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Abstract: We consider a stationary Schrodinger—Poisson system with open boundary conditions
arising in quantum transport modeling. Despite its widespread use in device simulation, the
mathematical analysis of such coupled systems remains challenging due to the noncoercivity of the
Schrédinger operator and the nonlinear interaction through the electron density and quasi-Fermi level.
In this work, we present, to our knowledge, the first comprehensive analysis and finite element
framework for the self-consistent system with open boundary conditions. The approach is based on
a quasi-Fermi level reparameterization that reveals a monotone structure in the nonlinear Poisson
equation and enables a stable decoupling. The resulting formulation combines a Fredholm-based
treatment of the Schrodinger equation with a Newton linearization for the Poisson problem, naturally
leading to a Gummel-type iteration. We develop finite element discretizations of the subproblems,
prove quasi-optimal convergence for the Schrodinger problem and optimal convergence for the Poisson
problem, and, using the reparameterization and compactness properties of the electron density, show
that, under suitable positivity and boundedness conditions and assuming uniqueness of the fully
coupled solution, the finite element iterates converge to that solution. The results provide a consistent
and stable theoretical framework for finite element simulations of the Schrodinger—Poisson system and
a rigorous basis for numerical methods commonly employed in quantum transport simulations.
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Gummel’s iteration; error analysis
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1. Introduction

Recent advancements in semiconductor and nanoscale device simulation, particularly in quantum
transport regimes, require mathematical models that accurately represent realistic device behavior,
motivating rigorous mathematical analysis to further advance the numerical simulation techniques. The
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Schrodinger—Poisson system plays a fundamental role in modeling quantum transport in semiconductor
devices. Classical studies of stationary Schrodinger—Poisson systems are often formulated as closed
systems [1-3], where the Schrodinger equation is equipped with Dirichlet, Neumann, or mixed
boundary conditions on bounded domains. These have been extensively studied, establishing existence
and, in some cases, uniqueness of solutions under suitable assumptions. However, such boundary
conditions suppress carrier transport across the device, whereas semiconductor devices inherently
operate through the transport of charge carriers.

To model carrier transport, it is therefore necessary to consider Schrodinger—Poisson systems with
open boundary conditions [4—7], which allow particles to enter and leave the domain and thereby enable
current flow. Such systems are commonly formulated using scattering-based approaches, including
quantum transmitting or transparent boundary condition frameworks. In practice, devices such
as nanoscale metal-oxide-semiconductor field-effect transistors (MOSFETSs) and related structures
are typically described by transport models with open boundary conditions [8—10]. Despite their
importance, rigorous analytical results for finite element approximations of stationary Schrodinger—
Poisson systems remain limited. Existing works primarily address convergence analysis in the setting
of closed quantum systems [11-13].

The transparent boundary condition framework has also been extended beyond the standard
effective mass Schrodinger equation to fourth-order and arbitrary order equations incorporating the
non-parabolic dispersion effects that captures interference effects absent from the effective mass
approximation [14, 15]. Separately, existence and multiplicity of solutions for Schrodinger—Poisson
systems in closed settings have been studied extensively using variational methods. They generalize
the Schrodinger operator to nonlinear and nonlocal settings, including the p-Laplacian and its fractional
extensions, along with critical growth and prescribed mass formulations [16—19]. These works study
richer dispersion physics under transparent boundary conditions and existence theory for nonlinear
operators under closed boundary conditions, respectively. To the best of our knowledge, there are no
comprehensive results on the finite element analysis of stationary Schrodinger—Poisson systems with
open boundary conditions.

The objective of this work is to provide such a finite element convergence analysis for the open
boundary Schrodinger—Poisson system. We consider a quantum transport model whose finite element
discretization follows [6], where the model is rigorously constructed and the existence of solutions
is established. Our analysis uses a decoupled Gummel iteration framework [20], solving the coupled
system through sequential Schrodinger and Poisson subproblems. We reformulate the coupled system
as an iterative scheme and build its well-posedness by proving existence and uniqueness of solutions to
each subproblem. We then analyze the finite element approximations, prove quasi-optimal convergence
for the Schrodinger problem and optimal convergence for the Poisson problem, and finally show that
the Gummel iterates converge to the exact solution of the system.

Self-consistent iterations for open Schrodinger—Poisson systems under nonequilibrium conditions
are widely used in numerical simulations [21-23]. In such settings, it is standard to express the carrier
density via a quasi-Fermi level, leading to a nonlinear relation involving Fermi—Dirac integrals [23], a
formulation favored in Gummel-type iterations for its improved numerical stability and convergence.
To analyze the convergence of the iterative scheme at the continuous level, we adopt a quasi-Fermi level
reparameterization, obtaining the quasi-Fermi variable by inverting the carrier density relation. This
induces a monotone structure in the outer iteration and thereby simplifies the convergence analysis,
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while the nonlinear Poisson subproblem is solved by Newton’s method at each iteration.

The paper is organized as follows. In Section 2, we introduce the model problem consisting of the
stationary Schrodinger equation coupled with a nonlinear Poisson equation. In Sections 3 and 4, we
establish the existence and uniqueness of weak solutions for the Schrodinger and Poisson subproblems,
respectively. Since the Schrodinger equation is not coercive for all energies, its well-posedness is
obtained via the Fredholm alternative. In Section 4, we further analyze the nonlinear Poisson equation
arising from the quasi-Fermi level reparameterization. Existence and uniqueness are established using
monotone operator theory, and the problem is then linearized via Newton’s method, whose local
convergence at the continuous level is proved. In Section 5, we discretize each subproblem by the
finite element method and analyze the well-posedness of the corresponding discrete problems. In
particular, for the Schrédinger equation, we use analytical techniques for noncoercive finite element
approximations. Finally, Section 6 is devoted to the convergence analysis of the overall self-consistent
Schrédinger—Poisson iteration. The analysis relies on compactness arguments for the sequence of
iterates together with continuity properties of the electron density. In Section 7, we validate the theory
through numerical experiments with a manufactured solution that confirm our convergence results.

2. Model problem

The quantum transport model describes charge carrier motion in nanoscale semiconductor devices
where quantum-mechanical effects play a dominant role. The Schrodinger—Poisson system captures
the mutual dependence between the electronic structure and the electrostatic field within the device.

2.1. Schrodinger equation

Let Q C R3 be the device region occupied by the active material with Lipschitz boundary. The
stationary Schrodinger equation in the single-electron effective mass approximation is given by

2
Ly ( W/(x)) +Vyx) = Eyx),  xel, 2.1)
2 \m(x)

where 7 denotes the reduced Planck constant, m*(X) is the position-dependent effective mass, and E
is the energy eigenvalue associated with the wave function . The potential energy is expressed as
V(x) = V.(x) — g U(x), where V.(x) denotes the conduction band minimum energy, ¢ is the magnitude
of the elementary charge, and U(x) is the electrostatic potential.

2.2. Poisson equation
The electrostatic potential U(x) appearing in V(X) is governed by the Poisson equation
-V (e(x) VU(x)) = p(x), X € Q, (2.2)

where €(X) = ¢ €,(x) denotes the position-dependent dielectric permittivity, with € the vacuum
permittivity and €,(x) the relative permittivity of the material. The charge density p(x) = g (N};(x) —
n(U(x))) consists of a donor doping concentration N} (x) and the electron density n(U(x)). Appropriate
boundary conditions are imposed to close the Poisson problem:

U=Up onlp, n-(eVU)=0 onTy,
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where I'p and I'y denote the Dirichlet and Neumann parts of the boundary I' = 0Q, respectively, and
7 is the outward unit normal. Here, Up(x) corresponds to an applied voltage, while the homogeneous
Neumann condition on I'y enforces charge neutrality along insulated boundaries.

2.3. Coupled system

Equations (2.1) and (2.2) together constitute a nonlinear, self-consistent Schrodinger—Poisson
system.  The Schrodinger equation determines the quantum-mechanical wave functions and
corresponding electron density n(U), whereas the Poisson equation computes the electrostatic potential
U generated by that density. Iterating between these two equations yields a self-consistent field solution
that describes the steady-state quantum transport behavior within the device.

