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Abstract: Let @ € [0, 1), and let G be a connected graph of order n with n > f(«@), where f(a) =
14 for a € [0, %], fla) = 17 for a € (%, %], fla) = 20 for a € (%, %] and f(a) = lf—a + 1 for
a € (%, 1). A path factor is a spanning subgraph F' of G such that every component of F is a path
with at least two vertices. Let k > 2 be an integer. A P;-factor means a path-factor with each
component being a path of order at least k. A graph G is called a P;-factor covered graph if G has
a P.;-factor containing e for any e € E(G). Let A,(G) = aD(G) + (1 — @)A(G), where D(G) denotes
the diagonal matrix of vertex degrees of G and A(G) denotes the adjacency matrix of G. The largest
eigenvalue of A,(G) is called the A,-spectral radius of G, which is denoted by p,(G). In this paper,
it is proved that G is a Ps,-factor covered graph if p,(G) > n(n), where n(n) is the largest root of
-+ Dn+a-dHx*+(@n’+(@*-2a-Dn-2a+ 1)x—a’n’>+(5a* -3a+2)n—10a” + 15¢ -8 = 0.
Furthermore, we provide a graph to show that the bound on A,-spectral radius is optimal.
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1. Introduction

In this paper, we only consider finite and undirected graphs which have neither loops nor multiple
edges. Let G = (V(G), E(G)) be a graph, where V(G) is the vertex set of G and E(G) is the edge set of
G. The order of G is denoted by |V(G)| = n. A graph G is called trivial if |[V(G)| = 1. Let i(G) denote
the number of isolated vertices in G. For any v € V(G), the neighborhood Ng(v) of v in G is defined
by {u € V(G) : uv € E(G)}. The cardinality of Ng(v) is called the degree of v in G, written as dg(v).
For a vertex subset S of G, the induced subgraph induced by S, denoted by G[S], is the subgraph of
G whose vertex set is S and whose edge set consists of all edges of G which have both ends in S. We
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write G — § for G[V(G) \ S]. A subset S € V(G) is called an independent set if G[S] has no edges.
The complement of a graph G is a graph G with the same vertex set as G, in which any two distinct
vertices are adjacent if and only if they are nonadjacent in G. Let P, and K,, denote the path and the
complete graph of order n, respectively. Let G, and G, be two disjoint graphs. The union of G; and
G,, denoted by G; U Gy, is the graph with vertex set V(G;) U V(G,) and edge set E(Gy) U E(G»).
The join of G| and G,, denoted by G| V G,, is the graph with vertex set V(G;) U V(G,) and edge set
E(G)) UEGy)U{uv : u e V(Gy),v € V(G,)}. Let k > 3 be an integer. The sequential join of graphs
G1,Gy, -+ ,Gy, denoted by Gy VG, V- - -V Gy, 1s the graph with vertex set V(G) U V(Gy)U---U V(Gy)
and edge set E(G1) U E(Gy) U --- U E(Gy) U {e = x;xi11 : Xx; € V(Gy), Xiv1 € V(Giy1),1 <i< k- 1}

Given a graph G with vertex set V(G) = {vy,v,, -+ ,Vv,}, the adjacency matrix of G is defined as
A(G) = (a;j), where a;; = 1 if viv; € E(G), and g;; = 0 otherwise. Let D(G) denote the diagonal matrix
of vertex degrees of G. The signless Laplacian matrix Q(G) of G is defined by Q(G) = D(G) + A(G).
For any «a € [0, 1), Nikiforov [12] defined the A,-matrix of G as

AL(G) = aD(G) + (1 = @)A(G).

Obviously, Ap(G) = A(G) and A 1 (G) = %Q(G). Thus, A,(G) generalizes both the adjacency matrix and
the signless Laplacian matrix of G. Note that A,(G) is a real symmetric nonnegative matrix. Hence,
the eigenvalues of A,(G) are real. The largest eigenvalue of A,(G) is called the A,-spectral radius of
G, which is denoted by p,(G). More contents on A,-matrix can be found in [1,8, 13, 16,24, 37].

A subset M C E(G) is called a matching if any two edges of M have no common vertices. M is
called a perfect matching if each vertex of G is incident to exactly one edge of M. A path factor is
a spanning subgraph F' of G such that every component of F' is a path with at least two vertices. A
Ps;-factor means a path-factor with every component having order at least k, where k > 2 is an integer.
In fact, a graph G has a perfect matching if and only if G has a {P,}-factor. A graph G is called a
P -factor covered graph if G has a Ps;-factor containing e for any e € E(G).

