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1. Introduction

The estimation of a probability density from independent and identically distributed (i.i.d.) random
observations X1, X2, . . . , Xn is a classical problem in statistics. Numerous studies have been devoted
to the problem of nonparametric density estimation under various statistical models. In this paper, we
consider a mixture density model [14,26]. Let X1, X2, . . . , Xn be i.i.d. random variables with a common
density g(x) defined by

g(x) = θh(x) + (1 − θ) f (x), x ∈ Rd. (1.1)

In the above equation, h(x) and f (x) are both bounded density functions, and the function h(x) is
known. The parameter θ ∈ (0, 1) is a known mixing ratio. The problem is how to estimate the unknown
density f (x) from the observations X1, X2, . . . , Xn in some sense.

In particular, when h is the density of the uniform distribution on [0,1], the model (1.1) reduces to

g(x) = θ + (1 − θ) f (x), x ∈ [0, 1], (1.2)

which is known as a two-class mixture model; see [5, 13].
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As a powerful statistical tool, the above mixture model plays a significant role in statistics,
economics, big data processing, and other fields; see [10, 19, 25]. In the context of dealing with
contamination problems [23], model (1.1) describes the case where the density function f (x) of an
unknown distribution is contaminated by an arbitrary distribution h(x) with a proportion θ, which
constitutes a particular instance of the pollution model [12]. In addition, Maiboroda and
Sugakova [20], Chen et al. [6], and Liu and Gao [16] made different assumptions about the
contamination model to study the problem of nonparametric density estimation. The mixture model is
also widely used in multiple testing problems; see [1, 22, 27].

The kernel estimation serves as a prevalent tool for nonparametric mixture density inference.
Focusing on the extended version of Model (1.2), where the mixing parameter θ is treated as an
unknown quantity, Nguyen and Matias [26] provided a randomly weighted kernel estimator and
established an upper bound for its pointwise quadratic risk on a class of Hölder density. Furthermore,
Chagny et al. [5] investigated the same problem by constructing a data-driven kernel estimator.

Compared with kernel estimators, wavelet estimators provide more local information, which is
effective for the estimation of density function with cusps, as they have the properties of time-frequency
localization and multiresolution analysis (see [7, 8, 21]). In 2024, Kou and Chen [13] constructed
linear and adaptive nonlinear wavelet estimators for Model (1.2) and established upper bounds for
their Lp(1 ≤ p < ∞) risks over Besov spaces. For model (1.1), Liang and Kou [15] employed wavelet
techniques to develop similar estimators and investigated their convergence rates in terms of mean
integrated squared error in 2025. One year later, Kou and Liang [14] established the minimax lower
bound over Lp(1 ≤ p < ∞) loss and derived corresponding upper bounds.

In contrast to the traditional adaptive estimations, Goldenshluger and Lepski [9] developed a
data-driven kernel estimator for the classical density framework in 2014. The parameters of their
estimator are determined by a fully adaptive selection rule. In 2019, Liu and Wu [18] introduced a
data-driven wavelet estimator and considered pointwise density estimations under an anisotropic local
Hölder condition. In 2021, Cao and Zeng [4] investigated Lp risk (1 ≤ p < ∞) estimations under the
independence hypothesis by using the data-driven wavelet estimator based on the classical density
model. In 2024, Cao and Zeng [2] proposed a data-driven wavelet estimation method for estimating
the derivatives of the density function. Furter, more relevant studies with data-driven estimation can
be found in [3, 17].

The objective of this paper is to construct a data-driven wavelet estimator for the mixture density
model (1.1) and analyze its performance under pointwise and Lp risks. The main contributions of
this paper are as follows. We construct a fully adaptive data-driven wavelet estimator and establish
a pointwise oracle inequality that imposes no regularity assumptions on the underlying function f
(except for the restrictions ensuring the existence of the model and the risk). Moreover, using this
inequality, we derive the pointwise estimations under a local Hölder condition and Lp risk (1 ≤ p < ∞)
estimations on Besov spaces, respectively.

This paper is organized as follows. Section 2 introduces the required function spaces and constructs
a data-driven wavelet estimator. Section 3 establishes the corresponding oracle inequality. Section 4
presents two auxiliary propositions. Section 5 deals with adaptive estimation. Section 6 provides
numerical simulations for the proposed estimator. Finally, Section 7 draws conclusions and discusses
possible directions for further research.
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2. Function spaces and data-driven estimator

In this section, we introduce the function spaces required in the subsequent analysis and propose a
fully adaptive wavelet estimator based on data-driven methods.

2.1. Wavelets and function spaces

We begin with a classical concept in wavelet analysis. A multiresolution analysis (MRA, [24]) is
a sequence of closed subspaces {V j} j∈Z of the square integrable function space L2(Rd) satisfying the
following properties:

(i). V j ⊂ V j+1, j ∈ Z and
⋃

j∈Z V j = L2(Rd);
(ii). f (2·) ∈ V j+1 if and only if f (·) ∈ V j for each j ∈ Z;
(iii). There exists Φ ∈ L2(Rd) (scaling function) such that {Φ(· − k), k ∈ Zd} forms an orthonormal

basis of V0 = span{Φ(· − k)}.
When d = 1, a wavelet function Ψ can be constructed from the scaling function Φ in a simple way

such that {2 j/2Ψ(2 j · −k), j, k ∈ Z} constitutes an orthonormal basis (wavelet basis) of L2(R). Examples
include Daubechies wavelets [11], which have compact supports in time domain. For d ≥ 2, the tensor
product method gives an MRA {V j} of L2(Rd) from one-dimensional MRA. In fact, with a scaling
function Φ of tensor products, we find 2d − 1 wavelet functions Ψℓ (ℓ = 1, 2, · · · , 2d − 1) such that

