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1. Introduction

Fractional evolution equations have become a useful tool for modeling many phenomena in science
and engineering. Several studies have dealt with the existence of mild solutions for semilinear
fractional evolution equations (see e.g., [1,2] and the references therein).

Periodic problems for evolution equations arise naturally in physical models and have been
extensively studied for integer-order equations (see [3—5] and the references cited there). In the
stochastic setting, optimal control problems for non-autonomous second-order stochastic differential
equations with delayed arguments have been investigated recently in [6], where existence of mild
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solutions and approximate/optimal controllability were established using evolution operators and
compact semigroup theory. However, because fractional derivatives involve memory and hereditary
effects, a solution of a periodic boundary value problem for a fractional differential equation cannot
be extended periodically to the whole real line R. Indeed, Ren and Wang [7] proved that nontrivial
periodic solutions do not exist for fractional evolution equations.

Impulsive fractional differential equations have drawn attention for their ability to describe sudden
changes in dynamical systems; various existence results have been obtained (see [8—10] and the
references therein). For recent advances in this direction, we refer to the study of fractional random
integro-differential inclusions with non-instantaneous impulses [11, 12], which investigates existence
and approximate controllability using the Bohnenblust Karlin fixed point theorem. Nevertheless,
periodic solutions for fractional differential equations with periodic impulses have been investigated
only rarely.

Feckan and Wang [13] studied fractional ordinary differential equations under periodic impulse
conditions and established the existence of periodic solutions for Caputo derivatives with a variable
lower limit. Zhang and Xiong [14] considered a class of semilinear fractional impulsive functional
differential equations with a piecewise Caputo derivative and discussed periodic solutions using
properties of the Mittag-Leffler function. More recently, Ren et al. [15] examined Caputo-type
fractional evolution equations with a variable lower limit and proved the existence of periodic mild
solutions for fractional evolution equations with periodic impulses.

In related directions, Al-Omari and Rashid [16] investigated the local existence and regularity
of mild solutions for Hadamard fractional semilinear integro-differential equations with compact
semigroups. Al-Omari and Al-Saadi [17, 18] studied impulsive Hadamard fractional differential
equations with (w, p)-boundary value problems and impulsive fractional integro-differential equations
via fractional operators. More recently, Al-Omari, Al-Saadi, and Alharbi [19] established the existence
and uniqueness of (w, ¢)-periodic solutions for semilinear integro-differential equations with Hadamard
derivatives. These contributions, which address impulsive effects and periodic-type conditions in
fractional settings, provide a complementary perspective to the framework developed in the present
work.

Most of the works mentioned above require the nonlinear term to be Lipschitz. However, in complex
reaction-diffusion processes, the nonlinear function often depends on time in a complicated manner and
cannot be expected to satisfy only Lipschitz hypotheses. Moreover, memory effects (e.g., convolution
integrals with a kernel k) are common in applications but are rarely treated together with periodic
impulses.

Motivated by these facts, we study the periodic problem for fractional impulsive evolution equations
in a Banach space X that contains a memory term:

CDZi,xu(x) + Au(x) =F(x, u(x)) + fx k(x—y)G(y,u(y)dy, xe€(x;xip1), x=0, (L.1)
0
Au(x;) =l;(u(x;)), i€N,

where CDz,.,x denotes the Caputo fractional derivative of order g € (0, 1) with lower limit x;, A : D(A) C
X — X is a closed linear operator such that —A generates a Cy-semigroup 7(x) (x > 0) on X, F,G :
R* X X — X are continuous and w-periodic in x, « is a locally integrable kernel, p € N is the number
of impulse points in [0,w], 0 < x; < X < -+ < X, < W = Xpy1 and Xjype1 = X; + w fori € N,
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Au(x;) = u(x]) — u(x;) is the jump of u at x;, and ; : X — X are continuous with I;,,,; = I;. Without
loss of generality, we take xo = O as the first impulse point.

Using operator semigroup theory together with two fixed point theorems (Sadovskii’s theorem and

the Leray-Schauder alternative), we investigate the existence of w-periodic mild solutions of (1.1). The
main contributions are three theorems:

e Theorem 3.1 (linear case): Under exponential stability of the semigroup, the linear impulsive
problem (with a prescribed source 4 and fixed jumps v;) admits a unique w-periodic mild solution,
and the associated solution operator is linear and bounded.

e Theorem 3.2 (semilinear case with linear growth): If F' and G satisfy linear growth conditions
and the impulses are Lipschitz with a sufficiently small constant, then at least one w-periodic
mild solution exists.

e Theorem 3.3 (semilinear case with general nonlinear growth): If F' and G satisfy an Osgood-type
condition (e.g., ||[F(x,1)|| < ¢(x)P(||z]]) with fa - l},#(y)dy = o0) and the impulses remain Lipschitz
with a small constant, then at least one w-periodic mild solution still exists.

The main contributions and novelties of the present work compared with the existing literature [ 13—

15] can be summarized as follows.

(i) Inclusion of a memory term: The models studied in [13—15] do not incorporate convolutional
memory kernels. In contrast, our system (1.1) contains the term k(x — )Gy, u(y))dy,

0
where « is a general locally integrable kernel. This term is essential for modeling anomalous
diffusion processes, viscoelastic materials, and population dynamics with hereditary effects,
thereby making our framework significantly more realistic for physical applications.

(i1) Generalized growth conditions on nonlinearities: Previous existence results for periodic impulsive

fractional equations, such as those in [13—15], rely heavily on Lipschitz continuity of the nonlinear
functions F and G. In this work, we remove this restrictive assumption and establish existence
under two substantially broader frameworks:

(a) Linear growth conditions (Theorem 3.2), treated via Sadovskii’s fixed point theorem for
condensing operators;

(b) Osgood-type growth conditions (Theorem 3.3), where the nonlinearities may grow slower
than any power function, handled via the Leray—Schauder alternative.

This extension covers a wide class of singular or weakly singular nonlinear models that are not
accessible by the methods of [13-15].

(111) Rigorous operator-theoretic approach: Unlike the existing works, we do not merely prove

existence. We first establish, in Theorem 3.1, that the linear impulsive problem with memory
admits a unique periodic mild solution and that the associated solution operator P is linear
and bounded. This operator-theoretic framework, combined with the exponential stability and
compactness of the semigroup, provides a unified and robust tool for handling periodic impulses
together with memory and generalized nonlinear growth.

To the best of our knowledge, the combination of all three features, memory effects, generalized growth
(linear and Osgood), and a bounded linear solution operator for impulsive periodic problems, has not
been investigated previously in the context of fractional evolution equations.
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The paper is organized as follows. Section 2 collects basic definitions and auxiliary lemmas
(semigroup properties, Mittag Leffler functions, fixed point theorems). Section 3 proves the
existence and uniqueness of periodic mild solutions for the linear impulsive problem with memory
(Theorem 3.1). Section 4 presents the main semilinear results: Theorem 3.2 (linear growth) and
Theorem 3.3 (general growth). Finally, Section 5 provides an illustrative example.

2. Preliminaries

This section recalls several fundamental notions and auxiliary results used later. We first
describe properties of Cy-semigroups, in particular exponential stability and compactness, which are
essential for constructing solution operators. Next we introduce the operator families U(x) and V(x)
generated by the semigroup and the Mittag-Leffler functions; these families play a central role in the
representation of mild solutions of fractional evolution equations. Finally, we state two fixed point
theorems (Sadovskii and the Leray-Schauder alternative) that will be applied in the proofs of our main
results.

