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1. Introduction

Fractional evolution equations have become a useful tool for modeling many phenomena in science
and engineering. Several studies have dealt with the existence of mild solutions for semilinear
fractional evolution equations (see e.g., [1, 2] and the references therein).

Periodic problems for evolution equations arise naturally in physical models and have been
extensively studied for integer-order equations (see [3–5] and the references cited there). In the
stochastic setting, optimal control problems for non-autonomous second-order stochastic differential
equations with delayed arguments have been investigated recently in [6], where existence of mild

https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.20261143


28711

solutions and approximate/optimal controllability were established using evolution operators and
compact semigroup theory. However, because fractional derivatives involve memory and hereditary
effects, a solution of a periodic boundary value problem for a fractional differential equation cannot
be extended periodically to the whole real line R. Indeed, Ren and Wang [7] proved that nontrivial
periodic solutions do not exist for fractional evolution equations.

Impulsive fractional differential equations have drawn attention for their ability to describe sudden
changes in dynamical systems; various existence results have been obtained (see [8–10] and the
references therein). For recent advances in this direction, we refer to the study of fractional random
integro-differential inclusions with non-instantaneous impulses [11, 12], which investigates existence
and approximate controllability using the Bohnenblust Karlin fixed point theorem. Nevertheless,
periodic solutions for fractional differential equations with periodic impulses have been investigated
only rarely.

Feckan and Wang [13] studied fractional ordinary differential equations under periodic impulse
conditions and established the existence of periodic solutions for Caputo derivatives with a variable
lower limit. Zhang and Xiong [14] considered a class of semilinear fractional impulsive functional
differential equations with a piecewise Caputo derivative and discussed periodic solutions using
properties of the Mittag-Leffler function. More recently, Ren et al. [15] examined Caputo-type
fractional evolution equations with a variable lower limit and proved the existence of periodic mild
solutions for fractional evolution equations with periodic impulses.

In related directions, Al-Omari and Rashid [16] investigated the local existence and regularity
of mild solutions for Hadamard fractional semilinear integro-differential equations with compact
semigroups. Al-Omari and Al-Saadi [17, 18] studied impulsive Hadamard fractional differential
equations with (ω, ρ)-boundary value problems and impulsive fractional integro-differential equations
via fractional operators. More recently, Al-Omari, Al-Saadi, and Alharbi [19] established the existence
and uniqueness of (ω, c)-periodic solutions for semilinear integro-differential equations with Hadamard
derivatives. These contributions, which address impulsive effects and periodic-type conditions in
fractional settings, provide a complementary perspective to the framework developed in the present
work.

Most of the works mentioned above require the nonlinear term to be Lipschitz. However, in complex
reaction-diffusion processes, the nonlinear function often depends on time in a complicated manner and
cannot be expected to satisfy only Lipschitz hypotheses. Moreover, memory effects (e.g., convolution
integrals with a kernel κ) are common in applications but are rarely treated together with periodic
impulses.

Motivated by these facts, we study the periodic problem for fractional impulsive evolution equations
in a Banach space X that contains a memory term:

cDq
xi,xu(x) + Au(x) =F(x, u(x)) +

∫ x

0
κ(x − y) G(y, u(y)) dy, x ∈ (xi, xi+1), x ≥ 0, (1.1)

∆u(xi) =Ii(u(xi)), i ∈ N,

where cDq
xi,x denotes the Caputo fractional derivative of order q ∈ (0, 1) with lower limit xi, A : D(A) ⊂

X → X is a closed linear operator such that −A generates a C0-semigroup T (x) (x ≥ 0) on X, F,G :
R+ × X → X are continuous and ω-periodic in x, κ is a locally integrable kernel, p ∈ N is the number
of impulse points in [0, ω], 0 < x1 < x2 < · · · < xp < ω = xp+1 and xi+p+1 = xi + ω for i ∈ N,
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∆u(xi) = u(x+i ) − u(x−i ) is the jump of u at xi, and Ii : X → X are continuous with Ii+p+1 = Ii. Without
loss of generality, we take x0 = 0 as the first impulse point.

Using operator semigroup theory together with two fixed point theorems (Sadovskii’s theorem and
the Leray-Schauder alternative), we investigate the existence of ω-periodic mild solutions of (1.1). The
main contributions are three theorems:

• Theorem 3.1 (linear case): Under exponential stability of the semigroup, the linear impulsive
problem (with a prescribed source h and fixed jumps vi) admits a unique ω-periodic mild solution,
and the associated solution operator is linear and bounded.
• Theorem 3.2 (semilinear case with linear growth): If F and G satisfy linear growth conditions

and the impulses are Lipschitz with a sufficiently small constant, then at least one ω-periodic
mild solution exists.
• Theorem 3.3 (semilinear case with general nonlinear growth): If F and G satisfy an Osgood-type

condition (e.g., ∥F(x, t)∥ ≤ ϕ(x)Ψ(∥t∥) with
∫ ∞

a
1
Ψ(y)dy = ∞) and the impulses remain Lipschitz

with a small constant, then at least one ω-periodic mild solution still exists.

The main contributions and novelties of the present work compared with the existing literature [13–
15] can be summarized as follows.

(i) Inclusion of a memory term: The models studied in [13–15] do not incorporate convolutional

memory kernels. In contrast, our system (1.1) contains the term
∫ x

0
κ(x − y)G(y, u(y))dy,

where κ is a general locally integrable kernel. This term is essential for modeling anomalous
diffusion processes, viscoelastic materials, and population dynamics with hereditary effects,
thereby making our framework significantly more realistic for physical applications.

(ii) Generalized growth conditions on nonlinearities: Previous existence results for periodic impulsive
fractional equations, such as those in [13–15], rely heavily on Lipschitz continuity of the nonlinear
functions F and G. In this work, we remove this restrictive assumption and establish existence
under two substantially broader frameworks:

(a) Linear growth conditions (Theorem 3.2), treated via Sadovskii’s fixed point theorem for
condensing operators;

(b) Osgood-type growth conditions (Theorem 3.3), where the nonlinearities may grow slower
than any power function, handled via the Leray–Schauder alternative.

This extension covers a wide class of singular or weakly singular nonlinear models that are not
accessible by the methods of [13–15].

(iii) Rigorous operator-theoretic approach: Unlike the existing works, we do not merely prove
existence. We first establish, in Theorem 3.1, that the linear impulsive problem with memory
admits a unique periodic mild solution and that the associated solution operator P is linear
and bounded. This operator-theoretic framework, combined with the exponential stability and
compactness of the semigroup, provides a unified and robust tool for handling periodic impulses
together with memory and generalized nonlinear growth.

To the best of our knowledge, the combination of all three features, memory effects, generalized growth
(linear and Osgood), and a bounded linear solution operator for impulsive periodic problems, has not
been investigated previously in the context of fractional evolution equations.
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The paper is organized as follows. Section 2 collects basic definitions and auxiliary lemmas
(semigroup properties, Mittag Leffler functions, fixed point theorems). Section 3 proves the
existence and uniqueness of periodic mild solutions for the linear impulsive problem with memory
(Theorem 3.1). Section 4 presents the main semilinear results: Theorem 3.2 (linear growth) and
Theorem 3.3 (general growth). Finally, Section 5 provides an illustrative example.

2. Preliminaries

This section recalls several fundamental notions and auxiliary results used later. We first
describe properties of C0-semigroups, in particular exponential stability and compactness, which are
essential for constructing solution operators. Next we introduce the operator families U(x) and V(x)
generated by the semigroup and the Mittag-Leffler functions; these families play a central role in the
representation of mild solutions of fractional evolution equations. Finally, we state two fixed point
theorems (Sadovskii and the Leray-Schauder alternative) that will be applied in the proofs of our main
results.

Let X be a Banach space with norm ∥ · ∥, and let A : D(A) ⊂ X → X be a closed linear operator such
that −A generates a C0-semigroup T (x) (x ≥ 0) on X. Let θ denote the zero element of X. For such a
semigroup there exist constants M ≥ 1 and ν ∈ R satisfying (see [20])

∥T (x)∥ ≤ Meνx, x ≥ 0. (2.1)

If, in addition,
∥T (x)∥ ≤ M, x ≥ 0, (2.2)

the semigroup is said to be uniformly bounded.
The growth index of T (x) is defined as

ν0 = inf
{
ν ∈ R | ∃M ≥ 1, ∥T (x)∥ ≤ Meνx ∀x ≥ 0

}
. (2.3)

When ν0 < 0, T (x) is said to be exponentially stable. Clearly, an exponentially stable C0-semigroup
is uniformly bounded. If T (x) is continuous in the uniform operator topology for every x > 0, then ν0

can be expressed via the spectrum σ(A) of A:

ν0 = − inf{Re λ | λ ∈ σ(A)}. (2.4)

If T (x) is a compact semigroup, then it is continuous in the uniform operator topology for all x > 0.
For detailed definitions of Caputo fractional derivatives, we refer to [21, 22]; they are not repeated

here. We only introduce the operator families needed in this paper.
Define U(x),V(x) (x ≥ 0) by

U(x) =
∫ ∞

0
ξq(y)T (xqy)dy, V(x) = q

∫ ∞

0
yξq(y)T (xqy)dy, (2.5)

where

ξq(y) =
1
πq

∞∑
n=1

(−y)n−1Γ(nq + 1)
n!

sin(nπq), y ∈ (0,∞), (2.6)
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is a one-sided probability density satisfying

ξq(y) ≥ 0,
∫ ∞

0
ξq(y)dy = 1,

∫ ∞

0
yξq(y)dy =

1
Γ(1 + q)

. (2.7)

Lemma 2.1. [21–24] The families U(x) and V(x) defined by (2.5) possess the following properties:

(i) Strong continuity: for any t ∈ X and x1, x2 ≥ 0,

∥U(x2)t − U(x1)t∥ → 0, ∥V(x2)t − V(x1)t∥ → 0 as x2 − x1 → 0.

