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mixture representation for this random norm, expressing it as the product of a gamma-distributed
squared norm of an isotropic complex Gaussian vector and a compactly supported weighted sum
of independent beta random variables. As a concrete engineering application, this distribution
arises as the effective channel gain of fully distributed space—time block coding (FD-STBC) systems
with independent complex unit-hyperspherical signatures for arbitrary numbers of transmitters K
and underlying orthogonal space—time block coding (STBC) dimensions L. On the basis of the
representation, we obtain a fully expanded density for the mixing variable, finite-sum closed-form
expressions for the probability density function (PDF) and cumulative distribution function (CDF) of
the effective channel gain, an exact Laplace transform, and closed-form moments. Furthermore, we
apply the derived distribution to the FD-STBC system and obtain analytical expressions for outage
probability and bit error rate (BER), together with a high signal-to-noise ratio (SNR) asymptotic
expansion that yields the diversity order min(K, L). Numerical experiments show close agreement
between the analytical results and Monte Carlo simulations for both the derived distribution and the
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1. Introduction

Mathematical modeling of real-world engineering systems often involves random internal
mechanisms. Although these mechanisms can be straightforward to implement in a simulator,
analytically characterizing the probability law induced by the overall system model can be difficult,
even when the distributions of the constituent random variables are known. Monte Carlo simulation
is therefore widely used to evaluate system performance. Nevertheless, analytical characterization
remains important because it complements simulation results and supports systematic parameter
studies and model-based design. A related example in wireless communications is the derivation
of largest-eigenvalue distributions for complex Wishart matrices to analyze the outage probability
of multiple-input multiple-output (MIMO) channels [1]. Motivated by this line of distributional
analysis, we consider the following problem: The squared norm of a random vector obtained by
summing complex-Gaussian-scaled hyperspherical random vectors. Although classical beta, gamma,
and Dirichlet laws provide the elementary components of this construction [2,3], their coupling through
random vector summation and the squared-norm operation leads to a nonstandard distribution outside
the usual families of tractable probability laws.

Space—time block coding (STBC) is a classical spatial-diversity technique for MIMO wireless
communication systems, providing full diversity with low-complexity linear decoding [4, 5].
Distributed STBC (D-STBC) extends this principle to geographically separated cooperating
transmitters, but such schemes generally require node-specific code-column or signature-vector
assignments [6-8]. Such assignments entail network-wide coordination and signaling overhead.
Randomized space—time coding (R-STC) avoids this requirement by allowing each transmitter to
independently generate a random signature vector and transmit a linear combination of the columns
of a common STBC codeword [9]. We refer to this coordination-free realization as fully distributed
STBC (FD-STBC) throughout the paper [10].

Among several randomization methods for FD-STBC, selecting signature vectors uniformly on
the complex unit hypersphere is particularly attractive. The resulting unit-norm signatures provide a
practical form of inherent per-node transmit power normalization. Hyperspherical randomization has
also been reported to yield favorable error rate performance [9]. However, this unit-norm constraint
induces a nonstandard product-and-sum structure in the post-combining effective channel gain, making
its exact distribution difficult to characterize. Therefore, an exact characterization of the effective
channel gain distribution is needed to evaluate communication performance metrics without relying
on repeated Monte Carlo simulations over the underlying random signatures and wireless channel
coeflicients.

1.1. Related work
1.1.1. Distribution theoretic perspective

From a distribution theoretic perspective, the analysis of the effective channel gain in the considered
FD-STBC model draws on classical beta, gamma, and Dirichlet laws and is also related to product
distributions and sums of beta-type random variables. For a random vector uniformly distributed on
the complex unit hypersphere, the squared magnitude of its projection onto any fixed unit direction
follows a beta distribution, and the squared magnitudes of its normalized coordinates are governed
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by a Dirichlet law. This hyperspherical and directional—statistical background is closely related to
the general theory of distributions on spheres [11]. In addition, the squared norm of a complex
Gaussian vector has a gamma distribution [2, 3]. Products of independent beta, gamma, and Gaussian
random variables have also been studied through Meijer G-function representations [12, 13], and tail
asymptotics for the products of independent beta and generalized gamma random variables have been
characterized [14]. These results provide useful elementary components but they primarily concern
scalar products or the asymptotic tail behavior and do not directly yield the exact unconditional
distribution of the random vector norm arising in FD-STBC.

The present problem is also connected to the distribution of sums and linear combinations of
independent beta random variables. In a broader multivariate setting, linear combinations of Dirichlet
components have been represented through integral formulas [15], suggesting that exact finite-
dimensional distributional reductions often require carefully exploited structural constraints. However,
the relevant linear combination is formed from the dependent components of a single Dirichlet random
vector, whereas the present construction involves independent projection variables generated by
different hyperspherical signatures. Closed-form expressions are available in special low-dimensional
cases, such as the linear combination of two independent general beta variables [16], whereas the
sums of more than two independent beta variables have been treated using approximation methods,
including saddlepoint approximations [17]. Related mixed-sum models involving gamma and beta
random variables have been studied in an availability-motivated setting [18], including gamma-beta
product structures under particular parameter relationships. The gamma-beta construction in that work
starts from a sum of products involving beta and gamma variables, rather than from a deterministically
weighted sum of independent beta projection variables multiplied by a common independent gamma
radial factor.

These neighboring results do not directly yield the scale-mixture distribution considered in this
paper. Specifically, the effective channel gain of FD-STBC is not merely a weighted beta sum.

As shown later, it admits the coupled scale-mixture representation Z 4 G Zszl o Uy, where Gy is
gamma-distributed, o > 0, and the variables U;, are independent Beta(1, L — 1) random variables. The
present model differs in that the random scale is the weighted sum A = Y& | o Uy of independent
Beta(1, L — 1) variables with deterministic channel-power weights. This weighted beta sum is induced
by the isotropic vector summation of independent hyperspherical signatures. For K > 2, A does not, in
general, reduce to a single scaled beta random variable and cannot be gamma-distributed because its
support is compact. For integer L > 2, its density is piecewise polynomial, with possible breakpoints
at subset sums of the weights {o}. Consequently, deriving the distribution of Z requires two steps:
An explicit characterization of the compactly supported weighted beta sum and a subsequent gamma-
mixture integration. Thus, except for special reductions such as K = 1, the resulting law is not a
reparameterization of a classical scalar gamma-beta product. To the best of our knowledge, finite-sum
closed-form expressions for the exact unconditional probability density function (PDF) and cumulative
distribution function (CDF) of Z have not been reported.

1.1.2. Communication engineering perspective

Table 1 summarizes the studies most directly related to the present work and classifies them by
system model, channel model, signature vector distribution, and type of analytical result. Here, SEP,
BER, and APEP denote symbol error probability, bit error rate, and average pairwise error probability,
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respectively. The abbreviations DF, AF, and BRN denote decode-and-forward, amplify-and-forward,
and barrage relay network, respectively. The reviewed studies fall broadly into three groups. The first
uses complex Gaussian signatures, whereas the second compares multiple randomization strategies but
provides only diversity-order or bound-based results. The third focuses on hyperspherical signatures
or isometrically randomized coding matrices.

Much of the existing FD-STBC-related literature has adopted complex Gaussian signatures because
this assumption leads to a relatively tractable performance characterization. Verde et al. [19] developed
a cooperative randomized multicell multiple-input multiple-output orthogonal frequency-division
multiplexing (MIMO-OFDM) downlink framework and derived analytical upper bounds on the SEP
under linear receivers. For FD-STBC over relay channels, Duong et al. [20] obtained exact closed-form
SEP and outage probability expressions under Rayleigh fading, while Soffritti et al. [21] extended exact
SEP and outage analysis to Nakagami-m fading. This line of work was later extended to composite
gamma/lognormal fading in [22]. That study derived tight analytical approximations for SEP and
outage probability, together with a high signal-to-noise ratio (SNR) SEP expression, for FD-STBC
with complex Gaussian signatures. Alay et al. [23] incorporated FD-STBC into cooperative layered
video multicast and evaluated cross-layer reliability using BER-based packet delivery and video rate
metrics. These studies provide valuable Gaussian randomization performance results, but they do not
address unit-norm hyperspherical signatures, which are attractive in terms of inherent per-node transmit
power normalization and favorable error rate performance.

Table 1. Summary of studies most directly related to the present work.

