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Abstract: We study polynomial multipliers that transform hypergeometric terms into Gosper-
summable terms. For a broad class of hypergeometric terms whose consecutive-term ratio has a
constant numerator and a polynomial denominator, we introduce a linear operator whose image
coincides with the full space of polynomial Gosper multipliers, thereby obtaining a complete
characterization of all such multipliers. We construct a normalized basis for this space and derive
explicit recurrence relations for the basis coefficients and the associated inverse change-of-basis
matrices. These results yield closed-form evaluations of the corresponding finite sums and are
illustrated by several classical factorial-type hypergeometric terms.
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1. Introduction

Symbolic summation and telescoping algorithms play an important role in computer algebra
and special function theory. A fundamental result in this area is Gosper’s algorithm [1, 2], which
decides indefinite summability for hypergeometric terms and, when summability holds, constructs
a hypergeometric antidifference. Subsequent developments have led to a broad theory of creative
telescoping and symbolic summation. Telescoping methods have also been applied to summation
formulas and inversion pairs [3], to g-series [4], and, more recently, to hypergeometric multiple
sums [5,6].

Let K be a field of characteristic zero, K[k] the polynomial ring in k over K, and K(k) the field of
rational functions in k. A nonzero sequence (ay)>o is called a hypergeometric term (over K) if

Aj+1

€ K(k).
ag
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A hypergeometric term g, 1s said to be Gosper summable [1, 2] if there exists a rational function
R(k) € K(k), called a Gosper certificate, such that, with g, = R(k)a;, one has a; = gx+1 — g In this
case, the finite sum telescopes:

n
Z ar = 8n+1 — 80-
k=0
Therefore, Gosper summability provides an explicit antidifference and reduces the evaluation of a finite
hypergeometric sum to its boundary terms. Such a representation is particularly useful when one seeks
structural information in n, rather than a term-by-term evaluation of the sum.

A related but distinct problem arises when the original hypergeometric term g, is not itself Gosper
summable. One may then ask whether multiplying a, by a suitable rational or polynomial function can
make the resulting term Gosper summable. This leads to the study of Gosper-summable multipliers.

Recent work has begun to investigate this multiplier problem systematically. Hou and Li [7]
studied the Gosper summability of rational multiples of hypergeometric terms, obtaining structural
results and degree bounds for summable multipliers. Dougherty-Bliss [8] obtained explicit polynomial
multiplier constructions for several basic Pochhammer-type hypergeometric terms. These works
address important questions concerning the existence, degree, and explicit form of Gosper multipliers.
Comparatively less attention has been paid to the algebraic structure of the space formed by all
polynomial multipliers for a fixed hypergeometric term. For important classes of hypergeometric
terms, a systematic description of this vector space and a canonical construction of a basis do not
appear to be available.

Motivated by this problem, we consider, for a fixed hypergeometric term a,, the vector space

V(a) = {p(k) € K[k] | a;p(k) is Gosper summable}.

Elements of V(a) transform the summand g, into a telescoping hypergeometric term and hence yield
finite sums in closed form. Such polynomials will be called Gosper multipliers for ay.

The present paper develops a linear-operator framework for characterizing V(a) and constructing
normalized bases for this space. We focus on the class of hypergeometric terms satisfying

Afv1 _ Z
ax [Tk +c; + 1)

For this class, we introduce the linear operator
L)) = qi) | |te+cp)—zqk+ 1), qk) € KIK]
=1

and prove that V(a) = Im L. Therefore, every polynomial Gosper multiplier arises from the operator
L, which provides a unified framework for constructing polynomial multipliers and deriving explicit
telescoping identities.

Indeed, for every polynomial g(k) € K[k],

n

D @) = gO) | | ¢; - zangn+ 1.

k=0 j=1
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Consequently, every polynomial Gosper multiplier in V(a) is generated by the operator L and admits
an explicit telescoping evaluation.

For example, when
1

eI

our results completely characterize the vector space of polynomial Gosper multipliers. The normalized
basis constructed in this paper provides a systematic description of all such multipliers. One basis
element is

ag

11
R
27 4

from which the telescoping identity

i4k2—2k—1 1

L @2 2!

is obtained. Systematic constructions for factorial, odd-factorial, triple-factorial, and squared-factorial
hypergeometric terms are presented in Section 5.

Building upon this operator-theoretic characterization, we construct a normalized basis {g,(k)},>m
for V(a). This basis provides a canonical family of polynomial Gosper multipliers, admits explicit
recursive descriptions, gives rise to explicit change-of-basis matrices, and leads to closed-form
evaluations of the corresponding finite sums.

The normalization eliminates all intermediate powers and reduces each basis element to its
leading term together with only m lower-degree coefficients. Consequently, the construction of each
normalized multiplier is reduced to the recursive determination of a fixed finite set of coefficients.

