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1. Introduction

Predator-prey interactions constitute a fundamental topic in mathematical ecology and have
long served as a cornerstone in the development of nonlinear dynamical systems theory. Starting
from the classical models proposed by Lotka and Volterra [1, 2], mathematical formulations of
interacting species have greatly contributed to the understanding of population oscillations, stability
characteristics, and the emergence of complex temporal dynamics. Over time, these classical
frameworks have been progressively extended to incorporate a broader spectrum of ecological factors,
such as nonlinear functional responses [3, 4], prey refuges [5, 6], harvesting mechanisms [7], Allee
effects [8], cannibalism [9], and predator-induced fear effects [10]. As a result of these continual
developments, predator-prey models continue to attract substantial attention and remain a vibrant area
of research linking applied mathematics, nonlinear dynamics, and ecological theory.

Predator-prey systems in continuous time systems have traditionally been modeled by ordinary
differential equations, which have been extensively studied by means of qualitative dynamics,
bifurcation theory, and perturbation methods. These investigations have revealed that the dominant
growth rates, predation pressures, and mortality rates determine the long-term system dynamics,
including coexistence, extinction, and oscillations. The analysis reveals that there are several ecological
processes that occur at discrete times. Seasonal growth, periodic harvesting, generational turnover, and
discrete population observations demand discrete-time models. Discrete dynamical systems have more
possibilities for behavior than continuous systems because they can produce quasiperiodic oscillations,
closed invariant orbits, and complex bifurcation structures.

The development of predator-prey models using discrete-time approaches demands more than the
basic numerical procedures, as the discretization process has a direct effect on the final dynamical
behavior. One of the most common techniques used to develop discrete-time models involves the
derivation of discrete models from continuous systems using basic numerical methods such as the
forward Euler scheme [11]. While these numerical methods are straightforward to apply, the basic
discretization approach often fails to retain the important characteristics of the system as described
in the continuous model. This can result in the development of an ecological model that generates
results that are not biologically feasible, resulting in oscillations, bifurcations, and negative population
densities.

To overcome these limitations, the nonstandard finite difference (NSFD) method, introduced by
Mickens [12, 13], provides an effective approach for discretizing nonlinear differential equations.
The basic idea behind NSFD schemes is to ensure the preservation of critical qualitative properties
of the original continuous systems, independent of the discretization step size. The above aim
is accomplished through the application of nonlocal approximations of the nonlinear terms, along
with the development of specific denominator functions that determine the discrete derivatives. In
population dynamics studies, NSFD discretization schemes provide three primary advantages, which
include the preservation of positivity, reduced instabilities, and the correct modeling of equilibrium
states with their stability properties. As a result, NSFD-based discrete systems provide a reliable
platform for studying long-term ecological dynamics.

Discrete predator-prey models developed by using NSFD methods have garnered considerable
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attention due to their ability to maintain the qualitative essence of the original continuous models.
For example, Moghadas et al. [14] developed a discretization scheme for a generalized Gause-type
predator-prey model using the NSFD method and demonstrated the ability of the scheme to capture
the qualitative features of the system, including a supercritical Hopf bifurcation, while the Euler/RK
methods fail to do so. Bairagi and Biswas [15] have demonstrated the dynamical consistency of the
NSFD method for any step size, unlike the Euler method, which leads to spurious chaotic dynamics.
Shabbir et al. [16] developed a dynamically consistent NSFD method and demonstrated the occurrence
of a Neimark-Sacker (NS) bifurcation, which is the counterpart of a Hopf bifurcation in the original
continuous system. In addition, Dang and Hoang [17] have demonstrated the ability of the NSFD
method to maintain the positive and stable nature of the system even for larger step sizes, while the
traditional methods fail to perform well. The stability characteristics and NS bifurcation in an NSFD
model of the Lotka-Volterra system, with the incorporation of hybrid control strategies, have been
studied in the recent paper by Ahmed et al. [18]. In a more recent paper, Kome and Yazlik [19]
introduced a discrete model using NSFD with prey immigration, stability, supercritical NS bifurcation,
and feedback control to prevent chaotic behavior, as NSFD avoids the flip bifurcation occurring in the
discretization using the Euler method.

Recently, machine learning techniques have also begun to provide useful complementary tools
for nonlinear dynamical systems [20, 21]. In ecological models, however, their use for predicting
stability types, bifurcation-related transitions, and long-term dynamical regimes is still relatively
limited. Motivated by this gap, the present work combines analytical bifurcation theory with supervised
machine learning methods. In particular, decision tree, random forest, and support vector machine
(SVM) classifiers are used to predict the topological type of the coexistence equilibrium and the long-
term dynamical response of the system over large parameter domains.

Motivated by the preceding discussion, this study focuses on the discrete-time formulation and
dynamical investigation of a predator-prey system obtained from the following continuous-time model
[22]:

(Cll—); = ax(l —x) —yxy,

dy
—= = -1y — hy.
o Bxy —ny — hy

(1.1)

In system (1.1), the variables x(¢) and y(¢) represent the densities of the prey and predator populations,
respectively. The constant @ > 0 denotes the intrinsic growth rate of the prey, and the nonlinear term
ax(l — x) models logistic growth with the carrying capacity scaled to one. The parameter y > 0
characterizes the predation or attack rate, reflecting the strength of predator impact on the prey, with
the bilinear term yxy accounting for prey removal through predator-prey interactions. In the predator
dynamics, 8 > 0 corresponds to the conversion efficiency, or reproductive gain of predators resulting
from prey consumption, so that Sxy describes predator population increase supported by available
prey. The constant > 0 characterizes the predator death rate when prey are unavailable, whereas
h > 0 measures the strength of harvesting pressure acting proportionally on the predator population.
Specifically, the harvesting term —hy implies that predators are removed at a rate proportional to their
current density y(7).

Specifically, system (1.1) was discretized and examined in [22] through the piecewise constant
argument technique. A notable benefit of this discretization is its ability to preserve positivity,
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thereby guaranteeing that population variables remain nonnegative. Although the method has its
own advantages, it has a major drawback in the sense that it may lead to period-doubling (PD)
bifurcation, resonance, and chaotic behavior, although these phenomena cannot be present in the
planar autonomous continuous-time system (1.1). Therefore, any type of chaos appearing due to the
discretization procedure should be treated as a numerical artifact rather than a genuine ecological
phenomenon. The presence of such artificial dynamics may lead to the wrong understanding of
extinction, persistence, and coexistence.

Recent investigations have revealed that certain discrete-time predator-prey models, especially those
formulated using the piecewise constant argument (PCA) method, exhibit highly complex dynamics,
such as PD bifurcation, codimension-two bifurcation, and chaotic behavior. The bifurcation analysis
of a discrete prey-predator model was performed by Sharma et al. [23], where fold, flip, and NS
bifurcation, as well as codimension-two bifurcation of (1:2, 1:3, 1:4) types, were revealed using normal
form analysis. Aldosary and Ahmed [24] used the PCA method to discretize a Leslie-type model,
which exhibited PD and NS bifurcations. Chaotic behavior was revealed in predator-prey dynamics
by calculating the Lyapunov exponents. The chaotic behavior was effectively eliminated by using
feedback and hybrid control schemes. Ishaque et al. [25] extended a discrete predator-prey model
with the inclusion of fear factors, derived conditions for PD and NS bifurcations, and implemented
chaos control. The authors also included experimental observations to validate the theory. Liu et
al. [26] studied the discretization of the PCA model with a Holling type IV response function. They
also identified flip, NS, and codimension-two resonance bifurcations, which resulted in quasiperiodic
and chaotic attractors. In another study, Ishaque and Din [27] proposed a PCA model based on the
Leslie-Gower model with prey refuge. They also identified the destabilizing effect of refuge through
PD, NS, and higher codimension bifurcations. They also identified chaos in the model with the help of
Lyapunov and Kaplan-Yorke dimensions.

