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1. Introduction

Fractional calculus has become an important mathematical tool for modeling physical systems
involving memory effects, hereditary properties, anomalous diffusion, and nonlocal interactions.
Unlike classical integer-order models, fractional differential equations provide a more realistic
representation of many engineering and scientific processes in which the current state of the system
depends on its previous history [1, 2]. Fractional calculus has very important applications in
electrical circuits, as practical electrical components present nonideal behaviors such as dielectric
polarization, thermal memory, electromagnetic hysteresis, anomalous charge transport, and dissipative
energy effects [3, 4]. These physical phenomena cannot be accurately modeled by classical
resistor–capacitor (RC) and resistor–inductor–capacitor (RLC) circuit models with only integer-order
derivatives. Therefore, fractional–order electrical circuits have received much attention in electrical
engineering, signal processing, electrochemical systems, viscoelastic electronics, and energy storage
devices [5–7]. Fractional derivatives are used in electrical circuit modeling to capture memory and
hereditary properties of various system components via nonlocal operators. Among the most popular
operators is the Liouville–Caputo fractional derivative because of its great ability to describe power
law memory behavior and relaxation phenomena [8]. Many works have been devoted to studying
the fractional RC, resistor-inductor (RL), and RLC circuits under different forcing conditions and
excitation sources based on this operator [9–11]. Valsa and Vlach [12] analyzed the transient response
of fractional electrical systems and their practical realizations. Fractional electrical models have also
been successfully applied to supercapacitors, dielectric materials, bioimpedance systems, and signal
filtering problems [13, 14].

Although the classical Caputo derivative has been extensively used in electrical engineering, several
generalized fractional operators with singular and nonsingular kernels have recently been proposed to
improve the modeling of memory-dependent physical systems. Caputo and Fabrizio introduced a
fractional derivative with an exponential nonsingular kernel in order to avoid the singularity associated
with the classical power law kernel [15]. Further mathematical properties and applications of this
operator were investigated in [16]. Then, Atangana and Baleanu introduced a generalized fractional
derivative with the Mittag–Leffler kernel, which provides a more flexible description of crossover
memory effects and anomalous relaxation dynamics [17]. Later, Atangana and Koca [18] introduced
another fractional operator generalized with the generalized Mittag-Leffler function. On the other hand,
Khalil et al. introduced the conformable derivative, which keeps some classical properties of ordinary
differentiation such as the product rule, quotient rule, and chain rule [19]. Jarad et al. have further
developed this idea by introducing fractional conformable operators that depend on two fractional
parameters (α, β) and that offer higher flexibility to describe multiscale memory effects in physical
systems [20]. Many fractional electrical models have analytical solutions closely related to the Mittag-
Leffler function, which is of fundamental importance for the description of fractional relaxation and
oscillatory processes [21].

In recent years, important advances have also been made in the analysis and simulation of fractional
electrical circuits. The transient responses, resonance behavior, damping characteristics, and stability
properties of fractional RC and RLC systems have been studied in the literature using several analytical,
numerical, and computational methods [22, 23]. However, most of the existing works do not consider
advanced control mechanisms or uncertainty analysis and focus on obtaining analytical solutions or
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comparing different fractional kernels. In practice, in electrical systems, there are uncertainties due
to parameter perturbations, manufacturing tolerances, thermal fluctuations, external disturbances, and
measurement errors. However, uncertainty quantification for generalized fractional electrical circuits
remains underexplored in the literature. Moreover, fractional-order control has been proved to work
efficiently in engineering systems and dynamical models [24] but fractional-order control, along with
generalized fractional RC and RLC circuit models with singular and nonsingular operators, has not
been studied sufficiently.

Fractional electrical circuits have received much attention due to their ability to model memory
and hereditary effects more accurately than classical integer-order models. Gómez-Aguilar et al. [25]
investigated fractional RC and inductor–capacitor (LC) electrical circuits and demonstrated the
relevance of fractional-order formulations for describing electrical responses with memory effects.
Morales-Delgado et al. [26] derived analytical solutions for electrical circuits described by fractional
conformable derivatives in the Liouville–Caputo sense. More recently, experimental studies by Lin
et al. [27] using the Caputo and Caputo–Fabrizio derivatives showed that fractional RC circuit models
provide improved characterization of nonlocal electrical dynamics and agreement with experimental
electrical behavior. Also, efficient numerical algorithms based on Fibonacci wavelets and Legendre
pseudospectral methods were developed for fractional RL, RC, and RLC circuits, demonstrating
their high accuracy and computational efficiency to solve fractional dynamical systems [28, 29].
Furthermore, nonlinear dynamical analysis revealed that coupled systems with memory and delay
effects could display complex bifurcation structures and rich dynamical behaviors [30]. Moreover,
electrical circuits described by fractional derivatives with singular and nonsingular kernels have been
widely investigated [31]. These developments motivate the present work to further investigate the
dynamics of fractional RC and RLC circuits with fractional-order control strategies and uncertainty
quantification to analyze robustness, frequency response, and energy dissipation under different
memory kernels.

More recently, fractional calculus has been applied more and more to the modeling of electrical
circuits. In advanced analytical studies, it has been shown that fractional order RC models offer more
flexibility and more accurate behavioral description than classical integer order formulations [32].
Fractional RL and RC circuits have also been solved accurately using semianalytical methods,
which have proven to be able to capture nonlocal electrical responses [33]. Recent computational
developments include the radial basis function neural network approach of Liu and Ding for solving
diffusion partial differential equations, with the potential of learning-assisted methods for differential
equation models [34]. Spectral uncertainty quantification methods have also been motivated by random
parameter perturbations. Duong and Lee applied polynomial chaos to a fractional-order PI control
system [35]. González–Parra et al. developed a generalized polynomial chaos (gPC) framework for
random fractional-order differential equations as an efficient alternative to Monte Carlo sampling [36].
Most recently, Jornet used gPC expansions and stochastic Galerkin projection for random fractional
Bateman equations, and provided mean and variance approximations validated against Monte Carlo
simulations [37]. These studies show the efficiency of polynomial-chaos techniques for the propagation
of uncertainty in fractional-order dynamical systems.

These observations motivate a unifying multikernel framework for fractional RC and RLC circuits
that combines fractional order control with uncertainty quantification. In this work, we consider
the Liouville–Caputo, Caputo–Fabrizio, Atangana–Baleanu–Caputo, Atangana–Koca–Caputo,
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conformable, and fractional-conformable operators. By means of Laplace transforms and generalized
Mittag–Leffler functions, analytical solutions for charging, discharging, and periodically excited
circuits are derived. Fractional–order control is presented to increase damping, reduce overshoot,
and speed up the convergence to equilibrium or bounded periodic regimes. Monte Carlo simulations
are used to quantify parameter uncertainty, including fractional parameters, damping coefficients,
oscillation frequencies and controller gains. Numerical results are then used to compare the fractional
operators and to evaluate the combined effects of memory, control, and uncertainty on the transient and
oscillatory dynamics of the circuit.

The remainder of the paper is organized as follows. Section 2 presents the mathematical
preliminaries and definitions of the fractional operators used in this work. Section 3 introduces the
generalized fractional RC and RLC circuit models together with the proposed fractional-order control
and uncertainty quantification framework. Section 4 presents the analytical solutions of the proposed
fractional circuit models. Section 5 is devoted to the results and discussion. Finally, concluding
remarks are presented in Section 6.

2. Mathematical preliminaries

In this section, the generalized fractional operators, special functions, fractional–order control
strategy, and uncertainty quantification framework required for the proposed electrical circuit models
are introduced. The considered operators involve both singular and nonsingular memory kernels and
provide a unified mathematical framework for modeling hereditary effects, anomalous relaxation, and
nonlocal electrical dynamics. In contrast to classical integer-order formulations, the present framework
incorporates memory-dependent dissipation, fractional damping behavior, and stochastic parameter
variability within controlled RC and RLC electrical systems.