The paper is organized as follows. In Section 2, we introduce the linear operator associated with
hypergeometric terms and prove that, for the class under consideration, its image coincides with the
space V(a) of polynomial Gosper multipliers. Section 3 constructs a normalized basis for V(a) and
derives recurrence relations for its coeflicients. In Section 4, we study the associated change-of-basis
matrices and obtain explicit closed-form evaluations. Section 5 presents several illustrative examples
and applications. Finally, Section 6 contains concluding remarks and directions for future research.

2. Polynomial multipliers and telescoping operators

In this section, we develop the linear-operator framework underlying the characterization of
polynomial Gosper multipliers. We first associate a linear operator with an arbitrary hypergeometric
term and show that its image is contained in the corresponding multiplier space V(a). We then
specialize to the class

Zk

[T (c; + Dy

for which the operator provides a complete characterization of V(a). More precisely, we prove that
the operator is a linear isomorphism from K[k] onto V(a). This identification yields a natural basis of
V(a), which serves as the starting point for the normalized basis and recurrence relations developed in
the next section.

ay =
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Let (ax) be a fixed hypergeometric term, so that a;,i/a; € K(k). Choose nonzero polynomials
by, wi € K[k] such that

Ap+1 by

b

ag Wi

and fix this representation throughout the following construction.
For any polynomial g(k) € K[k], define the operator L, : K[k] — K[k] by

Lo(q)(k) = gk)wi-1 — q(k + 1)by.
Proposition 2.1. With the above notation, one has Im Ly C V(a).

Proof. Let q(k) € K[k], and set
pk) = Lo(g)(k) = q(k)wy-1 — q(k + 1)by.

Define
gk = —q(k)wi-1ax.
Then
gi+1 = —q(k + Dwiary = —q(k + Dbyay.
Hence
g1 — & = a(q()wy—1 — q(k + 1)by) = axp(k).
Thus p(k) € V(a), proving that Im Ly C V(a). O

Since Ly : K[k] — K][k] is linear, its image Im L, is a vector subspace of V(a). For a general
hypergeometric term, however, this inclusion need not be an equality.
Remark 2.2. The inclusion Im Ly, C V(a) may be strict, even when b, and wy, are coprime. For example,
let

k+1 -0
ay = ——m, > 0.
Tk +2)!
Since
1 1
ay

T k+2)! (kD
the term ay, is Gosper summable, and hence 1 € V(a). On the other hand,

a  (k+1)(k+3)
where k + 2 and (k + 1)(k + 3) are coprime. We may therefore take

by =k+72, wi = (k+ 1)(k + 3).

Since wy_ = k(k + 2), the associated operator is
Lo(q)(k) = k(k + 2)q(k) — (k + 2)q(k + 1).

If g(k) # 0 has degree r, then
deg Lo(q) = r+ 2.

Hence every nonzero polynomial in Im L, has degree at least 2, so in particular 1 ¢ Im L. Therefore,
Im Ly € V(a).

AIMS Mathematics Volume 11, Issue 9, 28740-28761.
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Remark 2.3. Injectivity need not hold for the operator associated with a general representation

A+1 by

ay Wi
For example, consider the shifted harmonic term
1
= T k > 05
k+1
whose partial sums are the harmonic numbers H,,,;. Since

(273

a  k+2

we may take
by =k+1, wp =k +2.
Then wy_; = k + 1, and hence
Lo()(k) = wi—1 — by = 0.

Therefore the operator associated with a general hypergeometric term need not be injective. Together
with the preceding remark, this shows that neither injectivity nor surjectivity onto V(a) holds in general.
We shall show that both properties hold for the special class considered below.

We now turn to the class for which a complete characterization of V(a) is possible.

Letz # 0, and let ¢y, ..., ¢, be parameters such that none of them is a negative integer. We define a
hypergeometric term (a;)i>o by

g+l <
ar [T, (k+c;+ 1)

ap = 1. 2.1)

Then

Zk

H Tt D et D
Here (x); = x(x + 1)---(x + k — 1) denotes the Pochhammer symbol. The sequence a; is closely
related to the coeflicients of the generalized hypergeometric series (F,,, up to a missing factorial factor.
This family provides a broad class of hypergeometric terms whose ratio a./a; has a denominator
of arbitrary degree m > 1 in k and a constant numerator.
For the present class,

(2.2)

m
b=z we=| |+,
j=1
Hence wy—1 = []7L,(k + ¢;). Specializing the general operator L, to this choice of b, and wy, we obtain
the associated operator

L(q)(k) = q(k) l_l(k +¢j) —zq(k + 1).
J=1
Unlike the general operator Ly, which satisfies only ImL, € V(a), the operator L completely
characterizes the space of polynomial Gosper multipliers for the present class. More precisely, we
shall prove that

V(a) =ImL,

so that every polynomial Gosper multiplier arises uniquely from the operator L.