Suil [14] obtained an adjacency spectral radius condition for the existence of a perfect matching
in a graph. Liu, Pan and Li [9] established a relationship between a perfect matching and a signless
Laplacian spectral radius of a graph. Zhang and Lin [25] proved an upper bound for the distance
spectral radius to guarantee the existence of a perfect matching in a graph. Zhao, Huang and Wang [26]
presented an A,-spectral radius condition for a graph to contain a perfect matching. For the relationship
between spectral radius and the existence of certain spanning subgraphs in graphs, one may be referred
to [3,18,27,29,30,33,35] and the references cited in. Egawa and Furuya [2] got a sufficient condition
for a graph to have a {P,, Ps}-factor. Las Vergnas [7] showed a characterization for a graph with a P,-
factor. Zhou, Sun and Liu [34], Zhou, Bian and Sun [32], Pan and Zhou [15] claimed some sufficient
conditions for a graph with a Ps,-factor. Kaneko [5] provided a necessary and sufficient condition for
a graph to contain a Ps3-factor. Liu and Pan [11] gave independence number and minimum degree
conditions for the existence of a Ps;-factor and a Ps3-factor in a graph, respectively. Kano, Lu and
Yu [6] established a connection between the number of isolated vertices and Ps3-factors in graphs.
Liu [10] gave some sufficient conditions for graphs to contain P3-factors with given properties. More
results on graph factors, we refer the reader to [17,19-21,28,31].

Zhou, Zhang and Sun [36] provided an A,-spectral radius condition for a graph with a P,-factor,
which is shown in the following.

Theorem 1.1. (Zhou, Zhang and Sun [36]). Let a € [0, 1), and let G be a connected graph of order n
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with n > f(«), where

14, ifacloi];
HO=120,  ifaedi)

=+1, ifaeiG0).

1-a

If p,(G) > 6(n), then G contains a Ps,-factor, where 6(n) is the largest root of x* — (@ + D)n + a —
5)x* + (an® + (@* = 3a — Dn —2a + 1)x — a?n® + (7% = 5a + 3)n — 182 + 29« — 15 = 0.

In this paper, we extend Theorem 1.1 to P.,-factor covered graphs, and obtain a result on the
existence of a Ps,-factor covered graph by using A,-spectral radius.

Theorem 1.2. Let o € [0, 1), and let G be a connected graph of order n with n > f(«@), where f(a) is
defined as in Theorem 1.1. If p,(G) > n(n), then G is a Ps,-factor covered graph, where n(n) is the
largest root of x* — (@ + Dn + & — 4)x* + (an® + (@ = 2a — Dn —2a + Dx — o*n* + (5a° - 3a + 2)n —
10a? + 15 — 8 = 0.

2. Preliminaries

In this section, we provide several necessary preliminary results, which will be used to verify
Theorem 1.2. Las Vergnas [7] posed a necessary and sufficient condition for graphs to possess Ps;-
factors.

Lemma 2.1. (Las Vergnas [7]). A graph G has a Ps,-factor if and only if
i(G-S)<2S|

for any vertex subset S of G.

Zhang and Zhou [23] obtained a necessary and sufficient condition for the existence of a Ps,-factor
covered graph.

Lemma 2.2. (Zhang and Zhou [23]). Let G be a connected graph. Then G is a Ps,-factor covered
graph if and only if the following three conditions hold for any § € V(G):

@WiIG-S5)<28];

(i1) If S 1s nonempty and there exists a connected component of G — S with at least two vertices,
then i(G - §) <2|S|-1;

(iii) If S is not an independent set, then i(G — §) < 2|S| — 2.

Lemma 2.3. (Nikiforov [12]). For a complete graph K,, of order n, we have

Po(Ky) =n—1.

Lemma 2.4. (Nikiforov [12]). Let G be a connected graph, and H be a proper subgraph of G. Then
Pa(G) > pa(H).
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Let M be a real symmetric matrix whose rows and columns are indexed by V = {1,2,--- ,n}.
Assume that M, with respect to the partition : V =V, U V, U---U V,, can be written as

My - M,
Mrl Mr,r

where M;; denotes the submatrix (block) of M formed by rows in V; and columns in V;. Let g;; denote
the average row sum of M;;. Then the matrix M, = (g;;) is called the quotient matrix of M. If the row
sum of each block M;; is a constant, then the partition is equitable.

Lemma 2.5. ([22]). Let M be a real symmetric matrix with an equitable partition x, and let M, be the
corresponding quotient matrix. Then every eigenvalue of M, is an eigenvalue of M. Furthermore, if M
1s nonnegative, then the largest eigenvalues of M and M, are equal.

3. The proof of Theorem 1.2

Proof of Theorem 1.2. Suppose to the contrary that G is not Ps,-factor covered. Choose a connected
graph G of order n such that its A,-spectral radius is as large as possible.

Let h(x) = x> = (@ + Dn + a = 5)x* + (an®* + (@ = 3a — Dn = 2a + D)x — a?n* + (7a® - S5a +
3)n — 18a® + 29a — 15. By the condition of Theorem 1.1, 6(n) is the largest root of h(x) = 0. Let
o(x) = X —((a+ Dn+a—4)x*+(@n’ +(@*-2a-Dn—2a+ ) x—a*n’* +(5a*-3a+2)n—10a* + 15a - 8.
According to the condition of Theorem 1.2, n(n) is the largest root of ¢(x) = 0. We verify Theorem 1.2
by the next two possible cases.