{2 jd/2Ψℓ(2 j · −k), j ∈ Z, k ∈ Zd, ℓ = 1, 2, · · · , 2d − 1}

constitutes an orthonormal basis (wavelet basis) of L2(Rd).
A scaling function Φ is said to be t regular if Φ ∈ Ct(Rd), and

|DαΦ(x)| ≤ cl(1 + |x|2)−
l
2 , α = (α1, α2, · · · , αd) ∈ Nd (2.1)

for any l ∈ N, |α| = 0, 1, · · · , t and some independent positive constants cl. Here and after, |α| :=
α1 + α2 + · · · + αd, and

Dα f :=
∂α1

∂xα1
1
· · ·
∂αd

∂xαd
d

f .

Then, the corresponding wavelet Ψℓ (ℓ = 1, 2, · · · , 2d − 1) also satisfies (2.1). The Daubechies scaling
function D2N × · · · × D2N︸              ︷︷              ︸

d times

with N > t + d is an example, and the tensor product of D2N with large N is

used in the whole paper.
As usual, let P j be the orthogonal projection operator from L2(Rd) onto the scaling space V j with

the orthonormal basis {Φ jk(·) = 2 jd/2Φ(2 j · −k), k ∈ Zd}. Then, for each f ∈ L2(Rd),

P j f =
∑
k∈Zd

α jkΦ jk (2.2)

with α jk := ⟨ f ,Φ jk⟩. Specially, when a scaling function Φ is t regular, the identity (2.2) holds in Lp(Rd)
for p ≥ 1 ( [11]).

One of advantages of wavelet bases is that they can characterize Besov spaces, which are needed in
order to establish the Lp risk estimations.
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Lemma 2.1 ( [11,24]). Let Φ be t regular, Ψℓ (ℓ = 1, 2, · · · , 2d −1) be the corresponding wavelets, and
f ∈ Lr(Rd). If α jk := ⟨ f ,Φ jk⟩, βℓjk := ⟨ f ,Ψℓjk⟩, r, q ∈ [1,∞], and 0 < s < t, then the following assertions
are equivalent:

(i). f ∈ Bs
r,q(Rd);

(ii). {2 js∥P j f − f ∥r} ∈ lq;
(iii). {2 j(s− d

r +
d
2 )∥β j·∥lr} ∈ lq.

The Besov norm of f can be defined by

∥ f ∥Bs
r,q := ∥α j0·∥lr + ∥(2

j(s− d
r +

d
2 )∥β j·∥lr ) j≥ j0∥lq ,

where ∥α j0·∥
r
lr

:=
∑

k∈Zd
|α j0k|

r and ∥β j·∥
r
lr
=

2d−1∑
ℓ=1

∑
k∈Zd
|βℓjk|

r.

Moreover, Lemma 2.1 (i) and (ii) shows that ∥P j f − f ∥r ≲ 2− js holds for f ∈ Bs
r,q(Rd). Here and

throughout, the notation A ≲ B denotes A ≤ cB with some fixed and independent constant c > 0; A ≳ B
means B ≲ A; A ∼ B stands for both A ≲ B and A ≳ B.

Note that lr is continuously embedded to lp for r ≤ p. Then, Lemma 2.1 (i) and (iii) imply that

Bs
r,q(Rd) ↪→ Bs′

p,q(Rd) for r ≤ p, and s′ −
d
p
= s −

d
r
> 0,

where A ↪→ B stands for a Banach space A continuously embedded in another Banach space B.
Subsequently, we introduce a local Hölder condition, which plays a key role in investigating the

pointwise estimations.
As in [17,18], for a univariate function f , the local Hölder condition of order 0 < s ≤ 1 at the point

x0 ∈ R
d means that for a fixed constant L > 0 and each x, y ∈ Ωx0 (a neighborhood of the point x0),

| f (y) − f (x)| ≤ L|y − x|s.

We use H s(Ωx0) to denote all those functions.
For s = N + ϵ with ϵ ∈ (0, 1] and N ∈ N, one defines

H s(Ωx0) := { f ,Dα f ∈ Hϵ(Ωx0), |α| = N}.

The following lemma is necessary for the pointwise estimations.

Lemma 2.2 ( [17, 28]). Let Φ ∈ L2(Rd) be a compactly supported and t regular scaling function and
Ψℓ(ℓ = 1, 2, · · · , 2d − 1) be the corresponding wavelet. If f ∈ H s(Ωx0) ∩ L2(Rd) with s > 0 and t ≥ [s],
then for x ∈ Ωx0 and sufficiently large j,

(i). f (x) =
∑

k∈Zd
α j0kΦ j0k(x) +

∞∑
j= j0

2d−1∑
ℓ=1

∑
k∈Zd
βℓjkΨ

ℓ
jk(x) holds pointwisely;

(ii). sup
x∈Ωx0

sup
f∈Hs(Ωx0 )∩L2(Rd)

| f (x) − P j f (x)| ≲ 2− js.

In the whole paper, the notations H s(Ωx0 ,M) and Bs
r,q(M,T ) stand for

H s(Ωx0 ,M) := { f ∈ H s(Ωx0), f is a density function, and ∥ f ∥∞ ≤ M}.

