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Abstract: In our previous study, we explored the stationary distribution of dengue fever models with
Brownian motion, to investigate the differences between Brownian motion and the mean-reverting
white noise. In this paper, we establish a dengue model with the mean-reverting white noise. First,
we utilize the stochastic comparison theorem to prove solution boundedness, and construct a Lyapunov
function to demonstrate the existence of the solution. Following this, sufficient conditions guaranteeing
the stationary distribution of solutions are presented. To further validate the analytical derivations,
numerical simulations are presented. Under the premise that the parameters remain constant, for case 1,
compared with Brownian motion, the values of the system are more concentrated, and the histograms
tend to be a normal distribution. For case 2, it was found that compared with Brownian motion,
the model with the mean-reverting white noise shows an exponential decrease in the number of the
infected population over time, and the distribution of the suspected population is closer to the normal
distribution.
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1. Introduction

Dengue fever represents an acute arthropod-borne infectious disease resulting from infection with
mosquito-transmitted dengue virus. Due to its rapid spread and high incidence rate, it is currently
one of the most widely distributed, most affected, and most harmful arbovirus diseases in the world.
The dengue fever outbreak in 2025 was a mosquito-borne infectious disease event that broke out in
many countries around the world that year. Aedes mosquitoes transmit the dengue virus to trigger
this disease, which spreads chiefly throughout tropical and subtropical regions. For example, Brazil,
the Philippines, Bangladesh, and Pacific Island countries were the main epidemic areas. As of
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December 26, 2025, the number of suspected dengue fever cases reported in Brazil in 2025 decreased
by 75% compared with the same period last year, still standing at 1,660,190. The World Health
Organization said that the dengue fever epidemic in Sudan is severe, with more than 37,000 people
infected. Entering 2026, the epidemic situation remains at a high level. As of early April 2026, Brazil
reported 2,212 new dengue fever cases in a single week, topping the world in terms of the number
of new cases. According to the monitoring data of the Ministry of Health of Malaysia and the World
Health Organization, from January 4 to March 26, 2026, a total of 14,316 cases of dengue fever have
been reported across the country, including six deaths. In the face of the high incidence of the epidemic,
mathematical tools can effectively help us understand the dynamic behavior of dengue fever.

We have noticed that research on the dynamic behavior of dengue fever has been quite extensive.
For example, Li et al. [1] studied the impact of temperature changes on the dengue fever model and
the optimal control strategy and simultaneously revealed that intervention measures have a decisive
influence on the effectiveness of epidemic control. Aprianti and Sonia [2] established the susceptible-
exposed-infected-recovered aquatic-susceptible-exposed-infected (SEIR-ASEI) dengue fever model
and conducted a stability analysis and sensitivity analysis of parameters. Zhu et al. [3] explored the
dynamics of dengue fever transmission with non-local incidence and free boundaries. Guo et al. [4]
built a delayed stochastic differential system model based on Wolbachia and illustrated the influence of
environmental noise on virus dynamics through numerical simulation. Bounouiga et al. [5] studied
the control measures of dengue fever through the basic reproduction number, equilibrium point,
and stability. Cheng [6] confirmed the effectiveness of fused data augmentation, multi-scale feature
engineering, and hybrid deep learning in dengue fever prediction. Li et al. [7] analyzed the impact of
limited medical resources on the spread of dengue fever. Chen et al. [8] incorporated human mobility
data into a deep learning-based dengue fever model to explore dynamic behavior. For more research
on the dynamic behavior of dengue fever, please refer to the literature [9–11].

Additionally, mean reverting has been widely used in epidemiology [12–14] and financial
economy [15–17] because it has better characteristics than the Brownian motion. It is not only found
that the mean-reverting Ornstein-Uhlenbeck process can well describe the environmental variability
in biological systems, but it is also closer to the reality in theory and biology. Wang et al. [18]
proposed a new susceptible-infected-susceptible (SIS) model with the Ornstein-Uhlenbeck process of
mean reversion and found that a smaller reversal rate or a larger fluctuation intensity can suppress the
outbreak of the disease. Sun et al. [19] constructed an epidemic model with distributed delay and mean
reversion Ornstein-Uhlenbeck processes. The existence of the sole traversal stationary distribution and
the sufficient conditions for the eradication of infectious diseases were discussed. Liu and Chen [20]
established a susceptible-infected-quarantined-recovered-susceptible (SIQRS) epidemic model with
the Ornstein-Uhlenbeck process and obtained the threshold that determines the outbreak or extinction
of the disease. Hao et al. [21] researched the combined influence of mean reduction white noise and
spatial diffusion on the spread of diseases. We notice that the Ornstein-Uhlenbeck process is a Markov
state process of a continuous orbit. In this paper, we consider the generalized colored driving noise
of the Ornstein-Uhlenbeck process, namely, the mean-reverting white noise, which is often introduced
into the equation as an external driving noise.

Based on the above analysis, we can see that there have been many studies on epidemic diseases
caused by Brownian motion and the mean-reverting white noise. However, there is no comparison
between the two at present. Therefore, in order to explore the influence of Brownian motion and the
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mean-reverting white noise on the dynamic behavior of dengue model. In this paper, a new dengue
model formulated with spatial diffusion and the mean-reverting white noise is put forward, and the
influences of Brownian motion and mean-reverting white noise on stationary distributions are analyzed.
Three innovations are outlined below: (1) The inclusion of the mean-reverting white noise generalizes
classical dengue models from existing literature; (2) we obtain the stationary distributions for the
spatially diffusive stochastic dengue model and provide the sufficient conditions for its existence; (3)
numerical examples verify our theoretical theorems and reveal differences between Brownian motion
and the mean-reverting white noise in shaping stationary distributions.

The layout of this article is arranged as below. Preliminary theoretical foundations are provided,
and a new model coupled with spatial diffusion and the mean-reverting white noise is formulated in
the corresponding Section 2. We start Section 3 by establishing the well-posedness of solutions to
the proposed dengue model, followed by the derivation of sufficient conditions for the existence of
its stationary distributions. We perform numerical simulations in Section 4 to support the theoretical
analysis, and Section 5 concludes this work.