(ii) If T (x) is uniformly bounded, then for each x ∈ R+, U(x) and V(x) are bounded linear operators
with

∥U(x)t∥ ≤ M∥t∥, ∥V(x)t∥ ≤
M
Γ(q)
∥t∥, t ∈ X. (2.8)

(iii) If T (x) is compact, then U(x) and V(x) are compact for every x > 0.
(iv) If T (x) is equicontinuous, then U(x) and V(x) are uniformly continuous for x > 0.
(v) If T (x) is positive, then U(x) and V(x) are positive operators.

(vi) If T (x) is exponentially stable with growth index ν0 < 0, then for any x ≥ 0,

∥U(x)∥ ≤ MEq(ν0xq), ∥V(x)∥ ≤ MEq,q(ν0xq), (2.9)

where Eq(·) and Eq,q(·) are Mittag-Leffler functions.

For q, q′ > 0, the two-parameter Mittag-Leffler function is defined by

Eq,q′(z) =
∞∑

n=0

zn

Γ(q′ + qn)
, z ∈ C, (2.10)

and we write Eq = Eq,1. According to [25],

Eq(−z) =
∫ ∞

0
ξq(y)e−zydy, Eq,q(−z) = q

∫ ∞

0
yξq(y)e−zydy. (2.11)

The Mittag-Leffler function has the following additional properties.

Lemma 2.2. [26]
d
dz

(
zqEq,q+1(µzq)

)
= zq−1Eq,q(µzq), q, µ, z ∈ R. (2.12)

Lemma 2.3. [27] Let q ∈ (0, 1) and µ ∈ R. Then:

(i) If µ < 0 and x2 ≥ x1 ≥ 0, then Eq(µxq
2) ≤ Eq(µxq

1).
(ii) Eq(0) = 1, Eq,q(0) = 1/Γ(q), and for x > 0 we have Eq(µxq) > 0, Eq,q(µxq) > 0.

Lemma 2.4. [14] If µ > 0 and q ∈ (0, 1), then

(i) For x > 0,
d
dx

(
xqEq,q+1(−µxq)

)
= xq−1Eq,q(−µxq) ≥ 0. (2.13)
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(ii) For x > 0,

lim
x→∞

xqEq,q+1(−µxq) =
1
µ
, xqEq,q+1(−µxq) ∈

[
0, 1

µ

)
. (2.14)

The following fixed point theorems will be needed.

Lemma 2.5. [28] Let X be a Banach space and Ω ⊂ X a bounded convex closed set. If Q : Ω→ Ω is
a condensing operator, then Q has at least one fixed point in Ω.

Lemma 2.6. [29] Let X be a Banach space and let Q1,Q2 : X → X be such that Q1 is completely
continuous and Q2 is a contraction. Then, either

(i) the operator equation u = Q1u + Q2u has a solution, or
(ii) the set Υ = {u ∈ X | u = λQ1u + λQ2(u/λ), λ ∈ (0, 1)} is unbounded.

3. Periodic mild solutions of impulsive periodic problems

Let

D̃ = {x1, x2, . . . , xp} ⊂ [0, ω], 0 = x0 < x1 < x2 < · · · < xp < xp+1 = ω,

and extend periodically: xi+p+1 = xi + ω for all i ∈ N. Denote

Ji = (xi, xi+1], i = 0, 1, . . . , p.

The space PC([0, ω], X) consists of functions u : [0, ω]→ X such that

• u is continuous on each interval Ji,
• u is left-continuous at each xi (u(x−i ) = u(xi)),
• the right limits u(x+i ) exist.

The space PCω(R+, X) is the set of functions u : R+ → X that are ω-periodic (u(x + ω) = u(x) for
all x ≥ 0), and whose restriction to [0, ω] belongs to PC([0, ω], X). Its norm is

∥u∥PC = max
{

sup
x∈[0,ω]

∥u(x−)∥, sup
x∈[0,ω]

∥u(x+)∥
}
.

Define the operators U(x),V(x) (x ≥ 0) via the one-sided probability density ξq(y):

U(x) =
∫ ∞

0
ξq(y)T (xqy)dy, V(x) = q

∫ ∞

0
yξq(y)T (xqy)dy. (3.1)

These families satisfy the well-known properties (see Lemma 2.1):

• Strong continuity: ∥U(x)t − U(y)t∥ → 0 and ∥V(x)t − V(y)t∥ → 0 as x→ y for each t ∈ X.
• Boundedness: if ∥T (x)∥ ≤ Meνx, then ∥U(x)∥ ≤ MEq(νxq) and ∥V(x)∥ ≤ MEq,q(νxq).
• For exponentially stable semigroups, there exists an equivalent norm such that |U(x)| ≤

Eq(−νxq) < 1.
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Theorem 3.1. Assume that −A generates an exponentially stable C0-semigroup T (x) (x ≥ 0) on the
Banach space X with growth index ν0 < 0. Let κ ∈ L1

loc(R
+) be a given kernel. Let h,w ∈ PCω(R+, X)

be fixed ω-periodic piecewise continuous functions, and let {νi}i∈N ⊂ X satisfy νi+p+1 = νi for all i
(periodic impulses). Then, the impulsive evolution equation

cDq
xi,xu(x) + Au(x) =h(x) +

∫ x

0
κ(x − y) w(y) dy, x ∈ (xi, xi+1), (3.2)

∆u(xi) =νi, i ∈ N,

has a unique ω-periodic mild solution u ∈ PCω(R+, X).
The product space PCω(R+, X) × PCω(R+, X) × Xp is equipped with the norm

∥(h,w, {νi})∥ := ∥h∥PC + ∥w∥PC +

p∑
k=1

∥νk∥.

Moreover, the solution operator

P : PCω(R+, X) × PCω(R+, X) × Xp −→ PCω(R+, X)

defined by (h,w, {νi}) 7→ u is bounded with respect to this norm.

Proof. Given ϕ(x) = h(x) +
∫ x

0
κ(x − y)w(y)dy ∈ PC([0, ω], X), we write the mild solution of the

impulsive Cauchy problem

cDq
xi,xu(x) + Au(x) =h(x) +

∫ x

0
κ(x − y) w(y) dy, x ∈ Ji,

u(x+i ) =u(x−i ) + νi,

as given by the variation of constants formula:

u(x) = U(x− xi)
(
u(x−i )+ νi

)
+

∫ x

xi

(x− y)q−1V(x− y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy, t ∈ Ji. (3.3)

The variation of constants formula (3.3) for the piecewise Caputo fractional derivative with impulses
is standard in the theory of fractional evolution equations; see, for example, [21, 22, 24]. For the
convenience of the reader, we recall that it is obtained by applying the Laplace transform on each
subinterval (xi, xi+1] and using the semigroup property of T (x) together with the identity

L{cDq
xi

u(x)}(s) = sqL{u(x)}(s) − sq−1u(x+i ),

which is the Caputo analogue of the classical first-order case.
For x ∈ [0, x1], we have xi = 0, u(x−i ) = u(0), and we set ν0 = 0 (no impulse at 0). Formula (3.3)

gives

u(x) = U(x)u(0) +
∫ x

0
(x − y)q−1V(x − y)

(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy, x ∈ [0, x1]. (3.4)
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For xi ≤ y ≤ x ≤ xi+1, define simplyU(x, y) = U(x − y).
For general times x j−1 ≤ y ≤ x j ≤ · · · ≤ xi ≤ x ≤ xi+1, define

U(x, y) = U(x − xi)
i−1∏
k= j

U(xk+1 − xk) U(x j − y). (3.5)

Here, U(x, y) denotes the propagation operator that evolves the solution from time y to time x across
the impulse points, while U(·) stands for the fundamental solution operator defined in (2.5).

This operator propagates the solution from time y to time x across the jumps.
On Ji for i ≥ 1, assume that we know u(x) for x ≤ xi, and that we have already computed the effect

of all previous impulses. Using (3.3) repeatedly, we obtain for x ∈ (xi, xi+1],

u(x) = U(x, 0)u(0) +
i∑

k=1

U(x, xk)νk

+

i∑
k=1

U(x, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy

+

∫ x

xi

(x − y)q−1V(x − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy. (3.6)

For i = 1 (i.e., x ∈ (x1, x2]), we have

u(x) = U(x − x1)u(x+1 ) +
∫ x

x1

(x − y)q−1V(x − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy.

But, u(x+1 ) = u(x−1 ) + ν1, and from (3.4) with x = x1, we get

u(x−1 ) = U(x1)u(0) +
∫ x1

0
(x1 − y)q−1V(x1 − y)

(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy.

Hence,

u(x) = U(x − x1)
[
U(x1)u(0) +

∫ x1

0
(x1 − y)q−1V(x1 − y)

(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy + ν1

]
+

∫ x

x1

· · ·

which is exactly (3.6) with i = 1 because U(x, 0) = U(x − x1)U(x1) and U(x, x1) = U(x − x1). The
induction step is similar and omitted for brevity.