Let X be a Banach space with norm || - ||, and let A : D(A) € X — X be a closed linear operator such
that —A generates a Cp-semigroup 7'(x) (x > 0) on X. Let 6 denote the zero element of X. For such a
semigroup there exist constants M > 1 and v € R satisfying (see [20])

IT(x)l| < Me™, x> 0. 2.1)

If, in addition,
Tl < M, x>0, (2.2)

the semigroup is said to be uniformly bounded.
The growth index of T'(x) is defined as

vo=inflyv e R|IM > 1, ||T(x)|| < Me™ Vx > 0}. (2.3)

When vy < 0, T(x) is said to be exponentially stable. Clearly, an exponentially stable Cy-semigroup
is uniformly bounded. If 7'(x) is continuous in the uniform operator topology for every x > 0, then v,
can be expressed via the spectrum o(A) of A:

Vo = —inf{Re A | A € o(A)}. (2.4)

If T'(x) is a compact semigroup, then it is continuous in the uniform operator topology for all x > 0.
For detailed definitions of Caputo fractional derivatives, we refer to [21,22]; they are not repeated
here. We only introduce the operator families needed in this paper.
Define U(x), V(x) (x > 0) by

U(x) = fo E T (xTy)dy, V(x)=¢q fo V€T (x7y)dy, (2.5)
where .
1 I 1
gfq(y):ﬂ—q;(—y)"-‘%sin<mq>, v € (0, o0), 2.6)
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is a one-sided probability density satisfying

&) 20, fo &dy =1, j; Yeq(dy = 2.7)

I'(l+gq)
Lemma 2.1. [2]1-24] The families U(x) and V(x) defined by (2.5) possess the following properties:

(i) Strong continuity: for any t € X and x;, x, > 0,

1U(x2)t = U(xtl| — 0, IV(x2)t = V(x| = 0 as x; —x; — 0.
(ii) If T(x) is uniformly bounded, then for each x € R*, U(x) and V(x) are bounded linear operators
with
Ut < Mz, V(e < I )IIIII reX. (2.8)

(iii) If T(x) is compact, then U(x) and V(x) are compact for every x > 0.

(iv) If T(x) is equicontinuous, then U(x) and V(x) are uniformly continuous for x > 0.
(v) If T(x) is positive, then U(x) and V(x) are positive operators.

(vi) If T(x) is exponentially stable with growth index vy < 0, then for any x > 0,

IUMI < ME(vox?), VIl < MEg4(vox?), (2.9)

where E,(-) and E, /() are Mittag-Leffler functions.

For g,q" > 0, the two-parameter Mittag-Leftler function is defined by

2.1
Eyq(2) = mem zeC, (2.10)
and we write E, = E, ;. According to [25],
E(-2= [ &wedy  Ega=q [ se0e7d @.11)
0 0

The Mittag-Leffler function has the following additional properties.
Lemma 2.2. [26]
d%(quq,qH(yzq)) = 277'E, ,(uz?), g1,z €R. (2.12)
Lemma 2.3. [27] Let g € (0,1) and u € R. Then:

(i) If u < 0and x, > x; > 0, then E,(ux}) < E (ux?).
(ii) E,0) =1, E, ,(0) = 1/T(q), and for x > 0 we have E (ux?) > 0, E, ,(ux?) > 0.

Lemma 2.4. [I4]Ifu > 0and q € (0, 1), then

(i) For x > 0,
d
T (E g1 (-uxh) = X7 Egy(—px”) 2. 0. (2.13)
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(ii) For x > 0,
. 1
lim 2% (p®) = = B () € [0, ) (2.14)

X

The following fixed point theorems will be needed.

Lemma 2.5. [28] Let X be a Banach space and Q C X a bounded convex closed set. If Q : Q- Qis
a condensing operator, then Q has at least one fixed point in Q.

Lemma 2.6. [29] Let X be a Banach space and let Q, Q, : X — X be such that Q, is completely
continuous and Q, is a contraction. Then, either

(i) the operator equation u = Qu + Q,u has a solution, or
(ii) theset Y ={ue X |u=A0u+ A10,(u/d), A € (0, 1)} is unbounded.

3. Periodic mild solutions of impulsive periodic problems

Let

D = {x1,x2,...,x,} C[0,w], O=xp<x1 <X <+ <Xy < Xpy1 =W,

and extend periodically: x;,,+1 = x; + w for all i € N. Denote

Ji= i xial, i=0,1,...,p.

The space PC([0, w], X) consists of functions u : [0, w] — X such that

e 1 is continuous on each interval J;,
e u is left-continuous at each x; (u(x;) = u(x;)),
o the right limits u(x}") exist.

The space PC,(R*, X) is the set of functions u# : R — X that are w-periodic (u(x + w) = u(x) for
all x > 0), and whose restriction to [0, w] belongs to PC([0, w], X). Its norm is

lullpc = max{ sup JluGx)ll, sup fluxOIl}.
x€[0,w] x€[0,w]

Define the operators U(x), V(x) (x > 0) via the one-sided probability density &,(y):

v = [ eored. Vo =g [ seeTEa G.1)
0 0
These families satisfy the well-known properties (see Lemma 2.1):

e Strong continuity: ||U(x)t — U()t|| — 0 and ||V(x)t — V(y)t]] - 0 as x — y foreach ¢ € X.

e Boundedness: if ||T(x)|| < Me™, then [|[U(x)|| £ ME,(vx?) and ||V(x)|| £ ME, ,(vx?).

e For exponentially stable semigroups, there exists an equivalent norm such that |U(x) <
E (—vx?) < 1.
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Theorem 3.1. Assume that —A generates an exponentially stable Cy-semigroup T(x) (x > 0) on the
Banach space X with growth index vy < 0. Let k € Llloc(R+) be a given kernel. Let h,w € PC,(R", X)
be fixed w-periodic piecewise continuous functions, and let {vi}ieww C X satisfy Vi1 = vi for all i
(periodic impulses). Then, the impulsive evolution equation

DY u(x) + Au(x) =h(x) + fx k(x=y)wy)dy, x € (X, Xis1), (3.2)
0
Au(x;) =v;, i€N,

has a unique w-periodic mild solution u € PC,(R*, X).
The product space PC,(R*, X) X PC,(R*, X) X X? is equipped with the norm

p
I, w, (vl = [1llpc + [IWllpc + Z [IVll-
k=1

Moreover, the solution operator
P:PC,R*"X)x PC,(R*,X)x X! — PC,R", X)

defined by (h,w,{v;}) — u is bounded with respect to this norm.
Proof. Given ¢(x) = h(x) + fox k(x — yywy)dy € PC([0,w],X), we write the mild solution of the
impulsive Cauchy problem
‘D u(x) + Au(x) =h(x) + f k(x=y)ywly)dy, x¢€J;
0
u(x)) =u(x;) + v;,
as given by the variation of constants formula:
X Y
u(x) = U(x — x)(u(x;) +v;) + f (x="V(x-y) (h(y) + f k(y — T)W(T)dT) dy, teJ. (3.3)
Xi 0

The variation of constants formula (3.3) for the piecewise Caputo fractional derivative with impulses
is standard in the theory of fractional evolution equations; see, for example, [21, 22, 24]. For the
convenience of the reader, we recall that it is obtained by applying the Laplace transform on each
subinterval (x;, x;;+1] and using the semigroup property of 7'(x) together with the identity

LIDLu(0))(s) = 57 L{u(x)}(s) = 57 u(x)),
which is the Caputo analogue of the classical first-order case.

