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1. Introduction

Antonino and Miller [1] enlarged the context of second-order differential subordination, at the
outset established by Miller and Mocanu [12], to include third-order differential subordinations. The
methodologies proposed by Antonino and Miller provided the chance to get intriguing new outcomes,
prompting several writers to pursue this area of inquiry [8]. The notion of broadening the duality
theory of differential superordination, which includes third-order differential superordination, was
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executed in 2014, yielding intriguing results shortly thereafter [18, 24]. The subsequent notations
and terminology furnish the foundational context for the investigation.

The class of analytic functions is denoted by D(Ξ), where Ξ = {ξ ∈ C : |ξ| < 1}, with Ξ = {ξ ∈ C :
|ξ| ≤ 1} and ∂Ξ = {ξ ∈ C : |ξ| = 1}. Let n be a positive integer and let a ∈ C be a complex number; the
subsequent significant subclasses of D(Ξ) are recognized:

D[a, n] = { f ∈ D(Ξ) : f (ξ) = a + anξ
n + an+1ξ

n+1 + · · · , ξ ∈ Ξ},

denoting D0 = D[0, 1] and D1 = D[1, 1].
Let K ⊂ D(Ξ) denote the class of functions that are analytic in Ξ and possess the standardized

Taylor–Maclaurin series of the specified form:

f (ξ) = ξ +

∞∑
n=2

anξ
n, (ξ ∈ Ξ). (1.1)

Assume that the functions f and g are in D(Ξ). We say that f is subordinate to g, or equivalently, that g
is superordinate to f , expressed as f ≺ g in Ξ, or f (ξ) ≺ g(ξ), (ξ ∈ Ξ), if a Schwarz function ω ∈ D(Ξ)
exists that is analytic in Ξ, satisfies ω(0) = 0 and |ω(ξ)| < 1 (ξ ∈ Ξ), and f (ξ) = g(ω(ξ)), (ξ ∈ Ξ). If the
function g is univalent in Ξ, we then possess the ensuing equivalence relationship [11].

f (ξ) ≺ g(ξ)⇔ f (0) = g(0) and f (Ξ) ⊂ g(Ξ).

We now recall the generalized Hurwitz–Lerch zeta function, defined by the series [9, 20]:

F(ξ, α, β) =

∞∑
n=0

ξn

(β + n)α
, (1.2)

where β ∈ C \ ξ−0 , α ∈ C, ξ ∈ Ξ, and ξ ∈ ∂Ξ.
Some special cases of the function F(ξ, α, β) are of interest; for additional information, refer to [19].

Srivastava and Attiya examined the subsequent normalized function:

T β
α(ξ) = (α + n)β

[
F(ξ, α, β) − β−α

]
= ξ +

∞∑
n=2

(
β + 1
β + n

)α
ξn, ξ ∈ Ξ. (1.3)

By using T β
α(ξ) we obtain the linear operator Nβ

α : A→ A defined by the convolution

Nβ
α f (ξ) = T β

α(ξ) ∗ f (ξ) = ξ +

∞∑
n=2

(
β + 1
β + n

)α
anξ

n, ξ ∈ Ξ. (1.4)
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Figure 1. 3D plot of the Hurwitz–Lerch function F(ξ, 2, 1) and the linear operator N0.5
1 f (ξ).

There are many various applications for the Nβ
α f (ξ) operator; see [6, 7]. From (1.4), it is clear that

ξ
(
Nβ
α f (ξ)

)′
= (1 + β)Nβ

α−1 f (ξ) − βNβ
α f (ξ). (1.5)

The notion of third-order differential subordination was examined in the work of Ponnusamy and
Juneja [16]. Current research has been conducted by many authors (see, for instance, [23]). Second-
and third-order differential subordination has received considerable interest from academics in this
domain; for example, refer to [5, 21, 25].

