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1. Introduction

Throughout this paper, B denotes the unit ball in C", while D refers to the unit disk in C. We
write Hol(B) for the class of all holomorphic functions defined on B, and H* for the subclass of those
functions that are bounded on B. As is standard, the symbol dA stands for the normalized Lebesgue
measure on B, whereas dv designates the normalized surface measure on the boundary S of B.

For u € Hol(B) and w € B, the complex gradient of u is defined by

ou(w) 8u(w))
ow, 777 ow, |

For u € Hol(B), the radial derivative of u at a point w € B is given by

Vu(w) = (

. ou
Ru(w) = w,—(w).
JZ_; ! ow

Fory > 0, if u € Hol(B) and

lly = sup(1 = W) [Vu(w)| < co,

weB
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then we say that u belongs to the Bloch-type space 87 = B7(B). It is well known that 87, when
furnished with the norm

llullgy = [u(O)] + [lull,

constitutes a Banach space, and that 8! coincides with the classical Bloch space on B; we refer to [6,8]
for details.

Suppose 8 > —1 and p > 0. The weighted Bergman-type space Ag = AZ(B) comprises all functions
u € Hol(B) with the property that

”””Zg = flu(w)l” dAg(w) < 0.
B

The weighted Lebesgue measure dAg(w) = Cs(1 - [w|*)? dA(w) involves a normalizing constant C 5- In

the case > —1, the positive measure dAg is a probability measure. It is worth noting that Ag is a

Banach space for 1 < p < oo, while for 0 < p < 1, it is a complete metric space. Moreover, taking

B =0in Ag yields the classical Bergman space; we refer the reader to [16, 18] for a thorough treatment.
For x € B, the Mobius transformation @, on B is given explicitly by

x =Pl = 1= xP(I = P){
1- <é/7 x) ’

where P, denotes the orthogonal projection onto the one-dimensional subspace generated by x (see,
e.g., [8,19]). This transformation satisfies the key properties @,(0) = x, ®,(x) = 0, and ®, = O
Furthermore, a direct computation shows that for any w, x € B, we have

Q.({) =

2, (=P = IxP)
1= |D.w)" = TR

For u € Hol(B) and w, x € B, the invariant gradient of u, denoted FVvu, is defined by
Vu(w) = V(u o ®,)(0).

In what follows, a fixed weight function K € RC™ is assumed to be nonzero, where RC* denotes the
collection of all functions K : [0, c0) — [0, co0) that are positive, nondecreasing, and right-continuous.
Given parameters p > 0, —n — 1 < g < o0, and a weight K € RC", the space Qx(p, q) is defined by

Qk(p,q) := {u € Hol(B) : [lullx < oo},

where, for u € Hol(B), the quantity ||u||x is given by

llully = SquBIVM(W)I”(l — WK (1 ~ 1@ (W) dA(w).

xeB

The corresponding little space Qg o(p,q) consists of all functions u € Qg(p,q) satisfying the
vanishing condition

lim f Vuw)l” (1= wP)'K (1 = [@.w)F) da(w) = 0.
M= UB
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As established in [4], we have
g+n+1
Y=————"
p

Qk(p,q) C B,

Moreover, Qx(p, q) = B if and only if Ix(r) < co, where

/ B Y (S
x(r) = dr. O<r<l. (1.1)

0 r1—2n(1 _ r2)n+l ’

The space Qx(p, g) becomes a Banach space for p > 1 when equipped with the norm

lullaxpg) = (O] + [lullx < oco.

The Qx(p, q)-type spaces were first introduced and studied on the unit disk D by Wulan and
Zhou in [11, 12], where they obtained basic properties and several characterizations in terms of
weighted integral conditions and higher-order derivatives. Their work showed that Qk(p, ¢) contains,
as particular cases, a wide range of Mdobius-invariant function spaces lying between the Dirichlet
space, BMOA (the space of holomorphic functions of bounded mean oscillation), and Bloch-type
spaces. Later, the theory of Qg-type spaces was extended to higher dimensions. In particular, Rong
Hu in [4] defined and investigated Qg (p,q)- and Qg o(p,q)-type spaces on the unit ball B in C”,
establishing inclusion relations with Bloch-type and weighted Bergman spaces and providing further
characterizations.

In [2], Bakhit established six mutually equivalent norms for the space Qg(p,q) on the unit ball
B, providing a unified description and structural insight into Qg (p, g)-type spaces. Building on these
developments, there has been a growing interest in operator-theoretic aspects of such spaces, including
composition operators, integral operators, and pointwise multipliers.

A fundamental question in the theory of function spaces concerns the stability of a space U under
pointwise multiplication: Given & € U and a fixed function ¢, one asks when ¢h again belongs to U,
and how to characterize all such functions ¢. These questions arise naturally in operator theory and
lead to the systematic study of pointwise multipliers and multiplier sequences between function spaces.

The study of multipliers on function spaces has a well-established history and is of fundamental
importance in function-theoretic operator theory, especially in relation to the Gleason problem,
invariant subspace theory, and composition operators. The close connection between the properties
of function spaces and their multipliers has motivated extensive research in this direction, leading to
many significant results (see, e.g., [13,15,17]).

The study of multipliers on classical holomorphic function spaces over the unit disk D has a rich
history. Several fundamental results have been established for spaces such as the Bloch space, BMOA,
Qk, Besov spaces, and Lipschitz spaces; see, for example, [5,7,9].