3. Existence and uniqueness of the weak solution to the stationary Schrodinger equation

We consider a bounded convex polyhedral device domain Q connected to two semi-infinite leads
Q; and Q,. Its boundary I := 0Q is partitioned as I' = Iy U I’y U I, where I'y and I, are the
disjoint contact interfaces with ; and Q,, respectively, while I’y denotes the remaining portion of the
boundary. In correspondence with the boundary notation used in the Poisson problem, I'y coincides
with the Dirichlet boundary I', while the contact interfaces I'; and I'; together compose the Neumann
boundary I'y, in which open boundary conditions are imposed to model charge injection from the leads.
The stationary Schrodinger equation (2.1) is formulated with the homogeneous Dirichlet condition on
I’y and open (transparent) boundary conditions imposed on I'; U I';. Multiplying Eq (2.1) by a test
function ¢ and applying Green’s identity yields

1 _ _ 2w _
— | —V - Vo dQ +f(V—E)1//¢dQ—Z—f — - Vy)¢dly =0. (3.1)
Q s=1 2 L n

2 Qm*

In this variational formulation, the Dirichlet condition on I'y is enforced by choosing ¢ that vanishes on
Iy, while the open boundary conditions are naturally incorporated through the boundary integral term.

We first analyze the boundary integral in (3.1). For each lead Q (s = 1,2), we introduce local
coordinates (£,,(;), where & € I is the transverse coordinate and {; € R™ is the longitudinal
coordinate along the transport direction. In the leads, the effective mass is assumed to be a constant
m’,, and the potential depends only on &, so the stationary wave function separates into transverse and
longitudinal components. The transverse modes ¢, € Hj(I'y) solve the local Schrodinger eigenvalue
problem with eigenvalues E, and form an orthonormal basis of L? (I'y) by spectral theory [24]; the
dependence on s is suppressed when the meaning is clear. Based on separation of variables, the wave
function is expanded as ¥, (€,0) = X2, ¢-(€)g.({), and substituting into Eq (2.1) gives —2’?% CZ?;’ =
(E - E,) g, for each mode. For a given total energy E, let N*(E) be the largest transverse mode index
in the s-th lead with E > E,, so that the modes r < N°(FE) correspond to propagating states. At threshold
energies E = E,, mode r is classified as evanescent, consistent with the strict inequality £ > E, above.
Setting k.(E) = h™' y2m*|E — E,|, the longitudinal solution is g,(0) = d,e % + p,e*EX where d,
are the prescribed incoming amplitudes, with d, = 0 for » > N°(E) by the boundedness of the solution
to Eq (2.1). Enforcing continuity at the contact surface, the open boundary condition on each interface
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I'; takes the form

N*(E) s
n-Vy = ol = Z ik,(E)(—Zd,+(lﬂ,gor)rs)<,0r— Z k-(E) Y, @r)r, r
¢lr, r=1 r=Ns(E)+1

with (, @,)r, := [ Yo, d€. We define

2
:{weﬂl @O :w=0onTy, Y 5 ) e f <oo} (3.2)

s=1 Srl

where H' (Q;C) is the Sobolev space of complex-valued functions whose real and imaginary parts
belong to H'(Q). The space X forms a Hilbert space over the complex field C equipped with the
sesquilinear inner product

2 2m

*
s=1 S or=1

2o _ SIS _—
<wa ¢>X,m* =5 fg; %th ’ V¢ dQ + Z Z kr(E) (lﬂ, ‘pr>l“x <¢9 ()Dr>l"s,

and induced norm [Y|lx,,» = W, ¥)xm- Assume ||V||=@) < M for a given M > 0 and that the
effective mass is uniformly bounded, i.e., 0 < m_ < m*(x) < m, < oo. This gives the norm equivalence

Chnin ||¢||,\’ S ||¢’||X’m* S Cinax ||lr//||X7 Wlth Ciin = mln(l’ 1/ Vm+)’ Crhax = maX(l, 1/ Vm—)5 and

Wl = = f Vil dmz Zk(E)lw el

Srl

We now transform Eq (3.1) into the following weak problem: For a given E € R with E > E;, =
inf, E, , find ¥ € X such that

a(,¢)=EQ,¢)+L(¢)  forall ¢ € X, (3.3)

where (-, -) is the L? (Q) inner product. Here a := a; + a,, where a;, a,, and L are given by

h2
@)= [ v Vedas Z S LE) Wy, o
S r=1

g N®

2
ar (l/” ¢) = L Vlﬁa dQ - (l + 1 Z m* Z kr(E) <¢’7 ‘pr>l‘5 <¢’ ¢’r>rs,
s=1

2 ~
L)=-)

s=1

N(E)

lkr(E)dr<¢’ ()0r>1"5‘

r=1

§|§g

“ %

Here we establish the existence and uniqueness for the weak problem (3.3) by reformulating it as
a Fredholm equation of the second kind, following [6] with minor modifications. First, we show the
form a is bounded and satisfies Garding’s inequality.

Proposition 3.1. The sesquilinear form a(-,-) : XXX — C is bounded, that is, |a (y, ¢)| < c, [W|lx @]l
for all y, ¢ € X with some positive constant c,,.
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Proof. The boundedness of a(-,-) can be easily obtained by the Cauchy—Schwarz inequality, the
uniform boundedness of m*, and the boundedness of V. O

Proposition 3.2. There exist constants cy,c, > 0 such that Re[a(y, )] = eyl - CZ”‘/’”LZ(Q)’ where
Rela(-, -)] denotes the real part of a(-,-).

Proof. From the definition of a(y, ), we have

h? 1
Relaw )l = 5 [ - iwuf da+ [ visp dmz S kB el

ms . NS(E)+1

Since {¢,} is an orthonormal basis of L? (T',), the constraints (3.2), the trace theorem, and the Poincaré—
Friedrichs inequality yield ZN Bk (E) |(¢/, 90r>r3|2 < clyl? oy S € IVl 2@ Combining these with
the bound on V yields the result. O

Having established boundedness and Garding’s inequality, we reformulate the problem (3.3) as an
operator equation. Let J : X — X’ be the Riesz map and A : X — X’ the operator induced by a
through a(y, ¢) = (AY, )x' x, and set T = J7'A, so that a(y, ¢) = (T, ¢)x, where X’ denotes the dual
space of X. Let f € X’ represent L via (f,¢)x x = L(¢), and let K : X — X be a compact operator
associated with the L?-inner product term. Then the problem (3.3) is equivalent to Ty = EKy + J~' f
on X. Since X ¢ H'(Q) is compactly embedded in L*(Q), then K is compact on X. By Proposition 3.2,
choosing y > 0 large enough makes a,(, ¢) := a(y, ¢) + vy (¢, ¢) coercive, so T, := J'A, is bijective
by the Lax—Milgram theorem, and the problem (3.3) reduces to

I-Ky=p with K:=(E+NT,'K, p:=T,"J'f, (3.4)

where K is compact on X. By the Fredholm alternative [25, Thm. 6.6], Eq (3.4) is uniquely solvable
for each p if and only if the homogeneous problem (I — K)y = 0 has only the trivial solution.

The homogeneous problem reads a (¢, ¢) = E (i, ¢) for all ¢ € X. Testing with ¢ = ¢ eliminates
the propagating mode boundary contributions. Hence the homogeneous problem is equivalent to
ag (Y, ) = E(Y, ¢) for all ¢ € X, where ag is the symmetric, semi-bounded form given by

ar W) = = f VY Vg + VYO +Z S kB g, B
2m*
S r=NS(E)+1
We define the unbounded operator Az on L? (Q) associated with ag by

/ 1

with domain

i
o

- 1
D (Ag) = {w €eX: = - Z k. (E) ¢, o-)r ¢r and V-(%Vt//) €L’ (Q)}.

s r=Ns(E)+1

Then Ag is densely defined, self-adjoint, and semi-bounded on L? (). The domain D (Ag), endowed
with the graph norm of Ag, is compactly embedded in L? (), so Ag has a compact resolvent. By a
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classical result [26], its spectrum is purely discrete, consisting of real eigenvalues of finite multiplicity
with no finite accumulation point. Then, for a given E, the homogeneous problem admits a nontrivial
solution if E belongs to the spectrum of Ag, while the inhomogeneous problem has a unique solution
if E lies in the resolvent set of Ag. Thus, the weak problem (3.3) is uniquely solvable for all E except
those in {E}};5, the discrete spectrum of Ag.