2.1. Generalized fractional operators

Let ψ(τ) be sufficiently smooth on the interval [0,T ]. The generalized fractional electrical models
considered in this work are constructed using several fractional operators associated with different
memory kernels. Throughout this work, ϑ denotes the fractional order of the generalized Caputo,
Caputo–Fabrizio, Atangana–Baleanu, and Atangana–Koca operators. The fractional operators are
introduced here in their standard mathematical forms; dimensional consistency of their application to
the electrical circuit models is enforced subsequently through a characteristic time-scaling parameter
σ0 in the fractionalized circuit equations.

Definition 2.1. The generalized Caputo fractional derivative of order ϑ is defined by

GCDϑ
τψ(τ) =

1
Γ(m − ϑ)

∫ τ

0
(τ − ξ)m−ϑ−1ψ(m)(ξ) dξ, m − 1 < ϑ < m. (2.1)

Its Laplace transform is given by

L
{

GCDϑ
τψ(τ)

}
= sϑΨ(s) −

m−1∑
j=0

sϑ− j−1ψ( j)(0), (2.2)

where
Ψ(s) = L{ψ(τ)}.
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Definition 2.2. The Caputo–Fabrizio fractional derivative of order ϑ with an exponential nonsingular
kernel is defined by

CFDϑ
τψ(τ) =

N(ϑ)
1 − ϑ

∫ τ

0
ψ′(ξ) exp

(
−

ϑ

1 − ϑ
(τ − ξ)

)
dξ, 0 < ϑ < 1, (2.3)

where N(ϑ) is the normalization function satisfying

N(0) = N(1) = 1.

Its corresponding Laplace transform is

L
{

CFDϑ
τψ(τ)

}
=

N(ϑ)
(1 − ϑ)s + ϑ

[
sΨ(s) − ψ(0)

]
. (2.4)

Definition 2.3. The Atangana–Baleanu fractional derivative of order ϑ in the Caputo sense is
defined by

ABDϑ
τψ(τ) =

B(ϑ)
1 − ϑ

∫ τ

0
ψ′(ξ)Eϑ

(
−

ϑ

1 − ϑ
(τ − ξ)ϑ

)
dξ, 0 < ϑ < 1, (2.5)

where B(ϑ) is the normalization function satisfying

B(0) = B(1) = 1.

Its corresponding Laplace transform is

L
{

ABDϑ
τψ(τ)

}
=
B(ϑ)
1 − ϑ

sϑΨ(s) − sϑ−1ψ(0)

sϑ +
ϑ

1 − ϑ

. (2.6)

Definition 2.4. Let ψ ∈ H1(0,T ), and 0 < ϑ ≤ 1. The Atangana–Koca fractional derivative of order ϑ
in the Caputo sense is defined by

AKDϑ
τψ(τ) =

1
χ(ϑ)

∫ τ

0
ψ′(ξ)Eϑ

ϑ,ϑ

(
−χ(ϑ)(τ − ξ)ϑ

)
dξ, 0 < ϑ ≤ 1, (2.7)

where χ(ϑ) is a normalization function, and Eγ
α,β(z) denotes the three-parameter generalized

Mittag–Leffler function defined by

Eγ
α,β(z) =

∞∑
k=0

(γ)k

k!Γ(αk + β)
zk, (2.8)

with (γ)k = Γ(γ + k)/Γ(γ) denoting the Pochhammer symbol.

Definition 2.5. The generalized conformable derivative of order ρ ∈ (0, 1) is defined by

T ρ
τ ψ(τ) = lim

ε→0

ψ
(
τ + ετ1−ρ

)
− ψ(τ)

ε
, τ > 0. (2.9)

Definition 2.6. The fractional conformable derivative of orders ρ and σ in the Liouville–Caputo sense
is defined by

FCDρ,σ
τ ψ(τ) =

1
Γ(m − σ)

∫ τ

0

(
τρ − ξρ

ρ

)m−σ−1

T
mρ
ξ ψ(ξ)

dξ
ξ1−ρ , 0 < ρ ≤ 1, m−1 < σ < m. (2.10)
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The above operators represent different classes of memory kernels, including singular power law
kernels, exponential non-singular kernels, generalized Mittag–Leffler kernels, and local conformable
kernels. Throughout this work, ϑ denotes the fractional order of the generalized Caputo,
Caputo–Fabrizio, Atangana–Baleanu, and Atangana–Koca operators, whereas ρ and σ denote the
conformable and fractional orders, respectively, of the fractional conformable operator. These
operators provide different relaxation characteristics and damping behaviors for modeling hereditary
electrical systems and anomalous energy–dissipation processes.

2.2. Regularity and applicability of the memory kernels

The fractional operators employed in this work are characterized by kernels with distinct regularity
and memory-decay properties. For the Liouville–Caputo operator with 0 < ϑ < 1, the convolution
kernel is

KC
ϑ (τ) =

τ−ϑ

Γ(1 − ϑ)
.

Although KC
ϑ is singular at τ = 0, the singularity is integrable on every finite interval. Indeed,

KC
ϑ ∈ L1(0,T ),

∫ T

0

∣∣∣KC
ϑ (τ)

∣∣∣ dτ =
T 1−ϑ

Γ(2 − ϑ)
< ∞.

Therefore, if ψ ∈ AC[0,T ], then ψ′ ∈ L1(0,T ) and the Liouville–Caputo derivative, expressed as the
convolution of KC

ϑ with ψ′, is well–defined almost everywhere on (0,T ]. The weak singularity of the
kernel is thus compatible with the regularity assumed for the circuit state variables.

For the Caputo–Fabrizio operator, the kernel

KCF
ϑ (τ) =

N(ϑ)
1 − ϑ

exp
(
−

ϑ

1 − ϑ
τ

)
is nonsingular, continuous, and bounded on every finite interval for each fixed 0 < ϑ < 1, provided that
the normalization function N(ϑ) is finite. The corresponding memory therefore decays exponentially
with the elapsed time τ.

Similarly, the Atangana–Baleanu kernel

KAB
ϑ (τ) =

B(ϑ)
1 − ϑ

Eϑ

(
−

ϑ

1 − ϑ
τϑ

)
is nonsingular and continuous on finite intervals for fixed 0 < ϑ < 1, provided that B(ϑ) is finite and
positive. Because Eϑ(0) = 1, its value at the origin is finite, and no power law singularity occurs there.

For the generalized Atangana–Koca formulation considered here, the kernel

KAK
ϑ (τ) =

1
χ(ϑ)

Eϑ
ϑ,ϑ

(
−χ(ϑ)τϑ

)
is also nonsingular at the origin when χ(ϑ) is finite and nonzero. In particular,

KAK
ϑ (0) =

1
χ(ϑ)Γ(ϑ)

,
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which is finite for 0 < ϑ < 1. Hence, the Caputo–Fabrizio, Atangana–Baleanu, and Atangana–Koca
kernels define regular memory convolutions on finite time intervals under the regularity assumptions
adopted for the circuit variables.

The conformable operator has a different mathematical structure from the preceding operators. It is
local in time and does not contain an explicit history convolution. Consequently, its fractional behavior
arises through the local time-dependent scaling of the derivative rather than through a hereditary
memory kernel. The fractional-conformable operator used in this work combines conformable scaling
with a fractional integral structure and is well-defined whenever the weighted integral appearing in
Definition 2.6 exists and the corresponding conformable derivatives satisfy the required regularity
conditions.

Different kernel structures correspond to different types of temporal memory. The
Liouville–Caputo kernel describes long–range power law memory, the Caputo–Fabrizio kernel
describes exponential memory decay, and the Atangana–Baleanu and Atangana–Koca kernels are
nonsingular Mittag–Leffler-type kernels, whereas conformable operators describe local fractional
time scaling. These differences affect transient decay, oscillation amplitude, phase behavior, and
convergence in RC and RLC circuits. From an engineering perspective, kernel selection should
therefore reflect the experimentally observed relaxation and dissipation characteristics of the device.
In dielectric or supercapacitor applications, the appropriate formulation should preferably be identified
from charging/discharging data, relaxation tails, impedance or frequency-response measurements,
and agreement in amplitude and phase, rather than solely from visual comparison of time-domain
responses.

2.3. Mittag–Leffler functions

The Mittag–Leffler function plays a fundamental role in the analytical representation of fractional
relaxation and oscillatory electrical responses.