2. Model

Aedes mosquitoes exhibit foraging behavior that tends toward human hosts, and their spatial
distribution is significantly regulated by the spatial distribution of the population. Therefore, the cross-
diffusion term is introduced to describe the directional migration behavior of Aedes mosquitoes caused
by the host density gradient. On the basis of reference [22], we give the following model:

∂X1
∂t = d14X1 + µhNH − µX1 −

βXb
NH+m X1Y2, x ∈ Ω, t > 0,

∂X2
∂t = d24X2 +

βXb
NH+m X1Y2 − (µ + γH)X2, x ∈ Ω, t > 0,

∂X3
∂t = d34X3 + γHX2 − µX3, x ∈ Ω, t > 0,
∂Y1
∂t = d44Y1 + A − νY1 −

βY b
NH+mY1X2, x ∈ Ω, t > 0,

∂Y2
∂t = d54Y2 +

βY b
NH+mY1X2 − νY2, x ∈ Ω, t > 0,

(2.1)

with boundary condition

∂X1

∂ν
=
∂X2

∂ν
=
∂X3

∂ν
=
∂Y1

∂ν
=
∂Y2

∂ν
= 0, x ∈ ∂Ω, t > 0, (2.2)

and initial condition

X1(·, 0) = X1,0(·), X2(·, 0) = X2,0(·), X3(·, 0) = X3,0(·),Y1(·, 0) = Y1,0(·),Y2(·, 0) = Y2,0(·), x ∈ Ω. (2.3)

X1, X2, and X3 represent the human population densities of susceptible, infectious, and recovered, at
location x and time t. NH is the human population and NH = X1 + X2 + X3. Y1 and Y2 represent the
mosquitoes’ population densities of susceptible and infectious, respectively. Ω is a bounded domain
with smooth boundary. The meanings of the remaining parameters can be found in Reference [22].

We assume the death rate is a random process. Next, we introduce the mean-reverting white noise,
which has the following form: dµ(t) = ϑ1(µe − µ(t))dt + ξ1dB1(t),

dν(t) = ϑ2(νe − ν(t))dt + ξ2dB2(t),
(2.4)
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where ϑi, ξi, and Bi(t), (i = 1, 2) represent the reversion rates, intensity of volatility, and Brownian
motion, respectively. µe and νe denote the average level of mortality µ and ν. ϑi, ξi, µe, and νe are
positive constants.

With the stochastic integral expression (2.4) for the arithmetic mean-reverting white noise, we arrive
at the explicit solution below:µ(t) = µe + (µ0 − µe)e−ϑ1t + ξ1

∫ t

0
e−ϑ1(t−s)dB1(s),

ν(t) = νe + (ν0 − νe)e−ϑ2t + ξ2

∫ t

0
e−ϑ2(t−s)dB2(s),

(2.5)

and we formally rewrite the Itô integral as an integral with respect to white noise,

ξi

∫ t

0
e−ϑ1(t−s)dBi(s) = ξi

∫ t

0
e−ϑi(t−s)δ(· − s)dsḂi(t).

(δ(· − s) represents the Dirac δ generalized function). Let

εi(t) = ξi

∫ t

0
e−ϑi(t−s)δ(· − s)ds,

(εi(t) is the generalized random amplitude), and (2.5) can be almost surely (a.s.) rewritten asµ(t) = µe + (µ0 − µe)e−ϑ1t + ε1(t)Ḃ1(t),
ν(t) = νe + (ν0 − νe)e−ϑ2t + ε2(t)Ḃ2(t),

(2.6)

where µ0 := µ(0) > 0, ν0 := ν(0) > 0, and εi =
ξi

2ϑi

√
1 − e−2ϑit, (i = 1, 2). Upon substituting (2.6) into

system (1) (where Ḃi(t) is white noise, equivalent to the Itô differential form εi(t)Ḃi(t) = εi(t)dBi(t)),
we obtain the subsequent stochastic system as shown below:

dX1 = [d14X1 + µhNH − µeX1 − (µ0 − µe)e−ϑ1tX1 −
βXb

NH+m X1Y2]dt − ε1(t)X1dB1(t),
dX2 = [d24X2 +

βXb
NH+m X1Y2 − γHX2 − µeX2 − (µ0 − µe)e−ϑ1tX2]dt − ε1(t)X2dB1(t),

dX3 = [d34X3 + γHX2 − µeX3 − (µ0 − µe)e−ϑ1tX3]dt − ε1(t)X3dB1(t),
dY1 = [d44Y1 + A − νeY1 − (ν0 − νe)e−ϑ2tY1 −

βY b
NH+mY1X2]dt − ε2(t)Y1dB2(t),

dY2 = [d54Y2 +
βY b

NH+mY1X2 − νeY2 − (ν0 − νe)e−ϑ2tY2]dt − ε2(t)Y2dB2(t),

(2.7)

with boundary condition (ν indicates the outer normal direction)

∂X1

∂ν
=
∂X2

∂ν
=
∂X3

∂ν
=
∂Y1

∂ν
=
∂Y2

∂ν
= 0, x ∈ ∂Ω, t > 0,

and initial condition

X1(·, 0) = X1,0(·), X2(·, 0) = X2,0(·), X3(·, 0) = X3,0(·),Y1(·, 0) = Y1,0(·),Y2(·, 0) = Y2,0(·), x ∈ Ω.

Let

V = H1(Ω) = {φ | φ ∈ L2(Ω),
∂φ

∂x
∈ L2(Ω), where

∂φ

∂x
are generalized partial derivatives}.

V
′

= H−1(Ω) is the dual space of V, ‖ · ‖ denotes the norm in V, and 〈·, ·〉 represents the duality product
between V and V ′. Let (Ω,F , {Ft}t≥0, P) be a complete probability space and Bi(t), (i = 1, 2) defined
on (Ω,F , {Ft}t≥0, P), R5

+ = (x1, x2, x3, x4, x5) ∈ R5, and xi > 0, (i = 1, 2, 3, 4, 5).
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3. Stationary distribution

An auxiliary lemma is first provided to support the derivation of our main conclusions.

Lemma 3.1. For any initial data (X1,0, X2,0, X3,0,Y1,0,Y2,0), the solution W(x, t) =

(X1(·, t), X2(·, t), X3(·, t),Y1(·, t),Y2(·, t)) of system (2.7) satisfies that

lim sup
t→∞

(X1(·, t) + X2(·, t) + X3(·, t) + Y1(·, t) + Y2(·, t)) < ∞.