Since Ag has a purely discrete spectrum, singularities may occur when the given energy E coincides
with an eigenvalue of Ag. To avoid this, we add a small absorption term to the energy E. Then the
modified weak problem is formulated as

a(y,¢) = (E+io),¢)+L(9), Vo € X, (3.5)

where 0 < o < 1 is a small absorption parameter. For every E > E;,, the complex shift z = E + io
is in the resolvent set of Ag, which guarantees the unique existence of a solution. For each pair (s’, r’),
let w‘s’,’r,(x, E) be the unique solution corresponding to the right-hand side L(¢) with d, = §,,» on I'y.
The electron density is then defined solely by the contribution of the scattering states [6]

2 00
nx)=> f fo(E)ny(x,E)dE, (3.6)
s=1vE

min

where ny(x,E) = er\’: | Y5 (X, E) 2, fy 1is the Fermi-Dirac occupation function fy (E) =
1/(exp ((E — uy) [ (kgT)) + 1) with kg the Boltzmann constant, 7 the absolute temperature, and pu
the electrochemical potential of I'y,. This density is then inserted into the Poisson equation to compute
the electrostatic potential.

4. Existence and uniqueness of the weak solution to the Poisson equation

In this section, we turn our attention to the nonlinear Poisson equation introduced in Subsection 2.2:
- V-eVU = qg(N} —n(U)) n Q “4.1)

with U = Up on I'p and i - (eVU) = 0 on I'y, which provides electrostatic potential. For Eq (4.1),
applying Newton’s method before or after deriving the variational (weak) formulation yields the same
linear weak form, so we apply Newton’s method directly to the weak form of Eq (4.1).

4.1. Variational formulation and Newton’s method

We first decompose the solution as U = Uy + u, where Uy solves =V - eVU;, = ¢ N;, in Q with
Uy=UponTpandn-(eVUj) = 0onIy. Once U, is obtained, the remaining u satisfies the following
nonlinear Poisson equation:

- V- (eVu)=—gnUy+ u) in Q 4.2)

with u =0 onI'p and 57 - (¢Vu) = 0 on I'y. We now only focus on Eq (4.2).
For its analysis and linearization, we express the electron density n in terms of the quasi-Fermi level
F,. Specifically, the relation between n and F), is given by

Fy(x) = Ve (%) = qU (%) + ksT F7)5 (n = ()1(\)/: : (X))) :

4.3)
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where 7, 12 1s the inverse of the complete Fermi—Dirac integral of order 1/2 and Nc is the effective
density of states in the conduction band. Substituting into Eq (4.2) yields the following:

— V- (ex)Vu(x)) = —gNc Fipp (@ (X) + Bu (X)) =: b(u(x)),  Xx€Q, (4.4)

where a (x) := (kgT)™'(F, (x) — V. (x) + qUy (x)) and B := (kzT)~'q. We assume V,, Uy € L*(Q) and
treat a as given. The dependence of @ on the electrostatic potential is specified later in Section 6.

The analysis of the nonlinear operator b and the convergence of Newton’s method relies on
quantitative bounds for 7, and its derivatives.

Lemma 4.1. There exists a constant ¢ > 0 such that the following estimates hold for the complete
Fermi—Dirac integrals:

(i) For the order 1/2 integral, we have
Finm < c(+n"*+5%) foralln>0 (4.5)

and F15(n) < c foralln < 0.
(ii) For the order —1/2 integral, we have

Foapm < c(1+n'"?) foralln>0 (4.6)

and F_1,(n) < c for alln < 0.
(iii) Let F_32(n) := d&*F 12(n) /dn? via the recursion relation. Then we have

F_3p() < ¢ forallnpeR. 4.7)

Proof. We first consider the case n > 0. The definition of the complete Fermi—Dirac integral yields

2 A
TRl = \/_f 1+€’” _ﬁ( 0 1+e"7 )
where fon Vi/(1 + e dt < fo” Vidt = 2 and

1

1 + e’_” 0

Sf Vs +neids

n
= d < 5 = .
\/ﬁ‘i'f(; WS s< A+ = f s2e’ds = \In+ :

Combining the above two inequalities yields inequality (4.5).
For the Fermi—Dirac integral of order —1/2, we split the integral as

1 00 1 1 1 1 oo 1
o SRS/ 1 ( (DS S (S S
0= [ et = e, e

The first term is uniformly bounded since fol 21+ e dr < fol =12 dt = 2. For the second term,
we distinguish two cases,0 <np < landnp > 1. If0 <75 < 1, then

OO 1 o0 (o]
—dr < f e dt < ef e'dt = 1.
1 V(1 + e ) 1 1
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In the case n > 1, we split at t = 7 and estimate

——dt < —dt + edt =2+n— 1.
fl Vil + et LoVt n Vi

Again, gathering the above leads us to inequality (4.6).

Using the recursion relation, we have F_3,,(n) = n'/? fooo eV (1 + €717 dr. We split the
integral over (0, 1) and (1, 0). Since 0 < ¢7(1 + e"”)_2 < 1, the integral over (0, 1) is uniformly
bounded. For (1, c0), we again separate cases. If 0 < n < 1, then

00 et_n 00
f T <o f e <e.
V(1 + ef‘")2 1

If n > 1, then we have

0o ol 00 ol
[t [
1 AVt + e ) 1 (I+e™)

Hence inequality (4.7) holds for all > 0.

Forn < 0, the bound ¢ < 1 applies in all three cases, and the integrands are dominated by integrable
functions independent of . Hence, 1,2, ¥_1,2, and ¥_3,, are all uniformly bounded for n < 0. This
completes the proof. O

. 1
. L4etn ™

1
I + e

4.1.1. Variational formulation

We define the solution space by
W ={weH Q):wl, =0}

with the dual space W’ and the norm ||w|l = |[wl|l;, where || - ||; is the standard Sobolev H'(Q)-norm.
The weak problem corresponding to Eq (4.4) is to find u € ‘W such that

0=(G W), w)ww = f eVu - VwdQ — fb (W)wdQ, Ywe W, 4.8)
Q Q

where (-, )y qy denotes the duality pairing between ‘W’ and ‘W. Accordingly, Eq (4.4) can be
equivalently expressed as the operator equation

Gu) =0. 4.9)

By the Browder—Minty theorem [27, 28], Eq (4.9) has a unique solution u € ‘W provided that G is
strictly monotone, coercive, and hemicontinuous. Since the nonlinear term involves ¥, which is not
Lipschitz continuous, hemicontinuity does not follow automatically as in [28] and is verified directly
below.

Theorem 4.2. Assume that a in Eq (4.4) satisfies ||a||;2q) < C for some C > 0. Then the operator G in
Eq (4.9) is monotone, coercive, and hemicontinuous.
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Proof. (Strong monotonicity) For any u,w € ‘W, we have

(G(u) —GW), u — W)y qy = f eV (u—-w)dQ - f(b(u) —b(w)) (u—w)dQ.
Q Q

Since ¥/, 1s monotone increasing, the second integrand is nonpositive, so by the Poincaré—Friedrichs
inequality, the above is bounded below by c||lu — wllgw for some ¢ > 0.

(Coercivity) Taking w = 0 in the strong monotonicity bound gives (G (u), upyw = cllullﬁy -
|G(0)||4~||ully. By Lemma 4.1, the Holder inequality, and the Sobolev embedding theorem, we obtain

(G (0), upww = gNc f Fio(@) udQ < ¢ (1 + llall) llullay.
Q

Therefore, we get (G (u), Uy > ¢ (Ilullﬁy - (1 + ||a||iéfm

toward oo as ||ullyy — co. Hence the operator G is coercive.