AIMS Mathematics Volume 11, Issue 9, 28740-28761.
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Theorem 2.4. Let m > 1, let z # 0, and let cy, ..., c,, be such that none of them is a negative integer.

For the hypergeometric term

Zk

[T+ D’

the associated operator L : K[k] — V(a) is a linear isomorphism. Equivalently,

ay =

ImL = V(a) and ker L = {0}.

Proof. We first prove that L is injective. Let g(k) € K[k] be nonzero, with degg = r > 0, and let a,
denote its leading coefficient. Then

k) | |te+c))

J=1

has leading term a,k"*", whereas zg(k + 1) has degree r. Hence
deg L(q) =r+m,

and therefore L(g) # 0. Thus
ker L = {0}.

It remains to prove that L is surjective onto V(a). The inclusion
ImL C V(a)

was established above, so it suffices to prove the reverse inclusion. Let p(k) € V(a). Since a;p(k) is
Gosper summable, there exists R(k) € K(k) such that

aip(k) = R(k + Day, — R(k)a,

where the polynomial factor p(k) has been absorbed into the rational Gosper certificate. Hence, using
Eq (2.1),

k+1
ply = —LEED gy,
[ Je+c;+1)
j=1
Define RO
qlk) = ————.
[ Jtke+ep
j=1
Then

P = g®) | [k +¢)) = 2qk + 1) = Lig)®).
j=1
It remains to show that g(k) € K[k].

Write
N(k)

qk) = %,

AIMS Mathematics Volume 11, Issue 9, 28740-28761.
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where N, D € K[k], gcd(N, D) = 1, and D is monic. Since p(k) = L(q)(k) is a polynomial, we have

p(k)D(k)D(k + 1) = N(k)D(k + 1) n(k +cj) — zN(k + 1)D(k).

j=1
Reducing this identity modulo D(k + 1), we obtain
ZN(k+1)D(k) =0 (mod D(k + 1)).
Since z # 0 and
gcd(N(k+ 1),D(k + 1)) = 1,

it follows that
Dk + 1) | D(k).

The polynomials D(k) and D(k + 1) are monic and have the same degree; hence
Dk + 1) = D(k).
Letd =degD. Ifd > 1, write
D(k) = k* + ag k" + -

Then
Dk +1) =k + (d + ag_ Dk + - -

Since K has characteristic zero, the identity D(k + 1) = D(k) forces d = 0. Thus D is constant, and
hence g(k) € K[k].
Therefore p(k) = L(g)(k) € Im L, proving that

V(a) € Im L.
Consequently,
V(a) = Im L.
Together with ker L = {0}, this shows that L is a linear isomorphism from K[k] onto V(a). |
For later use, we write
[ Jte+co=> e, (2.3)
=1 =0
where e, = ¢/(cy,...,c,) denotes the £-th elementary symmetric polynomial in ¢y, ..., c,. We use the
conventions
e =1, e, =0 forf>m.

In particular,
m
ey = 1_[ Ce.
=1

Since L(g)(k) € V(a) for every polynomial g(k), the corresponding telescoping relation yields the
following explicit finite-sum evaluation.

AIMS Mathematics Volume 11, Issue 9, 28740-28761.
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Proposition 2.5. For every polynomial q(k) € K[k], the identity

n

D adig)(k) = qO)ey, — 2, gln + 1) (2.4)
k=0
holds. Equivalently,
- Hlgn+1)
L(g)(k) = q(0)e,, — =2
;ak @) = qOen = T — -

Proof. Define
G =g ar | |tk +co).
=1

Using Eq (2.1), we obtain

Gun = qlk+ Dago | [+ o+ 1) = zax gl + 1),
t=1

Hence,
G = G = ar | q(0) | [+ ) = zqlie+ 1)] = aL(g)(k).
=1
Summing from k = 0 to n, we obtain

n

D adig)(k) = Go = Gpar.

k=0
Now .
Go=qO)ao | | e = q(Oe,
Moreover, i .
Gt = qn+ Dawr | [+ 1+¢) = za, gt +1).
This proves the result. - m|

We next apply the linear isomorphism L to the monomial basis of K[k]. Since
L : K[k] — V(a)
is a linear isomorphism, the image
{L(K")} 20
of the monomial basis forms a natural basis of V(a). We refer to it as the natural basis of V(a). This

basis serves as the starting point for constructing the normalized basis in the next section.
In particular, taking g(k) = k" with r > 0 in Proposition 2.5, we obtain

Zn+l(n + l)r

n

Z arL(k") = ey 00, —za,(n + 1) = eu60, — —,
0 [ Jeee+ 1
=1

where 0; ; denotes the Kronecker delta, with the convention that 00 =1.

