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classic behavior. Accordingly, an equivalent fourth-order model is deduced. The converted model is
then exactly solved, basically in exponential and hyperbolic forms. Domains of valid parameters for
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analysis reveals that the suggested approach can be extended to handle higher-order reflected models.
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1. Introduction

1.1. Current research status

First-order differential equations with reflection of arguments are usually governed by

y′(t) = F(t, y(t), y(−t)).

These forms introduce nonlocal behavior unlike classical ordinary differential equations (ODEs).
Historically, the first study to analyze a boundary value problem (BVP) with argument-reflection was
introduced by the authors [1]. Later, several authors investigated some versions of BVPs involving

https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.20261152


28972

argument-reflection [2, 3] and their extensions [4, 5]. Reflection arguments often generate mixed
initial-boundary value formulations and require adapted analytical tools, including operator methods,
transformation techniques, and fixed-point approaches [6–8].

The solutions of some initial value problems (IVPs) under prescribed initial conditions (ICs) have
been presented in Refs. [9–11]. In Refs. [12–14], the authors transformed this kind of IVPs into second-
order ODEs and also to first-order systems subject to modified ICs. Additionally, the asymptotic and
boundedness properties of the solutions of such first-order IVPs were addressed in Refs. [15, 16],
respectively.

Moreover, some results were reported in [17–19] on second-order BVPs under different boundary
conditions. Besides, existence analysis were addressed in Ref. [20] for higher-order IVPs. In
Refs. [21–23], various techniques were applied to solve different IVPs/BVPs models with reflection
of the argument. Solvability of two-point BVPs with reflection of the argument were also investigated
in [24, 25] while some other problems with involution can be found in [26–28]. Studying such kind of
problems may develop our understanding about the transmission of nerve impulses along axons, which
are governed by differential equations with reflection of argument [29].

1.2. Methods of second-order reflected IVPs

Although both IVPs and BVPs arise in the theory of functional differential equations with reflection
including the forms y′(t) − ay(–t) = 0 and y′(t) + ay(t) + by(−t) = g(t), the present paper is exclusively
devoted to the analytical treatment of the following second-order IVP with argument-reflection:

y′′(t) + cy′(t) = ay(t) + by(−t), t ∈ R, (1.1)

subject to
y(0) = α, y′(0) = β, (1.2)

where a, b, c, α, β are real constants. The present model incorporates both local dynamics
and a reflection term. The presence of y(−t) introduces nonlocal behavior, making classical
solution techniques insufficient without suitable modifications. Although a number of analytical
techniques [30–32] in addition to the Laplace transform (LT) [33, 34] were found effective to deal
with some scalar models, the reduction approach [35] is preferred for its simplicity in eliminating
the reflection term. The objective of this work is to solve the IVPs (1.1) and (1.2) in an exact
form. The proposed procedure transforms the original reflected differential equation into an equivalent
higher-order ODE through differentiation and elimination of the reflected term. This transformation
allows classical analytical techniques to be applied while preserving the equivalence between the two
formulations. Various types of solutions are to be determined including periodic ones. It will be
declared that each type of solution is subjected to specific constraints of the model’s parameters.

2. Reduction approach

This section transforms the problem governed by Eqs (1.1) and (1.2) into an equivalent fourth-order
ODE without reflection. The main advantage of this approach lies in its capability of solving the
transformed model utilizing standard methods. Before launching, let us rewrite Eq (1.1) in the form

y(2)(t) + c y(1)(t) = a y(t) + b y(−t). (2.1)
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Differentiating both sides of Eq (2.1) with respect to t

y(3)(t) + c y(2)(t) = a y(1)(t) − b y(1)(−t). (2.2)

Differentiating once more gives

y(4)(t) + c y(3)(t) = a y(2)(t) + b y(2)(−t). (2.3)

Replacing t by −t in Eq (1.1), it then follow that

y(2)(−t) = −c y(1)(−t) + a y(−t) + b y(t). (2.4)

Substituting Eq (2.4) into Eq (2.3) leads to

y(4)(t) + c y(3)(t) = a y(2)(t) + b
[
− c y(1)(−t) + a y(−t) + b y(t)

]
. (2.5)

Using Eqs (2.1) and (2.2) to eliminate y(−t) and its derivatives y(1)(−t), we find

y(−t) =
1
b

[y(2)(t) + c y(1)(t) − a y(t)], b , 0, (2.6)

and
y(1)(−t) =

1
b

[a y(1)(t) − y(3)(t) − c y(2)(t)], b , 0. (2.7)

Inserting Eqs (2.6) and (2.7) into Eq (2.5) and simplifying, we obtain the fourth-order ODE:

y(4)(t) − (2a + c2) y(2)(t) + (a2 − b2) y(t) = 0, b , 0. (2.8)

2.1. Characteristic equation

The characteristic equation corresponding to the ODE in Eq (2.8) is

λ4 − (2a + c2)λ2 + (a2 − b2) = 0. (2.9)

Let µ = λ2, then
µ2 − (2a + c2)µ + (a2 − b2) = 0. (2.10)

Thus
µ =

1
2

(
2a + c2 ±

√
(2a + c2)2 − 4(a2 − b2)

)
. (2.11)

Define
ω = 2a + c2, Ω = (2a + c2)2 − 4(a2 − b2), (2.12)

then
µ =

1
2

(
ω ±
√
Ω
)
. (2.13)

Therefore

λ = ±

√
1
2

(
ω ±
√
Ω
)
. (2.14)

The four distinct roots of Eq (2.9) are then given by

λ1,2 = ±

√
1
2

(
ω +
√
Ω
)
, λ3,4 = ±

√
1
2

(
ω −
√
Ω
)
. (2.15)
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2.2. Exact solution