Reference  System model Channel model Signature vector distribution ~ Analysis results
[9] Direct Rayleigh fading Gaussian, uniform phase, Diversity order; numerical
cooperative unit hypersphere for the hypersphere case
transmission
[20] DF relay Rayleigh fading Complex Gaussian Exact SEP and outage
[24] AF relay Rayleigh fading Gaussian, uniform phase, APEP  upper  bounds,
hypersphere diversity order
[25] DF relay Rayleigh fading Haar/isometric coding Spectral efficiency; large-
matrices matrix analysis
[10] BRN with  Rayleigh fading Complex unit hypersphere Outage upper bound
two relays and (approximation)
Alamouti code
Proposed  Direct Rayleigh fading Complex unit hypersphere Exact closed-form PDF,
cooperative CDF, BER, outage
transmission

A second line of work has compared different signature vector randomization rules in FD-STBC. A
pioneering work in this direction is that of Sirkeci-Mergen and Scaglione [9], who introduced R-STC
and compared complex Gaussian, real Gaussian, uniform phase, and hyperspherical randomization
rules. They characterized the achievable diversity order and showed numerically that complex unit-
hyperspherical randomization can provide particularly favorable error rate performance, but the exact
unconditional distribution of the effective channel gain under hyperspherical randomization was not
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derived. Verde [24] analyzed AF distributed STBC with Gaussian, uniform phase, and hyperspherical
randomization and derived APEP upper bounds and diversity order results. These works provide
diversity characterizations and performance bounds for several randomization rules, but they do not
provide the exact unconditional PDF and CDF of the effective channel gain induced by independent
complex unit-hyperspherical signatures.

A few works are more directly related to hyperspherical signatures or isometrically randomized
coding matrices. Lee et al. [10] considered complex unit-hyperspherical signatures in an FD-
STBC scheme for BRNs and demonstrated significant gains over conventional phase rotation-based
cooperation. Their analysis, however, was restricted to two transmitters and the Alamouti code,
the simplest two-antenna orthogonal STBC [5]. The resulting outage characterization was an
approximate upper bound rather than an exact distributional formula. Gregoratti et al. [25] proposed a
randomized isometric linear dispersion STBC for a DF relay channel, where the coding matrices are
Haar/isometrically distributed. The columns of such matrices are marginally uniform on the complex
unit hypersphere, but they are coupled through orthogonality and therefore differ from the independent
hyperspherical signatures considered here. Moreover, their results concern spectral efficiency and
large-matrix asymptotics rather than the exact unconditional distribution of the effective channel gain.
To the best of our knowledge, the exact unconditional distribution of the effective channel gain under
independent complex unit-hyperspherical signatures remains unavailable for arbitrary numbers of
transmitters and orthogonal STBC dimensions.

1.2. Contributions

To bridge the aforementioned theoretical and computational gap, we derive the exact unconditional
distribution of the effective channel gain for FD-STBC with an arbitrary number of active transmitters
and arbitrary underlying orthogonal STBC (O-STBC) dimensions. Instead of relying on the
eigenvalue distribution of the random Gram matrix induced by hyperspherical signatures, the proposed
analysis directly characterizes the effective channel vector and reveals a gamma-beta scale-mixture
representation. This representation yields finite-sum closed-form expressions for the PDF, CDF, outage
probability, and BER. These expressions provide a deterministic alternative to repeated Monte Carlo
averaging for the considered metrics and an analytical basis for parameter studies of FD-STBC systems
with hyperspherical signatures. The contributions of this paper are summarized as follows.

e We formulate the effective channel gain of FD-STBC with independent complex unit-
hyperspherical signatures as an exact distributional problem induced by the squared norm of a
sum of complex-Gaussian-scaled hyperspherical random vectors.

e Denoting this effective channel gain by Z, we prove the exact gamma—beta scale-mixture law

Z 4 AG, where A is a weighted sum of independent Beta(1, L — 1) random variables and G, ~
Gamma(L, 1). On the basis of this representation, we derive a fully expanded expression for the
density of A and finite-sum closed-form expressions for the PDF and CDF of Z. We also derive
its exact Laplace transform and closed-form moments.

e We use the derived distribution to analyze communication performance by obtaining deterministic
analytical expressions for the outage probability and BER. We further derive the high-SNR outage
expansion and show that the diversity order of FD-STBC is min(K, L), where K is the number of
transmitters and L is the number of underlying O-STBC dimensions.
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e We compare the derived distribution and performance expressions with Monte Carlo experiments
for the PDF of effective channel gain, outage probability, high-SNR diversity behavior, and BER.
The results demonstrate that the analytical formulas provide deterministic evaluations that agree
with repeated averaging over random signatures and fading realizations.

1.3. Notation

Throughout this paper, | - | and || - || denote the absolute value and Euclidean norm, respectively.
The transpose and Hermitian transpose are denoted by (-)T and (-)!, respectively. The all-zero vector is
denoted by 0, the n X n identity matrix by I,,, the complex field by C, the non-negative real line by R,
and the set of non-negative integers by Z,. The imaginary unit is denoted by j = V-1, and the real
part of a complex number is denoted by Re{-}. For the matrices, det(-) and diag(-) denote determinant
and diagonal matrix construction, respectively. For a finite set 7, |7| denotes its cardinality and @
denotes the empty set. For a finite-dimensional multi-index v = (vy,...,vy), [v| = Z‘;:l ve. We use =

for definitions, 4 for equality in distribution, and X ~ D to indicate that X follows distribution D. In
asymptotic statements, g(x) ~ h(x) means g(x)/h(x) — 1, and O(-) has its standard Landau meaning.

We write 4 and = for convergence in distribution and almost sure convergence, respectively.

The operators Pr(-) and E[-] denote probability and expectation, respectively. For a random variable
X, fx(), Fx(-), and Lx(-) denote its PDF, CDF, and Laplace transform, respectively. The distributions
CN(u,X), Gamma(:,-), Beta(:,-), Exp(-), and Dirichlet(-) denote the circularly symmetric complex
Gaussian law, gamma law, beta law, exponential law, and Dirichlet law, respectively. In particular,
CN(u, %) has mean g and covariance X. The gamma distribution is parameterized by shape o and
rate §3; that is, if X ~ Gamma(e, §), then fx(x) = B*x*"'e™*/T'(a), x > 0. The functions erfc(-), I'(),
I'¢,-),,F(-),and F ff)(-) denote the complementary error function, gamma function, upper incomplete
gamma function, Gauss hypergeometric function, and Lauricella hypergeometric function of Type A,
respectively. Note that the notation Ff{K) is Lauricella’s function, not the CDF of a random variable
A. Finally, (:), -], (x), = I'(x + n)/T'(x), and (x), = max(x,0) denote the binomial coeflicient, floor
function, Pochhammer symbol, and positive part operator, respectively.

2. System model and problem statement

2.1. FD-STBC signal model

We consider a distributed cooperative transmission from K single-antenna transmitters to one
receiver. In relay system interpretations, the present model corresponds to the cooperative transmission
phase after the forwarding nodes have been determined [9]. DF protocols can then be incorporated by
conditioning on the decoding success relay set and averaging over first-hop success events, whereas
AF protocols require combining the derived second-hop distribution with the corresponding first-hop
SNR and amplification rule. The transmitter set is K = {1,2,..., K}. All transmitters send the same
information-bearing vector x = [xi,...,xy]T, where the entries are normalized M-ary quadrature
amplitude modulation (M-QAM) symbols satisfying E[|x,>] = 1. The integer N > 2 denotes the
number of information symbols carried by one space—time block codeword.

Let 8L (%) € CT™L denote a rate-N/T orthogonal STBC (O-STBC) codeword generated from x,
and write B(x) = BzLV/T(X) for notational brevity. The 7" > 2 rows correspond to symbol intervals
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or channel uses within one codeword, and the L > 2 columns correspond to the virtual transmit
dimensions of the underlying O-STBC. We use a generalized complex O-STBC [4,26] satisfying

Bx)"B(x) = |IxIL.. (2.1)

In the considered FD-STBC system, node k maps the common symbols x onto the same predefined O-
STBC codeword B(x) and transmits the length-T block vector B(x)ry, where ry = [y, ..., 1]t € CE
is its randomization or signature vector. This block vector is a random linear combination of the L
codeword columns; equivalently, at each symbol interval, the transmitted scalar is the inner product
between the corresponding row of B(x) and r;. The received signal vectory = [yy,...,yr]" is

K
y= > VP6 RBoE + w. 2.2)
k=1

where ¢, is the distance from node k to the receiver, @ is the path-loss exponent, and 6, represents
the large-scale fading component. The normalized small-scale fading coefficients A, k € K, are
modeled as independent and identically distributed (i.i.d.) circularly symmetric complex Gaussian
random variables, 7, ~ CN(0, 1), so that the corresponding envelopes follow Rayleigh fading. We
define h; = \/(SkT"ka, so that i, ~ CN(0,0y) with oy = 6,“. Thus, |hi? is exponentially distributed
with mean o. More generally, all subsequent distributional results hold for arbitrary positive average
channel powers o > 0. The additive white Gaussian noise (AWGN) vector is w ~ CN(0, NoI7).