(2.5)

AIMS Mathematics Volume 11, Issue 9, 28740-28761.
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3. Normalized bases and recurrence relations

In the previous section, we proved that L : K[k] — V(a) is a linear isomorphism. Consequently,
the image of the monomial basis {k"},>o under L, namely {L(k")},>0, forms a natural basis of V(a).
For each r > 0, the polynomial

L) =K | |+ e —atk+1y
J=1

is monic of degree r + m. This triangular degree structure allows us to replace the natural basis by a
uniquely determined normalized basis.

Proposition 3.1. For every integer r > m, there exists a unique polynomial q,(k) € V(a) of the form
q.(k) = k" + p.(k), degp, <m-—1.

Moreover, the family {q,(k)},s, forms a basis of V(a).

Proof. For each j > 0, the polynomial L(k’) is monic of degree m+ j. Hence the natural basis {L(k/)} 0
is unit triangular with respect to the monomials k™, k™*!,.... Successively eliminating the terms of
degrees r—1,r-2,...,mfrom L(k"~™) yields a unique polynomial g,(k) = K"+ p,(k) withdeg p, < m—1.
The resulting change-of-basis transformation is unit triangular, and therefore {g,(k)},>,, 1s again a basis
of V(a). |

Writing

—

m—

Pl = ) sirk,

1

we obtain the normalized basis elements in the form
m—1
@) = K"+ ) sk,
i=0

Therefore, the construction of ¢,(k) reduces to determining the m lower-degree coeflicients s;(r).

We next determine the expansion of the natural basis {L(k")},»o with respect to the normalized basis
{q(k)} j>m. The resulting coefficients will subsequently yield recurrence relations for the lower-degree
coeflicients s;(r).

Proposition 3.2. Letm > 1 and r > 0. In the expansion of L(k") with respect to the basis {qj(k)} j>m

m+r

LK) = ) ajq(k),

J=m
and the coefficients are given by

r .
ar,j:em+r—j_z(j)a mS]§m+r,

AIMS Mathematics Volume 11, Issue 9, 28740-28761.
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where we adopt the convention ( ) = 0 for j > r. Equivalently,

J
Ly =) (ew_j - z(;)) 4.

j=m
Proof. By definition,
LK) = K ]_[(k +cp) -7k + 1),
=1

Using Eq (2.3) and (k + 1)" = 3, (;)k’, we obtain

L(kr) = Z €gkm+r_[ —Z (r)kf.

£=0 =0

Since
m—1

gi() =K + Y sk,

i=0
the coeflicient of k/ in the expansion with respect to the normalized basis is determined entirely by the
coefficient of k/ in L(k") for m < j < m + r. Hence

r .
ozr,j:em”_j—z(j), m<j<m+r.

This proves the assertion. O

The coefficients arising from the expansion of the natural basis {L(k")} in the normalized basis
{qj(k)} define a change-of-basis matrix A for V(a). Its inverse B = A~! expresses the normalized basis
in terms of the natural basis.

We now determine the coefficients s;(r) by comparing the lower-degree terms in the expansion of
L(k"). This yields the following recurrence relation.

Proposition 3.3. For integers r > 0 and 0 < i < m — 1, the coefficients s;(r) satisfy the recurrence
m r r
si(r+m) = —Zegsi(r+m—€)+zz( ,)si(j),
— \J
=1 =0

with initial values
Si(j):—(si,j, OS]Sm—l

Proof. Using Proposition 3.2, we substitute the expression

(r)
Qi = Cmyr—j — 3 .
J

into

o~
Il

N eck™" "t — 7 Zr: (;)kj = mi‘: @, [kj + Z_i si(j)kiJ ,
0 =m

j=0 i=0

AIMS Mathematics Volume 11, Issue 9, 28740-28761.
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and comparing the coeficients of k' for 0 < i < m — 1, we obtain

—z(?) = Z(emw_,- —z(;)) si(j),  O0<i<m~—1.

j=m

Separating the term j = m + r and using ey = 1 and ( r) = 0, this yields

m+r—1
sim+r) = _Z(’l:‘) - J:Zm (em+r—j - Z(;)) Sl(])

Although the normalized basis g,(k) is defined only for r > m, it is convenient to extend the
coeflicients s;(r) to 0 < r < m — 1 by setting

si{(r) = =0, 0O<r<m-1.

With this convention, the recurrence relation can be written in the uniform form

m

s,~(r+m):—Zegs,-(r+m—€)+zZ(;)s,~(j), r>00<i<m-1.
=0

t=1

]
Define
5= e
Then S ,(¢) satisfies the differential equation
(ﬁ(i + c»]si(r) - i e;S{" (1) = z€'S(1), 3.1
e=1 9t =0

with initial conditions
S0y =-6, 0<j<m-1

Although these differential equations admit explicit closed-form solutions in certain special cases,
such expressions are often less suitable for coefficient extraction than the recurrence relations.
Accordingly, the recurrence for s;(r) will serve as the primary computational tool for constructing
the normalized basis in the examples of Section 5.