For x > 0, we introduce the supplementary function

K(xt)
Ag(x) = su .
x(%) te(O,IT] K(r)

This function is required to satisfy the integrability conditions

1 00
f Ag(x) d_x < 00, and f Ag(x) ﬂ < 00, v > 0. (1.2)
0 X 1

X+ 1
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Whenever the weight function K fulfills Condition (1.2) (see, e.g., [12]), the following equivalences
hold:

KQ2x) ~ K(x), K(xt) < K(t) Ag(x), Vx>0.

Following [3], for p,q > 0 and K € RC", the weighted space N(p, q) is defined as the collection
of all u € Hol(B) for which

Il 5 = SUP f uw)IP(1 = WK (1 = [@,(w)) dA(w) < oo.
XE B

In the particular case K(7) = 1, the space Nx(p, g) reduces to the Bergman-type space Af; (B) (cf. [1,3)]).
A thorough investigation of the properties of A} (B) was carried out by Zhao and Zhu in [16].

It is worth noting that the particular choices p = 2 and ¢ = 0 yield the reduced spaces
Qx(2,0) = Qg and Qgo(2,0) = Qko. Upon substituting K(t) = " for s > 0, one recovers the
scale of spaces F(p,q,s); notably, the special cases F(p,q,0) = D;(B), F(2,0,s5) = Q,B), and
F(2,0,1) = BMOA(B) arise naturally within this framework. Finally, taking K() = 1 reduces the
space ¥ (p, g, s) to the classical Besov space B,(B).

Our goals are twofold: To establish an equivalent norm for Qg(p,g) and to obtain a complete
characterization of its multipliers, thereby extending the one-variable theory to the higher-dimensional
setting of the unit ball B in C".

The present paper is organized as follows. In Section 2, we collect some preliminary definitions
and results needed throughout the paper. Section 3 is devoted to establishing equivalent norm
characterizations of Qk(p, g)-type spaces on B, with particular emphasis on descriptions involving
higher-order derivatives. In Section 4, we study pointwise multipliers on Qg (p, g)-type spaces and
derive several characterizations of bounded multipliers. Finally, Section 5 is concerned with the
spectrum of pointwise multiplication operators on Qx(p,q), for which an explicit description is
obtained.

All results in this paper are obtained under the following standing assumptions: p > 0, g > —n — 1,
K € RC" satisfies Condition (1.2), and Ix(r) as defined in (1.1) converges. Any deviation from these
assumptions will be explicitly indicated.

As usual, g; < g, (respectively ¢ 2 ¢») means that g, < c¢;q, (respectively ¢, > c»q,) for some
absolute constants ¢y, ¢; > 0, and we write g; ~ g, if both inequalities hold.

2. Some preliminaries

We record here the following auxiliary lemmas for later use.

Lemma 2.1. Let p > 0 and g > —1, and set y = q++f1. Assume that K € RC" satisfies (1.2). Then, for
any u € Hol(B), membership of u in Qx(p, q) implies that u € B, with the norm estimate

lullaxp.g < llullg.

Furthermore, the equality Qg(p,q) = B holds if and only if the integral Ix(r) defined in (1.1) is
convergent.
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Proof. This follows directly from the main result established in [4], obtained by replacing the Green
function G(x, {) used there with 1 — |(I)x(§ )|2. O

The following lemma is a consequence of Proposition 1.4.10 in [8].

Lemma 2.2. Letd € R, v > —1, and { € B. Define

3 dv(w)
O = | T
1—|nP) da
Q0 (0) (I = Inl*)” dA(n)

5 |1 = (g plteneter
Then the following assertions hold:
o Ifd <0, then the integrals Q4({) and Q4,/({) are bounded on B.
o Ifd >0, then Q) = Qu () = (1 = L)
e Ifd =0, then Qy({) = £,({) ~ log

1
1-g2

Lemma 2.3. Letd € R, vy > —1 and w € B, and suppose that K € RC" satisfies (1.2). For some s > 0,
ifs—n—1<vy<d, then

(1= Iy ) _K(1-1@.00P)
T K(l — @, () )d/l(ﬂ) Y A =) (2.1)
Proof. For any x,w € B let u = ®@,,(x). One readily checks that
()| = W),
and, upon setting n = ®,,({), we obtain
W) = 104,
A direct calculation then leads to
(1 =P 2
——K(1-1|D, dA
Rrprmr (1 - 12.017) dA(n)
(1 - 2
= ———K|(1- w dAa
o 11— (w, )l ( o )aacn
(1 - 1D,(HI)? 2\ 1y (|t
K(1-|o, @ da
Ry 7o (1= 1P ) 10}, dAQ)
(1 — w141 — |2y ((1 — Jul»)(1 - Iélz))
K dAa
e = (w, Do i—wor )"
K(1 - uf) (1 =141
(1= Iwyr=0=eD f - )YA"( ~(u 4>|2)‘”@' &2

By Theorems 3.4 and 3.5 in [10], the Condition (1.2) on K ensures the existence of weight functions
K, and K, that are similar to K on (0, 1) and on (0, o), respectively. For positive constants o, p with
20 < p, it follows that

Ki(ys)/(ys)”

A ~ A ~y’ su
)= Ak )~y oean) Ki(s)/s”

<y, O<y<l, (2.3)
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and

Ky(ys)/ sy

A A 7
K0~ A () =0 oS<ls1£)1 Ky(y)/y=

<y, y=>1. (2.4)

Using (2.3) and (2.4) in (2.2), we obtain

2
f (1-12 >7AK(( — kD) )dﬂ@

(u, P
(1= 1ZP) )
-y | —=5 | da
< [ |§|>(|1_< o) 410
— IZP) )”
1 -1 da@). 2.5
f( |§|>( .07 9] (2.5)

It is straightforward to verify that our assumptions on y and o imply that o + y > —1 and 20" — (0 +
v) —n — 1 < 0. Thus, an application of Lemma 2.2 gives

(1= Py
fB 1= opr 9= 20

Moreover, our assumptions on y and o also imply that p — o +y > —1 and

20p-0)—(-0c+y)-n-1<0.

