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1. Introduction

Accurate probability modeling for random variables supported on the unit interval (0, 1) is
of fundamental importance across many disciplines, including reliability, economics, finance,
environmental science, medicine, and public health, where observations frequently arise in the form
of proportions, rates, probabilities, percentages, and normalized indices. The intrinsic boundedness
of such data often renders the direct use of classical unbounded distributions inappropriate, thereby
motivating the development of flexible unit distributions.

Although the beta distribution remains the standard benchmark for bounded data due to its
flexibility, its analytical structure can be cumbersome in applications requiring simple closed-form
expressions, particularly for the cumulative distribution and quantile functions. This limitation
has stimulated sustained interest in alternative bounded distributions that combine tractability with
adequate flexibility. A major direction in this area consists of constructing unit models with explicit
distributional and reliability characteristics and sufficient shape adaptability for practical data analysis.
Representative recent contributions include the unit arcsine–exponential distribution [1], the unit
arcsine–Rayleigh distribution [2], a flexible bounded model with a bathtub-shaped hazard rate [3],
and the inverse unit new XLindley distribution [4].

Among the various models proposed for bounded data, analytically tractable unit distributions
are especially attractive because of their interpretability and usefulness in statistical and reliability
studies. In particular, the unit Lindley distribution [5] has received considerable attention due
to its parsimonious structure and appealing theoretical properties, including explicit closed-form
expressions, exponential family representation, bias-corrected maximum likelihood (ML) estimation,
and mean-based regression modeling. These advantages motivate a common framework for
studying related unit Lindley-type models and deriving their bounded data and reliability properties
systematically.

Motivated by these considerations, this study applies the standard transformation X = T/(1 + T ),
which maps (0,∞) onto (0, 1), to the positive-support two-parameter family introduced in [6]. Rather
than claiming novelty for this established unitizing transformation, the study develops a unified
framework for the resulting unit family, deriving its distributional and reliability characteristics,
quantiles, moments, actuarial measures, order statistics, entropy and extropy measures, and
identifiability condition. It also provides a detailed classical and Bayesian inferential analysis of the
UShD as a special case.

The remainder of this article is organized as follows. Section 2 develops the proposed two-parameter
family of unit distributions (TPFUD) by presenting its basic formulation, reliability functions, relevant
sub-models, and limiting behavior. Section 3 provides a comprehensive treatment of the main statistical
properties of the proposed family. In Section 4, the UShD is examined as a distinguished special case
within this framework. Classical and Bayesian inferential procedures are discussed in Sections 5 and 6,
respectively. The finite-sample behavior of the estimators is assessed through a Monte Carlo simulation
study in Section 7. Real-data applications are then presented in Section 8 to illustrate the flexibility and
practical usefulness of the proposed model. Finally, Section 9 concludes the article by summarizing
the main findings and outlining possible directions for future research.

AIMS Mathematics Volume 11, Issue 9, 28887–28949.



28889

2. Two-parameter family of unit distributions

Let T follow the two-parameter family of distributions introduced in [6], with a probability density
function (PDF) given by

g(t;α, β) =
a 2

2

a0a2 + a1
(a0 + a1t) e−a2t, t > 0, (2.1)

where ai = ai(α, β), i = 0, 1, 2, are real-valued coefficient functions of the parameters α > 0 and β > 0.
For any selected specification, define the admissible parameter domain by

Θ =
{
(α, β) ∈ (0,∞)2 : a0(α, β) > 0, a1(α, β) > 0, a2(α, β) > 0

}
.

Throughout the general TPFUD development, (α, β) ∈ Θ. To construct a bounded distribution on the
unit interval, consider the monotone transformation X = T

1+T , whose inverse is T = X
1−X . By the change

of variables formula, the PDF of X is

f (x;α, β) = g
( x
1 − x

;α, β
) 1

(1 − x)2 , 0 < x < 1. (2.2)

Substituting Eq (2.1) into Eq (2.2), we obtain

f (x;α, β) =
a 2

2

(
a0 + a1

x
1−x

)
(a0a2 + a1)(1 − x)2 e−a2

x
1−x , 0 < x < 1. (2.3)

A random variable having the PDF in Eq (2.3) is said to follow the TPFUD, denoted X ∼

TPFUD(α, β).

Theorem 2.1 (Validity of the PDF). For (α, β) ∈ Θ, the function defined in Eq (2.3) is a valid PDF on
(0, 1).

Proof. By the definition of Θ, we have a0 > 0, a1 > 0, and a2 > 0. For 0 < x < 1, it follows that

1 − x > 0,
x

1 − x
> 0, (1 − x)2 > 0, e−a2

x
1−x > 0,

and hence f (x;α, β) ≥ 0. Next, consider∫ 1

0
f (x;α, β) dx =

a 2
2

a0a2 + a1

∫ 1

0

(
a0 + a1

x
1 − x

) e−a2
x

1−x

(1 − x)2 dx.

Using the transformation t = x
1−x , dt = 1

(1−x)2 dx, we obtain∫ 1

0
f (x;α, β) dx =

a 2
2

a0a2 + a1

∫ ∞

0
(a0 + a1t)e−a2t dt.

Using the standard identities
∫ ∞

0
e−a2t dt = 1

a2
and

∫ ∞
0

te−a2t dt = 1
a2

2
, we obtain∫ 1

0
f (x;α, β) dx =

a 2
2

a0a2 + a1

(
a0

a2
+

a1

a2
2

)
= 1.

Hence, f (x;α, β) is a valid PDF, which completes the proof. □
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Remark 2.1 (Special cases of the TPFUD). A key feature of the TPFUD is its ability to encompass
several important submodels through suitable choices of the parameter functions a0, a1, and
a2. In particular, the unit-transformed counterparts of several classical and generalized lifetime
distributions are recovered under the transformation X = T/(1 + T ). These include the Lindley [7],
Shanker [8], Komal [9], Garima [10], linear-exponential [11], Gemeay–Zeghdoudi [6], two-
parameter Lindley [12], gamma-Lindley [13], quasi-Lindley [14], new quasi-Lindley [15], two-
parameter Lindley II [16], pseudo-Lindley [17], and XLindley [18] distributions; see Table 1.
Accordingly, the TPFUD constitutes a unified, flexible, and analytically tractable class of bounded
distributions on (0, 1), providing a coherent framework that encompasses a wide range of existing
Lindley-type models.

Table 1. Special cases of the TPFUD corresponding to selected choices of a0, a1, and a2.

Distribution Abbrev. Parameters a0 a1 a2 Reference
Unit Lindley ULD α > 0 1 1 α [5]
Unit Shanker UShD α > 0 α 1 α This paper
Unit Komal UKD α > 0 1 + α 1 α · · ·

Unit Garima UGD α > 0 1 + α α α · · ·

Unit Linear-Exponential ULED α > 0 α2 1 α · · ·

Unit Gemeay-Zeghdoudi UGZD α > 0, β > 0 α
β

β 1
α
· · ·

Unit two-parameter Lindley I UTPLD-I α > 0, β > 0 α 1 β · · ·

Unit gamma-Lindley UGLD β > 0, α > β

1+β 1 α + αβ − β β · · ·

Unit quasi-Lindley UQLD α > 0, β > 0 α β β · · ·

Unit new quasi-Lindley UNQLD α > 0, β > 0 β α β · · ·

Unit two-parameter Lindley II UTPLD-II α > 0, β > 0 1 α β · · ·

Unit pseudo-Lindley UPLD α > 1, β > 0 α − 1 β β · · ·

Unit XLindley UXLD α > 0 2 + α 1 α · · ·

In Table 1, the symbol (· · · ) represents further admissible parameter specifications that yield
additional submodels of the proposed TPFUD. To the best of the authors’ knowledge, these particular
models have not previously been introduced or systematically investigated in the existing literature.

Theorem 2.2 (Identifiability of the TPFUD). Let a TPFUD be defined on the admissible parameter
space Θ, and define η(α, β) =

(
a2,

a1
a0

)
. We then have the following for any (α1, β1), (α2, β2) ∈ Θ:

f ( · ;α1, β1) = f ( · ;α2, β2) ⇐⇒ η(α1, β1) = η(α2, β2).

Consequently, the TPFUD is identifiable on Θ if and only if η is one-to-one on Θ.

Proof. Let q = a1
a0
> 0. Since a0 > 0, the density in Eq (2.3) can be expressed as

(1 − x)2 f (x;α, β) =
a2

2

a2 + q

(
1 + q

x
1 − x

)
exp

(
−a2

x
1 − x

)
, 0 < x < 1,

so the density depends on (α, β) only through the pair (a2, q).
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Suppose that two parameter pairs generate the same density. From the preceding representation, we
have

lim
x→1−
−

1 − x
x

log
[
(1 − x)2 f (x;α, β)

]
= a2.

Therefore, the corresponding values of a2 must coincide. For this common value of a2,

lim
x→0+

(1 − x)2 f (x;α, β) =
a2

2

a2 + q
.

Define ϕ(q) = a2
2

a2+q , q > 0. For fixed a2 > 0, ϕ′(q) = − a2
2

(a2+q)2 < 0, so ϕ is strictly decreasing on (0,∞).
Therefore, the corresponding values of q = a1/a0 must also coincide, and hence, η(α1, β1) = η(α2, β2).

Conversely, equality of the two η-values implies equality of the corresponding a2 and q, and
the density representation above immediately yields f ( · ;α1, β1) = f ( · ;α2, β2). Hence, the stated
equivalence holds, and identifiability is equivalent to the injectivity of η, which completes the
proof. □

Remark 2.2 (Identifiability of the submodels). By Theorem 2.2, the identifiability of each TPFUD
submodel is determined by the corresponding mapping η(α, β) =

(
η1(α, β), η2(α, β)

)
=

(
a2,

a1
a0

)
. For the

submodels involving both parameters in Table 1, the corresponding components are summarized in
Table 2.

Table 2. Components of the identifiability mappings for the TPFUD submodels involving
both parameters.

Model UGZD UTPLD-I UGLD UQLD UNQLD UTPLD-II UPLD
η1

1
α

β β β β β β

η2
β2

α
1
α

α(1 + β) − β β

α
α
β

α β

α−1

Each mapping is one-to-one on its corresponding admissible parameter domain, since the equality
of η1 and η2 uniquely determines α and β. Hence, all submodels involving both parameters in Table
1 are identifiable and exhibit no parameter redundancy. The one-parameter submodels are treated
analogously on their corresponding one-dimensional parameter spaces.

It follows that the corresponding cumulative distribution function (CDF) is

F(x;α, β) = 1 −

a2

(
a0 + a1

x
1−x

)
+ a1

a0a2 + a1

 e−a2
x

1−x , 0 < x < 1. (2.4)

Accordingly, the survival function (SF), or equivalently the reliability function (RF), is

R(x;α, β) = 1 − F(x;α, β) =

a2

(
a0 + a1

x
1−x

)
+ a1

a0a2 + a1

 e−a2
x

1−x , 0 < x < 1, (2.5)

whereas the hazard rate function (HF) is given by

h(x;α, β) =
f (x;α, β)
R(x;α, β)

=
a 2

2

(
a0 + a1

x
1−x

)
(1 − x)2

[
a2

(
a0 + a1

x
1−x

)
+ a1

] , 0 < x < 1. (2.6)
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Remark 2.3 (Cumulative hazard, reversed hazard, and odds functions). For a random variable X ∼
TPFUD(α, β) with CDF F(x;α, β) and RF R(x;α, β) given in Eqs (2.4) and (2.5), the cumulative hazard
rate function (CHF) is defined as

H(x;α, β) =
∫ x

0
h(u;α, β) du = − log R(x;α, β).

Using Eq (2.5), we obtain the explicit form

H(x;α, β) = a2
x

1 − x
− log

a2

(
a0 + a1

x
1−x

)
+ a1

a0a2 + a1

 , 0 < x < 1. (2.7)

The reversed hazard rate function (RHF) is given by

r(x;α, β) =
f (x;α, β)
F(x;α, β)

, 0 < x < 1,

and, upon substituting Eqs (2.3) and (2.4), it follows that

r(x;α, β) =
a 2

2

(
a0 + a1

x
1−x

)
e−a2

x
1−x

(1 − x)2
[
a0a2 + a1 −

(
a2

(
a0 + a1

x
1−x

)
+ a1

)
e−a2

x
1−x

] , 0 < x < 1. (2.8)

Moreover, the odds function (OF) associated with the TPFUD is defined as

O(x;α, β) =
F(x;α, β)
R(x;α, β)

=
1

R(x;α, β)
− 1,

which, using Eq (2.5), reduces to

O(x;α, β) =
(a0a2 + a1) ea2

x
1−x

a2

(
a0 + a1

x
1−x

)
+ a1

− 1, 0 < x < 1. (2.9)

These functions provide complementary perspectives on the failure behavior of the TPFUD, offering
deeper insight into its reliability structure and facilitating further theoretical developments and practical
applications.

2.1. Asymptotic behavior

The limiting behavior of the TPFUD functions at the boundaries x→ 0+ and x→ 1− is summarized
in Table 3. The PDF and HF approach finite positive limits at the lower endpoint, whereas the RHF
diverges there. At the upper endpoint, the HF and CHF diverge, while the RHF converges to zero.

Table 3. Asymptotic behavior of the TPFUD functions.

Limit PDF CDF RF HF CHF RHF OF

x→ 0+
a2

2a0

a0a2 + a1
0 1

a2
2a0

a0a2 + a1
0 ∞ 0

x→ 1− 0 1 0 ∞ ∞ 0 ∞
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More precisely, the HF diverges at the following quadratic rate:

lim
x→1−

(1 − x)2h(x;α, β) = a2, h(x;α, β) =
a2

(1 − x)2 {1 + o(1)}. (2.10)

Indeed, multiplying Eq (2.6) by (1 − x)2 gives

(1 − x)2h(x;α, β) =
a 2

2

(
a0 + a1

x
1−x

)
a2

(
a0 + a1

x
1−x

)
+ a1

.

Since a0 + a1
x

1−x → ∞ as x → 1−, the preceding ratio converges to a2
2

a2
= a2. Thus, the conditional

failure intensity increases without bound as the random variable approaches its upper endpoint.
The monotonicity of the HF can be established directly by differentiating Eq (2.6). Applying the

quotient rule and simplifying yields

d
dx

h(x;α, β) =
a 2

2

{
a2

1 + 2(1 − x)
(
a0 + a1

x
1−x

) [
a2

(
a0 + a1

x
1−x

)
+ a1

] }
(1 − x)4

[
a2

(
a0 + a1

x
1−x

)
+ a1

]2 . (2.11)

For every x ∈ (0, 1), the denominator in Eq (2.11) is strictly positive. Moreover,

a2
1 > 0, 1 − x > 0, a0 + a1

x
1 − x

> 0, and a2

(
a0 + a1

x
1 − x

)
+ a1 > 0.

Consequently,
d
dx

h(x;α, β) > 0, 0 < x < 1.

Therefore, the HF is strictly increasing throughout the unit interval, and the TPFUD belongs
to the increasing failure rate (IFR) class. Since every IFR distribution belongs to the decreasing
mean residual life (DMRL) class, that is, IFR =⇒ DMRL, the TPFUD also has the DMRL
property. Accordingly, the TPFUD is well suited to bounded aging and wear-out phenomena
characterized by a monotonically increasing failure intensity, rather than mechanisms requiring
decreasing, nonmonotone, or asymptotically constant hazard patterns.

3. Statistical properties of the TPFUD

In this section, we derive the principal statistical and distributional properties of the TPFUD from its
defining functions, including the mode, quantile function, moments and inequality measures, deviation
and residual-life functions, actuarial quantities, stress–strength reliability, order statistics, stochastic
orders, and entropy and extropy measures. Taken together, these results provide a comprehensive
characterization of the model’s shape, variability, uncertainty, and reliability behavior.

3.1. Mode

The mode describes the location at which the PDF of the TPFUD reaches its maximum and,
therefore, provides a useful summary of the peak structure of the distribution. For the PDF given

AIMS Mathematics Volume 11, Issue 9, 28887–28949.
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in Eq (2.3), the modal point is obtained from the stationary equation

d
dx

log f (x;α, β) = 0.

Using Eq (2.3), the log-density can be written as

log f (x;α, β) = 2 log a2 − log(a0a2 + a1) + log
(
a0 + a1

x
1 − x

)
− 2 log(1 − x) − a2

x
1 − x

.

Differentiation with respect to x gives

d
dx

log f (x;α, β) =
a1

(1 − x)2
(
a0 + a1

x
1−x

) + 2
1 − x

−
a2

(1 − x)2 .

Setting this derivative equal to zero and introducing the transformation

z =
x

1 − x
, x =

z
1 + z

, z > 0,

the modal equation reduces to

a1a2z2 + [a2(a0 + a1) − 3a1] z + (a0a2 − 2a0 − a1) = 0. (3.1)

An interior mode exists precisely when a0a2 < 2a0 + a1. In this case, the leading coefficient of
Eq (3.1) satisfies a1a2 > 0, whereas its constant term satisfies a0a2 − 2a0 − a1 < 0. Moreover, the
discriminant is

∆ = [a2(a0 + a1) − 3a1]2 − 4a1a2(a0a2 − 2a0 − a1) > 0.

Thus, the quadratic has two real roots whose product is

z1z2 =
a0a2 − 2a0 − a1

a1a2
< 0.

Hence, the two roots have opposite signs, and Eq (3.1) has exactly one positive root in z ∈ (0,∞).
Since x = z/(1+ z) maps (0,∞) bijectively onto (0, 1), this root determines a unique interior mode. The
corresponding mode is

x∗ =
3a1 − a2(a0 + a1) +

√
[a2(a0 + a1) − 3a1]2 − 4a1a2(a0a2 − 2a0 − a1)

2a1a2 + 3a1 − a2(a0 + a1) +
√

[a2(a0 + a1) − 3a1]2 − 4a1a2(a0a2 − 2a0 − a1)
. (3.2)

If a0a2 ≥ 2a0 + a1, then the density is decreasing over (0, 1). Consequently, the TPFUD has no
interior mode, and its supremum is reached at the left boundary in the limiting sense:

sup
0<x<1

f (x;α, β) = lim
x→0+

f (x;α, β) =
a2

2a0

a0a2 + a1
.

Hence, the TPFUD is either unimodal with a unique interior mode given by Eq (3.2) or
monotonically decreasing on (0, 1), according to whether a0a2 < 2a0 + a1 or a0a2 ≥ 2a0 + a1.
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3.2. Quantile function and random sample generation

This subsection derives the quantile function (QF) of the TPFUD, which plays a central role in
statistical inference by specifying the threshold below which a given proportion of observations falls.
Moreover, the QF enables random sample generation via the inverse transform method.

Theorem 3.1 (QF). Let X ∼ TPFUD(α, β) with CDF given in Eq (2.4). For 0 < u < 1, the QF is given
by

Qu =
−a1W−1

(
−c(1 − u)e−c) − b

a1a2 − a1W−1
(
−c(1 − u)e−c) − b

, (3.3)

where b = a0a2 + a1, c = b
a1

, and W−1(·) denotes the lower real branch of the Lambert W function.

Proof. Let F(x;α, β) = u. From Eq (2.4),
[

a2

(
a0+a1

x
1−x

)
+a1

b

]
e−a2

x
1−x = 1 − u. Setting z = x

1−x yields

(
1 +

a1a2

b
z
)
e−a2z = 1 − u.

Substituting t = 1 + a1a2
b z gives t e−

b
a1

t
= (1 − u)e−

b
a1 . Multiplying by − b

a1
and applying the Lambert

W relation Wk(ξeξ) = ξ yields

−
b
a1

t = Wk

(
−

b
a1

(1 − u)e−
b

a1

)
.

Since c = b
a1
= 1+ a0a2

a1
> 1, and 0 < u < 1, setting ξ = −c(1− u)e−c gives −ce−c < ξ < 0. Moreover,

because c > 1 implies ce−c < 1/e, it follows that ξ ∈ (−1/e, 0), on which both real branches W0 and
W−1 are defined.

For the principal branch, −1 < W0(ξ) < 0, and hence 0 < −1
c W0(ξ) < 1

c < 1. Thus t < 1, which
gives z = c

a2
(t − 1) < 0, so W0 does not yield an admissible solution.

For the lower branch, W−1 is strictly decreasing on (−1/e, 0) and W−1(−ce−c) = −c. Since ξ > −ce−c,
we obtain W−1(ξ) < −c and, therefore, t = −1

c W−1(ξ) > 1. Hence, z > 0, which implies x = z/(1 + z) ∈
(0, 1). Thus, W−1 is the unique admissible real branch.

Consequently, substituting t = −1
c W−1

(
−c(1 − u)e−c) into z = c

a2
(t − 1) and then into x = z

1+z yields
Eq (3.3), completing the proof. □

Remark 3.1 (Quartiles and shape characteristics). The first quartile (Q0.25), second quartile (Q0.5),
and third quartile (Q0.75) follow from Eq (3.3) with u = 0.25, 0.5, 0.75. Quantile-based descriptive
measures include the following.

• Bowley’s skewness: Bs =
Q0.75 + Q0.25 − 2Q0.5

Q0.75 − Q0.25
;

• Moors’ kurtosis: Mk =
Q0.875 − Q0.625 + Q0.375 − Q0.125

Q0.75 − Q0.25
;

• MacGillivray’s skewness: Ms(u) =
Q1−u + Qu − 2Q0.5

Q1−u − Qu
, 0 < u < 1.