Proof. Let

N(t) =

∫
Ω

[X1(·, t) + X2(·, t) + X3(·, t) + Y1(·, t) + Y2(·, t)]dx.

By (2.7), we have

∂N(t)
∂t

=

∫
Ω

[
∂

∂t
X1(·, t) +

∂

∂t
X2(·, t) +

∂

∂t
X3(·, t) +

∂

∂t
Y1(·, t) +

∂

∂t
Y2(·, t)]dx

=

∫
Ω

[d14X1 + µhNH − µeX1 − (µ0 − µe)e−ϑ1tX1 −
βXb

NH + m
X1Y2 − ε1(t)X1Ḃ1(t)

+ d24X2 +
βXb

NH + m
X1Y2 − γHX2 − µeX2 − (µ0 − µe)e−ϑ1tX2 − ε1(t)X2Ḃ1(t)

+ d34X3 + γHX2 − µeX3 − (µ0 − µe)e−ϑ1tX3 − ε1(t)X3Ḃ1(t) + d44Y1 + A

− νeY1 − (ν0 − νe)e−ϑ2tY1 −
βYb

NH + m
Y1X2 − ε2(t)Y1Ḃ2(t) + d54Y2 +

βYb
NH + m

Y1X2

− νeY2 − (ν0 − νe)e−ϑ2tY2 − ε2(t)Y2Ḃ2(t)]dx.

Next, we continue our process in both cases.
Case 1: µ0 > µe, ν0 > νe.

∂N(t)
∂t
≤ d1

∫
∂Ω

(
∂

∂ν
X1(·, t))dx + d2

∫
∂Ω

(
∂

∂ν
X2(·, t))dx + X3

∫
∂Ω

(
∂

∂ν
X3(·, t))dx

+ d4

∫
∂Ω

(
∂

∂ν
Y1(·, t))dx + d5

∫
∂Ω

(
∂

∂ν
Y2(·, t))dx +

∫
Ω

(µhNH + A − µeX1(·, t) − µe

× X2(·, t) − µeX3(·, t)) − νeY1(·, t) − νeY2(·, t) − ε1(t)X1Ḃ1(t) − ε1(t)X2Ḃ1(t)
− ε1(t)X3Ḃ1(t) − ε2(t)Y1Ḃ2(t) − ε2(t)Y2Ḃ2(t))dx

= (µhNH + A)|Ω| − min{µe, νe}N(t) −
∫

Ω

(ε1(t)X1Ḃ1(t) + ε1(t)X2Ḃ1(t)

+ ε1(t)X3Ḃ1(t) + ε2(t)Y1Ḃ2(t) + ε2(t)Y2Ḃ2(t))dx,

where |Ω| denotes the volume of Ω. The following stochastic differential equation admits the solution
X(t):

dX(t) =[(µhNH + A) − min{µe, νe}X(t)]dt −
∫

Ω

ε1(s)X1(·, s)dxdB1(s) −
∫

Ω

ε1(s)X2(·, s)dxdB1(s)

−

∫
Ω

ε1(s)X3(·, s)dxdB1(s) −
∫

Ω

ε2(s)Y1(·, s)dxdB2(s) −
∫

Ω

ε2(s)Y2(·, s)dxdB2(s),

X(0) =N(0).
(3.1)
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We get the solution to Eq (3.1) in the following form:

X(T ) =
µhNH + A
min{µe, νe}

+ (X(0) −
µhNH + A
min{µe, νe}

)e−min{µe,νe}t + G(t),

where

G(t) = −

∫ t

0
e−min{µe,νe}(t−s)

∫
Ω

ε1(s)X1(·, s)dxdB1(s) −
∫ t

0
e−min{µe,νe}(t−s)

∫
Ω

ε2(s)X2(·, s)dxdB1(s)

−

∫ t

0
e−min{µe,νe}(t−s)

∫
Ω

ε1(s)X3(·, s)dxdB1(s) −
∫ t

0
e−min{µe,νe}(t−s)

∫
Ω

ε2(s)Y1(·, s)dxdB2(s)

−

∫ t

0
e−min{µe,νe}(t−s)

∫
Ω

ε1(s)Y2(·, s)dxdB2(s),

and G(t) is a continuous local martingale. The diffusion terms of N(t) and X(t) are exactly the same
and share the same set of Brownian motions B1(t) and B2(t), satisfying the condition of the stochastic
comparison theorem that the diffusion coefficients are of equal origin. By virtue of the stochastic
comparison theorem, we obtain N(t) ≤ X(t), a.s.

Define
X(t) = X(0) + K(t) − J(t) + G(t),

K(t) =
µhNH + A
min{µe, νe}

(1 − e−min{µe,νe}t),

and
J(t) = X(0)(1 − e−min{µe,νe}t).

Obviously, K(t)and J(t) are continuous adapted increasing processes on t ≥ 0 with K(0) = J(0) = 0.
By virtue of the nonnegative semimartingale convergence theorem [23], we have limt→∞ X(t) < ∞ a.s.
Therefore, lim supt→∞N(t) < ∞, a.s.

Case 2: µ0 < µe, ν0 < νe.

∂N(t)
∂t
≤ d1

∫
∂Ω

(
∂

∂ν
X1(·, t))dx + d2

∫
∂Ω

(
∂

∂ν
X2(·, t))dx + X3

∫
∂Ω

(
∂

∂ν
X3(·, t))dx

+ d4

∫
∂Ω

(
∂

∂ν
Y1(·, t))dx + d5

∫
∂Ω

(
∂

∂ν
Y2(·, t))dx +

∫
Ω

(µhNH + A − µ0X1(·, t) − µ0

× X2(·, t) − µ0X3(·, t)) − ν0Y1(·, t) − ν0Y2(·, t) − ε1(t)X1Ḃ1(t) − ε1(t)X1Ḃ1(t)
− ε1(t)X3Ḃ1(t) − ε2(t)Y1Ḃ2(t) − ε2(t)Y2Ḃ2(t))dx

= (µhNH + A)|Ω| − min{µ0, ν0}N(t) −
∫

Ω

(ε1(t)X1Ḃ1(t) + ε1(t)X2Ḃ1(t) + ε1(t)X3Ḃ1(t)

+ ε2(t)Y1Ḃ2(t) + ε2(t)Y2Ḃ2(t))dx.