(Hemicontinuity) We show that t — g(t) := (G (u + tv), w)y» qy 1s continuous on [0, 1] for any
u,v,w € W. Write g = g1 — go with g(1) = [[ €V (u+ 1v) - VwdQ and g,(t) = [ b (u + 1v) wdQ. Let
{t,} [0, 1] converge to some ¢ € [0, 1]. Continuity of g; follows from linearity in ¢. For the nonlinear
term g,, continuity of 7, gives b(u + t,v) — b(u + tv) pointwise, and by Lemma 4.1, we obtain

) ||l/t||w), whose right-hand side tends

b+ 1) Wl < ¢ (1+ [rl'? + ml2) wl, 7, 1= @ + Bu+ 1,8,

whose right-hand side belongs to L'(Q), since the Holder inequality together with the Sobolev
embedding H'(Q) — L*(Q) leads to

1 3
1/2 3/2 2 2
[t i)l < e (14 Il ) Il + 1l g ol
Q

3
< (1 + lull) + Wllz@)” Wl < oo.

Consequently, the dominated convergence theorem implies that g,(z,) — g£»(¢). Hence g is continuous

on [0, 1], and the operator G is hemicontinuous. O

4.1.2. Newton’s method

To linearize the problem (4.8), we apply Newton’s method, which requires the Fréchet derivative of
G. For u,v € W, let G’(u)v denote this derivative at u in the direction v. By the identity (¥,)'(x) =
Fp-1(x), we have

(G W, Wy ap = f

Q

eVv-VwdQ — fb’(u)vw dQ, Yv,we W,
Q

where b'(u) = —qB Nc F-1)2 (@ + Bu). The resulting linearized problem reads as follows: Given an
iterate u; € W, find the Newton correction éu; € ‘W such that

(G'(uj) ouj, wyywr aw = —(Gu;), Wy aw, Ywe W (4.10)

with update u;,; = u; + 6u; for j > 0. Equivalently, the Newton step can be expressed in operator form
as G'(uj)ou; = —G(u;) for j > 0.

AIMS Mathematics Volume 11, Issue 9, 28409-28435.



28419

Theorem 4.3. Let u; € ‘W be given and suppose ||ujllw < M for some constant M > 0. Then the weak
problem (4.10) has a unique solution éu; € W.

Proof. The bilinear form in (4.10) is continuous by Lemma 4.1 and repeated use of Holder’s inequality.
Since ¥_;2(x) > 0 for all x € R, there exists ¢ > 0 such that

(G’ (Uj)v, VY = f €lVv? dQ + gN¢S f F_1p(a + Bupvl> dQ > cIvll3,
Q Q

for any v € W. Therefore, the bilinear form is coercive, and the unique solvability of the weak
problem (4.10) then follows directly from the Lax—Milgram theorem. O

4.2. Convergence of Newton’s method

We now show the local quadratic convergence of Newton’s method applied to the operator equation
G(u) = 0.

Theorem 4.4. Let G : W — W’ be twice Fréchet differentiable in a neighborhood of a solution
u € Wof G(u) = 0. Suppose that the Newton iterates {u j} are well defined and remain in a ball Bg(u) =
{(we W :|lu-wlly < R} for some R > 0, provided that the initial guess uq is chosen sufficiently close
to u. Then there exists a constant ¢ > 0 such that, with the error e; := u — uj,

lesillyy < clledl, — fori=1.2...,
which shows that the sequence {u J-} converges quadratically to u in the 'W-norm.

Proof. Consider Taylor’s expansion 0 = G(u) = G(u;) + G'(u;) e; + 3G” (1)) [e;, €;] with &l; = u; + te;
and ¢ € (0, 1). Using the Newton update and e; = u — u;,

€jr1 = U—Ujy = —EG'(”J‘)_IG”(%) le, e;].

Taking norms and applying the bound for G’(u;)~", which follows from the coercivity of the bilinear
form associated with G’(u;), gives

1
lejillay = 5 6" @y 6" @ples. ey, < e 6" @les. el (4.11)

= SUP|p,, =1 |<G”(ﬁj) [ej,ej],w>w/,(w|, and the second

where the dual norm is ||G”(itj) [ej,ej]”W,

Fréchet derivative has the form
(G"())lej, ejl, wywr ay = CINCﬁZL?—.%/z(CY + i) €§Wd9-
Then (4.11), Lemma 4.1, and Holder’s inequality with the Sobolev embedding yield the result. O
5. Finite element discretization
In this section, we discretize the Schrodinger—Poisson model using the finite element method,
investigate well-posedness of the discrete subproblems, and analyze the convergence of the finite

element approximations.
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5.1. Discrete stationary Schrodinger problem

Depending on the parameter regime and the specific formulation, the weak problem for the
Schrédinger equation may be coercive or noncoercive. We therefore adopt a unified framework
covering both cases and guaranteeing existence and uniqueness of the discrete solution. In the
noncoercive case, discrete well-posedness follows from the classical theory for noncoercive finite
element approximations developed in [29-31].

Let 7, be a quasi-uniform, shape-regular tetrahedral triangulation of Q. We define the finite-
dimensional subspace X, C X of conforming P, finite elements by

X =o€ CXQ N X : gyly € Pi(T), VT € T},

. . . . . . Ny,
that is, the space of continuous, piecewise linear functions on 7. Let {v j} .’1 be a real-valued nodal
]:
basis of X, where N; denotes the number of degrees of freedom.

We first recall the weak problem (3.5) that seeks ¢ € X satisfying

aH(w’¢):L(¢)a V(I)GX, (51)

where ay (Y, ) = aWy,p) — (E + io) (Y, ¢) for a given E > E.;, and a small absorption parameter
0 < 0 < 1. Associated with the sesquilinear form ay, we introduce the adjoint weak problem: Find
w € X such that

ay (w,v) =, vy, Vv e X, (5.2)

where the adjoint form a3, is defined by aj,(w,v) := ay(v, w). Since X is a Hilbert space continuously
embedded in L*(Q), the right-hand side defines a bounded linear functional on X, hence the adjoint
problem is well posed in the same space X. The discrete problem corresponding to the weak
problem (5.1) is to find ¥, € X, for which

ag W, dn) = L(y), Vo, € X (5.3)

We prove the existence and uniqueness of a solution to the discrete problem (5.3) via an error-based
stability argument. First, assume that a discrete solution ¢, € X, exists. Since ay may not be coercive,
uniqueness is not immediate. Expanding ¢, = Z?’z”l Yvjand ¢, = Zfi’“l y;v; with coefficients ¢, y, € C
and substituting into the problem (5.3) yields

Np Np

D [Z Wiy = ﬁ] =0,
=1 j=1

where A;; := ay(vj,v;) and f; = L (v;). Since the coeflicients {y;} are arbitrary, the discrete problem (5.3)
is equivalent to the linear system
Ay =1

with A = (Alj)f;zl, Y = (wj)ygl, and f = (f)Y. The matrix A is invertible if and only if the
homogeneous system Ay = 0 admits only the trivial solution. Therefore, it suffices to show uniqueness
through the error estimates under existence assumption, then its existence follows.

We next recall several properties needed for the subsequent result. The continuity of ay and the

validity of Garding’s inequality follow directly from Propositions 3.1 and 3.2. The additional term
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shifts the continuity constant in Proposition 3.1 by at most |E| + o and modifies the L*-term in the
Garding inequality of Proposition 3.2 by the same amount. Accordingly, we introduce the associated
constants by

cg=c,+|El+0, >0, ¢=c,+|E|+0.

We further define

6(X,) = sup inf |lw, — ¢ullx, (5.4)
0#£z€L2(Q) ||Z||L2(Q) PneXn

in which w, € X is the solution of the weak problem (5.2) with right-hand side z. The following
theorem is based on the argument in [32], adapted appropriately.