Thus,
2\y+p—o
f - <'§'§)>|2(p —dAQ) < 1. @.7)
Therefore,
(1 —nP)

o gk (1= 2P d)

Ka—up) K1 -1e.0m0P)
(1 = [w2)dr—n-1 " (1 = |wf2)d—r-n-1"

(2.8)

For x,n € B and r € (0, 1), the pseudo-hyperbolic ball centered at x with a radius r is defined by
ECx,r) ={neB:|®.m| <r}
It is well known that for x € B and w € E(x, 1/2), the following metric equivalences hold:
L=Inl =1 =(w,ml~1-|wl

In addition, one has
[T = (w, ) = [1 =<(n, x)l.

Thus, we obtain
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(1 =InPy 2

— T K(1-10, da

Rreroer (1 - 12.001°) dA(n)
(1=l

> — T K(1-|®.m))dA
> fE(x,l/2>|1—<w,n>|d (1 = 1@.P) )

K (1= |0.w)P)

(1= Py

(2.9)

O

Lemma 2.4. Let g > —1 and suppose that K € RC™ satisfies (1.2) and that the integral Ix(r) defined
in (1.1) is convergent. Then

sup
&,x€B

(1 =Py (1 - 1@,m)P)
f dA(y) < . (2.10)
B

1= (n, e+t

Proof. Fix ¢, x € B. When g+ n+ 1 > 0, Lemma 2.3 yields the desired estimate.
Ifg+n+1=0withg > -1, then g = —n — 1, and the assumption on /¢ (r) ensures the integrability
of the radial part. In this case, we estimate

f (1= Pk (1 = |@.()P) o
RTINS T !

1

d
< fszn—l(l—sz)QK(l—sz)dsf¢1<oo, (2.11)

0 s |11 =< ol
where we have used spherical coordinates and the convergence of Ix(r) together with
Proposition 1.4.10 in [8]. O

The next two lemmas were proved as Lemma 2.2 in [14] and Lemma 2.4 in [7], respectively.
Lemma 2.5. Let h € 87 withy > 0, and let ¢ € B. Then the following hold
(1) If 0 <y < 1, then |h(&)| < |1hllg;
(2) If y = 1, then |h(£)| < log 1_%5,2 lIAlls;
(3) Ify > 1, then |h(€)| < (1 = €7~ ||hlls»

Lemma 2.6. Let g > —1. Then a constant ¢ > 0 exists such that, for all w € B, we have

f |10g 1—<i7 w>|2
. di(n) < (10
o (1= P |1 = (g, wypretes “0P = (508

2
— |w|2) . (2.12)

3. Equivalent norms

In order to obtain a characterization of the space Qk(p, ¢) in terms of higher-order derivatives, we
first introduce, for any 4 € Hol(B), the following integral functionals: For & € Hol(B), we define

Ixa(h) = Supflh(é’)l”(l—Ié’lz)qK(l—ICDx({)IZ)d/l({),
B

xeB
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Igo(h) = |h(0>|”+su1133 f IVRQOIP(1 = [ZP)TPK(1 = [D(OI) dAQ),
XE B
Ixs(h) = |h(0>|”+su]§ fB IVROIP(1 = [ZPY K (1 = [D(OIF) dAQ),
o"h _|P
Ikah) = ) |57 (0)

|m|<N

0"h
pym (9

p
5o @) (- P PVE (1= 10.(DF) dAQ).

esp [
Y€ p=N+1 VB

Before starting with the main result of this section, we establish an equivalent norm for Qx(p, q)
in terms of the gradient, which serves as a key ingredient in the characterization via higher-order
derivatives. The main point is that an integral condition involving 7 € Hol(B) can be replaced by a
condition measured through the gradient of /4, with the two quantities being comparable.

g+n+1

Theorem 3.1. Let p > 0 and g > —1, and set y = . Suppose that h € Hol(B). Then the finiteness
of Ix.1(h) is equivalent to the finiteness of Ix,(h), and, moreover, Ix,(h) = Ig(h).

