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Abstract: Vekua established the existence and uniqueness of solutions to a quasilinear elliptic
equation on the bounded domain  with a sufficiently smooth boundary, with Dirichlet boundary
conditions in the Sobolev spaces WZ(Q) for p > 2, the second-order derivatives of the solution belong
to L,(€2), p > 2. The goal of this note is to extend his results: the corresponding solvability result in
the Besov space Bf:l“(Q) — C 1(5) for1 < p <2and @ = 2/p — 1 with the second-order derivatives
of the solution belonging to BZ’ [(Q) = Ly (Q).
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1. Introduction

Boundary value problems for differential equations have important applications in mathematical
physics and applied mathematics. Such problems have been extensively studied in [1-3]. Dirichlet
problems for elliptic equations are one of the most important parts of boundary value problems and
have been widely investigated in Holder spaces [4,5] and Sobolev spaces [6,7], as well as in nonlinear
elliptic equations involving p-Laplacian, double-phase, and nonlocal Choquard terms [8-10]. Besov
regularity of weak solutions of boundary value problems for elliptic equations and elliptic systems with
rough coefficients in Besov spaces have been investigated in [11-13].

Recent developments in nonlinear and quasilinear elliptic problems include existence, multiplicity,
a priori estimates, and compactness results for problems involving intrinsic operators, perturbations,
nonstandard boundary conditions, and double-phase structures [14—16].

Let Q C E be a bounded domain with sufficiently smooth boundary 9Q. Let L be the quasilinear


https://www.aimspress.com/journal/Math
https://dx.doi.org/10.3934/math.20261135

28491

elliptic operator defined as

Lu = a(x,y, u, uy, ), + 2b(x,y, u, uy, ity

(1.1)

+ (X, y, U, Uy, Uy Uy + d(X, Y, U, Uy, Uy),

where a(x,y, u, u,, u,), b(x,y,u, u,, uy), and c(x, y, u, u,, u,) are from the Besov space B;f]“(Q), Il<p<
2, a =2/p - 1; moreover, d = d(x,y, u, u,, uy) is a measurable function, and d(x, y,u,0,0) € BZ’I(Q).
This paper focuses on the Dirichlet problem for the equation

Lu=0 in Q (1.2)

with continuous boundary data
u=0 on 0Q. (1.3)

Under suitable assumptions on the coefficients of Eq (1.1), Vekua studied the problem (1.1)—(1.3)
and established the existence and uniqueness of solutions to Eq (1.1) with conditions (1.2) and (1.3) in
the Sobolev spaces (see [7]):

ue Wz’p(Q) — C}_z/p(ﬁ) = Dzu € LP(Q) for p= 2,

where u denotes the solution of the corresponding Dirichlet problem (1.1)—(1.3). However, when
p < 2, the space W>?(Q) does not embed into C 1(ﬁ). Therefore, the result in [7] does not directly
cover the low-integrability range 1 < p < 2.

The purpose of this paper is to extend the corresponding solvability result in [7] to therange 1 < p <
2 by using the Besov space Bf}fl‘*(Q), « = 2/p — 1. This space is suitable because Blz:l"(Q) — CY(Q).
Moreover, the second-order derivatives of the solution satisfy D*u € B;j’l(Q) — [,(Q), and the space
B (€2) does not embed into L,(€2) for g > 2. In this way, we cover the case p = 2, thus preserving the
continuity of the solution.

The proof is based on Green function representations and Calder6n—Zygmund singular integral
operators. After transferring the problem to the unit disk and introducing complex derivatives, the
original differential equation is rewritten as a complex elliptic equation. This approach reduces the
quasilinear Dirichlet problem to a nonlinear singular integral equation in Besov spaces and avoids a
preliminary reduction of the elliptic equation to canonical form.

To avoid confusion, we provide explicit notations for the function spaces that we will use frequently.
Let E = E? be a two-dimensional Euclidean space with points x = (x;, x,). All measures and integrals
below are understood in the Lebesgue sense.