Each signature vector r; is uniformly distributed on the complex unit hypersphere in CE.
Equivalently, one may generate r; = i;/||¥ll, where ¥, ~ CN(0,1;). Hence ||ri||> = 1 almost surely.
The signature vectors ry,...,rx are mutually independent and are also independent of Ay,..., hk.
The mutual independence of the signature vectors does not imply mutual orthogonality; the realized
signatures are generally nonorthogonal, with their geometric overlap quantified later in Corollary 3.8
by E[lrl.Hr j|2] = 1/L for i # j. The coefficient P denotes a codeword-level power-scaling coefficient
applied before the O-STBC codeword. For a rate-N/T O-STBC, the unscaled block B(x)r; has
normalized time-averaged power N/T. Hence, to achieve a prescribed actual time-averaged transmit
power, the codeword-level scaling coefficient must compensate for this factor by 7/N. Specifically,
using (2.1) and ||r||*> = 1, we obtain

Ly, 2| N
EX[T |85, ] == (2.3)
Furthermore, to focus on the distributional effect of hyperspherical signatures, we use a common
power-scaling coeflicient for all transmit nodes. Specifically, the total time-averaged transmit power of
the network is fixed as Py, and each node has an average transmit power P,/K. Therefore, to make

the actual time-averaged power of node k equal to P, /K, we set

T Py
Pi=P.= ——. 2.4
k NEK (2.4)
Then P.(N/T) = P«/K, and the received signal model can be rewritten as
y = VP.Bx)Rh + w, 2.5)
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where R = [ry,...,rx] € CPK h = [hy,...,hk]" ~ CN(0,Ix), h = Z?h = [hy,...,hg]", and
h ~ CN(0,%) with £ = diag(oy,...,0k). Throughout this paper, the receiver is assumed to have
perfect knowledge of the effective channel vector h.g = Rh for coherent O-STBC combining. This
assumption is used to derive the post-combining SNR and the corresponding performance expressions.
By contrast, receiver-side estimation accuracy does not affect the probability law of the underlying
effective channel gain. Under imperfect estimation, the post-combining SNR must additionally account
for the resulting mismatch, which can, for example, be represented by an additive complex Gaussian
error model [27].

2.2. Post-combining received SNR

Proposition 2.1 (Post-combining SNR of FD-STBC). Under the signal model in (2.5), the output of
the conventional O-STBC combiner can be written as

¥ = VPRh|x + W, (2.6)

where w ~ CN (0, Noly). Consequently, if

Z = ||RhJ)? 2.7)
and p T p
C tot
= te o L fe 2.8
P=N, - NKN, (2:8)

then the instantaneous received SNR after decoding is

v = pZ. (2.9)

Proof. Define the effective channel vector hoy = Rh € CE. Then (2.5) has the same algebraic form as a
conventional O-STBC transmission with the effective channel vector h.g. The orthogonality condition
in (2.1) implies that the normalized O-STBC combiner diagonalizes the symbol vector and produces the
scalar channel amplitude ||h.¢|| for every decoded symbol. The normalization by ||h.g]|| also preserves
the AWGN covariance, so the post-combining noise remains CN (0, Noly). Thus (2.6) follows. The
conditional signal power per decoded symbol is P.|lh.q||>, and the noise variance is Ny. Using Z =
|lhel” = [[Rh|* and p = P./N gives (2.9). m

The following examples illustrate the post-combining model in Proposition 2.1 for two common
O-STBC dimensions.

Example 2.2 (Full-rate O-STBC with 7 = 2, N = 2,and L = 2). For T = N = L = 2, the common
codeword can be chosen as the Alamouti code

X1 X2
* *
X X

B%/z(x) = [ ] , x = [x1, x]". (2.10)

Since N =T = 2, P. = Py /K. After conjugating the second slot’s received signal, the equivalent

received vector is
[yl]: \/Fc[Zi“’l _h;l‘f’z][xl]+[wl]. 2.11)

* *
Y off 2 off 1] | X2 W,
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The normalized Alamouti combiner yields
- 1 h:ﬁl heﬁ’z )’1 _ — —_
Y=l « |= VPclhegl[x + W= +/Pc|[Rh|x + W, (2.12)
”heff” heﬁ?’z _heff,l y2

where w ~ CN(0, NoL,). Hence, both QAM symbols are decoded with the same effective gain Z =
[lhegl* = |IRh].

Example 2.3 (Rate-3/4 O-STBC with T =4, N = 3, and L = 3). A rate-3/4 O-STBC codeword is
X1 X2 0

_x* x* x*
83/4()() = 2 ! ’,
X3 0 X2

0 —X3 X

X= [Xl,xz,x.%]T- (2.13)

Here, P. = (4/3)(Py/K), so the rate compensation keeps the actual time-averaged transmit power of
each node equal to P /K. After conjugating the second slot received signal, we have

%! heti1 hesi2 0 N wy
V| P L R LT O n W, 214
V3 VP 0 hegs e z w3l (219
4 hetz 0 —hega Wy
Applying the conventional O-STBC combiner gives
H
hett1  her2 0 Vi
_ 1 |k, —h h* : _
y= ez Dt ena | 2 P hggllx + W, (2.15)

lhegll | O hews  hem V3
heﬁ,3 0 _heff,Z Y4

where W ~ CN (0, Nol3). Thus, the rate-3/4 example has the same post-combining scalar gain form as
the Alamouti example; only the number of decoded symbols and the deterministic rate compensation
factor T/N differ.

2.3. Problem statement

Proposition 2.1 shows that the performance of the considered FD-STBC system is governed by the
scalar effective channel gain
Z = |lhgl* = IR, (2.16)

Therefore, the mathematical problem studied in this paper is to characterize the exact unconditional
distribution of Z when the columns of R are independent complex unit-hyperspherical vectors and h ~
CN(0,%). Once this distribution is known, key performance measures such as outage probability, BER,
and diversity order can be computed by deterministic analytical formulas rather than by repeated Monte
Carlo averaging over R and h for each parameter setting. The resulting analytical expressions also
enable examination of how the system performance varies with the key parameters, thereby providing
a basis for systematic parameter studies of FD-STBC systems with hyperspherical signatures [9, 10].
The main system and analysis parameters are summarized in Table 2.
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Table 2. Summary of main parameters.

Symbol Description

K Number of distributed transmitters.

L Number of virtual transmit dimensions; equivalently, the number of columns of the
common O-STBC codeword (L > 2).

T Number of channel uses occupied by one O-STBC codeword; equivalently, the
number of rows of the common O-STBC codeword (T > 2).

N Number of information symbols carried by one O-STBC codeword.

Iy Length-L random signature vector of transmitter k, with ||ry|| = 1.

R Signature matrix [ry,...,rg] € CI*K,

Ny Wireless channel coeflicient from transmitter k to the receiver.

Tk Average channel power of transmitter &, including large-scale fading components.

V4 Effective post-combining channel gain ||[Rh|?.

Piot Total time-averaged network transmit power.

P. = Common rate-compensated codeword-level power coeflicient.

(T /N)(Piot/K)

No Complex noise variance at the receiver.

p =P./Ny Rate-compensated per-node transmit SNR.

v =pZ Instantaneous received SNR after O-STBC combining.

3. Exact distribution of the effective channel gain

In this section, we derive the exact unconditional distribution of the effective channel gain Z. We
first recall the conditional eigenvalue representation and then derive a more useful unconditional scale-
mixture representation.

3.1. Conditional eigenvalue law

First, the effective channel gain can be written as a quadratic form
Z = ||Rh|* = h"='’R"R="*h. (3.1)

This is a Hermitian quadratic form in a complex Gaussian vector, and the conditional eigenvalue
representation below is consistent with the classical theory of quadratic forms in random variables [28].
Conditioned on R, define Qg = X!/?RURX!/? ¢ CK*K Then Qg is Hermitian positive semidefinite.
Let m = min(K, L), and let 4y = A4;(R),..., 4, = 4,(R) be the nonzero eigenvalues of Qg. For
notational simplicity, we suppress their dependence on R. Furthermore, let UAUY be the eigenvalue
decomposition of Qg, where U is the unitary matrix and A = diag(4y,...,4,,0,...,0) € R’fXK is the
diagonal matrix of eigenvalues. Since U is unitary and h ~ CN(0, I), we have h = U"h ~ CN(0, I).
Therefore, conditioned on R, the random variable Z has the following distribution [9, 10]:

ZIRE Y Ak =) LE,  Ei~Exp(l), (3.2)
i=1 i=1
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where the E;’s are independent. Hence, the conditional Laplace transform of Z is

m
Ki

B 1 I v
R s E sZ R — = = s 3'3
~£Z|R(S| ) [6 | ] det(IK+SQR) D 1 —I—S/L- ; 1 +S/li ( )

where (a) is the partial fraction expansion, which is valid when the nonzero eigenvalues are distinct.
For the random hyperspherical matrix considered here, repeated nonzero eigenvalues occur only on a
lower-dimensional subset and hence do not affect the unconditional distribution; moreover, the scale-
mixture derivation in the next subsection does not rely on this partial fraction representation. Taking
the inverse Laplace transform then gives the conditional PDF in the hypoexponential form

m Kl Z m /ll
fzr(ZR) = ; Z exp (_Z’)’ z>0, wherek; = l;[ . /lj. (3.4)

J#EI

Although the conditional eigenvalue representation is exact, obtaining the unconditional PDF by
averaging fz(z) = Egr[fzr(zIR)] is nontrivial because it would require characterizing the joint
distribution of the eigenvalues induced by the hyperspherical columns of R.