Here, we investigate and identify an appropriate class of admissible functions related to the
differential operator and establish sufficient criteria for the normalized analytic function according
to the sandwich condition. For a visual illustration of the functions involved, Figure 1 present
the three-dimension plots of the Hurwitz-Lerch function F(ξ, 2, 1) and the corresponding linear
operator N0.5

1 f (ξ). The left panel illustrates the behavior of the Hurwitz-Lerch function, while the
right panel shows the corresponding three-dimentional representation of the linear operator.

2. Preliminary considerations

We recall the ensuing definitions and lemmas needed to substantiate the findings.

Definition 2.1. [1] Assume ψ : C4 × Ξ → C and Ω(ξ) is univalent in Ξ. If γ(ξ) is analytic in Ξ and
fulfills the third-order differential subordination

ψ
(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)
≺ Ω(ξ), (2.1)

then the function γ(ξ) is referred to as a solution of the differential subordination (2.1). Furthermore,
the univalent function δ(ξ) is designated as a dominant of the solution of (2.1), or more succinctly, a
dominant, if γ(ξ) ≺ δ(ξ) for all δ(ξ) satisfying (2.1). A dominant δ̃(ξ) that fulfills δ̃(ξ) ≺ δ(ξ) for all
dominants δ(ξ) of (2.1) is regarded as the optimal (best) dominant.

Definition 2.2. [11] Denote by O the collection of all functions f that are analytic and injective
on Ξ \ E( f ), where Ξ = Ξ ∪ {ξ ∈ ∂Ξ}, and

E( f ) = {ζ ∈ ∂Ξ : f (ζ) = ∞}, (2.2)

and are characterized by f ′(ζ) , 0 for ζ ∈ ∂Ξ \ E( f ). Further, let the subclass of O for which f (0) = a
be denoted by O(a), so that O(0) = O0, O(1) = O1 = { f ∈ O : f (0) = 1}.
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Definition 2.3. [1] Assume Ω is a set in C, δ ∈ O(a), and n ∈ N \ {1}. The class of
admissible functions Ψn[Ω, δ] comprises those functions ψ : C4 × Ξ → C that fulfill the subsequent
admission criteria:

ψ(r, s, t, u; ξ) < Ω,

at any time

r = δ(ζ), s = %ζδ′(ζ), Re
( t

s
+ 1

)
≥ %Re

(
1 +

ζδ′′(ζ)
δ′(ζ)

)
,

Re
(u

s

)
≥ %2Re

(
ζ2δ′′′(ζ)
δ′(ζ)

)
,

where ξ ∈ Ξ, ζ ∈ ∂Ξ \ E(δ), and % ≥ n.

Lemma 2.4. [1] Consider γ ∈ D[a, n] with n ≥ 2. Also, consider δ ∈ O(a) satisfying the
subsequent criteria:

Re
(
ζδ′′(ζ)
δ′(ζ)

)
≥ 0,

∣∣∣∣∣ξγ′(ξ)δ′(ζ)

∣∣∣∣∣ ≤ %,
where ξ ∈ Ξ, ζ ∈ ∂Ξ \ E(δ), and % ≥ n. If Ω is a set in C, ψ ∈ Ψn[Ω, δ], and

ψ
(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)
∈ Ω,

then γ(ξ) ≺ δ(ξ), (ξ ∈ Ξ).

Definition 2.5. [12] Consider ψ : C4 × Ξ → C and Ω(ξ) is analytic in Ξ. If the
functions γ(ξ) and ψ

(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)
are univalent in Ξ and comply with the third-

order differential superordination

Ω(ξ) ≺ ψ
(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)
, (2.3)

then the function γ(ξ) is referred to as a solution of the differential superordination (2.3). An analytic
function δ(ξ) is referred to as a subordinant of the solution of (2.3), or more succinctly, a subordinant,
if δ(ξ) ≺ γ(ξ) for all γ(ξ) satisfying (2.3). A univalent subordinant δ̃(ξ) that satisfies δ(ξ) ≺ δ̃(ξ) for
all subordinants δ(ξ) of (2.3) is regarded as the optimal (best) subordinant. We observe that both the
optimal dominant and the optimal subordinant are unique modulo rotation of Ξ.