We look for a solution such that u(0) = u(ω) =: t0 (the periodic condition). Set x = ω = xp+1

in (3.6). Note that U(ω, 0) = U(ω − xp)
∏p

k=1 U(xk+1 − xk), and the sum over k = 1 to p includes all
subintervals. We obtain

t0 = U(ω, 0)t0 +

p∑
k=1

U(ω, xk)νk

+

p∑
k=1

U(ω, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy

+

∫ ω

xp

(ω − y)q−1V(ω − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy.
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BringU(ω, 0)t0 to the left side:

(
I −U(ω, 0)

)
t0 =

p∑
k=1

U(ω, xk)νk

+

p∑
k=1

U(ω, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy

+

∫ ω

xp

(ω − y)q−1V(ω − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy. (3.7)

Since T (x) is exponentially stable, there exist constants M ≥ 1 and ν > 0 such that

∥T (x)∥ ≤ Me−νx, x ≥ 0. (3.8)

Define an equivalent norm on X by

|t| = sup
x≥0
∥eνxT (x)t∥. (3.9)

It is easy to verify that ∥t∥ ≤ |t| ≤ M∥t∥. Let |T (x)| denote the operator norm of T (x) in this new norm.
Then, from (3.9) we get

|T (x)| ≤ e−νx, x ≥ 0. (3.10)

Now recall that U(x) =
∫ ∞

0
ξq(y)T (xqy)dy. In the norm | · |,

|U(x)| ≤
∫ ∞

0
ξq(y)|T (xqy)|dy ≤

∫ ∞

0
ξq(y)e−νxqydy = Eq(−νxq). (3.11)

The Mittag-Leffler function Eq(−νxq) satisfies 0 < Eq(−νxq) < 1 for all x > 0 (see Lemma 2.3).
Hence, |U(x)| < 1 for every x > 0. However, to conclude that |U(ω, 0)| < 1, we need a uniform estimate
over all subintervals. Since Eq(−νtq) is continuous and strictly decreasing on [0, ω] with Eq(0) = 1,
and since b := min0≤k≤p(xk+1 − xk) > 0, we have

max
0≤k≤p

|U(xk+1 − xk)| ≤ Eq(−νbq) =: α < 1.

Using the representation (3.5) ofU, it follows that

|U(x, 0)| ≤
p∏

k=0

|U(xk+1 − xk)| ≤ αp+1 < 1, x > 0. (3.12)

Consequently, the operator I − U(ω, 0) is invertible and its inverse is bounded in the norm | · |, hence
also in the original norm ∥ · ∥. We denote

R = (I −U(ω, 0))−1 ∈ L(X). (3.13)

From (3.7) and (3.13), we obtain
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t0 = (I −U(ω, 0))−1

 p∑
k=1

U(ω, xk)νk

+

p∑
k=1

U(ω, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy

+

∫ ω

xp

(ω − y)q−1V(ω − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy.

]
:= B(h). (3.14)

This value is unique because the right-hand side depends only on the given data h,w, {νi}, not on u.
Thus, we obtain a unique mild solution on [0, ω] satisfying u(0) = u(ω) = t0. Insert the obtained t0

into formulas (3.4) and (3.6). This defines a function u(x) for all x ∈ [0, ω]. By construction, on each
subinterval it satisfies the integral equation (3.2) with the explicit source term

ϕ(y) = h(y) +
∫ y

0
κ(y − τ)w(τ)dτ

and the jumps ∆u(xi) = νi. Moreover, u(0) = t0 and u(ω) = x0 by the way we defined x0. Hence, u is a
mild solution of (3.2) on [0, ω] with the periodic condition.

If another mild solution ũ satisfied the same periodic condition, then ũ(0) would also satisfy (3.7)
because I − U(ω, 0) is injective, so ũ(0) = t0. Then, the uniqueness of the mild solution on each
subinterval (which follows from the contraction property of the integral representation) forces ũ = u.

We now prove that the solution we constructed on [0, ω] automatically satisfies u(x + ω) = u(x) for
all x ∈ [0, ω], and therefore can be extended periodically to R+.
Case (1): x ∈ [0, x1]. For such x, x + ω ∈ [ω, x1 + ω] = [xp+1, xp+2]. Using formula (3.4) for u(x + ω)
but starting from xp+1 (which is ω), we have

u(x + ω) = U(x + ω − xp+1)u(ω) +
∫ x+ω

xp+1

(x + ω − y)q−1V(x + ω − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy.

Since u(ω) = u(0) = x0 and x + ω − xp+1 = x, this becomes

u(x + ω) = U(x)x0 +

∫ x

0
(x − r)q−1V(x − r)

(
h(r + ω) +

∫ r+ω

0
κ(r + ω − τ)w(τ)dτ

)
dr,

where we made the substitution r = y−ω (so y = r +ω). Because h is ω-periodic, h(r +ω) = h(r). For
the memory term, we split the integral:∫ r+ω

0
κ(r + ω − τ)w(τ)dτ =

∫ r

−ω

κ(r − σ)w(σ + ω)dσ

(by setting σ = τ − ω). Since w is ω-periodic, w(σ + ω) = w(σ). Moreover, κ(·) is defined to be zero
for negative arguments (or we extend it by zero). Thus, the integration from −ω to 0 gives zero, and
we obtain ∫ r+ω

0
κ(r + ω − τ)w(τ)dτ =

∫ r

0
κ(r − σ)w(σ)dσ.
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Therefore,

u(x + ω) = U(x)x0 +

∫ x

0
(x − r)q−1V(x − r)

(
h(r) +

∫ r

0
κ(r − σ)w(σ)dσ

)
dr = u(x).

Case (2): x ∈ [xi, xi+1] with i = 1, . . . , p. Then, x + ω ∈ [xi + ω, xi+1 + ω] = [xi+p+1, xi+p+2]. We will
show that the expression (3.6) for u(x+ω) with i replaced by i+ p+1 reduces exactly to the expression
for u(x).

First, from the formula (3.5), we obtain

U(x + ω,ω) = U(x + ω − xi+p+1)
i+p∏

k=p+1

U(xk+1 − xk) = U(x − xi)
i−1∏
k=1

U(xk+1 − xk) = U(t, 0). (3.15)

Similarly, for any k = 1, . . . , i,

U(x+ω, xk+p+1) = U(x+ω−xi+p+1)
i+p∏

j=k+p+1

U(x j+1−x j) = U(x−xi)
i−1∏
j=k

U(x j+1−x j) = U(x, xk). (3.16)

Now write formula (3.6) for u(x + ω) with i replaced by i + p + 1:

u(x + ω) = U(x + ω,ω)u(ω) +
i+p+1∑

k=1

U(x + ω, xk)νk

+

i+p+1∑
k=1

U(x + ω, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy

+

∫ x+ω

xi+p+1

(x + ω − y)q−1V(x + ω − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy.

Because of the periodicity of the impulses, νk+p+1 = νk. Also, the intervals [xk−1, xk] for k > p + 1
are just translates of those for k ≤ p + 1: for k′ = k − p − 1 we have xk−1 = xk′+p = xk′ + ω and
xk = xk′+p+1 = xk′+1 + ω. Using the periodicity of h,w, κ and the change of variable y′ = y − ω in the
integrals, we obtain ∫ xk

xk−1

(xk − y)q−1V(xk − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy

=

∫ xk′

xk′−1

(xk′ − y′)q−1V(xk′ − y′)
(
h(y′) +

∫ y′

0
κ(y′ − τ)w(τ)dτ

)
dy′.

For x ∈ [xi, xi+1] with i = 1, . . . , p, we have x+ω ∈ [xi+p+1, xi+p+2]. Applying formula (3.6) to u(x+ω)
with i replaced by i + p + 1, we obtain

u(x + ω) = U(x + ω,ω)u(ω) +
i+p+1∑

k=1

U(x + ω, xk)νk

+

i+p+1∑
k=1

U(x + ω, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)ϕ(y) dy

+

∫ x+ω

xi+p+1

(x + ω − y)q−1V(x + ω − y)ϕ(y) dy.
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Since u(ω) = u(0) and U(x + ω,ω) = U(x, 0) by (3.16), the first term becomes U(x, 0)u(0). For
the sums, we split the index set {1, . . . , i + p + 1} into three parts:

(i) For k = 1, . . . , p, usingU(x + ω, xk) = U(x, xk) and the periodicity of νk and ϕ, these terms are
exactly the first-period contributions:

p∑
k=1

U(x, xk)νk +

p∑
k=1

U(x, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)ϕ(y) dy.

(ii) For k = p + 1, this corresponds to xp+1 = ω. Since there is no impulse at ω (the jumps are only
at x1, . . . , xp within [0, ω]), the term νp+1 is not present. Equivalently, this contribution is absorbed into
the initial termU(x, 0)u(0) already accounted for.

(iii) For k = p + 2, . . . , i + p + 1, set k′ = k − (p + 1), so that k′ ∈ {1, . . . , i}. Using the identities

U(x + ω, xk′+p+1) = U(x, xk′), νk′+p+1 = νk′ ,

and the change of variable y′ = y − ω in the integrals (noting that xk−1 = xk′−1 + ω and xk = xk′ + ω),
these terms become

i∑
k′=1

U(x, xk′)νk′ +

i∑
k′=1

U(x, xk′)
∫ xk′

xk′−1

(xk′ − y′)q−1V(xk′ − y′)ϕ(y′) dy′.

Finally, the last integral in the expression for u(x+ω), namely
∫ x+ω

xi+p+1
(x+ω−y)q−1V(x+ω−y)ϕ(y) dy,

is transformed via y′ = y − ω into
∫ x

xi
(x − y′)q−1V(x − y′)ϕ(y′) dy′.