Case 1. G has no Ps,-factor.
In terms of Theorem 1.1, we have p,(G) < 8(n) for n > f(a), where

14, ifacloi];
@ =49, if e 2

2 +1, ifaeG0).
It suffices to show 6 := 8(n) < n(n). Notice that h(d) = 0. Plugging 6 into x of ¢(x) — h(x) gives
@(0) = p(0) — W) = —6* + anf — 2a* — 2a + )n + 8a* — 14a + 7.

Claim 1. 6 > n — 4.
Proof. Let H = K; V (K,—4 U 3K;). We consider the partition V(H) = V(3K;) U V(K,_4) U V(K;). The
corresponding quotient matrix of A,(H) equals

104 0 -«
By = 0 n+a-—>5 l-a
3-a) I-a)n-4) an—-a«a

By a direct computation, the characteristic polynomial of B is

h(x) =x°> = (@ + Dn+ a = 5)x* + (an® + (@ = 30— Dn —2a + D)x
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—a’n® + (7a® — 5a + 3)n — 18a* + 29« — 15.

Notice that the partition V(H) = V(3K;) U V(K,_4) U V(K) is equitable. According to Lemma 2.5, the
largest root 8 of h(x) = 0 equals p,(H), that is, p,(H) = 6.

Obviously, K,_3 is a proper subgraph of H = K; V (K,—4 U 3K;). Using Lemmas 2.3 and 2.4, we
conclude

0= pa(H) = pa(Kl \ (Kn—4 U 3I{l)) > pa(Kn—3) =n-—4.

Claim 1 is true. O

By virtue of Claim 1, we get
an
7 <n-— 4 < 9

Then

0@) = -6 +and — 2* —2a + Dn+ 8a” — l4a + 7
<—-nm-42+an(n—-4)—Q2a* -2a+ Dn+8a® - 14a +7
=—(1-a)n*+ (7 -2a-2a"n+8a* — 14a - 9.

If0<e< %, then % < 14 < f(a@) < n. Thus, we possess

0@ <— (1 —ay? +(71-2a-2a")n+8c* - 14a -9
<—196(1 — @) + 14(7 = 2 — 20°) + 8a° — 14a - 9
= —200” + 154 - 107
<0.

If 3 <@ <1, then % < 2=+ 1 = f(@) < n. Thus, we obtain

00 <— (1 —a)n® +(7-2a-2a")n+8a* - 14a - 9

2
s—(l—a)( +1) +(7—2a—2a2)( +1)+8a2—14a—9

1-«a 1-«

1
:m(—6a’3 + 11&2 - 12a — 3)

<0.

From the discussion above, we always have ¢(68) < 0, which implies 6(n) = 6 < n(n). Together with
0.(G) < 6(n) for n > f(a), we conclude p,(G) < 6(n) < n(n) for n > f(a), which is a contradiction to
Po(G) > n(n).

Case 2. G has a P,-factor.

According to Lemma 2.1, we obtain (G — S) < 2|S| for any subset S of V(G). Since G is not
Ps,-factor covered, using Lemma 2.2, there exists a subset S of V(G) so that either S is nonempty
and some connected component of G — S is nontrivial, or S is not an independent set. Otherwise, it
follows from Lemma 2.2 that G is Ps,-factor covered, a contradiction. Furthermore, at least one of the
following statements holds:

(a) S is nonempty, one connected component of G — § is nontrivial, and i(G — S) > 2|S|;
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(b) S is not an independent set, and (G — S) > 2|S| — 1.
Subcase 2.1. Statement (a) holds.

In this subcase, we have |S| > 1 and i(G — §) = 2|S|. In view of Lemma 2.4 and the choice of G,
we conclude that

e the induced subgraph G[S] and every connected component of G — S are complete graphs;

oG =G[S]V(G-Y9);

e G — S has only one nontrivial connected component, say G;.

Let |S| = s and |V(G))| = n; > 2. Recall that i(G — S) = 2|S|. Then G = K, V (K,,, U 25K} ), where
ny = n—3s > 2. Itis obvious that the partition V(G) = V(K;) U V(K,,) U V(2sK)) is an equitable
partition of G, and the corresponding quotient matrix of A,(G) is

an—as+s—1 (1-a)n-3s) 2s(1 —a)
B, = (1-a)s n+as—3s—1 0
(1-a)s 0 as

By a simple computation, the characteristic polynomial of B is given by

01(x) = = (@ + Dn + (@ = 2)s — 2)x°
+@?+@-a)sn—(a+Dn—-2s—Qa—-2)s+ Dx
—&*sn? + (40 —4a + 2)s’n + (% + @)sn
— (8a* - l4a + 6)s° — 2a* - 2a + 2)s* — as. (3.1)

By virtue of Lemma 2.5, p,(G) is the largest root of ¢;(x) = 0. Let n; = po(G) > 1, > n; be the
1 1

three roots of ¢;(x) = 0 and Ry = diag(s,n — 3s,2s). One checks that R} B;R,* is symmetric, and also
contains

n+as—3s-1 0
0 as

as its submatrix. Since R%BlRI% and B, possess the same eigenvalues, the Cauchy interlacing theorem
(cf. [4]) implies thatp, <n+as—3s—1<n-3.

