an approximate fixed point sequence, then it follows
from Theorem 7.4 that there exists a stationary point w € F(7°) such that w, — w in measure, and this
convergence is residually stable. This result is new, even for nonexpansive semigroups in
Musielak-Orlicz spaces, and of particular interest because convergence in measure is in this case
much easier to deal with than the weak convergence, and is stronger than the weak convergence. Also,
and importantly, no Opial condition needs to be directly verified. If ¢(f,u) = uP?, then the
Musielak-Orlicz space becomes a variable exponent Lebesgue space. If 1 < a < p(f) < b < oo, then
@(t,u) = uP™ is uniformly convex and p, satisfies the A,-type condition and, therefore, the space is
uniformly convex, guaranteeing the stable convergence in measure to a stationary point.

Residually stable convergence in measure to a stationary point of a dynamical system can also be
interpreted as stable convergence in probability, providing additional probabilistic insights into the
long-term behavior of semigroups associated with nonlinear stochastic processes. A classical linear
Markov process is defined as a stochastic process where future states depend solely on the current
state, independent of past states. In contrast, nonlinear Markov processes consider future states that
rely not only on the present state but also on its current distribution. This concept was first introduced
by McKean in [52] within the framework of mechanical transport problems and associated nonlinear
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parabolic equations. Nonlinear Markov processes have garnered substantial attention over recent
decades. For more comprehensive information, refer to the monograph by Kolokoltsov [53], as well
as recent contributions by Kolokoltsov [54], Carmona and Delarue [55], Pham and Wei [56], and
Neumann [57], along with the literature cited therein. Nonlinear Markov chains and related Markov
semigroups emerge naturally in various fields of applied science, including evolutionary biology,
epidemiology, and game theory.

8. Conclusions

The aim of this paper, as outlined in Problem 1 from the Introduction, is to develop a theory that
defines a mathematical technology for automating residually stable convergence of iterative processes
to common fixed points for semigroups of nonlinear operators. This is achieved by establishing a
new convergence structure for Banach spaces that can encompass a wide range of known and useful
convergences, as well as be general enough to accommodate future scenarios. This structure was
designed to ensure convergence and stability for iterative processes used in constructing common fixed
points for asymptotic pointwise nonexpansive semigroups. An important goal was to achieve this
using a single property. The workings of our theory, which we used to address this problem, can be
summarised as follows:

1) We defined Y-convergence by means of a family of functions, ¥ = {y : X — [0, +00)}, satisfying
certain conditions, see Definition 3.1.
2) We demonstrated that the W-convergence encompasses commonly used convergence cases:

(a) strong, weak, weak-* convergences (Examples 3.1-3.3),

(b) L? with convergence in measure and with convergence in the L”9-quasi-norms (Examples
3.4,3.7,3.8),

(c) Sobolev spaces with convergence in measure of all weak derivatives (Example 3.6),

(d) convergence in measure in Musielak-Orlicz spaces (Example 3.5).

3) We defined the W-Opial property (Definitions 4.5 and 4.6), which generalises several known
variants of the Opial property, including the classic weak Opial property and its modular
counterpart.

4) In Theorem 4.3, we demonstrated that an approximate fixed point sequence for an asymptotic
pointwise semigroup 7, generated by a well-controlled iteration process, is W-convergent to a
common fixed point of 7, provided that the Banach space X possesses the W-Opial property.

5) In Theorem 5.1, we proved that every well-controlled iteration process is residually stable,
provided it is W-convergent to a common fixed point of 7.

6) We summarised the paper’s findings in Theorem 6.1, which provides a general and comprehensive
answer to the question posed in Problem 1. Additionally, since the paper presents a series of new
specific results for various Banach spaces and types of convergence, Theorems 6.2 through 6.6
summarise these novel contributions.

7) In Section 7, we applied our theory to generalised Krasnosel’skii-Mann and Ishikawa iteration
processes. We proved there that these processes are W-convergent to a common fixed point of
7 provided that the sequences generated by them are approximate fixed point sequences for 7.
Therefore, these standard processes are also residually stable for all our scenarios.
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8) In the same section, we discussed an example of the application of our results to the problem of
residually stable construction of stationary points for dynamical systems defined by asymptotic
pointwise nonexpansive semigroups.

The reader may have observed that convergence in measure played a crucial role in the sample
scenarios illustrating the power of our theory. Also known as convergence in probability within
probability theory, convergence in measure is often favoured for its intuitive nature, as it allows for
‘convergence while ignoring small sets.” This characteristic makes it particularly well-suited for
addressing statistics-based problems in applied scientific fields. In L” and Musielak-Orlicz spaces
over sets of finite measure, convergence in measure is weaker than norm convergence but stronger
than weak convergence (on bounded sets). Given this, along with the relative ease of working with
sequences converging in measure in these spaces, and the presence of well-established criteria for
sequential compactness with respect to this convergence, our results provide a convenient toolkit for
tackling fixed point construction problems for semigroups of nonlinear operators acting in these
spaces.

An important open question is whether the results of this paper related to Musielak-Orlicz spaces
can be generalised to the non-A,; situations. This is particularly urgent for the case of Orlicz spaces
because of the critical role played by L®*" space used as the space of observables in classical and
quantum statistical physics, see [58]. It is worthwhile noting that the convergence in measure is central
to these applications. The need for a thorough study of semigroups and their common fixed points in
such spaces equipped with variations of convergence in measure relates to recent investigations into
the nature of dynamics in these spaces (see [59, 60]).

A similar observation can be made regarding the application of Marcinkiewicz and Lorentz quasi-
norms as ‘P-convergence. These types of convergence are also weaker than L” norms (but stronger
than convergence in measure), have well-understood properties, and are extensively utilised in solving
variational problems, as well as in harmonic analysis, PDE theory, and the theory of interpolation
spaces, with significant applications in physics and various branches of science, see for example [28].

If X is an ordered Banach space, wet must also consider when the semigroup associated with the
system (7.7) becomes a semigroup of monotone operators, provided the seed operator H is itself
monotone and asymptotically pointwise nonexpansive only on elements compatible in the partial
order sense. An answer to this question can be found in [1, Theorem 9.4]. Since conditions such as
the positivity of initial values and solutions are critical for many applications, it will be important to
consider the automated residual stability technologies applicable to these scenarios.
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