Adding the contributions from (i), (iii), the transformed last integral, and the initial term
U(x, 0)u(0), we recover precisely the right-hand side of (3.6). Hence, u(x + ω) = u(x).

After shifting the summation index and using (3.15)-(3.16), the whole expression collapses to the
right-hand side of (3.6). Therefore, u(x + ω) = u(x).

Consequently, for every x in the interval [0, ω], we obtain u(x + ω) = u(x). By extending u to an
ω-periodic function defined on R+ (keeping the same notation u), we find that u := Ph belongs to
PCω(R+, X). This ω-periodic extension on R+ provides the unique mild solution that is ω-periodic to
Eq (3.2). Moreover, using the expression of t0, for x ∈ [0, ω], we have the following:

Ph(x) =



U(x)B(h) +
∫ x

xm

(x − y)q−1V(x − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy, x ∈ [0, x1],

U(x, 0)B(h) +
∑i

k=1U(x, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy

+

∫ x

xi

(x − y)q−1V(x − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy +

i∑
k=1

U(x, xk)νk, x ∈ (xi, xi+1].

Thus, the function u defined on [0, ω] satisfies u(0) = u(ω) and u(x + ω) = u(x) for all x ∈ [0, ω].
Its periodic extension to R+ (still denoted by u) belongs to PCω(R+, X) and is a mild solution of (3.2)
on the whole half-line.

Linearity and boundedness of the solution operator P. Define the operator P by P(h,w, {νi}) = u,
where u is the unique periodic mild solution obtained above. From (3.4), (3.6), and (3.14), it is evident
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that u depends linearly on h,w, and {νi}. Indeed, x0 is linear in those data because

R =
p∑

k=1

U(ω, xk)νk +

p∑
k=1

U(ω, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy

+

∫ ω

xp

(ω − y)q−1V(ω − y)
(
h(y) +

∫ y

0
κ(y − τ)w(τ)dτ

)
dy,

is linear and R = (I −U(ω, 0))−1 is linear, and each integral term is linear. Hence, P is linear.
We now prove boundedness. From Lemma 2.1, there exist constants CU ,CV > 0 such that

∥U(x)∥ ≤ CU Eq(ν0xq), ∥V(x)∥ ≤ CV Eq,q(ν0xq), x ≥ 0.

Moreover, since ν0 < 0, the Mittag-Leffler functions are bounded on [0, ω] by some constants CU ,CV .
Thus,

sup
x∈[0,ω]

∥U(x)∥ ≤ CU , sup
x∈[0,ω]

∥V(x)∥ ≤ CV . (3.17)

From (3.5), we obtain the estimates

∥U(x, x j)∥ ≤ Ci− j+1
U ,

∥∥∥∥ i∑
j=1

U(x, x j)
∥∥∥∥ ≤ i∑

j=1

C j
U . (3.18)

Let b = min1≤k≤p+1(xk − xk−1) > 0. Sharper bounds are possible using (3.8)-(3.9), but the constants
CU ,CV suffice for boundedness.

Now, from the explicit source term of (3.2),

∥ϕ∥PC =

∥∥∥∥∥h(y) +
∫ y

0
κ(y − τ)w(τ)dτ

∥∥∥∥∥ ≤ ∥h(y)∥ +
∫ y

0
|κ(y − τ)| ∥w(τ)∥dτ ≤ ∥h∥PC + ∥κ∥L1(0,ω) ∥w∥PC.

(3.19)
Hence, ∥ϕ∥PC ≤ Ch∥h∥PC +Cw∥w∥PC with Ch = 1, Cw = ∥κ∥L1 .
From (3.14) and the bound ∥(I −U(ω, 0))−1∥ ≤ C0 (some constant, because the inverse exists and is

bounded), we get

∥x0∥ ≤ C0

( p∑
k=1

∥U(ω, xk)∥ ∥vk∥

+

p∑
k=1

∥U(ω, xk)∥
∥∥∥∥∫ xk

xk−1

(xk − y)q−1V(xk − y)ϕ(y)dy
∥∥∥∥ + ∥∥∥∥∫ ω

xp

(ω − y)q−1V(ω − y)ϕ(y)dy
∥∥∥∥).

Using (3.17) and the fact that ∫ ω

0
(x − y)q−1dy =

xq

q
≤
ωq

q
,

we obtain the constants K1,K2, and K3 such that

∥t0∥ ≤ K1

p∑
k=1

∥νk∥ + K2∥ϕ∥PC.
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Then, from (3.4) and (3.6), with similar estimates, we finally get

∥u∥PC ≤ K4∥x0∥ + K5

p∑
k=1

∥νk∥ + K6∥ϕ∥PC.

Combining with the bound for ϕ in terms of h,w gives

∥u∥PC ≤ L1∥h∥PC + L2∥w∥PC + L3

p∑
k=1

∥νk∥,

where L1–L3 are constants depending only on ω, q, κ, ν0, p, and the semigroup bounds. Hence, P is a
bounded linear operator. □

Theorem 3.2. Suppose X is a Banach space, and let −A be the generator of an exponentially stable
and compact semigroup T (x) for x ≥ 0 on X. Furthermore, suppose the functions F,G : R+ × X → X
are continuous and ω-periodic with respect to the first variable, and the operators Ii ∈ C(X, X) (for
i ∈ N) satisfy the periodicity condition Ii+p+1 = Ii with I0 = I, where p denotes the number of impulse
moments lying in the interval [0, ω]. We also assume that F, G, and Ii meet the following requirements:

(H1) For any r > 0 there exists a positive ω-periodic function ϕr ∈ Cω(R+) such that
sup∥x∥≤r ∥F(x, t)∥ ≤ ϕr(x) for all x ∈ R+. For each r > 0, the function ϕr is bounded on [0, ω]

(which follows from its continuity and periodicity), and lim inf
r→∞

∥ϕr∥C([0,ω])

r
=: ρF < ∞.

(H1*) For any r > 0 there exists a positive ω-periodic function ψr ∈ Cω(R+) such that
sup∥x∥≤r ∥G(x, t)∥ ≤ ψr(x) for all x ∈ R+. For each r > 0, the function ψr is bounded on

[0, ω] (which follows from its continuity and periodicity), and lim inf
r→∞

∥ψr∥C([0,ω])

r
=: ρG < ∞.

(H2) For each Ii, Ii(θ) = θ, there exists a positive number K such that ∥Ii(t) − Ii(s)∥ ≤ K∥t − s∥ for
all t, s ∈ X, i ∈ N.

Set

κ0 :=
∫ ω

0
|κ(y)|dy, ρ := ρF + κ0ρG,

and define

Ci :=
i∑

k=1

MkEk
q(ν0bq), b := min

1≤k≤p+1
(xk − xk−1).

Note that the sequence (Ci) is strictly increasing, since each term MkEk
q(ν0bq) is positive. Consequently,

condition (3.20) is most restrictive for i = p; if it holds for i = p, it automatically holds for all
i = 1, . . . , p. Nevertheless, we state it for all i because the contraction estimate for Q2 is required on
every subinterval (xi, xi+1]. If(

K +
Mρ

|ν0|

)
Ci +

Mρ

|ν0|
< 1 for all i = 1, . . . , p, (3.20)

then the semilinear impulsive problem with memory

cDq
xi,xu(x) + Au(x) =F(x, u(x)) +

∫ x

0
κ(x − y)G(y, u(y))dy, x ∈ (xi, xi+1),
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∆u(xi) =Ii(u(x−i )), i ∈ N, and u(0) = u0, (3.21)

has at least one ω-periodic mild solution u ∈ PCω(R+, X).

Proof. According to Theorem 3.1, define the operator Q on PCω(R+, X), which can be expressed on
[0, ω] as

Qu(x) =



U(x)B(u) +
∫ x

0
(x − y)q−1V(x − y)

[
F(y, u(y)) +

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dy, x ∈ [0, x1],

U(x, 0)B(u) +
i∑

k=1

U(x, xk)Ik(u(xk))

+

i∑
k=1

U(x, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
[
F(y, u(y)) +

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dy

+

∫ x

xi

(x − y)q−1V(x − y)
[
F(y, u(y)) +

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dy, x ∈ (xi, xi+1].

(3.22)

Define B(u) as the periodic boundary value term that determines the initial value u(0) via the periodicity
condition u(0) = u(ω), where

B(u) = (I −U(ω, 0))−1
( p∑

k=1

U(ω, xk)Ik(u(xk))

+

p∑
k=1

U(ω, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
[
F(y, u(y)) +

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dy

+

∫ ω

xp

(ω − y)q−1V(ω − y)
[
F(y, u(y)) +

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dy

)
.

(3.23)

One can readily show that the operator Q : PCω(R+, X) → PCω(R+, X) is well-defined. Moreover,
thanks to the continuity of F, G, and Ii, the operator Q turns out to be continuous as well. In view of
Theorem 3.1, the existence of an ω-periodic mild solution to Eq (3.21) is equivalent to the existence of
a fixed point of Q. Consequently, we shall employ a fixed point theorem to establish that Q admits a
fixed point.

Given any R > 0, we set
ΩR =

{
u ∈ PCω(R+, X)

∣∣∣ ∥u∥PC ≤ R
}
. (3.24)

Observe that ΩR is a closed ball in PCω(R+, X) centered at the zero element θ with radius R. Our next
goal is to demonstrate the existence of a positive number R satisfying Q(ΩR) ⊂ ΩR.