The general solution of Eq (2.8) is well-known as

y(t) =
4∑

j=1

C jeλ jt, (2.16)

where C j, j = 1, 2, 3, 4 are undetermined constants. In order to evaluate the constants C j, we need
to specify two further ICs in addition to the given ICs (1.2). Employing the ICs (1.2) in Eqs (2.1)
and (2.2) implies

y(2)(0) = (a + b)y(0) − c y(1)(0) = α(a + b) − β c, (2.17)

and

y(3)(0) = (a − b)y(1)(0) − c y(2)(0) = β(a − b) − c[α(a + b) − β c], (2.18)

i.e.,

y(3)(0) = β(a − b) − αc(a + b) + β c2. (2.19)

From Eq (2.16), we have 

y(t) =
4∑

j=1

C jeλ jt,

y(1)(t) =
4∑

j=1

λ jC jeλ jt,

y(2)(t) =
4∑

j=1

λ2
jC jeλ jt,

y(3)(t) =
4∑

j=1

λ3
jC jeλ jt.

(2.20)

Accordingly, the unknown constants C j are governed by the algebraic system:

y(0) =
4∑

j=1

C j,

y(1)(0) =
4∑

j=1

λ jC j,

y(2)(0) =
4∑

j=1

λ2
jC j,

y(3)(0) =
4∑

j=1

λ3
jC j.

(2.21)
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This system is to be solved such that 
y(0) = α,

y(1)(0) = β,
y(2)(0) = A,

y(3)(0) = B,

(2.22)

where A and B are defined by

A = α(a + b) − β c, B = β(a − b) − α c(a + b) + β c2. (2.23)

The solution of the system (2.21) and (2.22) is

C1 =
B − Aλ4 + λ3 (−A + βλ4) + λ2

[
−A + βλ4 + λ3(β − αλ4)

]
(λ1 − λ2) (λ1 − λ3) (λ1 − λ4)

,

C2 =
−B + Aλ4 + λ3 (A − βλ4) + λ1

[
A − βλ4 + λ3(−β + αλ4)

]
(λ1 − λ2) (λ2 − λ3) (λ2 − λ4)

,

C3 =
B − Aλ4 + λ2 (−A + βλ4) + λ1

[
−A + βλ4 + λ2(β − αλ4)

]
(λ1 − λ3) (λ2 − λ3) (λ3 − λ4)

,

C4 =
−B + Aλ3 + λ2 (A − βλ3) + λ1

[
A − βλ3 + λ2(−β + αλ3)

]
(λ3 − λ4) (λ4 − λ1) (λ4 − λ2)

.

(2.24)

Since λ2 = −λ1 and λ4 = −λ3, then the constants C j, j = 1, 2, 3, 4 can be simplified to take the form:

C1 =
B + Aλ1 − (β + αλ1)λ2

3

2
(
λ3

1 − λ1λ
2
3
) ,

C2 =
−B + Aλ1 + (β − αλ1)λ2

3

2
(
λ3

1 − λ1λ
2
3
) ,

C3 = −
B + Aλ3 − λ

2
1(β + αλ3)

2λ3
(
λ2

1 − λ
2
3
) ,

C4 =
B − Aλ3 + λ

2
1(−β + αλ3)

2λ2
1λ3 − 2λ3

3

,

(2.25)

where

λ1 =

√
1
2

(
ω +
√
Ω
)
, λ3 =

√
1
2

(
ω −
√
Ω
)
.

Hence, the solution of the model given by Eqs (1.1) and (1.2) can be written as

y(t) = C1eλ1t +C2e−λ1t +C3eλ3t +C4e−λ3t. (2.26)
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This solution can be expressed in terms of hyperbolic functions as

y(t) = (C1 +C2) cosh(λ1t) + (C1 −C2) sinh(λ1t) + (C3 +C4) cosh(λ3t) + (C3 −C4) sinh(λ3t), (2.27)

or
y(t) = D1 cosh(λ1t) + D2 sinh(λ1t) + D3 cosh(λ3t) + D4 sinh(λ3t), (2.28)

where
D1 = C1 +C2, D2 = C1 −C2, D3 = C3 +C4, D4 = C3 −C4. (2.29)

Substituting from Eq (2.25) into Eq (2.29) yields

D1 =
A − αλ2

3

λ2
1 − λ

2
3

, D2 =
B − βλ2

3

λ3
1 − λ1λ

2
3

, D3 =
−A + αλ2

1

λ2
1 − λ

2
3

, D4 = −
B − βλ2

1

λ2
1λ3 − λ

3
3

. (2.30)

Remark 1. In this section, the exact solution of the transformed fourth-order Eq (2.8) with the
ICs (2.22) is obtained by Eq (2.28) and the accompanied coefficients (2.30). To confirm the equivalence
between the original second-order IVPs (1.1) and (1.2) and transformed fourth-order Eq (2.8) with the
ICs (2.22), one can easily verify that the exact solution (2.28) with the accompanied coefficients (2.30)
satisfies the original IVP (1.1) and (1.2) by direct substitution.

3. Special cases

3.1. c = 0

If c = 0, Eqs (1.1) and (1.2) reduce to the IVP:

y′′(t) = ay(t) + by(−t), y(0) = α, y′(0) = β, a , b. (3.1)

In this case, we have from Eq (2.12) that

ω = 2a, Ω = 4b2, (3.2)

which implies

λ1 =

√
1
2

(
ω +
√
Ω
)
=
√

a + b, λ3 =

√
1
2

(
ω −
√
Ω
)
=
√

a − b, (3.3)

and
A = α(a + b), B = β(a − b). (3.4)

The constants D j, j = 1, 2, 3, 4, become

D1 = α, D2 = 0, D3 = 0, D4 =
β

√
a − b

. (3.5)