By a similar method, we acquire lim supt→∞N(t) < ∞, a.s. Proof complete. �

We then demonstrate that system (2.7) admits a unique solution.

Theorem 3.2. For any initial data (X1,0, X2,0, X3,0,Y1,0,Y2,0) > 0, system (2.7) exists a unique solution
for t > 0 on Ω.
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Proof. The local Lipschitz condition holds for the coefficients of system (2.7), implying a unique local
solution on t ∈ [0, τe), where τe is the explosion time. Let l0 > 1 be sufficiently large for

1
l0
≤ min

0<t<τe
|W(x, t)| ≤ max

0<t<τe
|W(x, t)| ≤ l0.

For each integer l > l0, define the stopping time

τl = in f {t ∈ [0, τe] : min(X1(·, t), X2(·, t), X3(·, t),Y1(·, t),Y2(·, t)) ≤
1
l

or max(X1(·, t), X2(·, t), X3(·, t),Y1(·, t),Y2(·, t)) ≥ l}.

We assign in f∅ = ∞, with ∅ representing the empty set. Since τl forms an increasing sequence for
l→ ∞, define τ∞ = liml→∞ τl, such that τ∞ < τe holds, a.s. It remains to demonstrate that τ∞ = ∞, a.s.
Hence, invoking Itô’s formula yields

d(‖X1(·, t)‖2 + ‖X2(·, t)‖2 + ‖X3(·, t)‖2 + ‖Y1(·, t)‖2 + ‖Y2(·, t)‖2)

= {2〈X1(·, t), d14X1 + µhNH − µeX1 − (µ0 − µe)e−ϑ1tX1 −
βXb

NH + m
X1Y2〉

+ 2〈X2(·, t), d24X2 +
βXb

NH + m
X1Y2 − γHX2 − µeX2 − (µ0 − µe)e−ϑ1tX2〉

+ 2〈X3(·, t), d34X3 + γHX2 − µeX3 − (µ0 − µe)e−ϑ1tX3〉 + 2〈Y1(·, t), d44Y1

+ A − νeY1 − (ν0 − νe)e−ϑ2tY1 −
βYb

NH + m
Y1X2〉 + 2〈Y2(·, t), d54Y2

+
βYb

NH + m
Y1X2 − νeY2 − (ν0 − νe)e−ϑ2tY2〉 + ε2

1(t)‖X1(·, t)‖2 + ε2
1(t)‖X2(·, t)‖2

+ ε2
1(t)‖X3(·, t)‖2 + ε2

2(t)‖Y1(·, t)‖2 + ε2
2(t)‖Y2(·, t)‖2}dt + 2〈X1(·, t),−ε1X1(·, t) · dB1(t)〉

+ 2〈X2(·, t),−ε1X2(·, t)dB1(t)〉 + 2〈X3(·, t),−ε1X3(·, t)dB1(t)〉 + 2〈Y1(·, t),−ε2Y1(·, t)dB2(t)〉
+ 2〈Y2(·, t),−ε2Y2(·, t)dB2(t)〉.

(3.2)

Suppose l > l0 and T > 0. Integrating (3.2) from 0 to τl ∧ T and taking expectations yields

E[‖X1(·, τl ∧ T )‖2 + ‖X2(·, τl ∧ T )‖2 + ‖X3(·, τl ∧ T )‖2 + ‖Y1(·, τl ∧ T )‖2

+ ‖Y2(·, τl ∧ T )‖2] − (‖X1,0‖
2 + ‖X2,0‖

2 + ‖X3,0‖
2 + ‖Y1,0‖

2 + ‖Y2,0‖
2)

≤ E
∫ τl∧T

0
{−2〈∇X1(·, s), d1∇X1(·, s)〉 + 2〈µhNH, X1(·, s)〉 − 2〈∇X2(·, s), d2X2(·, s)〉

+ 2〈X2(·, s),
βXb

NH + m
X1Y2〉 − 2〈∇X3(·, s), d3∇X3(·, s)〉 + 2〈X3(·, s), γHX2〉

− 2〈∇Y1(·, s), d4∇Y1(·, s)〉 + 2〈Y1(·, s), A〉 − 2〈∇Y2(·, s), d5Y2(·, s)〉

+ 2〈Y2(·, s),
βYb

NH + m
Y1X2〉 + ε2

1‖X1(·, s)‖2 + ε2
1X2(·, s) + ε2

1X3(·, s) + ε2
2Y1(·, s) + ε2

2Y2(·, s)}ds
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≤ E
∫ τl∧T

0
{−2d1λ0‖X1(·, s)‖2 + 2〈µhNH, X1(·, s)〉 − 2d2λ0‖X2(·, s)‖2

+ 2〈X2(·, s),
βXb

NH + m
X1Y2〉 − 2d3λ0‖X3(·, s)‖2 + 2〈X3(·, s), γHX2〉 − 2d4λ0‖Y1(·, s)‖2

+ 2〈Y1(·, s), A〉 − 2d5λ0‖Y2(·, s)‖2 + 2〈Y2(·, s),
βYb

NH + m
Y1X2〉 + ε2

1‖X1(·, s)‖2

+ ε2
1‖X2(·, s)‖2 + ε2

1‖X3(·, s)‖2 + ε2
2‖Y1(·, s)‖2 + ε2

2‖Y2(·, s)‖2}ds,

where λ0 = infu∈H ‖∇u(x, s)‖2/‖u(x, s)‖2 [24].
Then, applying Lemma 3.1 along with the fundamental inequality yields

E[‖X1(·, τl ∧ T )‖2 + ‖X2(·, τl ∧ T )‖2 + ‖X3(·, τl ∧ T )‖2 + ‖Y1(·, τl ∧ T )‖2 + ‖Y2(·, τl ∧ T )‖2]

≤ (‖X1,0‖
2 + ‖X2,0‖

2 + ‖X3,0‖
2 + ‖Y1,0‖

2 + ‖Y2,0‖
2) + E

∫ τl∧T

0
{−2d1λ0‖X1(·, s)‖2 + µ2

hN2
H

+ ‖X1(·, s)‖2 − 2d2λ0‖X2(·, s)‖2 + ‖X2(·, s)‖2 +
β2

Xb2

(NH + m)2 M2
1‖Y2‖

2 − 2d3λ0‖X3(·, s))‖2

+ ‖X3(·, s)‖2 + γ2
H‖X2‖

2 − 2d4λ0‖Y1(·, s)‖2 + A2 + ‖Y1(·, s)‖2 − 2d5λ0‖Y2(·, s)‖2

+ ‖Y2(·, s)‖2 +
β2

Yb2

(NH + m)2 M2
1‖X2‖

2 + ε2
1‖X1(·, s)‖2 + ε2

1X2(·, s) + ε2
1X3(·, s)