Remark 3.2 (Random sample generation). To generate a random sample of size n from TPFUD(α, β),
use the inverse transform method:

AIMS Mathematics Volume 11, Issue 9, 28887–28949.
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Step 1. Generate U1, . . . ,Un
i.i.d.
∼ Uniform(0, 1);

Step 2. For each i = 1, . . . , n, compute Xi =
−a1W−1

(
−c(1−Ui)e−c

)
−b

a1a2−a1W−1

(
−c(1−Ui)e−c

)
−b
, where b = a0a2 + a1 and c = b

a1
.

3.3. Moments and related statistical quantities

This subsection derives explicit expressions for the non-central moments, central moments,
moment-generating function, characteristic function, cumulant-generating function, and incomplete
moments of the TPFUD. In addition, key descriptive measures such as the mean, variance, skewness,
kurtosis, and coefficient of variation are obtained and discussed.

Theorem 3.2 (Moments). Let X ∼ TPFUD(α, β) with the PDF given in Eq (2.3). Then for any real
r > −1, the rth non-central moment (N-CM) of X exists and is given by

µ′r = E[Xr] =
a 2

2

a0a2 + a1

[
a0 Γ(r + 1) U(r + 1, 2, a2) + a1 Γ(r + 2) U(r + 2, 3, a2)

]
, (3.4)

where U(·, ·, ·) denotes Tricomi’s confluent hypergeometric function.

Proof. By definition, we have

µ′r =

∫ 1

0
xr f (x;α, β) dx =

a 2
2

a0a2 + a1

∫ 1

0
xr
(
a0 + a1

x
1 − x

) e−a2
x

1−x

(1 − x)2 dx.

Applying the transformation t = x
1−x , with x = t

1+t and dx
(1−x)2 = dt, yields

µ′r =
a 2

2

a0a2 + a1

∫ ∞

0

( t
1 + t

)r
(a0 + a1t)e−a2t dt.

Splitting the integral gives

µ′r =
a 2

2

a0a2 + a1

[
a0

∫ ∞

0
tr(1 + t)−re−a2t dt + a1

∫ ∞

0
tr+1(1 + t)−re−a2t dt

]
.

Using the integral representation of Tricomi’s confluent hypergeometric function

U(a, b, z) =
1
Γ(a)

∫ ∞

0
e−ztta−1(1 + t) b−a−1 dt, ℜ(a) > 0, ℜ(z) > 0. (3.5)

By setting a = r + 1, b = 2 for the first integral and a = r + 2, b = 3 for the second, we obtain∫ ∞

0
tr(1 + t)−re−a2t dt = Γ(r + 1) U(r + 1, 2, a2),∫ ∞

0
tr+1(1 + t)−re−a2t dt = Γ(r + 2) U(r + 2, 3, a2).

Substituting these evaluations yields Eq (3.4). The condition r > −1 ensures convergence at t = 0,
while e−a2t guarantees convergence as t → ∞. □
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Corollary 3.1 (Descriptive measures). For X ∼ TPFUD(α, β), the descriptive measures are expressed
in terms of the N-CMs from Theorem 3.2 as follows.

• Mean (µ):

µ = µ′1 =
a 2

2

a0a2 + a1

[
a0U(2, 2, a2) + 2a1U(3, 3, a2)

]
.

• Variance (σ2):
σ2 = µ′2 − (µ′1)2,

where

µ′2 =
a 2

2

a0a2 + a1

[
2a0U(3, 2, a2) + 6a1U(4, 3, a2)

]
.

• Skewness (γ1):

γ1 =
µ′3 − 3µ′1µ

′
2 + 2(µ′1)3

σ3 ,

where

µ′3 =
a 2

2

a0a2 + a1

[
6a0U(4, 2, a2) + 24a1U(5, 3, a2)

]
.

• Kurtosis (γ2):

γ2 =
µ′4 − 4µ′1µ

′
3 + 6(µ′1)2µ′2 − 3(µ′1)4

σ4 − 3,

where

µ′4 =
a 2

2

a0a2 + a1

[
24a0U(5, 2, a2) + 120a1U(6, 3, a2)

]
.

• Coefficient of variation (CV):

CV =

√
µ′2 − (µ′1)2

µ′1
.

• Coefficient of dispersion (CD):

CD =
µ′2 − (µ′1)2

µ′1
.

Theorem 3.3 (Moment-generating function). Let X ∼ TPFUD(α, β) with PDF given in Eq (2.3). Then
the moment-generating function (MGF) of X exists for all t ∈ R and is given by

MX(t) = E
[
etX] = ∞∑

r=0

tr

r!
a 2

2

a0a2 + a1

[
a0 Γ(r + 1) U(r + 1, 2, a2) + a1 Γ(r + 2) U(r + 2, 3, a2)

]
, (3.6)

where the series converges absolutely for all t ∈ R.

Proof. By definition, we have

MX(t) =
∫ 1

0
etx f (x;α, β) dx.
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Expanding etx =
∞∑

r=0

tr xr

r! and interchanging sum and integral (justified since 0 < X < 1 ensures

E(etX) < ∞ for all t ∈ R), we obtain

MX(t) =
∞∑

r=0

tr

r!

∫ 1

0
xr f (x;α, β) dx =

∞∑
r=0

tr

r!
µ′r.

Substituting Eq (3.4) yields Eq (3.6). □

Remark 3.3. The rth N-CM follows from Eq (3.6) as µ′r =
dr

dtr MX(t)
∣∣∣
t=0

, r = 1, 2, . . ..

Definition 3.1 (Cumulant-generating function). The cumulant-generating function (CGF) of a random
variable X with MGF MX(t) is defined as

KX(t) = log MX(t), (3.7)

for all t in an open neighborhood of the origin where MX(t) exists and is finite.

Remark 3.4. For X ∼ TPFUD(α, β), the CGF exists for all t ∈ R and is given by

KX(t) = log
[ ∞∑

r=0

tr

r!
a 2

2

a0a2 + a1

(
a0 Γ(r + 1) U(r + 1, 2, a2) + a1 Γ(r + 2) U(r + 2, 3, a2)

)]
. (3.8)

The rth cumulant κr = K(r)
X (0) = dr

dtr KX(t)
∣∣∣
t=0

, r = 1, 2, . . . yields the descriptive measures

µ = κ1, σ2 = κ2, γ1 =
κ3

κ3/2
2

, γ2 =
κ4

κ2
2

− 3.

Theorem 3.4 (Incomplete moments). Let X ∼ TPFUD(α, β) with PDF given in Eq (2.3). Then for
0 < x < 1 and any r ∈ N0, the rth incomplete moment (IM)

ψr(x) = E
[
Xr1{X≤x}

]
=

∫ x

0
tr f (t;α, β) dt (3.9)

admits the closed-form representation

ψr(x) =
a 2

2

a0a2 + a1

[
a0 Ir

( x
1 − x

)
+ a1Jr

( x
1 − x

)]
, (3.10)

where, for m ∈ N0 and y > 0, we have

Im(y) = ea2

m∑
k=0

(−1)k

(
m
k

)
a k−1

2

[
Γ(1 − k, a2) − Γ

(
1 − k, a2(1 + y)

)]
, (3.11)

and

Jm(y) = ea2

m+1∑
k=0

(−1)k

(
m + 1

k

)
a k−2

2

[
Γ(2 − k, a2) − Γ

(
2 − k, a2(1 + y)

)]
, (3.12)

with Γ(s, z) =
∫ ∞

z
ts−1e−t dt denoting the upper incomplete gamma function.
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Proof. Substituting Eq (2.3) into Eq (3.9) and applying the transformation u = t
1−t , with t = u

1+u and
dt

(1−t)2 = du, yields

ψr(x) =
a 2

2

a0a2 + a1

[
a0

∫ y

0
ur(1 + u)−re−a2u du + a1

∫ y

0
ur+1(1 + u)−re−a2u du

]
, (3.13)

where y = x
1−x . Defining

Im(y) =
∫ y

0
um(1 + u)−me−a2u du and Jm(y) =

∫ y

0
um+1(1 + u)−me−a2u du

establishes Eq (3.10).

To evaluate Im(y), expand
( u

1+u

)m
=

m∑
k=0

(−1)k
(

m
k

)
(1 + u)−k and substitute v = 1 + u, z = a2v to obtain

Im(y) = ea2

m∑
k=0

(−1)k

(
m
k

) ∫ 1+y

1
v−ke−a2v dv

= ea2

m∑
k=0

(−1)k

(
m
k

)
a k−1

2

[
Γ(1 − k, a2) − Γ

(
1 − k, a2(1 + y)

)]
,

proving Eq (3.11). For Jm(y), use um+1(1 + u)−m =
m+1∑
k=0

(−1)k
(

m+1
k

)
(1 + u)1−k with the same substitutions

to obtain

Jm(y) = ea2

m+1∑
k=0

(−1)k

(
m + 1

k

) ∫ 1+y

1
v1−ke−a2v dv

= ea2

m+1∑
k=0

(−1)k

(
m + 1

k

)
a k−2

2

[
Γ(2 − k, a2) − Γ

(
2 − k, a2(1 + y)

)]
,

proving Eq (3.12). Substituting Ir(y) and Jr(y) into Eq (3.10) completes the proof. □

Remark 3.5. In Eqs (3.11) and (3.12), the second argument of each upper incomplete gamma function
satisfies z ≥ a2 > 0. For fixed z > 0, Γ(s, z) =

∫ ∞
z

ts−1e−t dt is an entire function of s. Hence, it is
finite for every real s, including all nonpositive integers, and has no poles. This contrasts with the
analytically continued complete gamma function Γ(s), which has simple poles at s = 0,−1,−2, . . ..
The required values may be evaluated recursively using

Γ(s + 1, z) = sΓ(s, z) + zse−z, Γ(0, z) = E1(z) = −Ei(−z), (3.14)

with downward recursion when required. Hence, the finite differences in Eqs (3.11) and (3.12) are well
defined and contain no mathematical singularities for all admissible parameter values.

This analytical regularity should, however, be distinguished from floating-point cancellation in the
alternating finite sums. For large m, or when substantial cancellation occurs, the defining integral
representations of Im(y) and Jm(y) may be evaluated directly by adaptive quadrature, or the finite
sums may be computed using increased precision.
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Remark 3.6. The rth IM in Eq (3.10) is the truncated form of the rth N-CM in Eq (3.4), with lim
x→1−

ψr(x) =
µ′r for r > −1.

Remark 3.7. Two fundamental special cases arise from Theorem 3.4:

(1) For r = 0, using Γ(1, z) = e−z and Γ(2, z) = e−z(1 + z) in Eqs (3.11) and (3.12) yields

ψ0(x) = 1 −
a0a2 + a1 + a1a2

x
1−x

a0a2 + a1
e−a2

x
1−x = F(x;α, β), (3.15)

recovering Eq (2.4).

(2) For r = 1, using Γ(0, z) = −Ei(−z), Γ(1, z) = e−z, and Γ(2, z) = e−z(1 + z) in Eqs (3.11) and (3.12)
yields

ψ1(x) =
a 2

2

a0a2 + a1

[
a0

{
1 − e−a2

x
1−x

a2
+ ea2

[
Ei(−a2) − Ei

(
−

a2

1 − x
)]}

+ a1

{
1 − a2 +

(
a2 − 1 − a2

x
1−x

)
e−a2

x
1−x

a 2
2

+ ea2
[
Ei

(
−

a2

1 − x
)
− Ei(−a2)

]}]
, (3.16)

with lim
x→1−

ψ1(x) = µ, connecting to the Lorenz and Bonferroni curves, mean and median
deviations, and mean residual life function.

Theorem 3.5 (Probability-weighted moments). Let X ∼ TPFUD(α, β) with PDF, CDF, and RF given
in Eqs (2.3)–(2.5). Then for any real p > −1 and the integers r, s ∈ N0, the probability-weighted
moment

Mp,r,s = E
[
XpF(X;α, β)rR(X;α, β)s] (3.17)

exists and admits the finite-sum representation

Mp,r,s =
a 2

2

a0a2 + a1

r∑
j=0

(−1) j

(
r
j

) j+s∑
i=0

(
j + s

i

) (
a1a2

a0a2 + a1

)i [
a0 Γ(p + i + 1) U

(
p + i + 1, i + 2, ( j + s + 1)a2

)
+ a1 Γ(p + i + 2) U

(
p + i + 2, i + 3, ( j + s + 1)a2

)]
. (3.18)

Proof. By definition,

Mp,r,s =

∫ 1

0
xpF(x;α, β)rR(x;α, β)s f (x;α, β) dx. (3.19)

Since 0 ≤ F(x;α, β) ≤ 1 and 0 ≤ R(x;α, β) ≤ 1 for 0 < x < 1, we have

0 ≤ xpF(x)rR(x)s f (x) ≤ xp f (x).

Hence, Mp,r,s is well defined for all p > −1. Substituting Eqs (2.3)–(2.5) into Eq (3.19) with
b = a0a2 + a1 yields
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Mp,r,s =
a 2

2

b s+1

∫ 1

0
xp

[
1 −

a2
(
a0 + a1

x
1−x

)
+ a1

b
e−a2

x
1−x

]r[
a2

(
a0 + a1

x
1 − x

)
+ a1

]s(a0 + a1
x

1 − x
)

×
e−(s+1)a2

x
1−x

(1 − x)2 dx. (3.20)

Applying the transformation t = x
1−x , with x = t

1+t and dx
(1−x)2 = dt, Eq (3.20) becomes

Mp,r,s =
a 2

2

b s+1

∫ ∞

0

( t
1 + t

)p
[
1 −

b + a1a2t
b

e−a2t
]r

(b + a1a2t)s(a0 + a1t)e−(s+1)a2t dt. (3.21)

Since r ∈ N0, the binomial theorem gives[
1 −

b + a1a2t
b

e−a2t
]r

=

r∑
j=0

(−1) j

(
r
j

)(b + a1a2t
b

) j
e− ja2t. (3.22)

Substituting Eq (3.22) into Eq (3.21) yields

Mp,r,s =
a 2

2

bs+1

r∑
j=0

(−1) j

(
r
j

)
1
b j

∫ ∞

0

( t
1 + t

)p
(b + a1a2t) j+s(a0 + a1t)e−( j+s+1)a2t dt. (3.23)

Since j + s ∈ N0, another application of the binomial theorem gives

(b + a1a2t) j+s =

j+s∑
i=0

(
j + s

i

)
b j+s−i(a1a2)iti. (3.24)

Substituting Eq (3.24) into Eq (3.23) yields

Mp,r,s =
a 2

2

b

r∑
j=0

(−1) j

(
r
j

) j+s∑
i=0

(
j + s

i

)(a1a2

b

)i
∫ ∞

0
tp+i(1 + t)−p(a0 + a1t)e−( j+s+1)a2t dt. (3.25)

Splitting the integral in Eq (3.25) and using the Tricomi representation

U(a, b, z) =
1
Γ(a)

∫ ∞

0
e−ztta−1(1 + t)b−a−1dt

with z = ( j + s + 1)a2 gives∫ ∞

0
tp+i(1 + t)−pe−( j+s+1)a2t dt = Γ(p + i + 1) U

(
p + i + 1, i + 2, ( j + s + 1)a2

)
,∫ ∞

0
tp+i+1(1 + t)−pe−( j+s+1)a2t dt = Γ(p + i + 2) U

(
p + i + 2, i + 3, ( j + s + 1)a2

)
.

Substituting these evaluations into Eq (3.25) and replacing b = a0a2 + a1 yields Eq (3.18). □

Remark 3.8 (Special case r = s = 0). Setting r = s = 0 in Eq (3.18) gives Mp,0,0 = µ
′
p, confirming that

the PWM family extends the conventional moment structure.
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3.4. Lorenz and bonferroni curves

The Lorenz (LO) and Bonferroni (BO) curves are important tools in economics, insurance, medicine,
demography, reliability analysis, and related fields, providing informative measures of concentration,
inequality, and heterogeneity for bounded data. For X ∼ TPFUD(α, β), these curves are defined,
respectively, by

LO(u) =
1
µ

∫ Qu

0
x f (x;α, β) dx, BO(u) =

1
uµ

∫ Qu

0
x f (x;α, β) dx, 0 < u < 1, (3.26)

where µ = E(X) is given in Corollary 3.1 and Qu denotes the QF from Eq (3.3).
Expressing Eq (3.26) in terms of the first IM yields the compact representations

LO(u) =
ψ1(Qu)
µ

, BO(u) =
ψ1(Qu)

uµ
=
LO(u)

u
, 0 < u < 1. (3.27)

Substituting the expression for µ from Corollary 3.1, together with Eq (3.16), into Eq (3.27) yields

LO(u) =
1

a0U(2, 2, a2) + 2a1U(3, 3, a2)

[
a0

{1 − e−a2
Qu

1−Qu

a2
+ ea2

[
Ei(−a2) − Ei

(
−

a2

1 − Qu

)]}
+ a1

{1 − a2 +
(
a2 − 1 − a2

Qu
1−Qu

)
e−a2

Qu
1−Qu

a 2
2

+ ea2
[
Ei

(
−

a2

1 − Qu

)
− Ei(−a2)

]}]
, 0 < u < 1,

(3.28)

and

BO(u) =
1

u
[
a0U(2, 2, a2) + 2a1U(3, 3, a2)

][a0

{1 − e−a2
Qu

1−Qu

a2
+ ea2

[
Ei(−a2) − Ei

(
−

a2

1 − Qu

)]}
+ a1

{1 − a2 +
(
a2 − 1 − a2

Qu
1−Qu

)
e−a2

Qu
1−Qu

a 2
2

+ ea2
[
Ei

(
−

a2

1 − Qu

)
− Ei(−a2)

]}]
, 0 < u < 1.

(3.29)

3.5. Mean and median deviations

Measures of absolute dispersion about the mean and the median provide useful summaries of the
variability of a bounded distribution. For X ∼ TPFUD(α, β), the mean deviation (MD) about the mean
µ = E(X) and the MD about the median M = Q0.5 are defined, respectively, by

δµ = E[|X − µ|] =
∫ 1

0
|x − µ| f (x;α, β) dx, (3.30)

and

δM = E[|X − M|] =
∫ 1

0
|x − M| f (x;α, β) dx. (3.31)
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By splitting the integrals in Eqs (3.30) and (3.31) at x = µ and x = M, respectively, and using
F(M;α, β) = 1

2 , we obtain the compact representations

δµ = 2µF(µ;α, β) − 2ψ1(µ), (3.32)

and
δM = µ − 2ψ1(M). (3.33)

Substituting Eqs (2.4) and (3.16) into Eq (3.32) yields

δµ = 2µ
{

1 −
[a2

(
a0 + a1

µ

1−µ

)
+ a1

a0a2 + a1

]
e−a2

µ
1−µ

}
−

2a 2
2

a0a2 + a1

[
a0

{1 − e−a2
µ

1−µ

a2
+ ea2

[
Ei(−a2) − Ei

(
−

a2

1 − µ
)]}

+ a1

{1 − a2 +
(
a2 − 1 − a2

µ

1−µ

)
e−a2

µ
1−µ

a 2
2

+ ea2
[
Ei

(
−

a2

1 − µ
)
− Ei(−a2)

]}]
. (3.34)

Similarly, substituting Eq (3.16) into Eq (3.33) yields

δM = µ −
2a 2

2

a0a2 + a1

[
a0

{1 − e−a2
M

1−M

a2
+ ea2

[
Ei(−a2) − Ei

(
−

a2

1 − M
)]}

+ a1

{1 − a2 +
(
a2 − 1 − a2

M
1−M

)
e−a2

M
1−M

a 2
2

+ ea2
[
Ei

(
−

a2

1 − M
)
− Ei(−a2)

]}]
, (3.35)

where M = Q0.5 is obtained from Eq (3.3) by setting u = 1
2 .

3.6. Mean residual life and mean inactivity time

The mean residual life (MRL) and mean inactivity time (MIT) functions characterize the conditional
behavior of a lifetime variable beyond and before a fixed time point, respectively. For X ∼

TPFUD(α, β), the MRL at x ∈ (0, 1) is defined by

mr(x;α, β) = E[X − x | X > x] =
1

R(x;α, β)

∫ 1

x
(t − x) f (t;α, β) dt. (3.36)

Expanding the integrand in Eq (3.36) and using
∫ 1

x
f (t;α, β) dt = R(x;α, β) yields

mr(x;α, β) =
1

R(x;α, β)

∫ 1

x
t f (t;α, β) dt − x.

Since
∫ 1

x
t f (t;α, β) dt = µ − ψ1(x), where ψ1 denotes the first IM, the MRL admits the compact

representation

mr(x;α, β) =
µ − ψ1(x)
R(x;α, β)

− x, 0 < x < 1. (3.37)

Substituting the expression for µ given in Corollary 3.1, together with Eqs (2.5) and (3.16), into Eq
(3.37) yields
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mr(x;α, β) =
a 2

2 ea2
x

1−x

a2
(
a0 + a1

x
1−x

)
+ a1

[
a0U(2, 2, a2) + 2a1U(3, 3, a2) − a0

{1 − e−a2
x

1−x

a2
+ ea2

[
Ei(−a2)

− Ei
(
−

a2

1 − x
)]}
− a1

{1 − a2 +
(
a2 − 1 − a2

x
1−x

)
e−a2

x
1−x

a 2
2

+ ea2
[
Ei

(
−

a2

1 − x
)
− Ei(−a2)

]}]
− x.