Inserting these values into Eq (2.28) leads to the exact solution:

y(t) = α cosh(λ1t) +
β

√
a − b

sinh(λ3t), a > b, (3.6)

where λ1 and λ3 are defined by Eq (3.3). The solution can be easily verified by directly substituting
into the IVP (3.1).
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3.2. b = a

This section contains repeated roots, hence, a separate analysis is to be introduced. Let us consider
b = a, then the IVP (1.1) and (1.2) becomes

y′′(t) + c y′(t) = a(y(t) + y(−t)), y(0) = α, y′(0) = β. (3.7)

Equation (2.12) yields

ω = 2a + c2, Ω = (2a + c2)2, (3.8)

which implies ω =
√
Ω. Hence, we have the roots

λ1,2 = ±

√
1
2

(
ω +
√
Ω
)
= ±
√

2a + c2, λ3,4 = 0, (3.9)

with

A = 2α a − β c, B = −2α c a + β c2. (3.10)

In this case, the general solution is given by

y(t) = h1eλ1t + h2e−λ1t + h3 + h4t, (3.11)

where h j, j = 1, 2, 3, 4, are constants to be determined by solving the system:


h1 + h2 + h3 = α,

h1λ1 − h2λ1 + h4 = β,

h1λ
2
1 + h2λ

2
1 = A,

h1λ
3
1 − h2λ

3
1 = B.

(3.12)

Thus

h1 =
1
2

(
A
λ2

1

+
B
λ3

1

)
, h2 =

1
2

(
A
λ2

1

−
B
λ3

1

)
, h3 = α − (h1 + h2), h4 = β − λ1(h1 − h2). (3.13)

The solution can also be written as

y(t) = (h1 + h2) cosh(λ1t) + (h1 − h2) sinh(λ1t) + h3 + h4t, (3.14)

or simply by

y(t) =
A
λ2

1

cosh(λ1t) +
B
λ3

1

sinh(λ1t) + h3 + h4t, (3.15)

where A, B, and λ1 are defined above. This solution satisfies the IVP (3.7).
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3.3. b = −a

A second case of repeated roots is offered in this section, which follows the preceding analysis in
the previous section. The assumption b = −a transforms the IVP (1.1) and (1.2) to

y′′(t) + c y′(t) = a(y(t) − y(−t)), t ∈ R, y(0) = α, y′(0) = β. (3.16)

From Eq (2.12), we obtain
ω = 2a + c2, Ω = (2a + c2)2. (3.17)

Similar to the previous section, we notice that ω =
√
Ω, hence

λ1,2 = ±
√

2a + c2, λ3,4 = 0, (3.18)

and
A = −β c, B = 2β a + β c2. (3.19)

Accordingly, the general solution is given by

y(t) = k1eλ1t + k2e−λ1t + k3 + k4t, (3.20)

where k j, j = 1, 2, 3, 4 are unknown constants. The ICs (2.22) lead to the system:
k1 + k2 + k3 = α,

k1λ1 − k2λ1 + k4 = β,

k1λ
2
1 + k2λ

2
1 = A,

k1λ
3
1 − k2λ

3
1 = B.

(3.21)

Thus

k1 =
1
2

(
A
λ2

1

+
B
λ3

1

)
, k2 =

1
2

(
A
λ2

1

−
B
λ3

1

)
, k3 = α − (k1 + k2), k4 = β − λ1(k1 − k2). (3.22)

In terms of hyperbolic functions, the solution reads

y(t) = (k1 + k2) cosh(λ1t) + (k1 − k2) sinh(λ1t) + k3 + k4t, (3.23)

i.e.,

y(t) =
A
λ2

1

cosh(λ1t) +
B
λ3

1

sinh(λ1t) + k3 + k4t. (3.24)

As seen from Eq (3.24), the solution has the same structure of the previous special case but with
different A and B defined by Eq (3.19). The solution given by Eq (2.24) satisfies the IVP (3.16).

Remark 2. In the absence of the reflection term y(−t), i.e., at b = 0, the IVP (1.1) and (1.2) reduces to
the regular form:

y′′(t) + c y′(t) − ay(t) = 0, y(0) = α, y′(0) = β. (3.25)

The solution of this IVP can not be directly obtained from our results by just inserting b = 0 into
the general solution determined in Section 2. This is because the obtained results are basically based
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on assuming that b , 0. However, this IVP can be solved utilizing standard methods in differential
calculus. The characteristic equation corresponding to the problem (3.25) is

ρ2 + cρ − a = 0, (3.26)

with the roots
ρ1,2 =

1
2

(
−c ±

√
c2 + 4a

)
. (3.27)

The solution is
y(t) = γ1eρ1t + γ2eρ2t, (3.28)

where γ1 and γ2 are governed by

γ1 + γ2 = α, γ1ρ1 + γ2ρ1 = β. (3.29)

Solving this system for γ1 and γ2 and substituting the results in Eq (3.28) finalizes the solution.

4. Characteristics of solution

In Section 2, the solution was exactly determined in terms of hyperbolic functions in the form:

y(t) = D1 cosh(λ1t) + D2 sinh(λ1t) + D3 cosh(λ3t) + D4 sinh(λ3t), (4.1)

where D1, D2, D3, and D4 were already given by Eq (2.30). Using the relation λ2
1 − λ

2
3 =
√
Ω, these

coefficients can be further simplified to take the forms

D1 =
A − αλ2

3
√
Ω
, D2 =

B − βλ2
3

λ1
√
Ω
, D3 =

−A + αλ2
1

√
Ω
, D4 = −

B − βλ2
1

λ3
√
Ω
. (4.2)

It can be seen from Eqs (4.1) and (4.2) that the solution depends mainly on the nature of the roots λ1

and λ3 in addition to the coefficients D j, j = 1, 2, 3, 4. In this section, several types of exact solutions
are analyzed including the combined hyperbolic/trigonometric-form solution, the pure hyperbolic-form
solution, the combined hyperbolic/polynomial-form solution, the combined trigonometric/polynomial-
form solution, and the pure trigonometric-form solution. These types of solutions require specifying
further conditions on the model’s parameters a, b, c while the initial values α and β do not contribute in
this context. This section discusses the required conditions on the involved parameters for which the
above types of solutions can be derived.