For x € [0, x;], we have x; = 0, u(x;) = u(0), and we set vy = 0 (no impulse at 0). Formula (3.3)
gives

u(x) = Ux)u(0) + fx(x — y)q_lV(x -y) (h(y) + fy k(y — T)W(T)dT) dy, x € [0, x]. (3.4)
0 0
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For x; <y < x < x4, define simply U(x,y) = U(x — ).
For general times x;_; <y < x; <--- < x; < x < Xi4, define

i1
Ux,y) = U= x) | | UG = %0 UCx; = ). (3.5)
k=j
Here, U(x,y) denotes the propagation operator that evolves the solution from time y to time x across
the impulse points, while U(-) stands for the fundamental solution operator defined in (2.5).
This operator propagates the solution from time y to time x across the jumps.
On J; for i > 1, assume that we know u(x) for x < x;, and that we have already computed the effect
of all previous impulses. Using (3.3) repeatedly, we obtain for x € (x;, x;41],

u(x) = Ux, 0)u(0) + Z U(x, x )i
k=1

i Xk "y
+ Z U(x, xi) f (=) V(=) (h(y) + fo K(y = T)W(T)dT) dy
k=1 Xk—1

+ f x(x - y)q_1 Vix—-y) (h(y) + f ' k(y — T)w(T)dT) dy. (3.6)
X; 0

Fori =1 (i.e., x € (x1, x2]), we have

u(x) = U(x = x)u(xy) + fx(x -N"V(x-y) (h(y) + fy Kk(y = T)W(T)dT) dy.
X 0

But, u(x]) = u(x]) + v, and from (3.4) with x = x;, we get

X1 'y
u(xy) = U(x)u(0) + f (x1 =V V(x —y) (h(y) + f k(y — T)w(T)dT) dy.
0 0

Hence,

X1 Y X
u(x) = Ux = x)| Ux)u(0) + f (= )TV - y) (h@ + f KO- T)W(T)‘”) dyew]+ f
0 0 X1

which is exactly (3.6) with i = 1 because U(x,0) = U(x — x)U(x;) and U(x, x;) = U(x — x;). The
induction step is similar and omitted for brevity.

We look for a solution such that u(0) = u(w) =: #, (the periodic condition). Set x = w = x4
in (3.6). Note that U(w,0) = U(w — x,) HZZI U(xi+1 — x¢), and the sum over £ = 1 to p includes all
subintervals. We obtain

P
ty = Uw, 0t + Y Ulw, 5

k=1

)4 Xk "y
+ Z U(w, xi) f (=T V=) (h(y) + fo K(y = T)W(T)dT) dy
k=1 k-1

+ fw(w - y)q_IV(w -y) (h(y) + fy k(y — T)W(T)a’T) dy.

0

AIMS Mathematics Volume 11, Issue 9, 28710-28739.



28718

Bring U(w, 0)1, to the left side:
P
(I = Uw,0)tg = ) Uw, x)x
k=1

)4 Xk "y
+ ) U, x) f (= )77 V(i - ) (h(y) + f k(v = T)W(T)dT) dy
k=1 Xk—-1

0

+ fw(w - y)q_lV(w -y) (h(y) + fy k(y — T)W(T)dT) dy. (3.7)
Xp 0

Since T'(x) is exponentially stable, there exist constants M > 1 and v > 0 such that
IT(x)l| < Me™, x>0. (3.8)
Define an equivalent norm on X by

|t| = sup|le”™ T (x)1|. (3.9

x>0

It is easy to verify that ||f]| < || < M]||t]|. Let |T(x)| denote the operator norm of 7'(x) in this new norm.
Then, from (3.9) we get
IT(x)| < e, x>0. (3.10)

Now recall that U(x) = fooo E,T (x7y)dy. In the norm | - |,

U] < L EqIT(xy)ldy < fo £e 0 dy = Ey(-vx?). (3.11)

The Mittag-Leffler function E,(-vx?) satisfies 0 < E,(-vx?) < 1 for all x > 0 (see Lemma 2.3).
Hence, |U(x)| < 1 for every x > 0. However, to conclude that |U(w, 0)| < 1, we need a uniform estimate
over all subintervals. Since E,(—vt?) is continuous and strictly decreasing on [0, w] with E,(0) = 1,
and since b := ming<,(xk+1 — x¢) > 0, we have

max |U(xg1 — x0)| < Ej(—=vb?) =1 a < 1.
0<k<p

Using the representation (3.5) of U, it follows that

p
U0 < | [0 —x)l <a”™ <1, x>0, (3.12)
k=0
Consequently, the operator I — U(w, 0) is invertible and its inverse is bounded in the norm | - |, hence
also in the original norm || - ||. We denote
R=(-Uw,0)" € L(X). (3.13)

From (3.7) and (3.13), we obtain
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p
to = (I - Uw,0)”" [Z U(w, Xy

k=1

)4 Xk 'y
+ Y U, x) f (= ) V(e - y) (h(y) + f K- r)w(r)dr) dy
1 0

k=1 Xfe—

+ fw(w - y)q_lV(a) -y) (h(y) + fy k(y — T)W(T)dT) dy.] := B(h). (3.14)
Xp 0

This value is unique because the right-hand side depends only on the given data &, w, {v;}, not on u.

Thus, we obtain a unique mild solution on [0, w] satisfying u(0) = u(w) = t,. Insert the obtained ¢,
into formulas (3.4) and (3.6). This defines a function u(x) for all x € [0, w]. By construction, on each
subinterval it satisfies the integral equation (3.2) with the explicit source term

Y
60) = h(y) + fo K = WD

and the jumps Au(x;) = v;. Moreover, u(0) = ty, and u(w) = xy by the way we defined xy. Hence, u is a
mild solution of (3.2) on [0, w] with the periodic condition.

If another mild solution i satisfied the same periodic condition, then i(0) would also satisty (3.7)
because I — U(w,0) is injective, so ii(0) = t,. Then, the uniqueness of the mild solution on each
subinterval (which follows from the contraction property of the integral representation) forces it = u.

We now prove that the solution we constructed on [0, w] automatically satisfies u(x + w) = u(x) for
all x € [0, w], and therefore can be extended periodically to R*.

Case (1): x € [0, x;]. For such x, x + w € [w, x| + W] = [Xp41, Xps2]. Using formula (3.4) for u(x + w)
but starting from x,,; (which is w), we have

ux +w) = U(x + w — xpu(w) + fx w(x +w-— y)q_IV(x +w-Yy) (h(y) + fy k(y — T)W(T)dT) dy.
0

Xp+1

Since u(w) = u(0) = xp and x + w — x,4; = x, this becomes

ux +w)=Ux)xy + fx(x -V -7 (h(r + w) + fr ’ k(r+w— T)W(T)dT) dr,
0 0

where we made the substitution r = y — w (so y = r + w). Because & is w-periodic, h(r + w) = h(r). For
the memory term, we split the integral:

fr ’ k(r+w—tw(t)dr = fr k(r —ow(o + w)do
0 _

w
(by setting o = T — w). Since w is w-periodic, w(o + w) = w(o). Moreover, «(-) is defined to be zero
for negative arguments (or we extend it by zero). Thus, the integration from —w to 0 gives zero, and
we obtain

f rm k(r +w—-1tw(rt)dr = f ’ k(r — oyw(o)do.
0 0
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Therefore,

u(x +w) = U(x)xg + x(x - V(x-r) (h(r) + fr k(r — O')W(O')dO') dr = u(x).
0 0

Case (2): x € [x;, x; ] withi = 1,..., p. Then, x + w € [x; + W, Xi11 + W] = [Xigps1, Xispr2]. We will
show that the expression (3.6) for u(x + w) with i replaced by i + p + 1 reduces exactly to the expression
for u(x).