(3.38)

Similarly, the MIT at x ∈ (0, 1) is defined by

mi(x;α, β) = E[x − X | X ≤ x] =
1

F(x;α, β)

∫ x

0
(x − t) f (t;α, β) dt. (3.39)

Expanding and simplifying Eq (3.39) yields the compact representation

mi(x;α, β) = x −
ψ1(x)

F(x;α, β)
, 0 < x < 1. (3.40)

Substituting Eqs (2.4) and (3.16) into Eq (3.40) gives

mi(x;α, β) = x −
{
a0a2

(
1 − e−a2

x
1−x

)
+ a1

[
1 − a2 +

(
a2 − 1 − a2

x
1 − x

)
e−a2

x
1−x

]
+ (a0 − a1)a 2

2 ea2
[
Ei(−a2)

− Ei
(
−

a2

1 − x
)]}{

a0a2 + a1 −
(
a0a2 + a1 + a1a2

x
1 − x

)
e−a2

x
1−x

}−1
. (3.41)

In particular, the MRL and MIT exhibit the boundary behaviors

lim
x→0+

mr(x;α, β) = µ, lim
x→1−

mr(x;α, β) = 0,

lim
x→0+

mi(x;α, β) = 0, lim
x→1−

mi(x;α, β) = 1 − µ,

providing complementary descriptions of upper-tail and lower-tail lifetime behavior.

3.7. Actuarial measures

In this section, actuarial measures of the TPFUD are presented, with a particular emphasis on
tail-based risk summaries that are useful in insurance mathematics and risk management. Let
X ∼ TPFUD(α, β) with PDF, CDF, RF, and QF given in Eqs (2.3)–(2.5) and (3.3), respectively.

3.7.1. Mean excess function

In actuarial science, the mean excess (ME) function, also called the ME loss function, is defined as
the expected excess over a threshold x, given that the loss exceeds x:

e(x;α, β) = E(X − x | X > x), 0 < x < 1.

This quantity is identical to the MRL function mr(x;α, β) derived in Eqs (3.36) and (3.38), where the
relationship e(x;α, β) = mr(x;α, β) holds for all x ∈ (0, 1).
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3.7.2. Tail value at risk

The tail value at risk (TVaR), also known as the conditional tail expectation, is the conditional mean
of the loss, given that it exceeds the corresponding quantile. For the TPFUD, it is defined by

TVaR(u) = E(X | X > Qu) =
1

1 − u

∫ 1

Qu

t f (t;α, β) dt =
µ − ψ1(Qu)

1 − u
, 0 < u < 1. (3.42)

Substituting the explicit expressions of µ and ψ1(Qu) into Eq (3.42), we obtain

TVaR(u) =
1

1 − u

[
a 2

2

a0a2 + a1

(
a0U(2, 2, a2) + 2a1U(3, 3, a2)

)
−

a 2
2

a0a2 + a1

(
a0

{
1 − e−a2

Qu
1−Qu

a2
+ ea2

[
Ei(−a2) − Ei

(
−

a2

1 − Qu

)]}

+ a1

{1 − a2 +
(
a2 − 1 − a2

Qu
1−Qu

)
e−a2

Qu
1−Qu

a 2
2

+ ea2
[
Ei

(
−

a2

1 − Qu

)
− Ei(−a2)

]})]
, 0 < u < 1.

(3.43)

3.7.3. Tail variance

The tail variance (TV) measures the conditional variability of losses beyond the corresponding value
at risk, providing a second-order assessment of tail risk. It is defined as

TV(u) = Var(X | X > Qu)

= E
(
X2 | X > Qu

)
−

[
E(X | X > Qu)

]2

=
1

1 − u

∫ 1

Qu

t2 f (t;α, β) dt −
[
TVaR(u)

]2

=
µ′2 − ψ2(Qu)

1 − u
−

[
TVaR(u)

]2
, 0 < u < 1, (3.44)

where µ′2 = E(X2) is the second N-CM and ψ2(·) is the second IM. Using Corollary 3.1 and Eq (3.10),
we have

ψ2(x) =
a 2

2

a0a2 + a1

[
a0 I2

( x
1 − x

)
+ a1J2

( x
1 − x

)]
,

where

I2(y) = ea2

2∑
k=0

(−1)k

(
2
k

)
a k−1

2

[
Γ(1 − k, a2) − Γ

(
1 − k, a2(1 + y)

)]
,

and

J2(y) = ea2

3∑
k=0

(−1)k

(
3
k

)
a k−2

2

[
Γ(2 − k, a2) − Γ

(
2 − k, a2(1 + y)

)]
.

Therefore, the TV of the TPFUD is given by
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TV(u) =
1

1 − u

{
a 2

2

a0a2 + a1

[
2a0U(3, 2, a2) + 6a1U(4, 3, a2) − a0 I2

(
Qu

1 − Qu

)
− a1J2

(
Qu

1 − Qu

)]}
−

[
TVaR(u)

]2
, (3.45)

for 0 < u < 1.
The measures above provide informative summaries of tail risk for the TPFUD and may be useful

in applications involving excess-loss pricing, reinsurance analysis, and risk-based decision-making for
bounded losses.

3.8. Stress–strength reliability

Stress–strength reliability (SSR) is defined as the probability that the system’s strength exceeds the
applied stress. Let X1 and X2 denote the strength and stress variables, respectively, with

X1 ∼ TPFUD(α1, β1), X2 ∼ TPFUD(α2, β2),

where X1 and X2 are independent. For k = 1, 2, write

a0k = a0(αk, βk), a1k = a1(αk, βk), a2k = a2(αk, βk),

and define bk = a0ka2k + a1k, where αk, βk > 0. The SSR is given by

Rss = P(X1 > X2) =
∫ 1

0
fX1(x;α1, β1) FX2(x;α2, β2) dx. (3.46)

Substituting Eqs (2.3) and (2.4) into Eq (3.46) yields

Rss =

∫ 1

0

a 2
21
(
a01 + a11

x
1−x

)
b1(1 − x)2 e−a21

x
1−x

{
1 −

a22
(
a02 + a12

x
1−x

)
+ a12

b2
e−a22

x
1−x

}
dx. (3.47)

If we apply the transformation t = x
1−x , with x = t

1+t and dx
(1−x)2 = dt, Eq (3.47) becomes

Rss =
a 2

21

b1

∫ ∞

0
(a01 + a11t)e−a21t dt −

a 2
21

b1b2

∫ ∞

0
(a01 + a11t)(b2 + a12a22t)e−(a21+a22)t dt. (3.48)

Since a 2
21

b1

∫ ∞
0

(a01 + a11t)e−a21t dt = 1, expanding the integrand in the second term of Eq (3.48) with
λ = a21 + a22 gives

Rss = 1 −
a 2

21

b1b2

∫ ∞

0

[
a01b2 + (a01a12a22 + a11b2)t + a11a12a22t2]e−λt dt. (3.49)

Evaluating Eq (3.49) using
∫ ∞

0
tne−λtdt = n!

λn+1 for n = 0, 1, 2 yields the closed-form expression

Rss = 1 −
a 2

21a01

b1λ
−

a 2
21(a01a12a22 + a11b2)

b1b2λ2 −
2a 2

21a11a12a22

b1b2λ3 , λ = a21 + a22. (3.50)
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Equivalently, substituting λ = a21 + a22 gives

Rss = 1 −
a 2

21a01

b1(a21 + a22)
−

a 2
21(a01a12a22 + a11b2)

b1b2(a21 + a22)2 −
2a 2

21a11a12a22

b1b2(a21 + a22)3 . (3.51)

When (α1, β1) = (α2, β2), symmetry requires Rss =
1
2 . Setting a0k = a0, a1k = a1, a2k = a2, and

bk = b = a0a2 + a1 in Eq (3.51), the last three terms sum to

a0a2

2b
+

2a0a1a2 + 2a2
1

4b2 =
a0a2

2b
+

a1(a0a2 + a1)
2b2 =

a0a2 + a1

2b
=

1
2
,

whence Rss =
1
2 as expected.

3.9. Order statistics

Order statistics are fundamental in the analysis of extremes, tail behavior, and sample dispersion,
particularly in reliability theory and life-testing studies. This subsection derives the distributional
properties of the order statistics for the TPFUD, with special emphasis on the sample extrema and
the sample range.

Let X1:n ≤ X2:n ≤ · · · ≤ Xn:n denote the order statistics of a random sample of size n from X ∼
TPFUD(α, β). For r = 1, 2, . . . , n, the PDF of the rth order statistic is

fXr:n(x;α, β) =
n!

(r − 1)!(n − r)!
[F(x;α, β)]r−1[1 − F(x;α, β)]n−r f (x;α, β), 0 < x < 1, (3.52)

and the corresponding CDF is given by

FXr:n(x;α, β) =
n∑

k=r

n−k∑
m=0

(
n
k

)(
n − k

m

)
(−1)m[F(x;α, β)]m+k, 0 < x < 1. (3.53)

Substituting the PDF and CDF of the TPFUD from Eqs (2.3) and (2.4) into Eqs (3.52) and (3.53),
we obtain

fXr:n(x;α, β) =
n!

(r − 1)!(n − r)!

1 −
a2

(
a0 + a1

x
1−x

)
+ a1

a0a2 + a1

 e−a2
x

1−x


r−1 

a2

(
a0 + a1

x
1−x

)
+ a1

a0a2 + a1

 e−a2
x

1−x


n−r

×
a2

2

(
a0 + a1

x
1−x

)
(a0a2 + a1)(1 − x)2 e−a2

x
1−x , 0 < x < 1, (3.54)

and

FXr:n(x;α, β) =
n∑

k=r

n−k∑
m=0

(
n
k

)(
n − k

m

)
(−1)m

1 −
a2

(
a0 + a1

x
1−x

)
+ a1

a0a2 + a1

 e−a2
x

1−x


m+k

, 0 < x < 1.

(3.55)
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Of particular interest are the extreme order statistics, namely, the sample minimum X1:n and the
sample maximum Xn:n. These follow directly from Eq (3.54). For r = 1, the PDF of the sample
minimum is

fX1:n(x;α, β) = n


a2

(
a0 + a1

x
1−x

)
+ a1

a0a2 + a1

 e−a2
x

1−x


n−1

a2
2

(
a0 + a1

x
1−x

)
(a0a2 + a1)(1 − x)2 e−a2

x
1−x , 0 < x < 1,

whereas for r = n, the PDF of the sample maximum is

fXn:n(x;α, β) = n

1 −
a2

(
a0 + a1

x
1−x

)
+ a1

a0a2 + a1

 e−a2
x

1−x


n−1

a2
2

(
a0 + a1

x
1−x

)
(a0a2 + a1)(1 − x)2 e−a2

x
1−x , 0 < x < 1.

In addition to the sample extrema, an important measure of sample dispersion is the range. Let
R = Xn:n − X1:n denote the sample range, which measures the spread between the largest and smallest
observations in the sample. Since the TPFUD is supported on (0, 1), the CDF of the range is given by

FR(r) = n
∫ 1−r

0

[
F(x + r;α, β) − F(x;α, β)

]n−1 f (x;α, β) dx+
[
R(1 − r;α, β)

]n , 0 < r < 1, (3.56)

where the second term accounts for the event X1:n > 1 − r, for which the sample range is necessarily
less than r. Here, we have

F(x + r;α, β) − F(x;α, β) =

a2

(
a0 + a1

x
1−x

)
+ a1

a0a2 + a1

 e−a2
x

1−x −

a2

(
a0 + a1

x+r
1−x−r

)
+ a1

a0a2 + a1

 e−a2
x+r

1−x−r .

For fixed n ≥ 2, the endpoint behavior of the range satisfies

FR(r) ∼ nr n−1
∫ 1

0
[ f (x;α, β)]n dx, r → 0+,

whereas

1 − FR(r) ∼
n(n − 1)a0a1a2

2ea2

(a0a2 + a1)2 (1 − r) exp
(
−

a2

1 − r

)
, r → 1−.

Thus, FR(r)→ 0 as r → 0+ and FR(r)→ 1 as r → 1−. Moreover, as n→ ∞,

nX1:n
d
−→ Exp

(
a0a2

2

a0a2 + a1

)
, (log n)(1 − Xn:n)

p
−→ a2,

where Exp(λ) denotes the exponential distribution with the rate parameter λ. Since 1−R = X1:n + (1−
Xn:n) and (log n)X1:n

p
−→ 0, it follows that (log n)(1 − R)

p
−→ a2. Hence, R

p
−→ 1 as n→ ∞.
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Theorem 3.6 (Moments of the order statistics of the TPFUD). Let Xr:n denote the rth order statistic
from a random sample of size n drawn from X ∼ TPFUD(α, β). Then for any real q > −1, the qth N-CM
of Xr:n is given by

µ
(q)
r:n =

n!
(r − 1)!(n − r)!

a 2
2

a0a2 + a1

r−1∑
j=0

(−1) j

(
r − 1

j

) j+n−r∑
i=0

(
j + n − r

i

) (
a1a2

a0a2 + a1

)i [
a0 Γ(q + i + 1)

× U
(
q + i + 1, i + 2, ( j + n − r + 1)a2

)
+ a1 Γ(q + i + 2) U

(
q + i + 2, i + 3, ( j + n − r + 1)a2

)]
.

(3.57)

Proof. By definition, the qth N-CM of the rth order statistic is

µ
(q)
r:n = E[X q

r:n] =
∫ 1

0
xq fXr:n(x;α, β) dx.

Substituting the PDF of the rth order statistic from Eq (3.52) into the integral above yields

µ
(q)
r:n =

n!
(r − 1)!(n − r)!

∫ 1

0
xq[F(x;α, β)]r−1[R(x;α, β)]n−r f (x;α, β) dx.

By the definition of the PWMs of the TPFUD given in Eq (3.17), we obtain

Mq,r−1,n−r = E
[
XqF(X;α, β) r−1R(X;α, β) n−r

]
.

It follows that
µ

(q)
r:n =

n!
(r − 1)!(n − r)!

Mq,r−1,n−r.

Finally, applying the closed-form expression in Eq (3.18) with p = q, r replaced by r − 1, and s
replaced by n − r, we obtain Eq (3.57). □

Remark 3.9. The validity of Eq (3.57) can be checked through the standard identities for order

statistics. In particular, for q = 1,
n∑

r=1
µ(1)

r:n = nE[X] = nµ, which provides a useful consistency

check [19].
Some important special cases are as follows.

(1) If n = r = 1, then Eq (3.57) reduces to

µ
(q)
1:1 =

a 2
2

a0a2 + a1

[
a0 Γ(q + 1) U(q + 1, 2, a2) + a1 Γ(q + 2) U(q + 2, 3, a2)

]
= µ′q,

which coincides with the qth N-CM of the TPFUD given in Eq (3.4).

(2) If r = 1, then Eq (3.57) reduces to the qth moment of the sample minimum

µ
(q)
1:n = n

a 2
2

a0a2 + a1

n−1∑
i=0

(
n − 1

i

) (
a1a2

a0a2 + a1

)i [
a0 Γ(q + i + 1) U(q + i + 1, i + 2, na2)

+ a1 Γ(q + i + 2) U(q + i + 2, i + 3, na2)
]
.
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(3) If r = n, then Eq (3.57) reduces to the qth moment of the sample maximum

µ
(q)
n:n = n

a 2
2

a0a2 + a1

n−1∑
j=0

(−1) j

(
n − 1

j

) j∑
i=0

(
j
i

) (
a1a2

a0a2 + a1

)i [
a0 Γ(q + i + 1)

× U(q + i + 1, i + 2, ( j + 1)a2) + a1 Γ(q + i + 2) U(q + i + 2, i + 3, ( j + 1)a2)
]
.

Corollary 3.2 (L-moments of the TPFUD). Let X1, . . . , Xr be a random sample from the TPFUD, and
let X1:r ≤ · · · ≤ Xr:r denote the corresponding order statistics. Then the rth L-moment of X is given by

λr =
1
r

r−1∑
k=0

(−1)k

(
r − 1

k

)
E[Xr−k:r] , r ≥ 1. (3.58)

By setting q = 1, n = r, and r → r − k in Eq (3.57) and substituting into Eq (3.58), we obtain

λr =
1
r

r−1∑
k=0

(−1)k

(
r − 1

k

)
r!

(r − k − 1)!k!
a 2

2

a0a2 + a1

r−k−1∑
j=0

(−1) j

(
r − k − 1

j

) j+k∑
i=0

(
j + k

i

) (
a1a2

a0a2 + a1

)i

×

[
a0 Γ(i + 2) U

(
i + 2, i + 2, ( j + k + 1)a2

)
+ a1 Γ(i + 3) U

(
i + 3, i + 3, ( j + k + 1)a2

)]
. (3.59)

Remark 3.10 (First four population L-moments of the TPFUD). The first four population L-moments
of the TPFUD are obtained directly from Eq (3.59) by setting r = 1, 2, 3, and 4. The resulting
expressions can be written in closed form in terms of Tricomi’s confluent hypergeometric function
as follows.

(1) The first L-moment (L-location), defined as λ1 = µ
(1)
1:1, is given by

λ1 =
a 2

2

a0a2 + a1

[
a0 U(2, 2, a2) + 2a1 U(3, 3, a2)

]
= E[X]. (3.60)

(2) The second L-moment (L-scale), defined as λ2 =
1
2

(
µ(1)

2:2 − µ
(1)
1:2

)
, is given by

λ2 =
1
2

[
2

a 2
2

a0a2 + a1

1∑
j=0

(−1) j

(
1
j

) j∑
i=0

(
j
i

) (
a1a2

a0a2 + a1

)i (
a0 Γ(i + 2) U(i + 2, i + 2, ( j + 1)a2)

+ a1 Γ(i + 3) U(i + 3, i + 3, ( j + 1)a2)
)
− 2

a 2
2

a0a2 + a1

1∑
i=0

(
1
i

) (
a1a2

a0a2 + a1

)i

×
(
a0 Γ(i + 2) U(i + 2, i + 2, 2a2) + a1 Γ(i + 3) U(i + 3, i + 3, 2a2)

)]
. (3.61)

(3) The third L-moment, defined as λ3 =
1
3

(
µ(1)

3:3 − 2µ(1)
2:3 + µ

(1)
1:3

)
, is given by
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λ3 =
1
3

[
3

a 2
2

a0a2 + a1

2∑
j=0

(−1) j

(
2
j

) j∑
i=0

(
j
i

) (
a1a2

a0a2 + a1

)i (
a0 Γ(i + 2) U(i + 2, i + 2, ( j + 1)a2)

+ a1 Γ(i + 3) U(i + 3, i + 3, ( j + 1)a2)
)
− 12

a 2
2

a0a2 + a1

1∑
j=0

(−1) j

(
1
j

) j+1∑
i=0

(
j + 1

i

) (
a1a2

a0a2 + a1

)i

×
(
a0 Γ(i + 2) U(i + 2, i + 2, ( j + 2)a2) + a1 Γ(i + 3) U(i + 3, i + 3, ( j + 2)a2)

)
+ 3

a 2
2

a0a2 + a1

×

2∑
i=0

(
2
i

) (
a1a2

a0a2 + a1

)i (
a0 Γ(i + 2) U(i + 2, i + 2, 3a2) + a1 Γ(i + 3) U(i + 3, i + 3, 3a2)

)]
.

(3.62)

(4) The fourth L-moment, defined as λ4 =
1
4

(
µ(1)

4:4 − 3µ(1)
3:4 + 3µ(1)

2:4 − µ
(1)
1:4

)
, is given by

λ4 =
1
4

[
4

a 2
2

a0a2 + a1

3∑
j=0

(−1) j

(
3
j

) j∑
i=0

(
j
i

) (
a1a2

a0a2 + a1

)i (
a0 Γ(i + 2) U(i + 2, i + 2, ( j + 1)a2)

+ a1 Γ(i + 3) U(i + 3, i + 3, ( j + 1)a2)
)
− 36

a 2
2

a0a2 + a1

2∑
j=0

(−1) j

(
2
j

) j+1∑
i=0

(
j + 1

i

) (
a1a2

a0a2 + a1

)i

×
(
a0 Γ(i + 2) U(i + 2, i + 2, ( j + 2)a2) + a1 Γ(i + 3) U(i + 3, i + 3, ( j + 2)a2)

)
+ 36

a 2
2

a0a2 + a1

×

1∑
j=0

(−1) j

(
1
j

) j+2∑
i=0

(
j + 2

i

) (
a1a2

a0a2 + a1

)i (
a0 Γ(i + 2) U(i + 2, i + 2, ( j + 3)a2) + a1 Γ(i + 3)

× U(i + 3, i + 3, ( j + 3)a2)
)
− 4

a 2
2

a0a2 + a1

3∑
i=0

(
3
i

) (
a1a2

a0a2 + a1

)i (
a0 Γ(i + 2)

× U(i + 2, i + 2, 4a2) + a1 Γ(i + 3) U(i + 3, i + 3, 4a2)
)]
. (3.63)

Corollary 3.3 (L-moment ratios of the TPFUD). Let X ∼ TPFUD(α, β) and let λr, r ≥ 1, denote its
L-moments. The principal L-moment ratios, which characterize variability and shape, are given as
follows.

(1) The L-coefficient of variation (L-CV) is given by

τ =
λ2

λ1
, λ1 , 0,

where λ1 and λ2 are defined in Eqs (3.60) and (3.61).

(2) The L-skewness is defined as

τ3 =
λ3

λ2
, λ2 , 0,

where λ2 and λ3 are given in Eqs (3.61) and (3.62).
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(3) The L-kurtosis is given by

τ4 =
λ4

λ2
, λ2 , 0,

where λ2 and λ4 are defined in Eqs (3.61) and (3.63).