The above findings reveal an important and practically relevant gap in the literature, namely, the
need to construct a discrete analogue of system (1.1) with positive solutions and with reduced risk of
discretization-induced artificial dynamics, especially PD bifurcations and related spurious oscillatory
behavior. In other words, the main challenge here is to design a reliable discrete model that can capture
the true dynamics of the underlying continuous ecological system.

In order to address this issue, a Mickens-inspired NSFD discretization of system (1.1) is formulated.
Consistent with the design rules of NSFD methods, the standard discretized derivative is replaced with
a denominator that depends on the time step o > 0, and nonlinear interactions are addressed through
suitable nonlocal discretizations. As a result, we obtain the following NSFD scheme:

Xn+l — Xp
=Xy — XXyl — Y Xu+1Yno

7 (1.2)

)’n 1 _yn
e — = By = et = By

The scheme can be expressed in the following explicit form:

(1 + ao)x,
xn+l = ’
1 + aox, +yoy, (1.3)
_ Yn T BOXYn '
Yl = T h+ o
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The proposed NSFD scheme preserves positivity. Indeed, if x,, > 0 and y, > 0, then the right-hand sides
of (1.3) are strictly positive, implying that x,,; > 0 and y,; > 0. Hence, positive initial conditions
generate positive solutions for all n > 0, ensuring the biological feasibility of the model. Moreover,
the denominators of the update functions satisfy

1 +aox, +vyoy, > 1, 1+ th+no>1,

for all admissible parameter values and positive states. Hence, the map is well defined at every iteration
and cannot develop singularities. Consequently, finite-time blow-up is excluded within the positive
quadrant.

The main contributions and novel aspects of this study can be summarized as follows:

e A Mickens-type NSFD scheme is proposed for the continuous predator-prey model (1.1), and an
explicit nonlinear discrete dynamical system (1.3) is obtained.

e The proposed NSFD scheme guarantees that the populations remain nonnegative and physically
feasible at each step.

e Unlike the PCA-based discrete model analyzed in [22], the proposed NSFD model does not
exhibit discretization-induced PD bifurcation and strong resonance bifurcations.

e The local stability criteria for all fixed points are rigorously proven.

e The existence and direction of stability of a transcritical bifurcation at the boundary equilibrium
and an NS bifurcation at the interior coexistence equilibrium are shown, along with the stability
being determined via the first Lyapunov coeflicient.

e Three machine learning techniques, decision tree, random forest, and SVM, are implemented to
classify the positive fixed point.

e Numerical simulations substantiate the theoretical results via bifurcation diagrams, phase plane
plots, and Lyapunov exponent computations.

The layout of the paper is arranged as follows. In Section 2, we first determine all equilibria
of system (1.3) and then examine their local stability through eigenvalue analysis of the associated
Jacobian matrix. Section 3 is devoted to bifurcation phenomena, where transcritical and NS
bifurcations are studied using center manifold arguments and normal form computations. Section 4
investigates three machine learning techniques for classification of the positive fixed point. Section 5
presents numerical simulations that illustrate the analytical results and display the typical dynamical
behavior of system (1.3). The main findings of the paper are summarized in Section 6.

2. Topological characterization of equilibrium points

Equilibrium stability analysis is the basis for predator-prey system studies using qualitative research
methodology. Equilibrium points are the points where the predator and prey populations remain
constant. The determination of the stability of an equilibrium point helps scientists predict changes
in the populations while offering vital information on the parameters that govern the system.
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2.1. Existence of fixed points

The equilibrium solutions (x, y) of model (1.3) are determined by solving the following system:

(1+ ao)x

- 1 +aocx+vyoy’

_ Y+ Boxy
Y= 1+h+no

2.1

It follows that the discrete model (1.3) possesses three fixed points given by

Ey=(0,0), E; =(1,0), E*:(77+h a/(IB_n_h))'

B By

The trivial equilibrium point E, and the boundary equilibrium point E; exist for every feasible set of
parameter values. The existence of the unique positive fixed point at the coexistence equilibrium
E* requires that 8 > n + h. The equilibrium point E, = (0,0) represents the extinction of both
species, whereas E; = (1,0) corresponds to the scenario in which all predators die out while the
prey population reaches its maximum sustainable level. Biologically, the condition S > 1 + h must be
satisfied for predators to persist in the system. In particular, the parameter S measures the per-capita
contribution to predator growth arising from prey intake, whereas the term 7 + & captures the combined
per-capita reduction caused by natural death and harvesting. Consequently, if 8 < n + h, predator
growth is insufficient to offset losses, making coexistence impossible; in contrast, when 8 > n + A,
the existence of a biologically meaningful positive coexistence equilibrium is ensured. Furthermore,
because harvesting contributes additively to mortality in the predator dynamics, larger values of / push
the system closer to predator extinction and may undermine coexistence by lowering the predators’
effective net growth rate.

2.2. Stability of fixed points

To determine the local nature of the equilibrium points, we follow the analytical framework adopted
in [28]. By computing the first-order partial derivatives, the Jacobian matrix of the system evaluated at
a general fixed point (x, y) is obtained as

(1+ao)(1+yyo) __yo(xtxao)
(1+xao+yyo)? (1+xao+yyo)?
J(x,y) =
yBo 1+xB0
1+(h+n)o 1+(h+n)o

The eigenvalues of J(Ey) are é; = 1 + @o and &, = W Clearly, &, > 1 and &, < 1. Thus, Ej is
a saddle point. This classification is consistent with the corresponding result reported in [22].

Proposition 2.1. E is

1. asinkifB<h+n,

2. never a source,

3. asaddle if B > h +n,

4. non-hyperbolic, and model (1.3) experiences transcritical bifurcation at E\ if B = h + 1.
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Proof. The Jacobian matrix associated with system (1.3), when evaluated at the boundary equilibrium
point £, is given by

1 _ Yo
1+ao l+ao
JE = o }
1+(h+n)o
Since J(E)) is an upper triangular matrix, its eigenvalues are given by the diagonal entries &; = ﬁ
and & = Hl(;fr ‘;)Cr. It is immediate that & < 1. Furthermore,

<1, ifB<h+n,
lE2l9=1, ifB=h+n, (2.2)
>1, iff>h+n.
O

Next, we evaluate the Jacobian matrix of the system at the interior equilibrium point £, which takes
the form

Brapo—a(h+n)o __Yhin)o
N B+afo Btapo
J(E") = . (2.3)
_alh—B+n)c 1
y+y(htno

The characteristic equation associated with the Jacobian matrix J(E*) can be written as

AE) =& + K€ + Ko,

where
K = =28+ ath—-2B+n)o
b B+ afo ’
Ko = B+ Bh+a+n)o +2aBh+n)o? + ah+n)o(=1 —2(h+ n)o)
0= .