First, from the formula (3.5), we obtain

i+p i—1

Ux+w,w) =Ux+w— Xipr1) n Uxeer —x) = U(x — x,)l_[ UCxier —x) = U, 0).  (3.15)
k=p+1
Similarly, forany k = 1,...,1,
i+p i—1
U+, Xiipe) = Uto=xipe) | | Ul—xp) = U=x) | | U1 —x)) = UCx, x). (3.16)
Jj=k+p+1 Jj=k

Now write formula (3.6) for u(x + w) with i replaced by i + p + 1:
i+p+1
ux + w) = Ux + w, wu(w) + Z U(x + w, X )V

k=1
i+p+1

+ Z U(x + w, xk)f (xp — T Wi, -y) (h(y) +f k(y — T)W(T)d‘r)
0

+ fx+w(x +w-)"VEx+w-y) (h(y) + fy K(y — T)W(T)dT) dy.
0

Xitp+1
Because of the periodicity of the impulses, vi.p.1 = vi. Also, the intervals [x;_;, x;] fork > p + 1
are just translates of those for k < p + 1: for K = k- p — 1 we have x_; = xp4p = xp + w and
X = Xpips1 = Xp41 + w. Using the periodicity of 4, w, x and the change of variable y’ = y — w in the
integrals, we obtain

Xk

Y
G = )" V(i — ) (h(y)+ f K<y—r)w(r)dr)dy
0

X %
= f (xe = Y)WV =) (h(y’) + f k(y — T)W(T)d‘[') dy'.
RIS 0

For x € [x;, x;pq ] withi = 1,..., p, we have x+ w € [Xi1p+1, Xirps2]. Applying formula (3.6) to u(x + w)
with i replaced by i + p + 1, we obtain

i+p+1

ulx +w) = Ux + w, wu(w) + Z U(x + w, x)vi

+ Z Ux + w, xk)f (= V'V — 9 dy

+ f w(x +w =) V(x + w - y)py) dy.

Xitp+1
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Since u(w) = u(0) and U(x + w, w) = U(x,0) by (3.16), the first term becomes U(x, 0)u(0). For
the sums, we split the index set {1,...,7 + p + 1} into three parts:

(i) Fork=1,...,p, using U(x + w, x;) = U(x, x;) and the periodicity of v, and ¢, these terms are
exactly the first-period contributions:

P p Xk
D UG xvie+ D Uk, x) f (% = V)V i = ) dy.
k=1 k=1 Xk-1

(ii) For k = p + 1, this corresponds to x,,; = w. Since there is no impulse at w (the jumps are only
at xi, ..., x, within [0, w]), the term v, is not present. Equivalently, this contribution is absorbed into
the initial term U (x, 0)u(0) already accounted for.

(ii) Fork=p+2,...,i+p+1,setk’ =k—(p+1),sothatk’ € {1,...,i}. Using the identities

U(x + W, Xp4pi1) = U, xp), Virspl = Vi

and the change of variable y* = y — w in the integrals (noting that x;_; = xp_; + w and x; = X + W),
these terms become

Z U(x, xp )i + Z U(x, ka)f (= Y)WV — Y)Y dy'.
k=1 k=1 X

k

Finally, the last integral in the expression for u(x+ w), namely fx ::'1 (x+w-y)'V(x+w—-y)d(y) dy,
is transformed via y’ = y — w into L %(x - V)W (x - y)e(y) dy'.

Adding the contributions from (i), (iii), the transformed last integral, and the initial term
U(x,0)u(0), we recover precisely the right-hand side of (3.6). Hence, u(x + w) = u(x).

After shifting the summation index and using (3.15)-(3.16), the whole expression collapses to the
right-hand side of (3.6). Therefore, u(x + w) = u(x).

Consequently, for every x in the interval [0, w], we obtain u(x + w) = u(x). By extending u to an
w-periodic function defined on R* (keeping the same notation u), we find that u := Ph belongs to
PC,(R*, X). This w-periodic extension on R* provides the unique mild solution that is w-periodic to
Eq (3.2). Moreover, using the expression of 7, for x € [0, w], we have the following:

U(0)B(h) + f eV N(he) + f k- Dw(r)dr)dy, x € [0, x1],
X 0

) Xk y
Ph(x) ={ U 0B + X Ulx, ;) f (= )"V = (ko) + ﬁ k(y = Dw()dT)dy

v f ey VG () + f = ow @y + Y U xve € (i
Xi k=1

0

Thus, the function u defined on [0, w] satisfies u(0) = u(w) and u(x + w) = u(x) for all x € [0, w].
Its periodic extension to R* (still denoted by u) belongs to PC,(R*, X) and is a mild solution of (3.2)
on the whole half-line.

Linearity and boundedness of the solution operator P. Define the operator P by P(h,w,{v;}) = u,
where u is the unique periodic mild solution obtained above. From (3.4), (3.6), and (3.14), it is evident

AIMS Mathematics Volume 11, Issue 9, 28710-28739.



28722

that u depends linearly on &, w, and {v;}. Indeed, x; is linear in those data because

P p Xk "y
R= > Uwxve+ ) Uwx) | (=" Vi -y (h(y) + fo Ky = r)w(r)dr) dy
k=1 k=1

Xk—1
) y
+ f (-y""V(w-y) (h(y) + f k(y — T)W(T)dT) dy,
Xp 0
is linear and R = (I — U(w, 0))~" is linear, and each integral term is linear. Hence, P is linear.
We now prove boundedness. From Lemma 2.1, there exist constants Cy, Cy > 0 such that
Ul < CyE,(vox?), IV(0ll < CvE,4(vox?), x> 0.

Moreover, since v, < 0, the Mittag-Lefller functions are bounded on [0, w] by some constants Cy;, Cy.
Thus,

sup [[UM)l < Cy, sup [[V(0)ll < Cy. (3.17)

x€[0,w] x€[0,w]

From (3.5), we obtain the estimates

T P 7o B yet (3.18)
=1 =1

Let b = minj<<p+1 (X% — X¢—1) > 0. Sharper bounds are possible using (3.8)-(3.9), but the constants
Cy, Cy suffice for boundedness.
Now, from the explicit source term of (3.2),

Y
||¢||pc=Hh<y>+ f Ky — W)

"y
< lh()ll + f k(y = Dl lIwlldT < llAllpc + lIKllL10.0) IWllPc-
0 0

(3.19)
Hence, [|¢llpc < Cillhllpc + Cyllwllpc with Cp, = 1, C,, = |||
From (3.14) and the bound ||(I — U(w, 0))7!|| < Cy (some constant, because the inverse exists and is
bounded), we get

)4
loll < Co( D 1@, 1)l vl

k=1

+Z U, x|

f;k (= )TV ~ y)¢(y)dyH " H f (@ =" V(@ = 0)90)dy H)

q q
f (x-y)ldy == <=,
0 q q

we obtain the constants K, K5, and K3 such that

Using (3.17) and the fact that

p
ltoll < K1 D lvill + Kallglec.
k=1
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Then, from (3.4) and (3.6), with similar estimates, we finally get

P
lallpe < Kallxoll + Ks )" 1vell + Kellgllpc.
k=1

Combining with the bound for ¢ in terms of &, w gives

P
ldlpc < Lillallec + Lallwllpc + Ls ) vl
k=1
where L;—L; are constants depending only on w, g, , v, p, and the semigroup bounds. Hence, P is a
bounded linear operator. m|

Theorem 3.2. Suppose X is a Banach space, and let —A be the generator of an exponentially stable
and compact semigroup T (x) for x > 0 on X. Furthermore, suppose the functions F,G : R* X X — X
are continuous and w-periodic with respect to the first variable, and the operators I; € C(X, X) (for
i € N) satisfy the periodicity condition I;,,,1 = I; with Iy = I, where p denotes the number of impulse
moments lying in the interval [0, w]. We also assume that F, G, and I; meet the following requirements:

(HI) For any r > 0 there exists a positive w-periodic function ¢, € C,(R") such that
supy < 1F (X, DIl < ¢o(x) for all x € R*.  For each r > 0, the function ¢, is bounded on [0, w]

I llcqowny

(which follows from its continuity and periodicity), and lim inf =: pp < 0.