Further,

Bs
r,q(M,T ) := { f ∈ Bs

r,q(M), ∥ f ∥∞ ≤ M, and supp f ⊆ [−T,T ]d}, (2.3)

where Bs
r,q(M) := { f ∈ Bs

r,q(Rd), f is a density function, and ∥ f ∥Bs
r,q ≤ M}, and M,T > 0 are some

positive constants.
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2.2. Data-driven estimator

As in [14], the linear wavelet estimator for model (1.1) is given by

f̂ j(x) :=
∑
k∈Zd

α̂ jkΦ jk(x), (2.4)

where α̂ jk := 1
n

∑n
i=1

1
1−θΦ jk(Xi) − µ jk, and µ jk =

∫
Rd

θ
1−θh(x)Φ jk(x)dx. Clearly, Eα̂ jk = α jk := ⟨ f ,Φ jk⟩,

and E f̂ j = P j f ; see [14].
Motivated by [3, 9, 17], we introduce a selection rule for parameter j defined in (2.4), which relies

exclusively on the observed samples X1, · · · , Xn.
LetH :=

{
0, 1, · · · , ⌊ 1

d log2
n

ln n⌋
}

with ⌊a⌋ denoting the integer part of a. Thus, j0 ∈ H is determined
by the following rule:

R̂ j(x) := sup
j′∈H

[∣∣∣∣ f̂ j∧ j′(x) − f̂ j′(x)
∣∣∣∣ − τn( j ∧ j′) − τn( j′)

]
+
, (2.5)

j0 = j0(x) = arginf
j∈H

[
R̂ j(x) + 2τn( j)

]
.

Here and throughout, a ∧ b := min{a, b}, a+ := max{a, 0}, and

τn( j) :=
(
λ2 jd ln n

n

) 1
2

, (2.6)

where λ > 0 is a constant determined later on. Thus, the data-driven wavelet estimator is obtained by

f̂n(x) := f̂ j0(x) =
∑
k∈Zd

α̂ j0kΦ j0k(x). (2.7)

3. Oracle inequality

In this section, we provide a pointwise oracle inequality for the data-driven estimator in (2.7), which
plays the key roles in the proofs of Theorems 5.1 and 5.2.

We first introduce two fundamental quantities for the wavelet estimator f̂ j. Define

B j(x, f ) := |P j f (x) − f (x)| and S n(x, j) := f̂ j(x) − E f̂ j(x), (3.1)

which correspond to the bias and stochastic error of f̂ j, respectively. Furthermore, we construct two
auxiliary supremum functionals based on the above quantities:

B∗j(x, f ) := sup
j′∈H , j′≥ j

B j′(x, f ) and ℵn(x) := sup
j∈H

[
|S n(x, j)| − τn( j)

]
+
, (3.2)

where τn( j) is given by (2.6).
Then, the following pointwise oracle inequality holds.

Theorem 3.1. For any x ∈ Rd, the estimator f̂n(x) defined in (2.7) satisfies that

| f̂n(x) − f (x)| ≤ inf
j∈H

{
5B∗j(x, f ) + 5τn( j)

}
+ 5ℵn(x),

where τn( j) is given by (2.6), and B∗j(x, f ), ℵn(x) are determined by (3.2).

AIMS Mathematics Volume 11, Issue 9, 28628–28645.
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Proof. By the triangle inequality,∣∣∣∣ f̂ j0(x) − f (x)
∣∣∣∣ ≤ ∣∣∣∣ f̂ j0∧ j(x) − f̂ j0(x)

∣∣∣∣ + ∣∣∣∣ f̂ j0∧ j(x) − f̂ j(x)
∣∣∣∣ + ∣∣∣∣ f̂ j(x) − f (x)

∣∣∣∣ (3.3)

holds for any x ∈ Rd and j ∈ H .
According to (2.5), one obtains that∣∣∣∣ f̂ j0∧ j(x) − f̂ j(x)

∣∣∣∣ ≤ R̂ j0(x) + τn( j0 ∧ j) + τn( j), (3.4)

and ∣∣∣∣ f̂ j0∧ j(x) − f̂ j0(x)
∣∣∣∣ = ∣∣∣∣ f̂ j∧ j0(x) − f̂ j0(x)

∣∣∣∣ ≤ R̂ j(x) + τn( j ∧ j0) + τn( j0) (3.5)

because of the identity f̂ j0∧ j = f̂ j∧ j0 .
Note that τn( j ∧ l) = min{τn( j), τn(l)} by (2.6). This with (3.4) and (3.5) concludes∣∣∣∣ f̂ j0∧ j(x) − f̂ j0(x)

∣∣∣∣ + ∣∣∣∣ f̂ j0∧ j(x) − f̂ j(x)
∣∣∣∣

≤ R̂ j(x) + 2τn( j0) + R̂ j0(x) + 2τn( j)
≤ 2R̂ j(x) + 4τn( j) (3.6)

by the selection of j0 in (2.6).
On the other hand, it follows from (3.1) and (3.2) that∣∣∣∣ f̂ j(x) − f (x)

∣∣∣∣ ≤ B j(x, f ) + |S n(x, j)| ≤ B∗j(x, f ) + ℵn(x) + τn( j), (3.7)

because |S n(x, j)| ≤ [|S n(x, j)| − τn( j)]+ + τn( j) ≤ ℵn(x) + τn( j) by (3.2).
Combining (3.3), (3.6), and (3.7) yields the bound∣∣∣∣ f̂ j0(x) − f (x)

∣∣∣∣ ≤ 2R̂ j(x) + B∗j(x, f ) + ℵn(x) + 5τn( j). (3.8)

Next, it suffices to estimate R̂ j(x). By using (2.5) and (3.1),

R̂ j(x) = sup
j′∈H

[
| f̂ j∧ j′(x) − f̂ j′(x)| − τn( j ∧ j′) − τn( j′)

]
+

≤ sup
j′∈H

[
|E f̂ j∧ j′(x) − E f̂ j′(x)| + |S n(x, j ∧ j′)| − τn( j ∧ j′) + |S n(x, j′)| − τn( j′)

]
+
.