The L-moment ratios τ, τ3, and τ4 provide interpretable measures of the relative dispersion,
asymmetry, and tail behavior, respectively. Since they are constructed from linear combinations of the
order statistics, they are generally less sensitive to extreme observations than conventional moment-
based measures.

3.10. Stochastic orders

Stochastic orders provide a rigorous framework for comparing probability distributions in terms of
magnitude, aging behavior, and reliability characteristics. They are widely used in probability theory,
reliability analysis, actuarial science, and survival studies to determine when one random variable may
be regarded as smaller or larger than another in a probabilistic sense.

Let X and Y be any two random variables with the PDFs fX and fY , the CDFs FX and FY , the RFs
RX and RY , and the HFs hX and hY , respectively. Then X is said to be smaller than Y in the following
senses:

• Likelihood ratio order, denoted by X ≤lr Y , if fX(x)
fY (x) is decreasing in x ∈ (0, 1);

• Hazard rate order, denoted by X ≤hr Y , if hX(x) ≥ hY(x) for all x ∈ (0, 1);

• Stochastic order, denoted by X ≤st Y , if FX(x) ≥ FY(x) for all x ∈ (0, 1), or equivalently RX(x) ≤
RY(x) for all x ∈ (0, 1).

As established in [20], these stochastic orders are related through the standard chain of implications

X ≤lr Y =⇒ X ≤hr Y =⇒ X ≤st Y.

The following theorem establishes sufficient conditions under which these orderings hold for the
TPFUD.

Theorem 3.7 (Stochastic ordering for the TPFUD). Let X ∼ TPFUD(α1, β1) and Y ∼ TPFUD(α2, β2).
Define a0 j = a0(α j, β j), a1 j = a1(α j, β j), and a2 j = a2(α j, β j) for j = 1, 2. Let b j = a0 ja2 j + a1 j for
j = 1, 2. If a11a02 ≤ a12a01 and a21 ≥ a22, then X ≤lr Y. Consequently, X ≤hr Y and X ≤st Y.

Proof. From Eq (2.3), the likelihood ratio of X and Y is given by

fX(x)
fY(x)

=
a 2

21b2

a 2
22b1
·

a01 + a11
x

1 − x

a02 + a12
x

1 − x

· e−(a21−a22) x
1−x , 0 < x < 1. (3.64)

To investigate the monotonicity of fX(x)
fY (x) , let z = x

1−x , so that z > 0 for 0 < x < 1, and dz
dx =

1
(1−x)2 > 0.

Taking logarithms in Eq (3.64), we obtain

log
(

fX(x)
fY(x)

)
= log

(
a 2

21b2

a 2
22b1

)
+ log(a01 + a11z) − log(a02 + a12z) − (a21 − a22)z.
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Differentiating with respect to x yields

d
dx

log
(

fX(x)
fY(x)

)
=

1
(1 − x)2

[
a11

a01 + a11z
−

a12

a02 + a12z
− (a21 − a22)

]
=

1
(1 − x)2

[
a11a02 − a12a01

(a01 + a11z)(a02 + a12z)
− (a21 − a22)

]
. (3.65)

Since 0 < x < 1, we have (1 − x)2 > 0. Moreover, by the positivity assumptions of the model,
a0 j > 0 and a1 j > 0 for j = 1, 2, and hence a01 + a11z > 0 and a02 + a12z > 0 for all z > 0. Therefore,
if a11a02 ≤ a12a01 and a21 ≥ a22, then the right-hand side of Eq (3.65) is non-positive for all x ∈ (0, 1).
Consequently,

d
dx

log
(

fX(x)
fY(x)

)
≤ 0, 0 < x < 1,

which shows that fX(x)
fY (x) is decreasing in x. Hence, X ≤lr Y . The remaining assertions follow immediately

from the standard implication chain

X ≤lr Y =⇒ X ≤hr Y =⇒ X ≤st Y.

Thus, X ≤lr Y , X ≤hr Y , and X ≤st Y . This completes the proof. □

3.11. Entropy measures

Entropy measures quantify the uncertainty associated with a probability distribution and are widely
used in information theory, reliability analysis, and statistical inference. For the TPFUD, the entropy
measures considered below are based on the generalized entropy integral

Iδ(α, β) =
∫ 1

0

[
f (x;α, β)

]δ dx, δ > 0, δ , 1. (3.66)

Substituting the PDF in Eq (2.3) into Eq (3.66) gives

Iδ(α, β) =
(

a 2
2

a0a2 + a1

)δ ∫ 1

0

(
a0 + a1

x
1 − x

)δ
(1 − x)−2δe−δa2

x
1−x dx.

Applying the transformation t = x
1−x , where x = t

1+t and dx
(1−x)2 = dt, we obtain

Iδ(α, β) =
(

a 2
2

a0a2 + a1

)δ ∫ ∞

0
(a0 + a1t)δ(1 + t)2δ−2e−δa2t dt. (3.67)

Globally convergent series representations can be obtained by factoring the larger of a0 and a1

before applying the generalized binomial theorem. Two cases are considered.

(1) Suppose that a0 ≥ a1 and define q0 = 1 − a1
a0
, 0 ≤ q0 < 1. Then a0 + a1t = a0(1 + t)

(
1 − q0

t
1+t

)
,

where
0 ≤ q0

t
1 + t

< q0 < 1, t ≥ 0.

Applying the generalized binomial expansion and integrating term by term, using the Tricomi
confluent hypergeometric representation in Eq (3.5), yields

Iδ(α, β) =
(

a 2
2

a0a2 + a1

)δ
aδ0

∞∑
k=0

(
δ

k

)
(−q0)kΓ(k + 1)U(k + 1, 3δ, δa2) . (3.68)
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(2) Suppose that a1 > a0 and define q1 = 1− a0
a1
, 0 < q1 < 1. In this case, a0+a1t = a1(1+ t)

(
1 − q1

1+t

)
,

where
0 <

q1

1 + t
≤ q1 < 1, t ≥ 0.

It follows that

Iδ(α, β) =
(

a 2
2

a0a2 + a1

)δ
aδ1

∞∑
k=0

(
δ

k

)
(−q1)kU(1, 3δ − k, δa2) . (3.69)

Both series converge absolutely and uniformly for every δ > 0, since the corresponding binomial
arguments are bounded in magnitude by constants strictly smaller than one. When a0 = a1, q0 =

0, and the first series reduces to its k = 0 term. If δ is a positive integer, the relevant series also
terminates after finitely many terms. When q0 or q1 is close to one, however, the convergence of the
corresponding infinite series may become slow. In such cases, Iδ(α, β) may be evaluated directly from
Eq (3.67) using adaptive numerical quadrature with a prescribed tolerance, thereby avoiding truncation
and cancellation errors. The corresponding entropy measures are given below.

(1) The Rényi entropy of order δ, denoted by Rδ [21], is defined as

Rδ(α, β) =
1

1 − δ
log

[
Iδ(α, β)

]
, δ > 0, δ , 1.

(2) The Arimoto entropy of order δ, denoted byAδ [22], is defined as

Aδ(α, β) =
δ

1 − δ

[
Iδ(α, β)1/δ − 1

]
, δ > 0, δ , 1.

(3) The Tsallis entropy of order δ, denoted by Tδ [23], is defined as

Tδ(α, β) =
1 − Iδ(α, β)

δ − 1
, δ > 0, δ , 1.

(4) The Havrda–Charvát entropy of order δ, denoted byHCδ [24], is defined as

HCδ(α, β) =
Iδ(α, β) − 1

21−δ − 1
, δ > 0, δ , 1.

5) The Mathai–Haubold entropy of order δ, denoted byMHδ [25], is defined as

MHδ(α, β) =
I2−δ(α, β) − 1

δ − 1
, 0 < δ < 2, δ , 1.

For Rδ, Aδ, Tδ, and HCδ, Iδ(α, β) may be evaluated using the applicable series representation
in Eqs (3.68) and (3.69) or by direct numerical integration of Eq (3.67) while for MHδ, the same
representations apply after replacing δ by 2 − δ.
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3.11.1. Shannon entropy

The Shannon entropy, denoted Sh, is another classical measure of uncertainty in information theory
[26]. For X ∼ TPFUD(α, β), it is defined by

Sh(α, β) = −E
[
log f (X;α, β)

]
= −

∫ 1

0
f (x;α, β) log f (x;α, β) dx.

Using Eq (2.3), the log-density is given by

log f (x;α, β) = log
(

a 2
2

a0a2 + a1

)
+ log

(
a0 + a1

x
1 − x

)
− 2 log(1 − x) − a2

x
1 − x

. (3.70)

Substituting Eq (3.70) into the definition of Sh gives

Sh(α, β) = − log
(

a 2
2

a0a2 + a1

) ∫ 1

0
f (x;α, β) dx −

∫ 1

0
log

(
a0 + a1

x
1 − x

)
f (x;α, β) dx

+ 2
∫ 1

0
log(1 − x) f (x;α, β) dx +

∫ 1

0
a2

x
1 − x

f (x;α, β) dx. (3.71)

The first integral in Eq (3.71) equals unity by the normalization of the PDF. For the remaining terms,
apply the transformation t = x

1−x , with x = t
1+t and dx

(1−x)2 = dt, to obtain

Sh(α, β) = − log
(

a 2
2

a0a2 + a1

)
−

a 2
2

a0a2 + a1
I1 −

2a 2
2

a0a2 + a1
I2 +

a 3
2

a0a2 + a1
I3, (3.72)

where

I1 =

∫ ∞

0
log(a0 + a1t)(a0 + a1t)e−a2t dt

=
1
a2

2

[
−a1e

a0a2
a1 Ei

(
−

a0a2

a1

)
+ (a0a2 + a1) log(a0) + a1

]
,

I2 =

∫ ∞

0
log(1 + t)(a0 + a1t)e−a2t dt =

1
a2

2

{a1 + [a1(a2 − 1) − a0a2] ea2 Ei(−a2)} ,

and

I3 =

∫ ∞

0
t(a0 + a1t)e−a2t dt =

a0

a 2
2

+
2a1

a 3
2

.

Combining these evaluations, the Sh of the TPFUD is obtained in closed form as

Sh(α, β) = − log
(

a0a2
2

a0a2 + a1

)
+

1
a0a2 + a1

{
a0a2 − a1 − 2

[
a1(a2 − 1) − a0a2

]
ea2

× Ei(−a2) + a1e
a0a2

a1 Ei
(
−

a0a2

a1

)}
. (3.73)
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3.12. Extropy measures

As a complementary duality of entropy, extropy provides an alternative measure of uncertainty
and information. Owing to its distinct interpretation, it offers additional insight into the distributional
structure of random variables beyond that conveyed by entropy alone.

3.12.1. Extropy

The extropy (J) of a continuous random variable X characterized by a PDF f (x;α, β), as described
in [27], is given by

J(α, β) = −
1
2

∫ 1

0

[
f (x;α, β)

]2 dx. (3.74)

For X ∼ TPFUD(α, β), substituting the PDF from Eq (2.3), we obtain

J(α, β) = −
1
2

(
a2

2

a0a2 + a1

)2 ∫ 1

0

(
a0 + a1

x
1 − x

)2
(1 − x)−4e−2a2

x
1−x dx.

Applying the transformation t = x
1−x , where x = t

1+t and dx = (1 + t)−2 dt, we obtain

J(α, β) = −
1
2

(
a2

2

a0a2 + a1

)2 ∫ ∞

0
(a0 + a1t)2(1 + t)2e−2a2t dt.

Expanding the integrand and applying the gamma integral identity∫ ∞

0
tke−λt dt =

k!
λk+1 , λ > 0, (3.75)

with λ = 2a2, we obtain

J(α, β) = −
a2

0a2
2(2a2

2 + 2a2 + 1) + a0a1a2(2a2
2 + 4a2 + 3) + a2

1(a2
2 + 3a2 + 3)

8a2 (a0a2 + a1)2 . (3.76)

3.12.2. Cumulative residual extropy

The cumulative residual extropy (JCR) of a continuous random variable X with RF R(x;α, β), as
introduced in [28, 29], is defined by

JCR(α, β) = −
1
2

∫ 1

0

[
R(x;α, β)

]2 dx. (3.77)

For X ∼ TPFUD(α, β), substituting the RF from Eq (2.5), we obtain

JCR(α, β) = −
1

2(a0a2 + a1)2

∫ 1

0

[
a2

(
a0 + a1

x
1 − x

)
+ a1

]2
e−2a2

x
1−x dx.

Applying the transformation t = x
1−x , where x = t

1+t and dx = (1 + t)−2 dt, we obtain

JCR(α, β) = −
1

2(a0a2 + a1)2

∫ ∞

0
[a2(a0 + a1t) + a1]2 e−2a2t

(1 + t)2 dt.
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Expanding the integrand and applying the exponential-integral identity∫ ∞

0
(1 + t)−ke−λt dt = eλEk(λ), λ > 0, (3.78)

together with the relation E1(x) = −Ei(−x) and the recurrence formula E2(x) = e−x− xE1(x), we obtain

JCR(α, β) = −
1

2(a0a2 + a1)2

[
a2

1 +
1
2

a1a2(4a0 − 3a1) + a2
2(a0 − a1)2

+ 2a2
2e2a2(a0 − a1)(a0a2 − a1a2 + a1) Ei(−2a2)

]
. (3.79)

For a fixed a0, a1 > 0, the apparent logarithmic singularity in Eq (3.79) is removable. Indeed, as
a2 → 0+, Ei(−2a2) = γ + log(2a2) − 2a2 + O(a2

2), where γ denotes the Euler–Mascheroni constant.
Consequently, a2

2 Ei(−2a2) → 0 and JCR(α, β) = −1
2 +

3
4a2 + O

(
a2

2| log a2|
)
, a2 → 0+. Therefore, we

have
lim

a2→0+
JCR(α, β) = −

1
2
,

showing that the closed-form expression admits a finite limiting value despite the logarithmic behavior
of Ei(−2a2). For very small a2, the preceding asymptotic expansion may also be used for stable
numerical evaluation.

3.12.3. Negative cumulative extropy

The negative cumulative extropy (JNC) of a continuous random variable X with CDF F(x;α, β), as
proposed in [30], is defined by

JNC(α, β) =
1
2

∫ 1

0

(
1 − [F(x;α, β)]2

)
dx. (3.80)

For X ∼ TPFUD(α, β), substituting the CDF from Eq (2.4), we obtain

JNC(α, β) =
1
2

∫ 1

0

[
1 − (1 − R(x;α, β))2

]
dx

=
1
2

∫ 1

0

[
2R(x;α, β) − R(x;α, β)2

]
dx

=

∫ 1

0
R(x;α, β) dx −

1
2

∫ 1

0

[
R(x;α, β)

]2 dx.

Since, for any non-negative random variable supported on (0, 1), the mean admits the tail-integral
representation

µ = E(X) =
∫ 1

0
R(x;α, β) dx,

it follows immediately from Eq (3.77) that

JNC(α, β) = µ +JCR(α, β). (3.81)
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Substituting µ and JCR(α, β) from Corollary 3.1 and Eq (3.79) into Eq (3.81), we obtain

JNC(α, β) =
a 2

2

a0a2 + a1

[
a0U(2, 2, a2) + 2a1U(3, 3, a2)

]
−

1
2(a0a2 + a1)2

{
a2

1 +
1
2

a1a2(4a0

− 3a1) + a2
2(a0 − a1)2 + 2a2

2e2a2(a0 − a1)(a0a2 − a1a2 + a1) Ei(−2a2)
}
. (3.82)

3.12.4. Weighted extropy

The weighted extropy (JW) of a continuous random variable X with PDF f (x;α, β), as proposed
in [31], is defined by

JW(α, β) = −
1
2

∫ 1

0
x[ f (x;α, β)]2 dx. (3.83)

For X ∼ TPFUD(α, β), substituting the PDF from Eq (2.3), we obtain

JW(α, β) = −
1
2

(
a2

2

a0a2 + a1

)2 ∫ 1

0
x
(
a0 + a1

x
1 − x

)2
(1 − x)−4e−2a2

x
1−x dx.

Applying the transformation t = x
1−x , where x = t

1+t and dx = (1 + t)−2 dt, we obtain

JW(α, β) = −
1
2

(
a2

2

a0a2 + a1

)2 ∫ ∞

0
t(a0 + a1t)2(1 + t) e−2a2t dt.

Expanding the integrand and applying the gamma-integral identity in Eq (3.75) with λ = 2a2 and
simplifying, we obtain

JW(α, β) = −
2a2

0a2
2(a2 + 1) + 2a0a1a2(2a2 + 3) + 3a2

1(a2 + 2)
16a2(a0a2 + a1)2 . (3.84)

3.12.5. Weighted cumulative residual extropy

The weighted cumulative residual extropy (JWCR) of a continuous random variable X with RF
R(x;α, β), as proposed in [32], is defined by

JWCR(α, β) = −
1
2

∫ 1

0
x[R(x;α, β)]2 dx. (3.85)

For X ∼ TPFUD(α, β), substituting the RF from Eq (2.5), we obtain

JWCR(α, β) = −
1

2(a0a2 + a1)2

∫ 1

0
x
[
a2

(
a0 + a1

x
1 − x

)
+ a1

]2
e−2a2

x
1−x dx.

Applying the transformation t = x
1−x , where x = t

1+t and dx = (1 + t)−2 dt, we obtain

JWCR(α, β) = −
1

2(a0a2 + a1)2

∫ ∞

0
t [a2(a0 + a1t) + a1]2 e−2a2t

(1 + t)3 dt.
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Expanding the integrand and applying the exponential-integral identity in Eq (3.78) with λ = 2a2

and simplifying, we obtain

JWCR(α, β) = −
1

4(a0a2 + a1)2

{
a2

1a2 + (2a2 + 1)
(
a0a2 − a1a2 + a1

)2
− 4a1a2

(
a0a2

− a1a2 + a1
)
+ 2

[
a2

1a2
2 − 2(2a2 + 1)a1a2

(
a0a2 − a1a2 + a1

)
+ 2a2(a2 + 1)

×
(
a0a2 − a1a2 + a1

)2
]
e2a2 Ei(−2a2)

}
. (3.86)

The representations established in Eqs (3.76), (3.79), (3.82), (3.84), and (3.86) provide
comprehensive analytical tools for evaluating information-theoretic uncertainty within the TPFUD
framework, complementing the entropy measures derived in the preceding section.

4. A special case of the TPFUD: The UShD

The effective parameterization of the TPFUD depends on the particular specification of ai(α, β),
i = 0, 1, 2. In this section, we consider the UShD , a simple special case with closed-form distributional
and reliability functions. It is obtained by specifying

a0(α, β) = α, a1(α, β) = 1, a2(α, β) = α, α > 0,

as indicated in Table 1. Under this specification, the functions a0, a1, and a2 do not depend on β, so the
general TPFUD reduces to a one-parameter submodel. Thus, the absence of β from the UShD analysis
is a direct consequence of this particular parameter specification and does not affect the general two-
parameter construction of the TPFUD. Substitution into Eqs (2.3)–(2.6) gives the PDF, CDF, RF, and
HF of the UShD, respectively.

f (x;α) =
α2[α − (α − 1)x

]
(α2 + 1)(1 − x)3 e−

αx
1−x , 0 < x < 1, (4.1)

F(x;α) = 1 −
(α2 + 1)(1 − x) + αx

(α2 + 1)(1 − x)
e−

αx
1−x , 0 < x < 1, (4.2)

R(x;α) =
(α2 + 1)(1 − x) + αx

(α2 + 1)(1 − x)
e−

αx
1−x , 0 < x < 1, (4.3)

and

h(x;α) =
α2[α − (α − 1)x

]
(1 − x)2[(α2 + 1)(1 − x) + αx

] , 0 < x < 1. (4.4)

As illustrated in Figure 1, variation in α produces increasing, decreasing, and unimodal density
shapes, together with convex, concave, and sigmoidal distribution functions. The HF remains
increasing, while its magnitude and curvature vary with α. Accordingly, the UShD provides a simple
model for bounded aging and wear-out phenomena. However, as a one-parameter submodel, it does
not offer independent control over the distributional shape and scale and is not intended to represent
decreasing, constant, bathtub-shaped, or other nonmonotone hazard patterns.
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Figure 1. Graphical illustrations of the PDF (a), CDF (b), RF (c), and HF (d) of the UShD
for selected values of the parameter α.

5. Non-Bayesian estimation of the UShD

This section focuses on estimating the parameter α for the UShD, along with its associated
RF R(x;α) and HF h(x;α), using classical (frequentist) inferential methodologies. The estimation
procedures are systematically categorized into two main frameworks: Likelihood-based techniques
and spacing-based approaches. Additionally, the derivation of asymptotic confidence intervals (ACIs)
for the model parameter and its corresponding functions is discussed.

5.1. Maximum likelihood estimation

Suppose that x1, x2, . . . , xn constitute a random sample of size n generated from the UShD with
parameter α > 0 and PDF presented in Eq (4.1). The corresponding likelihood function can then be
expressed as

L(α) =
n∏

i=1

f (xi;α) =
n∏

i=1

[
α2[α − (α − 1)xi

]
(α2 + 1)(1 − xi)3 e−

αxi
1−xi

]
, 0 < xi < 1. (5.1)

Taking the natural logarithm of L(α), the log-likelihood function can be written as
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ℓML(α) = 2n logα − n log(α2 + 1) − 3
n∑

i=1

log(1 − xi) +
n∑

i=1

log
[
α − (α − 1)xi

]
− α

n∑
i=1

xi

1 − xi
. (5.2)

The ML estimator of α, denoted α̂ML, is derived through the maximization of ℓML(α) defined in Eq
(5.2), namely α̂ML = arg max

α>0
ℓML(α). Differentiation of ℓML(α) with respect to α, followed by equating

the resultant expression to zero, yields the estimating equation

∂ℓML(α)
∂α

=
2n
α
−

2nα
α2 + 1

+

n∑
i=1

1 − xi

α − (α − 1)xi
−

n∑
i=1

xi

1 − xi
= 0. (5.3)

5.2. Maximum product of spacings estimation

The maximum product of spacings (MPS) methodology provides a viable alternative to ML
estimation. This approach is based on maximizing the geometric mean of uniform spacings, which
is equivalent to maximizing the logarithmic sum of these spacings [33].