Definition 2.6. [12] Consider Ω a set in C, δ ∈ D[a, n] with δ′(ξ) , 0, and n ∈ N \ {1}. The class of
admissible functions Ψ′n[Ω, δ] comprises those functions ψ : C4 × Ξ → C that fulfill the subsequent
admission criteria:

ψ(r, s, t, u; ξ) ∈ Ω,

at any time

r = δ(ξ), s =
ξδ′(ξ)

m
, Re

( t
s

+ 1
)
≤

1
m

Re
(
1 +

ξδ′′(ξ)
γ′(ξ)

)
,

Re
(u

s

)
≤

1
m2 Re

(
ξ2δ′′′(ξ)
δ′(ξ)

)
,

where ξ ∈ Ξ, ζ ∈ ∂Ξ \ E(δ), and m ≥ n ≥ 2.
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Lemma 2.7. [12] Consider ψ ∈ Ψ′n[Ω, δ]. If

ψ
(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)
is univalent in Ξ, γ ∈ O(a), and δ ∈ D[a, n] fulfills the subsequent criteria:

Re
(
ζδ′′(ζ)
δ′(ζ)

)
≥ 0,

∣∣∣∣∣ξγ′(ξ)δ′(ζ)

∣∣∣∣∣ ≤ m, ξ ∈ Ξ, ζ ∈ ∂Ξ, m ≥ n ≥ 2,

then
Ω ⊂

{
ψ
(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)}
implies

δ(ξ) ≺ γ(ξ), (ξ ∈ Ξ).

A foundational method in the examination of third-order differential superordination is to
employ the core notion of admissible functions as delineated in [3]. This methodology has
yielded significant outcomes for various authors examining appropriate categories of admissible
functions, including generalized Bessel functions, fractional operators [26], linear operators [2, 14],
meromorphic functions [4], and Mittag–Leffler functions [17]. The dual theories of third-order
differential subordination and superordination are progressing well; current findings derived from
this methodology are documented in publications such as [13]. Recent research has adopted a
novel approach to third-order differential subordination, focusing on an additional fundamental term
within the framework of the optimal dominant of differential subordination; in [15], an approach for
identifying the principal dominant of a third-order differential subordination is also presented.

3. Outcomes on third-order differential subordination

We present certain outcomes regarding differential subordination utilizing the differential
operator Nβ

α.

Definition 3.1. Consider Ω is a set in C and δ ∈ O0 ∩ D0. The class of admissible functions M j[Ω, δ]
comprises the functions ψ : C4 × Ξ→ C that fulfill the subsequent criteria for admission:

ψ(e1, e2, e3, e4; ξ) < Ω,

whenever

e1 = δ(ζ), e2 =
ζ%δ′(ζ) + (1 + β)δ(ζ)

β
,

Re
((

(1 + β)2 − 2(2 + β)(1 + β)
)
e1 − (3 + β)e2 − e3β(β + 1)

(1 + β)e1 − βe2

)
≥ %Re

(
ζδ′′(ζ)
δ′(ζ)

+ 1
)
,

and

Re
(
e4β(β + 1)(β + 2) − β(1 + β)3e1 + (3 + 2β)e2 − (1 + β)e3

(1 + β)e1 − βe2

)
≥ %2Re

(
ζ2δ′′′(ζ)
δ′(ζ)

)
,

where ξ ∈ Ξ, ζ ∈ ∂Ξ \ E(δ), and % ≥ 2.
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Theorem 3.2. Consider ψ ∈ M j[Ω, δ]. If the functions f ∈ K and δ ∈ O0 ∩ D0 fulfill the
subsequent criteria:

Re
(
ζδ′′(ζ)
δ′(ζ)

)
≥ 0,

∣∣∣∣∣∣∣N
β
α−1 f (ξ)
δ′(ζ)