In the next section, we study the associated change-of-basis matrices, which provide explicit
representations of the normalized basis and lead to closed-form evaluations of the corresponding finite
sums.

AIMS Mathematics Volume 11, Issue 9, 28740-28761.
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4. Matrix representations and explicit evaluations

To obtain explicit closed-form evaluations, we study the transition matrices between the natural
basis {L(k")},>0 and the normalized basis {g,,.(k)}>0.
For convenience, we reindex the basis elements by setting

P,(k) := L(k), Q:r(k) = gmer(k), r=0.

From the change-of-basis formula obtained above, we have

Pi(k) = > A0k,
i=0

where

r

Ai=e_;i— z( ) 0<i<r.

m+i

Here we use the conventions ey = 1, ¢, = 0 for £ > m and (Z) =0fors>r.
Since
Ar,r = 1,

the matrix A = (A,;).i>0 1s unit lower triangular and therefore invertible, with a unit lower triangular
inverse.
Let
B=A""=(B;))is0-

Then _
0i(k) = > BijP,(k).

J=0

Therefore, the inverse matrix B expresses the normalized basis {Q;(k)} in terms of the natural basis
{P;(k)}, making it possible to transfer the telescoping evaluations of P;(k) to the normalized basis.
We now derive a recurrence relation for the entries B ;.

Proposition 4.1. The entries of B = A™! satisfy
B =1, Bij=0 (<)),

where the latter convention is extended by setting B, j = 0 whenever p < j for p € Z and j > 0. For
i> ],

m i—j—m l
B;j=- Z eBi¢j+z (k)Bi—m—k,j,
1 =0

where an empty sum is understood to be zero.

AIMS Mathematics Volume 11, Issue 9, 28740-28761.
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Proof. Since AB = I, we have

i
Z AieBj = 0i.
(=]

For i = j, this gives B;; = 1. For i > j, since A;; = 1, we obtain

i-j i-j i
B--:—ZE{)B'_g'-FZ . B'_[ i
b T —i\m+i-¢] "

Since e, = 0 for £ > m, and since B, ; = 0 whenever p < j, the first sum may be written as

m
- Z €[Bi_g’j.
¢=1

For the second sum, we use the symmetry of binomial coefficients ( ) = ( ) to obtain

i\ (i
m+i-t] \t-m/)

Bi_¢j = Bi-mij-

Setk=¢—m. Then £ = m + k, and

Therange 1 < £ <i— jbecomes 1 —m < k <i—- j—m. Hence

i—j . i—j-m .
1 l

Bl‘_ i = B,‘_m_ e

¢ (m+i—€) 6=7 ), (k) kJ

t=1 k=1-m

Since (,’() = 0 for k < 0, this reduces to

This completes the proof.

O
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The recurrence relation for B; ; exhibits a convolutional structure analogous to that satisfied by the
coeflicients s;(r) in Proposition 3.3.

Combining the inverse change-of-basis formula with the general telescoping identity in
Proposition 2.5, we obtain the following explicit summation formula for the normalized basis

{qr(k)}er-
Theorem 4.2. For every integer r > m,

n

Z aer(k) = emBr—m,O — 24, Z Br—m,j(n + 1)]

=0 =0

Equivalently,

\
I
3

n n+1

Z aer(k) = emBr—m,O - mz— Br—m,j(n + 1)J

=0 [ Jece+ D

t=1

Il
[«

Proof. By the inverse change-of-basis formula and the linearity of L,

0:(k) = ) By LK) = L [Z B,_m,jk’] :
j=0 j=0

Set
h(k) = " By K.
=0

Then g, = L(h,). Applying Proposition 2.5, we obtain

2, s k) = € (0) = zashy(n + 1),

k=0

Since h,(0) = B,_,0, the desired formula follows. O

Since {g,(k)},>n 1s a basis of V(a), the theorem, together with linearity, yields an explicit finite-sum
evaluation for every polynomial Gosper multiplier in V(a).

5. Examples and applications

In this section, we illustrate the main results through five classical hypergeometric terms. For each
example, we specialize the recurrence relations for the coefficients s;(r), describe the corresponding
exponential generating functions, and construct explicit normalized polynomial multipliers g,.(k).
These constructions then yield closed-form telescoping evaluations of the associated finite sums.
The examples include factorial, even- and odd-factorial, triple-factorial, and squared-factorial
denominators, thereby illustrating the scope of the general framework.

The case a; = % is closely related to Bell numbers and has also appeared in the context of Gosper
summation; see, for example, [8]. We begin with this classical example to illustrate the general
construction.

AIMS Mathematics Volume 11, Issue 9, 28740-28761.
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Example 1. Letm =1,z=1, and c; =0. Then
1

ap, = —.
TR

In this case,
q,(k) = k" + so(r), r>1.