+ ε2
2Y1(·, s) + ε2

2Y2(·, s)}ds

≤ M2 + M3E
∫ τl∧T

0
{‖X1(·, s)‖2 + ‖X2(·, s)‖2 + ‖X3(·, s)‖2 + ‖Y1(·, s)‖2 + ‖Y2(·, s)‖2},

where M1 represents the upper bound of the system solution,

M2 = ‖X1,0‖
2 + ‖X2,0‖

2 + ‖X3,0‖
2 + ‖Y1,0‖

2 + ‖Y2,0‖
2 + (µ2

hN2
H + A2)τl,

and

M3 =max{(1 − 2d1λ0 + ε2
1), (1 − 2d2λ0 + γ2

H + ε2
1 +

β2
Xb2M2

1

(NH + m)2 ), (1 + ε2
1), (1 − 2d4λ0

+ ε2
2), (1 − 2d5λ0 + ε2

2 +
β2

Yb2M2
1

(NH + m)2 )}.

By virtue of the Gronwall inequality,

E[‖X1(·, τl∧T )‖2 +‖X2(·, τl∧T )‖2 +‖X3(·, τl∧T )‖2 +‖Y1(·, τl∧T )‖2 +‖Y2(·, τl∧T )‖2] ≤ M2eM3T . (3.3)

Define

λl = inf
‖W(t)‖>l,0<t<∞

(‖X1(·, t)‖2 + ‖X2(·, t)‖2 + ‖X3(·, t)‖2 + ‖Y1(·, t)‖2 + ‖Y2(·, t)‖2), f or any l > l0. (3.4)

Combine (3.3) and (3.4) to get
λlP(τl ≤ T ) ≤ M2eM3T . (3.5)
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Since liml→∞ λl = ∞, in the above inequality, and let l→ ∞, we can get P(τ∞ ≤ T ) = 0, namely,

P(τl ≥ T ) = 1.

By (3.5), l→ ∞ means that

E[‖X1(·,T )‖2 + ‖X2(·,T )‖2 + ‖X3(·,T )‖2 + ‖Y1(·,T )‖2 + ‖Y2(·,T )‖2] ≤ M2eM3T .

The proof is thus concluded. As stated in the preceding theorem, system (2.7) possesses a unique
global solution. �

Definition 3.3. [25] A probability measure λ ∈ P(H) is called a stationary distribution for
W(x, t), t ≥ 0 of system (2.7) if it satisfies

λ(f) = λ(Ptf), t > 0.

Here
λ(f) :=

∫
H

f(χ)λ(dχ), Ptf(χ) := Ef(W(x, t, χ)),f ∈ Cb(H).

For λ1, λ2 ∈ P(H), define a metric on P(H) by

d(λ1, λ2) = sup
f∈A

|

∫
H

f(χ)λ1(dχ) −f(%)λ2(d%)|,

where
A := {f : H → R, |f(χ) −f(%)| ≤ |χ − %|H , χ, % ∈ H and |f(·)| ≤ 1}.

P(H) is complete under the metric d(·, ·).

Theorem 3.4. For any bounded subset B ofH , m ≥ 1, we have

(1) lim
t→∞

sup
Ξ,Θ∈B

E‖W(x, t,Ξ) −W(x, t,Θ)‖m
H

= 0;

(2) η > 0, k > 1 satis f ying η + M5 < 0,

then, there exists a unique stationary distribution.

Proof. We take into account the difference between a pair of mild solutions of system (2.7) generated
by separate initial data Ξ,Θ ∈ Ω:

ζ(·, t) =


ζ1(·, t,Ξ,Θ)
ζ2(·, t,Ξ,Θ)
ζ3(·, t,Ξ,Θ)
ζ4(·, t,Ξ,Θ)
ζ5(·, t,Ξ,Θ)


=


X1(·, t,Ξ) − X1(·, t,Θ)
X2(·, t,Ξ) − X2(·, t,Θ)
X3(·, t,Ξ) − X3(·, t,Θ)
Y1(·, t,Ξ) − Y1(·, t,Θ)
Y2(·, t,Ξ) − Y2(·, t,Θ)


, (3.6)

with

‖ζ(·, t,Ξ,Θ)‖κ = ‖ζ1(·, t,Ξ,Θ)‖κ + ‖ζ2(·, t,Ξ,Θ)‖κ + ‖ζ3(·, t,Ξ,Θ)‖κ + ‖ζ4(·, t,Ξ,Θ)‖κ + ‖ζ5(·, t,Ξ,Θ)‖κ.
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By Lemma 3.1 and Itô formula, we have

d(ζηt‖ζ(·, t,Ξ,Θ)‖κ)
= ηζηt‖ζ(·, t,Ξ,Θ)‖κdt + ζηt{κ‖ζ1(·, t,Ξ,Θ)‖κ−2〈ζ1(·, t,Ξ,Θ), d14ζ1(·, t,Ξ,Θ) − µeζ1(·, t,Ξ.Θ)

− (µ0 − µe)e−ϑ1tζ1(·, t,Ξ,Θ) −
βXb

NH + m
(X1(·, t,Ξ)Y2(·, t,Ξ) − X1(·, t,Θ)Y2(·, t,Θ))〉dt

+ κ‖ζ2(·, t,Ξ,Θ)‖κ−2〈ζ2(·, t,Ξ,Θ), d24ζ2(·, t,Ξ,Θ) +
βXb

NH + m
(X1(·, t,Ξ)Y2(·, t,Ξ)

− X1(·, t,Θ) · Y2(·, t,Θ)) − µeζ2(·.t,Ξ,Θ) − (µ0 − µe)e−ϑ1tζ2(·, t,Ξ,Θ)〉dt

+ κ‖ζ3(·, t,Ξ,Θ)‖κ−2〈ζ3(·, t,Ξ,Θ), d3 · 4ζ3(·, t,Ξ,Θ) − µeζ3(·, t,Ξ,Θ)
− (µ0 − µe)e−ϑ1tζ3(·, t,Ξ,Θ)〉d44ζ4(·, t,Ξ,Θ) − νeζ4(·, t,Ξ,Θ) − (ν0 − νe)e−ϑ2tζ4(·, t,Ξ,Θ)