Definition 2.7. For µ, ν ∈ C satisfying

ℜ(µ) > 0, ℜ(ν) > 0,

the generalized Mittag–Leffler function is defined by

Eµ,ν(z) =
∞∑

k=0

zk

Γ(µk + ν)
. (2.11)

The one-parameter Mittag–Leffler function is obtained as

Eµ(z) = Eµ,1(z).

Its Laplace transform satisfies

L
{
τν−1Eµ,ν(aτµ)

}
=

sµ−ν

sµ − a
, ℜ(s) > |a|1/µ. (2.12)

2.4. Fractional-order PID controller

To improve the transient stability and damping behavior of the proposed electrical systems,
a fractional–order proportional–integral–derivative (PID) controller is incorporated into the
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mathematical models. The transfer function of the fractional-order controller is defined by

C(s) = Kp + Kis−λ + Kd sη, (2.13)

where Kp, Ki, and Kd represent the proportional, integral, and derivative gains, respectively, and
λ, η ∈ (0, 1] denote the fractional integral and derivative orders. The transfer function form provides
the general fractional controller representation; the specific time domain realization employed in the
numerical experiments is described in Section 5. The corresponding control signal is given by

U(τ) = Kpe(τ) + Ki 0I
λ
τe(τ) + Kd 0D

η
τe(τ), (2.14)

where
e(τ) = Vr(τ) − V(τ), (2.15)

corresponds to the tracking error between the reference signal Vr(τ) and the system response V(τ).
The inclusion of the fractional-order controller provides improved damping, suppression of oscillatory
amplitudes, reduction of overshoot, and faster convergence toward the equilibrium states.

2.5. Uncertainty quantification framework

To investigate the robustness of the proposed electrical systems under parameter variability,
uncertain electrical parameters are modeled probabilistically. The uncertain resistance, capacitance,
and inductance are represented as

R∗ = R̄(1 + εR), C∗ = C̄(1 + εC), L∗ = L̄(1 + εL), (2.16)

where
εR ∼ N(0, σ2

R), εC ∼ N(0, σ2
C), εL ∼ N(0, σ2

L),

are Gaussian random perturbations. Similarly, the uncertain fractional order is modeled as

ϑ∗ = ϑ̄ + σϑξϑ, ξϑ ∼ N(0, 1), (2.17)

where ϑ̄ denotes the nominal fractional order, and σϑ determines the magnitude of its uncertainty.
For Ns Monte Carlo realizations, the sample mean and sample variance of a stochastic response Y are
computed as

E[Y] =
1
Ns

Ns∑
j=1

Y j, (2.18)

and

Var(Y) =
1

Ns − 1

Ns∑
j=1

(
Y j − E[Y]

)2
. (2.19)

To characterize the dispersion of the Monte Carlo responses without assuming a symmetric response
distribution, percentile-based lower and upper uncertainty bounds are employed. Specifically,

Ylow = Prctilep1

(
Y1, . . . ,YNs

)
, Yhigh = Prctilep2

(
Y1, . . . ,YNs

)
, (2.20)

where p1 and p2 denote the selected lower and upper percentile levels, respectively. In the numerical
simulations, the corresponding percentile levels are chosen consistently with the uncertainty bands
reported for each experiment. The resulting percentile-based uncertainty bands provide quantitative
information regarding stochastic robustness and uncertainty propagation of the proposed controlled
fractional electrical systems under the considered parameter perturbations.
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3. Fractional electrical circuit models with control and uncertainty

In this section, generalized fractional RC and RLC electrical circuit models with fractional-order
control and uncertainty effects are formulated. The proposed models provide a unified mathematical
framework for analyzing memory-dependent damping, anomalous relaxation, oscillatory suppression,
and stochastic robustness in electrical systems.

3.1. Generalized fractional RC circuit

Consider a series RC electrical circuit consisting of a resistor R and a capacitor C connected to an
external voltage source E(τ). By Kirchhoff’s voltage law, the classical RC circuit is governed by

RC
dV(τ)

dτ
+ V(τ) = E(τ), (3.1)

where V(τ) denotes the capacitor voltage. To preserve dimensional consistency when replacing the
first-order time derivative by a fractional derivative of order ϑ, we introduce a characteristic time-
scaling parameter σ0, with dimensions of time, through

d
dτ
−→

1
σ 1−ϑ

0

D (K ,ϑ)
τ . (3.2)

Accordingly, the generalized fractional RC model can be written as

D (K ,ϑ)
τ V(τ) + κϑV(τ) = κϑE(τ), 0 < ϑ ≤ 1, (3.3)

where

κϑ =
σ 1−ϑ

0

RC
(3.4)

is the dimensionally consistent fractional relaxation coefficient. Because RC = T, and σ0 = T, it
follows that κϑ = T−ϑ, consistent with the fractional derivative of order ϑ. Moreover, for ϑ = 1,
the scaling factor becomes unity, and κ1 = 1/(RC), so the classical RC model is recovered. Here,
D (K ,ϑ)
τ denotes the generalized fractional operator associated with the selected memory kernel K . The

generalized Laplace domain representation of (3.3) is given by

[Kϑ(s) + κϑ] V̂(s) = Iϑ(s) + κϑÊ(s), (3.5)

where Kϑ(s) denotes the Laplace symbol of the selected fractional operator and Iϑ(s) contains the
initial condition contributions. The corresponding analytical solution is expressed as

V(τ) = V0Gϑ(τ) + κϑ

∫ τ

0
Gϑ(τ − ξ)E(ξ) dξ, (3.6)

where Gϑ(τ) denotes the relaxation kernel associated with the selected fractional operator. Its structure
determines the dynamics, including power law memory, exponential stabilization, Mittag–Leffler
crossover behavior, or localized conformable scaling.
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3.2. Controlled fractional RC circuit

To improve the transient performance of the fractional RC system, a fractional-order control input
is incorporated into the governing model. The controlled fractional RC circuit is written as

D (K ,ϑ)
τ V(τ) + κϑV(τ) +U(τ) = κϑE(τ), (3.7)

where the control signal is defined by

U(τ) = Kpe(τ) + Ki 0I
λ
τe(τ) + Kd 0D

η
τe(τ), (3.8)

with
e(τ) = Vr(τ) − V(τ). (3.9)

Taking the Laplace transform gives[
Kϑ(s) + κϑ + Kp + Kis−λ + Kd sη

]
V̂(s) = Iϑ(s) + κϑÊ(s) +

[
Kp + Kis−λ + Kd sη

]
V̂r(s). (3.10)

For zero reference input, the controlled transfer function becomes

Gc
RC(s) =

V̂(s)

Ê(s)
=

κϑ
Kϑ(s) + κϑ + Kp + Kis−λ + Kd sη

. (3.11)

The fractional-order controller improves damping behavior, suppresses oscillatory amplitudes, and
enhances asymptotic convergence of the electrical response.

3.3. Uncertain fractional RC circuit

To model stochastic variability arising from manufacturing tolerances, thermal fluctuations, and
environmental perturbations, the uncertain electrical parameters are introduced as

R∗ = R̄(1 + εR), C∗ = C̄(1 + εC), (3.12)

where
εR ∼ N(0, σ2

R), εC ∼ N(0, σ2
C).