Bl +aoc)(1 + (h+n)o)

It follows from direct computations that

B+ Bh+a+n)o +2aBh+n)o? + ath+n)o(=1-2(h+n)o)

AQ) = B(1 + ao)(1 + (h+ o)
ath+mno(-2-3h+no)+p (4 +4h+ a+n)o + Sa(h + 77)0'2)
ACD = B(1 + ac)(1 + (h+ o) ’
_ _ 2
A(l) = ath+m)(B-n—ho

B+ ac)(1 + (h+n)o)

A straightforward evaluation shows that A(1) > 0 and A(-1) > 0. Since A(—1) # 0, the value £ = -1
cannot be an eigenvalue of the Jacobian matrix. Consequently, a PD bifurcation does not arise at the
coexistence equilibrium E* of system (1.3). This leads to the following conclusion.

Theorem 2.2. The positive fixed point E* is

L. asinkifp<2(h+m)+ L,
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2. a sourceif > 2(h+n)+ é
3. never a saddle,
4. non-hyperbolic, and model (1.3) experiences NS bifurcation at E* if

=28+ a(h-2B+n)o
B+ afo

1
-2< <2andpB =2(h+n) +—.
o

Remark 2.3. From a biological perspective, the fact that the eigenvalue & = —1 does not occur at the
equilibrium point E* eliminates the standard PD mechanism through which many discrete predator-
prey systems exhibit alternating large-small population oscillations and a route to chaotic dynamics.
As a result, within the considered NSFD framework, instability of the coexistence equilibrium is
expected to be linked to oscillatory behavior through an NS scenario, rather than to sign-changing
two-period cycles that often occur as artifacts of numerical discretization.

Remark 2.4. From a management perspective, the threshold f = 2(h + n) + i can be viewed as
a guideline for regulating predator populations in wildlife and fishery systems. Harvesting policies
should be designed by considering not only population size, but also the proximity of the system
to the bifurcation boundary. Operating close to the threshold may induce long-term oscillations,
which can increase the vulnerability of populations to environmental fluctuations, disease outbreaks,
or unexpected external disturbances. The derived condition provides a quantitative criterion for
identifying parameter regimes that promote stable coexistence and for avoiding management strategies
that may trigger undesirable population cycles.

3. Bifurcation analysis

In this section, we undertake a comprehensive investigation of the bifurcation behavior of system
(1.3), focusing particularly on transcritical and NS bifurcations. A comprehensive discussion of
the theory underlying bifurcation analysis can be found in [29-31]. Bifurcations serve as critical
elements that determine the evolution of the model, as they identify parameter ranges where even small
changes can lead to significant transformations in predator-prey interactions. Analysis of bifurcation
mechanisms and their respective thresholds offers important insights into ecosystem dynamics, making
it easier to design strategies to ensure the long-term survival of predator and prey populations while
maintaining ecosystem stability.

3.1. Transcritical bifurcation at E,

We investigate the transcritical bifurcation occurring at E; under condition (4) of Theorem 2.1.
The transcritical bifurcation analysis is carried out through a sequence of standard steps. First, the
bifurcation parameter is perturbed in a neighborhood of its critical value, and the boundary equilibrium
E, is translated to the origin. Next, a linear transformation is employed to bring the linear part
of the system into a diagonal form and separate the critical eigendirection associated with the unit
eigenvalue. The center manifold theorem is then applied to reduce the two-dimensional dynamics to a
one-dimensional map on the center manifold. Finally, the reduced map is analyzed using normal form
theory to verify the transcritical bifurcation conditions.
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Adding a small variation ¢ into 8 around 8, = h + n, the discrete system (1.3) is modified as

(1 + ao)x,
-xn+1 = )
1 + aox, +yoy, 3.1)
Yn + (Bl + 5)0-xnyn .
Yn+1 =

1+ th+no

To facilitate the bifurcation analysis, we shift the boundary equilibrium E; to (0, 0) by introducing
the mapping 4, = x, — 1 and yu,, = y,. Under this mapping, (3.1) reduces to

/ln 1 % - ygo— /ln Fl(/ln’/lm 5)
L * } _ 1+ 1+ L + ’ 3.2)
n+1 0 1 n PZ(/ln’ HMns 6)
where
Fi(Ap, ty, 0) = alxli + az,uﬁ + az A, u, + a4/lfl + a5,u,31 + ayliyn + a7/ln,u,% + 04),
IEq2(/ln, Hn» 5) = bl/ln,un + b2,un6 + b3/ln,un6 + 0(4)’
ao y?o? vo (-1 + ao) a’o? Yo
a =S, = >, 03 = ——————, 4 = —————, 45 = ———————,
(1 + ao)? (1 + ao)? (1 + ao)? (1 + ao)? (1 + ao)?
ayo?(2 - ao) y*o?(1 - 2a0) (h+n)o o o
ag = —(/———FHF , 1 = —/——————— =

5 - s = ,b: .
(1 +ac) A + ao)? "Mttt npe T T 1+ h+po 1+ (h+ o

Next, we rewrite system (3.2) in diagonal form using the linear transformation below:

A, - 1] [en
= (3.3)
n 1 0]]«,
Applying (3.3) to system (3.2) yields
Pr+1 1 0 Pn Gl(pn’ Kn, 6)
= + , (3.4
Kn+1 0 ﬁ. Kp GZ(pna Kp, 5)
where
G1(Ons Kns 8) = €107 + CoPukn + €300 + C4p0 + C5Puknd + O(4),
Gy (op, K, 0) = dlpi + dzkﬁ + d3ppk, + dypnd + d5/<,3l + d(,pié + a’7pn/<,21 + dgpnk,0 + O(4),
v(h +n)o (h+n)o o yo o
Cq =

“a+ah+n)o 2= 1+ h+n)o’ = 1+ (h+no’ 64:_a+a(h+77)0" = 1+ (h+no’

Y2(h + n)o B aoc _yo(h+a+n+2ah+n)o) 3 yo

dl:_a2(1+(h+n)0')’ T U+ T a+an) 1+ htnpo) T a+ath+no’
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a’o? Yo ayo? yo

ds= —— dg=- R AL LA N L —
T (U+a0)? T @+ o) U+ P a+ath+n)o

Next, let Q¢ denote the center manifold of (3.4) associated with the origin, considered in a small
neighborhood around ¢ = 0. This manifold can be locally computed by

0° = {(pn,xn,& eR?

Substituting the center manifold expansion into (3.4), we compare coeflicients of like powers of p,, and
0 to determine the unknown coeflicients p, p,, and p;. We obtain

Kn = P10y + Papnd + p36° + 0(3)}-

B _yz(h + )1 + ao) B v+ ayo
TR0+ i) PP 0+ i+ o)

,p3:().

The center manifold reduction yields the following one-dimensional map:

e[ Yhtmo ), o (Vo1 +a0)
©©n:0) 1= pus1 = P (a+a(h+n)0') ”+(l+(h+n)0')p"6 ( a3(1 + (h + n)o)? )

yh—a+no \ ,
((a ol o )pn5 +0@). 3.5)

Moreover, the reduced map satisfies
®(0,0) =0, ©,,(0,0) =1, ®s50,0) =0,

while the nondegeneracy conditions

2y(h +n)o o

0, ®,50,0)=—— #0
a+a(h+n)0'¢ pn9(0,0) *

o, ,(0,0) = - ,
pnpn( ) 1+ (h+n)0_

also hold. As a result, we derive the next conclusion.