If s =1,then G = K; V(K,-3U2K;) and ¢;(x) = ¢(x). Recall that n(n) is the largest root of ¢(x) = 0
and p,(G) is the largest root of ¢;(x) = 0. Thus, we conclude p,(G) = n(n), which is a contradiction to
0.(G) > n(n). In what follows, we are to consider s > 2.

From the discussion above, we easily see n(n) = p,(K; V (K,_3 U 2K})). Note that K,,_, is a proper
subgraph of K; V (K,_3 U2K;). From Lemmas 2.3 and 2.4, we have p,(K; V (K,-3 U2K})) > p,(K,-») =
n — 3. Thus, we obtain

1) = pa(Ky V (K3 U 2K})) > po(Ky2) =n =3 > 1. (3.2)

Subcase 2.1.1. 0 < o < 3.
Write 1 := n(n). Recall that ¢(17) = 0. A directed calculation yields that

e1(m) = o1(n) — () = (s — Dg1(n), (3.3)
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where g1(7) = 2 — a)p? — (@ — a®)n + 2s + 2a)n — &*n* + (4a? — 4a + 2)sn + (5a* = 3a + 2)n — (8a* —
l4a + 6)s> — (10a? — 16a + 8)s — 10a” + 15a — 8. Note that

(@ —aPn+2s+ 2
212 - @)

by (3.2), s > 2 and n > 3s + 2. Thus, we obtain

<n-3<ng

g1(m) >g1(n—3)
=2 -a)n-3)7°—-((a—-adHn+2s+2a)(n-3)—a’n?
+ (4a” — da + 2)sn + (5a% = 3a + 2)n — (8a” — 14a + 6)s®
— (10a? — 16a + 8)s — 10a* + 15a — 8
=2 - 2a)n® + ((4a* — 4a)s + 20° + 4a — 10)n — (8a* — 14a + 6)s°
— (100” - 16a + 2)s — 10a* + 12« + 10. (3.4)
Let [,(s,n) = (2 = 2a)n® + ((4a? — 4a)s + 2a% + 4a — 10)n — (8a? — 14a + 6)s> — (10a” — 16a + 2)s —
10a? + 12a + 10. Notice that
(4a” — 4a)s + 2a% + 4a - 10

2 < n.
20 —2a) <35s+2<n

Then

Li(s,n) =11(s,35 +2)
=(2 - 2a)(3s + 2)> + ((4a? — 4a)s + 2a* + 4a — 10)(3s + 2)
— (8a? - 14a + 6)s* — (10a” — 16a + 2)s — 10a* + 122 + 10
=(4s* + 45— 6)a* — (165° + 4s — 12)a + 125* — 85 — 2

3
2%(45‘2 +45-6) - 1(16s2 +4s—12)+ 125 -85 -2

1
:§(18s2 —70s + 29)
>0,

1652+45—12
2(452+45—6)

2_ 2 _ 2 _Ay—
If s = 3, then — & 462)(5;_220;;4“ 0= —1e=2025 < 14 < f(@) <ndueto 0 < a < 2. Consequently, for

0<acx< % and n > f(a) > 14, we obtain

where the last two inequalities hold from > % > « and s > 4, respectively.

L(3,n) > 1,(3,14) = 84a* — 318a + 202 > 0.

_ _(4&2—4a)s+2a2+4a—10 _ _5a%’-2a-5 3
If s = 2, then 50-20) = 55— < 14 < f(@) < ndueto0 < a < 7. Hence, for

0<ac< % and n > f(a) > 14, we conclude
L(2,n) > 1,(2,14) = 78a* — 328a + 234 > 0.

From the discussion above, we have [;(s,n) > O for2 < 5 < ”%2 Together with (3.3), (3.4) and
s > 2, we get
e1(m) = (s — Dg1(n) > (s — Dg1(n = 3) = (s = Dli(s,n) > 0.
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Recall that n = n(n) and p,(G) is the largest root of ¢1(x) = 0. As n(n) = p(K; V (K,-3 U 2K})) >
n—3>mn, (see (3.2)), we infer p,(G) < n(n) for2 < s < ”%2, which is a contradiction to p,(G) > n(n).
Subcase 2.1.2. 3 <a < 1.