The uncertain fractional order is represented by

ϑ∗ = ϑ̄ + σϑξϑ, ξϑ ∼ N(0, 1), (3.13)

where ϑ̄ denotes the nominal fractional order, and σϑ determines the magnitude of its uncertainty.
Consequently, the uncertain fractional relaxation coefficient becomes

κ∗ϑ∗ =
σ 1−ϑ∗

0

R∗C∗
, (3.14)

where σ0 is the same characteristic time-scaling parameter introduced in the deterministic fractional
RC model. The uncertain controlled RC model is therefore written as

D (K ,ϑ∗)
τ V∗(τ) + κ∗ϑ∗V

∗(τ) +U∗(τ) = κ∗ϑ∗E(τ). (3.15)
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3.4. Generalized fractional RLC circuit

Consider a series RLC electrical circuit consisting of a resistor R, an inductor L, and a capacitor C
connected to an external voltage source E(τ). The classical RLC circuit is governed by

L
d2Q(τ)

dτ2 + R
dQ(τ)

dτ
+

1
C

Q(τ) = E(τ), (3.16)

where Q(τ) denotes the capacitor charge. To preserve dimensional consistency in the fractional-order
formulation, the first- and second-order temporal derivatives are replaced according to

d
dτ
−→

1
σ 1−ϑ

0

D (K ,ϑ)
τ ,

d2

dτ2 −→
1

σ 2(1−ϑ)
0

D (K ,2ϑ)
τ , (3.17)

where σ0 is a characteristic time-scaling parameter with dimensions of time. Accordingly, the
generalized fractional RLC model is formulated as

D (K ,2ϑ)
τ Q(τ) + aϑD (K ,ϑ)

τ Q(τ) + bϑQ(τ) = bϑCE(τ), (3.18)

where

aϑ =
R

L
σ 1−ϑ

0 , bϑ =
σ 2(1−ϑ)

0

LC
. (3.19)

Because R/L = T−1, LC = T2, and σ0 = T, the coefficients aϑ and bϑ have dimensions T−ϑ and
T−2ϑ, respectively. For ϑ = 1, the scaling factors reduce automatically to unity, giving a1 = R/L and
b1 = 1/(LC), and hence recovering the classical RLC formulation. The corresponding Laplace domain
representation is

[K2ϑ(s) + aϑKϑ(s) + bϑ] Q̂(s) = Jϑ(s) + bϑCÊ(s), (3.20)

where Jϑ(s) contains the initial condition contributions. The proposed generalized fractional
RLC framework captures memory-dependent oscillatory behavior, anomalous damping mechanisms,
fractional relaxation effects, and hereditary energy dissipation dynamics. Accordingly, the uncertain
fractional coefficients are defined as

a∗ϑ∗ =
R∗

L∗
σ 1−ϑ∗

0 , b∗ϑ∗ =
σ 2(1−ϑ∗)

0

L∗C∗
. (3.21)

These coefficients account for both the uncertain electrical parameters and the uncertain fractional
order while preserving dimensional consistency. The resulting uncertain controlled fractional RLC
system is written as

D (K ,2ϑ∗)
τ Q∗(τ) + a∗ϑ∗D

(K ,ϑ∗)
τ Q∗(τ) + b∗ϑ∗Q

∗(τ) +U∗Q(τ) = b∗ϑ∗C
∗E(τ). (3.22)

The generalized fractional electrical models exhibit distinct dynamics depending on the memory kernel
and fractional order. Lower fractional orders enhance hereditary effects and slow relaxation; singular
power law kernels produce long-tail memory, and nonsingular kernels yield smoother stabilization.
Fractional-order control improves damping, reduces oscillations, and enhances transient stability in
RC and RLC systems. The uncertainty framework further quantifies stochastic robustness to parameter
perturbations through mean responses and uncertainty bands.
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3.5. Stability, damping, and frequency response characteristics

The stability and dynamical behavior of the fractional RC and RLC models can be characterized
through their Laplace domain operators. For the generalized RC circuit, the characteristic relation is

Kϑ(s) + κϑ = 0, (3.23)

where Kϑ(s) denotes the Laplace symbol of the selected fractional operator. For the Liouville–Caputo
case, Kϑ(s) = sϑ, and the homogeneous response is proportional to Eϑ(−κϑτϑ). For 0 < ϑ ≤ 1 and
κϑ > 0, this response decays asymptotically. For ϑ < 1, the Mittag–Leffler relaxation exhibits a longer
memory tail than the exponential relaxation recovered at ϑ = 1. For the Liouville–Caputo RLC model,
the modal behavior follows from the characteristic equation derived in the analytical solution. The
transformed roots determine whether the response is oscillatory or nonoscillatory, whereas asymptotic
stability of the corresponding commensurate fractional system is governed by

∣∣∣arg(λ j)
∣∣∣ > ϑπ

2
, (3.24)

where λ j denotes a modal eigenvalue. This condition is the fractional counterpart of the classical
left-half-plane stability criterion. Thus, the fractional order together with the coefficients aϑ and bϑ
determines the decay and oscillatory characteristics of the RLC response. The frequency response
further reveals the influence of the memory kernel. For harmonic excitation of angular frequency ω,
the generalized RC and RLC frequency response functions can be written as

GRC(iω) =
κϑ

Kϑ(iω) + κϑ
, GRLC(iω) =

bϑC
K2ϑ(iω) + aϑKϑ(iω) + bϑ

. (3.25)

The corresponding amplitude and phase responses are determined by |G(iω)| and arg G(iω),
respectively. Because Kϑ(iω) depends on the selected fractional operator, different memory
kernels produce different attenuation and phase characteristics under periodic excitation. For the
Liouville–Caputo operator

(iω)ϑ = ωϑ exp
(
i
πϑ

2

)
,

which explicitly demonstrates the dependence of the frequency response on the fractional order, the
classical integer-order models are recovered at ϑ = 1, for which K1(s) = s, and K2(s) = s2. The RC
circuit then exhibits the usual exponential relaxation, whereas the classical RLC circuit has

ωn =
1
√
LC

, ζ =
R

2

√
C

L
,

where ωn and ζ are the natural frequency and damping ratio, respectively. For ϑ < 1, the fractional
order and memory kernel introduce additional frequency-dependent attenuation, phase shift, and
nonexponential relaxation. The integer-order model therefore provides a reference for quantifying
the memory-dependent changes in damping, relaxation, and oscillatory behavior.
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4. Analytical solutions of the proposed fractional circuit models

In this section, analytical solutions of the proposed generalized fractional RC and RLC circuit
models are derived. The Laplace transform method, convolution theorem, Mittag–Leffler functions,
and transfer-function representations are employed to obtain explicit solution formulas under constant
and periodic excitations. The effects of fractional–order control and uncertainty propagation are also
incorporated into the analytical framework. Before deriving the operator-specific solutions, we note
the basic well-posedness of the analytical representations used below. For ℜ(µ) > 0, the generalized
Mittag–Leffler function

Eµ,ν(z) =
∞∑

k=0

zk

Γ(µk + ν)

is an entire function of z, and therefore, its defining series converges absolutely for every finite z.
Consequently, the Mittag–Leffler kernels appearing in the RC and RLC solutions are continuous on
finite time intervals, apart from the integrable weak singularities explicitly associated with the Caputo-
type kernels. For continuous forcing and admissible initial data, the resulting convolution integrals are
therefore well–defined. Moreover, the Laplace domain solution has the generic form

Ŷ(s) =
I(s) + F (s)
∆(s)

,

where ∆(s) is the characteristic function of the selected fractional operator. Whenever ∆(s) has
no zeros in the admissible Laplace half-plane, inversion of the Laplace transform yields a unique
solution. Indeed, the difference of any two solutions satisfying the same initial data has a vanishing
Laplace transform and therefore vanishes identically. These properties justify the Mittag–Leffler and
convolution representations used in the following analytical derivations.

4.1. Analytical solution of the fractional RC circuit

Consider the generalized fractional RC circuit

D (K ,ϑ)
τ V(τ) + κϑV(τ) = κϑE(τ), 0 < ϑ ≤ 1, (4.1)

with initial condition
V(0) = V0, (4.2)

where

κϑ =
σ 1−ϑ

0

RC
(4.3)

is the dimensionally consistent fractional relaxation coefficient, with σ0 denoting the characteristic
time-scaling parameter introduced previously. Because [σ0] = time, and [RC] = time, it follows that
[κϑ] = time−ϑ, which is consistent with the fractional derivative of order ϑ. Moreover, for ϑ = 1, the
classical relaxation coefficient κ1 = 1/(RC) is recovered automatically. Applying the Laplace transform
to (4.1) gives

[Kϑ(s) + κϑ] V̂(s) = Iϑ(s) + κϑÊ(s), (4.4)

where Kϑ(s) denotes the Laplace symbol of the selected fractional operator, and Iϑ(s) contains the
initial condition terms.
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4.1.1. Nonsingular memory kernels

For nonsingular memory kernels such as the Caputo–Fabrizio, Atangana–Baleanu, and
Atangana–Koca operators, the analytical solutions retain a generalized convolution structure, and
the corresponding relaxation behavior is determined by the Laplace symbol of the selected fractional
operator. The dimensionally consistent fractional relaxation coefficient is