Theorem 3.1. If requirement (4) in Theorem 2.1 is satisfied, then (1.3) goes through transcritical
bifurcation at E, if B varies within a small neighborhood of B, = h + n.

Remark 3.2. The transcritical bifurcation occurring at 8 = h + n reflects a stability switch between
the predator-free steady state and the coexistence steady state. From a biological standpoint, if the
predator conversion efficiency is insufficient, the predator population fails to survive and the dynamics
converge to (1,0). However, when 8 becomes larger than h + n, a stable coexistence equilibrium
appears, implying that predators are able to successfully invade the prey-only setting and ultimately
maintain sustained coexistence with the prey population over time.

3.2. NS bifurcation at E*

We examine the NS bifurcation at E* when condition (4) of Theorem 2.2 is satisfied. The NS
bifurcation analysis follows a similar procedure. We first perturb the bifurcation parameter near its
critical value and translate the equilibrium to the origin. Then, the linear part is transformed into
canonical rotational form associated with the complex conjugate eigenvalues. Finally, normal form
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theory is applied to compute the first Lyapunov coefficient, which determines the direction and stability
of the bifurcating invariant closed curve.

Adding a small variation ¢ in the bifurcation parameter § near its critical value 8, = 2(h +n) + é in
system (1.3), we obtain

(1 + ao)x,
R R +yoy,
" " (3.6)
Yn t (ﬁZ + 5)O-xnyn
Yn+1 =

1+ th+no

We use the mapping A, = x, — an%’ Uy = Yy — W

(3.6) is changed to

1 l+oQhta+s+2p+a(h+o+no) y(h+mo? 1
Ln+l] (+aoc)(1+Q2h+5+2n)0) (1+ac)(1+Q2h+6+2n)0) L”

to translate E* to the origin. As a result,

F(An, )
G( Ay, i)

; (3.7)

a+a(h+5+n)o 1

el y+y(h+m)o

n

where

F(Ap, 1) = a1 2 + agft> + az oty + gl + asps + ag oty + ardupi? + O(4),
G +2(h+n)+ D)o
1+th+no

Gl tan) = ( Jaasn + 04

The detailed forms of the coefficients a; are given in Appendix A. The local stability and bifurcation
behavior of system (3.7) are determined by the eigenvalues of the linearized system. Therefore, we
compute the characteristic polynomial of the Jacobian matrix evaluated at the origin, which is given by

& - p(6)é +q(6) =0, (3.8)
where

2420k + @+ 6+ 2o + a(3h + 26 + 3n)0
B (1 + ao)(1 + 2h + 6 +2n)0) ’

p(6)

1+0@h+a+6+3n+Q2h +n(+2n)+ald+3n) + h(Ba + 6 +4n)o + 2a(h + n)(h + § + n)o?)
(1 +aoc)1+h+no)l+Q2h+0d+2n)0) ’

q(6) =

The roots of Equation (3.8) are given by

o
fl,z:§ L J340) — 170). (3.9)

i j—
2
This leads to |£] 5| = +/q(6). Furthermore,

daly  _ M) _ a(h +n)o? o
ds |y \ ds ), 201 +ao)d + (h+m)o)(1 +2(h +n)o)

The positivity of this derivative verifies the transversality condition, ensuring that the eigenvalues cross
the unit circle with nonzero speed. In order to exclude strong resonance cases and guarantee the
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applicability of the NS bifurcation theorem, the nonresonance condition f’i 2 F 1fori=1,2,3,4 must
also hold at 6 = 0. This condition is equivalent to requiring that p(0) # —2,—-1,0,2. We verify that
under condition (4) of Theorem 2.2,

2 +2Qh + a + 2n)o + 3a(h + n)o?

-2,-1,0,2.
(1 +ao)(1 +2(h+n)o) *

p0) =

To simplify the bifurcation analysis, we next transform the linear part of system (3.7) into its canonical
rotational form corresponding to the complex conjugate eigenvalues on the unit circle. To derive the
canonical form of system (3.7) at 6 = 0, we apply the following change of variables:

—
Ay (Iran)(1+2(h+ o) 0 e,
= . (3.10)
. alhmo? o Vahtn@+4Qh+a+2no+Talhtno?) £
2(1+ao)(1+2(h+n)0) - 2(1+ao)(1+2(h+n)0)
Under the transformation (3.10), system (3.7) becomes
2+2(2h+a+2n)o+3a(h+n)o? T \/a(h+n)(4+4(2h+a+2n)cr+7a(h+n)rrz)
€n+1 2(1+ao)(1+2(h+n)o) 2(1+a0)(1+2(h+n)0) €n x(€n, fn)
= + , (3.1
Jus1 o Vahtn)@+4Qhta+2no+Talhimo?) 2422h+a+2n)o+3a(hn)o? fu T(en, fr)
2(1+ao)(142(h+n)0o) 2(1+ao)(1+2(h+n)0)
where

2 2 3 3 2 2
x(en, fn) = cre, + cof, + caenfn + cae, + csf, + coe,fu + Crenf, + O(4),

ey, f,) = die> + dof? + dse,f, + dse’ + dsf> + del f, + dre, f2 + O(4).

The coeflicients ¢; and d; are listed in Appendix B. According to the normal form theory for NS
bifurcation [30], the direction and stability of the bifurcating invariant closed curve are determined by
the first Lyapunov coeflicient, which is obtained as

(1 =268 1
L= ([—Re (—27'207'11 — =t = o2l + Re(&2121) , (3.12)
-4 2 6=0
where
1 .
Ty = g [Xenen _anfn + ZTenﬁl + Z(Tenen - Tfnfn - 2X€nft1)] 4
1 :
Tll = Z I:Xenen +anf;1 + I(Tenen + Tﬁ?fn):l ’
1 .
T2 =g [Xenen ~Xfufy = 2Wegy +1(Lepe, = Ly, + 2Xenfn)] ;
1 .
T = 1_6 I:/\/enenen +X€nﬁ1fn + Tenenfn + Tfnfnfn + l(Tenenen + Tenfnfh _Xenenﬁz _anfnfn):l .

The sign of L determines whether the bifurcation is supercritical or subcritical, as well as the stability
of the emerging invariant closed curve. On the basis of the preceding analysis, we obtain the following
result.
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Theorem 3.3. Suppose condition (4) of Theorem 2.2 holds. Provided that the Lyapunov coefficient
L in (3.12) is nonzero, system (1.3) exhibits an NS bifurcation at the interior equilibrium E* when 3
varies slightly around 3, = 2(h + 1) + é In addition, L < 0 (respectively, L > 0) corresponds to a
supercritical (respectively, subcritical) bifurcation, producing a single closed invariant curve from E*
that is attracting (respectively, repelling).

Remark 3.4. An NS bifurcation identifies the emergence of sustained bounded oscillations in the
densities of both species. Ecologically, this transition occurs when the stable coexistence equilibrium
becomes unstable and the trajectories approach a closed invariant curve. Such a curve represents
recurring predator-prey cycles, which arise due to the discrete-time updating mechanism and the
associated delayed density-dependent feedback.