Proof. We begin by assuming Ix,(h) < oo and establishing that Ix(h) < Ikx2(h). The fact that K €
RC" is nondecreasing and right-continuous ensures that all intermediate estimates hold without loss of
generality. Under the assumption Ix,(h) < co, we have h € Qg(p, g), and Lemma 2.1 yields

1l _ Iga ()7
(L =P+t ™ (1 = [P+t

IRh(| < [Vh()| < (3.1

Therefore, if we fix an integer S > 7y, then we have Rh € A[lg (the weighted Bergman-type space Ag
with p = 1). By Theorem 2.2 in [19], for all € B, we obtain

Rh(w)
h(n) = .
Rin = | e 4

Using Fubini’s theorem and the fact that

0 = Rh(0) = f Rh(w) dAg(w),
B

we obtain

! ds
h(n) — h(0) j(: {Rh(sn) — Rh(0)} -

| ®hw U o,
B

where

! 1 ds
Ui, w) = fo {(1 — s(n, w)yr+1+B B 1} s
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A standard computation using the binomial series shows that

o TG+n+14p) ,
vag.w) = lejj!l"(n+1+ﬁ)<n’w>]

1 1 1
ﬁ+n{(1 — (g, W) 1}+...+10g 1—(mw)

Therefore,
UG Wl $ ————
SWI S .
L TR
Consequently,
[VA(w)|
|h(n7) — K(O)| < f = )P dAg(w). (3.2)

Casel. 1 < p < oo.
For any a > 0, we define

HQ) = (1=KP)IVAQ,
1
R AT
1
8O = T

Consider the operator
THQ) = fu((, w) H(w) dAg_1(w).
B
When 8> 0and 8 > ap/(p — 1), Lemma 2.2 yields

2 (1= iy
[ wenwigFronayo s [ G dion

_Qap P
(1= < g ().

A

Combining Holder’s inequality with the preceding estimate, we obtain

[T H@mI

IA

p—1
( f u@n, w) g7 (w) cmﬁ_l(w))
B

><( f u(n, w) g~"(w) H”(w) d/lﬁ—1(W))

B

A

8" f (g, w) g~ (w) H”(w) dAg-(w). (3.3)
B

Wheng+n+1 > 0,choose 0 < @ < (g+1)/p;inthecase,0 < g+n+1— pa. From (3.2) and (3.3),
by Fubini’s theorem, as long as 8 > g + 1 — pa, we have

f 1) = hOP(1 = [P K (1 = D)) dAy)
B
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< [ irHOIA - K (1= 0.0P) dac)
B
2
o [ U ) )K (1-temP)
< fB g (n)( fB o) 5-1(W) TR ()
< f (1 = WP) IV Qi w) dAg1 (), (34)
B
where
Qi(g,w) = fB u(n, w) g" () (1 = [PY'K (1 = 1@,()*) dAG). (3.5)

By Lemma 2.3, we see that

(1= IyPyrer
Qk(g.w) = fB WK(I—@M)P)M@)

K (1-10w)P)

(1 = [wpy-arer-t” (30
Thus, we have
f () = RO)P(1 = Iy K (1 = D)) dA)
B
< f VAP (1 = W) K (1= @ (w)P) dA(w) < T a(h). (3.7)
B

When g +n + 1 <0, we pick an « satisfying 0 < @ < (¢ + 1)/p, which implies g + n + 1 — pa < 0.
Ifg>qg+n+1- pa,acombined use of Lemma 2.3, (3.1)—(3.3), and Fubini’s theorem leads to

f 1) = hO)P(1 = InPYK (1 = D)) dAm) s Txa(h). (3.8)
B

Casell.O< p < 1.
Choose 8 > 0 to be sufficiently large, with

n+1+«

B=""E i+ D)
p

for some k > p + g + n, and define

G B Oh(w)/0w _ 19 3.0
j(W)_(l—<W,n>)n+1+ﬁ, =L,z...,n ( . )
Invoking Lemma 2.15 from [19], we obtain
flGj(w)l(l — W) dA(w) < NGjllar, Jj=1,2,...,n, (3.10)
B

where A! is the weighted Bergman-type space AZ with p = 1 and weight exponent «.
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Since ¢; > 0 for j = 1,2,...,n, we use the elementary inequalities

2 ~
i+ +c: & oo+t

(Cl+"'+cn)p C‘i)+"'+CZ. (311)

&

Combining (3.2) with (3.10) and (3.11), we obtain

) /
h(n) — h(0) ————dA,
o -nop < [ aam)
p
< { [Gioor+-+iGomanon)
B
<

n P n
{ZnGjnAi} < UG,
=1 =1 ‘
1 n
fs 1= (g, PP (Z

Jj=

[Vh(w)|?
fB 11 — (n, wy|per+h) dd(w). (3.12)

p
ﬁ(W) ] da,(w)
ij

Hence, wheng+n+1>0and pn+ pB > g+n+ 1, using (3.12) together with Lemma 2.3, and the
choice k = p(B+n+ 1) —n— 1, we obtain

f () = hO)I(1 = IPYK (1 = D)) dA(n)
B

Vhi(w)|P
foB 1 - @ (::>)||p<n+ﬁ> dAw) (1 = InPYK (1 = [, ) dAG)

A

A

(1= iy :
fB |Vh(w)|f’( Eerrr e X )d/l(n)) dAw)

7\

f IVAW)IP(1 = )T PP (1 — (@ (w)) dA(w)
B
Ix2(h). (3.13)

A

Similarly, when g+n+1 < 0, provided that pn+ pS > 2n+q+ 1, we may apply (3.12), Lemma 2.3,
and (3.1) to obtain

fB |h(p) = RO)P(1 = [P K (1 = @) dAG)

Vh(w)|P
[ Gk (1= 0,00 4t
B

|W|2)p(n+,8)—q—n—l
Ix(h). (3.14)