Clearly, sup j′∈H |E f̂ j∧ j′(x) − E f̂ j′(x)| ≤ sup{ j′∈H , j′≥ j}{B j∧ j′(x, f ) + B j′(x, f )}. Hence,

R̂ j(x) ≤ 2B∗j(x, f ) + 2ℵn(x) (3.9)

thanks to (3.2).
Substituting Ineq (3.9) into (3.8), one deduces that∣∣∣∣ f̂ j0(x) − f (x)

∣∣∣∣ ≤ 5B∗j(x, f ) + 5ℵn(x) + 5τn( j)

holds for each j ∈ H and x ∈ Rd. Furthermore,∣∣∣∣ f̂n(x) − f (x)
∣∣∣∣ = ∣∣∣∣ f̂ j0(x) − f (x)

∣∣∣∣ ≤ inf
j∈H

{
5B∗j(x, f ) + 5τn( j)

}
+ 5ℵn(x)

thanks to f̂n(x) = f̂ j0(x) in (2.7). The proof is done. □
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Remark 3.1. As can be seen from the proof, the pointwise oracle inequality of Theorem 3.1 does not
require any assumptions on the underlying function. In addition, Theorem 3.1 is the key technical tool
for bounding pointwise and Lp risk estimations of the data-driven estimator in (2.7).

4. Two propositions

This section presents two auxiliary propositions which are needed for proving the main results. To
begin, the following lemma and a well-known inequality are needed to prove Proposition 4.1.

Lemma 4.1. Let K j(v, x) :=
∑

k∈Zd [ 1
1−θΦ jk(v) − µ jk]Φ jk(x) and Φ be t regular with t > 0. Then, for

f ∈ L∞(M),
max{|K j(v, x)|, E|K j(X1, x)|2} ≤ M12 jd,

where M1 ≥ 1 is some constant.

Proof. From the regularity property ofΦ, it is known that there exists a function Υ ∈ L1∩L∞ satisfying
|
∑

k∈Zd Φ(x − k)Φ(y − k)| ≤ Υ(x − y). Moreover, according to the definition of K j(v, x), one obtains

|K j(v, x)| ≤
∣∣∣∣ ∑

k∈Zd

1
1 − θ

Φ jk(v)Φ jk(x)
∣∣∣∣ + ∣∣∣∣ ∑

k∈Zd

µ jkΦ jk(x)
∣∣∣∣

≤
1

1 − θ
2 jd

∣∣∣∣ ∑
k∈Zd

Φ(2 jv − k)Φ(2 jx − k)
∣∣∣∣ + 2 jd

∣∣∣∣ ∑
k∈Zd

∫
Rd

θ

1 − θ
h(t)Φ(2 jt − k)dtΦ(2 jx − k)

∣∣∣∣
≤

1
1 − θ

2 jd
∣∣∣∣ ∑

k∈Zd

Φ(2 jv − k)Φ(2 jx − k)
∣∣∣∣ + θ

1 − θ
2 jd

∫
Rd

h(t)
∣∣∣∣ ∑

k∈Zd

Φ(2 jt − k)Φ(2 jx − k)
∣∣∣∣dt

≤
1

1 − θ
∥Υ∥∞2 jd (4.1)

thanks to 0 < θ < 1.
On the other hand, ∥g∥∞ ≤ θ∥h∥∞ + (1 − θ)∥ f ∥∞ ≤ max{∥h∥∞,M} by model (1.1) and f ∈ L∞(M).

Hence,

E|K j(X1, x)| =
∫
Rd
|K j(v, x)|g(v)dv

≤
1

1 − θ

∫
Rd

∣∣∣∣ ∑
k∈Zd

Φ jk(v)Φ jk(x)
∣∣∣∣g(v)dv +

∣∣∣∣ ∑
k∈Zd

µ jkΦ jk(x)
∣∣∣∣

≤
2 jd

1 − θ

∫
Rd

∣∣∣∣ ∑
k∈Zd

Φ(2 jv − k)Φ(2 jx − k)
∣∣∣∣g(v)dv +

θ2 jd

1 − θ

∫
Rd

h(t)
∣∣∣∣ ∑

k∈Zd

Φ(2 jt − k)Φ(2 jx − k)
∣∣∣∣dt

≤
1

1 − θ
∥Υ∥1(max{∥h∥∞,M} + ∥h∥∞)

by 0 < θ < 1. This with (4.1) obtains

E|K j(X1, x)|2 ≤
1

(1 − θ)2 ∥Υ∥∞∥Υ∥1(max{∥h∥∞,M} + ∥h∥∞)2 jd. (4.2)

Choosing M1 := max{ 1
1−θ∥Υ∥∞,

1
(1−θ)2 ∥Υ∥∞∥Υ∥1(max{∥h∥∞,M} + ∥h∥∞), 1}, the desired conclusion

follows from (4.1) and (4.2). The proof is completed. □
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Bernstein’s inequality ( [11]). Let Y1, · · · ,Yn be i.i.d. random variables, EYi = 0, and |Yi| ≤ M
(i = 1, 2, · · · , n). Then, for any γ > 0,

P


∣∣∣∣∣∣∣1n

n∑
i=1

Yi

∣∣∣∣∣∣∣ ≥ γ
 ≤ 2 exp

{
−

nγ2

2(EY2
i + Mγ/3)

}
.