−
βYb

NH + m
(Y1(·, t,Ξ)X2(·, t,Ξ) − Y1(·, t,Θ)X2(·, t,Θ))〉dt

+ κ‖ζ5(·, t,Ξ,Θ)‖κ−2〈ζ5(·, t,Ξ,Θ), d54ζ5(·, t,Ξ,Θ) +
βYb

NH + m
(Y1(·, t,Ξ) · X2(·, t,Ξ)

− Y1(·, t,Θ)X2(·, t,Θ)) − νeζ5(·.t,Ξ,Θ) − (ν0 − νe)e−ϑ2tζ5(·, t,Ξ,Θ)〉dt

+
1
2
κ(κ − 1)ε2

1(t) · ‖ζ1(·, t,Ξ,Θ)‖kdt +
1
2
κ(κ − 1)ε2

1(t)‖ζ2(·, t,Ξ,Θ)‖kdt

+
1
2
κ(κ − 1)ε2

1(t)‖ζ3(·, t,Ξ,Θ)‖kdt +
1
2
κ(κ − 1) · ε2

2(t)‖ζ4(·, t,Ξ,Θ)‖kdt

+
1
2
κ(κ − 1)ε2

2(t)‖ζ5(·, t,Ξ,Θ)‖kdt + κ‖ζ1(·, t,Ξ,Θ)‖κ−2〈ζ1(·, t,Ξ,Θ),−ε1(t) · 4ζ1(·, t,Ξ,Θ)dB1(t)〉

+ κ‖ζ2(·, t,Ξ,Θ)‖κ−2〈ζ2(·, t,Ξ,Θ),−ε1(t)4ζ2(·, t,Ξ,Θ)dB1(t)〉
+ κ · ‖ζ3(·, t,Ξ,Θ)‖κ−2 · 〈ζ3(·, t,Ξ,Θ),−ε1(t)4ζ3(·, t,Ξ,Θ)dB1(t)〉}
+ κ‖ζ4(·, t,Ξ,Θ)‖κ−2〈ζ4(·, t,Ξ,Θ),−ε2(t)4ζ4(·, t,Ξ,Θ)dB2(t)〉
+ κ‖ζ5(·, t,Ξ,Θ)‖κ−2〈ζ5(·, t,Ξ,Θ),−ε2(t)4ζ5(·, t,Ξ,Θ)dB2(t)〉.

Next, we have a further transformation to

(X1(·, t,Ξ)Y2(·, t,Ξ) − X1(·, t,Θ)Y2(·, t,Θ))

and
(Y1(·, t,Ξ)X2(·, t,Ξ) − Y1(·, t,Θ)X2(·, t,Θ)),

and we get the following equality:

d(ζηt‖ζ(·, t,Ξ,Θ)‖κ)
=ηζηt‖ζ(·, t,Ξ,Θ)‖κdt + ζηt{κ‖ζ1(·, t,Ξ,Θ)‖κ−2〈ζ1(·, t,Ξ,Θ), d14ζ1(·, t,Ξ,Θ) − µeζ1(·, t,Ξ.Θ)

− (µ0 − µe)e−ϑ1tζ1(·, t,Ξ,Θ) −
βXb

NH + m
(X1(·, t,Ξ)ζ5(·, t,Ξ,Θ) + ζ1(·, t,Ξ,Θ)Y2(·, t,Θ))〉dt

+ κ‖ζ2(·, t,Ξ,Θ)‖κ−2〈ζ2(·, t,Ξ,Θ), d24ζ2(·, t,Ξ,Θ) +
βXb

NH + m
(X1(·, t,Ξ)ζ5(·, t,Ξ,Θ)

+ ζ1(·, t,Ξ,Θ) · Y2(·, t,Θ)) − µeζ2(·.t,Ξ,Θ) − (µ0 − µe)e−ϑ1tζ2(·, t,Ξ,Θ)〉dt

+ κ‖ζ3(·, t,Ξ,Θ)‖κ−2〈ζ3(·, t,Ξ,Θ), d34ζ3(·, t,Ξ,Θ) − µeζ3(·, t,Ξ,Θ) − (µ0 − µe)e−ϑ1tζ3(·, t,Ξ,Θ)〉dt

+ κ‖ζ4(·, t,Ξ,Θ)‖κ−2〈ζ4(·, t,Ξ,Θ), d44ζ4(·, t,Ξ,Θ) − νeζ4(·, t,Ξ,Θ)
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− (ν0 − νe)e−ϑ2tζ4(·, t,Ξ,Θ) −
βYb

NH + m
(Y1(·, t,Ξ)ζ2(·, t,Ξ,Θ) + ζ4(·, t,Ξ,Θ)X2(·, t,Θ))〉dt

+ κ‖ζ5(·, t,Ξ,Θ)‖κ−2〈ζ5(·, t,Ξ,Θ), d54ζ5(·, t,Ξ,Θ) +
βYb

NH + m
· (Y1(·, t,Ξ)ζ2(·, t,Ξ,Θ)

+ ζ4(·, t,Ξ,Θ)X2(·, t,Θ)) − νeζ5(·.t,Ξ,Θ) − (ν0 − νe)e−ϑ2tζ5(·, t,Ξ,Θ)〉dt

+
1
2
κ(κ − 1)ε2

1(t)‖ζ1(·, t,Ξ,Θ)‖kdt +
1
2
κ(κ − 1)ε2

1(t)‖ζ2(·, t,Ξ,Θ)‖kdt

+
1
2
κ(κ − 1)ε2

1(t)‖ζ3(·, t,Ξ,Θ)‖kdt +
1
2
κ(κ − 1)ε2

2(t)‖ζ4(·, t,Ξ,Θ)‖kdt +
1
2
κ(κ − 1)ε2

2(t)‖ζ5(·, t,Ξ,Θ)‖kdt

+ κ‖ζ1(·, t,Ξ,Θ)‖κ−2〈ζ1(·, t,Ξ,Θ),−ε1(t)4ζ1(·, t,Ξ,Θ)dB1(t)〉
+ κ‖ζ2(·, t,Ξ,Θ)‖κ−2 · 〈ζ2(·, t,Ξ,Θ),−ε1(t)4ζ2(·, t,Ξ,Θ)dB1(t)〉
+ κ‖ζ3(·, t,Ξ,Θ)‖κ−2〈ζ3(·, t,Ξ,Θ),−ε1(t)4ζ3(·, t,Ξ,Θ)dB1(t)〉}
+ κ‖ζ4(·, t,Ξ,Θ)‖κ−2〈ζ4(·, t,Ξ,Θ),−ε2(t)4ζ4(·, t,Ξ,Θ)dB2(t)〉
+ κ‖ζ5(·, t,Ξ,Θ)‖κ−2 · 〈ζ5(·, t,Ξ,Θ),−ε2(t)4ζ5(·, t,Ξ,Θ)dB2(t)〉.