First, from (H1) and (H1*), for any u ∈ ΩR, we have:

∥F(y, u(y))∥ ≤ ϕR(y), ∥G(y, u(y))∥ ≤ ψR(y).

Consequently,∥∥∥∥F(y, u(y)) +
∫ y

0
κ(y − τ)G(τ, u(τ))dτ

∥∥∥∥ ≤ ϕR(y) +
∫ y

0
|κ(y − τ)|ψR(τ)dτ ≤ ϕR(y) + κ0∥ψR∥C([0,ω]).
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Define

ΦR(y) := ϕR(y) + κ0∥ψR∥C([0,ω]), ∥ΦR∥C([0,ω]) ≤ ∥ϕR∥C([0,ω]) + κ0∥ψR∥C([0,ω]),

and set

ρR :=
∥ΦR∥C([0,ω])

R
.

Then, by the definitions of ρF and ρG,

lim inf
R→∞

ρR = ρF + κ0ρG =: ρ.

Now, using the known bounds (from Lemma 2.4 and the properties of U,V)

∥U(x)∥ ≤ MEq(ν0bq) =: c0, ∥U(x, 0)∥ ≤ Mi+1Ei+1
q (ν0bq) =: ci,

∥∥∥∥ i∑
k=1

U(x, xk)
∥∥∥∥ ≤ i∑

k=1

MkEk
q(ν0bq) =: Ci,

and ∫ x

0
(x − y)q−1∥V(x − y)∥ dy ≤

M
|ν0|

,

∫ xk

xk−1

(xk − y)q−1∥V(xk − y)∥ dy ≤
M
|ν0|

,

we estimate ∥Qu(x)∥.
For x ∈ [0, x1],

∥Qu(x)∥ ≤ ∥U(x)∥ ∥B(u)∥ +
∫ x

0
(x − y)q−1∥V(x − y)∥ΦR(y) dy

≤ c0∥B(u)∥ +
M
|ν0|
∥ΦR∥C([0,ω]).

For x ∈ (xi, xi+1],

∥Qu(x)∥ ≤ ∥U(x, 0)∥ ∥B(u)∥ +
i∑

k=1

∥U(x, xk)∥ ∥Ik(u(xk))∥

+

i∑
k=1

∥U(x, xk)∥
∫ xk

xk−1

(xk − y)q−1∥V(xk − y)∥ΦR(y) dy

+

∫ x

xi

(x − y)q−1∥V(x − y)∥ΦR(y) dy

≤ ci∥B(u)∥ + K
i∑

k=1

∥U(x, xk)∥ ∥u(xk)∥

+
MCi

|ν0|
∥ΦR∥C([0,ω]) +

M
|ν0|
∥ΦR∥C([0,ω]).

Since ∥u(xk)∥ ≤ R and
∑i

k=1 ∥U(x, xk)∥ ≤ Ci, we obtain
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∥Qu(x)∥ ≤ ci∥B(u)∥ + KCiR +
M(Ci + 1)
|ν0|

∥ΦR∥C([0,ω]).

Now we need an estimate for ∥B(u)∥. From (3.23) and the same bounds,

∥B(u)∥ ≤ ∥(I −U(ω, 0))−1∥

( p∑
k=1

∥U(ω, xk)∥ ∥Ik(u(xk))∥

+

p∑
k=1

∥U(ω, xk)∥
∫ xk

xk−1

(xk − y)q−1∥V(xk − y)∥ΦR(y) dy

+

∫ ω

xp

(ω − y)q−1∥V(ω − y)∥ΦR(y) dy
)

≤ L
(
K

p∑
k=1

∥u(xk)∥ +
M
|ν0|
∥ΦR∥C([0,ω])

p∑
k=1

∥U(ω, xk)∥ +
M
|ν0|
∥ΦR∥C([0,ω])

)
≤ L

(
KpR +

M
|ν0|
∥ΦR∥C([0,ω])(Cp + 1)

)
,

where L := ∥(I −U(ω, 0))−1∥ is a constant.
Because ∥ΦR∥C([0,ω]) = ρRR, the inequalities become

∥Qu(x)∥ ≤ c0L
(
KpR +

M
|ν0|

ρRR(Cp + 1)
)
+

M
|ν0|

ρRR

for x ∈ [0, x1], and for x ∈ (xi, xi+1]

∥Qu(x)∥ ≤ ciL
(
KpR +

M
|ν0|

ρRR(Cp + 1)
)
+ KCiR +

M(Ci + 1)
|ν0|

ρRR.

Condition (3.20) guarantees that for sufficiently large R (so that ρR is close enough to ρ), the right-
hand sides are ≤ R. Indeed, one can choose R so large that

c0L
(
Kp +

M
|ν0|

ρR(Cp + 1)
)
+

M
|ν0|

ρR ≤ 1,

ciL
(
Kp +

M
|ν0|

ρR(Cp + 1)
)
+ KCi +

M(Ci + 1)
|ν0|

ρR ≤ 1,

which is possible because ρR → ρ and (3.20) implies the corresponding strict inequalities. Therefore,
Q(ΩR) ⊂ ΩR.

To prove that the operator Q has a fixed point in ΩR, we decompose Q as Q = Q1 + Q2, which can
be expressed on [0, ω] as

AIMS Mathematics Volume 11, Issue 9, 28710–28739.



28727

Q1u(x) =



U(x)B(u) +
∫ x

0
(x − y)q−1V(x − y)

[
F(y, u(y)) +

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dy, x ∈ [0, x1],

U(x, 0)B(u) +
∫ x

xi

(x − y)q−1V(x − y)
[
F(y, u(y)) +

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dy

+

i∑
k=1

U(x, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
[
F(y, u(y))

+
∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dy, x ∈ (xi, xi+1],

(3.25)

Q2u(x) =


0, x ∈ [0, x1],

i∑
k=1

U(x, xk)Ik(u(xk)), x ∈ (xi, xi+1].
(3.26)

Next, we will prove that Q1 is a completely continuous operator and Q2 is a contraction operator.
For each u ∈ ΩR, by the definition of Q and the periodicity of u, we only consider the domain [0, ω].
Although u ∈ PCω(R+, X) may have jumps at the impulse points xk, the integral terms defining Q1 are
continuous in x. Indeed, for a bounded integrand (since F(y, u(y)) is bounded on ΩR by ΦR) and an
integrable kernel (x − y)q−1, the map

x 7→
∫ x

a
(x − y)q−1V(x − y)ΦR(y) dy

is continuous on [a, b] by the dominated convergence theorem. Moreover, equicontinuity of Q1(ΩR)
is verified separately on each subinterval [xi, xi+1], on which u is continuous. The isolated jumps of
u do not affect the uniform continuity of the integral terms, as the integrals are absolutely continuous
functions of the upper limit. It is clear that Q1 is continuous and sends ΩR into a bounded subset of
PCω(R+, X). We now turn to showing that the family Q1(ΩR) is equicontinuous on the interval [0, ω].

• If τ1, τ2 ∈ [0, x1] and τ1 < τ2, we can get

∥Q1u(τ2) − Q1u(τ1)∥ ≤ ∥U(τ2) − U(τ1)∥ · ∥B(u)∥

+

∫ τ1

0

(
(τ2 − y)q−1 − (τ1 − y)q−1)∥V(τ2 − y)∥ · ΦR(y) dy

+

∫ τ1

0
(τ1 − y)q−1∥V(τ2 − y) − V(τ1 − y)∥ · ΦR(y) dy

+

∫ τ2

τ1

(τ2 − y)q−1∥V(τ2 − y)∥ · ΦR(y) dy

:= I1 + I2 + I3 + I4.

We verify that when τ2−τ1 → 0, In (n = 1, 2, 3, 4) tends to 0 independently of u ∈ ΩR. According
to Lemma 2.1(i), when τ2 − τ1 → 0, I1 → 0. Using condition (H1) and Lemma 2.1(ii),
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I2 ≤
M∥ΦR∥C([0,ω])

Γ(q)

∫ τ1

0

(
(τ2 − y)q−1 − (τ1 − y)q−1)dy

≤
M∥ΦR∥C([0,ω])

Γ(q)
(
τ

q
1 − τ

q
2 + (τ2 − τ1)q)

≤
2M∥ΦR∥C([0,ω])

Γ(q)
(τ2 − τ1)q → 0, τ2 − τ1 → 0.

I4 ≤
M∥ΦR∥C([0,ω])

Γ(q)

∫ τ2

τ1

(τ2 − y)q−1dy =
M∥ΦR∥C([0,ω])

Γ(q + 1)
(τ2 − τ1)q → 0, τ2 − τ1 → 0.

If τ1 = 0 and τ2 > 0, then I3 = 0. If τ1 > 0, for sufficiently small ε > 0, by (H1) and
Lemma 2.1(iv),

I3 ≤ ∥ΦR∥C([0,ω])

∫ τ1−ε

0
(τ1 − y)q−1∥V(τ2 − y) − V(τ1 − y)∥dy

+ ∥ΦR∥C([0,ω])

∫ τ1

τ1−ε

(τ1 − y)q−1∥V(τ2 − y) − V(τ1 − y)∥dy

≤ sup
y∈[0,τ1−ε]

∥V(τ2 − y) − V(τ1 − y)∥ ·
∥ΦR∥C([0,ω])(τ

q
1 − ε

q)
q

+
2M∥ΦR∥C([0,ω])

Γ(q + 1)
εq → 0, ε→ 0, τ2 − τ1 → 0.