Now, we introduce the first proposition.

Proposition 4.1. Let f ∈ L∞(M) and Φ be t regular with t > 0. Then, for each x ∈ Rd and p ∈ [1,∞),
there exists λ > 6M2

1 p2 such that

E[ℵn(x)]p ≲

(
ln n
n

) p
2

,

where ℵn(x) is given by (3.2), and M1 ≥ 1 is the constant in Lemma 4.1.

Proof. For each j ∈ H , one introduces the quantity

τn( j) :=
(
6M2

1 p2 jdλ j

n

) 1
2

, (4.3)

where λ j := max{dp j ln 2, 1}. Clearly, the inequality λ ln n ≥ 6M2
1 pλ j holds for large n, as λ > 6M2

1 p2,
and j ∈ H . Then, τn( j) ≤ τn( j) due to (2.6) and (4.3). Furthermore,[

|S n(x, j)| − τn( j)
]
+
≤

[
|S n(x, j)| − τn( j)

]
+
. (4.4)

For any t ≥ 0,
P

{[
|S n(x, j)| − τn( j)

]
+ > t

}
= P

{
|S n(x, j)| − τn( j) > t

}
.

Therefore,

E
[
|S n(x, j)| − τn( j)

]p

+
= p

∫ ∞

0
tp−1P

{
|S n(x, j)| − τn( j) > t

}
dt

= p
∫ ∞

0
tp−1P

{
|S n(x, j)| > t + τn( j)

}
dt

= p[τn( j)]p
∫ ∞

0
tp−1P

{
|S n(x, j)| > τn( j)(t + 1)

}
dt. (4.5)

According to the definition of f̂ j(x) and (3.1), one obtains

S n(x, j) =
1
n

n∑
i=1

[K j(Xi, x) − EK j(Xi, x)],

where K j(v, x) =
∑

k∈Zd [ 1
1−θΦ jk(v) − µ jk]Φ jk(x) is given by Lemma 4.1. On the other hand, Lemma 4.1

implies that

max{|K j(Xi, x)|, E|K j(Xi, x)|2} ≤ M12 jd.
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Using Bernstein’s inequality, one knows

P
{
|S n(x, j)| > τn( j)(t + 1)

}
≤ 2 exp

− n[τn( j)]2(t + 1)2

2[M12 jd + 2M12 jdτn( j)(t + 1)/3]

 . (4.6)

Note that τn( j) =
( 6M2

1 p2 jdλ j

n

) 1
2
≤ 3M1 p for j ∈ H and large n. Thus,

2[M12 jd + 2M12 jdτn( j)(t + 1)/3] ≤ 6M2
1 p2 jd(t + 1)

due to M1, p ≥ 1, and t > 0. Substituting the above estimate into (4.6), one obtains

P
{
|S n(x, j)| > τn( j)(t + 1)

}
≤ 2e−λ j(t+1) ≤ 2e−te−λ j

because of λ j ≥ 1.

This with (4.5) and τn( j) =
(

6M2
1 p2 jdλ j

n

) 1
2

concludes that

E
[
|S n(x, j)| − τn( j)

]p

+
≲ [τn( j)]pe−λ j

∫ ∞

0
tp−1e−tdt ≲

(
6M2

1 p2 jdλ j

n

) p
2

e−λ j .

Hence, according to e−λ j ≤ 2−dp j and λ j ≲ ln n for large n, one knows

E[ℵn(x)]p ≲
∑
j∈H

E
[
|S n(x, j)| − τn( j)

]p

+
≲

∑
j∈H

(
ln n
n

) p
2

2−
dp j

2 ≲

(
ln n
n

) p
2

thanks to (3.2) and (4.4). This finishes the proof of Proposition 4.1. □

Before giving another proposition, we need the following notations. Denote

M(x, f ) := inf
j∈H
{B∗j(x, f ) + τn( j)}, (4.7)

Λm := {x ∈ [−T,T ]d, 2mδn < M(x, f ) ≤ 2m+1δn}, (4.8)

where δn = (C ln n
n )

s
2s+d , C > 1 is some constant, and T > 0 is given by (2.3).

Note thatM(x, f ) ≤ c0 := supxM(x, f ) if Φ is t regular and if ∥ f ∥∞ ≲ 1. Then, there exists

m2 := min{m ∈ Z, 2mδn ≥ c0} (4.9)

such that Λm = ∅ for each m > m2. Clearly, m2 > 0 for large n.

Proposition 4.2. Let f ∈ Bs
r,q(M) and Φ be t regular with t > 0. Then, for m ∈ Z satisfying 0 ≤ m ≤ m2

and each p ∈ [1,∞), ∫
Λm

[M(x, f )]pdx ≲ 2m(p−r− 2sr
d )δp

n .