4.1. Combined hyperbolic/trigonometric-form solution

Let us begin with the special case a = 0. In this case, we have

ω = c2 > 0 and Ω =
√

c4 + 4b2 > ω > 0 for every c, b.

This implies that ω +
√
Ω > 0 and ω −

√
Ω < 0, hence λ1 is real while λ3 becomes complex, where

λ1 =

√
1
2

(
ω +
√
Ω
)
> 0,
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λ3 =

√
1
2

(
ω −
√
Ω
)
= i

√
1
2

(√
Ω − ω

)
= iλ5,

λ5 =

√
1
2

(√
Ω − ω

)
> 0,

i =
√
−1.

Accordingly, Eq (2.28) reveals that the first two terms of the solution are of hyperbolic forms while the
last two terms are of trigonometric forms whatever the values of b and c. Substituting λ3 = iλ5 into
Eqs (4.1) and (4.2) and simplifying gives

y(t) = D1 cosh(λ1t) + D2 sinh(λ1t) + D3 cos(λ5t) + D5 sin(λ5t), (4.3)

where D1, D2, D3, and D5 are

D1 =
A + αλ2

5
√
Ω
,

D2 =
B + βλ2

5

λ1
√
Ω
,

D3 =
−A + αλ2

1
√
Ω
,

D5 = −
B − βλ2

1

λ5
√
Ω
.

(4.4)

4.2. Pure hyperbolic-form solution

A pure hyperbolic-form solution requires real values for the roots λ1 and λ3 in addition to the
coefficients D1, D2, D3, and D4. Hence, the pure hyperbolic-form solution requires that Ω > 0 and
ω > 0 such that ω −

√
Ω > 0. These requirements lead to the restrictions 0 < Ω < ω2 and a > −c2/2.

Since ω and Ω depend on a, b, and c, then at a given value for c, there will be specific domains for
a and b to obtain a pure hyperbolic-form solution. For declaration, Figures 1 and 2 show the valid
domains of a and b to obtain a pure hyperbolic-form solution at c = 2 and c = 4, respectively. For
example, one can select the values a = −1 and b = 1/2 from Figure 1 at c = 2. If the initial values are
considered fixed as α = 1 and β = 1, then we obtain the pure hyperbolic-form solution:

y(t) = −3 cosh


√

3
2

t

 + √6 sinh


√

3
2

t

 + 4 cosh


√

1
2

t

 − 2
√

2 sinh


√

1
2

t

 . (4.5)

Similarly, selecting the values a = −4 and b = −3 from Figure 2 at c = 4 leads to the pure hyperbolic-
form solution:

y(t) = 3 cosh(t) − 6 sinh(t) − 2 cosh(
√

7 t) +
√

7 sinh(
√

7 t). (4.6)
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Figure 1. Domains of valid a and b in the region a×b = [−4, 5]×[−6, 6] for pure hyperbolic-
form solutions at c = 2.
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Figure 2. Domains of valid a and b in the region a × b = [−14, 20] × [−10, 10] for pure
hyperbolic-form solutions at c = 4.

4.3. Combined hyperbolic/polynomial-form solution

From Section 3.2, we have obtained the solution for the problems (1.1) and (1.2) under the condition
b = a. From Eq (3.15), the solution is given by

y(t) =
A
λ2

1

cosh(λ1t) +
B
λ3

1

sinh(λ1t) + h3 + h4t, (4.7)

where the coefficients h3 and h4 can be explicitly obtained from Eq (3.13) as

h3 = α −
A
λ2

1

, h4 = β −
B
λ2

1

, λ1 =
√

2a + c2, A = 2α a − β c, B = −2α c a + β c2. (4.8)

The combined hyperbolic/polynomial-form solution requires that λ1∈R, which is satisfied if a>−c2/2.
An example can be given once c is assigned. For c = 2, the parameter a must be chosen such that a>−2.
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The selection a = −1, for example, leads to the combined hyperbolic/polynomial-form solution:

y(t) = −2 cosh(
√

2 t) + 2
√

2 sinh(
√

2 t) + 3(1 − t), (4.9)

for the problem
y′′(t) + 2 y′(t) = −(y(t) + y(−t)), y(0) = 1, y′(0) = 1. (4.10)

Also, under the conditions b=−a and a > −c2/2, there is another combined hyperbolic/polynomial-
form solution given from Eq (3.24) by

y(t) =
A
λ2

1

cosh(λ1t) +
B
λ3

1

sinh(λ1t) + k3 + k4t. (4.11)

From Eqs (3.19) and (3.22), we have

k3 = α −
A
λ2

1

, k4 = β −
B
λ2

1

, λ1 =
√

2a + c2, A = −β c, B = 2β a + β c2 = βλ2
1. (4.12)

The second equality in (4.12) and the fifth one reveal that k4 vanishes at any choices of the model’s
parameters. Considering c = 2 and a = 1, where a > −c2/2 is satisfied, we obtain

y(t) = −
1
3

cosh(
√

6 t) +
1
√

6
sinh(

√
6 t) +

4
3

(4.13)

for the problem
y′′(t) + 2 y′(t) = y(t) − y(−t), y(0) = 1, y′(0) = 1. (4.14)

4.4. Combined trigonometric/polynomial-form solution

If b = a and a < −c2/2, then 2a + c2 < 0, which implies a complex root λ1 = iλ6 with

λ6 =
√
−(2a + c2) > 0.