4. Machine learning-based classification of the positive fixed point

In this section, machine learning techniques are used to classify the behavior of the positive fixed
point E* of system (1.3). Two types of classification problems are considered. First, the local
topological nature of E* is predicted in terms of sink (SK), source (SR), saddle (SD), and nonhyperbolic
(NH) behavior. Second, the long-term dynamical response of the system is classified into periodic,
quasiperiodic, and chaotic regimes. For both investigations, the model parameters («, 5, v, 7, 0, h) are
used as input features, while the corresponding dynamical classes are used as output labels.

The purpose of applying machine learning is not to replace the analytical stability and bifurcation
results, but to provide a fast computational framework for predicting the behavior of the system over
large parameter domains. This is especially useful because direct eigenvalue computations, long-
term iterations, and Lyapunov exponent calculations become computationally expensive when a high-
dimensional parameter space is explored.

4.1. Topological classification of the positive fixed point

The local behavior of the positive equilibrium E* is determined by the eigenvalues of the Jacobian
matrix evaluated at E*. Depending on the position of these eigenvalues with respect to the unit circle,
the fixed point is classified as sink, source, saddle, or nonhyperbolic. To construct the machine learning
dataset, N = 80000 random parameter combinations are generated from the interval

a,B,v,1n,0,h €[0.01,10.5].

For each parameter set, the positive equilibrium is computed and the Jacobian matrix is evaluated.
The eigenvalues are then used to assign the corresponding topological class. Parameter sets that do
not produce a biologically meaningful positive equilibrium are excluded. After filtering, 13,299 valid
samples are retained, consisting of 6 nonhyperbolic point, no saddle points, 10,298 sinks, and 2995
sources. The dataset is randomly divided into training and testing parts using a 75% — 25% split.

Three supervised learning methods are applied: decision tree, random forest, and SVM. The
decision tree classifier achieves an accuracy of 95.79%. Its confusion matrix and parameter-importance
plot are shown in Figure 1. The confusion matrix indicates that most source equilibria are correctly
identified, while some misclassifications occur near the boundaries separating different stability
classes. The parameter-importance plot shows that 4, 8, and n have the largest influence on the
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classification, with normalized importance values 0.3682, 0.2912, and 0.2838, respectively. In contrast,
a and vy have relatively negligible contributions.

0.8+
SR 0 81 667
) 0.6 |
w
T
g SK 0 2517 58
3 0.4+
|_
NH 0 1 0 0.2+
NH SK SR 0
) a 8 ot 7 o h
Predicted Class
(a) Confusion matrix (b) Parameter importance

Figure 1. Decision tree results for topological classification of E*.

The random forest classifier is constructed using 100 decision trees. It achieves an accuracy of
97.68%, which is higher than that of the single decision tree. The confusion matrix is shown in
Figure 2a. The corresponding feature-importance plot in Figure 2b identifies 7 as the most influential
parameter with importance value 0.3916, followed by /4 with 0.3668 and 8 with 0.1927. The importance
of @ (0.0002) and vy (0.0009) is almost negligible, suggesting that it has little effect on the topological
classification compared with the other parameters.

0.8+
SR 0 58 690
@ 0.6 -
®
% SK 0 2557 18
> 0.4+ 1
-
nif 0 1 0 G2 l '
NH sK SR 0 ‘ ‘
. «a 154 ¥ n Lo h
Predicted Class
(a) Confusion matrix (b) Parameter importance

Figure 2. Random forest results for topological classification of E*.

The SVM classifier is trained using a radial basis function kernel and a one-versus-all multiclass
strategy. It achieves an accuracy of 97.14%. The confusion matrix is given in Figure 3a. Since SVM
does not directly provide feature importance, permutation importance is used. The results in Figure 3b
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show that 7 is again the most influential parameter with importance value 0.3955, followed by /& with
0.3793 and 8 with 0.2047. The parameters a and y have negligible influence.

0.8
SR 0 62 686
p 0.6
©
% SK 0 2543 32
2 0.4 ]
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. @ 8 vy n o h
Predicted Class
(a) Confusion matrix (b) Parameter importance

Figure 3. SVM results for topological classification of E*.

A comparison of the three methods shows that random forest gives the best performance for
topological classification, followed by SVM and decision tree. The accuracy values are summarized as

Decision Tree : 95.79%, Random Forest : 97.68%, SVM : 97.14%.

The feature-importance results are also consistent across the three models. In particular, S, n,
and A repeatedly appear among the most influential parameters, whereas @ and y have the weakest
contributions. This indicates that 8,7, and & play a dominant role in determining whether the positive
fixed point behaves as a sink, source, saddle, or nonhyperbolic point.

Remark 4.1. The dataset used for topological classification is inherently imbalanced due to the
analytical properties of system (1.3). In particular, Theorem 2.2 proves that the positive equilibrium E*
can never be a saddle point. Consequently, no saddle samples exist in the admissible parameter space.
In addition, nonhyperbolic cases arise exclusively on bifurcation boundaries. Since these boundaries
constitute lower-dimensional manifolds within the parameter space, the likelihood of encountering
such points through random parameter generation is extremely small. Therefore, the class imbalance
observed in the dataset reflects an inherent feature of the underlying dynamical system rather than a
limitation of the sampling procedure.

4.2. Classification of periodic, quasiperiodic, and chaotic dynamics

Next, machine learning is used to classify the long-term dynamical behavior of system (1.3). The
objective is to predict whether a given parameter set produces convergence to the positive equilibrium,
a periodic orbit, quasiperiodic motion, dynamically different periodic behavior, or chaos.

For this purpose, random parameter values are generated from

a,B,v,n,0,h € [0.01,10.50].
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For each parameter set, system (1.3) is iterated for 15, 000 time steps with initial condition

(x0,¥0) = (0.1,0.2).

The transient part of the trajectory is discarded, and the last 1500 iterates are used for classification.
Periodic solutions are detected by comparing the final iterates with previous iterates for the candidate

periods
pef{l,2,3,4,5,6,7,8,9,10,11, 12,16, 32, 64}.

If such a repeating pattern is detected, the orbit is assigned to the corresponding periodic class P — p.
The class P — 1 is assigned only when the trajectory converges to the positive equilibrium E* and
the Jacobian eigenvalues confirm its local stability. For trajectories that do not belong to any of the
prescribed periodic classes, an extended periodicity test is performed for integer periods up to p = 375.
If an additional repeating orbit is detected, it is classified as different periodic (DP). Chaotic dynamics
are identified when the MLE satisfies MLE > 107>, For trajectories for which no periodicity is detected
and [MLE| < 5x 1073, an additional power-spectrum analysis is performed to distinguish quasiperiodic
motion from unresolved irregular behavior. The power spectra of both state variables are computed
using the final trajectory, and the normalized spectral entropy together with the number of significant
spectral peaks are evaluated. A trajectory is classified as quasiperiodic (QP) only when no periodicity
is detected, the MLE is close to zero, the normalized spectral entropy does not exceed 0.45, and at least
two significant spectral peaks are present. A spectral peak is regarded as significant when its power
is at least 5% of the maximum spectral power. Parameter combinations corresponding to divergent,
numerically invalid, or unresolved trajectories are excluded from the dataset.