Suppose that x1:n < x2:n < · · · < xn:n constitute an ordered random sample of size n generated from
the UShD with the parameter α > 0 and the CDF presented in Eq (4.2). The corresponding function of
the product of spacings can then be expressed as

P(α) =

 n+1∏
i=1

Di(α)


1

n+1

, Di(α) =


F(x1:n;α), i = 1,

F(xi:n;α) − F(x(i−1):n;α), i = 2, . . . , n,

1 − F(xn:n;α), i = n + 1,

(5.4)

whereDi(α), i = 1, 2, . . . , n+1, constitute the uniform spacings and satisfy the constraint
n+1∑
i=1
Di(α) = 1.

By substituting from Eq (4.2), the product of spacings admits the following explicit representation:

P(α) =
{[

1 −
(α2 + 1)(1 − x1:n) + αx1:n

(α2 + 1)(1 − x1:n)
e−

αx1:n
1−x1:n

]
×

[
(α2 + 1)(1 − xn:n) + αxn:n

(α2 + 1)(1 − xn:n)
e−

αxn:n
1−xn:n

]
×

n∏
i=2

[
(α2 + 1)(1 − x(i−1):n) + αx(i−1):n

(α2 + 1)(1 − x(i−1):n)
e−

αx(i−1):n
1−x(i−1):n −

(α2 + 1)(1 − xi:n) + αxi:n

(α2 + 1)(1 − xi:n)
e−

αxi:n
1−xi:n

]} 1
n+1

. (5.5)

Taking the natural logarithm of P(α) yields the log product of the spacings function, which can be
written as

ℓMPS(α) =
1

n + 1

{
log

[
1 −

(α2 + 1)(1 − x1:n) + αx1:n

(α2 + 1)(1 − x1:n)
e−

αx1:n
1−x1:n

]
+ log

[
(α2 + 1)(1 − xn:n) + αxn:n

(α2 + 1)(1 − xn:n)
e−

αxn:n
1−xn:n

]
+

n∑
i=2

log
[
(α2 + 1)(1 − x(i−1):n) + αx(i−1):n

(α2 + 1)(1 − x(i−1):n)
e−

αx(i−1):n
1−x(i−1):n −

(α2 + 1)(1 − xi:n) + αxi:n

(α2 + 1)(1 − xi:n)
e−

αxi:n
1−xi:n

]}
.

(5.6)
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The MPS estimator of α, denoted α̂MPS, is derived through the maximization of ℓMPS(α) defined in
Eq (5.6), namely α̂MPS = arg max

α>0
ℓMPS(α). Differentiation of ℓMPS(α) with respect to α, followed by

equating the resultant expression to zero, yields the estimating equation

∂ℓMPS(α)
∂α

=
1

n + 1

{ αx1:n[α(α2+3)(1−x1:n)+(α2+1)x1:n]
(α2+1)2(1−x1:n)2 e−

αx1:n
1−x1:n

1 − (α2+1)(1−x1:n)+αx1:n
(α2+1)(1−x1:n) e−

αx1:n
1−x1:n

−

αxn:n[α(α2+3)(1−xn:n)+(α2+1)xn:n]
(α2+1)2(1−xn:n)2 e−

αxn:n
1−xn:n

(α2+1)(1−xn:n)+αxn:n
(α2+1)(1−xn:n) e−

αxn:n
1−xn:n

+

n∑
i=2

αxi:n[α(α2+3)(1−xi:n)+(α2+1)xi:n]
(α2+1)2(1−xi:n)2 e−

αxi:n
1−xi:n −

αx(i−1):n[α(α2+3)(1−x(i−1):n)+(α2+1)x(i−1):n]
(α2+1)2(1−x(i−1):n)2 e−

αx(i−1):n
1−x(i−1):n

(α2+1)(1−x(i−1):n)+αx(i−1):n

(α2+1)(1−x(i−1):n) e−
αx(i−1):n

1−x(i−1):n −
(α2+1)(1−xi:n)+αxi:n

(α2+1)(1−xi:n) e−
αxi:n

1−xi:n

}
= 0.

(5.7)

Owing to the nonlinearity in Eqs (5.3) and (5.7), the analytical derivation of α̂ML and α̂MPS is not
feasible. Consequently, both estimators are obtained via numerical maximization of the corresponding
objective functions. The existence and uniqueness of the ML estimator α̂ML are formally established in
Theorem 5.1; corresponding results for the MPS estimator α̂MPS follow by parallel reasoning, though
the proof is omitted here for brevity. In this study, the limited-memory Broyden–Fletcher–Goldfarb–
Shanno algorithm with bound constraints (L-BFGS-B) [34], implemented in SciPy within Python 3.10
on the Google Colab platform, is used to maximize ℓML(α) and ℓMPS(α). Since the UShD is supported
on the open interval (0, 1), all observations used in the numerical experiments and applications satisfy
0 < xi < 1. As xi → 0+, the terms in Eq (5.2) remain finite, whereas numerical sensitivity may arise
as xi → 1− because xi/(1 − xi) becomes large. No exact boundary observations occur in the analyses
considered in this study. Although the real data are reported to five decimal places, this rounding
does not generate boundary observations, and the observed values remain sufficiently separated from
the upper endpoint for the numerical optimization considered here. As illustrated in Figure 2, the
objective functions exhibit smooth unimodal behavior over the admissible domain α > 0, supporting
stable numerical optimization for a wide range of initial values.
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Figure 2. Profiles of the log-likelihood and log-product of spacings functions, together with
their corresponding first-order derivatives. The black markers indicate the ML and MPS
estimates obtained for the true values of the parameter α.

In accordance with the invariance principle related to the ML and MPS methods [35, 36], the RF
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and HF are estimated by evaluating them at their respective parameter estimates. Specifically, the
plug-in estimators for the RF are given by R(x; α̂ML) and R(x; α̂MPS), while the estimators for the HF
are represented by h(x; α̂ML) and h(x; α̂MPS).

Theorem 5.1 (Existence and uniqueness of the ML estimator). Let x1, x2, . . . , xn be an independent
random sample from the UShD with the parameter α > 0 and PDF given in Eq (4.1). Let ℓML(α)
denote the log-likelihood function introduced in Eq (5.2), and define the associated score function by

℘(α) =
∂ℓML(α)
∂α

=
2n
α
−

2nα
α2 + 1

+

n∑
i=1

1 − xi

α − (α − 1)xi
−

n∑
i=1

xi

1 − xi
, α > 0, (5.8)

where 0 < xi < 1 for all i = 1, . . . , n. Then the likelihood equation ℘(α) = 0 has exactly one solution
in (0,∞). Consequently, the ML estimator α̂ML exists uniquely and is the only global maximizer of
ℓML(α) over the admissible parameter space.

Proof. The argument proceeds in two stages: First, we show that the score function admits at least one
zero in (0,∞); second, we prove that such a zero cannot occur more than once.

Step 1. Existence of a solution. Since 0 < xi < 1 for all i = 1, . . . , n, we have

α − (α − 1)xi = α(1 − xi) + xi > 0 for all α > 0.

Therefore, every term appearing in Eq (5.8) is well defined and continuous on (0,∞), which
implies that ℘(α) is continuous throughout the parameter space.

We now examine the limiting behavior of ℘(α) at the boundaries. As α→ 0,

2n
α
→ +∞,

2nα
α2 + 1

→ 0,
1 − xi

α − (α − 1)xi
→

1 − xi

xi
,

while the last summation in Eq (5.8) is constant with respect to α. Hence,

lim
α→0

℘(α) = +∞. (5.9)

Next, let α→ ∞. Then

2n
α
→ 0,

2nα
α2 + 1

→ 0,
1 − xi

α − (α − 1)xi
=

1 − xi

α(1 − xi) + xi
→ 0.

Accordingly

lim
α→∞

℘(α) = −
n∑

i=1

xi

1 − xi
< 0, (5.10)

because each xi
1−xi

is strictly positive for 0 < xi < 1.

By the continuity of ℘(α) and the conditions in Eqs (5.9) and (5.10), we can apply the
intermediate value theorem. Consequently, at least one point α̂ML ∈ (0,∞) exists such that
℘(α̂ML) = 0.
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Step 2. Uniqueness of the solution. To establish uniqueness, it is sufficient to show that the score
function is strictly decreasing on (0,∞). Differentiating Eq (5.8) with respect to α yields

℘′(α) = −
2n
α2 −

2n(1 − α2)
(α2 + 1)2 −

n∑
i=1

(1 − xi)2[
α − (α − 1)xi

]2 . (5.11)

We begin with the first two terms on the right-hand side of Eq (5.11). Combining them over a
common denominator gives

−
2n
α2 −

2n(1 − α2)
(α2 + 1)2 = −

2n(3α2 + 1)
α2(α2 + 1)2 . (5.12)

Because n > 0 and α > 0, both the numerator 2n(3α2 + 1) and the denominator α2(α2 + 1)2

are strictly positive. Hence, the expression in Eq (5.12) is negative for all α > 0.

Regarding the third term in Eq (5.11), we have

−

n∑
i=1

(1 − xi)2[
α − (α − 1)xi

]2 < 0 for all α > 0. (5.13)

Combining Eqs (5.12) and (5.13), we obtain ℘′(α) < 0 for every α ∈ (0,∞).

Thus, ℘(α) is strictly decreasing on the whole parameter space. A continuous strictly
decreasing function can vanish at most once; since the existence of a zero has already been
established, that zero must be unique.

Finally, because the unique root of the score equation corresponds to the only stationary point of
ℓML(α) and the derivative of the score is strictly negative at that point, the log-likelihood is locally
concave there. In view of the global monotonic behavior of ℘(α), no competing stationary values
can arise, and the corresponding estimator α̂ML is therefore the unique global maximizer of ℓML(α) on
(0,∞). □

5.3. Asymptotic confidence intervals

It is a well-established result in statistical inference that when the standard regularity conditions are
satisfied, the ML estimator α̂ML has a limiting normal distribution centered around the true parameter

value α. Formally, we can write
√

n
(
α̂ML − α

) d
−→ N

(
0,I−1(α)

)
, where I(α) denotes the Fisher

information (FI) matrix pertaining to α. Since the expected FI matrix is generally difficult to derive
in closed form for non standard models, asymptotic inference is instead developed using the observed
FI matrix, which is obtained from the second derivative of the log-likelihood function. Accordingly,
differentiating Eq (5.2) with respect to α a second time gives

∂2ℓML(α)
∂α2 = −

2n
α2 −

2n(1 − α2)
(α2 + 1)2 −

n∑
i=1

(1 − xi)2

[α − (α − 1)xi]2 . (5.14)

Substituting α̂ML into the negative of the second derivative yields the observed FI, namely

Î(α̂ML) = −
∂2ℓML(α)
∂α2

∣∣∣∣∣∣
α=α̂ML

. (5.15)
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Accordingly, the asymptotic variance of α̂ML is approximated by the inverse of the observed FI;
that is, V̂ar(α̂ML) = Î−1(α̂ML). It then follows that an approximate two-sided 100(1 − γ)% ACI for α

is given by α̂ML ± zγ/2
√

V̂ar(α̂ML), where zγ/2 denotes the upper γ/2 quantile of the standard normal
distribution.

For any function of the parameter, such as the RF and the HF, approximate large-sample variances
may be obtained through the delta method [37]. In the present case, the required first derivatives with
respect to α are given by

Rα(x;α) = −
αx

[
α(α2 + 3)(1 − x) + (α2 + 1)x

]
(α2 + 1)2(1 − x)2 e−

αx
1−x ,

and

hα(x;α) =
α
[
α3(1 − x)2 + 2α2x(1 − x) + α(4x2 − 6x + 3) + 2x(1 − x)

]
(1 − x)2[(α2 + 1)(1 − x) + αx

]2 .

Accordingly, the delta method yields

V̂ar
(
R(x; α̂ML)

)
= R2

α(x;α)
∣∣∣
α=α̂ML

V̂ar(α̂ML) and V̂ar
(
h(x; α̂ML)

)
= h2

α(x;α)
∣∣∣
α=α̂ML

V̂ar(α̂ML).

Consequently, the corresponding approximate two-sided 100(1 − γ)% ACIs for R(x;α) and h(x;α)
are given, respectively, by

R(x; α̂ML) ± zγ/2
√

V̂ar
(
R(x; α̂ML)

)
and h(x; α̂ML) ± zγ/2

√
V̂ar

(
h(x; α̂ML)

)
.

A parallel asymptotic development can be established for the MPS estimator α̂MPS. In particular,
the ACIs for α, R(x;α), and h(x;α) are obtained by replacing α̂ML with α̂MPS and using the observed
FI matrix based on ℓMPS(α). Consequently, the resulting intervals provide a practical large-sample
quantification of estimation uncertainty under both the ML and MPS approaches [35–37].

6. Bayesian estimation of the UShD

From a Bayesian perspective, uncertainty regarding the UShD parameter α is quantified using a
probability distribution. Eliciting a prior that accurately reflects the available information, or the
absence thereof, presents a well-documented methodological challenge; indeed, no single rule has
gained universal acceptance across different inferential contexts [38]. Since α is strictly positive, a
natural and computationally convenient choice is the gamma distribution, which is sufficiently flexible
to accommodate a wide range of empirical or subjective beliefs [39]. Consequently, we adopt a gamma
prior distribution for α, with a PDF expressed by the following formula:

G(α) ∝ αζ−1e−ξα, ζ > 0, ξ > 0, α > 0, (6.1)

where ζ and ξ are hyperparameters governing, respectively, the prior mean ζ/ξ and the variance ζ/ξ2.
When genuine prior information is at hand, the pair (ζ, ξ) can be determined by moment

matching [40]: One equates the prior mean and variance to the corresponding sample moments of
an initial frequentist estimate, such as α̂ML or α̂MPS. Conversely, when the analyst wishes to let the
data speak for themselves, an objective specification is preferable. In the present setting, Jeffreys’ prior
G(α) ∝ α−1 serves this role; it can be viewed as the limiting form of Eq (6.1) obtained by letting ζ → 0
and ξ → 0.
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6.1. Posterior distribution based on the likelihood

Suppose that x1, x2, . . . , xn constitute a random sample of size n from the UShD with the parameter
α > 0, where the corresponding PDF is given in Eq (4.1). Combining L(α) in Eq (5.1) with G(α) in
Eq (6.1), the posterior density of α conditional on the observed data x = (x1, . . . , xn) is obtained from
Bayes’ theorem as follows:

G∗ML(α | x) = A−1
1 α

ζ−1e−ξα
n∏

i=1

[
α2(α − (α − 1)xi

)
(α2 + 1)(1 − xi)3 e−

αxi
1−xi

]
, (6.2)

where the normalizing constantA1 is given by

A1 =

∫ ∞

0
αζ−1e−ξα

n∏
i=1

[
α2(α − (α − 1)xi

)
(α2 + 1)(1 − xi)3 e−

αxi
1−xi

]
dα.

Owing to the non conjugate structure of this kernel, the posterior does not belong to any standard
parametric family, and its moments must be approximated numerically.

6.2. Posterior distribution based on the product of spacings

Suppose that x1:n, x2:n, . . . , xn:n constitute an ordered sample of size n from the UShD with parameter
α > 0, where x1:n < x2:n < · · · < xn:n. Combining P(α) in Eq (5.5) with G(α) in Eq (6.1), the posterior
density of α conditional on the observed data x = (x1:n, . . . , xn:n) is obtained from Bayes’ theorem as

G∗MPS(α | x) = A−1
2 α

ζ−1e−ξα
[
1 −

(α2 + 1)(1 − x1:n) + αx1:n

(α2 + 1)(1 − x1:n)
e−

αx1:n
1−x1:n

][
(α2 + 1)(1 − xn:n) + αxn:n

(α2 + 1)(1 − xn:n)
e−

αxn:n
1−xn:n

]
×

n∏
i=2

[
(α2 + 1)(1 − x(i−1):n) + αx(i−1):n

(α2 + 1)(1 − x(i−1):n)
e−

αx(i−1):n
1−x(i−1):n −

(α2 + 1)(1 − xi:n) + αxi:n

(α2 + 1)(1 − xi:n)
e−

αxi:n
1−xi:n

]
.

(6.3)

where the normalizing constantA2 is given by

A2 =

∫ ∞

0
αζ−1e−ξα

[
1 −

(α2 + 1)(1 − x1:n) + αx1:n

(α2 + 1)(1 − x1:n)
e−

αx1:n
1−x1:n

][
(α2 + 1)(1 − xn:n) + αxn:n

(α2 + 1)(1 − xn:n)
e−

αxn:n
1−xn:n

]
×

n∏
i=2

[
(α2 + 1)(1 − x(i−1):n) + αx(i−1):n

(α2 + 1)(1 − x(i−1):n)
e−

αx(i−1):n
1−x(i−1):n −

(α2 + 1)(1 − xi:n) + αxi:n

(α2 + 1)(1 − xi:n)
e−

αxi:n
1−xi:n

]
dα.

All Bayesian point and interval estimates are derived under the squared-error loss (SEL) function,
L(α, α̂) = (α̂ − α)2. For any function g(α), the Bayes estimator is the posterior mean

ĝSEL(α) = E
[
g(α) | x

]
=

∫ ∞

0
g(α)G∗(α | x) dα, (6.4)

where G∗(α | x) stands for either G∗ML(α | x) or G∗MPS(α | x).
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Since the integrals in Eqs (6.2)–(6.4) lack closed-form solutions, we use Markov chain Monte
Carlo (MCMC) for posterior inference. Specifically, we use a Gibbs sampler with embedded random-
walk Metropolis–Hastings (M–H) updates to draw samples from the posterior. Because the posterior
densities are approximately normal, as illustrated in Figure 3, Gaussian proposal distributions provide
efficient exploration.
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Figure 3. Prior and posterior distributions at α under two likelihood specifications: Standard
likelihood (top) and product of spacings (bottom).

The M–H acceptance probability guarantees convergence to the target posterior [41, 42]; see
Algorithm 1 for implementation details. We compute Bayesian point estimates and highest posterior
density (HPD) credible intervals (CRIs) from these samples.

7. Monte Carlo simulation study

In this section, a Monte Carlo simulation (MCS) study is carried out to evaluate the finite-sample
behavior of the proposed estimation procedures for the UShD. The investigation is conducted under
several sample sizes n and selected values of the parameter α. For each configuration, Mg = 1000
independent samples are generated from the UShD using the inverse transform method based on its QF.
For every generated sample, the ML and MPS estimates are computed numerically. The corresponding
90% and 95% ACIs are then constructed using the observed FI matrix, while the delta method is used
to obtain the ACIs of R(x;α) and h(x;α) at x = 0.35.

Bayesian estimation is implemented under the SEL function using two prior specifications: An
informative gamma prior with the hyperparameters (ζ, ξ) assigned according to each (n, α) scenario,
and Jeffreys’ non informative prior to assess prior sensitivity. Posterior point estimates and HPD CRIs
at the 90% and 95% levels are obtained through the M–H algorithm described in Algorithm 1. For each
replication, the MCMC sampler is run for M• = 12,000 iterations, with the first M0 = 2000 draws
discarded as burn-in. The simulation settings, together with the gamma prior hyperparameters (ζ, ξ),
are reported in Table 4.

Point estimation performance is summarized using the average estimate (AE), root mean squared
error (RMSE), and mean relative absolute bias (MRAB), whereas interval estimation performance is
evaluated through the empirical coverage probability (CP) and average length (AL). All numerical
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optimization is performed using the L-BFGS-B algorithm from the SciPy library under Python 3.10
on the Google Colab platform. The main computational procedure is summarized in Algorithm 2.

Table 4. Simulation settings for the UShD with the corresponding gamma prior
hyperparameters (ζ, ξ).

n
α

0.15 0.45 1.35 4.05 13.00
25 (47.9, 313.9) (53.8, 117.9) (46.0, 33.4) (26.6, 6.3) (22.6, 1.7)
50 (99.8, 660.1) (111.8, 246.8) (99.0, 72.6) (57.6, 14.0) (48.6, 3.7)
100 (207.1, 1374.3) (231.1, 511.6) (208.1, 153.4) (121.8, 29.8) (102.3, 7.8)
200 (407.7, 2713.0) (454.9, 1009.3) (411.9, 304.4) (241.3, 59.3) (202.3, 15.5)
400 (801.4, 5338.2) (892.7, 1982.5) (813.1, 601.7) (477.1, 117.6) (399.7, 30.7)
800 (1614.4, 10759.3) (1801.1, 4001.5) (1638.2, 1213.0) (958.0, 236.4) (802.1, 61.6)

Algorithm 1 Random-walk M–H algorithm for α

Step 1. Specify the initial value α(0) = α̂, the proposal variance V̂ar(α̂), the total number of iterations
M•, the burn-in sizeM0, the confidence level (1 − γ), and the posterior density G∗(α | x).