F—00

’
(H1*) For any r > O there exists a positive w-periodic function ¥, € C,(R") such that
Supy < lGx, DI < ¥, (x) for all x € R*.  For each r > 0, the function ¥, is bounded on

W rllcqown

[0, w] (which follows from its continuity and periodicity), and lim inf =: pg < 0.

r—o00 r

(H2) For each I, I,(0) = 6, there exists a positive number K such that ||I,(t) — I;(s)|| < K||t — s|| for
allt,s € X, i € N.

Set
Ko = f [kOldy,  p = pr + Kopc,
0
and define

- k ok q - : _
C = ; M'Ej(vb®), b= min (v = %)
Note that the sequence (C;) is strictly increasing, since each term M kE'q‘(vob") is positive. Consequently,
condition (3.20) is most restrictive for i = p; if it holds for i = p, it automatically holds for all
i =1,...,p. Nevertheless, we state it for all i because the contraction estimate for Q, is required on
every subinterval (x;, Xiy1). If
M M
(K+—'°)c,-+—p<1 foralli=1,...,p, (3.20)
vol vol

then the semilinear impulsive problem with memory
‘D u(x) + Au(x) =F(x, u(x)) + f k(x = )Gy, u(y)dy,  x € (x;, Xir1),
0
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Au(x;)) =Ii(u(x;)), i€N, and u(0) = uy, (3.21)
has at least one w-periodic mild solution u € PC,(R*, X).
Proof. According to Theorem 3.1, define the operator Q on PC,(R", X), which can be expressed on
[0, w] as
X "y
U®Bw) + | (x=y)"Vix=y)|FO.u@) + f k(y = IG(z,u(m)dr|dy, x € [0, x4],
0 0

UCx, 0)B() + ) Uk, x)I(u(x)
Qu(x) = =
+Zw<x ) f (= V0= [Fao) + [ s =G uceday

"y
(x WV = )| Fo,u()) + fo k(y = T)G(T, w(T))d|dy, x € (xi, Xi11].
(3.22)

Define B(u) as the periodic boundary value term that determines the initial value u(0) via the periodicity
condition u(0) = u(w), where

p
B(u) = (I - Uw,0))" (Z U(w, x)Iu(x)
k=1
14 X y
D U@ [ =y Ve =y + [ ko= DG uedday  (23)
k=1 Xk—1

"y
= f (@ =) V(w = y)|FG, u(y) + fo Ky - T)G(T, u(r))dr]dy).

One can readily show that the operator Q : PC,(R*, X) — PC,(R*, X) is well-defined. Moreover,
thanks to the continuity of F, G, and [;, the operator Q turns out to be continuous as well. In view of
Theorem 3.1, the existence of an w-periodic mild solution to Eq (3.21) is equivalent to the existence of
a fixed point of Q. Consequently, we shall employ a fixed point theorem to establish that Q admits a
fixed point.

Given any R > 0, we set

Qg = {u € PC,R*,X) | llullpc <R} (3.24)

Observe that ﬁR is a closed ball in PC,(R*, X) centered at the zero elemgnt 0 with radius R. Our next
goal is to demonstrate the existence of a positive number R satisfying Q(Qg) C Q.
First, from (H1) and (H1*), for any u € Q, we have:

IE G, u)Il < dr(y), GO, u)Il < ()

Consequently,
"y Y
|F G ue) + f Ky = DG u(D)dT| < dr(y) + f Ky = DWr(DdT < 3 + KollWrllcqo.-
0 0
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Define
Dr(y) := dr(y) + kollrllco.w)s 1Pl co.0n < IPrllcqo.wy + Koll¥rllcqo.w
and set
or = 1Pgllcqo.w)
R - —R .

Then, by the definitions of pr and pg,

lilreninpr = pr + Kopg =: p.

Now, using the known bounds (from Lemma 2.4 and the properties of U, V)

U@l < ME(vob?) =: co, U, 0)| < M™E (wob?) =: ¢,

H; U(x, xk)” < ; MFEL(vob?) =: C,

and

f(x NV =ylldy < f (o = IV =l dy <

M M
vl ol
we estimate ||Qu(x)||.

For x € [0, x;],

IIQu(x)IISIIU(x)IIIIB(u)||+f0(x—y)q‘lllV(x—y)llfIDR(y)dy

M
< col| Bl + —|1Prlleo,0))-

[vol

For x € (x;, xi41],

1Qu()Il < [1Ux, O 1Bl + Z T Cx, x|

k=1

+ Z U (x, xi)l f o = VNV = DI Pr(y) dy
k=1 X1
+ f (x =Y IV(x — y)l Dr(y) dy
< cillBwll + K Z U Ce, xoll ()

; M
1
+ —Drllco.wp + — IPrllc0.0)-
[vol ol

Since ||u(x)|| < R and 22:1 | U(x, x)|| < C;, we obtain
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M(CC;+1)

|Qu(x)|| < cil|Bw)l| + KC:R + ™
0

” R||C([O,w])-

Now we need an estimate for ||B(u)||. From (3.23) and the same bounds,

p
1B < U - Uw, 0>>-1||(Z U, Ol )
, .
+ 3 I, wl f (e = ) IV = )| Dr(y) dy
k=1 Xk-1
f (@ =) V(W = )| De() dy)

P
(KZ luCeo)ll + —||®R||cqo o Z U@, 301+ | Dlco w]))

k=1 vol

IA

L(K,,R + mH(DRllcqo,w])(Cp + 1))’

where L := ||(I — U(w,0))7!|| is a constant.
Because [|Dgllc0..)) = prR, the inequalities become

M M
T pRR(C, + 1)) + R

1Qu()l| < coL(K,R + o o

for x € [0, x;], and for x € (x;, x;11]

M+ 1)

PrR.
[vol

M
1Qu()ll < e;L(K,R + mpRR(Cp +1)) + KC:R +
0

Condition (3.20) guarantees that for sufficiently large R (so that pg is close enough to p), the right-
hand sides are < R. Indeed, one can choose R so large that

M M
coL(K, + 5 lpR(C + 1))+ T 1,
Yo
M M(C; + 1
GL(K, + —pp(C, + 1)) + KC; + MEC+D <1,
|V0| |VO|

which is possible because pr — p and (3.20) implies the corresponding strict inequalities. Therefore,
0(Qg) C Q.