According to (3.1), we have

oi(n=3)=(n-3)°-(a+ Dn+(a-2)s—-2)n-3)7°
+(an® + (@ —a)sn—(a+ Dn—-25"—Qa —2)s + 1)(n - 3)
—a*sn® + (4a? —4a +2)s*n + (&% + @)sn
— (8a? - l4a + 6)s° — 2% - 2a + 2)s* — as
=2(1 — a)(4a - 3)s’ + (4> — 4a)n — 2a° + 2a + 4)s*
+ (2 =2a)n* — (2% - 8a + 10)n — 4a + 12)s
+ Qa - 2)n® — (6a — 10)n — 12

=:D (s, n).
Thus, we obtain
w =6(1 — @)(da — 3)s* + 2((4a* — da)n — 20° + 2a + 4)s
+ (2 =20 - (2a* - 8a + 10)n — 4a + 12.
Recall that % <a<landn > f(a) = % +1> ﬁ By a direct calculation, we have
% =~ 20)n* + (140 — 8a — 10)n — 104a* + 172a — 44
5V 5
>(2 - 2a) (m) + (14a? — 8a — 10) (m) —1040” + 1720 — 44
:ﬁ(lom3 —2060° + 176a — 44)
>0,
and
W 2 :%((m2 — 12a + 2)n — 240> + 36a — 4)

1
<3 ((6a2 - 12a +2) (li) — 240’ + 36a — 4)

-

(24a® — 30a* — 20a + 6)

31 -a)
<0.

This implies that ¢;(n — 3) = ®(s,n) > min {@1(2, n), ®; (”;—2, n)} because the leading coeflicient of
®,(s,n) (view as a cubic polynomial of s) is positive, and 2 < s < ”3;2 By virtue of % < a < 1and
n> fla) = % +1> ﬁ, we obtain

®,(2,n) =2 - 2a)n” + (12¢* - 6 — 10)n — 72a° + 112a — 20
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2
>(2 - 2a) (li) + (1202 - 6a — 10) (li) —72a% + 112a - 20
-

-
1
:1_(72a3 — 1240 + 102a - 20)
4
>0,

and

-2 1
®, (" 3 n) :E((4a2 — 16a + 12)n® + (=240 + 132a — 132)n?

+ (1202 = 246a + 438)n + 40a* — 16a — 444)

1, 5\ ) 5\
>—((4a? - 16a + 12) [ ——| + (-240? + 1320 — 132) [ ——
27 1-a 1

—-a

+ (1222 —246a+438)( )+40a2 — 16 — 444)

l-«a

1
=——— (402" - 1560° + 318a” + 252« — 54
= a)2( Jo% o a a )
>0.
Consequently, we conclude ¢i(n — 3) > min{(Dl(Z, n), ®, (%n)} >0for2 <s < "3;2 As n(n) =
Po(Ky V (K3 U2K;)) >n—3>n, (see (3.2)), we deduce p,(G) < n(n) for2 < s < ”3;2, which is a

contradiction to p,(G) > n(n).
Subcase 2.2. Statement (b) holds.
In this subcase, we infer |S| > 2 and i(G — §') = 2|§| — 1 or 2|S|. Similarly, one has
e the induced subgraph G[S] and every connected component of G — § are complete graphs;
eG=G[SIV(IG-95);
e G — S has at most one nontrivial connected component G1.
We also let |S| = s > 2 and |V(G,)| = n;. Notice that n; = 0 or n; > 2.
Subcase 2.2.1. i(G-S) =25 — 1.
Subcase 2.2.1.1. n; > 2.
In this subcase, G = K,V (K,, U(2s—1)K;)and n = 3s—1+n; > 3s+ 1. It is clear that the partition
V(G) = V(K,) U V(K,,) U V((2s — 1)K,) is an equitable partition of G, and the corresponding quotient
matrix of A,(G) equals

an—as+s—-1 (I-a)n-3s+1) (1-a)2s-1)
B, = (1-a)s n+as—3s 0
(1-a)s 0 as

By a direct computation, we obtain the characteristic polynomial of B, as

©2(x) = —((@+ Dn+ (@ —-2)s— x?
+(an® + (@ —a)sn —n—25> — Qa — 3)s)x

—*sn? + (4a* —da +2)s*n— (& = 3a + Dsn

AIMS Mathematics Volume 11, Issue 9, 28646-28664.
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— (8% — 14a + 6)s® + (4a* — 9a + 3)s°. (3.5)

According to Lemma 2.5, p,(G) is the largest root of ¢,(x) = 0. Let 81 = p,(G) > B, > B3 be the three
1 1

roots of ¢,(x) = 0 and R, = diag(s,n —3s + 1,2s — 1). One checks that R; B,R,’ is symmetric, and
also contains

n+as—3s 0
0 as

as its submatrix. Since RZ% B:R, : and B, have the same eigenvalues, the Cauchy interlacing theorem
(cf. [4]) yieldsthat 8, <n+as—3s<n—2s<n-—4.