Moreover, if s > d
r and if r ≤ p, then with s′ := s − d

r +
d
p ,∫

Λm

[M(x, f )]pdx ≲ 2−
2ms′ p

d δ
s′
s p

n ,

whereM(x, f ) and Λm are defined in (4.7) and (4.8), respectively.
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Proof. One chooses j1 ∈ Z satisfying

c122mδ
− d

s
n ≤ 2 j1d ≤ c222mδ

− d
s

n ,

where two positive constants c1, c2 satisfy

(2M)
d
s I{r=∞} < c1 < c2 < min

{
C

4c2
0

,
C
4λ

}
.

It is easy to see that 2m2 ≤ 2c0δ
−1
n from (4.9). Then,

1 < c1δ
− d

s
n ≤ 2 j1d ≤ c222m2δ

− d
s

n ≤ 4c2c2
0δ
−( d

s+2)
n <

n
ln n

due to 0 ≤ m ≤ m2 and c2 <
C

4c2
0
. Hence, j1 ∈ H .

On the other hand, according to δn = (C ln n
n )

s
2s+d and c2 <

C
4λ ,

τn( j1) =
(
λ2 j1d ln n

n

) 1
2

≤

λc222mδ
− d

s
n ln n

n


1
2

=

λc222mδ
− d

s
n δ

2+ d
s

n

C


1
2

= (λc2C−1)
1
2 2mδn ≤ 2m−1δn. (4.10)

Recall that Λm = {x ∈ [−T,T ]d, 2mδn < M(x, f ) ≤ 2m+1δn}. Then,∫
Λm

[M(x, f )]pdx ≤ (2m+1δn)p|Λm|, (4.11)

where |Λm| stands for the Lebesgue measure of the set Λm. Furthermore, according to the definition of
M(x, f ), j1 ∈ H , and (4.10), one obtains that

|Λm| ≤ |{x ∈ [−T,T ]d, B∗j1(x, f ) > 2m−1δn}| + |{x ∈ [−T,T ]d, τn( j1) > 2m−1δn}|

= |{x ∈ [−T,T ]d, B∗j1(x, f ) > 2m−1δn}|. (4.12)

When r = ∞, it follows from f ∈ Bs
r,q(M) and m ≥ 0 that

B∗j1(x, f ) = sup
j′≥ j1

B j′(x, f ) ≤ M2− j1 s ≤ Mc
− s

d

1 2−
2ms

d δn ≤ 2m−1δn

thanks to the choice of 2 j1d ≥ c122mδ
− d

s
n with c1 > (2M)

d
s . Hence, |Λm| = 0 because of (4.12). Therefore,∫

Λm

[M(x, f )]pdx ≤ (2m+1δn)p|Λm| = 0

by (4.11).
For the case 1 ≤ r < ∞, by (3.2), (4.12), Chebyshev’s inequality, and f ∈ Bs

r,q(M),

|Λm| ≤
∑

j∈H , j≥ j1

|{x ∈ [−T,T ]d, B j(x, f ) > 2m−1δn}|
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≤
∑

j∈H , j≥ j1

∥B j(·, f )∥rr
(2m−1δn)r ≲ 2−mrδ−r

n 2− j1 sr. (4.13)

This with (4.11) leads to∫
Λm

[M(x, f )]pdx ≲ (2m+1δn)p2−mrδ−r
n 2− j1 sr ≲ 2m(p−r)δp−r

n 2− j1 sr ≲ 2m(p−r− 2sr
d )δp

n

due to 2 j1 ∼ 2
2m
d δ
− 1

s
n .

Finally, one discusses the case of s > d
r and r ≤ p. Note that f ∈ Bs

r,q ↪→ Bs′
p,q with s′ = s − d

r +
d
p .

The same arguments with (4.13) yield

|Λm| ≤
∑

j∈H , j≥ j1

∥B j(·, f )∥pp
(2m−1δn)p ≲ 2−mpδ−p

n 2− j1 s′p.

This with (4.11) and 2 j1 ∼ 2
2m
d δ
− 1

s
n implies that∫

Λm

[M(x, f )]pdx ≲ (2m+1δn)p2−mpδ−p
n 2− j1 s′p ≲ 2− j1 s′p ≲ 2−

2ms′ p
d δ

s′
s p

n .

The proof is thus complete. □

5. Adaptive estimations

This section investigates fully adaptive pointwise and Lp risk (1 ≤ p < ∞) estimations by the
data-driven estimator defined in (2.7). First, we establish and prove the pointwise estimation.

Theorem 5.1. Let Φ be t regular with t > 0. Then, for 0 < s < t, the data-driven estimator f̂n in (2.7)
satisfies

sup
x∈Ωx0

sup
f∈Hs(Ωx0 ,M)

E| f̂n(x) − f (x)|p ≲
( ln n

n

) sp
2s+d
.

Remark 5.1. When d = 1, p = 2, and h denotes the density of the uniform distribution on [0, 1],
the convergence rate derived in Theorem 5.1 coincides with the results in Nguyen and Matias [26] and
Chagny et al. [5]. It is worth pointing out that our analysis relies on the local Hölder condition H s(Ωx)
rather than the global Hölder space H s([0, 1]). In fact, a function f ∈ H s([0, 1]) must be contained in
H s(Ωx) for each x ∈ [0, 1], whereas the converse does not hold in general; see [18].