To prove that the operator Q has a fixed point in Qr, we decompose Q as Q = Q; + O, which can
be expressed on [0, w] as
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U(0)B(u) + f e VG- W|FOu(m) + f k- DG, u(m)dr)dy, x € [0, x],
0 o

X

},
f_ (x = )7V =y FOy u(y)) + fo k(v = T)G(T, u(t))d |dy

X

U(x,0)B(u) +
Ou(x) = ;

£ U xp) f (= )7V (i = 9 PO, 1)
k=1 X-1

N f.? k(y — T)G(, M(T))df]dy, x € (x;, Xix1],

(3.25)

0, x € [0, x],

Qou(x) =3 & (3.26)
DU ORW(), x € (X3, X ],
k=1

Next, we will prove that O, is a completely continuous operator and Q, is a contraction operator.
For each u € Qg, by the definition of Q and the periodicity of u, we only consider the domain [0, w].
Although u € PC,(R*, X) may have jumps at the impulse points x;, the integral terms defining Q, are
continuous in x. Indeed, for a bounded integrand (since F(y, u(y)) is bounded on o by ®g) and an
integrable kernel (x — y)?~!, the map

X f (x =)' V(x = y)Dr(y) dy

is continuous on [a, b] by the dominated convergence theorem. Moreover, equicontinuity of Q;(Qg)
is verified separately on each subinterval [x;, x;11], on which u is continuous. The isolated jumps of
u do not affect the uniform continuity of the integral terms, as the integrals are absolutely continuous
functions of the upper limit. It is clear that Q, is continuous and sends Qy into a bounded subset of
PC,(R*, X). We now turn to showing that the family Ql(ﬁR) is equicontinuous on the interval [0, w].

o If 7,7, € [0, x;] and 71 < T, we can get
1Q1u(r2) — Qru(T)ll < |U(2) = U(r)Il - [[B(wl|

+ f (2 =" = (@ =TIV (2 = Il - D) dy
0

+ f (T =NV —y) = V(T =yl - Dr(y) dy
0

+f (t2 = ) IV(T2 = Yl - Or(y) dy

=L+ L+5L+1,.

We verify that when 7, — 7y — 0, I, (n = 1,2, 3, 4) tends to 0 independently of u € ﬁR. According
to Lemma 2.1(i), when 7, — 7; — 0, I; — 0. Using condition (H1) and Lemma 2.1(ii),
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M”(DR”C([Ow]) 1 _ -1
I < o) f (2 = )" W dy

M| DPglleo,01)
< T 9y — q
= F(q) (Tl ) (T2 Tl) )

2M||D w
< 2M|[Pxllcqo. Dz — 1) >0, 19—1; — 0.
)

M||Dgllcqo,.m)) f . M||Dllcqo,.m))
L<— —dy= —— (1, —11)1 >0, - 0.
4= T(q) 3 (t2—y) T(g+1) (p—1)" > Ty =T —

Ifrp, = 0and 7, > 0, then I5 = 0. If 7y > 0, for sufficiently small £ > 0, by (H1) and
Lemma 2.1(3v),

T1—&
I < ”q)R”C([O,w])f (r1 = Y V(Ty —y) = V(11 = y)lldy
0

T]
+ 1Pkllcqo.w) f (1 = HIV(T2 = y) = V(1 = y)lldy
T1—€&

1Pkllco.wn (! — £9)
< sup |V(ra—y) = V(= yll- 1
y€[0,71-¢]

M Pellcqow
[g+D

-0, -0 1n—-17—>0.
Thus, ||Q1u(12) — Qiu(ty)|l — 0O uniformly for all u € ﬁR as 7, — 71 — 0. Hence, Ql(ﬁR) is
equicontinuous on [0, x;]. A similar argument holds for x € (x;, x;11].

o If 7,7, € (x;, x;+1], by Lemma 2.1(ii) we have

1Q1u(72) — Qru(T)ll < [[U(T2,0) — U(Ty, O] - 1B

+ ”; U(Ty, x1) «L‘: (X — y)q—IV(xk - y)[F + KG]dy

a ZI: U(Ty, xz) f)Ck (X — )’)q_lv(xk N y)[F + KG]dyH
= X1

y)"_1 V(t, — y)[F + KG]dy

- f Ce1 =9 Ve~ [+ kGl
=1 + 12’+ L+ 1+ s,

with the same definitions of /i, ..., Is as in the original proof but with ¢ replaced by ®%. Since
U(x) and V(x) are uniformly continuous for x > 0, when 7, — 7; — 0 and ¢ is sufficiently small,
each I, tends to 0. This proves the equicontinuity for x € (x;, x;.1] (i = 1,..., p). Therefore,
Ql(ﬁR) is equicontinuous on [0, w].

It remains to prove that for any fixed ¢ € [0, w], the set (Q 1§R)(x) is relatively compact in X.
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e For x € [0, x;], define the set (QfgﬁR)(x) as

(QOQR)(x) := {(Q)(x) | 1 € Q. 0 < & < x < xy),

where

(O u)(x) = U(x)B(u)

X—& X y
+q fo f o(x = )1 EOT (x - 30| (3, u(y) + fo k(v = T)G(r, u(r))d |derdy
o

= UWBWHT@ES) [ [ oty e T (- e - 9| F + kGlaoray
0 0

By the compactness of U(x) and T'(£%6), for x € [0, x;], (Qgﬁlg)(x) is relatively compact in X.

Moreover, for each u € Qf and x € [0, x;],

lQu() ~ Qul < ||q fo x f (= ) E(OT((x = 3| F + kG dordy|
+ Hq fj f:) o(x — y)"_lfq(O')T((x - y)"O')[F + KG]do'dyH
< gMI|gllcqo.un fo -yl f; o€ (o)do

+ f C—yldy f it (r)dr)
x—€ 0

5 M| DPgllco,01)
< M||® wpX? do+—a 5 &
< M| Orllcqo,wpx fo oéq(o)do I'(l1+gq) ¢

-0, €—0,6—-0.

Hence, (QlﬁR)(x) is relatively compact in X. o
o For x € (x;, x;11] (i = 1,2,..., p), define the set (Q,Qp)(x) as

(QL5 %)) = {(Qg)(x) | u € Qp, X1 < X =€ < X < xiah

where
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(QVu)(x) =U(x, 0)Bw) + Y U(x, xi) f (= )7V = )| F v u()
k=1 He-1

+ f vy - DG, u(r))dr|dy
0
+q f fé o(x = Y)Y E(AT(x = YY) F(y, u(y))

+ f iy - DG, u(r))dr|dedy
0

=U(x - x;) 1—[ U(xx — xk-1)B(u)

k=1
i i-1 X
+ > U=x) [ [ UG - x) f (5 = )7V = )| F o, u(3)
k=1 j=k Xk—1
+ f ' k(y — 1)G(7, u(r))dr]dy
0
+qT(e%9) f fé (x = ) E(NT((x = YYo= €%6)| F(y, u(y)

+ f ' k(y = T)G(x, u(t))dr|dordy.
0

By the compactness of U(x) and T'(€99), for x € (x;, xi41], (Q(E%ﬁR)(x) is relatively compact in X.
Moreover, for each u € ﬁR and x € (x;, x;41], by the inequality

1Qu(x) = QVu(x)
X 0 y
q f fo o (x = YT ENT(x = y)1o)| F (v, u(y)) + f Ky - )G, u(r))dr]dady”

0

<

X oo Y
o [ [ ew-nme@n- oo+ [ xo-n6eummdaa|
X 0
SqM”(DR”C([O,w])f (X—Y)q_ldY£ o&,(o)do

+qM||q)R||C([O,w])f (X—y)q_ld)’f T(fq(T)dT
xX—€ )

M| Dllcqo.w)
< M||(DR||C([0,w])(X—)Ci)qf;o'fq(o')do'+ T(1 + q) ¢

-0, €—>0, 6—0.
Therefore, for all x € [0, w], (QlﬁR)(x) is relatively compact in X. Hence, by the Arzela—Ascoli
theorem, Q; is completely continuous.