κϑ =
σ 1−ϑ

0

RC
, (4.5)

where σ0 is the characteristic time-scaling parameter introduced previously.
For the Caputo–Fabrizio operator, define

ACF = N(ϑ) + κϑ(1 − ϑ), λCF =
ϑκϑ
ACF

. (4.6)

The corresponding relaxation kernel is

GCF
ϑ (τ) =

N(ϑ)
ACF

exp (−λCFτ) . (4.7)

Hence, for constant excitation E(τ) = E0, the response can be represented as

VCF(τ) = V0G
CF
ϑ (τ) + κϑE0

∫ τ

0
GCF
ϑ (τ − ξ) dξ. (4.8)

For the periodic excitation E(τ) = E0 sin(ωτ), the Caputo–Fabrizio response is explicitly written as

VCF(τ) =
N(ϑ)
ACF

V0e−λCFτ +
κϑ(1 − ϑ)

ACF
E0 sin(ωτ)

+
κϑϑN(ϑ)

A2
CF

E0

∫ τ

0
e−λCF(τ−ξ) sin(ωξ) dξ. (4.9)

Thus, the periodic response consists of a decaying initial condition contribution, a direct forcing
contribution, and an exponentially weighted convolution term representing the nonsingular memory
effect.

Similarly, for the Atangana–Baleanu operator, define

AAB = B(ϑ) + κϑ(1 − ϑ), λAB =
ϑκϑ
AAB

. (4.10)

The corresponding relaxation kernel is

GAB
ϑ (τ) =

B(ϑ)
AAB

Eϑ

(
−λABτ

ϑ
)
. (4.11)

For constant excitation E(τ) = E0, the response is represented as

VAB(τ) = V0G
AB
ϑ (τ) + κϑE0

∫ τ

0
GAB
ϑ (τ − ξ) dξ. (4.12)
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For the periodic excitation E(τ) = E0 sin(ωτ), the Atangana–Baleanu response is explicitly given by

VAB(τ) =
B(ϑ)
AAB

V0Eϑ

(
−λABτ

ϑ
)
+
κϑ(1 − ϑ)

AAB
E0 sin(ωτ)

+
κϑϑB(ϑ)

A2
AB

E0

∫ τ

0
(τ − ξ)ϑ−1Eϑ,ϑ

(
−λAB(τ − ξ)ϑ

)
sin(ωξ) dξ. (4.13)

The last integral represents the convolution of the periodic forcing with the Mittag–Leffler memory
kernel. For the Atangana–Koca operator, introduce the generalized Mittag–Leffler kernel

Φϑ(τ) = Eϑ
ϑ,ϑ

(
−χ(ϑ)τϑ

)
. (4.14)

Using the series definition of the three-parameter, generalized Mittag–Leffler function and applying
the Laplace transform term by term gives

Φ̂ϑ(s) =
∞∑

k=0

(ϑ)k[−χ(ϑ)]kΓ(ϑk + 1)
k!Γ(ϑk + ϑ)

s−(ϑk+1). (4.15)

Consequently, the Laplace transform of the Atangana–Koca derivative defined in (2.7) is

L
{

AKDϑ
τψ(τ)

}
=
Φ̂ϑ(s)
χ(ϑ)

[
sΨ(s) − ψ(0)

]
. (4.16)

Therefore, the Laplace domain symbol associated with the Atangana–Koca operator is

KAK
ϑ (s) =

s Φ̂ϑ(s)
χ(ϑ)

, (4.17)

with the corresponding initial condition contribution

IAK
ϑ (s) =

V0Φ̂ϑ(s)
χ(ϑ)

. (4.18)

Substitution into (4.4) yields

V̂AK(s) = V0
Φ̂ϑ(s)

sΦ̂ϑ(s) + κϑχ(ϑ)
+ κϑ

χ(ϑ)

sΦ̂ϑ(s) + κϑχ(ϑ)
Ê(s). (4.19)

Accordingly, the Atangana–Koca relaxation kernel is

GAK
ϑ (τ) = L−1

 Φ̂ϑ(s)

sΦ̂ϑ(s) + κϑχ(ϑ)

 (τ), (4.20)

and the corresponding forcing kernel is

HAK
ϑ (τ) = L−1

 χ(ϑ)

sΦ̂ϑ(s) + κϑχ(ϑ)

 (τ). (4.21)

Thus, for the periodic excitation E(τ) = E0 sin(ωτ), the Atangana–Koca response is

VAK(τ) = V0G
AK
ϑ (τ) + κϑE0

∫ τ

0
HAK

ϑ (τ − ξ) sin(ωξ) dξ. (4.22)

This formulation explicitly identifies the Laplace domain symbol, relaxation kernel, forcing kernel,
and periodic convolution structure of the Atangana–Koca model and is consistent with the generalized
Mittag–Leffler kernel adopted in Definition 2.4.
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4.2. Controlled fractional RC circuit

The controlled fractional RC circuit is governed by

D (K ,ϑ)
τ V(τ) + κϑV(τ) +U(τ) = κϑE(τ), (4.23)

where

κϑ =
σ 1−ϑ

0

RC
(4.24)

is the dimensionally consistent fractional relaxation coefficient introduced previously, and the control
signal is defined by

U(τ) = Kpe(τ) + Ki 0I
λ
τe(τ) + Kd 0D

η
τe(τ), (4.25)

with
e(τ) = Vr(τ) − V(τ).

Taking the Laplace transform yields[
Kϑ(s) + κϑ + Kp + Kis−λ + Kd sη

]
V̂(s) = Iϑ(s) + κϑÊ(s) +

[
Kp + Kis−λ + Kd sη

]
V̂r(s). (4.26)

For zero reference input, the transfer function becomes

Gc
RC(s) =

V̂(s)

Ê(s)
=

κϑ
Kϑ(s) + κϑ + Kp + Kis−λ + Kd sη

. (4.27)

The fractional-order controller significantly improves damping behavior, suppresses oscillatory
amplitudes, and accelerates convergence toward equilibrium states.

4.3. Analytical solution of the fractional RLC circuit

The generalized fractional RLC circuit is modeled by

D (K ,2ϑ)
τ Q(τ) + aϑD (K ,ϑ)

τ Q(τ) + bϑQ(τ) = bϑCE(τ), (4.28)

where

aϑ =
R

L
σ 1−ϑ

0 , bϑ =
σ 2(1−ϑ)

0

LC
. (4.29)

Here, σ0 is the characteristic time-scaling parameter introduced previously to preserve dimensional
consistency in the fractional-order formulation. Accordingly, aϑ and bϑ have dimensions of time−ϑ and
time−2ϑ, respectively. Moreover, for ϑ = 1, the classical coefficients a1 = R/L and b1 = 1/(LC) are
recovered automatically. Applying the Laplace transform gives

Q̂(s) =
Jϑ(s) + bϑCÊ(s)

K2ϑ(s) + aϑKϑ(s) + bϑ
, (4.30)

where Jϑ(s) contains the initial condition contributions. For the Caputo kernel,

Kϑ(s) = sϑ, K2ϑ(s) = s2ϑ,
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the homogeneous solution is

Qh(τ) = C1Eϑ

(
z1τ

ϑ
)
+C2Eϑ

(
z2τ

ϑ
)
, (4.31)

and the periodic forced response is represented by

Qp(τ) = bϑCE0

∫ τ

0
GRLC(ξ) sin (ω(τ − ξ)) dξ, (4.32)

where

GRLC(τ) = L−1
{

1
s2ϑ + aϑsϑ + bϑ

}
(4.33)

denotes the fractional impulse response. The resulting analytical solutions capture memory-dependent
oscillatory dynamics, anomalous damping behavior, and hereditary energy dissipation mechanisms in
fractional RLC systems.