3.2. Gamma—beta scale-mixture representation

We next derive a representation that bypasses the eigenvalue distribution. Instead of characterizing
the eigenvalues of the random Gram matrix induced by hyperspherical columns, we analyze the
effective channel vector itself as a sum of independent isotropic random vectors, Rh = Y5 1.
This leads to an exact gamma-beta scale-mixture representation. For clarity, the principal random
variables used in the gamma-beta scale-mixture representation are summarized in Table 3.

Table 3. Principal random variables in the gamma-beta scale-mixture representation.

Symbol Description
Z Effective post-combining channel gain whose distribution is characterized
Uy Beta(1, L — 1) projection variable associated with r;; mutually independent over k

Xy = oUr  Weighted beta random variable supported on [0, o]
A=3YF X, Weighted beta sum serving as the random scale
Gp Unit-rate Gamma(L, 1) random variable independent of A

Lemma 3.1. Let r be uniformly distributed on the complex unit hypersphere in CL, and let u € Ct be
any deterministic unit vector. Then

luflr” ~ Beta(1,L — 1). (3.5)

Proof. By the rotational invariance of the uniform distribution on the complex unit hypersphere, [u''r|?
has the same distribution as |r||?, the squared magnitude of the first coordinate of r. Let g ~ CN(0,1;).
Then g/||g|| is uniformly distributed on the complex unit hypersphere, and hence

2
d

= — 3.6
Z%:l gl G0
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Since |g;|%,...,|gz|* are independent unit-mean exponential or, equivalently, Gamma(l, 1) random
variables, the normalized vector

2 2
[—!gll 2,...,—L|gL| 2] 3.7)
2ot lgel 2 lgel
has a Dirichlet(1,..., 1) distribution. Therefore, the first component of this normalized vector has a
Beta(1, L — 1) distribution [3]. O
Theorem 3.2 (Exact scale-mixture law). Consider
(3.8)
Define
A= Z U, U ~Beta(1,L - 1), (3.9)
where Uy, ..., Uk are mutually independent, and let
G; ~ Gamma(L, 1), (3.10)
independent of A, with the PDF fg,(x) = x'"'e™*/T(L) for x > 0. Then
7L AG,. (3.11)
Proof. Define the effective channel vector
K
heg = Z Ir; € CL. (3.12)
For an arbitrary test vector w € CL, consider the real characteristic function
¢ho (@) = E|exp (jRefw'heg})] (3.13)

Conditioned on 1y, the scalar w'/r, is a complex Gaussian random variable with the variance
olw'r?. Since the real part of a CN(0, o) random variable has the variance o-/2, we obtain

(3.14)

E [exp (j Re{thkrk}) ‘ rk] = exp (_o-k|a)—Hrk|2) .

4

For w # 0, set u = w/||w||. Then |w'r > = ||w|/*lut'r?, and, by Lemma 3.1, [uf'r;|> ~ Beta(1,L - 1).
The case w = 0 is immediate. Hence, the replacement

' £ l]PUL (3.15)
is valid for U, ~ Beta(l, L — 1). Since the signature vectors ry,...,rx are mutually independent, the
corresponding variables Uy, ..., Uk can be taken to be mutually independent. Using the independence,

we obtain

K 2
ong(@) = | | En [ex ( ‘T"l"’ rif )] ]—[Ew[ ( ‘T"”“;” U")] = B, [exp(—AHZ)” )] (3.16)
k=1
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On the other hand, if g ~ CN(0,I,) is independent of A, then the characteristic function of \/Zg
is exactly the right-hand side of (3.16). Therefore h.g 4 VAg. More precisely, construct A and g
on a product probability space so that they are jointly independent; the two characteristic functions
then coincide for every w, and the Lévy continuity theorem yields the distributional equality. Taking
squared Euclidean norms gives

Z = |lhegl® £ Allgl. (3.17)
Since ||g||*> ~ Gamma(L, 1), we may identify ||g||* with G;. Therefore, the result of (3.11) follows. O

Intuitively, the gamma-beta scale-mixture law separates the directional randomness of the
hyperspherical signatures from the radial randomness of an isotropic complex Gaussian vector. The
squared directional projections produce the independent beta variables U,, whose weighted sum A =
Zf: o+ Uy forms the random scale, while the Gaussian radial energy gives G = llgll> ~ Gamma(L, 1).

Thus, the effective channel gain naturally takes the product form Z < AG L

Corollary 3.3 (Large-network limit and centralized O-STBC equivalence). Suppose equal average
channel powers, o, = o for all k € K.* For each K, let Z be defined as in (3.8). Then, for a fixed L, as

K — oo,

L
~ 756G, Gi~Gamma(L, 1). (3.18)
Ko
Under the rate-compensated SNR convention in (2.8), we have
T Py
= pZ, = — ) 3.19
y=p P = NKN, (3.19)
Then T p
d tot O
— —Gy. 3.20
Y= NN, L L ( )

Thus, the post-combining SNR of FD-STBC converges to the scaled Erlang law associated with
the corresponding centralized O-STBC system. This provides a distribution-level verification of the
observation in [9] that R-STC approaches centralized O-STBC as the number of transmitters increases.
In contrast to the central limit theorem (CLT)-based effective channel equivalence in [9, Theorem 4],
the present result follows directly from the exact finite K gamma—beta scale-mixture law and explicitly
identifies the limiting normalized gain and SNR distributions for complex hyperspherical signatures.

Proof. By Theorem 3.2

K
7L AG,, A= O'Z U, (3.21)
k=1

where Uy, ..., Uk are i.i.d. Beta(1, L — 1) random variables that are independent of G;. Since E[U,] =
1/L, the strong law of large numbers gives

A 1S a1

— == U —. 3.22

Ko K ; FTL (3-22)
Slutsky’s theorem then yields (3.18) [29, Ch. 2]. Finally, using y = pZ with p = (T/N)P/(KNy)
gives (3.20). O

*This assumption is reasonable when the cooperating nodes are clustered within a region whose diameter is small relative to their
distance to the receiver, so the large-scale fading terms are approximately identical; this is consistent with the system models considered
in [8,9].
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3.3. PDF and CDF of the effective channel gain

Let f4(a) denote the PDF of A in (3.9). Since 0 < A < Zle ok, Theorem 3.2 gives the following
integral forms for the exact PDF and CDF of Z.

Corollary 3.4 (Exact PDF and CDF). For z > 0, the PDF of Z is

ZLfl R o 1

Z
o=t | - exp(~2) fularda. (3.23)

For z > 0, the corresponding CDF is

P =1- [ T x5S L) e (3.24

n=0
Proof. Conditioned on A = a, the random variable Z = aG, has the PDF

L-1

Szu(zla) = ﬁ exp (—2) , z> 0.

Averaging this conditional PDF over A yields the PDF (3.23). For an integer L > 2, the conditional

CDF is
-1

Fada=1-exp(-2) Y (), zz0
=0

B

Averaging this conditional CDF over A gives (3.24). O

The integral forms above are useful for interpretation but the distribution can be written without any
unevaluated convolution. Let K = {1,...,K}and oy = Zle . Forasubset S C K, letos = D jes 0%
and o, = 0. For a multi-index q = (q,. .., qx), write its total order as |q| = Y&, g;. For each S and
q, define M(S, q) = {mgs = (My)res : 0 < my < g, k € S} with Img| = X csmy. For § = @, the inner
sum over M(@, q) contains one empty term and [mgy| = 0. Finally, define

r(q,S,mg) = K +|q| - [mg| — 1, (3.25)

which is a non-negative integer because mg| < |q].

The density of A is the K-fold convolution of compactly supported polynomial densities. The
following theorem gives this convolution explicitly as a finite sum of shifted truncated polynomials.
The integer g, is produced by expanding the polynomial density of X; = oU;. The subset S is
an algebraic index set used in the Laplace domain expansion and does not represent a subset of active
transmitters. It records which indices select the delayed exponential factor e™** in the Laplace domain,
and the integer my arises from the finite incomplete-gamma expansion of foak x*e~**dx. Thus, the
formula is a closed-form convolution of K compactly supported beta-type densities.

Theorem 3.5 (Fully expanded density of A). For L > 2, o > 0 forall k € K, and 0 < a < oy, the
density of A = Y5, o Uy is

f@= >, D, D, Qa.Smya-ogl (3.26)

q€{0,...,L-2}K SCK mse M(S.q)
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where x, = max(x,0) and

(L — 1)K(=1)SHal K [(L - 2) Lo ] o}
Q(q, S, = g, ! ) 3.27
(@.8.ms) = K g ma) TIE o [1 o g || |5 (3.27)

The density is zero outside [0, 0]
Proof. The density of X; = o Uy 1s
L-1

frx(0) = —=(-0"7  0<x<ou (3.28)
Oy

Expanding the polynomial and taking the Laplace transform gives

L-18 L=2\ ;0a [
Lx (s) = —1)% o qkf xTe™*dx
Xk( ) O_]f_] Z( ) ( qk ) k 0

=0
L-15 L-2 a -
= —= Z(—l)’”( )O',f_z_qqu!s_(qk”) 1 —e % Z (so)™ ) (3.29)
O-k 4i=0 qk =0 mk‘

Since A = }}; Xi, the Laplace transform of A is the product of the K transforms. For a fixed q,
multiplying the square brackets above gives one algebraic choice for each index k: Either the non-
shifted term 1, or the shifted finite sum

& (so)™

— ¢ 5k
ny !