Proof. According to Theorem 3.1,

E
∣∣∣∣ f̂n(x) − f (x)

∣∣∣∣p ≤ inf
j∈H

{
5B∗j(x, f ) + 5τn( j)

}
+ 5ℵn(x)

≲ [B∗j2(x, f )]p + [τn( j2)]p + E[ℵn(x)]p (5.1)

holds for any x ∈ Ωx0 , where j2 ∈ H is determined later on.
By (2.6) and Proposition 4.1,

[τn( j2)]p + E[ℵn(x)]p ≲
(2 j2d ln n

n

) p
2
+

( ln n
n

) p
2
. (5.2)
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On the other hand, it follows from (3.1), (3.2), and Lemma 2.2 that the inequality

[B∗j2(x, f )]p =

 sup
j′∈H , j′≥ j2

|P j′ f (x) − f (x)|
p

≲ 2− j2 sp (5.3)

holds for any x ∈ Ωx0 and f ∈ H s(Ωx0 ,M).

Take j2 satisfying 2 j2 ∼ ( n
ln n )

1
2s+d by balancing the two terms

(
2 j2d ln n

n

) p
2 and 2− j2 sp. Then, j2 ∈ H by

large n and s > 0. Furthermore,

sup
x∈Ωx0

sup
f∈Hs(Ωx0 ,M)

E| f̂n(x) − f (x)|p ≲
(2 j2d ln n

n

) p
2
+ 2− j2 sp +

( ln n
n

) p
2
≲

( ln n
n

) sp
2s+d

due to (5.1)–(5.3). The proof is finished. □

Next, the Lp(1 ≤ p < ∞) risk estimation is given.

Theorem 5.2. Let Φ be t regular with t > 0. Then, for 0 < s < t, r, q ∈ [1,∞], and p ∈ [1,∞), the
data-driven estimator f̂n in (2.7) satisfies

sup
f∈Bs

r,q(M,T )
E∥ f̂nI[−T,T ]d − f ∥pp ≲

( ln n
n

)θp
,

where

θ :=


s

2s+d , 1 ≤ p < 2sr
d + r;

sr
dp , p ≥ 2sr

d + r, s ≤ d
r ;

s− d
r +

d
p

2(s− d
r )+d
, p ≥ 2sr

d + r, s > d
r .

Remark 5.2. When s > d
r , the convergence rates in Theorem 5.2 are optimal (up to a logarithmic

factor) by Theorem 1 in [14]. However, the optimal convergence behavior remains unclear for s ≤ d
r .

Fortunately, the convergence rate sr
dp matches the optimal convergence rate of standard nonparametric

wavelet density estimation problems; see [4, 9].

Remark 5.3. When s > d
r , the convergence rate

θ = min

 s
2s + d

,
s − d

r +
d
p

2(s − d
r ) + d


coincides with the work of Kou and Liang in [14]. More importantly, the estimation for the case s ≤ d

r
is considered in Theorem 5.2. On the other hand, Theorem 5.2 with p = 2 can be reduced to Theorem
2 of Liang and Kou [15]. It should be pointed out that their estimators belong to classical nonlinear
wavelet estimators, whereas ours are fully adaptive data-driven wavelet estimators.

Proof. It follows from Theorem 3.1 and (4.7) that

| f̂n(x) − f (x)| ≲ M(x, f ) + ℵn(x)
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holds for any x ∈ [−T,T ]d. This with supp f ⊂ [−T,T ]d obtains

E∥ f̂nI[−T,T ]d − f ∥pp = E
∫

[−T,T ]d

∣∣∣∣ f̂n(x) − f (x)
∣∣∣∣pdx (5.4)

≲

∫
[−T,T ]d

[M(x, f )]pdx +
∫

[−T,T ]d
E[ℵn(x)]pdx.

Recall that
Λm = {x ∈ [−T,T ]d, 2mδn < M(x, f ) ≤ 2m+1δn}

in (4.8). Define Λ−0 := {x ∈ [−T,T ]d, M(x, f ) ≤ δn} with δn = (C ln n
n )

s
2s+d . Then, for any p ∈ [1,∞),∫

[−T,T ]d
[M(x, f )]pdx ≲

∫
Λ−0

[M(x, f )]pdx +
m2∑

m=0

∫
Λm

[M(x, f )]pdx (5.5)

≲ δp
n +

m2∑
m=0

∫
Λm

[M(x, f )]pdx,

where m2 ∈ Z is given by (4.9).
Substituting (5.5) into (5.4), one obtains

E∥ f̂nI[−T,T ]d − f ∥pp ≲ δ
p
n +

m2∑
m=0

∫
Λm

[M(x, f )]pdx +
∫

[−T,T ]d
E[ℵn(x)]pdx

≲ δp
n +

m2∑
m=0

∫
Λm

[M(x, f )]pdx +
( ln n

n

) p
2

≲ δp
n +

m2∑
m=0

∫
Λm

[M(x, f )]pdx (5.6)

thanks to Proposition 4.1 and δn ∼ ( ln n
n )

s
2s+d .

From (4.8) and (4.9), one has 2m2 ∼ δ−1
n and δn ∼ ( ln n

n )
s

2s+d . To finish the proof, we split Ineq (5.6)
into three separate cases and establish the corresponding bounds by Proposition 4.2.