Recall that n = n(n) = p.(K; V (K,-3 U2K;)). Since K,,_, is a proper subgraph of K; V (K,_3 U2K)),
it follows from Lemmas 2.3 and 2.4 that

n=nn) = po(Ki V (Ky—3 U2K1)) > po(Ky2) =n—=3>n—-4>p. (3.6)
First we discuss 0 < a < %. Recall that ¢(17) = 0. A simple computation yields that

2(11) =p2(n) — (1)
=(2-a)s+a -3+ ((a? —@)s — a* + 2a)n — 25> — 2a —3)s + 2a — 1)y
— (s — D + (4a? —da+2)s*n — (@ - 3a + Dsn — (5¢° = 3a + 2)n
— (8a” — 14a + 6)5° + (4a* — 9a + 3)s* + 10a* — 15 + 8.
Note that
(@ —a)s—a?+2a)n—-25> - Ra—-3)s+2a -1
B 202 -a)s +a-3)
by (3.6), s > 2 and n > 35 + 1. Hence, we obtain

<n-3<n

o) >(2-a)s+a—-3)n -3+ (((&* —a)s —a* +2a)n — 25> — Qa = 3)s +2a — D(n - 3)
—a?(s— D + (4a® — 4a + 2)s’n — (@ = 3a + 1)sn — (5a° = 3a + 2)n
— (8a” — 14 + 6)s° + (4a” — 9 + 3)s* + 10a* — 150 + 8
=((2 = 2a)s + 3a — 3)n* + ((4a? — 4a)s* — (4a* — 10a + 10)s — 22> — Ta + 15)n
— (8a? — 14a + 6)s° + (4a® — 9a + 9)s* — 3(a — 3)s + 10a* — 12a — 16. (3.7)

Let Ly(s,n) = (2 = 2a)s + 3a — 3)n® + ((4a? — 4a)s* — (4a? — 10a + 10)s — 2a° — T + 15)n — (8a? —
l4a + 6)s® + (4a® = 9a + 9)s*> — 3(a — 3)s + 10a” — 12a — 16. Note that (2 — 2a)s + 3o — 3 > 0 and

(40” — 4a)s* — (4a* — 10a + 10)s — 22> = T + 15
2(2-2a)s +3a —-3)

<3s+1<n.

Then

L(s,n) >bL(s,35s+ 1)
=((2 -2a)s +3a - 3)(B3s + 1)*
+ ((4a? - 4a)s* — (4a? = 10 + 10)s — 2% = Ta + 15)Bs + 1)
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— (8% — 14a + 6)s® + (4a* — 9a + 9)s* — 3(a — 3)s + 10a® — 122 — 16
=(4s® — 45> — 10s + 8)a? — (165> — 325% — 25 + 16)a + 125° — 365> + 285 — 4

9 3
21—6(4s3 — 45— 105+ 8) — 1(16s3 —325% =25+ 16) + 125> — 365> + 285 — 4

1
:§(18s3 — 1145* + 1915 — 92)

>0,
: o 165 +4s-12 3 .
where the last two inequalities hold from Yarid 6 S 12 and s > 4, respectively.
_ (402 —40)s®—(4a2-10a+10)s—2a%-Ta+15 _  22a2—13a-15 3
If s = 3, then — 2CZm)st3a=3) =-—=t—r= <4< f(e) <ndueto0 < a <.
Hence, for 0 < a < % and n > f(a) > 14, we get
L(3,n) > 1(3,14) = 138a* — 494 + 308 > 0.
_ (402 —4a)s*—(4a*-10a+10)s-20%~Ta+15 _  6a*-3a-5 3
If s = 2, then — O i0=3) =252 <4< fle)<ndueto0 < a < 3.

Hence, for 0 < a < % and n > f(a) > 14, we have
L(2,n) > 5L(2,14) = 46a* — 180a + 115 > 0.

From the discussion above, we conclude /;(s,n) > 0for2 < s < ”3;1 Combining this with (3.7) and
s > 2, we obtain

2(n) > L(s,n) = 0.

Recall that p,(G) is the largest root of ¢,(x) = 0. Asn = n(n) = p(K; V (K,-3 U2K;)) >n—-3>f,
(see (3.6)), we deduce p,(G) < n(n) for2 < s < ”T_l, which is a contradiction to p,(G) > n(n). In what
follows, we consider % <a<l.

In terms of (3.5), we get

o(n=3)=(n—-3)° - ((@+ Dn+ (@ —-2)s — D)(n-3)*

+(an* + (@ —a)sn —n—2s5* — Qa = 3)s)(n - 3)
—*sn* + (4a? —da +2)s*n— (& = 3a + Dsn
— (8a? — 14 + 6)s° + (4a* — 9 + 3)s®

=2(1 — a)(4a - 3)s’ + ((4a* — 4a)n + 4a* — 9a + 9)s*
+((2 = 2a)n* — (4a” — 10a + 10)n — 3a + 9)s
+Ba -3’ —9a - 15)n - 18

=:Dy(s,n).

Thus, we have

0D, (s, n)

s =6(1 — @)(4a — 3)s* + 2((4a* — 4a)n + 4a* — 9a + 9)s

+ (2 = 2a)n* — (4a* — 10a + 10)n — 3a + 9.
Recall that 2 < @ < 1and n > f(@) = 2> + 1 > 7. By a simple calculation, we obtain

0D, (s, n)

v =(2 = 2a)n* + (12a* — 6a — 10)n — 80a* + 129« — 27
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2
>(2 - 2a) (li) + (1202 — 6a — 10) (%) —80a” + 129a — 27
-

—-a
1
:1—(800[3 — 1490 + 126a — 27)
-
>0,

and

0D, (s, n)

1
=—((4a* - 8a)n — 16a* + 23a + 3)
os el 3

=3

5

1
<—(4a? - 8a)| —— | - 160* + 230 + 3
3 1 -«

= 16a” — 19a* - 2
3(1—&)( 6a 9a Oa + 3)

<0.