Inserting λ1 = iλ6 in Eqs (4.7) and (4.8), we obtain

y(t) = −
A
λ2

6

cos(λ6t) −
B
λ3

6

sinh(λ6t) + h3 + h4t, (4.15)

with

h3 = α +
A
λ2

6

, h4 = β +
B
λ2

6

, λ6 =
√
−(2a + c2) > 0, A = 2α a − β c, B = −2α c a + β c2. (4.16)

If c = 2, then a < −2. Assume that a = −3, then λ6 =
√

2. Accordingly, we obtain the combined
trigonometric/polynomial-form solution:

y(t) = 4 cos(
√

2 t) − 4
√

2 sin(
√

2 t) − 3 + 9t, (4.17)

for the problem
y′′(t) + 2 y′(t) = −3(y(t) + y(−t)), y(0) = 1, y′(0) = 1. (4.18)
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Additionally, Eqs (4.11) and (4.12) lead to the combined trigonometric/polynomial-form solution:

y(t) = −
A
λ2

6

cos(λ6t) −
B
λ3

6

sin(λ6t) + k3 + k4t, (4.19)

under the conditions b = −a and a < −c2/2 with the following coefficients:

k3 = α +
A
λ2

6

, k4 = β +
B
λ2

6

, λ6 =
√
−(2a + c2) > 0, A = −β c, B = 2β a + β c2 = −βλ2

6. (4.20)

Employing the last equality in (4.20) gives k4 = 0. Choosing c = 2 requires a < −c2/2 = −2 to obtain
the following combined trigonometric/polynomial-form solution at a = −4:

y(t) =
1
2

(cos(2t) + sin(2t) + 1) (4.21)

for the problem
y′′(t) + 2 y′(t) = −4(y(t) − y(−t)), y(0) = 1, y′(0) = 1. (4.22)

4.5. Pure trigonometric-form solution

By a pure trigonometric-form solution, we mean that the four components of y(t) in Eq (2.28)
become trigonometric functions allowing the appearance of a periodic solution. One way to achieve
this point is to obtain the roots in pure complex forms. Also, the coefficients have to be real after
performing the usual simplification. This requires certain relationships between the model’s parameters
as well. An easy way to derive the two roots in pure complex forms is to put the restrictions 0 < Ω < ω2

and a < −c2/2. For a given value of c, the parameters a and b should be assigned specific values such
that the above conditions are satisfied.

In this regard, the valid domains of the parameters a and b to meet the above requirements are
depicted in Figures 3 and 4 at c = ±1 and c = ±2, respectively. It may be important to refer to
that the domains of a and b represented in Figures 3 and 4 are valid and equivalent at c = ±1 and
c = ±2, respectively. This is simply because the parameters ω and Ω involve only even powers of c.
From Figure 3, four cases are selected for valid values of a and b to derive the following four periodic
solutions at c = 1:

a = −4, b = −2, y1(t) = 4 cos(2t) − 4 sin(2t) − 3 cos(
√

3 t) + 3
√

3 sin(
√

3 t),

a = −4, b = +2, y2(t) = cos(
√

3 t) +
1
√

3
sin(
√

3 t),

a = −10, b = −4, y3(t) =
1

15

(
24 cos(2

√
3 t) − 8

√
3 sin(2

√
3 t)

−9 cos(
√

7 t) + 9
√

7 sin(
√

7 t)
)
,

a = −10, b = +4, y4(t) = cos(
√

7 t) +
1
√

7
sin(
√

7 t).

(4.23)

These solutions are displayed in Figure 5 at the indicated values in Eq (4.23).
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Figure 3. Domains of valid a and b in the region a × b = [−14, 1] × [−10, 10] for pure
trigonometric-form solutions at c = ±1.
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Figure 4. Domains of valid a and b in the region a × b = [−14, 1] × [−10, 10] for pure
trigonometric-form solutions at c = ±2.
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Figure 5. Representation of the solution y(t) at a = −4, b = −2 (y1(t)), a = −4, b = 2 (y2(t)),
a = −10, b = −4 (y3(t)), a = −10 and b = 4 (y4(t)) when c = 1.
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At the same four cases for a and b but with c = −1, we obtain the following four periodic solutions:

a = −4, b = −2, y1(t) = − cos(2t) − sin(2t) + cos(
√

3 t) +
√

3 sin(
√

3 t),

a = −4, b = +2, y2(t) = − cos(2t) + sin(2t) + cos(
√

3 t) −
1
√

3
sin(
√

3 t),

a = −10, b = −4, y3(t) =
1
15

(
−3 cos(2

√
3 t) −

√
3 sin(2

√
3 t)

+3 cos(
√

7 t) + 3
√

7 sin(
√

7 t)
)
,

a = −10, b = +4, y4(t) =
1
35

(
−7 cos(2

√
3 t) + 7

√
3 sin(2

√
3 t)

+7 cos(
√

7 t) −
√

7 sin(
√

7 t)
)
.

(4.24)

It can be easily observed from Eq (4.24) that the solutions, when c = −1, are completely different
than those introduced in Eq (4.23) at c = 1, although a, b and the other parameters are the same.
Additionally, the solutions (4.24) are plotted in Figure 6.

5 10 15 20
t

-3

-2

-1

1

2

3

yHtL

y4HtL
y3HtL
y2HtL
y1HtL

Figure 6. Representation of the solution y(t) at a = −4, b = −2 (y1(t)), a = −4, b = 2 (y2(t)),
a = −10, b = −4 (y3(t)), a = −10 and b = 4 (y4(t)) when c = −1.