(3.30)

m=0

If the shifted term is selected for exactly the indices in S, the exponential factors combine into e™*75,
the sign becomes (—1)"¥, and the powers of s are reduced by |mg|. Hence, every expanded product
term has the form

e 37 g—(K+lal—Ims)) (3.31)

All remaining factors that do not depend on s are collected in Q(q, S, mgs). Applying the elementary
time-shift inverse Laplace transform [30]

1 B (a - 0'3)I_f+|q|_|m5|_l
L {e—m'ss*( +|Q|*|ms|)} — K+ |q| maD , (3.32)
- S

where K + |q| — [mg| > 0 holds automatically because |mg| < |q], gives (3.26). O

The fully expanded expression in (3.26) is a finite sum for every fixed K and L. This finite-sum
representation provides a deterministic computational basis for evaluating the derived PDF, CDF,
outage probability, and BER expressions. The following closed-form expressions for the PDF and
CDF of Z are obtained by substituting (3.26) into (3.23) and (3.24). For 0 < x <y, define

)
Gy(x,y;2) = f a’ exp (—2) da, (3.33)

AIMS Mathematics Volume 11, Issue 9, 28348-28382.



28363

with the convention G, (x, x; z) = 0. For x <y, this can be evaluated using the upper incomplete gamma
function I'(s, x) [31, Ch. 8] as

G(x,y:2) = 2! [r( n— 1,5)—r(—n— 1,5)], (3.34)
y X

where z/0 is interpreted as +co.

Corollary 3.6 (Fully expanded PDF and CDF of Z). For z > 0,

Pags) p(q. S, ms)
9= 15 Z Z Z Z Q. S ( ’ )( ASMITG (s, i D). (3.35)

and
S PaSRs) p(q, S, mg)

Fo =1-) ZZZ Z Q(q. S, ms)( o )(—as>p<q’s’ms)-"gn_r<as,amt;z), (3.36)
r=0 q mg n=0

where p(q, S, mg) is defined in (3.25). In (3.35) and (3.36), the sums over q, S, and mg have the same
ranges as in (3.26). The expanded CDF expression is evaluated for 7 > 0, with Fz(0) = 0 by continuity.

Corollary 3.7 (Laplace transform of Z). For s > 0,
L(s) = Ble™] = B4[(1 + sA)™"]. (3.37)

As a supplementary transform-domain characterization, the corresponding Lauricella series
representation is

L(s)=FO\L 1, ., 5L,... L 50y, ...,—s0k |, (3.38)
K K

where FI(L‘K)(-) denotes Lauricella’s hypergeometric function of Type A [32, 33]. The defining series
in (3.38) converges when Zf: | lsoxl < 1; outside this convergence domain, the expression is understood
by analytic continuation of the Laplace transform in (3.37).

Proof. By Theorem 3.2, conditioned on A = a, Z has the same distribution as aG;, and hence
Ele ?|A = a] = (1 + sa)~. (3.39)

Averaging over A gives (3.37).
For (3.38), write (1 + sA)™t = (1 + s Y&, 0 U)~~. Expanding this term into its multinomial series
gives

< - L T
(1 + SZO’kUk] = Z ﬁﬂ(—so‘kUk)”k, (3.40)
k=1 Aprtg20 L K* k=1
where n = (ny,...,ng) and |n| = Z,{il ni. Taking expectation and using the independence of the

Uy’s together with E[U}] = (1),/(L),, Ux ~ Beta(l,L—1), gives (3.38), where (x), denotes the
Pochhammer symbol. The equality in (3.38) follows from the defining series in its convergence domain
and elsewhere by analytic continuation. O
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As another consequence of the scale-mixture representation, the moments of Z admit compact
closed-form expressions.

Corollary 3.8 (Moments of Z). For every positive integer n, we have

Vk

K
E[Z"] = (L),n! Z ]—[

k
, (3.41)
a2k ker D
[v|=n
where |v| = Z,{(: | V- In particular, the mean and variance are
ElZ] = 0o VarlZ] = Z o+ — Z T, (3.42)

k¢]

where Y, ; is taken over all ordered index pairs with k # j, and hence } ;. ; o0 ; = ol -3, ot
Thus the mean equals the total average channel power o, and the variance splits into a self term
Y07 and a cross-signature term that decays as 1/L; the latter reflects the expected squared inner
product E[|ri'r i1*1=1/L for i # j, which vanishes as the underlying O-STBC dimension L increases.

Proof. By Theorem 3.2, Z 4 AG, where A and G, are independent. Therefore, E[Z"] = E[A"] E[G]].
For G, ~ Gamma(L, 1), we have E[G}] = (L),. Moreover, the independence of the U;’s and the
identity

@, _

E[U;] = (L)r = a, r>0, (3.43)

for Uy ~ Beta(1, L — 1), together with the multinomial expansion of A" = (Z,Ile o U k)n, give

E[A"] —n‘Zn

vezK k=1
[VI=n

3.44
Dy (544

Combining this result with E[G]] = (L), yields (3.41). Setting n = 1 gives E[A] = o/L, and hence
E[Z] = 0. Forn =2, (3.44) gives

K
E[A® ool (3.45)
L(L kz ; K
Using E[G?] = (L), = L(L + 1), we obtain
d L+1
B[Z))=2) of + —— Z 0. (3.46)
k=1 k#j
Subtracting E[Z]? = 02, = Y, 0} + Yisj Ok0; yields the variance in (3.42). m]

AIMS Mathematics Volume 11, Issue 9, 28348-28382.



28365

3.4. Computational cost of the finite-sum representations

Although the expressions in Theorem 3.5 and Corollary 3.6 are finite for every fixed K and L, the
number of terms grows rapidly with K and L. The following proposition quantifies this growth.

Proposition 3.9 (Term counts for the finite-sum representations). Let Ny,s(K, L) denote the number of
(q, S, mg)-indexed terms in the fully expanded density of A in (3.26). Then

~DIL+2)]*

Nbase(K’ L) = [(L 7 (347)

Consequently, the expanded PDF and CDF of Z in (3.35) and (3.36) contain at most K(L—1)Ny,s.(K, L)
and LK(L — 1)Nyae (K, L) terms, respectively.

Proof. For a fixed index k and ¢, € {0,...,L — 2}, the expansion contains one nonshifted choice
corresponding to k ¢ S, and ¢, + 1 shifted choices corresponding to k € S and my; = 0, ..., g;. Hence,
summing over g = 0, ..., L — 2, the total number of choices contributed by index & is
L-2
L-1)(L+2
Dll+(g+ D)= ()2# (3.48)

=0

L)

Because the choices factor across the K indices, their product gives Np,e(K, L). In (3.35), the index n
has p(q,S,mgs)+1 = K+|q|—|mg| < K(L—1) values, where the inequality follows from |q| < K(L—-2)
and |mg| > 0, while (3.36) also contains the L values of the index r. The stated upper bounds therefore
follow. O

Thus, for a fixed L, Np,o(K, L) grows exponentially with K, whereas for a fixed K, it grows on
the order of L?X. The direct finite-sum expressions are therefore most suitable for exact deterministic
evaluation at small and moderate values of K and L, while their tractability deteriorates rapidly as
either K or L grows.

Despite these computational limitations, the regime of small and moderate K and L remains
practically meaningful for the FD-STBC application considered here. Increasing K enlarges the
cooperating group and can increase the associated synchronization, group-formation, and scheduling
burdens. Moreover, as shown later in Corollary 4.1, the diversity order is min(K, L), so increasing K
beyond L does not provide an additional diversity order gain. Increasing L can also incur a coding rate
reduction for higher-dimensional complex O-STBCs. For example, the L = 2 Alamouti code 1s full
rate, whereas the L = 3 O-STBC in Example 2.3 has the rate 3/4. More generally, the constructions
in [26] have the rate (k + 1)/(2k) for 2k — 1 or 2k transmission dimensions. These considerations make
small and moderate K and L a natural regime for direct finite-sum evaluation.

For larger values of K and L, the integral representations in (3.23) and (3.24) can provide a more
scalable numerical route, but only if f, is evaluated without enumerating the same finite expansion.
For example, f4 can be approximated on a grid by recursive or fast Fourier transform (FFT)-
based convolution of the K compactly supported summand densities, followed by one-dimensional
quadrature of the mixture integrals. In contrast, evaluating the fully expanded f, at every quadrature
node retains the same combinatorial term count.
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4. Applications to outage probability and BER analysis

This section applies the exact distribution of Z derived in Section 3 to characterize the outage
probability, diversity order, and BER of FD-STBC with hyperspherical signatures. Since the outage
probability follows directly from the CDF of Z, it is treated first. The resulting high-SNR asymptotic
outage expansion is then used to derive the diversity order. Finally, the BER expression is obtained by
averaging the conditional QAM error probability over Z.