A

A

Combining the estimates above in both cases, we conclude that, for all p > 0 and ¢ > —1, we have
f (1) = hO)P(1 = InPYK (1 = 1)) dA@) < Txa(h). (3.15)
B
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which shows that Ix (h) < Ix2(h).
Next, we prove that when I (h) < oo, then I, (h) < Ik (h).
For every g € Nx(p, g), by Theorem 2.17 in [19] and Theorem 1 in [17], we obtain

fB gIP(1 = YK (1 = D, ) dAy)
~ 2O + f VeI’ (1 = )k (1 - 1@, ) dAG). (3.16)
B

Now, for each b € B, set

1 - bP ),L
Fo) = | ——20 ) ),
»(17) (Il Ay ()

so that F;, € Nk(p, q) and, when I (h) < co, we have ||Fyllnypg) S Ix.1(h)'7.
Hence, from (3.16), we have

[ wrra = ey (1= o) dac)
B
< fB IF,lP(1 = YK (1 = 1®.()) dAp) < Txca (h). (3.17)

From the previous estimate, we obtain

J

f VAP (1= [nP)"* K (1 - |,pF) da)
B

PK(1-10,0)P)
(1 = Inl?)ra

2b h(n)

Vh
ey gy

dA(n) < Ik (h). (3.18)

Hence,

< I+ [ e (- P (1 - 0,0)F) RSl [
B 1 —<n,D)P
< Ik (h). (3.19)
Moreover, for the case b = 0, by the subharmonicity of |k|”, we have
O < f P (L = PYK (1 = 19P) dAG) < T (). (3.20)
B

Thus, taken together, these estimates show that

Ixo(h) < Ik (h).

Combining both directions, we conclude that I ;(h) < oo if and only if Ix,(h) < oo, and

IK,Z(h) ~ IK,](h)’

which completes the proof. O
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Theorem 3.2. Let p > 0 and g + n+ 1 > 0, and suppose that K € RC” satisfies (1.2). Then for any
h € Hol(B), we have

1

0"h
h € Qk(p,q) & @ € Qg(p,q+ pN), Y|m|=N. (3.21)

Furthermore, I 3(h) = Ix4(h).
Proof. We first consider the case N = 1. For each j = 1,2,...,n, write

oh
fim) = a_n(")’

J

and set

Ix 1

Swfmwﬁhwﬂwﬁﬂ%@ﬂﬂw,
B

xeB

kyzUWWwaWﬁWHHWWWQHQ@WMW-
B

xeB

Assume that i € Qg(p, g). Then, for each j = 1,2,...,n, applying Theorem 3.1 to f; yields

IK,lj a IK,2j-

Since ¢; > 0 for j = 1,2,...,n, we may use the inequalities in (3.11). It follows that
Ixs(h) =~ |h(0)P + Zn: 6—h(0)p + ZH:I ;
K4 ~ - anj - K2j
~ WO + Y Ty ~ Ixa(h) < oo, (3.22)
=1
This shows that, for each j = 1,2,...,n, we have

oh
— € Qk(p,g+ p),

an;
and that Ix 3(h) = Ix4(h) in the case N = 1.
Conversely, assume that, for all j =1,2,...,n, we have
oh
—— € Qk(p,q + p).
an;

Then each Ix,; < oo, and by applying Theorem 3.1 to f; we obtain

IK,lj ~ IK,2j-

Hence
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Ix3(h)

X

O + > Ik
j=1

O +
j=1

Thus i € Qk(p, g) when N = 1; in this case, Ix3(h) = Ix4(h).
For N > 1, the result follows by induction on N, using the same argument applied successively to
derivatives of order 1,2, ..., N. This completes the proof. O

X

oh |1 <
a—m(O) + ; Ixa; ~ Ixa(h) < . (3.23)

Given that the characterization in Theorem 3.2 is expressed in terms of derivatives of order N, it is
natural to ask what happens when the order of differentiation is strictly less than N. The result below
provides a partial answer to this question.

Corollary 3.1. Let p > 0 and g > —1, and suppose that K € RC" satisfies (1.2). For any h € Hol(B),
the following assertions hold:

(i) If g — p > —1, then h € Qk(p, q) if and only if h € Nx(p,q — p);
(ii) If g — p < —1, then for any 0 < 6 < g + 1, whenever h € Qg(p, q) we have

1Plinkp.g-0) S hllaxp.ap-

Proof. The proof follows directly from Theorem 3.1. It suffices to replace the parameter ¢ in (3.1) by
q — p, while every other occurrence of ¢ in (3.1) is replaced by g — 6. O

4. Pointwise multipliers on the space Qx(p, q)

Given two function spaces U, and U, on B and a function ¢ : B — C, we call ¢ a pointwise
multiplier from U, into U, if

Myh := ¢h € U, forevery h € Uj.

The collection of all such multipliers M,, : U; — U, is denoted by PM{U,, U,}, with the convention
that PM{U,,U,} = PM{U,}. We use the symbol ||[M,|| to denote the operator norm of the bounded
pointwise multiplier M, on B. Since the space Qk(p, g) contains a variety of classical function spaces,
a full characterization of its pointwise multipliers is rather intricate. In this section, we establish the
following result.

Theorem 4.1. Let p > 0 and q > —1, and suppose that K € RC" satisfies (1.2). Then the following
hold.