Let Q be a bounded domain in E with sufficiently smooth boundary dQ. The space C(Q) consists
of all continuous real or complex valued functions on ﬁ, with the norm

”f”c(ﬁ) = SU—B |f(X)|

xeQ

For an integer [ > 0, the space C '(Q) consists of functions whose partial derivatives up to order / are
continuous on Q. The space C/(Q) is a Banach space with the norm

> -2

I
ki o ko
100 &y +homk || 0X] Ox;

cQ)
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ForO<B<1,let Cﬁ(ﬁ) denote the space of functions satisfying the Holder condition

If(x) = fFI < Hix =y, x,y € Q.

The Holder seminorm is
|f(x) = f)
Hy() = sup LOLON
xyeQ lx =yl

2

and the corresponding norm is

”f”cﬁ(ﬁ) = ”f”c(ﬁ) + H,B(f)

For an integer m > 0, the space Cg’(ﬁ) consists of all f € C"(Q) such that

o f

— (D), +my = m, 0<B<I1.
ox}" 0x5” () Mty Ty = B
It is equipped with the norm
of
ey = W llen + ; Hy ( e ax,;z)

For [ = k + j3, where k > 0 is an integer and where 0 < 8 < 1, we also write C/(Q) = C;;(ﬁ).
For 1 < p < oo, the Lebesgue space L,(£2) consists of measurable functions for which

1/p
/e, = (L |f(x)P dx) < 0.

The space L.,(L2) is equipped with the norm

”f”Lw(Q) = esssup |f(x)].

xeQ

The Sobolev space W;(Q) consists of all functions f € L,(€2) which have generalized derivatives of
all forms up to and including the integral order / > 1 and the pth power of which are summable over
Q. The norm in W}(Q) is defined by

l
||f||w;(g) = Z Z

k=0 ki+ky=k

6"f

o kg do
ox, 0x2

Ly(Q)
Besov space. We use the complex variable z = x + 1y on the plane C = E. The function f(x,y) = f(2)
belongs to the Besov space B7 |(€2), 1 < p < 0,0 < a < 1if the following hold:

1) fe L,
2) 1A llee @ = [ [ 1R NA ANl dhidhy < oo,

|hl<e
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where A, f(z) = f(z+ h) — f(z) is the difference with & = hy +ih,, |h| < &, € > 0. The difference A, f(z)
is defined for z € Q such that [z, z+ h] C Q,if z+ h ¢ Q; we set A, f(z) = 0. The norm in BZ’I(Q) is
defined by

”f”BZ‘l(Q) = 1fllz,@ + ”f”b;yl(ﬂ)-

For an integer r > 1, we denote by B;:{”(Q) the space of functions u € L,(£2), generalized Sobolev

derivatives of order r,
() _ 0ru

T 97

belonging to B7 | (2). The norm in this space is given by

j=0,1,...,r,

,
1 llsrece = 1Ly + I e < oo,
J=1

For more details on Besov spaces (see [17]), equivalent norm characterizations can be found in [18,19].
2. Auxiliary results

In this section, we establish several auxiliary results that will be used in the proof of the main
theorem.

Lemma 2.1. Let0 < a <1, 1 < p < oo, and Q C E be bounded with sufficiently smooth boundary
Q. If f € B} |(Q), thenZf € B} (Q), and

1z fllse @ < Cllflle @ (2.1)
where C is a positive constant and not depending on f.

Proof: Because () is bounded, we have M = sup|z| < co. Then, |Z f(z)| < M|f(z)|, so it follows that
7€Q

IZ fllz,@ < MIIfllz, - (2.2)
Moreover, for |h| < €, we have |z + h| < M + ¢, and
MZf(@)=z+hfz+h) —Z2f(2)=z2+hAf(2)+h[fQ).

Applying the definition of the Besov seminorm, we have

2

— 1-
1211l @ < (M + &)lIfllbe @) + & Nl -

l-a
Combining these estimates, we obtain
21l ) < Clifllae @

where, because ¢ is fixed, C = C(Q, «, ), which is independent of f. Therefore, Zf € Bg’](Q). m]
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Consider the integral operators

Tf@) = f ) f (_T)Z dQ.,  dQ, = dxdy, 2.3)
Kf(x) = —= f ® 4. (2.4)
ndlal -7z

We now recall some fundamental result, which will be used in the sequel. The following special
case follows from Theorem 1.1 in [20].