Repeating these calculations at some selected values for a and b from Figure 4 at c = 2 and denoting

y1(t) = y(t)
∣∣∣∣
a=−6, b=− 11

2

,

y2(t) = y(t)
∣∣∣∣
a=−6, b= 11

2

,

y3(t) = y(t)
∣∣∣∣
a=−12, b=−7

,

y4(t) = y(t)
∣∣∣∣
a=−12, b=7

,

we find

y1(t) =
1

2
√

41

(
(−19 +

√
41) cos


√

4 −

√
41
2

t

 + (19 +
√

41) cos


√

1
2

(8 +
√

41) t


+ 2

√
763 + 103

√
41 sin


√

4 −

√
41
2

t

 − 2
√

763 − 103
√

41 sin


√

1
2

(8 +
√

41) t

 ), (4.25)
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and

y2(t) =
41 + 3

√
41

82
cos


√

4 −

√
41
2

t

 +
(
1
2
−

3

2
√

41

)
cos

(√
1
2 (8 +

√
41) t

)

+

√
59 − 7

√
41 sin

(√
4 −

√
41
2 t

)
+

√
59 + 7

√
41 sin

(√
1
2 (8 +

√
41) t

)
√

943
, (4.26)

while y3(t) and y4(t) are obtained as

y3(t) =
1

10

(
(5 − 11

√
5) cos

(√
10 −

√
5 t

)
+ (5 + 11

√
5) cos

(√
10 +

√
5 t

)
+

√
2(595 + 83

√
5) sin

(√
10 −

√
5 t

)
−

√
2(595 − 83

√
5) sin

(√
10 +

√
5 t

))
, (4.27)

and

y4(t) =
1

38
√

10

(
19
√

2 (3 +
√

5) cos
(√

10 −
√

5 t
)
+ 19

√
2 (−3 +

√
5) cos

(√
10 +

√
5 t

)
+2

√
665 + 247

√
5 sin

(√
10 −

√
5 t

)
− 2

√
665 − 247

√
5 sin

(√
10 +

√
5 t

))
. (4.28)

In Figure 7, the solutions (4.25)–(4.28) are plotted, where the periodicity of the curves is obvious.
Also, the solutions

y1(t) = y(t)
∣∣∣∣
a=−6, b=− 11

2

,

y2(t) = y(t)
∣∣∣∣
a=−6, b= 11

2

,

y3(t) = y(t)
∣∣∣∣
a=−12, b=−7

,

y4(t) = y(t)
∣∣∣∣
a=−12, b=7

are reevaluated at c = −2 but omitted here for lengthy results. These solutions are represented in
Figure 8, which confirm the periodicity of the obtained solutions under the aforementioned restrictions
0 < Ω < ω2 and a < −c2/2.

2 4 6 8 10 12
t

-5

5

yHtL

y4HtL
y3HtL
y2HtL
y1HtL

Figure 7. Representation of the solution y(t) at a = −6, b = −11/2 (y1(t)), a = −6, b = 11/2
(y2(t)), a = −12, b = −7 (y3(t)), a = −12 and b = 7 (y4(t)) when c = 2.
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Figure 8. Representation of the solution y(t) at a = −6, b = −11/2 (y1(t)), a = −6, b = 11/2
(y2(t)), a = −12, b = −7 (y3(t)), a = −12 and b = 7 (y4(t)) when c = 2.

5. Conclusions

In this paper, a reduction approach was successfully developed and applied to solve a second-
order differential equation with a reflection argument. By transforming the original problem into
an equivalent fourth-order ODE, the difficulties associated with the nonlocal reflection term were
effectively eliminated. This approach enabled the derivation of exact solutions in explicit exponential
and hyperbolic forms. The solution of the characteristic equation showed both types of distinct
and repeated roots under some restrictions. This lead to a clear understanding of the solution
structure. Several special cases were analyzed in detail, leading to simplified expressions of the
solution. Moreover, the regions of valid parameters to obtain pure hyperbolic-form solutions, pure
trigonometric-form solutions, and other combined-form solutions were provided through several plots.
Although the solution was basically expressed in terms of four distinct exponential and hyperbolic
functions, it was successfully converted under some assumptions to periodic solutions. The obtained
results reflect the capability of the implemented reduction approach in handling other types of reflected
differential equations [36–38] in addition to models with non-self-adjoint involution [39] and reflective
delay [40]. Future works will investigate these approaches.

Author contributions

Laila F. Seddek: Methodology, validation, formal analysis, funding acquisition, investigation,
writing—original draft preparation, writing—review and editing; Essam R. El-Zahar:
Conceptualization, methodology, validation, formal analysis, investigation, writing—review and
editing, visualization; Abdelhalim Ebaid: Conceptualization, methodology, validation, formal
analysis, investigation, writing—review and editing. All authors have read and agreed to the published
version of the manuscript.

Use of Generative-AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

AIMS Mathematics Volume 11, Issue 9, 28971–28990.



28988

Acknowledgments

The authors extend their appreciation to Prince Sattam bin Abdulaziz University for funding this
research work through the project number (PSAU/2025/03/37372).

Conflict of interest

The authors declare no conflicts of interest.

References

1. J. Wiener, A. R. Aftabizadeh, Boundary value problems for differential equations
with reflection of the argument, Int. J. Math. Math. Sci., 8 (1985), 151–163.
https://doi.org/10.1155/S016117128500014X

2. C. P. Gupta, Existence and uniqueness theorems for boundary value problems involving
reflection of the argument, Nonlinear Anal., 11 (1987), 1075–1083. https://doi.org/10.1016/0362-
546X(87)90085-X

3. R. K. Sharma, Iterative solutions to boundary-value differential equations involving reflection
of the argument, J. Comput. Appl. Math., 24 (1988), 319–326. https://doi.org/10.1016/0377-
0427(88)90293-2

4. D. D. Hai, Two point boundary value problem for differential equations with reflection of argument,
J. Math. Anal. Appl., 144 (1989), 313–321. https://doi.org/10.1016/0022-247X(89)90337-5

5. D. O’Regan, Existence results for differential equations with reflection of the argument, J. Aust.
Math. Soc. Ser. A, 57 (1994), 237–260. https://doi.org/10.1017/S1446788700037538

6. T. F. Ma, E. S. Miranda, M. B. de Souza Cortes, A nonlinear differential equation involving
reflection of the argument, Arch. Math. (Brno), 40 (2004), 63–68.