Upon rearranging terms in the foregoing equality, we arrive at

d(ζηt‖ζ(·, t,Ξ,Θ)‖κ)
≤ηζηt‖ζ(·, t,Ξ,Θ)‖κdt + κζηt{−‖ζ1(·, t,Ξ,Θ)‖k−2〈∇ζ1(·, t,Ξ,Θ), d1∇ζ1(·, t,Ξ,Θ)〉
− ‖ζ2(·, t,Ξ,Θ)‖k−2〈∇ζ2(·, t,Ξ,Θ), d2∇ζ2(·, t,Ξ,Θ)〉

+
βXb

NH + m
‖ζ2(·, t,Ξ,Θ)‖k−2〈ζ2(·, t,Ξ,Θ), X1(·, t,Ξ)ζ5(·, t,Ξ,Θ) + ζ1(·, t,Ξ,Θ)Y2(·, t,Θ)〉

− ‖ζ3(·, t,Ξ,Θ)‖k−2〈∇ζ3(·, t,Ξ,Θ), d3∇ζ3(·, t,Ξ,Θ)〉 − ‖ζ4(·, t,Ξ,Θ)‖k−2〈∇ζ4(·, t,Ξ,Θ), d4∇ζ4(·, t,Ξ,Θ)〉
− ‖ζ5(·, t,Ξ,Θ)‖k−2〈∇ζ5(·, t,Ξ,Θ), d5∇ζ5(·, t,Ξ,Θ)〉

+
βYb

NH + m
· ‖ζ5(·, t,Ξ,Θ)‖k−2〈ζ5(·, t,Ξ,Θ),Y1(·, t,Ξ)ζ2(·, t,Ξ,Θ) + ζ4(·, t,Ξ,Θ)X2(·, t,Θ)〉}dt

+
1
2
κ(κ − 1)ε2

1(t)‖ζ1(·, t,Ξ,Θ)‖kdt +
1
2
κ(κ − 1)ε2

1(t)‖ζ2(·, t,Ξ,Θ)‖kdt +
1
2
κ(κ − 1)ε2

1(t)‖ζ3(·, t,Ξ,Θ)‖Kdt

+
1
2
κ(κ − 1)ε2

2(t)‖ζ4(·, t,Ξ,Θ)‖kdt +
1
2
κ(κ − 1)ε2

2(t)‖ζ5(·, t,Ξ,Θ)‖kdt

≤ηζηt‖ζ(·, t,Ξ,Θ)‖κdt + κζηt{−d1λ0‖ζ1(·, t,Ξ,Θ)‖k − d2λ0‖ζ2(·, t,Ξ,Θ)‖k

+
βXbM1

NH + m
‖ζ2(·, t,Ξ,Θ)‖k−1(‖ζ5(·, t,Ξ,Θ)‖ + ‖ζ1(·, t,Ξ,Θ)‖) − d3λ0‖ζ3(·, t,Ξ,Θ)‖k − d4λ0‖ζ4(·, t,Ξ,Θ)‖k

+
βYbM1

NH + m
‖ζ5(·, t,Ξ,Θ)‖k−1(‖ζ2(·, t,Ξ,Θ)‖ + ‖ζ4(·, t,Ξ,Θ)‖)}dt +

1
2
κ(κ − 1)ε2

1(t)‖ζ1(·, t,Ξ,Θ)‖kdt

+
1
2
κ(κ − 1)ε2

1(t)‖ζ2(·, t,Ξ,Θ)‖kdt +
1
2
κ(κ − 1)ε2

1(t)‖ζ3(·, t,Ξ,Θ)‖Kdt

+
1
2
κ(κ − 1)ε2

2(t)‖ζ4(·, t,Ξ,Θ)‖kdt +
1
2
κ(κ − 1)ε2

2(t)‖ζ5(·, t,Ξ,Θ)‖kdt.

After integrating the foregoing inequality and computing expectations, an application of Young’s
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inequality yields

E[ζηt‖ζ(·, t,Ξ,Θ)‖κ]

≤ ‖ζ(·, 0,Ξ,Θ)‖κ + E
∫ t

0
ζηs{η‖ζ(·, s,Ξ,Θ)‖κ

+ (−kd1λ0 +
(βXbM1)k

(NH + m)k +
1
2
κ(κ − 1)ε2

1)‖ζ1(·, t,Ξ,Θ)‖κ

+ (−kd2λ0 + 2k − 2 +
(βYbM1)k

(NH + m)k +
1
2
κ(κ − 1)ε2

1)‖ζ2(·, t,Ξ,Θ)‖κ

+ (−kd3λ0 +
1
2
κ(κ − 1)ε2

1)‖ζ3(·, t,Ξ,Θ)‖κ + (−kd4λ0 +
(βYbM1)k

(NH + m)k +
1
2
κ(κ − 1)ε2

2)‖ζ4(·, t,Ξ,Θ)‖κ

+ (−kd5λ0 + 2k − 2 +
(βXbM1)k

(NH + m)k +
1
2
κ(κ − 1)ε2

2)‖ζ5(·, t,Ξ,Θ)‖κ.

Subsequently, we take the supremum of each side of the inequality presented above.