Theorem 5.1. If0(X),) < +Jc1/(cu \2¢2), then the discrete problem (5.3) has a unique solution y;, € X,
and satisfies quasi-optimal error estimate

Iy — Yally <2cu i’ inf [y — dully - (5.5)
dn€Xp

Proof. Let y € X be the solution of the weak problem (5.1) and let ¢, € X, solve the discrete
problem (5.3). Applying Garding’s inequality to ¢ — i;,, we obtain

c1lly = llx < Relan(W — ¢ — gl + &2 1 = Yl g, -
Using Galerkin orthogonality and the continuity of ay, we have
el = wallx < el = willx I = Ballx + T2l = Wl (5.6)

for all ¢, € Xj. For the duality arguments on [y — ;ll;2q), take any z € L*(Q) and let w, € X
solve the adjoint problem (5.2). Setting ¢ = ¥ — ¢, in a}, (w;, ¢) = ay (¢, w,) yields (z, ¢ — yp)| =
lag (W — ¥y, w,)|. Again, Galerkin orthogonality and continuity of ay result in

|z ¥ = )l < el = nllx (w2 = Ballx Vi € Xi,

which provides

W = ill 2 < cu iy — wally  sup inf 1w, — dally -
0#z€[2(Q) ||Z||L2(Q) n€X),

The definition of 8(X}) in Eq (5.4) leads to | — ¥ll;2q) < cub( X)) I — ¥illx » and we apply it into
inequality (5.6) to obtain

ety = ynllx < cu Il = dll I = Bull + e Xn))* Il = wllx

for all ¢, € X;,. The given threshold condition for 8(X}) implies 2¢,(cz6(X},))> < c;. Then the last term
is absorbed into the left-hand side, which yields inequality (5.5).

Finally, to prove uniqueness of the discrete solution, consider the homogeneous discrete problem.
Since the homogeneous continuous problem (3.5) has only the trivial solution ¢ = 0, the error
estimate (5.5) yields

-1 -
Wnlly < 2cyey” inf ||gully =0,
oneX)

taking ¢, = 0, thus ¢, = 0. Therefore Ay = 0 has only the trivial solution, then A is invertible, and the
discrete problem (5.3) has a unique solution. O
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The following shows that 6(X)) decreases proportionally to the mesh size 4. Consequently, the
threshold condition in Theorem 5.1 holds for sufficiently small 4.

Proposition 5.2. Let Q be a bounded domain with boundary of class C"! or a convex polyhedron.
Then 6(X};,) defined in Eq (5.4) goes to 0 as h — 0.

Proof. For a given z € L*(Q), the solution w, of the adjoint problem (5.2) satisfies w, € H*(Q) N X and
Wl < cllzllzg) with ¢ > 0. Let J,w, € X, be the nodal interpolation of w,. Then the interpolation
error estimate and the regularity result give

;2{1; W, = @ully < lw, = Tawelly < chw ) < chllzllzq) - (5.7)
h h
So, the arbitrariness of nonzero z in inequality (5.7) with Eq (5.4) leads us to the result. O

From the above, we derive the convergence of finite element approximation.

Proposition 5.3. The finite element solution s, of the discrete problem (5.3) converges to the exact
solution  of the problem (5.1) in X as h — 0.

Proof. The result follows from Theorem 5.1 and Proposition 5.2. O

5.2. Discrete Poisson problem

Let 77, be the triangulation of Q introduced in the previous subsection. We consider the conforming
P, finite element space

Wi = {w, € COQ) NW s wylr € Py(T) forall T € T}
with a real-valued nodal basis {X,}fi’ll, where N, denotes the number of degrees of freedom.

Corresponding to the continuous nonlinear Poisson problem (4.8), the discrete nonlinear problem
is to find u;, € W), such that

0 = (G(up), wp)w: aw, Ywy, € W, (5.8)
Theorem 4.2 shows that G is strongly monotone, that is, there exists a constant ms > 0 such that
(GW) = G(@),v—Dwaw >mgllv—2zl3y,  VYv,ze W. (5.9)
Here the constant mg depends only on the problem data and the domain.

Proposition 5.4. The discrete nonlinear Poisson problem (5.8) has a unique solution u;, € ‘W),

Proof. By Theorem 4.2, the operator G is coercive and hemicontinuous on ‘W and hence also on its
finite-dimensional subspace ‘W),. Therefore, the restriction of G to ‘W), has a zero. The uniqueness is
easily obtained from the strong monotonicity of G (5.9). O

To compute u;,, we apply Newton’s method to (5.8). Given a current Newton iterate u;, ; € ‘W), the
discrete Newton correction duy, ; € W), is defined by

(G'(un,j) Sup,js wiw.w = —GQup ), widw aw, — Yw, € W (5.10)

The Newton iterate is then updated according to uy, j.1 = up j + oup, ;.
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Proposition 5.5. For every j > O, the linearized problem (5.10) has a unique solution duy ; € Wiy,

Proof. The proof is analogous to the proof of Theorem 4.3. The bilinear form associated with the
linearized operator is now (v, w,) = (G’(up,j)vi, Wi)wr aw. The continuity properties of the nonlinear
term imply that this bilinear form is continuous on ‘W, xW,. Moreover, the ellipticity of the differential
part and the monotonicity of ¥, provide the coercivity of the linearized bilinear form on “W),. Thus
the Lax—Milgram theorem then gives the existence and uniqueness of du, ;. O

5.2.1. Finite element error and convergence of the discrete Newton iteration

We now separate the finite element discretization error from the error arising from the Newton
iteration. Let u € W be the solution of the continuous nonlinear problem (4.8), and let u;, € ‘W), be the
solution of the discrete nonlinear problem (5.8). The total error of a discrete Newton iterate satisfies

e = up jllw < llu = upllw + ey, — unjllow. (5.11)

The first term is the finite element discretization error of the nonlinear Poisson problem, where the
second is the error of the discrete Newton iteration. We estimate these terms separately.

For the finite element error estimate, we use the local Lipschitz continuity of G. We assume that
there exists a convex bounded neighborhood Bz c ‘W containing u# and u;, and a constant ¢ > 0,
independent of 4, such that

IG(v) = Gl < cllv = zllw, v,z € Bg. (5.12)

This local estimate follows from the continuity properties of the differential part and the local Lipschitz
continuity of the Fermi—Dirac term on the bounded range determined by Bx.

Proposition 5.6. Let u € ‘W and u, € ‘W), be the solutions of (4.8) and (5.8), respectively. Suppose
that (5.12) holds. Then there is a constant ¢ > 0 satisfying

| — upllw < ¢ inf |lu — vyllqy. (5.13)
W,EW/,

Proof. For any v, € ‘W), we write u —u;, = (u—v,) + (v, —uy). Since v, —u;, € ‘W), the continuous and
discrete problems give the nonlinear Galerkin orthogonality (G(u) — G(up), v, — up)aw» w = 0. Galerkin
orthogonality with strong monotonicity established in Theorem 4.2 and (5.12) follow that

lu — will3y < c{Gu) — Gup), u = viyayraw < clIG(w) = Gup)llw |l = villaw < ¢ llue = upllawllu = villay,
which leads us to (5.13). O

Theorem 5.7. We consider that the assumptions of Proposition 5.6 hold and suppose that u € H*(Q) N
‘W. Then there exists a constant ¢ > 0, independent of h, such that

llu — wpllw < chlulpg). (5.14)

Proof. Let I, : H*(Q) N W — W, be the standard finite element interpolation operator. By taking
vy = I,u in (5.13) and using interpolation error estimates, the inequality (5.14) is easily obtained. O
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We next estimate the second term on the right-hand side of (5.11). We assume that there exists a
convex neighborhood B, C B containing u;, and constants my, Ly > 0, independent of 4, such that

(G’ VW, Wy ay = mN||w||(2W, YveB, YweW, (5.15)
and
IG'(v) = G’ Dl gew.wry < Lllv = 2llw, v,z € B,. (5.16)

The coercivity in (5.15) follows from the same ellipticity and monotonicity structure used in
Theorem 4.2. The local Lipschitz estimate (5.16) follows from the local regularity of the derivative
of the Fermi—Dirac term on 5,.