7. A. Cabada, F. A. F. Tojo, Differential equations with involutions, Amsterdam: Atlantis Press, 2014.
https://doi.org/10.2991/978-94-6239-121-5

8. A. Cabada, F. A. F. Tojo, Solutions and Green’s function of the first-order linear
equation with reflection and initial conditions, Bound. Value Probl., 2014 (2014), 99.
https://doi.org/10.1186/1687-2770-2014-99

9. J. Wiener, W. Watkins, A glimpse into the wonderland of involutions, Mo. J. Math. Sci., 14 (2002),
175–185. https://doi.org/10.35834/2002/1403175

10. D. Piao, Pseudo almost periodic solutions for differential equations involving
reflection of the argument, J. Korean Math. Soc., 41 (2004), 747–754.
https://doi.org/10.4134/JKMS.2004.41.4.747

11. D. Piao, Periodic and almost periodic solutions for differential equations with reflection of the
argument, Nonlinear Anal., 57 (2004), 633–637. https://doi.org/10.1016/j.na.2004.03.017

12. S. M. Shah, J. Wiener, Reducible functional differential equations, Int. J. Math. Math. Sci., 8
(1985), 1–27. https://doi.org/10.1155/S0161171285000011

AIMS Mathematics Volume 11, Issue 9, 28971–28990.

https://dx.doi.org/https://doi.org/10.1155/S016117128500014X
https://dx.doi.org/https://doi.org/10.1016/0362-546X(87)90085-X
https://dx.doi.org/https://doi.org/10.1016/0362-546X(87)90085-X
https://dx.doi.org/https://doi.org/10.1016/0377-0427(88)90293-2
https://dx.doi.org/https://doi.org/10.1016/0377-0427(88)90293-2
https://dx.doi.org/https://doi.org/10.1016/0022-247X(89)90337-5
https://dx.doi.org/https://doi.org/10.1017/S1446788700037538
https://dx.doi.org/https://doi.org/10.2991/978-94-6239-121-5
https://dx.doi.org/https://doi.org/10.1186/1687-2770-2014-99
https://dx.doi.org/https://doi.org/10.35834/2002/1403175
https://dx.doi.org/https://doi.org/10.4134/JKMS.2004.41.4.747
https://dx.doi.org/https://doi.org/10.1016/j.na.2004.03.017
https://dx.doi.org/https://doi.org/10.1155/S0161171285000011


28989

13. W. Watkins, Modified Wiener equations, Int. J. Math. Math. Sci., 27 (2001), 347–356.
https://doi.org/10.1155/S0161171201006561

14. J. Wiener, Generalized solutions of functional differential equations, Singapore: World Scientific,
1993.

15. W. Watkins, Asymptotic properties of differential equations with involutions, Int. J. Pure Appl.
Math., 44 (2008), 485–492.

16. A. R. Aftabizadeh, Y. K. Huang, J. Wiener, Bounded solutions for differential equations with
reflection of the argument, J. Math. Anal. Appl., 135 (1988), 31–37. https://doi.org/10.1016/0022-
247X(88)90139-4

17. N. S. Yeh, Further study on solvability of two-point boundary value problems with reflection of the
argument, Bound. Value Probl., 2025 (2025), 142. https://doi.org/10.1186/s13661-025-02137-0

18. C. P. Gupta, Two-point boundary value problems involving reflection of the argument, Int. J. Math.
Math. Sci., 10 (1987), 361–371. https://doi.org/10.1155/S0161171287000425

19. D. O’Regan, M. Zima, Leggett-Williams norm-type fixed point theorems
for multivalued mappings, Appl. Math. Comput., 187 (2007), 1238–1249.
https://doi.org/10.1016/j.amc.2006.09.035

20. M. Miraoui, S. Ben Atti, New results for some differential equations with reflection
and application, Ann. Univ. Craiova Math. Comput. Sci. Ser., 52 (2025), 632–645.
https://doi.org/10.52846/ami.v52i2.2053

21. D. Andrade, T. F. Ma, Numerical solutions for a nonlocal equation with reflection of the argument,
Neural Parallel Sci. Comput., 10 (2002), 227–233.

22. A. Cabada, F. A. F. Tojo, Comparison results for first order linear operators with
reflection and periodic boundary value conditions, Nonlinear Anal., 78 (2013), 32–46.
https://doi.org/10.1016/j.na.2012.09.011

23. A. Cabada, G. Infante, F. A. F. Tojo, Nontrivial solutions of perturbed Hammerstein integral
equations with reflections, Bound. Value Probl., 2013 (2013), 86. https://doi.org/10.1186/1687-
2770-2013-86

24. N. S. Yeh, A two-point boundary value problem with reflection of the argument, J. Funct. Spaces,
2023 (2023), 6010530. https://doi.org/10.1155/2023/6010530

25. Z. Yerkisheva, K. Nazarova, K. Usmanov, On the solvability of a nonlocal boundary value
problem for systems of differential equations with involution, AIMS Math., 14 (2026), 2227-7390.
https://doi.org/10.3390/math14152787

26. M. Koshanova, K. Nazarova, B. Turmetov, K. Usmanov, On solvability of some inverse
problems for a pseudoparabolic equation with multiple involution, Mathematics, 13 (2025), 2587.
https://doi.org/10.3390/math13162587

27. A. Sarsenbi, A. Sarsenbi, B. Seilbekov, Boundary value problems for linear and nonlinear
second order ordinary differential equations with involutions, J. Math. Sci., 291 (2025), 117–134.
https://doi.org/10.1007/s10958-025-07783-4

AIMS Mathematics Volume 11, Issue 9, 28971–28990.