∣∣∣∣∣∣∣ ≤ %, (3.1)

and {
ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)

: ξ ∈ Ξ
}
⊂ Ω,

then
Nβ
α f (ξ) ≺ δ(ξ), (ξ ∈ Ξ). (3.2)

Proof. Define the analytic function γ(ξ) in Ξ by

γ(ξ) = Nβ
α f (ξ). (3.3)

From Eqs (1.5) and (3.3), we derive

Nβ
α−1 f (ξ) =

βγ(ξ) + ξγ′(ξ)
1 + β

. (3.4)

By a similar argument, we obtain

Nβ
α−2 f (ξ) =

(1 + β)2γ(ξ) + 2(1 + β)ξγ′(ξ) + ξ2γ′′(ξ)
(1 + β)2 , (3.5)

and

Nβ
α−3 f (ξ) =

(1 + β)3γ(ξ) + 3ξγ′(ξ)(1 + β)2 + 3(1 + β)ξ2γ′′(ξ) + ξ3γ′′′(ξ)
(1 + β)3 . (3.6)

Define the transformation from C4 to C as follows:

e1(r, s, t, u) = r, e2 =
(1 + β)r + s

1 + β
, (3.7)

e3(r, s, t, u) =
(1 + β)2r + 2(1 + β)s + t

(1 + β)2 , (3.8)

and

e4(r, s, t, u) =
(1 + β)3r + 3(1 + β)2s + 3(1 + β)t + u

(1 + β)3 . (3.9)

Let

ϕ(r, s, t, u) = ψ(e1, e2, e3, e4; ξ)

= ψ

(
r,

(1 + β)r + s
1 + β

,
(1 + β)2r + 2(1 + β)s + t

(1 + β)2 ,
(1 + β)3r + 3(1 + β)2s + 3(1 + β)t + u

(1 + β)3

)
.

(3.10)
The proof employs Lemma 2.4. Utilizing Eq (3.3) through (3.6), along with (3.10), we obtain

ϕ
(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)
= ψ

(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)
. (3.11)
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Therefore, (3.2) leads to
ϕ
(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)
∈ Ω.

We note that
t
s

+ 1 =
(1 + β)(e3 − 2e2 + e1)

(e2 − e1)
+ 1,

and
u
s

=
(1 + β)2(e4 − 3e3 + 3e2 − e1)

(e2 − e1)
.

Consequently, the criterion for admissibility for ψ ∈ M j[Ω, δ] in Definition 3.1 is identical to the
admissibility criterion for ϕ ∈ Ψ2[Ω, δ] as specified in Definition 2.3 with n = 2. Consequently,
utilizing (3.1) and Lemma 2.4, we derive

Nβ
α f (ξ) ≺ δ(ξ).

This completes the proof of Theorem 3.2. �

The subsequent result constitutes an extension of Theorem 3.2, applicable to the scenario when the
behavior of δ(ξ) on ∂Ξ remains unidentified.

Corollary 3.3. Consider Ω ⊂ C and the function δ is univalent in Ξ with δ(0) = 1. Consider ψ ∈
M j[Ω, δρ]; for certain ρ ∈ (0, 1), let δρ(ξ) = δ(ξρ). If the functions f ∈ K and δρ fulfill the
following terms:

Re
(
ζδ′′ρ (ζ)

δ′ρ(ζ)

)
≥ 0,

∣∣∣∣∣∣∣N
β
α−1 f (ξ)
δ′ρ(ζ)

∣∣∣∣∣∣∣ ≤ %, (ξ ∈ Ξ, ζ ∈ ∂Ξ \ E(δρ), % ≥ 2),

and
ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)
∈ Ω,

then
Nβ
α f (ξ) ≺ δρ(ξ), (ξ ∈ Ξ).

Proof. Utilizing Theorem 3.2, we obtain

Nβ
α f (ξ) ≺ δρ(ξ), (ξ ∈ Ξ).