The decision tree classifier is first applied to this dynamical classification problem. After filtering
invalid and rare cases from 80,000 total random samples, 12,548 valid samples are retained. The
model achieves an accuracy of 97.19%. The confusion matrix in Figure 4a shows that the dominant
classes P—1 and QP are classified with high accuracies. Some errors occur among less frequent classes,
which is expected due to class imbalance. The parameter-importance plot in Figure 4b indicates
parameters 3, 17, h contribute most strongly to transitions between equilibrium, periodic, quasiperiodic,
and dynamically complex regimes.

ol 35 | o 0 3 | s17
041
ol 2 0 0 0 5
, 03!
Sef 0 0 0 0 2
F 021
Pl 0 0 0 0 1
0.11
e 2532 | 0 0 2 | 38
0

< o & K

Predicted Class

>N
o

Joi ¥ n o h

(a) Confusion matrix (b) Parameter importance

Figure 4. Decision tree results for periodic, quasiperiodic, and chaotic classification.
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The random forest model is then trained using 100 trees. From 80,000 randomly generated
parameter combinations, 12,554 valid dynamical samples are obtained after filtering. The random
forest classifier achieves an accuracy of 98.60%. The confusion matrix is shown in Figure 5a. The
feature-importance results in Figure 5b identify the parameters that most strongly affect transitions
among stable, periodic, quasiperiodic, and complex motions.

0.5
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0.4+
DP

0.3 1

True Class
I
N

0.2+
P-11

0.1+

« B Y n o h

Predicted Class
(a) Confusion matrix (b) Parameter importance

Figure 5. Random forest results for periodic, quasiperiodic, and chaotic classification.

Finally, the SVM classifier with radial basis function kernel is applied to the same dataset. The
model achieves 98.41% accuracy. The confusion matrix in Figure 6a confirms that SVM successfully
captures the nonlinear separation between different dynamical classes. The permutation-importance
plot in Figure 6b shows the relative effect of each parameter on the classification accuracy.
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Figure 6. SVM results for periodic, quasiperiodic, and chaotic classification.
The accuracy comparison for the dynamical classification problem is
Decision Tree : 97.19%, Random Forest : 98.60%, SVM : 98.41%.
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All three models provide reliable predictions, while random forest gives the highest accuracy. These
results show that machine learning can effectively predict both the local topological type of the positive
fixed point and the global dynamical behavior of the system. Therefore, the proposed machine learning
framework provides a useful computational tool for exploring large parameter spaces and complements
the analytical stability and bifurcation analysis.

5. Numerical simulations

This section presents numerical simulations to demonstrate and support the theoretical findings
established in earlier sections. The simulations are designed to confirm the local stability properties
of the equilibria, as well as the occurrence of transcritical and NS bifurcations. In order to clarify the
complex dynamical behavior of the discrete predator-prey system, we use plots of the bifurcations,
phase portraits, time series, and the MLE. The parameter sets used in the numerical simulations are
selected hypothetically to satisfy the analytically derived stability and bifurcation conditions and to
illustrate the different dynamical regimes of the model.

All numerical simulations are carried out in MATLAB R2023a. In constructing the bifurcation
diagrams, the selected bifurcation parameter is varied across the specified interval using 500 uniformly
distributed sample points. For each sampled parameter value, system (1.3) is simulated for a total
of N = 8000 iterations starting from the prescribed initial condition. The initial 7500 iterations are
omitted to remove transient dynamics, while the remaining 500 iterates are retained for plotting the
bifurcation structure. The phase-plane trajectories are produced with the same initial conditions and
simulation horizon, after excluding the first 500 iterations as transient behavior. The MLE is evaluated
through the conventional Jacobian-based tangent vector approach, where the perturbation vector is
normalized at each iteration to maintain numerical stability. In this computation, the first 800 iterations
are disregarded as transients, and the MLE is subsequently approximated using the following 1000
1terations.

5.1. Transcritical bifurcation

Let the parameters be chosen as @ = 0.15,y = 0.35,n = 0.75,h = 0.10, and o = 0.5. Under
this parameter set, the boundary equilibrium of system (1.3) is given by E; = (1,0). A transcritical
bifurcation occurs at E; when the bifurcation parameter takes the critical value 8, = 0.85. At this
point, the eigenvalues of the Jacobean matrix J(E) are & = 1 and & = 0.930233. Furthermore,
detailed computations yield

d(e,, 8) = e, — 0.695906¢> + 0.350877¢,6 — 6.94143¢> + 2.68117¢26.
®(0,0) = 0, @,,(0,0) = 1, ®5(0,0) = 0,
®,,,,(0,0) = —1.39181 # 0, @, 5(0,0) = 0.350877 # 0.

This confirms the validity of Theorem 3.1. To provide a visual confirmation of the transcritical
bifurcation occurring at E;, phase portraits are displayed in Figure 7. As shown in Figure 7a, for
B = 0.80, the boundary equilibrium E is locally asymptotically stable, whereas the interior equilibrium
E* is unstable. Figure 7b illustrates that at the critical value 8§ = 0.85, the equilibria £, and E*

AIMS Mathematics Volume 11, Issue 9, 28547-28581.



28565

coincide and undergo an exchange of stability. When the parameter is increased to g = 0.90, Figure 7¢
reveals that E* becomes stable and E; loses stability. This qualitative change in stability characterizes
a transcritical bifurcation.

. . gw/n) . . (b-:nu:r/u)
04f} ) . E‘l’ 0.4} . . E‘l’
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Figure 7. Phase portraits of system (1.3) illustrating the transcritical bifurcation with respect

to the parameter 8. The remaining parameters are fixed at @« = 0.15,y = 0.35,7 = 0.75,h =
0.10, and o~ = 0.5, while initial values are chosen as xy, = 0.5 and y, = 0.5.

Biologically, the parameter 5 represents the efficiency with which consumed prey is converted into
predator growth. Accordingly, the critical threshold 8; = 0.85 defines the minimal value required for
predator invasion. When S < f;, the energy acquired through predation is insufficient to compensate
for losses due to natural mortality and harvesting, and consequently the predator-free equilibrium
E, = (1,0) remains locally stable, inhibiting predator persistence. In contrast, when 8 > (3, predators
are able to invade the prey-only state successfully, leading to the stabilization of the coexistence
equilibrium E*.

5.2. NS bifurcation analysis varying [

We choose the parameter values @ = 0.95,y = 0.85,7 = 0.5,h = 0.10, and o = 0.65. In this
case, the critical value of the NS bifurcation is 8, = 2.73846. The coexistence equilibrium is E* =
(0.219101, 0.872769). Here, the Jacobian matrix has a pair of complex conjugate eigenvalues &, =
0.958178 + 0.286174i, which has a modulus of one. In addition, detailed computations yield

Ty = —0.010272 - 0.01737i, 74, = —0.007143 + 0.005959;,
7o = 0.031102 + 0.0274171, 75 = 0.001016 + 0.000862i.
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Consequently, it follows that L = —0.000664 < 0, which confirms the assertion of Theorem 3.3.
Therefore, the NS bifurcation is of supercritical type, and a closed invariant curve bifurcates from
the equilibrium point E*. The bifurcation diagrams for the values of the parameter 8 in the interval
[2.15,3.65] are shown in Figure 8a and 8b. In addition, the corresponding MLE plot is shown in
Figure 8c. In general, the negative values of the MLE function indicate the trajectories that converge
to a stable fixed point or a stable periodic orbit. On the other hand, the positive values of the MLE
function indicate sensitive dependence on the initial conditions, which is a characteristic of chaotic
behavior. In the current study, the calculated values of the MLE function are zero or very close to zero,
which indicates that the system does not have chaotic behavior for this parameter range.