We additionally impose a mesh-uniform condition on the initial Newton approximation: There exist
hy > 0 and ry > 0, independent of A, such that

sup |lup — uopllw < ry (5.17)
0<h<ho

andthat B:={ve W : |v—-wllyw < ry} € B, for 0 < h < hy. We choose ry sufficiently small so that

qn = WI’N < 1. (518)
N

Thus all discrete Newton iterations begin in a common convergence neighborhood whose size does not
depend on .

Theorem 5.8. Suppose that (5.15)—(5.18) hold. Then, for every O < h < hy, the discrete Newton
iterates are well defined, remain in B,, and satisfy

Ly 2
l|zep, — Mh,j+1||w < —2 llzey, — uh,j”w- (5.19)
my

Moreover, we have
up; —> up inW

quadratically as j — oo and uniformly for 0 < h < hy,.

Proof. Set ej,; := u, — uy ;. Since uy, satisfies (5.8), we have (G(u), wp)yw w = 0 for all w, € W,,.
Using (5.10) and uj, j.1 = up j + ouy, ; yields

(G'(up,j) enjr1, Wn)wrw = <G/(uh,j) en; — (G(up) — G(up,)), Wh>W, W Ywy, € W, (5.20)

Define a path ¢(7) := G(uy j + tey;), 0 <t < 1. Applying the fundamental theorem of calculus to the
continuously Fréchet differentiable operator G along this path gives

1 1
G(up) — G(up,;) = ¢(1) — ¢(0) = f ¢'(t)dt = f G’ (unj + tenj) en jdt.
0 0

Therefore, the above leads to G'(uy,) e, — (G(w) — Gy p) = [ (G"(un) = G (unj + teny)) eny dt.
Using (5.16), we obtain

1
||G,(uh,j)eh,j — (G(uh) - G(uh’j))”(w, < j(; H(G,(Mh,j) - G,(uh,j + teh,j)) eh,jHW, dt
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1 1
’ ’ L
< f G ws.j) = G (unj + ten || siay py lenjllow dit < f Ly tllen, Iy dt = <llen,fly-  (5:21)
0 ’ 0

Taking wj, = ey, j+1 in (5.20) and using (5.15) and (5.21), we find

2 N 2
myllen jrillyy, < 7l|eh,j||w||eh,j+l||w~

Dividing by |lep, j+1|lw provides the quadratic convergence of discrete Newton iteration (5.19).
Now we setyy := Ly/(2my). By (5.17), the initial error satisfies ||eg x|y < ry. Since gy = ynry < 1
from (5.18), induction yields

21 .
lun = up jllw = llenjllw < rvgy =, Vj=0,

and thus [le; jllw < ry. Therefore, the iterates u;, ; remain in 8 C B,, and the preceding estimates
remain valid at every Newton step. Since gy < 1, we have rygy ™' — 0 as j — oo uniformly for

0 < h < hy. This proves the result. O

Combining Theorems 5.7 and 5.8 with (5.11), we obtain
it =t by < Nt = wpllog + lap = wn llow < € R lulioy + rwgs ™, (5.22)
where the constants in both terms on the right-hand side are independent of 4. It follows that
Il — wp, jlly — O as j — oo, h — 0. (5.23)

The estimates established in this subsection provide separate and mesh-uniform control of the
finite element discretization error and the inner Newton iteration error for each nonlinear Poisson
subproblem. In the next section, these results are incorporated into the outer Gummel iteration to
analyze the overall convergence of the fully coupled Schrodinger—Poisson system.

6. Convergence of the Schrodinger—Poisson system

The coupling enters through the right-hand side of the Poisson equation, which depends on the
quasi-Fermi level F,. This quantity is determined by the electron density n(u), which is itself computed
from the Schrodinger wave functions associated with the potential . This mutual dependence
constitutes the primary source of nonlinearity in the system, and the resulting nonlinear coupling is
handled using a decoupled Gummel iteration.

Let (U*, ¥™) denote the solution of the coupled Schrodinger—Poisson system, where U* = Uy + u”.
Since the reference potential Uy, defined in Section 4, is fixed, the analysis reduces to establishing
convergence of the potential sequence toward u*; convergence of {U'} then follows directly. For
convenience, we write n(u') for n(Uy + u'). To analyze convergence, we recall the iterative procedure.
Starting from an initial guess u° € L*(€) and given ' for [ > 0, we first solve the Schrodinger equation
for y/*!, then update the potential by solving the Poisson equation for u'*!. The Schrodinger step is
stated as follows: For a given u/, find y/*! € X such that

an(W'".9)=L(@®), VYpeX. (6.1)
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where ay is defined in the weak problem (5.1) with potential energy term V(u') = V, — qU, — qu'. The
Poisson step reads: For a given y/*!, find u/*' € ‘W such that

f eVu™ . VwdQ = — f gNcF 12 (a(ul) + ﬁu’“)wdgz, VYw e W, (6.2)
Q Q

in which a/(u') and the quasi-Fermi level F,(u!) are evaluated as defined in Section 4.1 with u = u'. The
coupled system is thus solved through the iteration

0

u —>¢p1—>u1

- wz —ut -
which generates a sequence {(i/, ¥')};5.

The well-posedness of each subproblem was established in the previous sections, which ensures that
the iteration is well defined. In Section 3, we showed the well-posedness of the Schrodinger problem
giving the existence and uniqueness of y/*! for a given u!. The relation in Eq (4.3) in Subsection 4.1
provides the well-posedness of the Poisson problem, which ensures the existence and uniqueness of
u'*! for given u' and quasi-Fermi level F,(u).

Since the X- and ‘W-norms are equivalent to the H'(Q)-norm, we write || - ||; for the H'(Q)-norm
in place of || - ||x and || - ||y . To establish the convergence of the finite element iterates to the solution
(u*, ¥) of the coupled system, we decompose the errors as

I ! I ! I I_ gl
" —wy, Ml < Ml = wlly + Mo’ — g, and " =@l < " = ¢l + Iy = gl

For each fixed [, the results of Section 5, in particular (5.23), give ||u' — ui j||1 —0asj— ocoand h — 0,
while the finite element convergence of the Schrodinger approximation gives ||y’ — zplell —0ash — 0.
It therefore suffices to verify that the outer Gummel iteration errors satisfy

I =]l = 0, " =yl >0 asl— oo

To proceed, we show that the difference between the wave functions can be controlled by the difference
between the electrostatic potentials, under the assumption that u*, u' € L*(Q). The analysis relies on
the following assumptions.

Assumption 6.1. The electron density satisfies 0 < n(x) < 9 for almost everywhere x € Q.

Assumption 6.2. The sequence {u'};so C W is uniformly bounded in L°'*(Q), that is, there is a constant
M, > 0 independent of | such that ||ul||L9/2(Q) <M,

Assumption 6.1 guarantees that the quasi-Fermi level F, in Eq (4.3) is well defined almost
everywhere in Q. Moreover, by the monotonicity of ?‘l‘/é, the upper bound ¢ on the electron density
provides a uniform upper bound on the inverse Fermi—Dirac term. Assumption 6.2 provides the

uniform bound on {u'} required for the regularity in subsequent estimates.

6.1. Continuity estimates

In this subsection, we derive several estimates for the Schrodinger equation that will be used in the
convergence analysis.
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Proposition 6.3. Let u' € L*(Q) and let y'*' be the solution of the problem (6.1). Then we have

1+1)|2
Il < en@.
where c((E) is a positive constant that is independent of L.