4.1. Outage probability

The outage probability is the probability that the instantaneous received SNR falls below a target
threshold yy, > 0. For arate-N/T O-STBC, the equivalent scalar channel gain yields the instantaneous
spectral efficiency

N
R(y) = 7 logy(1 +) 4.1)

per channel use. If Ry denotes the target spectral efficiency per channel use, the outage event R(y) < Ry
is equivalent to y < yy,, Where yy, = 27/MRo _ 1_1If the target rate R, is instead measured per decoded
O-STBC information symbol, then the corresponding threshold is yy, = 280 — 1. In the following, ¥,
is treated as a prescribed SNR threshold. Since the SNR convention in (2.9) gives y = pZ, the outage
probability is directly derived from the CDF of Z as follows:

Pou(ywm) = Prly <yw} = F; (%) 4.2)

Substituting the fully expanded CDF in (3.36) and using the argument yy,/p directly, we obtain

L-1
1 (q, S, my) mg)-n
Pou(yi) = 1—2;(%)2 Q<q,8,ms>(” - S)(—asy“%& 9 gn_r(as,am; %) (4.3)
r=0 " ° q,S,mg,n

The summation ranges of q, S, mg, and n are the same as those in (3.36).

4.1.1. Asymptotic outage probability and diversity order

In communication theory, the diversity order has the physical interpretation of the number of
equivalent independent fading branches that contribute to the reliability gain. One way to define it
is through the high-SNR decay exponent of the outage probability. Specifically, for a fixed outage
threshold yy,, the exact outage expression in (4.2) gives Py (ym) = Fz(ym/p). Hence, as p — oo, the
argument yy, /o approaches zero, and the high-SNR outage behavior is determined by the near-origin
behavior of the CDF F(z). Therefore, the small-z expansion of F(z) yields the asymptotic outage
probability and the corresponding diversity order.

Corollary 4.1 (Asymptotic outage probability and diversity order). For a fixed outage threshold yy, >
0, define

(L- 1K
= ) 4.4
AT K -DIIE, o 59
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For K > L, also define the finite negative moment

pa = BIA™. 4.5)
Then, as p — oo, we have
Pou(ym) ~ Pii}t,mp(')’th,p), (4.6)
where p
I'(L-K
L = K) (7)™ K<L,
KT'(L) Io
L
P3Py 0) = €A Yl ool 22 K =1L 4.7
out (’)’th p) F(L+ 1) p Og )/th 9 ) ( )
L
HMA,-L Yth
: —1, K> L.
I'(L+1) ( Jol )
Consequently, the diversity order is
log P, log P2 (v,
42— lim 0g Pou(yn) — _lim gP.  (Ym-p) = min(K, L), 4.8)
p—00 logp p—00 logp

Proof. Let z = yw/p. From the fully expanded density in (3.26) or, equivalently, from the near-origin
behavior of the K-fold convolution defining f;, the first nonzero Taylor term of f4(a) at the origin is

fa(a) = cad® ' + 0(d), alo, (4.9)

and hence c
Fa(a) = EAaK + O™, alo. (4.10)

Let G, ~ Gamma(L, 1). For K < L, conditioning on G, and using E[GZK] =I'(L - K)/T'(L) gives

i)] B cal(L-K)
G, KT(L) ’
The exchange of the limit z | 0 and the expectation over G, is justified by dominated convergence.
Indeed, since Fa(x) = O(xX) as x | 0 and F4(x) < 1 for all x > 0, the ratio F4(x)/xX is bounded
on (0, o). Hence, for some constant C > 0, z7¥F,(z/G) < CG;X. Since E[G;*] < oo for K < L, the
required integrable domination follows.

For K > L, the negative moment E[A~] is finite. This follows from (4.9), because a™~fy(a) =
O(a®~'"1) is integrable at the origin when K > L, while A is supported on the bounded interval [0, oo,].
For completeness, substituting (3.26) into fomm a* fi(a)da gives

/JA,—L = Z Q(q’ Sa mS)Qp(q,S,ms)(o-Sa O-tot)»

q.Smg

Fz(z) = EGL[FA( “4.11)

where the summation ranges are those in (3.26), and

yp—L+1 B
DL+l *=0,
Qp(x’ y) = )4
Z (p)(—x)”‘”@n_L(x, y), x>0,
n=0 n

with
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n+1 n+1
y T s 77 * _la
O,(x.y) =4 1"
log()—;), n=-1
X

For § = @, the denominator p— L+ 1 is positive when K > L; for S # @, the lower limit is positive, and
the elementary antiderivatives above are finite. Since the gamma CDF satisfies Fg, (x) ~ x*/T(L + 1)
as x | 0, we have

Fi(2) = EA[FGLG)] R Li 1)E[A‘L]. (4.12)

Here, the exchange of the limit z | 0 and the expectation over A is justified by dominated convergence.
The bound Fg,(x) < x5/T(L + 1) for x > 0 gives z7%F,(z/A) < A™/T(L + 1). Since E[A™*] < oo for
K > L, the required integrable domination follows.

It remains to consider the boundary case K = L. In this case, the negative moment E[A™L] is
at the boundary of integrability. The leading logarithmic term comes from the near-origin part of
the region z < a < oy There, Fg,(z/a) ~ (z/a)*/T(L+ 1) and fy(a) ~ caa’™'. Hence, the
product Fg,(z/a)f1(a) is asymptotically proportional to z“a™!'. The leading logarithmic contribution
can be justified by bounding the gamma CDF near the origin. Specifically, the elementary bounds
wh/T(L + 1) = wE /(L + DI(L)) < Fg,(w) < wh/T(L + 1) show that the correction term contributes
only O(z%) after integration over z < a < 0. More precisely, we have

o L T
tot z CAZ tot da CA I 1
Fo (2 da ~ —A% aa@ log (-]
fz GL(a)fA(“) “ r(L+1)fz a TL+1)° Og(z)

The contribution from 0 < a < zis only O(z") and is therefore asymptotically smaller than z*log(1/z).
Indeed, it is bounded above by F,(z) = O(z"). Hence, for K = L, we have

CA L 1
Fz(z) ~ log{—]. 4.13
O~ F og(z) (4.13)
Substituting z = yu/p into (4.11)—(4.13) gives (4.7). In the balanced case, the factor log(o/ywm)
contributes only a loglogp + O(1) term to log Py. Since loglogp/logp — 0, this logarithmic factor
does not change the high-SNR decay exponent. Thus, the diversity order in (4.8) follows. O

Remark 4.2. This result shows that the diversity order of FD-STBC is limited by two structural
factors: The number of transmitters K, which determines how many independent fading components
are available, and the number of underlying O-STBC dimensions L, which determines how many
orthogonal virtual components can be resolved by the code. Consequently, the diversity order is
min(K, L).

4.2. Bit error rate

Consider an I x J rectangular QAM constellation with Gray mapping, where M = IJ. We assume
that 7 and J are powers of two and that the constellation is normalized to have the unit average symbol
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energy. From the general BER expression of an / X J rectangular QAM constellation [27, 34], the
average BER of the considered FD-STBC system can be written as

log, I log2
=Bz 1o (U)( Z Piu;Z) + ~ Z P, (v; Z)] (4.14)
2
where
(1-27%)I-1 R
_ , 32i + 1)%0Z
P, Z) = ; d)(l,u,l)erfc( Sy
(1-27")J-1 N
, 32/ + 1)2pZ
PviZ)= Y ®(iv.)erfc ﬁ) 4.15)
=0
and |
it TL |
cp(i,u,l):(_lﬂ 1 J(zu-l_ ! : +§|). (4.16)

Here, v = pZ has already been substituted into the conditional BER expression. By the linearity of
expectation, (4.14) is equivalently expressed as

1 1 logy I (1-27")1-1
log,(1J) | 1

Pb:

: 3Q2i + 1)*pZ
O, u, DE f _
(I,u )Z[erc[ )

=0 (4.17)

1 log, J (1-27")J-1
+7Z Z cb(j,v,J)EZ{erfc(

v=1 Jj=0

32j+ DpZ
Pr+Jr-2

Thus, the remaining channel-dependent term is the erfc expectation with respect to the exact
distribution of Z. We evaluate this expectation using the gamma-beta scale-mixture law derived
in Section 3. Specifically, the next lemma first evaluates the erfc average with respect to G, ~
Gamma(L, 1), and the subsequent theorem averages this conditional expression over the beta mixture
scale A.