25 3 3.5 25 3 3.5

B B
(a) Bifurcation diagram of x, (b) Bifurcation diagram of y,
-3
5% 10 . i .
0 WWW
-
g 5
101
-15
25 3 3.5
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(¢) MLE plot

Figure 8. Bifurcation diagrams together with the corresponding MLE plot of system (1.3)
as the parameter S varies. The parameters are fixed at @ = 0.95,y = 0.85,n = 0.5,h = 0.10,
and o = 0.65, with initial conditions selected as xy = 0.2, yo = 0.9.

Next, Figure 9a-9i present the phase portraits of system (1.3) for different values of 8. These phase
portraits indicate that the coexistence equilibrium point E* is a sink if § < 2.73846, but undergoes
NS bifurcation at § = 2.73846, beyond which it loses stability. Moreover, from the three-dimensional
phase portrait in Figure 9j, it is obvious that the radius of the invariant curve increases with the increase
of the parameter 5. Therefore, from the management point of view, it can be concluded that higher
predator efficiency, in other words, higher 5, can destabilize the coexistence equilibrium point. From
the ecological point of view, the oscillations in the population dynamics can be considered as boom-
bust cycles, which can increase the risk of extinction.
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Figure 9. (a—i) Phase portraits of the system (1.3) are shown for different values of the
parameter S with @« = 095,y = 0.85,n7 = 0.5,h = 0.10,0 = 0.65, and initial conditions

xo = 0.2,y9 = 0.9 held fixed. (j) Three-dimensional representation of the phase portraits.
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5.3. NS bifurcation analysis varying n, h and o

Since the NS critical condition 8 = 2(h + ) + é only involves the parameters 3, n, h, and o,
any of these parameters can be used to study the local stability of the coexistence equilibrium E* and
the oscillatory dynamics of system (1.3). In the context of the model, the parameters 7 and 4 jointly
quantify the total per-capita loss rate of the predator population, where n and /4 account for natural and
harvesting losses, respectively. Therefore, an increase in either of these parameters compromises the
ability of the predator to persist and drives the system towards instability. Moreover, the parameter o
reflects the updating scale in the discrete formulation and may be viewed as an effective time-step or
the seasonal interval separating successive population updates. Therefore, adjusting o enables us to
explore how the update frequency affects the initiation of oscillations in the predator-prey interaction.

5.3.1. Varying

We set @ = 0.95,8 = 2.75,v = 0.85,h = 0.10, and o = 0.65. For this choice of parameters, the
critical value associated with the NS bifurcation is n = 0.505769. The associated interior equilibrium
is E* = (0.22028,0.871452). At this point, the Jacobian matrix admits a pair of complex conjugate
eigenvalues &, = 0.957953 + 0.286926i, whose modulus is equal to one. The bifurcation diagrams
with respect to 17 over the interval [0.01, 0.95] are displayed in Figure 10a and 10b, while corresponding
MLE plot is shown in Figure 10c. Furthermore, Figure 11a—11i illustrate the phase portraits of system
(1.3) for different values of 1, and the corresponding three-dimensional representations are provided in
Figure 11;.

The numerical results indicate that an increase in the predator mortality rate n can shift the system
from oscillatory coexistence toward a stable equilibrium, while a decrease in 7 promotes the persistence
of cycles following the destabilization of E*. This demonstrates that changes in predator survival
significantly influence whether the predator-prey system settles at a steady coexistence or exhibits
sustained population oscillations.
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Figure 10. Bifurcation diagrams together with the corresponding MLE plot of system (1.3)
as the parameter 1 varies. The remaining parameters are fixed at @« = 0.95,8 = 2.75,y =
0.85,h = 0.10, and o = 0.65, with initial conditions chosen as xy = 0.2, and y, = 0.9.
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Figure 11. (a—i) Phase portraits of system (1.3) corresponding to various values of the
parameter n with @ = 0.95,8 = 2.75,y = 0.85,h = 0.10, and o = 0.65, and initial conditons
xo = 0.2,y9 = 0.9 held fixed. (j) Three-dimensional view of the associated phase portraits.
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5.3.2. Varying h

We consider the parameter set @ = 0.95,5 = 2.75,y = 0.85,7 = 0.5, and o = 0.65. For this
configuration, the critical value at which an NS bifurcation occurs is # = 0.105769. The associated
coexistence equilibrium is E* = (0.22028,0.871452). At this equilibrium, the Jacobian matrix
possesses a pair of complex conjugate eigenvalues &, = 0.957953 + 0.286926i, whose modulus
is equal to one. Bifurcation diagrams corresponding to variations in /4 over the interval [0.01,0.35]
are presented in Figure 12a and 12b, while the corresponding MLE plot is shown in Figure 12c. In
addition, Figure 13a—13i display the phase portraits of system (1.3) for different values of 4, and the
corresponding three-dimensional visualization is provided in Figure 13;.
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Figure 12. Bifurcation diagrams and MLE plot of (1.3) varying /. Fixed parameter values are
a=0.95,=2.75v=0.85n=0.5 0 = 0.65, and initial conditions are xo = 0.2,y, = 0.9.
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Figure 13. (a—i) Phase portraits of system (1.3) for various values of the parameter 4 with
a=0.956=2.75~v=0.85n=0.5, and o = 0.65, and initial conditions x, = 0.2,y = 0.9
kept fixed. (j) Three-dimensional representation of the corresponding phase portraits.
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Ecologically, these outcomes indicate that predator harvesting can significantly modify the
qualitative long-term behavior of the ecosystem. In particular, raising & generally weakens predator
persistence and may promote equilibrium coexistence by attenuating oscillations. However, as the
harvesting pressure gets closer to the NS threshold, there may be a transition from stable equilibrium
coexistence to periodic oscillations. These periodic oscillations due to harvesting are particularly
relevant in the context of wildlife and fish population management, as it has been observed that stable
oscillations can increase the risk of extinction in the presence of environmental fluctuations.

5.3.3. Varying o

We fix the parameters at @ = 0.95,8 = 2.75,y = 0.85,n = 0.5, and & = 0.10. Under these settings,
the NS bifurcation occurs at the critical value oo = 0.645161. The associated interior equilibrium is
E* = (0.218182,0.873797). At this point, the Jacobean matrix admits a pair of complex conjugate
eigenvalues &, = 0.958545 + 0.28494i, whose modulus equals one. The bifurcation diagrams with
respect to o over the interval [0.35, 1.35] are shown in Figure 14a, 14b, and the corresponding MLE
plot is provided in Figure 14c. Furthermore, Figure 15a—15i illustrate the phase portraits of (1.3) for
some values of o, while the associated three-dimensional views are presented in Figure 15;.