Step 2. Iterate for κ = 1, 2, . . . ,M•:

(a) Generate a candidate value α∗ ∼ N
(
α(κ−1), V̂ar(α̂)

)
, α∗ > 0.

(b) Compute the acceptance probability η = min
{
1, G∗(α∗ |x)
G∗(α(κ−1) |x)

}
.

(c) Generate u ∼ U(0, 1).

(d) Update the chain according to α(κ) =

α∗, if u ≤ η,

α(κ−1), otherwise.

(e) Compute R(x;α) and h(x;α) at α = α(κ).

Step 3. Discard the firstM0 burn-in values and retain {α(M0+1), α(M0+2), . . . , α(M•)}.

Step 4. Compute the SEL Bayes estimator as α̃SEL =
1
M∗

M•∑
κ=M0+1

α(κ), M∗ =M• −M0.

Step 5. Construct the (1 − γ)100% HPD CRI as follows:

(a) Sort the retained draws as α(1) ≤ α(2) ≤ · · · ≤ α(M∗).

(b) For κ = 1, 2, . . . , ⌊γM∗⌋, compute δ(κ) = α(κ+⌊(1−γ)M∗⌋) − α(κ).

(c) Determine κ∗ = arg min
κ
δ(κ).

(d) The HPD CRI is
(
α(κ∗), α(κ∗+⌊(1−γ)M∗⌋)

)
.

Step 6. Repeat Steps 4 and 5 for R(x;α) and h(x;α).
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Algorithm 2 MCS procedure for the UShD

Step 1. Specify the simulation settings α, n, and (ζ, ξ) from Table 4, with x = 0.35, Mg = 1000,
γ ∈ {0.05, 0.10},M• = 12,000, andM0 = 2000.

Step 2. For each replication, generate a random sample of size n from the UShD as follows.

(a) Generate U1, . . . ,Un
i.i.d.
∼ Uniform(0, 1);

(b) For each i = 1, . . . , n, compute

Xi =
−W−1

[
−(α2 + 1)(1 − Ui)e−(α2+1)

]
− (α2 + 1)

α −W−1

[
−(α2 + 1)(1 − Ui)e−(α2+1)

]
− (α2 + 1)

.

Step 3. Compute α̂ML and α̂MPS by maximizing the corresponding objective functions.

Step 4. Obtain the plug-in estimates of R(x;α) and h(x;α) under ML and MPS.

Step 5. Construct the 90% and 95% ACIs for α, R(x;α), and h(x;α).

Step 6. Apply the M–H sampler as described in Algorithm 1 using the informative gamma and
Jeffreys’ priors.

Step 7. Compute the Bayesian SEL estimates along with their 90% and 95% HPD CRIs for α, R(x;α),
and h(x;α).

Step 8. Repeat Steps 2–7 for i = 1, 2, . . . ,Mg.

Step 9. Compute the point estimation measures. For a generic estimand ρ and its estimate ρ̂(i) from
the ith replication, calculate

AE(̂ρ) =
1
Mg

Mg∑
i=1

ρ̂(i), RMSE(̂ρ) =

√√√
1
Mg

Mg∑
i=1

(̂
ρ(i) − ρ

)2,

and

MRAB(̂ρ) =
1
Mg

Mg∑
i=1

∣∣∣̂ρ(i) − ρ
∣∣∣

ρ
.

Step 10. Construct the corresponding ACIs and HPD CRIs. We then compute

AL100(1−γ)%(̂ρ) =
1
Mg

Mg∑
i=1

(
Uρ̂(i) − Lρ̂(i)

)
and CP100(1−γ)%(̂ρ) =

1
Mg

Mg∑
i=1

I
[
Lρ̂(i) ≤ ρ ≤ Uρ̂(i)

]
,

where I[·] denotes the indicator function, and Lρ̂(i) and Uρ̂(i) represent the lower and upper
bounds, respectively.
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7.1. Simulation results

This subsection offers a brief discussion of the outcomes from the MCS study conducted for the
UShD within the simulation framework outlined in Algorithm 2. The study examines the finite-sample
behavior of the proposed inferential methods for estimating the parameter α, along with the associated
reliability quantities R(x;α) and h(x;α), specifically evaluated at x = 0.35. The compared procedures
comprise the classical ML and MPS approaches and their Bayesian versions under the SEL function,
namely S-ML-I, S-ML-N, S-MPS-I, and S-MPS-N, where the suffixes I and N indicate the use of the
informative gamma prior and Jeffreys’ non-informative prior, respectively.

The numerical results are presented graphically by means of the heatmaps in Figures 4–8,
with the corresponding numerical values displayed within each heatmap. This format provides a
compact summary of the simulation results across the considered sample sizes, parameter scenarios,
and competing estimation methods. Figures 4–8 are complementary, presenting the AE, RMSE,
MRAB, AL, and CP measures, respectively, and thereby enabling both point and interval estimation
performance to be assessed without requiring an extensive sequence of separate numerical tables.

The key conclusions derived from the investigation of the MCS study are presented below.

(1) The AE, RMSE, and MRAB results show that all estimators approach the true values of α, R(x;α),
and h(x;α) as n increases. Hence, the proposed ML, MPS, and Bayesian estimators exhibit clear
consistency.

(2) The RMSE values decrease steadily with increasing n, confirming improved estimation accuracy
in larger samples. The informative-prior Bayesian methods, especially S-ML-I and S-MPS-I,
generally provide the smallest errors.

(3) The MRAB values also decline as n increases, indicating reduced relative bias. Informative
Bayesian estimators usually have the lowest bias, while MPS-based methods may show larger
variability in small samples.

(4) The AL results demonstrate that interval lengths become shorter as n increases. The informative-
prior HPD CRIs are typically the narrowest, whereas the MPS intervals are often wider.

(5) The CP values are generally close to the nominal levels. MPS intervals appear to be conservative,
while informative HPD CRIs strike a favorable balance between coverage and interval width.

(6) Overall, the informative Bayesian procedures, particularly S-ML-I, show the best finite-sample
performance. Their advantage is most visible for small and moderate samples, while all methods
become more comparable for large values of n.
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AE Values for 

n

Scenario

25
50
100
200
400
800

0.15

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.153572 0.147358 0.152339 0.153479 0.147564 0.148686
0.151800 0.145903 0.151130 0.151747 0.148205 0.148832
0.150798 0.146288 0.150544 0.150767 0.148845 0.149068
0.150328 0.146843 0.150207 0.150311 0.149305 0.149350
0.150192 0.147357 0.150108 0.150184 0.149707 0.149646
0.150102 0.144795 0.150049 0.150098 0.149844 0.149806 0.146

0.148

0.150

0.152

AE

25
50
100
200
400
800

0.45

0.459239 0.447237 0.455930 0.458899 0.443866 0.446625
0.454604 0.447533 0.452822 0.454374 0.445425 0.446818
0.452028 0.448518 0.451360 0.451867 0.446985 0.447449
0.450822 0.449011 0.450503 0.450750 0.447973 0.448198
0.450520 0.449663 0.450274 0.450486 0.448826 0.449064
0.450261 0.449426 0.450117 0.450247 0.449289 0.449428 0.445

0.450

0.455

AE

25
50
100
200
400
800

1.35

1.386713 1.336385 1.375840 1.394620 1.326324 1.343877
1.368535 1.338147 1.362352 1.372442 1.332302 1.341933
1.358097 1.340575 1.355856 1.359895 1.338406 1.342367
1.353364 1.343366 1.352361 1.354262 1.342393 1.344325
1.351808 1.346192 1.351151 1.352250 1.345378 1.346726
1.351057 1.347927 1.350578 1.351298 1.347427 1.348283

1.34

1.36

1.38

AE

25
50
100
200
400
800

4.05

4.225893 3.986512 4.175879 4.253698 3.940379 4.015827
4.138118 3.993205 4.110088 4.151551 3.967220 4.007281
4.089207 4.005376 4.078651 4.095924 3.994933 4.012024
4.067003 4.019003 4.062176 4.070188 4.013905 4.022064
4.058819 4.031840 4.055863 4.060377 4.028128 4.033528
4.055374 4.040190 4.053088 4.056007 4.037371 4.040948

4.0

4.1

4.2

AE

25
50
100
200
400
800

13.00

13.609529 12.757639 13.422666 13.623007 12.584773 12.778789
13.305117 12.788342 13.203238 13.314808 12.691563 12.797624
13.135788 12.836211 13.096533 13.138381 12.798791 12.841147
13.058855 12.887390 13.040671 13.061174 12.865030 12.888867
13.030583 12.935667 13.019784 13.031467 12.917283 12.934103
13.018656 12.963715 13.010242 13.018526 12.951475 12.964958 12.75

13.00

13.25

13.50

AE

AE Values for R(x = 0.35, )

n

Scenario

25
50
100
200
400
800

0.15

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.994859 0.995328 0.994987 0.994717 0.995335 0.995084
0.995063 0.995496 0.995133 0.994996 0.995344 0.995211
0.995176 0.995498 0.995204 0.995143 0.995326 0.995266
0.995228 0.995453 0.995241 0.995212 0.995303 0.995281
0.995247 0.995402 0.995255 0.995239 0.995277 0.995277
0.995257 0.995491 0.995262 0.995253 0.995272 0.995274 0.9948

0.9950

0.9952

0.9954

AE

25
50
100
200
400
800

0.45

0.939331 0.942676 0.940498 0.938403 0.943830 0.941853
0.941131 0.943094 0.941775 0.940676 0.943811 0.942773
0.942131 0.943113 0.942387 0.941915 0.943591 0.943133
0.942599 0.943107 0.942721 0.942489 0.943416 0.943190
0.942748 0.942941 0.942832 0.942692 0.943227 0.943082
0.942850 0.943079 0.942900 0.942821 0.943127 0.943046

0.940

0.942

AE

25
50
100
200
400
800

1.35

0.598342 0.615647 0.601293 0.598842 0.618496 0.615857
0.603020 0.613629 0.604714 0.603201 0.615271 0.613725
0.605802 0.611972 0.606380 0.605921 0.612542 0.612059
0.607076 0.610609 0.607333 0.607130 0.610862 0.610632
0.607437 0.609424 0.607624 0.607466 0.609681 0.609418
0.607616 0.608724 0.607757 0.607624 0.608873 0.608690 0.600

0.605

0.610

0.615

AE

25
50
100
200
400
800

4.05

0.126296 0.142997 0.127399 0.134729 0.144234 0.151211
0.126772 0.137059 0.127236 0.131186 0.137539 0.141394
0.127132 0.133140 0.127160 0.129381 0.133198 0.135388
0.127280 0.130726 0.127286 0.128426 0.130784 0.131884
0.127176 0.129111 0.127220 0.127754 0.129253 0.129682
0.127104 0.128191 0.127160 0.127405 0.128342 0.128488 0.130

0.135
0.140
0.145
0.150

AE

25
50
100
200
400
800

13.00

0.001585 0.002300 0.001552 0.002921 0.002257 0.003980
0.001267 0.001623 0.001221 0.001834 0.001572 0.002296
0.001110 0.001292 0.001076 0.001368 0.001255 0.001579
0.001033 0.001130 0.001016 0.001154 0.001122 0.001260
0.000991 0.001043 0.000983 0.001050 0.001054 0.001109
0.000971 0.001000 0.000967 0.001001 0.001018 0.001035 0.001

0.002

0.003

AE

AE Values for h(x = 0.35, )

n

Scenario

25
50
100
200
400
800

0.15

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.035743 0.032721 0.034953 0.036512 0.032696 0.034160
0.034495 0.031695 0.034062 0.034863 0.032691 0.033472
0.033803 0.031709 0.033630 0.033982 0.032837 0.033182
0.033482 0.032003 0.033400 0.033570 0.032998 0.033120
0.033370 0.032332 0.033319 0.033414 0.033170 0.033163
0.033305 0.031692 0.033273 0.033327 0.033204 0.033191 0.032

0.033

0.034

0.035

0.036

AE

25
50
100
200
400
800

0.45

0.346699 0.328876 0.340587 0.351233 0.322831 0.332826
0.337347 0.326895 0.333992 0.339525 0.323146 0.328350
0.332163 0.326943 0.330836 0.333181 0.324428 0.326693
0.329744 0.327043 0.329113 0.330262 0.325410 0.326525
0.328985 0.327977 0.328546 0.329249 0.326439 0.327171
0.328457 0.327236 0.328199 0.328593 0.326989 0.327396

0.33

0.34

0.35

AE

25
50
100
200
400
800

1.35

2.391444 2.264769 2.363344 2.415012 2.238734 2.287572
2.343797 2.267261 2.327724 2.355540 2.252044 2.278785
2.316447 2.272298 2.310548 2.321949 2.266584 2.277811
2.304016 2.278819 2.301370 2.306767 2.276252 2.281737
2.299851 2.285694 2.298134 2.301210 2.283607 2.287292
2.297845 2.289952 2.296598 2.298574 2.288662 2.290981 2.25

2.30

2.35

2.40

AE

25
50
100
200
400
800

4.05

9.519468 8.930812 9.398540 9.579283 8.819031 8.994743
9.308294 8.951699 9.240606 9.336942 8.888883 8.982049
9.190506 8.984140 9.165125 9.204803 8.959000 8.998303
9.137032 9.018856 9.125430 9.143748 9.006562 9.025275
9.117450 9.051028 9.110310 9.120722 9.041998 9.054626
9.109230 9.071849 9.103690 9.110504 9.064962 9.073436

9.0

9.2

9.4

AE

25
50
100
200
400
800

13.00

32.039410 30.012224 31.596062 32.065386 29.601973 30.056168
31.318200 30.088449 31.076590 31.338214 29.858891 30.107394
30.916967 30.204074 30.823949 30.921619 30.115407 30.214273
30.734685 30.326661 30.691598 30.739445 30.273592 30.329409
30.667786 30.441920 30.642180 30.669510 30.398198 30.437820
30.639579 30.508843 30.619615 30.639081 30.479691 30.511611 30.0

30.5
31.0
31.5
32.0

AE

Figure 4. Heatmap representations of the AE values for the UShD parameter α (top), the RF
R(x;α) (center), and the HF h(x;α) (bottom).
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RMSE Values for 

n

Scenario

25
50
100
200
400
800

0.15

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.022043 0.020383 0.011290 0.022023 0.011133 0.021224
0.015613 0.014723 0.007833 0.015594 0.007855 0.015306
0.010708 0.011016 0.005304 0.010699 0.005367 0.010613
0.007480 0.011995 0.003729 0.007471 0.004438 0.007463
0.005288 0.014060 0.002666 0.005284 0.004466 0.005303
0.003868 0.022985 0.001942 0.003868 0.003634 0.003871 0.005

0.010

0.015

0.020

RM
SE

25
50
100
200
400
800

0.45

0.062138 0.059924 0.031762 0.062185 0.031323 0.060084
0.044197 0.043024 0.022145 0.044237 0.022138 0.043465
0.030391 0.029285 0.015041 0.030381 0.015077 0.030145
0.021284 0.020393 0.010610 0.021244 0.010675 0.021223
0.015071 0.021575 0.007595 0.015059 0.007917 0.015114
0.010992 0.010981 0.005515 0.010989 0.005587 0.011003

0.02

0.04

0.06

RM
SE

25
50
100
200
400
800

1.35

0.203071 0.189452 0.105233 0.207304 0.099089 0.191683
0.141731 0.136247 0.071319 0.143137 0.069899 0.137015
0.096179 0.094403 0.047780 0.096644 0.047836 0.094701
0.066940 0.066399 0.033389 0.066995 0.033954 0.066467
0.047129 0.046964 0.023783 0.047180 0.025906 0.046985
0.034556 0.034466 0.017385 0.034612 0.017644 0.034519

0.05

0.10

0.15

0.20

RM
SE

25
50
100
200
400
800

4.05

0.818020 0.749425 0.425326 0.823987 0.394252 0.749334
0.561939 0.534426 0.283099 0.564281 0.277328 0.534104
0.377835 0.369048 0.187804 0.378586 0.189210 0.368808
0.261926 0.259226 0.130637 0.262010 0.135387 0.259584
0.184410 0.183647 0.093071 0.184357 0.099167 0.183591
0.135608 0.135064 0.068313 0.135611 0.077801 0.135259

0.2

0.4

0.6

0.8

RM
SE

25
50
100
200
400
800

13.00

2.856777 2.631095 1.481651 2.854490 1.394023 2.628608
1.965853 1.876563 0.990131 1.967429 0.984297 1.876829
1.323471 1.295888 0.657192 1.323361 0.666440 1.295037
0.917959 0.909717 0.458064 0.917465 0.491671 0.909965
0.646718 0.647584 0.326364 0.646891 0.387774 0.646009
0.475676 0.473750 0.239794 0.475600 0.331403 0.474713

1

2

RM
SE

RMSE Values for R(x = 0.35, )

n

Scenario

25
50
100
200
400
800

0.15

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.001750 0.001514 0.000871 0.001833 0.000781 0.001646
0.001184 0.000980 0.000584 0.001212 0.000551 0.001136
0.000789 0.000658 0.000388 0.000798 0.000378 0.000769
0.000544 0.000605 0.000270 0.000546 0.000315 0.000537
0.000381 0.000649 0.000192 0.000382 0.000319 0.000380
0.000278 0.001004 0.000139 0.000278 0.000260 0.000277

0.0005

0.0010

0.0015

RM
SE

25
50
100
200
400
800

0.45

0.017930 0.016694 0.009059 0.018248 0.008416 0.016846
0.012503 0.011902 0.006212 0.012625 0.005981 0.012049
0.008475 0.008079 0.004177 0.008510 0.004092 0.008292
0.005893 0.005621 0.002929 0.005895 0.002907 0.005825
0.004154 0.007000 0.002091 0.004156 0.002163 0.004146
0.003024 0.003013 0.001516 0.003025 0.001529 0.003018

0.005

0.010

0.015

RM
SE

25
50
100
200
400
800

1.35

0.067961 0.065788 0.035876 0.067195 0.035658 0.065208
0.048679 0.047849 0.024749 0.048386 0.025082 0.047663
0.033565 0.033365 0.016754 0.033466 0.017109 0.033343
0.023520 0.023500 0.011769 0.023451 0.012105 0.023490
0.016636 0.016644 0.008407 0.016621 0.009215 0.016641
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Figure 5. Heatmap representations of the RMSE values for the UShD parameter α (top), the
RF R(x;α) (center), and the HF h(x;α) (bottom).
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MRAB Values for 

n

Scenario
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Estimation Methods

0.115303 0.103827 0.060065 0.115191 0.059753 0.113131
0.082630 0.066841 0.042007 0.082552 0.042293 0.081917
0.056593 0.043160 0.028167 0.056511 0.028878 0.056675
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Figure 6. Heatmap representations of the MRAB values for the UShD parameter α (top), the
RF R(x;α) (center), and the HF h(x;α) (bottom).
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AL Values for 

n

Scenario
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ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.07060 0.35076 0.04995 0.06973 0.04814 0.06709
0.04937 0.34162 0.03473 0.04890 0.03377 0.04758
0.03469 0.33960 0.02427 0.03446 0.02367 0.03373
0.02446 0.33940 0.01720 0.02429 0.01824 0.02381
0.01728 0.33983 0.01221 0.01717 0.01540 0.01684
0.01221 0.33358 0.00862 0.01214 0.01144 0.01186

90% C.L.

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N
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0.08413 0.41796 0.05947 0.08307 0.05733 0.07992
0.05883 0.40707 0.04137 0.05825 0.04026 0.05671
0.04134 0.40466 0.02890 0.04105 0.02817 0.04014
0.02914 0.40442 0.02048 0.02893 0.02171 0.02838
0.02059 0.40493 0.01453 0.02045 0.01833 0.02005
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0.14017 0.99150 0.09854 0.13904 0.09568 0.13547
0.09858 0.98590 0.06894 0.09792 0.06712 0.09600
0.06953 0.98322 0.04886 0.06911 0.04750 0.06775
0.04913 0.98282 0.03470 0.04888 0.03423 0.04788
0.03473 0.98138 0.02448 0.03455 0.02368 0.03369

0.23845 1.19885 0.16846 0.23588 0.16256 0.22738
0.16702 1.18145 0.11731 0.16559 0.11401 0.16146
0.11747 1.17478 0.08210 0.11659 0.07991 0.11434
0.08285 1.17158 0.05816 0.08229 0.05653 0.08071
0.05855 1.17110 0.04130 0.05818 0.04069 0.05701
0.04138 1.16939 0.02916 0.04113 0.02819 0.04017
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0.64031 3.15709 0.45400 0.63458 0.42764 0.60120
0.44420 3.10348 0.31264 0.44123 0.29990 0.42534
0.31066 3.08090 0.21737 0.30873 0.21050 0.30051
0.21857 3.07447 0.15373 0.21733 0.14966 0.21269
0.15427 3.07528 0.10898 0.15349 0.10941 0.15001
0.10900 3.07691 0.07693 0.10852 0.07440 0.10572

0.76298 3.76191 0.54083 0.75677 0.50947 0.71755
0.52929 3.69803 0.37244 0.52594 0.35716 0.50731
0.37017 3.67112 0.25896 0.36778 0.25105 0.35810
0.26044 3.66345 0.18302 0.25884 0.17823 0.25324
0.18382 3.66442 0.12974 0.18280 0.13030 0.17860
0.12988 3.66636 0.09156 0.12921 0.08860 0.12586
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4.05
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2.53104 12.31660 1.79453 2.47914 1.66826 2.31455
1.74699 12.09804 1.23010 1.72438 1.17071 1.64452
1.21847 12.01744 0.85249 1.20745 0.82136 1.16861
0.85617 12.00316 0.60228 0.84950 0.58650 0.82596
0.60400 12.01698 0.42680 0.60032 0.42345 0.58400
0.42667 12.03065 0.30138 0.42445 0.30842 0.41224

3.01592 14.67614 2.13754 2.95630 1.98830 2.76058
2.08166 14.41571 1.46493 2.05464 1.39412 1.96128
1.45190 14.31966 1.01538 1.43800 0.97853 1.39269
1.02020 14.30265 0.71699 1.01149 0.69835 0.98443
0.71971 14.31911 0.50803 0.71482 0.50324 0.69598
0.50841 14.33540 0.35877 0.50548 0.36730 0.49036
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800

13.00
20

40

AL

8.85655 43.23737 6.28127 8.68376 5.86508 8.11317
6.12058 42.47048 4.31130 6.04691 4.11024 5.77613
4.27206 42.18263 2.99040 4.23013 2.88340 4.09920
3.00286 42.12716 2.11266 2.98145 2.09730 2.89830
2.11869 42.17408 1.49691 2.10588 1.56444 2.04739
1.49676 42.21033 1.05699 1.48741 1.19936 1.44683

10.55323 51.52051 7.48367 10.35277 6.99305 9.68258
7.29312 50.60669 5.13617 7.20132 4.89459 6.88911
5.09047 50.26371 3.56269 5.03918 3.43879 4.88219
3.57813 50.19761 2.51524 3.55110 2.49352 3.45399
2.52458 50.25351 1.78170 2.50727 1.86042 2.43962
1.78350 50.29671 1.25863 1.77066 1.42921 1.72532
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0.00537 0.02521 0.00365 0.00522 0.00337 0.00482
0.00364 0.02390 0.00251 0.00358 0.00238 0.00340
0.00252 0.02368 0.00174 0.00249 0.00168 0.00240
0.00176 0.02382 0.00123 0.00175 0.00130 0.00170
0.00124 0.02405 0.00087 0.00123 0.00110 0.00120
0.00088 0.02355 0.00062 0.00087 0.00082 0.00085

90% C.L.