https://dx.doi.org/https://doi.org/10.1155/S0161171201006561
https://dx.doi.org/https://doi.org/10.1016/0022-247X(88)90139-4
https://dx.doi.org/https://doi.org/10.1016/0022-247X(88)90139-4
https://dx.doi.org/https://doi.org/10.1186/s13661-025-02137-0
https://dx.doi.org/https://doi.org/10.1155/S0161171287000425
https://dx.doi.org/https://doi.org/10.1016/j.amc.2006.09.035
https://dx.doi.org/https://doi.org/10.52846/ami.v52i2.2053
https://dx.doi.org/https://doi.org/10.1016/j.na.2012.09.011
https://dx.doi.org/https://doi.org/10.1186/1687-2770-2013-86
https://dx.doi.org/https://doi.org/10.1186/1687-2770-2013-86
https://dx.doi.org/https://doi.org/10.1155/2023/6010530
https://dx.doi.org/https://doi.org/10.3390/math14152787
https://dx.doi.org/https://doi.org/10.3390/math13162587
https://dx.doi.org/https://doi.org/10.1007/s10958-025-07783-4


28990

28. F. Dekhkonov, B. Turmetov, On one time-optimal control problem for a parabolic
equation with involution in a bounded domain, AIMS Math., 10 (2025), 20531–20549.
https://doi.org/10.3934/math.2025916

29. G. B. Ermentrout, D. H. Terman, Mathematical foundations of neuroscience, New York: Springer,
2010. https://doi.org/10.1007/978-0-387-87708-2

30. A. H. S. Alenazy, A. Ebaid, E. A. Algehyne, H. K. Al-Jeaid, Advanced study on
the delay differential equation y′(t) = ay(t) + by(ct), Mathematics, 10 (2022), 4302.
https://doi.org/10.3390/math10224302

31. A. B. Albidah, N. E. Kanaan, A. Ebaid, H. K. Al-Jeaid, Exact and numerical analysis of the
pantograph delay differential equation via the homotopy perturbation method, Mathematics, 11
(2023), 944. https://doi.org/10.3390/math11040944

32. R. M. S. Alyoubi, A. Ebaid, E. R. El-Zahar, M. D. Aljoufi, A novel analytical treatment for
the Ambartsumian delay differential equation with a variable coefficient, AIMS Math., 9 (2024),
35743–35758. https://doi.org/10.3934/math.20241696

33. R. Alrebdi, H. K. Al-Jeaid, Accurate solution for the pantograph delay differential equation via
Laplace transform, Mathematics, 11 (2023), 2031. https://doi.org/10.3390/math11092031

34. R. Alrebdi, H. K. Al-Jeaid, Two different analytical approaches for solving the pantograph
delay equation with variable coefficient of exponential order, Axioms, 13 (2024), 229.
https://doi.org/10.3390/axioms13040229

35. A. Ebaid, H. K. Al-Jeaid, On the exact solution of the functional differential
equation y′(t) = ay(t) + by(−t), Adv. Differ. Equ. Control Process., 26 (2022), 39–49.
https://doi.org/10.17654/0974324322003

36. A. Cabada, P. Cambeses-Franco, Second order periodic boundary value problems with reflection
and piecewise constant arguments, arXiv preprint, 2026. https://arxiv.org/abs/2601.13291

37. M. Miraoui, Measure pseudo almost periodic solutions for differential equations with reflection,
Appl. Anal., 101 (2022), 938–951. https://doi.org/10.1080/00036811.2020.1766026

38. M. Miraoui, µ-Pseudo-almost automorphic solutions for some differential equations
with reflection of the argument, Numer. Funct. Anal. Optim., 38 (2017), 376–394.
https://doi.org/10.1080/01630563.2017.1279175

39. A. Beisebayeva, E. Mussirepova, A. Sarsenbi, Inverse problem for a pseudoparabolic equation
with a non-self-adjoint involutive second-order differential operator, Mathematical, 14 (2026), 668.
https://doi.org/10.3390/math14040668

40. S. Guedim, L. Abdellatif, M. K. A. Kaabar, S. A. A. Al-Mezel, F. M. Al-Saadi, J. R. Lee, Initial
value problems for fractional differential equations of variable order with reflective delay structures,
Math. Model. Control, 5 (2025), 379–389. https://doi.org/10.3934/mmc.2025026

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 9, 28971–28990.

https://dx.doi.org/https://doi.org/10.3934/math.2025916
https://dx.doi.org/https://doi.org/10.1007/978-0-387-87708-2
https://dx.doi.org/https://doi.org/10.3390/math10224302
https://dx.doi.org/https://doi.org/10.3390/math11040944
https://dx.doi.org/https://doi.org/10.3934/math.20241696
https://dx.doi.org/https://doi.org/10.3390/math11092031
https://dx.doi.org/https://doi.org/10.3390/axioms13040229
https://dx.doi.org/https://doi.org/10.17654/0974324322003
https://dx.doi.org/https://arxiv.org/abs/2601.13291
https://dx.doi.org/https://doi.org/10.1080/00036811.2020.1766026
https://dx.doi.org/https://doi.org/10.1080/01630563.2017.1279175
https://dx.doi.org/https://doi.org/10.3390/math14040668 
https://dx.doi.org/https://doi.org/10.3934/mmc.2025026
https://creativecommons.org/licenses/by/4.0

	Introduction
	Current research status
	Methods of second-order reflected IVPs 

	Reduction approach
	Characteristic equation
	Exact solution

	Special cases
	c=0
	b=a
	b=-a

	Characteristics of solution
	Combined hyperbolic/trigonometric-form solution
	Pure hyperbolic-form solution 
	Combined hyperbolic/polynomial-form solution 
	Combined trigonometric/polynomial-form solution
	Pure trigonometric-form solution 

	Conclusions