Lemma 2.2. LetO < a < 1,1 < p < 00, and Q C E be bounded with sufficiently smooth boundary
0Q. Then, T f in (2.3) is a bounded operator from BZ,l(Q) to B;"(Q); that is one has the inequality

||Tf||311,j1“(g) = C”f”Bg,l(Q), (2.5)

where C is a positive constant and is not dependent on f.
The following lemma is obtained from Lemma 1.1 in [20].

Lemma 2.3. Let Q be the unit disk |zl < 1 and 0 < a < 1, 1 < p < co. Then, K f(z) in (2.4) belongs to
B”"(Q) and
1K Allgssiy < Cllfllss, @, (2.6)

where C is a positive constant and is not dependent on f.
We will prove the following lemma.

Lemma 2.4. Let Q be the unit disk |z| < 1, and

61 = f fg 0@ FOIQ,  golaT) = @.7)

If f € B (Q), 1 < p < 00,0 <a < 1, then Gf € BX{().

Proof: Because go(z,7) = 1/m (log |z — 7[> —log |1 — zflz), we write u = u; — u,, where

1 1
Gif(@) =— f f loglz — 1 f(1)dQ., Gaf(2) = — f f log|1 — z7* f(7)dQ..
T Q T Q

Therefore, we obtain
067 = lf Fra0 ff 040, = 750) - K.
b4 -7 T 1-z7

By Lemma 2.2, we have ||Tf||31+a(Q) < C||f||Ba «@)- Moreover, from Lemma 2.1, we get ||Tf||Ba @ <
CIIfIIBa (@ then so it follows from Lemma 2 3 that ||K(Tf)||B|+Y(Q) < CIIfIIBa (@, Which 1mphes
|I3z§f ”B]pj'l"(Q) < ClIfllsz - Applying the same to d:Gf, we obtain [|0:G f IIB;flo(g) < Cllifllz - By
definition of a Besov space, if v € B;:l“(Q), then d,v, 0:v € B7 (Q). Applying this to v = J.Gf,
we obtain 0.0.u € B} (Q), 0:0.Gf € B ,(Q). Applying it to v = d:Gf, we obtain 9.9:u € B} (),
0:0-Gf € B, (Q), which is equivalent to Gf € Bf;l"‘(Q). Moreover,

+a < i .
16 fllgz:0c0y < Cllf sy o

The proof is complete. O
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3. Main result

We first state the assumptions on the coefficients of Eq (1.1).
Assumptions on the coefficients.

Condition 3.1. Assume that the coefficients

a(x,y, u, uy, uty), b(x,y,u,uc,uy), c(x,y,u,uy, uy)

in (1.1) belong to the Besov space B;fl"(Q). Furthermore, we assume that u® +u} +u; < A, where A > 0
is an arbitrarily fixed constant. For the same values of the arguments, the condition ac — b*> > Ay > 0
is satisfied, where Ay = Ag(A) is a positive constant.

For convenience, we set

ou ou
= —, =Uy = —.

0x ay
Thus, the coeflicient functions a(x, y, u, w, @), b(x, y, u, w, ¢), and c(x, y, u, w, ¢) are evaluated at (w, ¢) =
(uy, uy). In addition, the functions a, b, and c satisfy the Lipschitz condition with respect to the variables
u, w, and @:

W= U,

|f G, wi,s 1) = fluz, wa, )| < A(luy — ua] + [wi — wal + 1 — @2l).

Condition 3.2. Assume that the function d(x,y, u,w, @) satisfies the condition

ld(x, y, ur, wi, @1) = d(x, y, uz, wa, @) < do(x, Y)(Juy — ua| + [wi = wal + 1 = @2l),
where dy(x,y) € B;‘j’] Q).
Under these assumptions, we obtain the following main result.

Theorem 3.1. Let Conditions 3.1 and 3.2 be satisfied and Q C E be bounded with sufficiently smooth
boundary 6Q. Then, the problem (1.1)—(1.3) has a unique solution in Bf:la(Q) — C'(Q), a =2/p-
I, 1<p<?2.