4.4. Controlled fractional RLC circuit

The controlled fractional RLC system is written as

D (K ,2ϑ)
τ Q(τ) + aϑD (K ,ϑ)

τ Q(τ) + bϑQ(τ) +UQ(τ) = bϑCE(τ), (4.34)

where the dimensionally consistent fractional coefficients are

aϑ =
R

L
σ 1−ϑ

0 , bϑ =
σ 2(1−ϑ)

0

LC
, (4.35)

with σ0 denoting the characteristic time-scaling parameter introduced previously. Accordingly, aϑ and
bϑ have dimensions of time−ϑ and time−2ϑ, respectively. For ϑ = 1, the classical coefficients a1 = R/L

and b1 = 1/(LC) are recovered automatically. The control signal is defined by

UQ(τ) = KpeQ(τ) + Ki 0I
λ
τeQ(τ) + Kd 0D

η
τeQ(τ), (4.36)

with

eQ(τ) = Qr(τ) − Q(τ). (4.37)

For zero reference input, the transfer function becomes

Gc
RLC(s) =

bϑC
K2ϑ(s) + aϑKϑ(s) + bϑ + Kp + Kis−λ + Kd sη

. (4.38)

The fractional-order controller improves transient stability, suppresses oscillatory responses, and
enhances damping efficiency in the fractional RLC system.
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4.5. Uncertainty propagation

Let
Θ =

(
R,C,L, ϑ,Kp,Ki,Kd

)
(4.39)

denote the uncertain parameter vector. The stochastic system response is represented by

Y(τ,Θ) =

V(τ,Θ), for RC circuits,
Q(τ,Θ), for RLC circuits.

(4.40)

The present uncertainty analysis considers Gaussian-distributed parameter perturbations as a controlled
stochastic model of component and model variability. These perturbations should not be interpreted
as a complete representation of practical circuit disturbances. In physical circuits, manufacturing
tolerances may follow bounded non-Gaussian distributions, thermal effects may introduce slowly time-
varying parameter drift, and electromagnetic interference may generate impulsive disturbances. For Ns

Monte Carlo realizations, the corresponding responses are

Y j(τ) = Y(τ,Θ j), j = 1, 2, . . . ,Ns. (4.41)

The sample mean and variance are computed by

E[Y(τ)] =
1
Ns

Ns∑
j=1

Y j(τ), (4.42)

and

Var[Y(τ)] =
1

Ns − 1

Ns∑
j=1

[
Y j(τ) − E[Y(τ)]

]2
. (4.43)

To characterize the dispersion of the Monte Carlo responses without assuming a symmetric response
distribution, the lower and upper percentile-based uncertainty bounds are defined as

Ylow(τ) = Prctilep1

(
Y1(τ), . . . ,YNs(τ)

)
, (4.44)

Yhigh(τ) = Prctilep2

(
Y1(τ), . . . ,YNs(τ)

)
, (4.45)

where p1 and p2 denote the selected lower and upper percentile levels, respectively. The percentile
levels are chosen consistently with the uncertainty bands reported in the corresponding numerical
experiments. The resulting percentile-based uncertainty bands provide quantitative information
regarding stochastic robustness and uncertainty propagation of the proposed controlled fractional
electrical systems under the considered parameter perturbations.

5. Results and discussion

In this section, we perform numerical simulations to explore the dynamical behavior of the proposed
fractional RC and RLC electrical circuit models under different fractional operators, fractional-
order control strategies, and uncertainty quantification settings. The results demonstrate the effects
of fractional memory, stochastic perturbations and control parameters on transient and oscillatory
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responses of the studied electrical systems. Numerical computation of the Mittag–Leffler functions
is carried out, and uncertainty propagation is studied by Monte Carlo simulations. The main numerical
parameters, fractional-order controller parameters, levels of uncertainty, Monte Carlo sample sizes,
percentile intervals, and random-number seeds used in Figures 1–6 are summarized in Table 1 for
reproducibility.

Table 1. Numerical, control, and uncertainty settings used in the simulations shown in
Figures 1–6.

Figure Numerical setup Fractional/operator parameters Controller parameters Uncertainty quantification

1
t ∈ [0, 6]
Nt = 800

ϑ = (0.98, 0.96, 0.94, 0.92)
β = (0.97, 0.95, 0.96, 0.95)

τa = 1

Kp = 0.45, Ki = 0.35
λc = 0.85, Kd = 0

Ns = 400
σϑ = 0.020, στ = 0.075
σKp = 0.080, σKi = 0.060

10–90% band; seeds 101–104

2
t ∈ [0, 6]
Nt = 800

ϑ = (0.98, 0.96, 0.94, 0.92)
β = (0.97, 0.95, 0.96, 0.95)

τa = 1

Kp = 0.45, Ki = 0.35
λc = 0.85, Kd = 0

Ns = 400
σϑ = 0.020, στ = 0.075
σKp = 0.080, σKi = 0.060

10–90% band; seeds 201–204

3
t ∈ [0, 32]
Nt = 4000

ϑ = (0.98, 0.96, 0.94, 0.92)
β = (0.97, 0.98, 0.93, 0.95)

Atr = 0.36, Ass = 0.09
Ω = π

Kp = 0.35, Ki = 0.25
λc = 0.85, Kd = 0

Ns = 400
σϑ = 0.020, σd = 0.070
σKp = 0.060, σKi = 0.050

10–90% band; seeds 301–304

4
t ∈ [0, 15]
Nt = 2500

ϑ = (0.92, 0.96, 0.94, 0.98)
β = (0.95, 0.98, 0.97, 0.97)

A = 4.2, Qss = 1

Kp = 0.80, Ki = 0.65
λc = 0.85, Kd = 0

Ns = 300
σϑ = 0.030, σd = 0.120
σω = 0.080, σKp = 0.150

5–95% band; seeds 401–404

5
t ∈ [0, 15]
Nt = 2500

ϑ = (0.98, 0.96, 0.94, 0.92)
β = (0.97, 0.98, 0.97, 0.95)

A0 = 5.0, Aper = 0.22
ω = 2.88, Ω = 2.82

Kp = 0.80, Ki = 0.65
λc = 0.85, Kd = 0

Ns = 300
σϑ = 0.030, σd = 0.120
σω = 0.080, σA = 0.100

σKp = 0.150
5–95% band; seeds 501–504

6(a)
t ∈ [0, 100]
Nt = 2500

Vmax = 7.5, τ = 10

ϑC = 0.970, ϑAB = 0.985
ϑAK = 0.992

FC: (0.975, 0.985)
CF: 1.08τ

Kp = 0.12, Ki = 0.04
λc = 0.85, Kd = 0

Ns = 200
στ = 0.015, σKp = 0.015
25–75% band; seed 600

6(b)
t ∈ [0, 100]
Nt = 2500

Vmax = 7.5, τ = 10

ϑC = 0.975, ϑAB = 0.988
ϑAK = 0.993

FC: (0.980, 0.990)
CF: 1.06τ

Kp = 0.12, Ki = 0.04
λc = 0.85, Kd = 0

Ns = 200
στ = 0.015, σKp = 0.015
25–75% band; seed 700

In the numerical experiments reported, the controller is implemented as a fractional PI controller,
and thus, the derivative gain is set to Kd = 0. In the numerical implementations, the time-dependent
control strength is defined as

C(τ) = Kp +
Kiτ

λc

Γ(λc + 1)
. (5.1)

To clarify the relation between the transfer-function representation introduced in Section 2 and the
numerical implementation, setting Kd = 0 gives the fractional PI controller

CPI(s) = Kp + Kis−λc . (5.2)
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Using

L−1{s−λc} =
τλc−1

Γ(λc)
, 0Iλc

τ 1 =
τλc

Γ(λc + 1)
, (5.3)

the normalized time domain realization of the fractional integral term leads directly to the control
strength function defined in (5.1). Thus, Eq (5.1) is not an independent controller; it is the time
domain fractional PI control strength realization adopted for the numerical modulation. In particular,
the simulations do not numerically evaluate a separate tracking error history integral. Instead, C(τ) is
evaluated pointwise at every time step and inserted directly into the controlled analytical response. For
Figures 1 and 2, C(τ) modifies the effective fractional relaxation rate through the factor 1 + C(τ). For
Figure 3, it modifies the effective damping and steady periodic amplitude according to

dc(τ) = d + 0.06C(τ), Ass,c(τ) =
Ass

1 + 1.10C(τ)
. (5.4)

For Figure 4, the controlled parameters are

dc(τ) = d + 0.18C(τ), ωc(τ) =
ω

1 + 0.08C(τ)
, Ac(τ) =

A
1 + 0.45C(τ)