By Proposition 3.3, the coefficients so(r) satisfy

Sor+ )= (;)So(j),

J=0

with initial value
50(0) = —1.
The corresponding exponential generating function

r

So = Y so(r)

=0
satisfies
So(0) = €'So(), So(0) = -1.
Hence
So(t) = —exp(e' — 1).
Therefore

so(r) = =B,

where B, denotes the r-th Bell number. Thus
q.(k) = k" — B,.

The first few normalized multipliers are

qky=k—-1, qgk)=k*-2, qk)=k>-5, and qsk)=Fk*-15.

The coefficients B; ; satisfy

i—j-1 .
1
By= 3 ()

k=0

Interestingly, the inverse matrix also produces several classical integer sequences.
The first column of the inverse matrix B = (B, ;) yields the Gould numbers

1,1,3,9,31,121,523, ...,

which coincide with sequence AO40027 in the OEIS [9].

AIMS Mathematics Volume 11, Issue 9, 28740-28761.
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By Theorem 4.2, we obtain

k! n! ’

and

Z":k“—lS B mw+4n® +9n + 15

| |
“ k! n!

The next example concerns even factorials and leads to a second-order recurrence structure.

1
(c1,02) = (—5, 0)-

__ L
Q)

Example 2. Letm =2, z = }L, and

Then

dg

In this case,
q,(k) = k" + so(r) + s1(r)k, r>2.

By Proposition 3.3, the coefficients syo(r) and s,(r) satisfy
(r+2) 1(+1)+1Zr1”(') i=0,1
Si\r = —S;\r - S s 1=9,1,
2 a4\
with initial values

si(.j) = _6i,j’ O S ] S 1.

The exponential generating functions S o(t) and S |(t) satisfy

d \d 1,
(d; 2)dlS,(t)—4eSl(t),
with
So(t) = = cosh(l — €"?)
and

S (1) = 2sinh(1 — "?).

Using the generating functions above, the coefficients so(r) and s\(r) can be expressed in terms of
Bell numbers and Touchard polynomials [10]. Recall that T.(1) = B,, where T,(x) denotes the r-th
Touchard polynomial defined by

> T"('x) £ = exp(x(e’ — 1)).
n.

n=0
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Consequently,

T.(-1)+ B,

2'q, (k) =2"k" + (T,(-1) = B,)k — >

The first few normalized multipliers are
Adg,(k) = 4k*> =2k — 1, 8qs(k) = 8k> — 4k —3, 8qu(k) = 8k* — Tk — 4,

and

32¢s(k) = 32k> — 54k — 25.
The coefficients B; ; satisfy

11]2
B"__Bllj - ()tZ—kj‘
4 )

k=0

Applying Theorem 4.2, we obtain

NAKRE-2k-1 1
(2k)! - 2n)

"8k -4k -3 _ 2143
(2k)! @)’

i8k4—7k—4_ 2n +5n + 4

@b e

and
= 32k> — 54k — 25 3 8n + 28n? + 36m + 25

(2k)! T (2n)!

k=0

The odd-factorial case produces a different family of normalized multipliers, reflecting the
asymmetry introduced by the shifted factorial denominator.

Example 3. Letm =2, z = and (c1,¢2) =(1/2,0). Then

1

W= 2k+ D)

For this hypergeometric term, the normalized basis has the form
q,(k) = k" + so(r) + s1(r)k, r>2.

By Proposition 3.3, the coefficients so(r) and s,(r) satisfy the recurrence
(r+2) 1(+1)+12r (), i=0,1
si\r = —Z5\r " L|Si s 1=9,1,
2 a2\
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with initial values s;(j) = =6, ; for j = 0, 1. The corresponding exponential generating functions S (1)
and S ((t) satisfy the differential equation

1 1 ;
S+ 5810 =265, SPO) =8, j=0.1

We obtain
So(®) = —e e S () = 27 sinh(1 — €?).
This implies that
1 (r r—k+1
so(r) = > I =D 8,
k=0
1 «—(r —k
si(r) = > I D) (Tu(=D) = By .
0

k=

Therefore, the first few normalized multipliers are

k1 k1
— 2.2 _ P _Z__C
k) =k + 2 -7, ak) =k = 5 g
k1 Tk 11
ky=k'—<—--, d gsk)=k-——-—.
qa(k) 3 1 and  qs(k) D
The coefficients B; j satisfy
1 1'& (i o
Bl] _EBi_l’j + Z k Bi—Z—k,j’ 1> ],
k=0
with B;; = 1 and B; ; = 0 fori < j.
Theorem 4.2 then yields
z":4k2+2k—1_ 1 . 8k3—4k—1_ 1
~ (2k+ D! Qn+ 1)! “ (2k+ D! 2n)!
Z":8k4—k—2_ 2n* +3n+2 J . 32k5—l4k—11_ 8n® +20n* +20n + 11
ZTQk+ Dl @t A T T Qn+ 1)

The next example illustrates how higher-order factorial growth leads to polynomial multipliers of
increasing algebraic complexity.