Thus, ∥Q1u(τ2) − Q1u(τ1)∥ → 0 uniformly for all u ∈ ΩR as τ2 − τ1 → 0. Hence, Q1(ΩR) is
equicontinuous on [0, x1]. A similar argument holds for x ∈ (xi, xi+1].
• If τ1, τ2 ∈ (xi, xi+1], by Lemma 2.1(ii) we have

∥Q1u(τ2) − Q1u(τ1)∥ ≤ ∥U(τ2, 0) −U(τ1, 0)∥ · ∥B(u)∥

+
∥∥∥∥ i∑

k=1

U(τ2, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
[
F + κG

]
dy

−

i∑
k=1

U(τ1, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
[
F + κG

]
dy

∥∥∥∥
+

∥∥∥∥∫ τ2

xi

(τ2 − y)q−1V(τ2 − y)
[
F + κG

]
dy

−

∫ τ1

xi

(τ1 − y)q−1V(τ1 − y)
[
F + κG

]
dy

∥∥∥∥
=: I1 + I2 + I3 + I4 + I5,

with the same definitions of I1, . . . , I5 as in the original proof but with ϕR replaced by ΦR. Since
U(x) and V(x) are uniformly continuous for x ≥ 0, when τ2 − τ1 → 0 and ε is sufficiently small,
each In tends to 0. This proves the equicontinuity for x ∈ (xi, xi+1] (i = 1, . . . , p). Therefore,
Q1(ΩR) is equicontinuous on [0, ω].

It remains to prove that for any fixed t ∈ [0, ω], the set (Q1ΩR)(x) is relatively compact in X.
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• For x ∈ [0, x1], define the set (Q(0)
ε,δΩR)(x) as

(Q(0)
ε,δΩR)(x) := {(Q(0)

ε,δu)(x) | u ∈ ΩR, 0 < ε < x < x1},

where

(Q(0)
ε,δu)(x) = U(x)B(u)

+q
∫ x−ε

0

∫ x

δ

σ(x − y)q−1ξq(σ)T ((x − y)qσ)
[
F(y, u(y)) +

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dσdy

= U(x)B(u)+qT (εqδ)
∫ x−ε

0

∫ x

δ

σ(x − y)q−1ξq(σ)T ((x − y)qσ − εqδ)
[
F + κG

]
dσdy.

By the compactness of U(x) and T (εqδ), for x ∈ [0, x1], (Q(0)
ε,δΩR)(x) is relatively compact in X.

Moreover, for each u ∈ ΩR and x ∈ [0, x1],

∥Qu(x) − Q(0)
ε,δu(x)∥ ≤

∥∥∥∥q
∫ x

0

∫ δ

0
σ(x − y)q−1ξq(σ)T ((x − y)qσ)

[
F + κG

]
dσdy

∥∥∥∥
+

∥∥∥∥q
∫ x

x−ε

∫ ∞

δ

σ(x − y)q−1ξq(σ)T ((x − y)qσ)
[
F + κG

]
dσdy

∥∥∥∥
≤ qM∥ΦR∥C([0,ω])

(∫ x

0
(x − y)q−1dy

∫ δ

0
σξq(σ)dσ

+

∫ x

x−ε
(x − y)q−1dy

∫ ∞

δ

τξq(τ)dτ
)

≤ M∥ΦR∥C([0,ω])xq
∫ δ

0
σξq(σ)dσ +

M∥ΦR∥C([0,ω])

Γ(1 + q)
εq

→ 0, ε→ 0, δ→ 0.

Hence, (Q1ΩR)(x) is relatively compact in X.
• For x ∈ (xi, xi+1] (i = 1, 2, . . . , p), define the set (Q(i)

ϵ,δΩR)(x) as

(Q(i)
ϵ,δΩR)(x) := {(Q(i)

ϵ,δu)(x) | u ∈ ΩR, xi < x − ϵ < x < xi+1},

where
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(Q(i)
ϵ,δu)(x) =U(x, 0)B(u) +

i∑
k=1

U(x, xk)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
[
F(y, u(y))

+

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dy

+ q
∫ x−ϵ

xi

∫ x

δ

σ(x − y)q−1ξq(σ)T ((x − y)qσ)
[
F(y, u(y))

+

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dσdy

=U(x − xi)
i∏

k=1

U(xk − xk−1)B(u)

+

i∑
k=1

U(x − xi)
i−1∏
j=k

U(x j+1 − x j)
∫ xk

xk−1

(xk − y)q−1V(xk − y)
[
F(y, u(y))

+

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dy

+ qT (ϵqδ)
∫ x−ϵ

xi

∫ x

δ

σ(x − y)q−1ξq(σ)T ((x − y)qσ − ϵqδ)
[
F(y, u(y))

+

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dσdy.

By the compactness of U(x) and T (ϵqδ), for x ∈ (xi, xi+1], (Q(i)
ϵ,δΩR)(x) is relatively compact in X.

Moreover, for each u ∈ ΩR and x ∈ (xi, xi+1], by the inequality

∥Qu(x) − Q(i)
ϵ,δu(x)∥

≤

∥∥∥∥∥∥q
∫ x

xi

∫ δ

0
σ(x − y)q−1ξq(σ)T ((x − y)qσ)

[
F(y, u(y)) +

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dσdy

∥∥∥∥∥∥
+

∥∥∥∥∥q
∫ x

x−ϵ

∫ ∞

δ

σ(x − y)q−1ξq(σ)T ((x − y)qσ)
[
F(y, u(y)) +

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

]
dσdy

∥∥∥∥∥
≤ qM∥ΦR∥C([0,ω])

∫ x

xi

(x − y)q−1dy
∫ δ

0
σξq(σ)dσ

+ qM∥ΦR∥C([0,ω])

∫ x

x−ϵ
(x − y)q−1dy

∫ ∞

δ

τξq(τ)dτ

≤ M∥ΦR∥C([0,ω])(x − xi)q
∫ δ

0
σξq(σ)dσ +

M∥ΦR∥C([0,ω])

Γ(1 + q)
ϵq

→ 0, ϵ → 0, δ→ 0.

Therefore, for all x ∈ [0, ω], (Q1ΩR)(x) is relatively compact in X. Hence, by the Arzelà–Ascoli
theorem, Q1 is completely continuous.

Contraction property of Q2. Let u, v ∈ ΩR. If x ∈ [0, x1], then ∥Q2u(x) − Q2v(x)∥ = 0. For
x ∈ (xi, xi+1], from (3.26) and condition (H2),
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∥Q2u(x) − Q2v(x)∥ =
∥∥∥∥ i∑

k=1

U(x, xk)
(
Ik(u(xi)) − Ik(v(xi))

)∥∥∥∥
≤

∥∥∥∥ i∑
k=1

U(x, xk)
∥∥∥∥ · ∥Ik(u(xi)) − Ik(v(xi))∥

≤ K
i∑

k=1

MkEk
q(ν0bq)∥u − v∥PC = KCi∥u − v∥PC.

Thus, ∥Q2u − Q2v∥PC ≤ KCi∥u − v∥PC. Condition (3.22) implies KCi < 1, so Q2 is a contraction.
Based on the above argument, we know that the operator Q = Q1 + Q2 is a condensing operator

(sum of a completely continuous map and a contraction). Hence, by Lemma 2.5 (Sadovskii’s fixed
point theorem), Q has a fixed point u ∈ ΩR, i.e., Eq (3.21) has an ω-periodic mild solution. □

Theorem 3.3. Let X be a Banach space, and let −A generate an exponentially stable compact
semigroup T (x) (x ≥ 0) in X. Assume that F,G : R+ × X → X are continuous, ω-periodic in x,
and Ii ∈ C(X, X) (i ∈ N) satisfy Ii+p+1 = Ii, I0 = I, where p is the number of impulse points in [0, ω].
Suppose that Ii satisfy condition (H2) (Lipschitz with constant K, Ii(θ) = θ), and that F,G satisfy:

(H3) There exist continuous functions ϕF , ϕG : R+ → R+ and continuous nondecreasing functions
ΨF ,ΨG : R+ → R+ such that

∥F(x, t)∥ ≤ ϕF(x)ΨF(∥t∥), ∥G(x, t)∥ ≤ ϕG(x)ΨG(∥t∥), x ≥ 0, t ∈ X.

Moreover, for all x ≥ 0, the functions s 7→ (x − y)q−1ϕF(y) and y 7→ (x − y)q−1ϕG(y) belong to
L1([0, x]). Also, there exist constants aF , aG ≥ 0 such that∫ ∞

aF

1
ΨF(y)

dy = ∞,
∫ ∞

aG

1
ΨG(y)

dy = ∞.

(H3’) In addition to (H3), assume that the function Ψ̃(r) := ΨF(r) + ΨG(r) satisfies the Osgood
condition ∫ ∞

a

dr

Ψ̃(r)
= ∞

for some a ≥ 0. This assumption holds, for instance, if ΨF and ΨG have the same asymptotic
growth rate, or if one dominates the other in the sense that ΨF(r) ≤ CΨG(r) for all sufficiently
large r.
(H4) The kernel κ satisfies κ0 :=

∫ ω

0
|κ(y)|dy < ∞.