. (5.5)

For Figure 5, the implementation is

dc(τ) = d + 0.18C(τ), ωc(τ) =
ω

1 + 0.06C(τ)
, (5.6)

together with

A0,c(τ) =
A0

1 + 0.35C(τ)
, Aosc,c(τ) =

Aosc

1 + 0.60C(τ)
. (5.7)

For Figure 6, C(τ) modifies the effective RC relaxation time as

τc(τ) =
τ0

1 + 0.08C(τ)
. (5.8)

The controlled trajectories are subsequently evaluated using these time-dependent effective parameters.
In the Monte Carlo calculations, the uncertain model and controller parameters are sampled first,
the realization-specific control strength Cm(τ) is recomputed, and the same controlled response
relations are then applied to each realization. This procedure is the implementation used to generate
Figures 1–6. The controller parameters reported in Table 1 are selected through numerical tuning to
improve transient damping and convergence while maintaining stable and smooth controlled responses.
The same parameter sets are retained within each corresponding numerical experiment to ensure
a consistent comparison between the uncontrolled and controlled responses. For Figures 1 and 2,
the sampled fractional order is restricted to 0.85 ≤ ϑ∗ ≤ 1, and the sampled relaxation parameter
is restricted to 0.65 ≤ τ∗a ≤ 1.35. For Figures 3–5, similar bounds are imposed on the sampled
fractional orders and the reduced damping, frequency and amplitude parameters to avoid nonphysical
realizations. The Mittag–Leffler functions are computed with truncated series with a termination
tolerance of 10−12, using at most 250 terms for Figures 1 and 2 and at most 300 terms for Figure 6. The
characteristic dimensional scaling parameter is fixed to be σ0 = 1 in all the numerical experiments.
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The voltage response of the generalized fractional RC circuit under constant excitation with R =
1Ω, C = 10 F, E = 5 V, V(0) = 10 V, and σ0 = 1 is shown in Figure 1. The normalization σ0 = 1 is
used throughout the simulations, with

τa = 1, λCF =
ϑτa

1 + τa − ϑτa
, λAB =

ϑτa

1 + τa(1 − ϑ)
,

λAK = ϑ, λFC = ϑ
−β, β = 1,

for the conformable case. All solutions approach the steady state V(τ) = 5, and decreasing ϑ from 0.98
to 0.92 slows relaxation and enhances memory effects. The controller improves convergence, with final
controlled responses of 5.006261, 5.013115, 5.020584, and 5.028643 for cases (a)–(d), respectively,
compared with larger deviations in the uncontrolled responses. The maximum uncertainty band
widths remain between 0.351665 and 0.404410, indicating bounded stochastic variability. Using
the 2% settling criterion, the controller reduces Ts from 4.4531 to 2.0576 in case (a) and from 5.1665
to 2.2829 in case (b), corresponding to reductions of 53.79% and 55.81%. In cases (c) and (d), the
uncontrolled responses do not settle within the simulated interval, whereas the controlled responses
settle at τ = 2.5607 and 2.8911. The steady-state error is reduced by 79.05%–84.84%, with no
overshoot beyond the equilibrium.

0 1 2 3 4 5 6

=

5

6

7

8

9

10

V
(=
)

(a)

Uncertainty band

V (=)Caputo; # = 0:98

V (=)CF; # = 0:98

V (=)AB; # = 0:98

V (=)AK; # = 0:98

V (=)FC; ; = 0:98; < = 0:97

V (=)Conf ; ; = 0:98

V (=)Classical; # = 1

V (=)Controlled
V (=)MC mean

0 1 2 3 4 5 6

=

5

6

7

8

9

10

V
(=
)

(b)

Uncertainty band

V (=)Caputo; # = 0:96

V (=)CF; # = 0:96

V (=)AB; # = 0:96

V (=)AK; # = 0:96

V (=)FC; ; = 0:96; < = 0:95

V (=)Conf ; ; = 0:96

V (=)Classical; # = 1

V (=)Controlled
V (=)MC mean

0 1 2 3 4 5 6

=

5

6

7

8

9

10

V
(=
)

(c)

Uncertainty band

V (=)Caputo; # = 0:94

V (=)CF; # = 0:94

V (=)AB; # = 0:94

V (=)AK; # = 0:94

V (=)FC; ; = 0:94; < = 0:96

V (=)Conf ; ; = 0:94

V (=)Classical; # = 1

V (=)Controlled
V (=)MC mean

0 1 2 3 4 5 6

=

5

6

7

8

9

10

V
(=
)

(d)

Uncertainty band

V (=)Caputo; # = 0:92

V (=)CF; # = 0:92

V (=)AB; # = 0:92

V (=)AK; # = 0:92

V (=)FC; ; = 0:92; < = 0:95

V (=)Conf ; ; = 0:92

V (=)Classical; # = 1

V (=)Controlled
V (=)MC mean

Figure 1. Voltage response of the fractional RC circuit under constant excitation with
fractional-order control and uncertainty quantification: (a) ϑ = 0.98, σ = 0.97; (b) ϑ = 0.96,
σ = 0.95; (c) ϑ = 0.94, σ = 0.96; and (d) ϑ = 0.92, σ = 0.95.
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The voltage response of the generalized fractional RC circuit with R = 1Ω, C = 10 F, E = 5 V,
V(0) = 0 V, and σ0 = 1 is shown in Figure 2. The same operator-specific parameterization used in
Figure 1 is adopted, namely

τa = 1, λCF =
ϑτa

1 + τa − ϑτa
, λAB =

ϑτa

1 + τa(1 − ϑ)
,

λAK = ϑ, λFC = ϑ
−β, β = 1,

for the conformable case. All fractional responses approach the equilibrium value V(τ) = 5. Lower
fractional orders produce slower voltage relaxation due to stronger hereditary effects, with the final
Caputo voltage decreasing from 4.958703 in case (a) to 4.863265 in case (d). The fractional-order
controller considerably accelerates convergence, yielding final controlled responses of 4.993739,
4.986885, 4.979416, and 4.971357 for cases (a)–(d), respectively. The corresponding maximum
uncertainty band widths are 0.372835, 0.348459, 0.371456, and 0.342519. The stochastic mean
trajectories remain close to the deterministic controlled responses, indicating bounded and robust
behavior under the considered parameter perturbations.

The same quantitative trend is observed for the responses in Figure 2. Ts is reduced by 53.79%
and 55.81% in cases (a) and (b), respectively, and the controlled responses in cases (c) and (d) settle
at τ = 2.5607 and 2.8911, although the corresponding uncontrolled Caputo responses do not settle
within the simulated interval. The steady-state-error reduction ranges from 79.05% to 84.84%, and no
overshoot is observed.
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Figure 2. Voltage response of the fractional RC circuit with V(0) = 0 under constant
excitation, including fractional-order control and uncertainty quantification: (a) ϑ = 0.98,
σ = 0.97; (b) ϑ = 0.96, σ = 0.95; (c) ϑ = 0.94, σ = 0.96; and (d) ϑ = 0.92, σ = 0.95.
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Figure 3 shows the dynamical behavior of the fractional RC circuit under periodic excitation with
R = 1Ω, C = 10 F, E(τ) = 10 sin(ωτ) V, and V(0) = 0 V. For the Caputo reference response,
the numerical parameters are Atr = 0.36, Ass = 0.09, d = 0.10 + 0.04(1 − ϑ), and Ω = π, with
phase shift −0.02. The controlled response is obtained using dc = d + 0.06C(τ) and Ass,c = Ass/[1 +
1.10C(τ)], where C(τ) is defined in (5.1). The periodic excitation produces oscillatory responses,
and the fractional operators modify the transient decay and memory-dependent damping. The
uncontrolled Caputo oscillation ranges are 0.644171, 0.643877, 0.643584, and 0.643290 for cases (a)–
(d), respectively, and they decrease to 0.640375, 0.640103, 0.639830, and 0.639558 under control. The
final uncontrolled Caputo values range from −0.016560 to −0.017617, whereas the controlled values
remain close to −0.004460. The maximum uncertainty band widths range from 0.013656 to 0.015393,
indicating weak sensitivity to the considered stochastic perturbations. For the periodically forced RC
system, the controller suppresses the late-time oscillation amplitude by 82.28%–82.31% and increases
the effective transient decay rate by 178.44%–182.68%. Consequently, the oscillation attenuation
improves from approximately 73.14%–73.24% to 95.22%–95.23%, but the first absolute maximum
changes by only about 1%, and the uncertainty band width remains below 0.0154.
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Figure 3. Voltage response of the fractional RC circuit under periodic excitation, including
fractional-order control and uncertainty quantification: (a) ϑ = 0.98, σ = 0.97; (b) ϑ = 0.96,
σ = 0.98; (c) ϑ = 0.94, σ = 0.93; and (d) ϑ = 0.92, σ = 0.95.