Proof. Taking ¢ = y/*! in (6.1) and separating real and imaginary parts, we first obtain an L*(Q)-
estimate for y/*'. From the imaginary part, using positivity of the propagating modes, we have

||W”||Z(Q) < c¢(E). From the real part, using that V(u/) € L*(Q), we obtain IIngl”lliz(Q) <

c(E) (lW”Hiz(g)-i- 1). Combining the above and applying Poincaré—Friedrichs inequality yields the
result. O

Building on these bounds, we show that the difference between the wave functions is controlled by
the difference in the electrostatic potentials. In particular, convergence of 1/ — u* in L*(Q) implies
Yyt — ¢ in H'(Q), hence ¢! — ¢,

Proposition 6.4. Let u*,u' € L*(Q) and let y* and y'*' be the corresponding solutions of the
Schrodinger problem. Then there exists c(E) > 0 such that

|w* _lpl+l||1 < C(E)

Proof. Let 6y = ¢* — y/'*!. Subtracting the weak forms for * and y/'*! yields

u = ul||L°°(Q) :
ay 6, ¢) = q f (w - )u'pdQ,  VpeX. (6.3)
Q

We choose ¢ = 6. Then the positivity of the boundary term and Holder’s inequality in the imaginary
part of Eq (6.3) give

g ”6w||i2(g) S q

that results in the L*>-bound o ||6y/| e <9q ||u* - ul”
to

= ul||L°°(Q) ”‘/’ZHHLZ(Q) 16%1112(0)

@) ||W+1||L2(Q)~ The real part of Eq (6.3) leads us

h? 1

— | —IVoyl® dQ+ f (V) — E)|6y)* dQ < g f
om Q Q

* [ I+1
5 ' —u'| |y 16yl Q.

Using the boundedness of V(u™), it follows that

2 2 * ) I+1
VY172 q) < B 6W7aqy + ¢l = ]| iy 110 ] iy 109200 -

We combine this estimate with the L?>-bound above and use the uniform bound on ¢'*! from

Proposition 6.3 to finally obtain [|5y/ll, < c(E) [Ju” = u||,.. o, - O

6.2. Convergence of the Gummel iteration

Now, we show the convergence of {u'} to the solution of the Schrodinger—Poisson system, first
establishing a uniform W?3(€2) bound on the iterates and then using the estimates of Subsection 6.1.
Here, {1} denotes the sequence generated by the Gummel iteration in the problems (6.1) and (6.2).

Proposition 6.5. Under Assumptions 6.1-6.2, the Poisson right-hand side belongs to L*(Q) uniformly

in I, and there exists ¢ > 0 independent of | such that ||u <c

I+1 ||
W2’3(Q) —
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Proof. We set ' := a(u') + Bu!*'. Using the definition of a(u'), we obtain
n' = (ksT)™ (Fulu) + qUo = V) + Bu'*" = F7) (n(u)/Ne) + B ™ = u).

From Assumption 6.1 and monotonicity of 7,5, we have 777} (n(u’) / NC) < ¥ (6/N¢) =: cs. Then
the argument 7’ is bounded as ' < ¢s5 + |8 (|u1+1| + |u’|) =: g'. Since ¥, is increasing, we have

0 < F12(7") < Fi2(g"). From Lemma 4.1, the estimate ||7:1/2(771)||i3(9) < cfg (1 + |n1|9/2) dQ holds.
Combining the above argument bound, we get

1120 M2y < IF1 208Ny < € f (1+1g'P7) Q.
Q

Moreover, by the uniform L°/?(Q) bound in Assumption 6.2,

< e (1 ™ gy + ]

le'lom) < se

L22(Q) L9/2(9))

Thus, the above implies ||, (a(u’) + ,Bu’“) I3 < c. Therefore, the right-hand side of the Poisson

equation belongs to L*(Q), and the elliptic regularity yields u"*! € W?3(Q). The uniform boundedness
of the right-hand side in L3(€2) and Assumption 6.2 implies that u'*! is uniformly bounded in W>3(Q).
O

Following the uniform bound for u'*!, we now derive a continuity estimate for the electron density

with respect to the electrostatic potential.

Proposition 6.6. Let u,v € L>(Q) be electrostatic potentials associated with the Schrodinger—Poisson
system. Then the following holds:

[ln(u) — nW)l2q) < cllu = V=@ -

Proof. From the definition of the electron density, we have

min

2 co
In() = ()| < ) f FoE) Ing () = ny(v)] dE,
s=1"YE

where /(1) and y/(v) are wave functions for u# and v. By the definition of ny in Eq (3.6),

NS
Iny (1) = ng (V)] < Z (W@l + YWD () — ()l
r'=1

Applying Cauchy—Schwarz’s inequality in E and Q, together with Sobolev embedding H'(Q) —
L}(Q), we obtain [[n(u) = n(V)|[},q, < ¢ (Illﬁ(u)llf + IIIﬁ(V)IIf) ll/(u) = y(W)II} . Using the uniform H'(Q)-
bounds for ¢ (Proposition 6.3) and the stability estimate for the Schrodinger equation (Proposition 6.4),
we obtain the stated estimate for n, which completes the proof. O

Using the above, we are now ready to prove the convergence of the sequence {u'}.
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Theorem 6.7. Let Assumptions 6.1 and 6.2 hold. Suppose that the Schrodinger—Poisson system admits

a unique solution u*. Then the sequence {u'} generated by problems (6.1)—(6.2) converges to u* in
L=(Q).

Proof. By the previous result, {'} is uniformly bounded in W?3(Q). Since Q c R? is bounded, the
compact embedding W>3(Q) — L*(Q) gives a subsequence {1/} with u’ — u in L*(€). Associated
with {7}, the sequence {u’/*'} satisfies

feVulf“ -VwdQ = —gN¢ f Fio(a@) + Bu'Hw dQ.
Q Q
We show that the weak form for u/i*! converges to the following limit equation:

f eVu - VwdQ = —gN¢ f F12(a(u) + Bu)w dQ.
Q Q

By subtracting them, we obtain
f eV(u — ul™y -Vw = —gN¢ f (Fijalaw) + Bu) = Fijplau) + pul ™)) w. (6.4)
Q Q
Choosing w = u — u'i*!, by coercivity and Poincaré—Friedrichs inequality, we obtain
1+14]? 1+1]|2
fe|wu_uf a0 2 lu -
Q
Then we split the right-hand side of the equation in (6.4) as I, + I, where
I = f (Fi (@) + Bu) = Fip(a) + Bu™)) (u - u*") dQ,
Q
L= f (Fiala) + Bu™") = Fippla@h) + pu™h)) (u - u™") d.
Q

By the monotonicity of #;,, and the sign of —gN¢, the term I; is nonpositive and is dropped. For I,
the uniform L*(Q) bound obtained from Proposition 6.5 for u, u/, and u%*!' and the upper bound on
the electron density in Assumption 6.1 allow the mean value theorem to be applied uniformly, which
gives

|7—”1/2(01(u) + By — F pp () +,8ul-"+l)| <c (|u - ul-"| + |n(u) - n(ulf)|).

Consequently, by coercivity, we obtain

”” —u*! ||1 < C(”” - ”lj”y(g) + ||n(u) - n(”l'/)”LZ(Q))'
The continuity estimate for electron density in Proposition 6.6 yields
”” - ”lj+l||1 sc ”” - ulj||L°°(Q) :

l 1

The convergence u'/ — uin L¥(Q) implies u'/*! — uin H'(Q). Since ¥, is continuous, passing to the
limit in the weak form shows that u satisfies the Schrodinger—Poisson system, hence (u, ¢) is a solution
with u € W?3(Q) N ‘W and ¢ € X. By the uniqueness assumption, u = u*. Since the limit * is unique,
the standard subsequence argument implies that the full sequence u' converges to u* in L*(Q). O
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Theorem 6.8. Under the assumptions of Theorem 6.7, let uil ; denote the j-th discrete Newton iterate

corresponding to the I-th Gummel iteration and let g[/él denote the finite element approximation of /',
Then we have

* ! # ) .
u—uh’j||l—>0, |w —tphl—>0 asl— oo, j— o0, h — 0.

Here I, j, and h correspond to the outer Gummel iteration, the inner discrete Newton iteration, and the
finite-element mesh parameter, respectively.