(i). For 1 ≤ p < 2sr
d + r,

δp
n +

m2∑
m=0

∫
Λm

[M(x, f )]pdx ≲ δp
n ≲

( ln n
n

) sp
2s+d
. (5.7)

(ii). For p ≥ 2sr
d + r,

δp
n +

m2∑
m=0

∫
Λm

[M(x, f )]pdx ≲ δp
n + 2m2(p−r− 2sr

d )δp
n ≲

( ln n
n

) sr
d
. (5.8)

(iii). For the case p ≥ 2sr
d + r and s > d

r , let m1 ∈ Z satisfy

2m1 ∼ δ

s′ p( 1
s −

1
s′ )

( 2s′
d +1)p− 2sr

d −r

n
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with s′ = s − d
r +

d
p . It is straightforward to verify 0 ≤ m1 ≤ m2 by r ≤ p, p ≥ 2sr

d + r, and s > d
r .

Therefore,

δp
n +

m2∑
m=0

∫
Λm

[M(x, f )]pdx ≤ δp
n +

m1∑
m=0

∫
Λm

[M(x, f )]pdx +
m2∑

m=m1

∫
Λm

[M(x, f )]pdx

≲ δp
n + 2m1(p−r− 2sr

d )δp
n + 2−

2m1 s′ p
d δ

s′
s p

n .

Then, due to the choice of 2m1 , δn ∼ ( ln n
n )

s
2s+d , and s′ = s − d

r +
d
p , the above inequality leads to

δp
n +

m2∑
m=0

∫
Λm

[M(x, f )]pdx ≲
( ln n

n

) s′ p

2(s− d
r )+d . (5.9)

The proof of Theorem 5.2 is completed thanks to (5.6)–(5.9). □

6. Numerical simulations

In this section, two numerical simulations are conducted to examine the empirical performance of
the proposed wavelet estimator with dimension d = 1. Specifically, we focus on the estimation problem
defined in (1.1), whose objective is to reconstruct the unknown probability density function f (x) using
the observed data points X1, X2, , · · · , Xn. The performance of the wavelet estimator f̂n is measured by
the mean square error (MSE):

MS E =
1
n

n∑
i=1

( f̂n(Xi) − f (Xi))2,

where the corresponding integer j0 is determined by our selection rule given in the preceding section.
In the simulation study, we consider sample size n = 4000 and the mixing ratio parameter θ = 0.2.

The codes are written in MATLAB software. In addition, the Daubechies wavelet D6 is employed
throughout the simulations. As shown in Figures 1 and 2, the proposed wavelet estimator has excellent
performance. Table 1 presents the MSE results under different sample sizes. The simulation study
shows that the proposed wavelet estimator provides an effective approximation to the unknown density
function f (x).

Example 6.1. We consider two density functions

f1(x) = 6(x − x2)I[0,1](x) and h1(x) = I[0,1](x).

The present example is compatible with model (1.1) and model (1.2) simultaneously. The performance
of the proposed wavelet estimator is visualized in Figure 1. This result clearly demonstrates the
effectiveness of the proposed wavelet estimator in approximating the target density function.
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Figure 1. Example 6.1.

Example 6.2. We choose the density functions

f2(x) =
3
4

√
1 − |x|I[−1,1](x) and h2(x) = (0.6x2 + 0.4cos2x + 0.1181405)I[−1,1](x).

The present example is compatible with model (1.1), and f2 has a cusp at x = 0. We plot the
performance of our wavelet estimator in Figure 2. This result shows that the proposed wavelet
estimator can still achieve effective approximation even when the target density possesses a cusp.
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Figure 2. Example 6.2.

The following Table 1 presents the MSE values of the proposed wavelet estimator under different
sample sizes n for the two numerical examples. According to Table 1, the MSE values decrease with
increasing sample size n.
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Table 1. The MSE values for different sample sizes n.

n 500 1000 2000 4000 8000 16000
Ex.6.1 0.0251512 0.0148637 0.0065220 0.0037389 0.0017663 0.0009376
Ex.6.2 0.0034964 0.0008705 0.0007434 0.0005568 0.0005469 0.0005348

7. Conclusions and future research

We study the mixture density model

g(x) = θh(x) + (1 − θ) f (x), x ∈ Rd.

Subsequently, we construct a data-driven wavelet estimator and establish its pointwise and Lp risk
estimates.

For the pointwise estimates, when d = 1, p = 2, and h is the density of the uniform distribution on
[0, 1], the convergence rate derived in Theorem 5.1 coincides with the results in Nguyen and
Matias [26] and Chagny et al. [5]. It is worth pointing out that our analysis relies on the local Höder
condition H s(Ωx), rather than the global Hölder space H s([0, 1]). In fact, a function f ∈ H s([0, 1])
must be contained in H s(Ωx) for each x ∈ [0, 1], whereas the converse does not hold in general.

For the Lp risk estimates, when s > d
r , the convergence rates in Theorem 5.2 are optimal (up to a

logarithmic factor) thanks to Theorem 1 of Kou and Liang [14]. Moreover, Theorem 3 of Kou and
Liang [14] and Theorem 2 of Liang and Kou [15] can follow directly from Theorem 5.2. On the other
hand, the estimation for the case s ≤ d

r is considered in Theorem 5.2, whereas it is none for that with
traditional adaptive wavelet estimators. However, the optimal convergence behavior remains unclear
for s ≤ d

r .
It should be pointed out that our current work assumes that the mixing ratio parameter θ is known

in model (1.1), which introduces an evident limitation. In practical applications, the exact value of θ
remains unknown in most cases. Hence, the preliminary parameter estimation is required to construct
the estimator.

Finally, future work may concentrate on the construction of data-driven wavelet estimators for
density estimation when the mixing ratio parameter θ is unknown, together with the associated error
analysis. Besides, the optimality of the proposed estimators for the case s ≤ d

r remains a problem for
further investigation.
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