(1) If p> g +n+ 1, then ¢ € PM{Qxk(p, @)} if and only if ¢ € Qx(p, 9).
(2) If0<p<qg+n+1, then p € PM{Qg(p, q)} if and only if ¢ € H*.
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(3) Ifn+1+qg>p=>q+1and p € PM{Qk(p,q)}, then ¢ € H® N Qk(p, q). Conversely, if ¢ € H®
and

sup (n)' — Py MK (1= @) ) dAGp) < oo, (4.1)

s

agl

then ¢ € PM{Qk(p, q)}, where we assume p(N + 1) > n.
(4) Ifn+ 1+ q = p and ¢ € PM{Qx(p, q)}, then ¢ € H* N Qk(p, q) and

2
sup(1 = Inf") [V ()| log ——— < . 4.2)
neB |77|

Conversely, if ¢ € H* and

p
sup fB Vel (1 = Iy (log ) K (1= @) daGp) < oo, (4.3)

xeB

1
1 —Inl?
then ¢ € PM{Qxk(p, q)}.
Proof. We begin by establishing the necessary conditions. Suppose that ¢ € PM{Qx(p, ¢)}. For every
h € Qk(p, q), the product M,h = ph belongs to Qk(p, q), and the operator M,, is bounded on Qk(p, ).

Taking the constant function a(n) = 1 € Qx(p, q), we obtain ¢ € Qg(p, q).
Now fix an arbitrary element £ € B with & # 0, and let @ := (¢ + n + 1)/p > 0. Define

APy 1— P )
Gén =— - )
€ |§I((1—<n,§>)2“ A= mor

Then G(£, &) = 0. Differentiating in 1, and since |£] < 1, we may absorb |£|™! into the implicit constant;
hence

4.4)

(1 = [gPyre=D L 1- 5

VG, )l < = e = .y 4.5)
Moreover,
=KD e
Jim a1 -1 - 1) =0, (4.6)
so that
1 - 2
|G(£,0)[ < sup ﬁ{(l — -1} s 1. 4.7)
0<é]<1 |§|

By definition, we have
IGII% = SUPIIVG(f wIP(1 = WPYTK(1 = |@(w)I) dA(w).

Therefore, using (4.5) with w in place of n, we get

Gl < Sup((l — YT (0, €) + (1= €Y Ta(x, f)),

xeB
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where

1 = [wP)?
Ji(x,€) I=fB| 0= K(1 = |@(w)]*) dA(w),

So(x,€) =

1 - <W, €:>|p(2(x+1)
(1 = wP)?
5 11— (w, HHpeth

K(1 = |@,(w)I*) dA(w).

In light of Lemmas 2.2 and 2.4, and after elementary computations, we have

sup sup(1 — |6V (x,6) < 1,

£eB xeB

(eB xeB

Combining these estimates, we obtain ||G|lq.(y.q < 1. Hence

IMyGllap.g < IMlHIGllagp.gp < IM]l.

For any d,n € B, and «, € (0, 1), let

E(d, ko) = {n € B : [®4(n)]

For any d € B and 7 € E(d, 1/2), we know that

< K()}.

sup sup(l — |£%)PJo(x, &) < 1.

1 -k 1 + k
YA -1dP) < 1P < —=2A - 1dP),
1+« I - ko
1 -k 1
YA —1dP) < 1 -@d) < (1—1dP),
1+ ko 1 —«o
(1= 1P = g% ) )
> 1= D" >1—k5.
1= (. dyP a1 0

If we let & € E(x, 1/2), then

IA

A

fE( ) [Vie(mGE,m]IP (1 - |77|2)qK(1 _ |®x(77)|2> dA()

fB VIeGEMIP (1 = YK (1 = [@.(pI) dAGy)

[IML||”.

Using (4.9) in (4.10), we obtain

Thus

AIMS Mathematics

IA

A

K(3/4) (1 - &) f IVIe(mG(E, mI” dA(n)

E(x,1/2)

S FLADGE DI (1=K (1 = 2F) )

[IML||”.

f Ve GE, mIIP dA(n) <
E(x,1/2)

M1

(1 - P

Volume 11, Issue 9,

(4.8)

4.9)

(4.10)

4.11)

(4.12)
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An application of [19, Lemma 2.24], combined with (4.12) and evaluated at n = &, yields

1
(T —1ePr
p
oM
(1= gPyrt

Consequently, [p(&)| < [[Myl. Since £ is arbitrary, it follows that ¢ € H™.

Now consider the case p = g +n + 1. Since ﬁm # 0 and ﬁm # 1 for n, & € B, we define

VIemGE ] < fE - IViemG(E& mII° dady)

(4.13)

2\ 2\
(n) = (lo —) (10 —) ) (4.14)
rm=\eer—ag) T
By applying Lemmas 2.4, 2.6, and [8, Theorem 1.4.10], we obtain

fellaxpg) S 1-

Therefore, for every x € B, we have

f Ve felP (1 = [P K (1 = 1©,a)F) dAGp) < M. (4.15)
B

A straightforward calculation reveals that

[ v vemra - Py (1 - 0.00F) daco
B

S IMIPIRlE N fellg, gy S IMGIPIIE, - (4.16)
Consequently, from (4.9) and (4.16), combined with [19, Lemma 2.24] at = £, we have

bt

(1 —JgPy!
1

K(3/4)(A - [gPya

X L( ) |fg(7])V()o()7)|1’ (1- |77|2)qK(1 _ |(Dx(77)|2) dA(n)

|fe@ V)|

A

f ZO\ZOIERE)
E(x,1/2)

Q

< (IMLII” + lel2,) - (4.17)

K@3/4)(A - |gPya

Since p = g + n + 1, the estimate above gives

p
{(1 — EPIVe(é)l log } S IV |1” + el - (4.18)

2
1—|gpP

Thus,

2215{(1 €] )IVso(f)llog1_|§|2}< , (4.19)
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which is exactly Condition (4.2).
To establish sufficiency, we consider the four cases in Theorem 4.1 separately.