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.00640 0.03004 0.00437 0.00629 0.00404 0.00581
0.00434 0.02848 0.00300 0.00429 0.00284 0.00407
0.00300 0.02822 0.00208 0.00298 0.00200 0.00287
0.00210 0.02839 0.00147 0.00208 0.00155 0.00203
0.00148 0.02865 0.00104 0.00147 0.00131 0.00143
0.00104 0.02807 0.00073 0.00104 0.00097 0.00101

95% C.L.
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0.45

0.1

0.2

0.3

AL

0.05642 0.27675 0.03910 0.05487 0.03678 0.05155
0.03902 0.27196 0.02715 0.03836 0.02595 0.03681
0.02725 0.27044 0.01896 0.02694 0.01829 0.02617
0.01915 0.26973 0.01342 0.01899 0.01298 0.01852
0.01352 0.26987 0.00953 0.01343 0.00937 0.01312
0.00955 0.26930 0.00673 0.00949 0.00649 0.00924

0.06722 0.32977 0.04662 0.06552 0.04387 0.06163
0.04650 0.32406 0.03234 0.04576 0.03095 0.04393
0.03247 0.32224 0.02259 0.03210 0.02178 0.03120
0.02282 0.32141 0.01598 0.02262 0.01545 0.02207
0.01611 0.32157 0.01135 0.01599 0.01115 0.01563
0.01138 0.32089 0.00801 0.01130 0.00773 0.01102
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AL

0.21817 1.10275 0.15741 0.21399 0.15179 0.20770
0.15426 1.09377 0.10962 0.15243 0.10668 0.14907
0.10905 1.09056 0.07662 0.10808 0.07482 0.10610
0.07710 1.08965 0.05433 0.07656 0.05314 0.07528
0.05453 1.08985 0.03856 0.05422 0.03882 0.05312
0.03856 1.09017 0.02723 0.03838 0.02638 0.03744

0.25997 1.31401 0.18680 0.25316 0.18016 0.24622
0.18381 1.30330 0.13032 0.18097 0.12679 0.17716
0.12994 1.29948 0.09120 0.12851 0.08913 0.12614
0.09187 1.29840 0.06466 0.09109 0.06326 0.08954
0.06497 1.29864 0.04590 0.06454 0.04622 0.06321
0.04595 1.29901 0.03241 0.04569 0.03141 0.04456

25
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200
400
800

4.05 0.5

1.0

AL

0.16524 0.91791 0.12016 0.16011 0.12780 0.17053
0.11927 0.89647 0.08527 0.11710 0.08808 0.12125
0.08535 0.88320 0.06006 0.08434 0.06076 0.08569
0.06069 0.87475 0.04281 0.06015 0.04284 0.06015
0.04300 0.86901 0.03044 0.04271 0.03068 0.04221
0.03043 0.86569 0.02153 0.03026 0.02223 0.02964

0.19690 1.09376 0.14354 0.19146 0.15265 0.20349
0.14212 1.06821 0.10164 0.13967 0.10505 0.14458
0.10170 1.05240 0.07156 0.10048 0.07239 0.10215
0.07232 1.04232 0.05098 0.07163 0.05104 0.07165
0.05124 1.03549 0.03623 0.05086 0.03647 0.05029
0.03626 1.03153 0.02563 0.03605 0.02648 0.03528

25
50
100
200
400
800

13.00
0.02

0.04

AL

0.00605 0.04337 0.00335 0.00676 0.00474 0.00904
0.00371 0.03315 0.00221 0.00381 0.00276 0.00467
0.00241 0.02773 0.00152 0.00240 0.00173 0.00271
0.00162 0.02495 0.00108 0.00161 0.00119 0.00172
0.00112 0.02342 0.00077 0.00111 0.00085 0.00114
0.00078 0.02265 0.00054 0.00077 0.00064 0.00077

0.00721 0.05168 0.00457 0.00968 0.00637 0.01270
0.00442 0.03950 0.00282 0.00509 0.00350 0.00619
0.00287 0.03304 0.00188 0.00305 0.00212 0.00343
0.00194 0.02973 0.00131 0.00198 0.00144 0.00211
0.00133 0.02791 0.00092 0.00134 0.00103 0.00138
0.00093 0.02699 0.00065 0.00093 0.00077 0.00093

AL Values for h(x = 0.35, )

n

Scenario

25
50
100
200
400
800

0.15

0.05

0.10

0.15

AL

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.03456 0.16373 0.02368 0.03368 0.02203 0.03128
0.02360 0.15605 0.01632 0.02322 0.01553 0.02212
0.01636 0.15481 0.01136 0.01619 0.01094 0.01565
0.01146 0.15558 0.00803 0.01136 0.00846 0.01106
0.00808 0.15684 0.00569 0.00802 0.00716 0.00784
0.00570 0.15357 0.00402 0.00567 0.00533 0.00552

90% C.L.

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.04118 0.19510 0.02831 0.04047 0.02635 0.03762
0.02812 0.18594 0.01949 0.02776 0.01855 0.02647
0.01949 0.18447 0.01354 0.01933 0.01303 0.01867
0.01366 0.18539 0.00956 0.01355 0.01007 0.01320
0.00962 0.18689 0.00678 0.00955 0.00853 0.00933
0.00679 0.18299 0.00478 0.00675 0.00635 0.00658

95% C.L.

25
50
100
200
400
800

0.45

0.5

1.0

1.5

AL

0.30028 1.47612 0.20841 0.29320 0.19654 0.27605
0.20773 1.44964 0.14463 0.20461 0.13844 0.19659
0.14506 1.44081 0.10100 0.14357 0.09749 0.13958
0.10197 1.43675 0.07149 0.10117 0.06917 0.09871
0.07198 1.43777 0.05076 0.07153 0.04993 0.06989
0.05083 1.43422 0.03581 0.05055 0.03458 0.04922

0.35780 1.75890 0.24855 0.35033 0.23445 0.33010
0.24752 1.72735 0.17228 0.24412 0.16515 0.23467
0.17285 1.71683 0.12032 0.17110 0.11613 0.16642
0.12150 1.71200 0.08512 0.12052 0.08233 0.11763
0.08576 1.71320 0.06043 0.08517 0.05937 0.08325
0.06057 1.70898 0.04265 0.06018 0.04117 0.05868

25
50
100
200
400
800

1.35

2.5

5.0

7.5

AL

1.61393 7.92452 1.14258 1.59142 1.07142 1.50126
1.11981 7.80324 0.78755 1.10949 0.75340 1.06673
0.78318 7.75507 0.54783 0.77732 0.52968 0.75543
0.55103 7.74409 0.38750 0.54754 0.37690 0.53540
0.38896 7.74972 0.27473 0.38685 0.27567 0.37792
0.27482 7.75577 0.19395 0.27356 0.18751 0.26644

1.92312 9.44264 1.36018 1.89582 1.27575 1.78968
1.33433 9.29813 0.93790 1.32177 0.89699 1.27154
0.93322 9.24073 0.65254 0.92571 0.63165 0.90001
0.65659 9.22766 0.46131 0.65205 0.44882 0.63738
0.46347 9.23437 0.32708 0.46069 0.32830 0.44991
0.32747 9.24157 0.23085 0.32573 0.22330 0.31719

25
50
100
200
400
800

4.05

10

20

30

AL

6.21470 30.33503 4.41406 6.09460 4.11657 5.70664
4.29503 29.80102 3.02714 4.24213 2.88661 4.05330
2.99788 29.60108 2.09835 2.97171 2.02408 2.87939
2.10724 29.56199 1.48267 2.09116 1.44474 2.03455
1.48678 29.59151 1.05071 1.47785 1.04286 1.43819
1.05034 29.62212 0.74197 1.04492 0.75947 1.01506

7.40527 36.14642 5.25756 7.26600 4.90578 6.80447
5.11784 35.51011 3.60488 5.05404 3.43730 4.83319
3.57220 35.27186 2.49925 3.53894 2.41130 3.43142
2.51093 35.22528 1.76506 2.48985 1.72027 2.42478
1.77160 35.26046 1.25067 1.75971 1.23934 1.71392
1.25155 35.29693 0.88324 1.24439 0.90445 1.20742

25
50
100
200
400
800

13.00
50

100

AL

21.06837 102.92182 14.94670 20.66806 13.96591 19.32353
14.56205 101.08598 10.25900 14.39042 9.78459 13.75187
10.16493 100.39276 7.11584 10.06649 6.86284 9.75722
7.14529 100.25468 5.02721 7.09480 4.99139 6.89787
5.04148 100.36157 3.56199 5.01114 3.72299 4.87234
3.56159 100.44519 2.51517 3.53941 2.85410 3.44298

25.10452 122.63891 17.80859 24.64190 16.65240 23.06241
17.35175 120.45137 12.22201 17.13826 11.65192 16.40184
12.11226 119.62536 8.47770 11.99194 8.18482 11.62109
8.51413 119.46082 5.98523 8.45042 5.93437 8.22039
6.00729 119.58819 4.23969 5.96632 4.42738 5.80577
4.24389 119.68783 2.99498 4.21343 3.40106 4.10568

Figure 7. Heatmap representations of the AL values for the UShD parameter α (top), the RF
R(x;α) (center), and the HF h(x;α) (bottom).
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CP Values for 

n

Scenario

25
50
100
200
400
800

0.15

0.94

0.96

0.98

1.00

CP

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.906 1.000 0.976 0.905 0.959 0.874
0.891 0.996 0.978 0.886 0.970 0.876
0.893 0.995 0.976 0.888 0.965 0.878
0.891 0.989 0.982 0.891 0.951 0.883
0.908 0.982 0.974 0.901 0.916 0.895
0.899 0.948 0.970 0.896 0.890 0.887

90% C.L.

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.954 1.000 0.992 0.947 0.981 0.928
0.959 0.996 0.994 0.956 0.990 0.939
0.943 0.995 0.999 0.941 0.990 0.942
0.942 0.989 0.994 0.936 0.980 0.929
0.954 0.982 0.992 0.955 0.958 0.943
0.943 0.948 0.989 0.941 0.945 0.932

95% C.L.

25
50
100
200
400
800

0.45

0.94

0.96

0.98

1.00

CP

0.910 1.000 0.975 0.903 0.959 0.880
0.891 1.000 0.980 0.894 0.965 0.879
0.892 1.000 0.981 0.891 0.966 0.881
0.892 1.000 0.981 0.888 0.970 0.882
0.909 1.000 0.974 0.905 0.969 0.890
0.900 1.000 0.969 0.899 0.965 0.877

0.952 1.000 0.994 0.953 0.984 0.939
0.960 1.000 0.993 0.949 0.989 0.943
0.945 1.000 0.997 0.938 0.992 0.934
0.941 1.000 0.994 0.941 0.990 0.930
0.955 1.000 0.992 0.950 0.985 0.941
0.944 1.000 0.990 0.946 0.981 0.931

25
50
100
200
400
800

1.35

0.94

0.96

0.98

1.00

CP

0.905 1.000 0.977 0.901 0.951 0.881
0.896 1.000 0.977 0.886 0.967 0.877
0.892 1.000 0.975 0.891 0.959 0.878
0.894 1.000 0.980 0.889 0.966 0.887
0.913 1.000 0.976 0.906 0.962 0.892
0.893 1.000 0.969 0.894 0.959 0.883

0.954 1.000 0.990 0.951 0.981 0.936
0.961 1.000 0.994 0.952 0.988 0.943
0.946 1.000 0.996 0.936 0.988 0.936
0.942 1.000 0.993 0.940 0.990 0.932
0.956 1.000 0.993 0.957 0.983 0.946
0.945 1.000 0.987 0.939 0.983 0.934

25
50
100
200
400
800

4.05

0.94

0.96

0.98

1.00

CP

0.909 1.000 0.978 0.903 0.941 0.874
0.897 1.000 0.979 0.895 0.954 0.863
0.893 1.000 0.980 0.895 0.954 0.877
0.895 1.000 0.984 0.900 0.964 0.885
0.915 1.000 0.978 0.907 0.966 0.889
0.894 1.000 0.974 0.892 0.952 0.882

0.950 1.000 0.990 0.949 0.975 0.924
0.954 1.000 0.996 0.945 0.983 0.934
0.947 1.000 0.996 0.944 0.983 0.930
0.946 1.000 0.992 0.942 0.987 0.932
0.956 1.000 0.994 0.954 0.984 0.939
0.947 1.000 0.990 0.947 0.977 0.929

25
50
100
200
400
800

13.00

0.92

0.94

0.96

0.98

1.00

CP

0.906 1.000 0.977 0.900 0.939 0.867
0.897 1.000 0.979 0.897 0.949 0.860
0.893 1.000 0.975 0.889 0.956 0.875
0.895 1.000 0.983 0.901 0.962 0.884
0.914 1.000 0.977 0.907 0.948 0.889
0.895 1.000 0.974 0.890 0.920 0.874

0.951 1.000 0.989 0.947 0.971 0.920
0.954 1.000 0.995 0.950 0.982 0.935
0.949 1.000 0.995 0.941 0.983 0.935
0.946 1.000 0.993 0.937 0.988 0.934
0.956 1.000 0.992 0.953 0.978 0.943
0.947 1.000 0.989 0.943 0.963 0.930

CP Values for R(x = 0.35, )

n

Scenario

25
50
100
200
400
800

0.15

0.94

0.96

0.98

1.00

CP

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.909 1.000 0.976 0.900 0.944 0.870
0.903 0.996 0.981 0.891 0.961 0.868
0.893 0.995 0.976 0.891 0.961 0.878
0.895 0.989 0.981 0.892 0.950 0.885
0.910 0.982 0.974 0.898 0.917 0.898
0.896 0.948 0.970 0.900 0.891 0.887

90% C.L.

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.947 1.000 0.991 0.949 0.977 0.923
0.948 0.996 0.995 0.952 0.986 0.933
0.947 0.995 0.999 0.941 0.987 0.940
0.944 0.989 0.994 0.936 0.980 0.931
0.957 0.982 0.991 0.953 0.957 0.943
0.943 0.948 0.989 0.940 0.942 0.932

95% C.L.

25
50
100
200
400
800

0.45

0.94

0.96

0.98

1.00

CP

0.903 1.000 0.969 0.894 0.948 0.875
0.894 1.000 0.983 0.893 0.962 0.872
0.894 1.000 0.979 0.889 0.963 0.873
0.891 1.000 0.980 0.890 0.967 0.881
0.907 1.000 0.973 0.905 0.967 0.889
0.897 1.000 0.969 0.902 0.963 0.877

0.945 1.000 0.990 0.947 0.980 0.928
0.951 1.000 0.994 0.944 0.989 0.937
0.945 1.000 0.997 0.937 0.993 0.930
0.942 1.000 0.994 0.940 0.988 0.929
0.955 1.000 0.991 0.950 0.985 0.942
0.941 1.000 0.990 0.944 0.981 0.930

25
50
100
200
400
800

1.35

0.94

0.96

0.98

1.00

CP

0.898 1.000 0.974 0.890 0.952 0.874
0.882 1.000 0.976 0.877 0.968 0.874
0.891 1.000 0.976 0.887 0.961 0.879
0.894 1.000 0.978 0.892 0.968 0.882
0.911 1.000 0.977 0.907 0.963 0.892
0.893 1.000 0.968 0.892 0.959 0.887

0.942 1.000 0.988 0.943 0.980 0.936
0.948 1.000 0.993 0.943 0.989 0.942
0.941 1.000 0.995 0.937 0.990 0.933
0.945 1.000 0.992 0.940 0.992 0.931
0.953 1.000 0.993 0.957 0.983 0.948
0.945 1.000 0.987 0.940 0.983 0.935

25
50
100
200
400
800

4.05

0.925

0.950

0.975

1.000

CP

0.855 0.999 0.960 0.871 0.967 0.878
0.877 1.000 0.972 0.872 0.964 0.881
0.885 1.000 0.977 0.886 0.966 0.881
0.893 1.000 0.979 0.897 0.970 0.889
0.905 1.000 0.978 0.905 0.971 0.895
0.891 1.000 0.969 0.887 0.953 0.877

0.909 1.000 0.990 0.933 0.983 0.937
0.916 1.000 0.989 0.933 0.994 0.939
0.936 1.000 0.994 0.937 0.987 0.940
0.948 1.000 0.993 0.947 0.990 0.934
0.951 1.000 0.994 0.951 0.985 0.939
0.947 1.000 0.991 0.946 0.981 0.930

25
50
100
200
400
800

13.00

0.8

0.9

1.0

CP

0.762 0.972 0.954 0.888 0.988 0.927
0.812 0.993 0.946 0.888 0.983 0.917
0.859 1.000 0.964 0.887 0.979 0.911
0.883 1.000 0.963 0.894 0.971 0.903
0.890 1.000 0.974 0.888 0.961 0.901
0.875 1.000 0.967 0.880 0.941 0.876

0.784 0.975 0.990 0.948 0.996 0.969
0.840 0.994 0.987 0.934 0.996 0.958
0.878 1.000 0.990 0.944 0.999 0.953
0.908 1.000 0.992 0.947 0.992 0.948
0.935 1.000 0.993 0.948 0.987 0.950
0.932 1.000 0.993 0.946 0.968 0.937

CP Values for h(x = 0.35, )

n

Scenario

25
50
100
200
400
800

0.15

0.94

0.96

0.98

1.00

CP

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.905 1.000 0.976 0.903 0.945 0.870
0.902 0.996 0.980 0.891 0.964 0.868
0.891 0.995 0.976 0.891 0.961 0.880
0.895 0.989 0.982 0.893 0.950 0.888
0.911 0.982 0.974 0.897 0.916 0.898
0.898 0.948 0.970 0.900 0.891 0.886

90% C.L.

ML MPS S-ML-I S-ML-N S-MPS-I S-MPS-N

Estimation Methods

0.947 1.000 0.990 0.949 0.977 0.925
0.949 0.996 0.994 0.951 0.987 0.935
0.946 0.995 0.999 0.940 0.988 0.941
0.945 0.989 0.994 0.936 0.980 0.930
0.955 0.982 0.991 0.954 0.957 0.943
0.944 0.948 0.989 0.941 0.942 0.932

95% C.L.