Example 4. Letm =3, z = % and (cy,cy,¢c3) = (=2/3,-1/3,0). Then

1

ak:@.

The normalized multipliers are

\%

q,(k) = kK" + so(r) + s1(k + s:(r)k, r> 3.
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By Proposition 3.3, the coefficients so(r), si1(r), and s,(r) satisfy the recurrence

2 1 <
sir+3)=s5;r+2)—=si(r+ 1)+ — r si()), i=0,1,2,
9 27 =AY
with initial values s;(j) = —6;; for j = 0,1,2. The corresponding exponential generating functions
So(®), S1(t), and S (1) satisfy the differential equation

2 1 ;
NEOERNIOR; §S§(t) = EetSi(t), $(0) = -6, J=0,12.

Unlike the previous examples, the differential equation does not appear to admit a simple closed-
form solution. Nevertheless, the recurrence relations remain effective for computing the normalized
multipliers. The first few normalized multipliers are

2 1 7 5 2
K=k —k*+ k- —, k) =k — Z12 + —k— =,
q3(k) t ok 27 qa(k) ok 37k~ 5
16 5 25 46 20 91
k)y=k — —=k*+ —k - ——, d qetk) =k — —k* — —k— —.
45(k) A TR YT and. - qs(k) g1 243" 729
The coefficients B; ; satisfy
2 1 & (i o
Bij=Bi-1,;— §Bi—2,j + ﬁ kZ_(; (k)Bi—3—k,j, L>J
with B;; = 1 and B; ; = 0 fori < j.
Theorem 4.2 then yields
Z":Z7k3—27k2+6k—1_ 1
v (3k)! EON
2"127k4—21k2+5k—2 _ n+2
- (3k)! Gyl
3 243k° — 144Kk + 15k —25 9 +27n + 25 p
= - , an
o (3k)! (3n)!
i 720k° — 414k* — 60k —91 _ 27n* + 108n* + 156n + 91
(3k)! B (3n)! '

k=0

We now turn to hypergeometric terms involving squared factorial denominators, which are closely
related to Bessel-type generating functions.

Example 5. Letm =2, z =1, and (cy, c;) = (0,0). Then

1
ap = _(k‘)2

The normalized multipliers are

q,(k) = k" + so(r) + s1(r)k, r>2.
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By Proposition 3.3, the coefficients so(r) and s,(r) satisfy the recurrence

r

Sr+2)=> (;)si( o r=0,

J=0

with initial values s;(j) = —6;; for j = 0,1. The exponential generating functions S(t) and S (1)

satisfy
S7(@) = €'S (1), i=0,1,

with initial conditions

So0) =~1,  S5p0)=0

and
$1(0) =0, S10) = —1.

The corresponding generating functions admit the following representations in terms of modified Bessel
functions:

So(t) =-2 [11(2)K0(26t/2) " K1(2)I()(2€t/2)]
and
$1(0) = 2 [LKo(267) - Ko@Io(2¢7))

where I, and K, denote the modified Bessel functions of the first and second kinds, respectively.

The Bessel-function representations reveal that the generating functions belong naturally to the
class of modified Bessel functions. For the computation of the coefficients s;(r), however, the recurrence
relations remain considerably more effective. The first three normalized multipliers are

gk =k -1, @k)=k—-k—-1, and quk)=k*-2k-2.
The coefficients B ; satisfy

i-j-2 i
B ;= ( )Bi—Z—k,ja i[> ],

k=0 k
with B;; = 1 and B; j = 0 for i < }j.
Theorem 4.2 then yields
Z":kz—l__ 1 ik3—k—1__n+l and Z":k4—2k—2__n2+2n+2
A ) SN ) A R ) S ) o ) T

In each case, the recurrence relations provide a systematic and computationally effective method for
constructing the normalized basis of V(a), thereby producing explicit polynomial Gosper multipliers
and closed-form telescoping evaluations of the corresponding finite sums.

Taken together, these examples demonstrate that the linear-operator framework developed in this
paper applies uniformly to a broad class of factorial-type hypergeometric terms. For each family, it
provides a systematic construction of the normalized basis of V(a), and hence of the entire space of
polynomial Gosper multipliers, together with explicit recurrence relations and closed-form telescoping
evaluations within a unified algebraic framework.
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6. Conclusions

In this paper, we studied the vector space V(a) of polynomial Gosper multipliers associated with a
hypergeometric term a;. For the class of hypergeometric terms satisfying

il S <
ay n ’
[ |e+e;+1)
j=1
we introduced a linear operator L and proved that V(a) = ImL. This equality provides a

complete characterization of the space of polynomial Gosper multipliers associated with the given
hypergeometric term, namely, the polynomial multipliers that transform the summand into a
telescoping one.