Lemma 4.3. Let G, ~ Gamma(L, 1). Then, for x > 0, we have

20 t
W, (x) = E [erfe (xGy) —1—,/1”;( )(4(1+x)) (4.18)

Proof. We use the following integral representation of the complementary error function:

2 /2 y
erfc(+/y) = 7_rf exp | ————|d0, y>0. (4.19)
0

sin” 6

This identity follows by differentiating the right-hand side with respect to y, using u = cot#é, and
matching the value at y = 0. Therefore

slere (ViG] = 2 [ (14

Evaluating this integral gives (4.18), which is the standard maximal ratio combining (MRC) error
integral for L independent diversity branches [35-37]. O

-L
do. 4.20
sin’ 9) ( )
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Theorem 4.4 (Exact erfc expectation for randomized signatures). For Z defined in (2.7) and T > 0, we

have

E, [erfc ( \/T_Z)] = B,[¥.(7A)]. 4.21)
Proof. By Theorem 3.2, Z has the same distribution as AG,, where A and G, are independent.
Conditioning on A and applying Lemma 4.3 yield (4.21). O

We next express the remaining expectation in (4.21) as a finite-sum closed form. For an integer
n > 0, define

a+3/? 1 3 5
Tnela;7) = n+3/22F1 (€+§,n+§;n+§;—‘ra). 4.22)

By the standard Gauss hypergeometric integral identity [30, Sec. 3.194] (see also [31, Ch. 15]),
Jne(a; 7) is an antiderivative of a"*1/2(1 + ta)~“*1/2_ Also define

H,(a;7) = 45(2€)j" o(a; 1), (4.23)
and, for an integer p > 0
)4
I, =) (’; )(—b)ﬂ‘" [H,(: T) = Ho (b3 7). (4.24)
n=0

Theorem 4.5 (Fully expanded closed-form erfc expectation). For L > 2 and v > 0

By lerfe(ViZ)|= > > D Q@S me)Iqsmy(0siT). (4.25)

q€{0,...,L-2}K SCK mse M(S.q)

Therefore, the erfc expectation in the rectangular QAM BER expression is a finite sum of elementary
powers and Gauss hypergeometric functions, with no residual stochastic expectation or numerical
quadrature.

Proof. Substituting x = 7a into (4.18) gives

L-1
1(2¢
¥, (ta) = 1 — vra Z 47( p )(1 + 7a)y 1), (4.26)
=0

Hence H,(a; 7) is an antiderivative of a"W;(ra). Substituting the expanded density (3.26) into (4.21)
yields integrals over 0 < a < 0. Since, for each term, (a — Us)ﬁr’(q’s’mS) = 0 when a < og, these
integrals can be written as

Ey [erfe (VrZ Z Z Z Q(q, S, ms) f (a — o5)"ESMIY, (ra)da. (4.27)

For a fixed term, put b = o5 and p = p(q, S, mg). Then

p
(a-br=>y (’; )(—b)p_”a” (4.28)

n=0

over the interval b < a < 0. Since H,(a;7) is an antiderivative of @"¥;(ta), the integral in (4.27)
becomes 7 ,(b; 7). This gives (4.25). O
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Thus, for each QAM distance parameter

32i + 1)%p 327+ 1)%p
) (J)

(D _ , D , 4.29
R I S B ey (429
the corresponding expectation Egz[erfc( V7rZ)] in (4.17) is evaluated by (4.25). Consequently,
substituting these closed-form expectations into (4.17) gives the analytical BER expression.

4.2.1. Approximate BER expression

For high-SNR interpretation, we also consider a simplified BER expression based on the nearest-
neighbor approximation for rectangular QAM. This approximation retains only the dominant minimum
distance error terms and neglects error events associated with further constellation points. Applying
this approximation [34, Eq (23)] to (4.17) gives

1 (I-1 J-1 307
PPPION( ) + E, |erfe| /=22 ||.
o () logz(IJ)( i 7 ) Z[erc( T )

(4.30)

Therefore, the approximate BER requires only one evaluation of the closed-form erfc expectation
in (4.25). For M = 2 and M = 4, the exact BER expression in (4.17) contains only the minimum
distance error terms retained in (4.30), so the exact and approximate BER expressions coincide for all
SNRs. For higher-order modulations, the exact expression additionally contains error terms associated
with further constellation points. Neglecting these terms causes the approximation to deviate from the

exact BER, particularly at a low SNR and for larger modulation orders, consistent with the general
QAM BER analysis in [34].

5. Numerical experiments

We verify the derived closed-form expressions by comparing the corresponding analytical curves
with Monte Carlo simulation results across various parameter settings. The purpose of the numerical
experiments is not to introduce an additional approximation, but to verify that the mathematical
expressions for the PDF, CDF, outage probability, and BER reproduce the corresponding Monte Carlo
results. The agreement between the analytical curves and simulation results, therefore, supports the
gamma-—beta scale-mixture law as an exact description under the considered FD-STBC model.

All numerical experiments were performed in MATLAB. Independent complex unit-hyperspherical
signature vectors and fading coefficients were generated for each Monte Carlo realization. In the
BER simulations, these random quantities were regenerated independently for each transmitted O-
STBC block and held fixed over the block. The O-STBC codewords were those given in Examples 2.2
and 2.3 of Section 2.2. The PDF and outage probability experiments used 10° independent Monte Carlo
realizations for each parameter configuration, whereas the BER experiments used 10° information bits
at each SNR point for each parameter configuration. The PDF histograms were constructed using
equal-width bins and normalized to unit area. The figure-specific values of K, L, M, pyy, and yy, are
given in the corresponding figure captions and discussions.
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5.1. Validation of the analytical expressions

The fully expanded formulas in (3.35), (3.36), (4.3), (4.7), and (4.17) with (4.25) contain only finite
sums and standard special functions. Therefore, for fixed K, L, M, p, yu, and {0}, the analytical outage
probability and BER can be obtained by direct finite-sum evaluation without simulating R, h, or the
mixing variable A. The numerical experiments focus on practical cooperative group sizes. Since the
number of simultaneous cooperating nodes in distributed cooperative transmission is typically limited
by power consumption, scheduling overhead, and resource-sharing constraints, the selected values of
K correspond to operationally relevant FD-STBC scenarios. When the numerical plots use the total
network SNR po = Pot/Np as the horizontal axis, the analytical SNR is evaluated by the substitution
o = (T/N)py /K, consistent with the power normalization in Proposition 2.1. Unless otherwise stated,
we consider equal average channel powers, o, = 1 for all k. This symmetric setting isolates the effects
of the number of transmitters K, the number of virtual transmit dimensions L, and the modulation order
M, while the derived formulas themselves remain valid for arbitrary positive {o}.

First, Figure 1 validates the distributional characterization of the effective channel gain, which is
one of the central objectives of this paper, by comparing the exact PDF in (3.35) with the Monte
Carlo histograms of Z = |[Rh|[>. The comparison is performed for K € {2,3,4,5} and L € {2,3,4}.
In this experiment, the random signature vectors are generated by normalizing independent complex
Gaussian vectors, and the fading vector is generated as h ~ CN(0, X) with X = Ix. The close agreement
between the analytical curves and the histograms confirms that the derived PDF accurately captures the
distribution of the effective channel gain in the FD-STBC system.

Figures 2 and 3 validate the outage probability expression from two complementary viewpoints.
Since the outage probability is obtained directly from the CDF F(z), the analytical curves in both
figures are computed from the exact CDF-based outage expression in (4.3), whereas the simulation
markers are generated by Monte Carlo simulations. The two experiments differ only in the swept
variable: Figure 2 varies the total network SNR py = Piot/No, whereas Figure 3 varies the outage
threshold yy,. Following Proposition 2.1, the analytical SNR is p = (T'/N)pt/ K, so the post-combining
received SNR is y = pZ = po(T/N)Z/K. Thus, the outage event y < yy, is evaluated through the CDF
argument

Yo Kym

A4 /4 5.1
P (T /N)pior G-1)

Zth =
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Simulation histogram
= Derived PDF (3.35)
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Figure 1. Monte Carlo histograms and analytical PDFs of the effective channel gain Z =
IIRh|? for K € {2,3,4,5}, L €{2,3,4}, and o = 1 for all k.

Figure 2 shows the outage probability as a function of p, for the fixed threshold yy = 1,
corresponding to a 0-dB post-combining SNR threshold. This figure verifies both the exact outage
probability expression and the high-SNR diversity behavior. The solid curves represent the exact
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analytical outage probabilities in (4.3), while the dotted curves represent the asymptotic references
obtained from (4.7). The close agreement between the simulation markers and the exact analytical
curves confirms that the derived CDF-based outage probability expression accurately describes the
outage probability of the FD-STBC system. For comparison with the closest prior analytical result,
Figure 2(a) also includes the outage upper bound (UB) derived in [10, (16)] for the special case
K = L = 2. The upper bound lies above both the exact analytical curve and the Monte Carlo estimates,
highlighting the extension from the previous upper-bound characterization for K = L = 2 to the present
exact outage expression for an arbitrary K and L. Furthermore, the asymptotic curves show that the
high-SNR decay slopes are consistent with the predicted diversity order d = min(K, L) in (4.8). In
the balanced case K = L, the leading term contains a logarithmic correction of the form p~Xlogp or,
equivalently, o, Flog p up to constant factors under p = (T/N)py/K, which slows convergence to
the asymptotic slope. For this reason, the balanced-case asymptotic references are shown only in the
high-SNR region.