Define Ci =
∑i

k=1 MkEk
q(ν0bq) (i = 1, . . . , p), b = min1≤k≤p+1(xk − xk−1). If

KCi < 1 for all i = 1, . . . , p,

then the semilinear impulsive problem with memory
cDq

xi,xu(x) + Au(x) = F(x, u(x)) +
∫ x

0
κ(x − y)G(y, u(y))dy, x ∈ (xi, xi+1),

∆u(xi) = Ii(u(x−i )), i ∈ N,

u(0) = u0,

(3.27)

AIMS Mathematics Volume 11, Issue 9, 28710–28739.



28732

has at least one ω-periodic mild solution u ∈ PCω(R+, X).

Proof. Let Q,Q1, and Q2 be defined by (3.22), (3.25), and (3.26), respectively, with the full source
term containing F and the memory integral. Using the integral formula derived from the linear case
(without directly applying the theorem), we define the operator Q in (3.22), and we prove that its fixed
points correspond to the solutions of the semilinear problem.

From Theorem 3.1 (extended to the memory term as shown in the linear case), the ω-periodic mild
solution of (3.21) is equivalent to a fixed point of Q.

From the proof of Theorem 3.2, we have that Q1 is completely continuous and Q2 is a contraction
(the arguments for complete continuity use only boundedness on bounded sets, which holds because
ΨF ,ΨG are continuous and ϕF , ϕG are bounded on [0, ω]; the contraction property of Q2 is unchanged).
Therefore, we only need to prove that the set

Υ =

{
u ∈ PCω(R+, X)

∣∣∣∣∣ u = λQ1u + λQ2

(u
λ

)
, λ ∈ (0, 1)

}
(3.28)

is bounded. Then, by Lemma 2.6 (Leray-Schauder alternative), Q = Q1 + Q2 has a fixed point, which
is the desired solution.

By the periodicity of u, we only consider it on [0, ω].
Let u ∈ Υ and t ∈ [0, ω]. Then, for some λ ∈ (0, 1),

u(x) = λQ1u(x) + λQ2

(
u(x)
λ

)
.

For x ∈ [0, x1], Q2 = 0. Using the expression of Q1 and the bounds ∥U(x)∥ ≤ c0, ∥V(x)∥ ≤ M
Γ(q)

(Lemma 2.1(ii)), we obtain

∥u(x)∥ ≤ λ∥U(x)∥ · ∥B(u)∥

+ λ

∫ x

0
(x − y)q−1∥V(x − y)∥ ·

∥∥∥∥∥F(y, u(y)) +
∫ y

0
κ(y − τ)G(τ, u(τ))dτ

∥∥∥∥∥ dy

≤ c0∥B(u)∥ +
M
Γ(q)

∫ x

0
(x − y)q−1

∥∥∥∥∥F(y, u(y)) +
∫ y

0
κ(y − τ)G(τ, u(τ))dτ

∥∥∥∥∥ dy.

By (H3) and (H4),∥∥∥∥∥F(y, u(y)) +
∫ y

0
κ(y − τ)G(τ, u(τ))dτ

∥∥∥∥∥ ≤ ϕF(y)ΨF(∥u(y)∥) +
∫ y

0
|κ(y − τ)| ϕG(τ)ΨG(∥u(τ)∥)dτ

≤ ϕF(y)ΨF(∥u(y)∥) + κ0∥ϕG∥C([0,ω])ΨG(∥u(τ)∥).

Define
Φ(y) := ϕF(y) + κ0∥ϕG∥C([0,ω]), Ψ̃(r) := ΨF(r) + ΨG(r).

Since ΨF ,ΨG are nondecreasing, Ψ̃ is nondecreasing. Moreover, using (H3) and (H4), we have∥∥∥∥∥F(y, u(y)) +
∫ y

0
κ(y − τ)G(τ, u(τ))dτ

∥∥∥∥∥ ≤ ϕF(y)ΨF(∥u(y)∥) + κ0∥ϕG∥C([0,ω])ΨG(∥u(y)∥)

≤ Φ(y)Ψ̃(∥u(y)∥).
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Let η(x) := sup0≤y≤x ∥u(y)∥. Because Ψ̃ is nondecreasing, Ψ̃(∥u(y)∥) ≤ Ψ̃(η(x)) for all y ≤ x. Hence,

∥u(x)∥ ≤ c0∥B(u)∥ +
M
Γ(q)
Ψ̃(η(x))

∫ x

0
(x − y)q−1Φ(y)dy. (3.29)

For x ∈ (xi, xi+1] (i = 1, . . . , p), using the expressions of Q1 and Q2, the Lipschitz condition (H2),
and the fact that Ik(θ) = θ, we get

∥u(x)∥ ≤ λ∥U(x, 0)∥∥B(u)∥ + λ
i∑

k=1

∥U(x, xk)∥

∥∥∥∥∥∥Ik

(
u(xk)
λ

)∥∥∥∥∥∥
+ λ

i∑
k=1

∥U(x, xk)∥
∫ xk

xk−1

(xk − y)q−1∥V(xk − y)∥

×

∥∥∥∥∥F(y, u(y)) +
∫ y

0
κ(y − τ)G(τ, u(τ))dτ

∥∥∥∥∥ dy

+ λ

∫ x

xi

(x − y)q−1∥V(x − y)∥
∥∥∥∥∥F(y, u(y)) +

∫ y

0
κ(y − τ)G(τ, u(τ))dτ

∥∥∥∥∥ dy.

Using ∥Ik(u(xk)/λ)∥ ≤ K∥u(xk)∥/λ and the bounds ∥U(x, 0)∥ ≤ ci, ∥U(x, xk)∥ ≤ Mi−k+1Ei−k+1
q (ν0bq),

we obtain

∥u(x)∥ ≤ ci∥B(u)∥ + K
i∑

k=1

Mi−k+1Ei−k+1
q (ν0bq)∥u(xk)∥

+
M
Γ(q)

i∑
k=1

∥U(x, xk)∥
∫ xk

xk−1

(xk − y)q−1Φ(y)Ψ̃(∥u(y)∥)dy

+
M
Γ(q)

∫ x

xi

(x − y)q−1Φ(y)Ψ̃(∥u(y)∥)dy.

Since
∑i

k=1 Mi−k+1Ei−k+1
q (ν0bq) ≤ Ci and ∥u(xk)∥ ≤ η(ω), the second term is ≤ KCiη(ω). Also,

Ψ̃(∥u(y)∥) ≤ Ψ̃(η(x)) for y ≤ x. Hence,

∥u(x)∥ ≤ ci∥B(u)∥ + KCiη(ω) +
M
Γ(q)
Ψ̃(η(x))

(
Ci

∫ ω

0
(x − y)q−1Φ(y)dy +

∫ x

xi

(x − y)q−1Φ(y)dy
)
. (3.30)

Define η(x) = sup0≤y≤x ∥u(y)∥ for x ∈ [0, ω]. From (3.29), and (3.30) we obtain, as in the original
proof,

η(x) ≤


c0∥B(u)∥ +

M
Γ(q)
Ψ̃(η(x))

∫ x

0
(x − y)q−1Φ(y)dy, x ∈ [0, x1],

di + eiΨ̃(η(x))
∫ x

xi

(x − y)q−1Φ(y)dy, x ∈ (xi, xi+1],
(3.31)

where

di =

ci∥B(u)∥ +
M
Γ(q)

i∑
k=1

Mi−k+1Ei−k+1
q (ν0bq)

∫ xk

xk−1

(xk − y)q−1Φ(y)Ψ̃(∥u(y)∥)dy

1 − KCi
,
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ei =
M

Γ(q)(1 − KCi)
.

Now, set

ζ(x) =


c0∥B(u)∥ +

M
Γ(q)
Ψ̃(η(x))

∫ x

0
(x − y)q−1Φ(y)dy, x ∈ [0, x1],

di + eiΨ̃(η(x))
∫ x

xi

(x − y)q−1Φ(y)dy, x ∈ (xi, xi+1].
(3.32)

Then, η(x) ≤ ζ(x) for all x ∈ [0, ω]. Also, ζ(0) = c0∥B(u)∥, and ζ(xi) = di for i = 1, . . . , p.
Define

Φi(x) B
∫ x

xi

(x − y)q−1Φ(y)dy, i = 0, 1, . . . , p,

so that formally Φ′i(x) = (x − xi)q−1Φ(x). However, since Φ is only locally integrable, ζ is not
necessarily differentiable everywhere in the classical sense. Nevertheless, on each subinterval (xi, xi+1],
ζ is absolutely continuous, because it is the sum of a constant and an integral of an integrable
function. Therefore, by the fundamental theorem of calculus for absolutely continuous functions,
ζ is differentiable almost everywhere on (xi, xi+1], and the following inequality holds in the almost-
everywhere sense,

ζ′(x)

Ψ(ζ(x))
≤

{ M
Γ(q)Φ

′
0(x), x ∈ [0, x1],

eiΦ
′
i(x), x ∈ (xi, xi+1],

where Φ′i(x) = (x − xi)q−1Φ(x) is understood in the L1-sense, and ei =
M

Γ(q)(1 − KCi)
. The integration

step below is justified by the absolute continuity of ζ and the monotonicity of Ψ̃. Integrating the above
inequality from 0 to x for x ∈ [0, x1], and from xi to x for x ∈ (xi, xi+1], gives∫ ζ(x)

ζ(0)

dr

Ψ̃(r)
≤

M
Γ(q)
Φ0(x), x ∈ [0, x1],

and ∫ ζ(x)

ζ(xi)

dr

Ψ̃(r)
≤ eiΦi(x), x ∈ (xi, xi+1].