From an ecological perspective, the importance of the o parameter emphasizes the significance
of the time scale in which population transitions occur in the asymptotic behavior of the system.
In particular, after the NS bifurcation point, the value of o indicates that the system could move
from stable coexistence at equilibrium to periodic oscillations, implying that seasonal factors or
delayed responses to demographic changes could cause periodic predator-prey interactions. This
observation reinforces the idea that oscillatory coexistence may arise not only from the underlying
ecological interactions, but also from the inherently discrete character of reproduction, recruitment,
and population assessment in seasonal environments.

5.4. Codimension-two bifurcation analysis

In this section, we consider codimension-two bifurcations at positive fixed point E* of system
(1.3). For a detailed discussion of codimension-two bifurcations, readers are referred to [32-34]. We
investigate 1:2, 1:3, and 1:4 resonances. The points of resonance are obtained by the following curves:

Ry :ao (4B +n+ h) =48,
R; :ao(-3B8+n+h) =38,
Ry :ao (2B +n+ h) =28,
1
NR:B=2Mh+n)+ —.
o
Intersections R, N NR, R; N NR, and R, N NR identify parameter values at which 1:2, 1:3, and 1:4
resonances occur, respectively.

To determine whether strong resonance bifurcations can occur, we substitute the NS bifurcation
condition

B =2h+n)+
g

into each resonance curve.
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Figure 14. Bifurcation diagrams together with the associated MLE plot of system (1.3) as the
parameter o varies. The remaining parameters are fixed at @« = 0.95,8 = 2.75,y = 0.85,n =
0.5, and & = 0.10, with initial conditions selected as xo = 0.2 and y, = 0.9.
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Figure 15. (a—i) Phase portraits of (1.3) for different values of o and fixing @ = 0.95,8 =
2.75,y =0.85,1 =0.5,h = 0.10, xo = 0.2, and y, = 0.9. (j) 3D view of phase portraits.
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For the 1:2 resonance curve R,, this yields

cw'[—7(h +7n) - g_} =8h+n) + ;

The left-hand side is strictly negative, whereas the right-hand side is strictly positive for all admissible
parameter values. Hence, no solution exists and R, N NR = (.
Similarly, substitution into R3 gives

CL’O'[—S(]’I +1) - g] =6(h+n)+ g,

whose left-hand side is negative and right-hand side positive. Therefore, R; N NR = 0.
Finally, substitution into R, yields

cw'[—3(h +n)— oz'] =4(h+n) + ;,

which again cannot be satisfied for positive parameters. Thus, Ry N NR = 0.

Therefore, codimension-two bifurcations do not occur at the positive fixed point E* for the model
(1.3). In contrast, the study in [22] analyzed the strong resonance bifurcations corresponding to the
1:2, 1:3, and 1:4 resonances.

6. Conclusions

In this paper, an NSFD discretization of a predator-prey model with predator harvesting is developed
and analyzed. The proposed NSFD scheme preserves positivity of solutions and generates a discrete
model that remains biologically meaningful for all admissible parameter values. The existence and
local stability of all equilibrium points are established, and complete topological classifications of
the fixed points are obtained through eigenvalue analysis. Furthermore, rigorous conditions for the
occurrence of transcritical and NS bifurcations are derived, and the direction and stability of the
bifurcating invariant curves are determined using normal form theory and the first Lyapunov coefficient.

The analysis demonstrates that the coexistence equilibrium can lose stability through an NS
bifurcation, leading to sustained oscillatory behavior represented by invariant closed curves. In
contrast to [22], PD and strong resonance bifurcations are excluded at the coexistence equilibrium,
indicating that the proposed discretization avoids some common routes to discretization-induced
complex dynamics. Numerical investigations support theoretical results and provided additional insight
into the long-term behavior of the system.

A further contribution of this work is the incorporation of machine learning techniques into the study
of discrete ecological dynamics. Decision tree, random forest, and SVM classifiers are successfully
employed to predict both the topological nature of the positive equilibrium and the long-term dynamical
behavior of the system over large parameter domains. The high classification accuracies obtained by
these methods demonstrate that machine learning can serve as an effective computational tool for
exploring complex dynamical systems and can complement traditional analytical approaches. These
findings are consistent with recent machine learning-based studies of discrete ecological systems
[20, 21]. Similar to the results reported in [20], random forest provides the best classification
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performance in the present study, while our analysis further considers the classification of long-term
periodic, quasiperiodic, and chaotic dynamics.

These results highlight the effectiveness of the NSFD methodology in constructing dynamically
consistent discrete ecological models while illustrating the potential of machine learning as a
supplementary framework for dynamical classification and prediction.
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Appendix

A. Nonlinear term coefficients in the system (3.7)

_ao(-1—0QRh+a+6+2n+ah+8+n)0)) o= Y*(h + )0
B (1 + ao)*(1 + 2h + 6 + 2n)o) * T 1+ ac) +Q2h+06+2n)o)’

a

vyo(l +0cRh+a+06+2n+ ado)) @*c*(1 +ocQRh+a + 6 +2n+ alh + 6 + n)o))
— R as =
(1 +ao0)*(1 + RQh+ 6 + 2n)0) ¢ (1 +a0)*(1+Rh+ 6+ 2n)0)

as =

b

Y (h + n)o* ayo?(2 +2Qh + a + 6 + 2n)o + a(h + 26 + n)o?)
as = — , dg =
: (1 +a0)*(1+2h+ 6+ 2n)0) 6 (1+a0)*(1+QRh+ 6+ 2n)0)

’

Y1+ 0Rh+a+6+2n—alh—6+n)o))
(1 +ac)’(1+Q2h+6+2n)0)

a; =

B. Coefficients associated with the nonlinear terms of the system (3.11)

_ay(h+ M2 + 4no + ho(4 + 3ac) + ac(2 + 3no))
B 41 + ao)3(1 + 2ho + 2no)?

C1

b

_ay(h+ Mo (4 +4Qh + a + 2n)o + Ta(h + n)o?)

41 + ac)’(1 + 2(h + n)o)?

B yo?(1 + 2no + ho (2 + ao) + ao(1 + no)) \/a/(h +1n7)@4 + 8no + ho(8 + Tao) + ac(4 + Tno))
B 2(1 + @0)3(1 + 2ho + 2no)?

C3

2

_ @Y (h+ )02 + 4no + ho(4 + 3a0) + ao(2 + 3n0))
B 8(1 + )3 (1 + 2ho + 2no)3

Cy4

’
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Y23 (a(h + )4 + 8no + ha(8 + Tao) + ao(4 + Tno)))3/?

<=7 8(1 + a0 )>(1 + 2ho + 2n07) ’

B ay?(h + n)o> (4 + 8no + ho (8 + Sac) + ao(4 + 5n0)) \/oz(h + 174 + 8no + ha(8 + Tao) + ac(4 + Tno))
B 8(1 + ac)’(1 + 2ho + 2no)? ’

Ce

ay*(h +n)o*2 + 4no + ho(4 + ao) + ao(2 + no))(4 + 8no + ha (8 + Tao) + ao(4 + Tno))
8(1 + ao) (1 + 2ho + 2no)? ’

c7 =

(ay(h + )’ @1 + 2no)* + Ko?(16 + 36a0 + 19a%0?) + 2a0(5 + 1950 + 187°0%)
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d3:
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