This implies that ¢,(n — 3) = ®,(s,n) > min {@2(2, n), ®, (";—1, n)} because the leading coefficient of
s <

nl Inlightof% < a < 1and

®,(s,n) (view as a cubic polynomial of s) is positive, and 2 < =5

n> f(a) = = +1> 2, we have
®,(2,n) =(1 — a)n® + (8a% — 4a — S)n — 48a* + 70a — 12

2
>(1 — ) (%) + (8% — 4a - 5) (li) —48a* + 70a — 12

il 04
1
:1—(48a3 —78a% + 62a — 12)
bl 04
>0,

and

-1 1

®, (" 3 n) :ﬁ((4a/2 — 16a + 12)n® + (=240° + 144a — 144)n?
+ (=249a + 504)n + 20a* — 14a — 534)

2

1 3
>—((4a” - 16a + 12) S +(=24a% + 144 - 144) S
27 l-«a l-«a

+ (=249 + 504)( ) + 200 — 14a — 534)

l-«a
B 1
“27(1 —a)?
>0.

(200 — 540 + 1590° + 389 — 114)

Hence, we have ¢,(n — 3) > min{CI)z(Z,n), o, (”3;111)} >0for2 <s < ”3;1 Asn =n(n) = p(K; vV
(K,_3 U 2K;)) > n—3 > 3, (see (3.6)), we conclude p,(G) < n(n) for 2 < s < ”%1, which is a
contradiction to p,(G) > n(n).
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Subcase 2.2.1.2. n; = 0.

In this subcase, G = K; vV (25 — 1)K, and n = 35 — 1. The quotient matrix of A,(G) by the partition
V(G) = V(K,) U V((2s — 1)K,) equals

-

2as+s—a—-1 (1-a)2s-1)
(1-a)s as '

By a direct computation, we get the characteristic polynomial of B; as

p3(x) = x> —Bas+s—a—x+5as” — 25> — 3as + s.

Since the partition V(G) = V(K;) U V((2s — 1)K)) is equitable, it follows from Lemma 2.5 that p,(G)
is the largest root of ¢3(x) = 0. Note that n = 35 — 1. By a direct computation, we obtain

©3(n —3) = 335 — 4) = (4 — 4a)s* + (12a — 16)s — 4o + 12.

IfOo<a<l thenn=3s-1 > f(a) = 14. Thus, we infer s > 5, and so

=5

p3(n—3) =4 - 4a)s* + (12a — 16)s — da + 12

Ifl <a<? thenn=

>3

If%<a/<§ then n =

T

AIMS Mathematics

>5(4 —4a)s + (12a — 16)s — 4a + 12
=4 -8a)s —4a+ 12

>5(4 - 8a) —4a + 12

=32 — 44«

>0.

35— 1> f(a) = 17. Thus, we have s > 6, and so

03(n —3) =(4 — 4a)s* + (12a — 16)s — da + 12

>6(4 —4a)s + (12a — 16)s —4a + 12
=8 - 12a)s —4a + 12

>6(8 — 12a) —4a + 12

=60 — 76«

>0.

3s— 12> f(a) = 20. Thus, we get s > 7, and so

03(n—3) =(4 — 4a)s* + (12a — 16)s — 4a + 12

>7(4 - 4a)s + (120 - 16)s —4a + 12
=(12 — 16a)s — 4a + 12

>7(12 — 16a) —4a + 12

=96 — 116«

>0.
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If§ <a <1, thenn=3s~-12 f(a) = 7% + 1. Thus, we deduce s > 552 + 3, and s0

p3(n—3) =4 - 4a)s* + (12a — 16)s — 4a + 12

2
2(4—40)( +—)s+(12af—16)s—4a+12

31-a) 3
1
:g((28a/ —20)s — 12a + 36)

5 2
2) - 120+ 36
3(1—a/)+3) @t )

% ((28a - 20)(
1
91 -a)
>0.

(=20a0° + 92a — 32)

From the discussion above, we conclude s > 5 and ¢3(n — 3) > 0. Next, we consider the derivative
of p3(x), and we have ¢} (x) = 2x — Bas + s — a — 1). It follows from s > 5 and n = 3s — 1 that

ps(n—-3)=2(n-3)-CBas+s—a—-1)

=5-3a)s+a-7

>505-3a)+a-7

=18 — 14«

>0.
Combining this with ¢3(n — 3) > 0 and n(n) > n — 3, we conclude p,(G) < n — 3 < n(n) for s > 5,
which contradicts p,(G) > n(n).
Subcase 2.2.2. i(G - §) = 2s.