Since the right-hand sides are finite for every fixed x ∈ [0, ω] (because Φ ∈ L1[0, ω] and the kernels
are integrable), and since Ψ̃ satisfies the Osgood condition by assumption (H3’), i.e.,∫ ∞

a

dr

Ψ̃(r)
= ∞,

it follows that ζ(x) cannot blow up at any finite x. Hence, there exists a constant R > 0, independent of
u and λ, such that

ζ(x) ≤ R for all x ∈ [0, ω].

Consequently, η(x) ≤ ζ(x) ≤ R, which implies ∥u∥PC ≤ R. Therefore, the set Υ defined in (3.29) is
bounded.

Since Υ is bounded, Q1 is completely continuous, Q2 is a contraction (because KCi < 1), and
Lemma 2.6 (the Leray-Schauder alternative) implies that Q = Q1 + Q2 has a fixed point u ∈ ΩR. This
fixed point is an ω-periodic mild solution of the original problem.

□
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4. Application

Suppose Ω ⊂ Rn is a bounded domain with C2 boundary ∂Ω (n ∈ N). Let ∆ stand for the Laplace
operator, and let λ1 denote the principal eigenvalue of −∆ under the Dirichlet boundary condition
u|∂Ω = 0. This eigenvalue satisfies λ1 > 0 (see [22]).

We consider the following time-fractional impulsive parabolic boundary value problem with a
memory term:

cDq
xiu(t, x) − ∆u(t, x) = f (x, u(t, x)) +

∫ x

0
κ(x − y) g(y, u(t, y)) dy, t ∈ Ω, x ≥ 0, x , xi,

∆u(t, xi) = Ii(u(t, xi)), t ∈ Ω, xi = iπ, i ∈ N,

u|∂Ω = 0,

(4.1)

where cDq
xi denotes the Caputo fractional derivative of order q ∈ (0, 1) with respect to the time variable

x, with lower limit xi, f , g : R+ × R → R and Ii : R → R are continuous functions, f and g are
2π-periodic in x, Ii+2 = Ii, and κ is a locally integrable kernel. In this application, we take ω = 2π and
p = 2, with impulse points x1 = π and x2 = 2π = ω. Consequently, the periodic extension satisfies
xi+2 = xi + ω. Hence, the impulse functions satisfy Ii+2 = Ii. This is consistent with the abstract
framework (where Ii+p+1 = Ii with p = 2) up to a harmless shift in the index, since x0 = 0 is not
an impulse point in the present setting; only the indices i ≥ 1 are used. We assume the following
conditions:

(A1) There exist nonnegative constants ρ0, ρ1 such that

| f (x, ξ)| ≤ ρ0 + ρ1|ξ|, x ≥ 0, ξ ∈ R.

(A1*) There exist nonnegative constants ρ′0, ρ
′
1 such that

|g(x, ξ)| ≤ ρ′0 + ρ
′
1|ξ|, x ≥ 0, ξ ∈ R.

(A2) For each Ii, Ii(0) = 0, and there exists K > 0 such that

|Ii(ξ1) − Ii(ξ2)| ≤ K|ξ1 − ξ2|, ξ1, ξ2 ∈ R, i ∈ N.

(A3) There exist continuous functions ϕ f , ϕg : R+ → R+ and continuous nondecreasing functions
Ψ f ,Ψg : R+ → R+ such that

| f (x, ξ)| ≤ ϕ f (x)Ψ f (|ξ|), |g(x, ξ)| ≤ ϕg(x)Ψg(|ξ|), x ≥ 0, ξ ∈ R,

and for all x ≥ 0 the functions s 7→ (x − y)q−1ϕ f (y) and y 7→ (x − y)q−1ϕg(y) belong to L1([0, x]).
Moreover, there exist a f , ag ≥ 0 such that∫ ∞

a f

1
Ψ f (y)

dy = ∞,
∫ ∞

ag

1
Ψg(y)

dy = ∞.
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Set X = L2(Ω) with norm ∥ · ∥2. Define the operator A : D(A) ⊂ X → X by

D(A) = W2,2(Ω) ∩W1,2
0 (Ω), Au = −∆u. (4.2)

It is known (see [1]) that −A generates an exponentially stable analytic semigroup T (x) (x ≥ 0) on
X. Moreover, T (x) is contractive, i.e., ∥T (x)∥ ≤ M := 1, and because A has compact resolvent, T (x) is
compact for x > 0 [20]. The growth index of T (x) is ν0 = −λ1 < 0.

For u : Ω × R+ → R, define u(x)(t) = u(t, x), so that u : R+ → X. Set

F(x, ξ)(t) = f (x, ξ(t)), G(x, ξ)(t) = g(x, ξ(t)), ξ ∈ X, t ∈ Ω.

Then, F,G : R+ × X → X are continuous and 2π-periodic in x. The problem (4.1) is equivalent to the
abstract fractional impulsive evolution equation

cDq
xi,xu(x) + Au(x) = F(x, u(x)) +

∫ x

0
κ(x − y) G(y, u(y)) dy, x ∈ (xi, xi+1),

∆u(xi) = Ii(u(x−i )), i ∈ N.
(4.3)

For the Nemytskii operators F(x, ξ)(t) = f (x, ξ(t)) and G(x, ξ)(t) = g(x, ξ(t)), the Osgood condition on
the scalar functions f and g ensures the corresponding condition on the abstract operators F and G.
Indeed, suppose f and g satisfy (A3) with functions ϕ f , ϕg,Ψ f ,Ψg. Then, for ξ ∈ X = L2(Ω) and a.e.
x ≥ 0,

∥F(x, ξ)∥2 =
(∫
Ω

| f (x, ξ(t))|2dt
)1/2

≤

(∫
Ω

ϕ f (x)2Ψ f (|ξ(t)|)2dt
)1/2

≤ ϕ f (x)Ψ f

(∫
Ω

|ξ(t)|2dt
)1/2

= ϕ f (x)Ψ f (∥ξ∥2),

where the last inequality follows from the monotonicity of Ψ f and the fact that ∥ξ∥2 dominates ∥ξ(t)∥ in
the L2-sense. The same argument applies to G with ϕg,Ψg. Consequently, (H3) in the abstract setting
holds with the same functions Ψ f ,Ψg, and the Osgood condition from (A3) transfers directly to (H3’).
Thus, the abstract framework of Theorem 3.3 applies to the fractional heat equation (4.1) under the
stated assumptions (A2) and (A3).

Let κ0 =
∫ 2π

0
|κ(y)|dy and define the combined growth constants

ρtot
1 = ρ1 + κ0ρ

′
1, ρtot = lim inf

r→∞

∥ϕ f ∥C + κ0∥ϕg∥C

r

(when the linear growth condition (A1)-(A1*) holds). For the smallness condition we use the quantities

Ci =

i∑
k=1

MkEk
q(ν0bq), b = min{x1, x2 − x1, . . . , 2π − xp},

with M = 1, ν0 = −λ1, b = π (since x1 = π, x2 = 2π in our specific choice of impulse times xi = iπ).
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Application of Theorem 3.2 (linear growth). Assume (A1), (A1*), and (A2) hold. If

(
K +

Mρtot
1

|ν0|

)
C1 +

Mρtot
1

|ν0|
< 1,

then by Theorem 3.2 problem (4.1) has at least one 2π-periodic mild solution u ∈ PC2π(R+, X).
Application of Theorem 3.3 (general growth). Assume (A2) and (A3) hold. If KC1 < 1, then by

Theorem 3.3 problem (4.1) has at least one 2π-periodic mild solution.
These results extend and improve the corresponding ones in the literature (e.g., [13–15]) by

including a memory term and allowing more general growth conditions on the nonlinearities.

5. Conclusions

This paper has established the existence and uniqueness (linear case) or existence (semilinear cases)
of ω-periodic mild solutions for impulsive fractional evolution equations containing a memory term,
assuming exponential stability and compactness of the underlying C0-semigroup. The linear result
relies on the invertibility of I −U(ω, 0); the semilinear results use Sadovskii’s theorem (linear growth)
and the Leray-Schauder alternative (Osgood growth). Future investigations may include nonlocal
initial conditions, noncompact semigroups, stability analysis, and controllability.
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27. J. R. Wang, M. Fečkan, Y. Zhou, Nonexistence of periodic solutions and asymptotically periodic
solutions for fractional differential equations, Commun. Nonlinear Sci. Numer. Simul., 18 (2013),
246–256. https://doi.org/10.1016/j.cnsns.2012.07.004

28. B. N. Sadovskii, A fixed-point principle, Funct. Anal. Appl., 1 (1967), 151–153.
https://doi.org/10.1007/bf01076087

29. T. A. Burton, C. Kirk, A fixed point theorem of Krasnoselskii Schaefer type, Math. Nachr., 189
(1998), 23–31. https://doi.org/10.1002/mana.19981890103

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 9, 28710–28739.

https://dx.doi.org/https://doi.org/10.1371/journal.pone.0282665
https://dx.doi.org/https://doi.org/10.3390/fractalfract8020086
https://dx.doi.org/https://doi.org/10.1007/978-1-4612-5561-1
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2010.06.013
https://dx.doi.org/https://doi.org/10.1007/s00033-013-0351-z
https://dx.doi.org/https://doi.org/10.1007/s00033-013-0351-z
https://dx.doi.org/https://doi.org/10.1016/j.jde.2011.08.048
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2012.07.004
https://dx.doi.org/https://doi.org/10.1007/bf01076087
https://dx.doi.org/https://doi.org/10.1002/mana.19981890103
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Periodic mild solutions of impulsive periodic problems
	Application
	Conclusions