Symboi: Simulation
Solid line: Analysis i
Dotted line: Asymptotic ||
—_—K =2 =K=4 |
—K=3 =—=K=5 |

Z102 z
3 2
@ 3 \
o SR o R
210 °
o - - " @ Dy - e\ Q
&p Symbol: Simulation %010 &
= 4 Solid line: Analysis = X i
10" fDotted line: Asymptotic 1 O h \n 1
S ymp : 105 L& :
—K =2, UB [10] \EED ]
5 —_K =2 ) QX \‘\ D
—_K =4 3 ]
gl —K=5 7
10 : ‘ 10
0 5 10 15 20 25 30 0 5 10 15 20
Prot [dB] Prot [dB]
(@) L=2 (b) L=3

Figure 2. Outage probability versus total network SNR p = Pi/Ny for the received SNR
threshold yy, = 1, K € {2,3,4,5}, L € {2,3}, and o = 1 for all k. Symbols denote Monte
Carlo simulations and solid lines denote the exact CDF-based outage expression in (4.3). The
asymptotic references are obtained from (4.7) and illustrate the diversity order d = min(K, L).

Figure 3 fixes p,x = 10 dB and varies the received SNR threshold yy,. This threshold sweep
experiment directly traces the dependence of the outage probability on the CDF. Specifically, for a
fixed py, increasing yy moves the evaluation point zy, in (5.1), so the resulting outage curve follows
the shape of the CDF F,(z) under the corresponding scaling. The range vy, € [—10,20] dB or,
equivalently, 0.1 < yy < 100, covers a broad set of received SNR thresholds from lenient to stringent
reliability requirements. The agreement between simulation markers and analytical curves over this
range verifies that the derived CDF accurately captures the outage behavior not only along the SNR
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axis, but also across different reliability thresholds.
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Figure 3. Outage probability versus the received SNR threshold yy,, shown on a dB scale, at
a fixed total network SNR p,,, = 10 dB for K € {2,3,4,5}, L € {2,3}, and o, = 1 for all k.
Symbols denote Monte Carlo simulations and solid lines denote the exact CDF-based outage
expression evaluated at the scaled threshold Ky, /((T/N)pio)-

Finally, Figures 4 and 5 validate the derived BER expression for the complete FD-STBC
transmission model. Unlike the outage experiments, which are based solely on the random variable Z,
the BER simulation generates information symbols, hyperspherical signature vectors, wireless channel
coefficients, and AWGN samples and then applies the corresponding O-STBC combiner. Thus, the
Monte Carlo BER is obtained from an end-to-end FD-STBC transceiver simulation, independently
of the closed-form BER formula, and is computationally more demanding. For the SNR axis py =
Pt /Ny, all transmitters use the same time-averaged transmit power Py,/K. Equivalently, the rate-
N/T O-STBC power compensation gives the codeword-level scaling coefficient P, = (T /N)(Pyo/K).
Hence, the analytical BER is evaluated with the same SNR substitution p = P./Ny = (T /N)pw:/ K used
in the outage evaluation. The same normalization is used in the transceiver simulation.

Figures 4 and 5 correspond to L = 2 and L = 3, respectively. In each figure, the four subfigures show
modulation orders M € {2,4,8, 16}, and each subfigure compares K € {2,3,4,5}. The case M = 2
can be interpreted as binary phase-shift keying (BPSK), as in [9], while the other cases correspond
to rectangular QAM constellations. The solid curves are obtained from the exact BER expression
in (4.17), while the dotted curves are obtained from the approximate BER expression in (4.30). The
simulation markers closely match the analytical BER curves across all tested values of K, L, and M,
confirming that the derived distribution of Z accurately predicts the BER of the FD-STBC system. For
M =2 and M = 4, the approximate and exact BER expressions coincide. For M = 8 and M = 16, the
approximation slightly underestimates the exact BER, and this discrepancy becomes more pronounced
in the low-SNR region. At medium to high SNR, the approximate curves nearly overlap the exact
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curves, showing that the nearest-neighbor approximation captures the dominant error behavior in this

regime.
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Figure 4. BER versus total network SNR pyy = Pyt /Ny for L = 2, K € {2,3,4,5}, o = 1,
and modulation orders M € {2,4,8,16}. Symbols denote Monte Carlo simulations, solid
lines denote the exact analytical BER, and dotted lines denote the approximate BER.
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Figure 5. BER versus total network SNR oy = Py /Ny for L = 3, K € {2,3,4,5}, o = 1,
and modulation orders M € {2,4,8,16}. Symbols denote Monte Carlo simulations, solid
lines denote the exact analytical BER, and dotted lines denote the approximate BER.

5.2. Computational considerations

Beyond validating the analytical expressions, the numerical experiments also provide a basis for
comparing the term counts of the finite-sum formulas with the sample requirements of Monte Carlo
evaluations. For each parameter configuration, the PDF and outage probability experiments use 10°
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independent realizations and the BER experiments use 10° information bits at each SNR point. Thus,
an outage probability or BER on the order of 107 corresponds to an expected count on the order of
only 10% outage events or bit errors, illustrating the large sample requirement of rare-event Monte Carlo
evaluations. The computational effort per Monte Carlo realization also increases with K and L, since
each realization requires generating and processing K length-L signatures and the associated channel
coefficients and, for BER evaluation, simulating the corresponding O-STBC block.

Proposition 3.9 bounds the number of base and n-indexed terms in the expanded PDF by K(L —
1)Npase(K, L). For each base term, the finite sum defining 7 q.smg) in (4.24) contains at most K(L — 1)
terms, so the same term-count bound applies to each closed-form erfc expectation in (4.25). The
expanded CDF, and hence the outage probability expression, contains at most LK(L—1)Np,(K, L) such
terms. For M = 2 and M = 4, a single such erfc expectation suffices for the exact BER, whereas higher-
order modulations require additional expectations associated with far constellation points. Table 4
reports this upper bound for selected (K, L) pairs, showing that it remains comparatively modest for
smaller K and L but increases sharply as both K and L grow. These values are finite-sum term-count
bounds rather than arithmetic operation counts, since individual terms may involve special-function
evaluations. Direct deterministic evaluation can therefore be useful at small and moderate (K, L),
particularly for rare-event probabilities, high numerical accuracy, or repeated parameter evaluations,
because it avoids Monte Carlo sampling error, and its term count is independent of the target
probability. At larger K and L, however, the rapidly increasing finite-sum size can offset this advantage,
and Monte Carlo simulation or the convolution and quadrature alternative described in Section 3.4 may
become preferable.

Table 4. Representative values of the upper bound K(L — 1) Ny, (K, L) on the number of base
and n-indexed terms for selected values of K and L.

K=2 K=3 K=5 K =10
L=2 8 24 160 10,240
L=3 100 750 31,250 195,312,500
L=4 486 6,561 885,735 104,603,532,030

6. Conclusions

In this paper, we characterized the exact probability distribution of the squared norm of a sum of
complex-Gaussian-scaled hyperspherical random vectors, which arises as the effective channel gain
of FD-STBC with independent complex unit-hyperspherical signatures. By analyzing the effective

channel vector directly, we obtained the gamma-beta scale-mixture law Z 2 AG [, where the gamma
component is the squared norm of an isotropic complex Gaussian vector, and the compactly supported
mixing variable A is a weighted sum of independent beta random variables. This representation
yields deterministic formulas for both the associated distributional quantities and the performance
metrics of the FD-STBC application. Specifically, we derived a fully expanded density for the mixing
variable, finite-sum closed-form expressions for the PDF and CDF of the effective channel gain, its
exact Laplace transform, closed-form moments, and analytical expressions for outage probability and
BER. For small and moderate values of K and L, these formulas allow the corresponding quantities to
be evaluated directly using finite sums and standard special functions, without repeated Monte Carlo
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averaging over random signatures and fading coefficients. We further quantified the growth of the
finite expansions, clarified the regimes in which direct evaluation remains practical, and identified
a convolution and quadrature alternative. The high-SNR outage expansion further showed that the
diversity order is min(K, L). Numerical experiments validated the derived law and the resulting
analytical expressions by comparing the analytical PDF, CDF-based outage probability, high-SNR
diversity behavior, and BER with independent Monte Carlo simulations. Thus, the derived gamma—
beta scale-mixture law provides an exact distributional construction with direct computational value,
while FD-STBC serves as a concrete engineering application of the framework. These results provide
a distribution theoretic basis, validated by Monte Carlo simulations, for evaluating FD-STBC systems
with complex unit-hyperspherical signatures. The resulting framework may also serve as an analytical
basis for subsequent studies of FD-STBC, including generalized BRNs and distributed cooperative
satellite communication scenarios.
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