The result posited by Corollary 3.3 is now derived from the subsequent subordination attribute:

δρ(ξ) ≺ δ(ξ), (ξ ∈ Ξ).

This concludes the proof of Corollary 3.3. �

If Ω , C is a simply connected domain, then Ω = Ω(Ξ) for some conformal mapping Ω(ξ) of Ξ

onto Ω. In this case, the class M j[Ω(Ξ), δ] is written as M j[Ω, δ]. The following is an immediate
consequence of Theorem 3.2.
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Theorem 3.4. Consider ψ ∈ M j[Ω, δ]. If the functions f ∈ K and δ ∈ O0 ∩ D0 fulfill the
subsequent criteria:

Re
(
ζδ′′(ζ)
δ′(ζ)

)
≥ 0,

∣∣∣∣∣∣∣N
β
α−1 f (ξ)
δ′(ζ)

∣∣∣∣∣∣∣ ≤ %, (3.12)

and
ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)
≺ Ω(ξ), (3.13)

then
Nβ
α f (ξ) ≺ δ(ξ), (ξ ∈ Ξ).

The next outcome is a straightforward consequence of Corollary 3.3.

Corollary 3.5. Consider Ω ⊂ C and the function δ is univalent in Ξ with δ(0) = 1. Consider ψ ∈
M j[Ω, δρ] for certain ρ ∈ (0, 1), where δρ(ξ) = δ(ξρ). If the functions f ∈ K and δρ fulfill the
subsequent criteria:

Re
(
ζδ′′ρ (ζ)

δ′ρ(ζ)

)
≥ 0,

∣∣∣∣∣∣∣N
β
α−1 f (ξ)
δ′ρ(ζ)

∣∣∣∣∣∣∣ ≤ %, (ξ ∈ Ξ, ζ ∈ ∂Ξ \ E(δρ), % ≥ 2),

and
ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)
≺ Ω(ξ),

then
Nβ
α f (ξ) ≺ δρ(ξ), (ξ ∈ Ξ).

The ensuing result yields the ideal (best) dominant in differential subordination (3.13).

Theorem 3.6. Consider Ω is a univalent function in Ξ, and let ϕ : C4 × Ξ → C be defined by (3.10).
Consider the subsequent differential equation:

ϕ
(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)
= Ω(ξ), (3.14)

which possesses a solution δ(ξ) with δ(0) = 1 that fulfills the criterion (3.1). If f ∈ K fulfills the
criterion (3.13) and

ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)

is analytic in Ξ, then
Nβ
α f (ξ) ≺ δ(ξ), (ξ ∈ Ξ),

and δ(ξ) is the optimal (best) dominant.

Proof. It is evident in accordance with Theorem 3.2 that δ functions as a dominant of (3.13). Since δ is
also a solution of (3.13), because it fulfills (3.14), all dominants shall precede δ. Therefore, the optimal
dominant is δ. This concludes the proof of Theorem 3.6. �

Considering Definition 3.1, particularly in the specific instance when δ(ξ) = Tξ, T > 0, the category
of admissible functions M j[Ω, δ], designated by M j[Ω,T ], is articulated as stated below.
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Definition 3.7. Consider Ω is a set in C and T > 0. The class M j[Ω,T ] of acceptable functions
comprises those functions ψ : C4 × Ξ→ C such that

ψ

(
Teiϑ,

(% − (1 + β))Teiϑ

β
,

L −
[
(3 + 2β)% + (1 + β)2]Teiϑ

β(β + 1)
,

N − (3 + 2β)% + (1 + β)2L +
[
(3 + 2β)% + (1 + β)2]% − β(1 + β)3Teiϑ

β(β + 1)(β + 2)
; ξ

)
< Ω,

(3.15)

whenever ξ ∈ Ξ,

Re(Le−iϑ) ≥ (% − 1)T%, Re(Ne−iϑ) ≥ 0, ∀ϑ ∈ R, % ≥ 2.