Proof: Let & = ¢(x,y), t = Y(x, ), be a conformal mapping of the unit disk £ + > < 1 onto the domain

Q. The unit circle £ + £ = 1 corresponds to dQ. We assume that ¢ and i are from the space Bf:l“(Q).

Consequently, the functions ¢ and ¢ are continuous in the closure; that is, ¢,y € C1(Q) [17].

We keep the same notation and assumption, without loss of generality, that Q is the unit disk x>+y? <
1. We reformulate the variable as a function of the complex coordinate z = x +1y, z = x — 1y, and
introduce the complex derivatives d, = 1/2 (0/0x —10/dy), d; = 1/2(0/0x + 10/dy). Then, the Eq (1.2)
can be written in the form

0,0:u + Re[A(z, u, 0,u)0,0.u] + B(z,u,d.u) =0, (3.1

where A(z,u,0.u) =(a—c+2ib)/(a+c), B(z,u,0u)=d/(a+c).
Because B;:I“(Q) is a Banach algebra [20] and by Condition 3.1, we have

la + ¢ = (a - ¢)* + dac > 4o,

AIMS Mathematics Volume 11, Issue 9, 28490-28501.
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and hence, |a + ¢| > 2 VAo > 0. Therefore, the composition property of Besov spaces gives
(@+c¢)"' € B{(Q).
Because a — ¢ + 2ib € B})fl"(Q), the algebra property yields
Az u,u) = (a—c+2ib)a+c) ' e B;:l“(Q).
For every fixed A > 0, there exists a constant A, = A,(A) < 1 such that
|A(z, u,v)| < A,, z€0Q, |ul+ v <A. (3.2)

Moreover, it satisfies the Lipschitz condition with respect to z:

|A(z, w1, v1) — Az, u2, v2)l < Aq(Jur = ua| + [vi = wal), (3.3)

where A; > 0 is independent of z. The function B(z, u, v) is measurable in z, and B(z,0,0) € BZ’I(Q),
and
|B(z, u1,v1) — B(z, u2, v2)| < Bo(2)(luy — ua| + [vi — val), (3.4)

where By(z) € Bg’l(Q).
To reformulate the boundary value problem as an equation for a function in B7 |(€2), we use the
operator G introduced in (2.7). We set

1
f:=0,0:u= ZAM’

where A is the Laplace operator, and we represent the solution as
u=gf.

This representation automatically satisfies the homogeneous boundary condition because Gf = 0 on
Q. If f e BJ (€), then Lemma 2.4 gives G f € Bif]"(Q). Furthermore, 0.0-:Gf = f.

Next, we extend f, defined on the unit disk Q = {z € E : |z] < 1}, to the entire complex plane by the
inversion formula

f@. < 1,
f@O=y 1 (1) .
Az H =

This definition is well defined because when |z| > 1, the point 1/Z belongs to the closed unit disk Q.
Thus, f* is an inversion extension of f rather than its extension by zero. Using this extension, we
obtain

0.Gf =Tf",

where T is the operator defined in (2.3).
By the extension result in [21], the inversion extension defined above preserves the required Besov
regularity. Therefore,
feB(Q) = [ eB (E).

AIMS Mathematics Volume 11, Issue 9, 28490-28501.
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It is known [22,23] that if f* € L,(E), p > 1, then T f, admits a derivative with respect to z, which
is expressed by the singular integral

oT
Sf(z) = f(Z)___fff(T) 35)

(t-27

Moreover, it is known (see [24]) that the operator S is bounded on L7(E) for every 1 < p < oo, so
there exists a constant A, = [|S||.»(g)-1r(r) Such that

IS llrey < Apllfllre).-

Applying the difference operator to the singular integral operator (3.5) for & € C, we have

@) IO 4
Ath(Z)__ ff(T—Z_h)z ff(‘l' Z)Z
* 1

:_;fEf(T)[(T—Z_h)Z_(T_Z)z]dT

SN = - f f Fa+h-f@,

(t1—-2)?