Case (1). g+n+1< pand ¢ € Qx(p, q).
Let h € Qk(p, q). By Lemmas 2.1 and 2.5, we have

+n+1
Qx(p.q) CB cH®, y= %

S0, in particular, &, ¢ € H*. For any x € B we estimate

fB VIe(mhmIP(1 = Iy K (1 - 10.(I) dA()
< f e@IPIVAGIP(1 = [PYK (1 = 1@, (7)) dAGy)
B
+27 f I VeI (1 = YK (1 = D)) dAGn)
B
< NI, ) + IR, ) o (4.20)

Since h € Qk(p, q) was arbitrary, it follows that ph € Qg(p,q) for all A, i.e., ¢ € PM{Qg(p, q)} in
Case (1).

Case(2).0<p<g+n+1andgpec H”.
Let h € Qk(p, q). By Theorem 3.1 and Corollary 3.1, when 0 < p < g + 1, we have

fB AP (L = [P K (1 = 10,0 ) dAG)

< [RO)I” + sup f [VA(mIP(1 - |77|2)qK(1 - |(Dx(77)|2) da(n)
x€B JB
P
S hllge g (4.21)
Since ¢ € H® ¢ B!, Lemma 2.5 gives
llells:
Vel 5 - s (4.22)

Therefore

fB IVIemh1IP(1 = YK (1 = |, ) dAy)

IA

2%lll?, f VAP (L = YK (1 = 10,0 ) dAG)
B

+27 f AP IV (1 = InP)K (1 = [0.(pI) dAGy)
B
27|l 1]

IA

p
Qk(p.q)

2l [ P = WYUK (1 = 10,)F) dac
B
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S @lENANG, (g + el lIAlG, 0

Hence ¢ph € Qx(p, q) for all h, so ¢ € PM{Qk(p, ¢)} in Case (2).

Case (3).g+n+1>p>qg+1,¢€H”, and (4.1) holds.
Let h € Qk(p, q). By Lemmas 2.1 and 2.5, we have

g+n+1
()l < (1 =P 7 [1hllagpa)-

Since ¢ € H® c B!, we also have

Vel s (1= )" liglls,

and thus, forall k > 1,

—(77) < (=) liglls

Under the condition p(N + 1) > n, Theorem 3.2 together with (4.1), (4.24), and (4.25) yield

f IVIemhmIP (L = Ik (1 = 10l dAGy)

<
dehy [
+ sup Z f (;90,)(77)| (1= IpP)* K (1= 1@, ) da)
x€B SN+1 VB ¢
< ekl
% 5 faap ?1o'h ()PK(1—|<I>x<n)|2)
+ sup ; —
w8 (12 oty 2 194 o (1= fpPyme=r™
) il P K( 1—|c1>x(n>|)
s ”(’Dh”QK(p,q) * ”(’0” B 4 5§l |n7[%)~a-pCi=1)
7 ( — [2.(m)P)
+lell?, su h(n)|? da
el xe£|1|:zzv+1 P ). e iy A0

S IMIPIAIG, (.0 + lelig Al .0
I, > do [PK(1L-10.0P)  dam
su —
Qk(p.q9) xdg i e 6{1 (1- |,7|2)—p(N+1) (1 _ |n|2)n+l

p p
S IMIPIAIG, oy + I IR o + 11 0

(4.23)

(4.24)

(4.25)

(4.26)

Consequently, for every h € Qx(p, q), we have ph € Qg(p,q), meaning that ¢ € PM{Qk(p, g)} in

Case (3).
Case(d). p=qg+n+1,¢pe H”, and (4.3) holds.
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Let 7 € Qx(p,q). Then h € B!, and by Lemmas 2.1 and 2.5

lh(m)] < log lIAllg- (4.27)

2
1 —InP
In view of (4.3), it is also necessary that ¢ € Qx(p, ). A direct calculation yields
f IVieh@IP (1 = PYK (1= 1.)F) dAGr)
B

< 27 fB P IVRIP(1 = InP)K (1 = 10, dAG)

p
£27l, f VeI’ (l"gl—mv) (1= InPYK (1 = 1)) dAm)
B

S gl . + el I, + NI, (4.28)

Therefore, for all 1 € Qk(p,q), we have ph € Qg(p,q), which shows that ¢ € PM{Qk(p,q)} in
Case (4).

Combining the four cases, we obtain the sufficiency part of Theorem 4.1. Together with the
necessity already established, the proof is complete. m|

The following corollary is a direct consequence of Theorem 4.1 (cf. Corollary 4.2 in [15]).

Corollary 4.1. (a) When 0 <y < 1, we have ¢ € PM{B"} < ¢ € B.
(b) Wheny > 1, we have ¢ € PM{B"} < ¢ € H”.
(c) Wheny > —1, we have ¢ € PM{Nk(p,v)} — ¢ € H*.
(d) Wheny = 1, we have ¢ € PM{B'} &< ¢ € H* and

2
sup(1 = %) V()| log ——— < co. (4.29)
neB I- |77|

Proof. In Theorem 4.1, sety = (¢ + n + 1)/p. Under Condition (1.1), Lemma 2.1 ensures that

QK(p7 q) = B}’,

and an application of Case (1) of Theorem 4.1 establishes Conclusion (a).