E sup
0≤t≤T

[ζηt‖ζ(·, t,Ξ,Θ)‖κ] ≤ ‖ζ(·, 0,Ξ,Θ)‖κ + E sup
0≤t≤T

(η + M5)
∫ t

0
ζηs‖ζ(·, s,Ξ,Θ)‖κds. (3.7)

Here

M5 = max{−kd1λ0 +
(βXbM1)k

(NH + m)k +
1
2
κ(κ − 1)ε2

1,−kd2λ0 + 2k − 2 +
(βYbM1)k

(NH + m)k +
1
2
κ(κ − 1)ε2

1

− kd3λ0 +
1
2
κ(κ − 1)ε2

1,−kd4λ0 +
(βYbM1)k

(NH + m)k +
1
2
κ(κ − 1)ε2

2

− kd5λ0 + 2k − 2 +
(βXbM1)k

(NH + m)k +
1
2
κ(κ − 1)ε2

2}.

Based on the Gronwall inequality, we obtain

‖ζ(·, t,Ξ,Θ)‖κ ≤ ‖ζ(·, 0,Ξ,Θ)‖κe(η+M5)t.

As η + M5 < 0, the exponential moment decay property of the solution can be rigorously derived,
namely

lim
t→∞

E‖ζ(·, t,Ξ,Θ)‖κ = 0.

In addition, let λ̄ denote an alternative stationary distribution associated withW(x, t). For a suitable
constant M > 0, we obtain the following relation:

|λ(f) − λ̄(f)| ≤
∫
H×H

|Ptf(Ξ) − Ptf(Θ)|λ(dΞ)λ̄(dΘ) ≤ Mζ−ηt.

When t → ∞, we conclude that the stationary distribution is unique. �
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4. Numerical simulations

In this section, we conduct numerical simulations from two cases, where ϑ1 = ϑ2 = 2, ε1 = ε2 =

0.01. Case 1: µ0 > µe, ν0 > νe. Case 2: µ0 < µe, ν0 < νe. For case 1, let µ0 = 0.125, µe = 0.1,
ν0 = 0.8, and νe = 0.6, and other parameters remain consistent with those in Reference [22]. The
numerical simulation results are shown in Figure 1. All the variables in the model tend to stabilize
over time, where, the evolution path of X1 for case 1 is depicted in Figure 1(a), the evolution path of
X2 for case 1 is depicted in Figure 1(b), the evolution path of X3 for case 1 is depicted in Figure 1(c),
the evolution path of Y1 for case 1 is depicted in Figure 1(d), and the evolution path of Y2 for case 1 is
depicted in Figure 1(e). Figure 2 is the histogram corresponding to Figure 1, and the all variables show
a normal distribution (all the results were compared with Figure 2 in Reference [22]. For the sake
of comparison, Figure 2 of Reference [22] is incorporated into the present article, namely Figure 3,
where, S H, IH,RH, S V , and IV correspond respectively to X1, X2, X3, Y1, and Y2).

For case 2, let µ0 = 0.125, µe = 0.3, ν0 = 0.8, and νe = 0.9, and other parameters remain consistent
with those in Reference [22]. The numerical simulation results are shown in Figure 4, where the
evolution path of X1 for case 2 is depicted in Figure 4(a), the evolution path of X2 for case 2 is depicted
in Figure 4(b), the evolution path of X3 for case 2 is depicted in Figure 4(c), the evolution path of Y1 for
case 2 is depicted in Figure 4(d), and the evolution path of Y2 for case 2 is depicted in Figure 4(e). We
can see that the numbers of susceptible humans and susceptible mosquitoes are steadily distributed over
time, and the infected population gradually reaches region 0. Figure 5 is the histogram corresponding
to Figure 4, and the susceptible group shows a normal distribution (all the results were compared with
Figure 2 in Reference [22]. For the sake of comparison, Figure 2 of Reference [22] is incorporated
into the present article, namely Figure 3, where, S H, IH,RH, S V , and IV correspond respectively to
X1, X2, X3, Y1, and Y2).

From the above analysis, the following conclusion can be drawn: when µ0 < µe, ν0 < νe, we cannot
well observe that the infected population follows a normal distribution; conversely, as µ0 > µe, ν0 > νe,

the system as a whole well presents a normal distribution. Meanwhile, compared with Brownian
motion [22], the mean-reverting white noise tends to a normal distribution better.
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(a) (b)

(c) (d)

(e)

Figure 1. The evolution path for case 1.
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Figure 2. The histograms for case 1.
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Figure 3. The histograms for Brownian motion [22, Figure 2].
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(e)

Figure 4. The evolution path for case 2.
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Figure 5. The histograms for case 2.
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5. Conclusions

Dengue fever is prevalent at a high rate every year. Since June 13, 2026, the dengue fever epidemic
in Brazil has remained at a high level, with a total of 609,000 cases reported, ranking first in the world
in terms of the number of cases. As of June 5, 2026, Sri Lanka has reported a total of 36,168 confirmed
cases of dengue fever, with 20 deaths (including three children), resulting in a fatality rate of 0.06%.
Compared with the same period in 2025, the number of cases has risen significantly by 30% to 40%,
with approximately 10,000 new cases. The epidemic is showing a trend of early outbreak and rapid
spread. As of May 31, 2026, Samoa reported 157 new dengue fever cases in a single week, a slight
decrease of 6% compared to the previous week. However, the epidemic remains highly active, and
both DENV-1 and DENV-2 serotypes coexist, with children accounting for over 70%. Therefore,
it is of practical significance to understand the dynamic behavior of disease transmission through
mathematical models.

In this paper, to better understand the stationary distribution of the dengue fever model, we
introduced a dengue fever model with the mean-reverting white noise and compared the effects of
Brownian motion and the mean-reverting white noise on the stationary distribution. First, by virtue
of the stochastic comparison theorem and the nonnegative semimartingale convergence theorem, the
boundedness of the solution was proved. Moreover, on the basis of the Lyapunov function, we proved
the uniqueness of the existence of the solution. Next, the stationary distribution of the solution was
obtained through the constructor. Finally, the stationary distribution of the solution was verified
through numerical simulation. Meanwhile, on the premise of maintaining consistent parameters, the
effects of the mean-reverting white noise and Brownian motion on the dengue fever model were
compared. We can observe that the model with the mean-reverting white noise better achieves a
stationary distribution, and the distribution of the histograms are more concentrated.

In the future, we will consider other dynamic behaviors with Ornstein-Uhlenbeck processes.
Meanwhile, we will also attempt to introduce Lévy noise and Markov chains into the model to explore
its dynamic behaviors.
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