Proof. By Theorem 6.7 and Proposition 6.4, respectively, v’ — u* and y' — y¢* in H(Q).
Moreover, (5.23) shows that the combined finite element discretization and discrete Newton iteration
error satisfies ||u’ — Ltﬁw.lll — 0 as j — oo, h — 0, while Proposition 5.3 gives the discretization error
! — wﬁllll, which vanishes as 2 — 0. Combining these estimates with the error decomposition from
the beginning of this section completes the proof. O

7. Numerical results

In this section, we present numerical experiments to validate the theoretical results established in the
preceding sections. We examine the convergence of the outer Gummel iteration and the finite element
discretization proved in Theorem 6.8, as well as the convergence rates derived in Proposition 5.3 and
Theorem 5.7. To perform that, we employ the method of manufactured solutions for the following
normalized Schrodinger—Poisson system:

— 2 — — 1
{ Vy+ VU)W -Ey=f inQ, an

VU =-nU)+g in Q,

where the physical constants are normalized by % =e=¢g=1and V(U) = -U. We take Q = (0, 1)
and partition its boundary intoI'y = {x = 0}, I, = {x = 1}, and I’y = 9Q \ (I'y UT3). The Schrédinger
equation is equipped with the homogeneous Dirichlet boundary condition on I'y and open boundary
conditions on I'; U I, such as

oW +iky =yzonly, 0 —iky=0o0nT,.

The boundary condition for the Poisson equation is given by U =0onIpandn-U =0onI; UT5.
For numerical verification, we consider a single propagating mode with wavenumber k > 0. The
manufactured exact solution is given by (U™, ¢*) = (cos(27rx) sin(rry) sin(rz), e** sin(rry) SiIl(?TZ)). The
corresponding incoming boundary forcing term on I'y is defined by vy, := 2ik sin(nry) sin(nz). Let E;
denote the numerically computed smallest eigenvalue of the associated two-dimensional eigenvalue
problem defined in Section 3 with V(0,y,z) = V(1,y,z) = —sin(ry) sin(nrz). The total energy is fixed
as £ = 25, which means only one propagating mode is considered, and the wavenumber is defined by
k = VE - E,. On I';, the nonhomogeneous boundary forcing y;, represents the prescribed incoming
wave, while the homogeneous condition on I'; represents the outgoing wave. The source terms f
and g are chosen such that (U*, ") is the solution of problem (7.1): f = (k2 +21* - U* - E) Y* and
g = —V2U*+n(U"). Since we consider only a single mode, the electron density is prescribed by n(U*) =
Vs Using the quasi-Fermi level formulation introduced in Section 4, F,(U) = —-U + Tl‘/;(n(U )), the

AIMS Mathematics Volume 11, Issue 9, 28409-28435.



28431

electron density is rewritten as n(U) = F,,2(F, + U). Therefore, the corresponding Gummel iteration
is given by

{ - VUM = —F p(F(UY+ UMY +g, 1=0,1,2,---.

In theoretical analysis, Theorem 6.8 establishes that the discrete iterates (U ih’%) converge to the
exact solution (U*,y*) as j — oo, h — 0, and [ — oco. For notational simplicity, we denote U ;; by
the discrete solution obtained after convergence of the inner Newton iteration for the /-th Gummel
iteration. Accordingly, this manufactured example is used to verify the numerical convergence based
on theoretical analysis. Since only one propagating mode is considered, this example does not account
for the contributions of multiple propagating and evanescent modes or realistic device configurations.

The computational domain is discretized using uniform tetrahedral elements with mesh size 4, and
the standard nodal basis functions are employed. As discussed in Section 3, the absorption parameter o
shifts the energy from E to E + io, thereby ensuring unique solvability when E belongs to the discrete
spectrum of Ag. In the present experiment, E = 25 is outside this spectrum, so the shift is unnecessary,
and all reported results are computed with oo = 0. We also repeated the computation with several small
positive values of o. The relative H'-errors remained unchanged to the reported precision, while the
solutions differed only negligibly from that obtained with o = 0, which confirms that the numerical
results are insensitive to sufficiently small values of 0. The half-order Fermi—Dirac integrals used in the
evaluation of n(U) are computed using the method of Mohankumar [33]. The outer Gummel iteration
is initialized with U,? = 0. At each Gummel iteration /, the nonlinear Poisson equation is solved by
Newton’s method with the stopping criterion [|Uy, j+1 — Uy jlli /1 Up i1l < 1071 for j = 0,1,2,--- and
a maximum of 50 iterations. After convergence of the inner Newton iteration, the resulting discrete
solution is denoted by U} . The outer Gummel iteration is stopped when [|U! — U} || /|IU | < 1078
for/ = 0,1,2,---. For a fixed mesh size h = 1/64, the convergence of the outer Gummel iteration
is shown in Figure 1(a). Figure 1(b) and Table 1 present the combined iteration and discretization
errors, with the relative errors computed after the outer Gummel iteration has converged on each mesh.
Figure 1(b) displays the finite element convergence of the manufactured potential and wave function
in the H'-norm, while Table 1 reports the corresponding relative H'-errors and observed convergence
rates for U} and ¢/} as the mesh size decreases from 2 = 1/4 to h = 1/64. Both ¢/ and U} exhibit
first-order convergence with respect to the mesh size, in agreement with the theoretical estimates of
Proposition 5.3 and Theorem 5.7, respectively. This numerically confirms the convergence analysis of
both the Gummel iteration and the finite element discretization.

100 E T T T T T 3
——h = 1/64 —=— H! error of y
§ 1072 1 § —® - H'error of U
= =
5] [}
8 10~ =
S 107y : = 00 |
o (5]
> —6 >
= 1070 1 B
ks =
< R
o 108fF---- ittt N 1 &) N
Tolerance NI
10-10 — 1072 . : : .
0 | 2 3 4 5 6 7 1/4 1/8 1/16 1/32 1/64
Number of iterations Mesh size h

Figure 1. (a) Relative [ difference of electrostatic potential. (b) Relative H'-error.
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Table 1. Relative H'-errors and their rates: wave function ¢ and electrostatic potential U.

meshsizeh " — ¢l /Iyl rate  ||[U* = U, IL/NU"|L rate

1/4 6.3023 x 107! - 4.8422 x 107! -

1/8 26416 x 107 125  1.8874x 107! 1.36
1/16 1.0051 x 107" 139  83546x 102  1.18
1/32 44265% 1072 1.18  4.0130x 1072 1.06
1/64 21291x 102 1.06  1.9850x 1072  1.02

8. Conclusions

In this work, we presented a rigorous finite element analysis of a stationary Schrodinger—Poisson
system with open boundary conditions. Although such models are widely used in practical quantum
transport simulations and real-world applications, a complete theoretical justification in the open
boundary setting has remained largely unavailable. The present work provides, to the best of our
knowledge, the first comprehensive analysis to fill this gap. We established the existence and
uniqueness of weak solutions for both subproblems, the Schrédinger problem via the Fredholm
alternative with an absorption perturbation, and the nonlinear Poisson problem through the quasi-Fermi
level formulation with a Newton linearization. We then proved the well-posedness of the finite element
discretizations, including the noncoercive Schrodinger case, with quasi-optimal convergence for the
Schrodinger problem and optimal convergence for the Poisson problem.

For the fully coupled system under a decoupled Gummel iteration, we decomposed the total
error into contributions from the outer Gummel iteration, the inner Newton iteration, and the finite
element discretization. Using compactness arguments together with continuity properties of the
electron density, we showed that, under suitable positivity and uniform boundedness conditions
and assuming uniqueness of the fully coupled solution, the finite element iterates converge to that
solution. The analysis is based on a quasi-Fermi level reparameterization that induces a monotone
structure in the nonlinear Poisson equation and enables a unified treatment of existence, discretization,
and convergence. These results provide a rigorous finite element foundation for open boundary
Schrédinger—Poisson simulations extensively used in quantum transport modeling.
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