25
50
100
200
400
800

0.45

0.94

0.96

0.98

1.00

CP

0.904 1.000 0.970 0.896 0.948 0.876
0.896 1.000 0.982 0.893 0.963 0.872
0.895 1.000 0.979 0.889 0.963 0.875
0.892 1.000 0.980 0.891 0.967 0.881
0.906 1.000 0.973 0.905 0.967 0.891
0.898 1.000 0.969 0.902 0.963 0.877

0.947 1.000 0.991 0.949 0.980 0.929
0.951 1.000 0.994 0.946 0.989 0.937
0.945 1.000 0.997 0.937 0.993 0.930
0.942 1.000 0.994 0.940 0.989 0.930
0.956 1.000 0.992 0.950 0.985 0.942
0.941 1.000 0.990 0.945 0.981 0.931

25
50
100
200
400
800

1.35

0.94

0.96

0.98

1.00

CP

0.907 1.000 0.976 0.899 0.950 0.875
0.894 1.000 0.976 0.888 0.967 0.872
0.894 1.000 0.975 0.890 0.959 0.877
0.893 1.000 0.980 0.887 0.966 0.888
0.912 1.000 0.976 0.906 0.962 0.892
0.893 1.000 0.969 0.893 0.959 0.882

0.951 1.000 0.990 0.945 0.978 0.932
0.958 1.000 0.994 0.951 0.988 0.941
0.945 1.000 0.997 0.933 0.988 0.934
0.941 1.000 0.993 0.940 0.990 0.932
0.956 1.000 0.993 0.957 0.983 0.946
0.945 1.000 0.987 0.939 0.983 0.934

25
50
100
200
400
800

4.05

0.94

0.96

0.98

1.00

CP

0.906 1.000 0.977 0.903 0.941 0.875
0.898 1.000 0.979 0.895 0.954 0.864
0.893 1.000 0.979 0.896 0.954 0.878
0.895 1.000 0.984 0.900 0.964 0.887
0.915 1.000 0.978 0.906 0.967 0.890
0.894 1.000 0.974 0.891 0.952 0.882

0.950 1.000 0.990 0.952 0.976 0.925
0.954 1.000 0.996 0.946 0.983 0.934
0.949 1.000 0.996 0.944 0.983 0.932
0.945 1.000 0.992 0.942 0.987 0.932
0.956 1.000 0.994 0.954 0.985 0.939
0.946 1.000 0.990 0.948 0.977 0.929

25
50
100
200
400
800

13.00

0.92

0.94

0.96

0.98

1.00

CP

0.906 1.000 0.977 0.900 0.939 0.867
0.899 1.000 0.979 0.897 0.949 0.859
0.893 1.000 0.975 0.889 0.956 0.875
0.895 1.000 0.983 0.900 0.962 0.884
0.914 1.000 0.976 0.907 0.948 0.889
0.895 1.000 0.974 0.890 0.920 0.874

0.951 1.000 0.989 0.947 0.971 0.920
0.954 1.000 0.995 0.950 0.982 0.935
0.949 1.000 0.995 0.941 0.983 0.935
0.945 1.000 0.993 0.937 0.988 0.934
0.956 1.000 0.992 0.953 0.978 0.943
0.947 1.000 0.989 0.943 0.963 0.930

Figure 8. Heatmap representations of the CP values for the UShD parameter α (top), the RF
R(x;α) (center), and the HF h(x;α) (bottom).
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8. Applications and data analysis

In this section, we explore the practical behavior, operational flexibility, and inferential performance
of the proposed UShD using two real datasets from distinct engineering disciplines. The first dataset
comprises the waiting times between successive failures of repairable mechanical equipment (RME)
units, as documented in [43, 44]. The second dataset includes the observed breakdown times of 20
electric bulbs (EB), also cited in [44]. Since the UShD is defined on the unit interval, we adjust the
raw measurements to fit within the range of (0, 1) by applying the transformation X = T/(1 + T ). The
resulting transformed observations, rounded to five decimal places, are presented below.

• Dataset I: RME

0.52381, 0.75000, 0.80000, 0.81818, 0.85507, 0.86301, 0.87500, 0.87654, 0.88095, 0.88506,
0.90385, 0.91379, 0.92126, 0.92481, 0.92481, 0.92537, 0.93464, 0.93590, 0.93711, 0.94565,
0.94792, 0.94898, 0.95169, 0.95708, 0.95951, 0.96094, 0.96337, 0.97191, 0.97758, 0.97930.

• Dataset II: EB

0.28058, 0.56897, 0.57082, 0.77925, 0.78261, 0.83471, 0.84277, 0.86772, 0.87835, 0.88519,
0.89919, 0.91349, 0.92051, 0.92521, 0.92548, 0.92658, 0.95148, 0.95526, 0.95618, 0.97343.

Before conducting any formal parametric inference, we explore the underlying distributional shapes
of both datasets using nonparametric graphical methods. The resulting visual summaries are presented
in Figures 9 and 10.
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Summary Statistics of RME Data

Figure 9. Nonparametric visual assessment and sample descriptive statistics for the RME
data.
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Figure 10. Nonparametric visual assessment and sample descriptive statistics for the EB
data.

A joint inspection of the descriptive measures and visual displays for both the RME and EB datasets
reveals broadly similar empirical patterns. Both the density histogram (with a superimposed kernel
estimate) and the violin diagram reveal a marked accumulation of transformed observations near the
upper boundary of the unit interval, with the bulk of measurements falling roughly between 0.80 and
0.98. Such clustering implies an asymmetric, bounded configuration for both datasets, punctuated
by a handful of comparatively small realizations in the lower tail. These visual impressions are
reinforced by the numerical summaries: In both cases, the arithmetic mean falls below the median,
while the estimated skewness coefficients take negative values, signaling a strong leftward asymmetry.
Furthermore, the kurtosis estimates point to sharply peaked forms with pronounced tail heaviness, an
effect especially visible in the RME series.

In addition, the total time on test (TTT) curves consistently lie above the 45◦ diagonal, offering
visual confirmation of a monotone increasing hazard rate and, by extension, a wear-out or aging regime.
Likewise, the normal quantile–quantile (Q–Q) and probability–probability (P–P) plots exhibit clear,
structured deviations from their respective theoretical benchmarks, ruling out the Gaussian model for
the transformed measurements. From a reliability perspective, the observed IFR behavior indicates
that the instantaneous failure risk increases with transformed operating time, which is consistent with
progressive aging and wear-out in both the RME and EB applications. Taken together, these features
indicate that traditional symmetric distributions are unlikely to fit adequately, and support the use of
the UShD for both datasets.

For comparative benchmarking, the proposed UShD is evaluated alongside seven established unit-
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interval distributions. Its parameter is estimated using the ML approach, and this same inferential
framework is applied to each of the competing distributions: unit Xgamma distribution (UXGD)
[45], unit improved second-degree Lindley distribution (UISDLD) [46], unit Zeghdoudi distribution
(UZD) [47], sine power unit inverse Lindley distribution (SPUILD) [48], unit Gumbel Type II
distribution (UGTIID) [49], unit inverse exponentiated Pareto distribution (UIEPD) [50], and unit
gamma-Lindley distribution (UGLD) [51]. All numerical maximizations are carried out using
common algorithmic settings and shared convergence thresholds, which helps maintain methodological
consistency throughout the comparison. The outputs of the optimization process include the parameter
estimates, their estimated standard errors (SEs), the value of −2 times the maximized log-likelihood
(−2ℓ), and a set of penalized information criteria. The relative performance of the models is assessed
using the Akaike information criterion (AIC), the consistent Akaike information criterion (CAIC), the
Bayesian information criterion (BIC), and the Hannan–Quinn information criterion (HQIC). Moreover,
the agreement between each fitted distribution and the empirical data is measured via empirical
distribution function statistics, specifically the Kolmogorov–Smirnov (K-S), Cramér–von Mises (C-
VM), and Anderson–Darling (A-D) test statistics supplemented by the associated K-S p-values. The
comprehensive estimation and diagnostic results for both datasets are assembled in Tables 5 and 6.

Table 5. ML estimates, SEs, model selection criteria, and goodness-of-fit diagnostics for the
RME data.

Criterion
Model
UShD UXGD UISDLD UZD SPUILD UGTIID UIEPD UGLD

α̂ 0.129 0.176 0.183 0.189 0.019 1.073 15.700 10.195
SE(α̂) 0.016 0.019 0.019 0.020 0.086 0.131 6.078 11.933
β̂ − − − − − − − − − − − − 674.072 8.894 1.276 1.288
SE(β̂) − − − − − − − − − − − − 3124.310 2.416 0.179 1.401

−2ℓ −91.334 −90.028 −89.983 −89.090 −85.131 −77.880 −81.104 −79.592
AIC −89.334 −88.028 −87.983 −87.090 −81.131 −73.880 −77.104 −75.592
CAIC −89.191 −87.885 −87.841 −86.947 −80.687 −73.435 −76.660 −75.147
BIC −87.933 −86.627 −86.582 −85.688 −78.329 −71.077 −74.302 −72.789
HQIC −88.886 −87.580 −87.535 −86.641 −80.235 −72.983 −76.208 −74.695
A-D 0.139 0.256 0.399 0.557 0.572 1.229 0.921 1.156
C-VM 0.018 0.034 0.051 0.067 0.090 0.183 0.138 0.166
K-S 0.067 0.091 0.120 0.132 0.133 0.134 0.135 0.158
p-value 0.998 0.946 0.737 0.623 0.617 0.608 0.600 0.401
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Table 6. ML estimates, SEs, model selection criteria, and goodness-of-fit diagnostics for the
EB data .

Criterion
Model
UShD UISDLD UXGD UZD UGLD UIEPD UGTIID SPUILD

α̂ 0.189 0.262 0.245 0.274 2.168 4.752 0.797 0.010
SE(α̂) 0.029 0.034 0.034 0.035 1.221 1.766 0.122 0.036
β̂ − − − − − − − − − − − − 3.502 1.017 2.941 657.558
SE(β̂) − − − − − − − − − − − − 2.297 0.201 0.701 2315.457

−2ℓ −37.188 −34.839 −38.039 −31.792 −31.441 −29.992 −27.019 −29.150
AIC −35.188 −32.839 −36.039 −29.792 −27.441 −25.992 −23.019 −25.150
CAIC −34.966 −32.616 −35.816 −29.570 −26.735 −25.286 −22.313 −24.444
BIC −34.192 −31.843 −35.043 −28.796 −25.449 −24.001 −21.028 −23.159
HQIC −34.994 −32.644 −35.844 −29.598 −27.052 −25.604 −22.631 −24.761
A-D 0.452 0.887 0.386 1.341 0.841 1.017 1.256 1.716
C-VM 0.038 0.081 0.053 0.105 0.130 0.176 0.214 0.297
K-S 0.117 0.131 0.134 0.150 0.178 0.186 0.195 0.217
p-value 0.919 0.839 0.822 0.704 0.498 0.443 0.381 0.262

The empirical results reported in Tables 5 and 6 demonstrate favorable and competitive fitting
performance of the proposed UShD relative to the considered unit distributions. For the RME data, the
UShD achieves the most favorable values of −2ℓ, all four information criteria, and all the reported
goodness-of-fit statistics. For the EB data, however, the comparison is criterion-dependent. In
particular, the UXGD attains more favorable values of the −2ℓ, AIC, CAIC, BIC, and HQIC, as well
as the smaller A-D statistic, whereas the UShD provides the smallest C-VM and K-S statistics and the
largest K-S p-value. Thus, no single model uniformly dominates the EB data across all the considered
model selection and goodness-of-fit measures. In particular, the K-S p-values for the UShD are 0.998
and 0.919 for the RME and EB data, respectively, providing no statistical evidence against the fitted
UShD in either application. Hence, the RME data provide the stronger empirical fit for the UShD, while
the EB data constitute a more challenging application in which its performance remains competitive.

The graphical results in Figures 11 and 12 further clarify the numerical comparison. For the
RME data, the fitted UShD follows the empirical CDF and RF closely over most of the support,
while the P–P and Q–Q plots remain near the reference line apart from limited lower-tail deviations.
The corresponding PDF and HF reproduce the overall left-skewed and increasing hazard behavior,
although the empirical hazard exhibits local fluctuations. For the EB data, the graphical agreement is
visibly weaker. In particular, the sample contains several separated lower observations together with a
pronounced concentration near the upper boundary, producing an irregular empirical structure that is
not fully reproduced by the smooth fitted PDFs.
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Figure 11. Visual diagnostics of empirical adequacy and fitted model performance for the
RME data.
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Figure 12. Visual diagnostics of empirical adequacy and fitted model performance for the
EB data.
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The P–P and Q–Q plots exhibit larger deviations, and the empirical HF shows pronounced local
variation that none of the fitted smooth parametric hazard functions reproduces exactly. Nevertheless,
the UShD captures the overall decreasing reliability and increasing hazard behavior and remains
competitive according to the C-VM, K-S, and K-S p-value results in Table 6. Hence, the EB data
represent a more demanding application for the proposed one-parameter UShD than the RME data.

To further assess the inferential performance and robustness of the proposed UShD, we performed
Bayesian estimation of the parameter α, along with the RF and HF, R(x;α) and h(x;α), evaluated
at the fixed point x = 0.35 for the two real datasets. Two prior structures were examined: An
informative gamma prior and Jeffreys’ non informative prior. This analysis assessed the sensitivity
of the posterior results to the prior specification. Posterior summaries were obtained by MCMC using
the M–H sampler, as outlined in Algorithm 1, within both the ML-based and MPS-based estimation
frameworks. The sampler generated 60,000 iterations, with the first 10,000 discarded as burn-in.

The results presented in Tables 7 and 8 show strong agreement between the classical and Bayesian
estimates, confirming the numerical stability and consistency of the proposed inferential procedures.
Specifically, the Bayesian SEL estimates closely match the corresponding ML and MPS estimates,
confirming the stability of the Bayesian implementation. Furthermore, the use of an informative
gamma prior typically results in smaller SEs and shorter HPD CRIs, highlighting the precision gained
through the incorporation of prior information. Although Jeffreys’ prior produces wider CRIs, as
expected from its non informative nature, the resulting point estimates remain highly comparable
with those obtained from the informative prior. This similarity demonstrates that the main posterior
conclusions are not substantially affected by the prior specification.

Table 7. ML, MPS, and Bayesian posterior estimates under the informative gamma and
Jeffreys’ priors of α, R(x;α), and h(x;α) at x = 0.35 for the RME data.

Par. Methods Est. SE
90% C.L. 95% C.L.
Low. Upp. Wid. Low. Upp. Wid.

α

ML 0.1285 0.0165 0.1015 0.1556 0.0542 0.0963 0.1608 0.0645
MPS 0.1237 0.0161 0.0973 0.1501 0.0528 0.0922 0.1552 0.0629
S-ML-I 0.1294 0.0119 0.1098 0.1486 0.0387 0.1063 0.1526 0.0464
S-ML-N 0.1285 0.0169 0.1013 0.1562 0.0549 0.0959 0.1611 0.0653
S-MPS-I 0.1239 0.0109 0.1061 0.1419 0.0357 0.1025 0.1454 0.0429
S-MPS-N 0.1241 0.0162 0.0971 0.1499 0.0527 0.0934 0.1565 0.0631

R(x;α)

ML 0.9967 0.0010 0.9951 0.9982 0.0032 0.9948 0.9985 0.0038
MPS 0.9969 0.0009 0.9955 0.9984 0.0029 0.9952 0.9987 0.0035
S-ML-I 0.9966 0.0007 0.9955 0.9977 0.0023 0.9952 0.9979 0.0027
S-ML-N 0.9966 0.0010 0.9950 0.9982 0.0032 0.9945 0.9983 0.0038
S-MPS-I 0.9969 0.0006 0.9959 0.9979 0.0020 0.9957 0.9981 0.0024
S-MPS-N 0.9968 0.0009 0.9955 0.9984 0.0029 0.9950 0.9985 0.0035

h(x;α)

ML 0.0240 0.0065 0.0134 0.0346 0.0212 0.0114 0.0367 0.0253
MPS 0.0222 0.0060 0.0122 0.0321 0.0198 0.0103 0.0340 0.0236
S-ML-I 0.0246 0.0048 0.0168 0.0320 0.0152 0.0157 0.0340 0.0183
S-ML-N 0.0245 0.0068 0.0137 0.0350 0.0213 0.0126 0.0380 0.0255
S-MPS-I 0.0224 0.0042 0.0158 0.0292 0.0134 0.0143 0.0304 0.0160
S-MPS-N 0.0228 0.0063 0.0130 0.0326 0.0197 0.0118 0.0355 0.0237
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Table 8. ML, MPS, and Bayesian posterior estimates under the informative gamma and
Jeffreys’ priors of α, R(x;α), and h(x;α) at x = 0.35 for the EB data.

Par. Methods Est. SE
90% C.L. 95% C.L.
Low. Upp. Wid. Low. Upp. Wid.

α

ML 0.1885 0.0293 0.1403 0.2367 0.0964 0.1311 0.2459 0.1148
MPS 0.1807 0.0280 0.1346 0.2268 0.0921 0.1258 0.2356 0.1098
S-ML-I 0.1906 0.0212 0.1561 0.2252 0.0692 0.1489 0.2318 0.0829
S-ML-N 0.1884 0.0300 0.1396 0.2368 0.0972 0.1311 0.2469 0.1158
S-MPS-I 0.1830 0.0205 0.1501 0.2167 0.0666 0.1444 0.2245 0.0800
S-MPS-N 0.1813 0.0284 0.1334 0.2252 0.0919 0.1267 0.2367 0.1100

R(x;α)

ML 0.9920 0.0028 0.9874 0.9967 0.0093 0.9865 0.9976 0.0111
MPS 0.9928 0.0026 0.9886 0.9970 0.0084 0.9878 0.9978 0.0100
S-ML-I 0.9917 0.0021 0.9885 0.9952 0.0067 0.9873 0.9954 0.0081
S-ML-N 0.9917 0.0030 0.9872 0.9964 0.0092 0.9858 0.9969 0.0111
S-MPS-I 0.9924 0.0020 0.9894 0.9956 0.0061 0.9887 0.9961 0.0074
S-MPS-N 0.9924 0.0027 0.9885 0.9967 0.0083 0.9872 0.9972 0.0101

h(x;α)

ML 0.0538 0.0176 0.0248 0.0828 0.0579 0.0193 0.0883 0.0690
MPS 0.0492 0.0161 0.0228 0.0756 0.0529 0.0177 0.0807 0.0630
S-ML-I 0.0559 0.0132 0.0345 0.0762 0.0417 0.0325 0.0829 0.0504
S-ML-N 0.0553 0.0187 0.0262 0.0835 0.0573 0.0235 0.0925 0.0690
S-MPS-I 0.0513 0.0121 0.0315 0.0699 0.0385 0.0292 0.0755 0.0463
S-MPS-N 0.0510 0.0170 0.0244 0.0763 0.0519 0.0222 0.0854 0.0632

At x = 0.35 on the transformed unit-time scale, the ML estimates for the RME data are
R(0.35; α̂ML) = 0.9967 and h(0.35; α̂ML) = 0.0240, indicating a 99.67% survival probability and,
for small ∆x > 0, a conditional failure probability of approximately 0.0240∆x. For the EB data, the
corresponding estimates are 0.9920 and 0.0538, indicating 99.20% survival and a conditional failure
probability of approximately 0.0538∆x.

Moreover, the parameter has a direct reliability interpretation because

∂R(x;α)
∂α

< 0,
∂h(x;α)
∂α

> 0, 0 < x < 1, α > 0.

Hence, at any fixed transformed operating time, increasing α decreases the reliability and increases
the hazard rate. Since α̂ML = 0.1285 for the RME data and α̂ML = 0.1885 for the EB data, the larger
estimated parameter for the EB data is consistent with its lower estimated reliability and higher local
failure intensity at x = 0.35. Together with the IFR and DMRL properties, these findings provide a
direct reliability interpretation of the fitted parameter and indicate progressive aging toward the upper
boundary.

The MCMC diagnostic plots displayed in Figures 13 and 14 further indicate satisfactory
convergence, stable chain behavior, and efficient posterior sampling. Overall, these findings provide
additional empirical evidence that the proposed UShD offers a precise, stable, and robust framework
for reliability analysis on the unit interval.
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Figure 13. MCMC diagnostic plots, including trace, convergence, posterior density, and
autocorrelation plots, for the posterior sampling behavior of α, R(x;α), and h(x;α) evaluated
at x = 0.35 under the informative gamma and Jeffreys’ prior specifications for the RME data.
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Figure 14. MCMC diagnostic plots, including trace, convergence, posterior density, and
autocorrelation plots, for the posterior sampling behavior of α, R(x;α), and h(x;α) evaluated
at x = 0.35 under the informative gamma and Jeffreys’ prior specifications for the EB data.

AIMS Mathematics Volume 11, Issue 9, 28887–28949.



28945

9. Conclusions

This paper developed a unit-interval formulation derived from the positive-support two-parameter
family through the standard transformation X = T/(1+T ). The main contribution lies in the systematic
development of the resulting framework for bounded data, which unifies several Lindley-type unit
distributions and provides general results for their distributional, reliability, actuarial, order statistic,
entropy, and extropy properties. The theoretical findings establish the tractability of the framework
and indicate its suitability for skewed and boundary-concentrated data arising from bounded aging and
wear-out phenomena.

The UShD was examined as an important one-parameter special case of the TPFUD. Its simple
structure permits ML, MPS, and Bayesian estimation of the unknown parameter and selected reliability
functions. The simulation results showed that estimation accuracy generally improved as the sample
size increased, while the informative Bayesian procedure often provided the best finite-sample
performance. In the real-data applications, the UShD fitted the RME data particularly well and
remained competitive for the EB data. It also produced favorable likelihood, information criterion,
and goodness-of-fit results relative to the considered competing unit models.

Two limitations should be acknowledged. First, the inferential and empirical analyses were
restricted to the one-parameter UShD and complete samples. Second, the TPFUD belongs to the
IFR class and is therefore intended primarily for bounded aging and wear-out data rather than for
mechanisms exhibiting decreasing or nonmonotone hazard patterns.

Overall, the TPFUD provides a tractable framework for bounded data and reliability analysis, while
the UShD offers a parsimonious special case with closed-form distributional and reliability functions
and promising empirical performance.

Future research may extend the framework to covariate-dependent parameterizations, mean- or
median-based regression structures, Type I, Type II, interval, and progressive censoring schemes,
accelerated lifetime models, and distributions with more flexible hazard shapes. Additional directions
include truncated samples, multivariate and mixture extensions, alternative Bayesian priors and loss
functions, Bayesian hierarchical modeling, and broader applications in biomedical, environmental,
financial, engineering, and quality control studies.
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