Contraction property of Q,. Let u,v € Qr. If x € [0,x], then [|Qu(x) — Ov(x)|| = 0. For
X € (x;, Xi41], from (3.26) and condition (H2),
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1029 ~ Qv = || U, v (hu) - B
k=1
< |37 U x| Wty - K
k=1

<K ) ME{(vob")llu = vlipc = KCillu = vllpc.
k=1
Thus, ||Qu — Qav|lpc < KCi|lu — v||pc. Condition (3.22) implies KC; < 1, so O, is a contraction.
Based on the above argument, we know that the operator Q = Q; + Q, is a condensing operator
(sum of a completely continuous map and a contraction). Hence, by Lemma 2.5 (Sadovskii’s fixed
point theorem), Q has a fixed point u € Q, i.e., Eq (3.21) has an w-periodic mild solution. O

Theorem 3.3. Let X be a Banach space, and let —A generate an exponentially stable compact
semigroup T(x) (x > 0) in X. Assume that F,G : R* X X — X are continuous, w-periodic in x,
and I; € C(X,X) (i € N) satisfy li.p1 = 1;, Iy = 1, where p is the number of impulse points in [0, w].
Suppose that I; satisfy condition (H2) (Lipschitz with constant K, I,(6) = 6), and that F, G satisfy:

(H3) There exist continuous functions ¢r, ¢ : R* — R* and continuous nondecreasing functions
Y, Yo : RY = R* such that

I1FCx, Dl < pr()Y eI, IGCx, DIl < po()Fa(ld), x20, reX.

Moreover; for all x > 0, the functions s — (x — y)? '¢p(y) and y — (x — y)? '¢ps(y) belong to
L'([0, x]). Also, there exist constants ar,ag > 0 such that

> 1 |
dy = oo, f dy =
faF V() v Yo

(H3’) In addition to (H3), assume that the function lPI"(r) := Wr(r) + Ys(r) satisfies the Osgood

condition
f < dr
= =&
a Y()

for some a > 0. This assumption holds, for instance, if Yr and Y have the same asymptotic
growth rate, or if one dominates the other in the sense that Yr(r) < CY(r) for all sufficiently
large r.

(H4) The kernel k satisfies Ky := fow |k(V)|dy < oo.

Define C; = 3_y M*EX(vob?) (i = 1,..., p), b = minqep1 (6 = Xe-1). If
KC; <1 foralli=1,...,p,
then the semilinear impulsive problem with memory
DY cu(x) + Au(x) = F(x, u(x)) + f ) k(x = Y)Gy, u(y)dy, x € (Xi, Xis1),
Au(x;) = L(u(x)), i€N, 0 (3.27)
u(0) = uo,
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has at least one w-periodic mild solution u € PC,(R*, X).

Proof. Let Q, Oy, and Q, be defined by (3.22), (3.25), and (3.26), respectively, with the full source
term containing F and the memory integral. Using the integral formula derived from the linear case
(without directly applying the theorem), we define the operator Q in (3.22), and we prove that its fixed
points correspond to the solutions of the semilinear problem.

From Theorem 3.1 (extended to the memory term as shown in the linear case), the w-periodic mild
solution of (3.21) is equivalent to a fixed point of Q.

From the proof of Theorem 3.2, we have that Q, is completely continuous and Q; is a contraction
(the arguments for complete continuity use only boundedness on bounded sets, which holds because
Y, Wi are continuous and ¢, ¢ are bounded on [0, w]; the contraction property of Q, is unchanged).
Therefore, we only need to prove that the set

T = {u € PC,(R*,X) | u = 10w + AQZ(%), de O, 1)} (3.28)
is bounded. Then, by Lemma 2.6 (Leray-Schauder alternative), Q = Q; + O, has a fixed point, which
is the desired solution.

By the periodicity of u, we only consider it on [0, w].
Letu € T and ¢ € [0, w]. Then, for some 4 € (0, 1),
u(x)
u(x) = AQu(x) + /le(T)-
For x € [0, x;], @> = 0. Using the expression of Q; and the bounds ||U(x)|| < ¢, [[V(X)] < %
(Lemma 2.1(ii)), we obtain

lluOll < AU - 1Bl

X "y
i1 fo = IV =l HF(y, u(y) + fo Ky = DG, u()d]| dy
M y
< col Bl + —L f (x— )" ]|F<y, u(y)) + f Ky = DG (T, u(D))d]| dy.
I'(q) Jo 0

By (H3) and (H4),

"y y
HF O, u(y)) + f(; k(y = DG(r, u(r))dt|| < pr(MYr(llul) + fo k(y = D)l ¢ ()Y (lu()DdT

< drMYr(luI) + «olldclleo,wn PellluI).

Define .
D(y) := ¢r(y) + kolldclleo,wns WY(r) .= Yr(r) + Pe(r).

Since ¥r, ¥ are nondecreasing, ¥ is nondecreasing. Moreover, using (H3) and (H4), we have

< drMYrluI) + «ollécllcqo.onPellu)I)

< OWF((luMI).

”F (v, u(y)) + L ’ k(y — T)G (T, u(t))dr
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Let n(x) := SUPp<y<x lu(y)||. Because ¥ is nondecreasing, ‘T’(llu(y)ll) < ‘T’(n(x)) for all y < x. Hence,

(Ol < coll Bl + m‘l’(n(x}) f (x = )7 O(y)dy. (3.29)

For x € (x;, x;+1] (i = 1,..., p), using the expressions of Q; and Q,, the Lipschitz condition (H2),
and the fact that I;(0) = 6, we get
" u(xy)
lu(0)ll < AU, O)|[| Bl + AZ U Cx, x| Ik( Ak )‘
k=1

+ U 3l f (= 9 IV G = )l
k=1 Xk—1

dy

X (|F(y,u(y)) + fy k(y — T)G(t, u(r))dr
0

X y
£ f =) VG =W HF(y, u(y)) + fo Ky = DG, u(2)d]| dy

Using [[(u(x)/ DIl < Kllu(xe)ll/A and the bounds [[U(x, 0| < c;, [Ux, x)l| < MTHES S (vob?),
we obtain

@Ol < cill Bl + KZ MES b))
k=1

M " o
* g el kal(x" =) WPy

M * -1 7
‘i f (x = ) D)P(lu(y)Idy.

Since Y_, MHTESR (vob?) < C; and [lu(x)ll < n(w), the second term is < KCin(w). Also,
q’(””()’)”) < ‘T’(n(x)) for y < x. Hence,

M X
lu@oll < cill B@)l| + KCim(w) + ?‘P(U(X))( ij:(x ~ N d(y)dy + f (x —y)q_lq)(y)dy)- (3.30)

Define n(x) = SUPp<y<y |lu(y)|| for x € [0, w]. From (3.29), and (3.30) we obtain, as in the original
proof,

Co||B(M)||+m‘P(77(X)) f (x =)' D)y, x€[0,x],

n(x) < N
di + ei‘P(U(X))f (x =y D(y)dy, X € (xi, X1,

(3.31)

where _
M O ket i * ~
cill Ball + e M ET (v f (= V)T D))y
d; = k=1 -1

1 -KC; ’
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M
6= ————.
[(g)(1 - KCy)
Now, set

M~ x
ol Bl + = P00 [ (=300, x€ [0l
['(q) 0

d; + ei{f’(ﬂ(x))f (x — ) D(y)dy, x € (xi, Xip1].