Under Condition (1.1) with 0 < p < g + n + 1, Case (2) of Theorem 4.1 applies and yields
Conclusion (b).

Since Ng(p,y) = Qx(p, p+7), this falls under Case (2) of Theorem 4.1, which gives Conclusion (c).

Finally, under Condition (1.1) with p = g + n + 1, by [8, Theorem 1.4.10], if Condition (4.2) holds
then Condition (4.3) also holds, and thus Conclusion (d) of the corollary follows. O

It is worth noting that Corollary 4.1 was established by a different approach in [15, Corollary 4.2].

Remark 4.1. Determining sharp necessary and sufficient conditions for Cases (3) and (4) of
Theorem 4.1, particularly a clean sufficient condition, remains an open problem.
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5. Spectrum of multiplication operators on Qx(p, g)-type spaces

Recall that for a bounded linear operator 7~ on a function space U, the spectrum of 7 is the closed
set
(7)) ={z € C:9 -zl is not invertible},

where I denotes the identity operator on U. Based on this definition, the spectrum of multiplication
operators on Qg (p, g)-type spaces admits an explicit characterization, as we establish below.

Theorem 5.1. Let g > —1 and 0 < p < g+ n + 1, and suppose that K € RC" satisfies (1.2). Let ¢
be the symbol of a bounded multiplication operator My, on Qk(p, q). Then c(My) = ¢(B), which is a
compact subset of C contained in B.

Proof. For w € C, observe that
M, -wl =M,_,,

so w € o(M,) if and only if M,,_,, fails to be invertible. Indeed, whenever M;lw exists, it necessarily
coincides with M,_)-1.

Now let 7 € ¢(B). Then £ € B exists with ¢(0) = 1, so (¢(£) — n)~! is not defined at £, and hence
the operator M,_, cannot be invertible on Qx(p, g). Since o"(M,,) is closed, it follows that

¢(B) € o(My).
Conversely, suppose n ¢ ¢(B). Then a constant C > 0 exists such that

}Iég le(d) —nl > C,

which ensures that

g =

(&) —n
belongs to H*. For any & € Qk(p, ¢) and any x € B, we estimate

fB VLRI = 1ZPYK (1 = [@F) dAQ)

VAOP A0 2 2
2p 4 b P —22 (1 = q |-, il
I (w(g)—mﬂ e |<p(§>—n|zp)( YK (1 - 2.0 dA@)

< f VAP (1 = [EPYK (1 = 104()P) dAQ)
B
+ f RO IVeP (1 = 17K (1 = [@()P) dA)
B
< Al + fB OV (1 = [ZPK (1 = [0.(I) dAQ). (5.1)

Since 0 < p < g+ n + 1, an argument analogous to the proof of Theorem 4.1 shows that
PM{Qk(p,q)} < H”.
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In particular, because ¢ € PM{Qx(p, )}, we have ¢ € H* and ¢h € Qg(p, q) for every h € Qx(p, q). It
follows that

f QPP V)P (1 = LYK (1 = [0.() dAQ)
B

A

fB VIAQ@OIP(1 = 12K (1 = [©(Q)F) dA)

+ fB VRQOPIe@P (1 = 1EFYK (1= 190 da@)

ekl o) + el IIAIL, - (5.2)
Combining (5.1) and (5.2), we see that

AN

Ighllaxp.a < l1llaxp.
for every h € Qk(p, g), which shows that gh € Qk(p, ¢) and hence

g € PM{Qk(p, 9)}.

In particular, the multiplication operator M, is bounded on Qx(p, g) and serves as the inverse of M,—nl;
that is
My, —nDM, = M,(M, —nl) = 1.
Thus n ¢ o(M,). L
Since we already know that ¢(B) € o(M,), the argument above shows that the reverse inclusion
also holds. Therefore
o(M,) = ¢(B),

as claimed. O
6. Conclusions

In the present work, we have investigated Qg (p, g)-type spaces on the unit ball B in C" from
several complementary perspectives. We established equivalent norm characterizations of these spaces,
providing new descriptions in terms of higher-order derivatives that extend and unify previously known
results in the literature. These characterizations not only clarify the internal structure of Qx(p, ¢)-type
spaces, but also reveal their connections with several classical function spaces, including Bloch-type
spaces, Besov spaces, and BMOA(B).

As an application of the equivalent norm characterizations obtained above, we have analyzed
pointwise multipliers on Qx(p, g)-type spaces and established explicit conditions for boundedness. In
addition, the spectrum of the pointwise multiplication operator M, on Qx(p, g) was fully determined,
yielding the identity

7(M,) = o(B).
These findings extend corresponding results on Bloch-type spaces, Besov spaces, BMOA, and classical
Qy spaces, due to Zhang, Ortega, and Li—Wulan, to the more general framework of Qg (p, ¢)-type
spaces.

The results of this paper suggest several directions for future research, including the study of
Volterra-type operators, composition operators, and weighted differentiation operators on Qx(p, q)-
type spaces, as well as further spectral-theoretic investigations in this framework.
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