Figure 4 illustrates the transient dynamics of the generalized fractional RLC circuit with R = 2Ω,
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L = 1 H, C = 0.1 F, E = 5 V, Q(0) = 10 C, and Q̇(0) = 0. For the Caputo reference response, the
numerical parameters are A = 4.2, Qss = 1, d = 0.70+0.15(1−ϑ), ω = 2.30−0.15(1−ϑ), and cs = 0.20.
The corresponding controlled response is obtained using dc = d + 0.18C(τ), ωc = ω/[1 + 0.08C(τ)],
and Ac = A/[1 + 0.45C(τ)], where C(τ) is defined in (5.1). All responses exhibit damped oscillatory
transients before approaching the prescribed steady-state level Qss = 1, reflecting the exchange
of energy between the inductive and capacitive components. The uncontrolled Caputo oscillation
ranges are 5.789315, 5.805963, 5.797631, and 5.814310 for cases (a)–(d), respectively, whereas the
corresponding controlled ranges decrease to 3.592232, 3.598835, 3.595522, and 3.602165. The peak
response is reduced from approximately 5.200000 to 4.088235 after the introduction of the fractional-
order controller. Furthermore, the maximum uncertainty band widths remain between 0.522937
and 0.596110. These results show that the controller substantially reduces the oscillatory amplitude,
and the stochastic responses remain bounded under the considered parameter perturbations. For
the constant-excitation RLC system in Figure 4, the controller reduces the overshoot from 420.00%
to 308.82%, corresponding to a 26.47% reduction. The 2% settling time decreases by approximately
49.3%–49.5%, and the effective decay rate increases by 114.09%–115.55%. The oscillation range is
reduced by 37.95%–38.05%, and the controlled steady-state error decreases to numerical round-off.
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Figure 4. Charge response of the generalized fractional RLC circuit under constant
excitation, including fractional-order control and uncertainty quantification: (a) ϑ = 0.92,
σ = 0.95; (b) ϑ = 0.96, σ = 0.98; (c) ϑ = 0.94, σ = 0.97; and (d) ϑ = 0.98, σ = 0.97.
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Figure 5 presents the charge response of the fractional RLC circuit under periodic excitation with
R = 2Ω, L = 1 H, C = 0.1 F, E(τ) = 10 sin(ωτ) V, Q(0) = 5 C, and Q̇(0) = 0. For the Caputo
reference response, the numerical parameters are A0 = 5.0, Aper = 0.22, d = 0.92 + 0.08(1 − ϑ),
ω = 2.88, Aosc = 0.47, and Ω = 2.82. The controlled response is obtained using dc = d + 0.18C(τ),
ωc = ω/[1+0.06C(τ)], A0,c = A0/[1+0.35C(τ)], and Aosc,c = Aosc/[1+0.60C(τ)], where C(τ) is defined
in (5.1). The periodic forcing produces pronounced oscillations, and the fractional operators modify the
transient damping and memory effects. For cases (a)–(d), the uncontrolled Caputo oscillation ranges
decrease from 6.504799–6.494848 to 4.523613–4.519296 under fractional-order control, and the peak
response is reduced from approximately 5.0594 to 4.017357. The maximum uncertainty band widths
remain between 0.701172 and 0.825443, indicating bounded stochastic responses. For the periodically
forced RLC system in Figure 5, the controller reduces the peak absolute response by 20.60%, the
late-time oscillation amplitude by 79.90%, and the overall oscillation range by 30.42%–30.46% while
increasing the effective transient decay rate by 87.68%–88.14%. The resulting oscillation attenuation
reaches approximately 97.51%, compared with 90.29% for the uncontrolled responses.
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Figure 5. Charge response of the fractional RLC circuit under periodic excitation, including
fractional-order control and uncertainty quantification: (a) ϑ = 0.98, σ = 0.97; (b) ϑ = 0.96,
σ = 0.98; (c) ϑ = 0.94, σ = 0.97; and (d) ϑ = 0.92, σ = 0.95.

Figure 6 illustrates the charging and discharging behavior of the fractional RC circuit with R =
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10 kΩ, C = 1000 µF, Vmax = 7.5 V, and τ = 10. For the charging case in Figure 6(a), the operator-
specific fractional orders are ϑC = 0.970, ϑAB = 0.985, ϑAK = 0.992, with (ϑ, β) = (0.975, 0.985)
for the fractional-conformable operator and (ϑ, β) = (0.980, 1) for the conformable operator. The
Caputo–Fabrizio effective time constant is taken as 1.08τ.

For the discharging case in Figure 6(b), the corresponding fractional orders are ϑC = 0.975, ϑAB =

0.988, ϑAK = 0.993,with (ϑ, β) = (0.980, 0.990) for the fractional-conformable operator and (ϑ, β) =
(0.985, 1) for the conformable operator. The Caputo–Fabrizio effective time constant is taken as 1.06τ.
The maximum uncertainty band width in the charging cycle is 0.057998 and the maximum control
difference is 0.209889. The controlled response reaches 90% of the maximum voltage earlier with
a rise index of 546 versus 620 for the uncontrolled Caputo response. The final controlled voltage
is 7.499943, very close to the expected equilibrium value. The maximum uncertainty band width in
the discharging cycle is 0.050913, and the maximum control difference is 0.191327. The controlled
response reaches 10% of the maximum voltage earlier with a decay index of 546 compared to 612
for the uncontrolled Caputo response. The last controlled voltage is 0.000057, and the stochastic
mean is 0.000058, which indicates good agreement between the deterministic controlled and stochastic
responses. In general, the results show that the fractional-order controller improves the charging and
discharging performance, and the bounded uncertainty bands allow for robust behavior in relation to the
considered parameter perturbations. For Figure 6, the charging 90% rise time is reduced from 24.7699
to 21.8087, which is 11.95% reduction, and the 2% settling time is reduced by 24.27%. The charging
steady-state error is reduced by 99.83%. The time to reach 10% of the initial voltage is decreased
by 10.80%, the settling time by 21.44%, and the residual error by 99.79% during discharging. No
overshoot or undershoot can be seen. Maximum uncertainty band widths are 0.057998 and 0.050913
for charging and discharging, respectively.
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Figure 6. Voltage response of the fractional RC circuit with fractional-order control and
uncertainty quantification: (a) charging and (b) discharging.
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6. Conclusions

This paper developed a unified kernel-dependent framework for modeling and analyzing controlled
fractional RC and RLC circuits under uncertainty. Generalized fractional operators with singular and
nonsingular memory kernels were used to characterize hereditary behavior, anomalous relaxation,
and memory-dependent damping, and a characteristic time-scaling parameter ensured dimensional
consistency. Analytical solutions for charging, discharging, and periodically excited circuits
were derived using Laplace transforms, convolution representations, and Mittag-Leffler functions.
A fractional-order control strategy was incorporated to improve transient performance, suppress
oscillations, reduce overshoot, and accelerate convergence toward equilibrium or bounded periodic
regimes. Monte Carlo-based uncertainty quantification produced bounded uncertainty bands and close
agreement between stochastic mean and deterministic controlled responses, demonstrating robust
behavior under the considered variations in fractional orders, electrical parameters, and controller
gains. The results also showed that different memory kernels produce distinct relaxation and oscillatory
characteristics, highlighting the importance of appropriate fractional operator selection. Future work
may consider non-Gaussian and time-dependent uncertainties, nonlinear and memristive fractional
circuits, data-driven parameter identification, and intelligent control of complex fractional-order
electrical networks.
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