Then, n(x) < {(x) for all x € [0, w]. Also, £(0) = ¢ol|B(u)||, and {(x;) =d; fori=1,...,p.
Define

{(x) = (3.32)

D;(x) = f (x — ) ' O)dy, i=0,1,...,p,

so that formally ®!(x) = (x - x;)9'®(x). However, since ® is only locally integrable, ¢ is not
necessarily differentiable everywhere in the classical sense. Nevertheless, on each subinterval (x;, x;11],
{ is absolutely continuous, because it is the sum of a constant and an integral of an integrable
function. Therefore, by the fundamental theorem of calculus for absolutely continuous functions,
{ is differentiable almost everywhere on (x;, x;;1], and the following inequality holds in the almost-
everywhere sense,

_é//(X) < { %@6(X), X € [Oa XI],
\P(é/(.X')) eiq);(.X), X € (xi7 xi+l]a
M
where @i(x) = (x — x;)47'®(x) is understood in the L'-sense, and ¢; = ——————. The integration
(@)1 - KC,)

step below is justified by the absolute continuity of { and the monotonicity of ¥. Integrating the above
inequality from O to x for x € [0, x;], and from x; to x for x € (x;, x;41], gives

(0 4 M

f L oy, xel0.xl,
0 Y 1@

and

() gy
f —~ < eiq)i(-x)’ X € (xi’ xi+1]'
Ly W(r)

Since the right-hand sides~ are finite for every fixed x € [0, w] (because ® € L'[0, w] and the kernels
are integrable), and since WV satisfies the Osgood condition by assumption (H3), i.e.,

[
« P(r)

it follows that {(x) cannot blow up at any finite x. Hence, there exists a constant R > 0, independent of
u and A, such that
{(x) <R forall x € [0, w].

Consequently, n(x) < {(x) < R, which implies ||u|[pc < R. Therefore, the set T defined in (3.29) is
bounded.

Since T is bounded, Q; is completely continuous, Q, is a contraction (because KC; < 1), and
Lemma 2.6 (the Leray-Schauder alternative) implies that Q = Q; + O has a fixed point u € Q. This
fixed point is an w-periodic mild solution of the original problem.

O
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4. Application

Suppose Q C R”" is a bounded domain with C? boundary dQ (n € N). Let A stand for the Laplace
operator, and let A; denote the principal eigenvalue of —A under the Dirichlet boundary condition
ulspo = 0. This eigenvalue satisfies 1; > 0 (see [22]).

We consider the following time-fractional impulsive parabolic boundary value problem with a
memory term:

CD?Ciu(t’ X) - AI/l(t, -x) = f(x, I/l(t, -x)) + f K(-x - y) g(ya u(tay)) dy, te Qa Xz Ov X+ Xis
0
Au(t, x;) = Li(u(t, x;)), teQ, x;=im, i €N, (4.1)

uloo = 0,

where "DZ{. denotes the Caputo fractional derivative of order g € (0, 1) with respect to the time variable
x, with lower limit x;, f,g : R" xR — R and I; : R — R are continuous functions, f and g are
2n-periodic in x, I;;, = I;, and « is a locally integrable kernel. In this application, we take w = 2r and
p = 2, with impulse points x; = 7 and x, = 27 = w. Consequently, the periodic extension satisfies
Xi+2 = X; + w. Hence, the impulse functions satisfy I;,, = I;. This is consistent with the abstract
framework (where I;,,,; = I; with p = 2) up to a harmless shift in the index, since xo = 0 is not
an impulse point in the present setting; only the indices i > 1 are used. We assume the following
conditions:

(A1) There exist nonnegative constants pg, p; such that
I/ (e, O < po + p1lél, x>0, £€R.
(A1%*) There exist nonnegative constants pj, 0| such that
lg(e, Ol <pp+pilEl, x>0, E€R
(A2) For each I;, I;(0) = 0, and there exists K > 0 such that
[1;(€1) — [i(&)] < K|é) — &, 1,6 €R, i eN.

(A3) There exist continuous functions ¢, ¢, : R* — R* and continuous nondecreasing functions
¥, ¥, : R - R* such that

lf(x, O < ¢, () £ (1D, lg(x, O < @g(0)¥e(€]), x20, £ER,

and for all x > 0 the functions s - (x — y)7"'¢,(y) and y > (x — y)7"'$,(y) belong to L'([0, x]).
Moreover, there exist ar, a, > 0 such that

R | S |
—d = 00, f dy = oo
. T " P,

8
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Set X = L*(Q) with norm || - ||,. Define the operator A : D(A) € X — X by
D(A) = W*(Q) N W, (), Au = —Au. (4.2)

It is known (see [1]) that —A generates an exponentially stable analytic semigroup 7'(x) (x > 0) on
X. Moreover, T(x) is contractive, i.e., ||T(x)|| < M := 1, and because A has compact resolvent, 7'(x) is
compact for x > 0 [20]. The growth index of T'(x) is vy = —4; < 0.

For u : Q Xx R* — R, define u(x)(¢) = u(t, x), so that u : R* — X. Set

Fx, 00 = f(x,£1),  G(x,OH@) =gx, 1),  eX 1eQ.

Then, F,G : R* X X — X are continuous and 2r-periodic in x. The problem (4.1) is equivalent to the
abstract fractional impulsive evolution equation

‘DY, u(x) + Au(x) = F(x, u(x)) + f ) k(x =) Gy, u(y) dy, x € (x;,xis1),
0
Au(x;) = L;(u(x;)), i€N.

4.3)

For the Nemytskii operators F(x, £)(t) = f(x, (1)) and G(x, €)(t) = g(x, &(f)), the Osgood condition on
the scalar functions f and g ensures the corresponding condition on the abstract operators F' and G.
Indeed, suppose f and g satisfy (A3) with functions ¢, ¢,, ¥, ¥,. Then, for & € X = L*(Q) and a.e.
x>0,

12
I1FCe 2 = (fg |f(x, f(t))lzdt)

1/2
< ( f ¢.f(x>2qff<|f<t)|>2dt)
Q

1/2
S¢f(X)‘1’f(( L If(t)lzdt) )

= ¢ ()Y (€]l2),

where the last inequality follows from the monotonicity of ¥ and the fact that ||£]|, dominates [[£(#)]| in
the L*-sense. The same argument applies to G with ¢,, ¥,. Consequently, (H3) in the abstract setting
holds with the same functions ¥y, ¥,, and the Osgood condition from (A3) transfers directly to (H3").
Thus, the abstract framework of Theorem 3.3 applies to the fractional heat equation (4.1) under the
stated assumptions (A2) and (A3).

Let kg = f;ﬂ |k(y)|dy and define the combined growth constants

tot

Py =p1t Koy, p

+ K
O Limin ¢/l + Kollggllc

r—o00 r

(when the linear growth condition (A1)-(A1*) holds). For the smallness condition we use the quantities

Ci= > M'Evob?), b =minfx;, x, - xi,...,27 - x),
k=1

with M =1, vy = -4y, b = 7 (since x; = «, x, = 27 in our specific choice of impulse times x; = ix).
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Application of Theorem 3.2 (linear growth). Assume (Al), (A1*), and (A2) hold. If

tot

Mp;

[vol

tot

Mp

[vol

(K + )C1 + <1,
then by Theorem 3.2 problem (4.1) has at least one 2x-periodic mild solution u € PCp,(R*, X).
Application of Theorem 3.3 (general growth). Assume (A2) and (A3) hold. If KC; < 1, then by
Theorem 3.3 problem (4.1) has at least one 2r-periodic mild solution.
These results extend and improve the corresponding ones in the literature (e.g., [13—15]) by

including a memory term and allowing more general growth conditions on the nonlinearities.
5. Conclusions

This paper has established the existence and uniqueness (linear case) or existence (semilinear cases)
of w-periodic mild solutions for impulsive fractional evolution equations containing a memory term,
assuming exponential stability and compactness of the underlying Cy-semigroup. The linear result
relies on the invertibility of / — U(w, 0); the semilinear results use Sadovskii’s theorem (linear growth)
and the Leray-Schauder alternative (Osgood growth). Future investigations may include nonlocal
initial conditions, noncompact semigroups, stability analysis, and controllability.
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