We further constructed a normalized basis

m—1
g k) =K + ) sk
i=0
for V(a). The coefficients defining this basis satisfy explicit recurrence relations together with
differential equations for their exponential generating functions. We also derived recurrence relations
for the inverse change-of-basis matrix, leading systematically to explicit closed-form evaluations of
the finite sums Y};_, axg,(k).

The examples illustrate that the proposed framework applies uniformly to several classical families
of factorial-type hypergeometric terms. In each case, it systematically constructs the normalized basis
of V(a), leading to explicit polynomial Gosper multipliers and closed-form telescoping evaluations.

Several problems remain open. One natural direction is to investigate whether analogous linear-
operator frameworks and normalized bases can be developed for more general hypergeometric terms
whose consecutive- term ratios have nonconstant numerators. It would also be interesting to study
possible connections with symbolic summation algorithms, special functions, and combinatorial
generating functions.

The operator-theoretic approach developed in this paper shows that the space of polynomial Gosper
multipliers possesses a remarkably simple linear structure. This viewpoint not only provides a
systematic construction of normalized bases and explicit telescoping formulas, but also suggests that
similar operator-theoretic descriptions may exist for broader classes of hypergeometric terms.

This operator-theoretic framework may provide a useful foundation for the systematic study of
polynomial Gosper multipliers and for future developments in symbolic summation for more general
classes of hypergeometric terms.

Use of Generative-Al tools declaration

The author declares that he has used Artificial Intelligence (Al) tools in the creation of this article.
ChatGPT was used to assist with language editing, improving clarity and presentation, and organizing
revisions to the manuscript. All mathematical results, proofs, and final revisions were reviewed and
verified by the author. The Al-assisted revisions concern the language and presentation throughout the
manuscript.

AIMS Mathematics Volume 11, Issue 9, 28740-28761.



28761

Acknowledgments

This research was funded by the National Science and Technology Council, Taiwan, under grant

number NSTC 114-2115-M-845-001.

Conflict of interest

The author declares no conflict of interest.

References

1.

R. W. Gosper, Decision procedure for indefinite hypergeometric summation, Proc. Natl. Acad. Sci.
USA, 75 (1978), 40-42. https://doi.org/10.1073/pnas.75.1.40

M. Petkovsek, H. S. Wilf, D. Zeilberger, A = B, A K Peters/CRC Press, 1997.

Q. H. Hou, Y. Wei, Telescoping method, summation formulas, and inversion pairs, Electron. Res.

Arch., 29 (2021), 2657-2671. https://doi.org/10.3934/era.2021007

10.

@ AIMS Press

K. W. Chen, Some double g-series by telescoping, Mathematics, 11 (2023), 2949.
https://doi.org/10.3390/math 11132949

C. Koutschan, E. Wong, Creative telescoping on multiple sums, Math. Comput. Sci., 15 (2021),
483-498. https://doi.org/10.1007/s11786-021-00514-3

P. Paule, C. Schneider, Creative telescoping for hypergeometric double sums, J. Symbolic Comput.,
128 (2025), 102394. https://doi.org/10.1016/j.jsc.2024.102394

Q. H. Hou, G. J. Li, Gosper summability of rational multiples of hypergeometric terms, J. Differ.
Equ. Appl., 27 (2021), 1723-1733. https://doi.org/10.1080/10236198.2021.2007903

R.  Dougherty-Bliss, Gosper’s  algorithm and  Bell numbers, arXiv, 2022.
https://doi.org/10.48550/arXiv.2210.13520

OEIS Foundation Inc., The on-line encyclopedia of integer sequences. Available from:
https://oeis.org.

L. Comtet, Advanced combinatorics: the art of finite and infinite expansions, Springer Dordrecht,
1974. https://doi.org/10.1007/978-94-010-2196-8

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 9, 28740-28761.


https://dx.doi.org/https://doi.org/10.1073/pnas.75.1.40
https://dx.doi.org/https://doi.org/10.3934/era.2021007
https://dx.doi.org/https://doi.org/10.3390/math11132949
https://dx.doi.org/https://doi.org/10.1007/s11786-021-00514-3
https://dx.doi.org/https://doi.org/10.1016/j.jsc.2024.102394
https://dx.doi.org/https://doi.org/10.1080/10236198.2021.2007903
https://dx.doi.org/https://doi.org/10.48550/arXiv.2210.13520
https://oeis.org
https://dx.doi.org/https://doi.org/10.1007/978-94-010-2196-8
https://creativecommons.org/licenses/by/4.0

	Introduction
	Polynomial multipliers and telescoping operators
	Normalized bases and recurrence relations
	Matrix representations and explicit evaluations
	Examples and applications
	Conclusions