In this subcase, G = K V (K, U 2sK;). If ny > 2, then n = 3s + n; > 35 + 2. By a similar proof as

that of Subcase 2.1 above, we have p,(G) < n(n) for 2 < s < =2, which contradicts p,(G) > n(n).

If ny =0, then G = K Vv 25K, and n = 3s. Consider the partition V(G) = V(K;) U V(2sK;). The
corresponding quotient matrix of A,(G) equals

B, = 2as +5s—1 2s5(1 — @)
Tl a-ws as '

The characteristic polynomial of By is
w4(x) = = Bas + s — Dx + 5as* — 25> — as.

Since the partition V(G) = V(K;) U V(2sK,) is equitable, it follows from Lemma 2.5 that p,(G) is the
largest root of ¢4(x) = 0. Notice that n = 3s. By a simple calculation, we get

0s(n —3) = p4s(3s — 3) = (4 — 4a)s* + (8a — 12)5 + 6.
fO<a< %, then n = 3s > f(a) > 14. Thus, we have s > 5, and so

0s(n—3) =(4 —4a)s*> + Ba - 12)s + 6
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>54 -4a)s+ Ba—12)s + 6

=8 - 12a)s+6
>5(8 - 12a) + 6
=46 — 60«

>0.

If% <a< 43'1’ then n = 3s > f(a) = 20. Thus, we conclude s > 7, and so

ps(n—3) =4 - 4a)s* + 8a — 12)s + 6
>7(4 —4a)s + (8a—12)s + 6
=(16 — 20a)s + 6
>7(16 — 20a) + 6
=118 — 140«
>0.

If% <a<l,thenn=3s> f(a) = ﬁ+1.Thus,wegetsZ 3(15_a)+%,andso

ps(n—3) =4 - 4a)s* + 8a — 12)s + 6

2(4—4(1)( +1)s+(8a—12)s+6

31-a) 3
:%((2004 —12)s + 18)

1 5 1
Z§ ((20&— 12)(3(1 iy + §) + 18)

= —200° + 78a — 1
9(1_a)( 0a” + 78a — 18)

>0.

From the discussion above, we obtain s > 5 and ¢4(n — 3) > 0. In what follows, we consider the
derivative of ¢4(x), and we get ¢, (x) = 2x — Bas + s — 1). According to s > 5 and n = 3, we obtain

oy(n—-3)=2(n-3)-CBas+s—-1)

=(5-3a)s-5
>5(5-3a)-5
=20 - 15«

>0.

Combining this with ¢4(n — 3) > 0 and n(n) > n — 3, we deduce p,(G) < n -3 < n(n) for s > 5, which
is a contradiction to p,(G) > n(n). This completes the proof of Theorem 1.2. O
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4. Extremal graphs

In this section, we create a graph to claim that the bound on A,-spectral radius established in
Theorem 1.1 is sharp.

Theorem 4.1. Let a € [0, 1), and let 57(n) be the largest root of x* — ((a + 1)n + a — 4)x* + (afi2 +(a® -
20— Dn —2a + 1_)x —a’n? + (5a% - 3a +2)n — 10a* + 15 — 8 = 0. Then p,(K,_3 V K; V K>) = n(n)
and K,,_3 V K; V K is not a Ps,-factor covered graph if n > f(a), where

14, ifacloi];
1 ifeed
J@) =19 5. if we 2

5
1-a

+1, ifaeG0).

Proof. We partition the vertex set of the graph K,_3 V K; V K, as V(K,_3) U V(K;) U V(K,). Then the
quotient matrix of A,(K,-3 V K; V K3) in terms of the partition V(K,_3) U V(K;)U V(K;) can be written
as

an-1) (I1-a)n-3) 2(1-a)
B(K,; VK, VK= l-a n+a—4 0 ,
l-a 0 a

whose characteristic polynomial is x> — ((a+ 1)n+a—4)x>+(an*+(a* - 2a— )n—2a+1)x—a’*n’>+(5a° -
3a+2)n—10a’+15a—8. Since the partition is equitable, it follows from Lemma 2.5 that the largest root
n(n) of X*—((a+Dn+a—4)x*+(an*+(a’-2a—-Dn—2a+1)x—a’n*+(5a*-3a+2)n—10a*+15¢-8 = 0
is equal to the A,-spectral radius of the graph K, 3 V K; vV K, that is to say, po(K,—3 VK vV K) = n(n).
Write S = V(K,). Then i(K,.3 VK, VK, —=S)=2>1=2|S|-1. According to Lemma 2.2 (ii), we
know that the graph K, 3 V K| V K, is not a Ps,-factor covered graph. Theorem 4.1 is proved. O

5. Conclusions

In this paper, we establish a connection between the A,-spectral radius and P,-factor covered
graphs and obtain a sufficient condition for a graph G to be Ps,-factor covered with respect to the A,-
spectral radius of G. Inspired by the work above, it is natural and interesting to give some other types
of spectral radius conditions to ensure that a graph G is Ps,-factor covered.
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