We may write

The change of variables by t = 7 + h. Then,

JR0) ro
SAuf)@) =~2 ff - ff ="

An(S f)@) = S(Anf")(@).
Applying the LP-boundedness of S to A, f* gives

Thus, for h € E,

1ALCS ey < ApllAnSllirE).-

Multiplying this inequality by |4|~?*® and integrating over |h| < &, we obtain
1S f llee ) = LI W~ AL o) dh
<&

<A, f AR rcc d
|hl<e
= Allf e -

Combining this estimate with the L? estimate yields

1S /7Nl ey < Apllf llae 8-

Because the extension operator is bounded, there exists a constant C; > 0 such that
1 lse ) < Cillfllse (@)
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Therefore, by restriction to €,
1S fllze, @ < ClIfllze, @
where C = A,C;. Hence, § is a bounded linear operator from BZ’I(Q) into itself. Thus, using
u=Gf, 0,0:u = f, ou="TFf, 0.0,u=3Sf,

Equation (3.1) becomes

f@ +Re[A(z,Gf. TS f]+ B(z,Gf. Tf) =0. (3.6)

Consider the operator
Lf=-RelA,Gf, TNHSf]1- B Gf. T (3.7

By Lemmas 2.1-2.4, the operator £ defined by (3.7) is a bounded mapping in B ,(Q). Moreover,
if fi, > € BZ,I(Q‘)’ we have

Lfi— L =-R4(A1 = A)S fi + As(S fi = S )| = (B1 = Bo),

where A; = A(2,Gf;, Tf)), B = B(z.Gf;, Tf;), j=1,2,and | Lfi — L] < (A} — A)S fil + |Ax(S fi —
S f>)| + |By — B,|. By Lemmas 2.1-2.4, and by Conditions (3.2)—(3.4), we obtain

[Lfi = LAISAAS (fi = )l + RAColS fil +2CoBo(NIfr = Lollse, - (3.8)

Because Bz’l(Q) is a Banach algebra [20], using Conditions (3.1) and (3.2), and the boundedness of G,
T, and S, we obtain from (3.8)

1Lfi = LAl @ < Collfi = Lllse @) (3.9)

where C, = Ay A, + 2A COAp”fl”B” @ t ZCOHBOHB“ (-
Because A, = ||S||;, depends on p [24], and ||S||L2 = 1 ([7], Chapter 4 §9), it follows that for any
fixed A > 0, there exists € = €(A) > 0 such that

A(MA, <1 if 0<2-p<elN). (3.10)
For any p satisfying (3.10), we choose p > 0, 6 > 0 such that 2Kp < A, and therefore,
1Bollss o <6, and  S(0,0) < [1fllss o < p- (3.11)
From (3.9) and (3.11), we obtain
ILfi = LA @ < Blfi = Lllgz @, Cp B <1, (3.12)

where = Ax(A)A, + 2A1pCoA, + 2Cy6 < 1. Taking into account that f, = 0, let us assume that
ILfollas @) = 1B(z,0,0)llz: @ < (1 = B)p. It follows that the operator £ maps the closed ball S0, p)
into itself, and inequality (3.12) holds within this ball, and that £ is a contraction mapping in S(0, 0).
Therefore, the contraction mapping principle is applicable in S0, p), which implies that f—Lf = 0 has
a unique solution f € BY 1(Q) that belongs to this ball, || f]| BY (@) < p. If B(z,0,0) = 0, then the solution
of f-Lf=0is f=0. Thus if the functions B(z, 0, 0) and Bo(z) are sufficiently small in the B* l(Q)

norm, the quasilinear Eq (3.1) with boundary condition (1.3) has a solution. This solution i 1s given
explicitly by Formula (2.7) and therefore belongs to the space ngz(Q). Because Bf;l“(Q) — C 1(ﬁ),

the solution and its first-order derivatives are continuous on Q. This completes the proof. O
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4. Conclusions

In this work, the assumptions in Conditions 3.1 and 3.2 are based on the method, which investigate
the quasilinear elliptic equation without reducing to canonical form in [7, Chapter 9, page 333]. Our
main contribution is the extension of Vekua’s result to a broader functional space while preserving the
original assumptions on the coefficients.
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