Corollary 3.8. Consider ψ ∈ M j[Ω,T ]. If the function f ∈ K fulfills the subsequent criteria:∣∣∣Nβ
α−1 f (ξ)

∣∣∣ ≤ T%, (ξ ∈ Ξ; % ≥ 2; T > 0),

and
ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)
∈ Ω,

then ∣∣∣Nβ
α f (ξ)

∣∣∣ < T.

In this particular instance, Ω = Ω(Ξ) = {ω : |ω| < T }, and the class M j[Ω,T ] is simply designated
by M j[Ω,T ]. Corollary 3.8 is now able to be reformulated in the subsequent manner.

Corollary 3.9. Assume ψ ∈ M j[Ω,T ]. If the function f ∈ K fulfills the subsequent criteria:∣∣∣Nβ
α−1 f (ξ)

∣∣∣ ≤ T%, (ξ ∈ Ξ; % ≥ 2; T > 0),

and ∣∣∣ψ(Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)∣∣∣ < T,

then ∣∣∣Nβ
α f (ξ)

∣∣∣ < T.

Corollary 3.10. Consider % ≥ 2 and T > 0. If the function f ∈ K fulfills the subsequent criteria:∣∣∣Nβ
α−1 f (ξ)

∣∣∣ ≤ T%,

and ∣∣∣Nβ
α−1 f (ξ) − Nβ

α f (ξ)
∣∣∣ ≤ (% − 1)T

β
,

then ∣∣∣Nβ
α f (ξ)

∣∣∣ ≤ T.

Proof. Let ψ(e1, e2, e3, e4; ξ) = e2 − e1 and Ω = Ω(Ξ), where Ω(ξ) =

{
w ∈ C : |w| <

(% − 1)T
β

}
, % ≥ 2

and T > 0. Utilizing Corollary 3.8, we must demonstrate that ψ ∈ M j[Ω,T ], i.e., the admissibility
criterion (3.15) is fulfilled. This is evident, as it is observed that

|ψ(e1, e2, e3, e4; ξ)| = |e2 − e1| =

∣∣∣∣∣ (% − 1 − 2β)T
β

eiϑ
∣∣∣∣∣ .
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Since % ≥ 2, we get

|ψ(e1, e2, e3, e4; ξ)| ≥
(% − 1)T

β
.

Thus,
ψ(e1, e2, e3, e4; ξ) < Ω,

and consequently the admissibility condition (3.15) holds. Therefore, ψ ∈ M j[Ω,T ]. Applying
Corollary 3.8, we conclude that

∣∣∣Nβ
α f (ξ)

∣∣∣ ≤ T . �

Definition 3.11. Consider Ω is a set in C and δ ∈ O1∩D1. The class of admissible functions M j,1[Ω, δ]
comprises those functions ψ : C4 × Ξ→ C that fulfill the subsequent admission standards:

ψ(e1, e2, e3, e4; ξ) < Ω,

whenever

e1 = δ(ζ), e2 =
ζ%δ′(ζ) + βδ(ζ)

β
,

Re
(
β(β + 1)(e3 + e1) + 2e2 + β(e2 − e1)

β(e2 − e1)

)
≥ %Re

(
ζδ′′(ζ)
δ′(ζ)

+ 1
)
,

and

Re
(
e4

(
β(β + 1)(β + 2)

)
− (β + 1)e3 + β(e3 + e2) − β(β + 1)2e1

β(e2 − e1)

)
≥ %2Re

(
ζ2δ′′′(ζ)
δ′(ζ)

)
,

where ξ ∈ Ξ, ζ ∈ ∂Ξ \ E(δ), and % ≥ 2.

Theorem 3.12. Consider ψ ∈ M j,1[Ω, δ]. If the functions f ∈ K and δ ∈ O1 ∩ D1 fulfill the
subsequent criteria:

Re
(
ζδ′′(ζ)
δ′(ζ)

)
≥ 0,

∣∣∣∣∣∣∣N
β
α−1 f (ξ)
ξ δ′(ζ)

∣∣∣∣∣∣∣ ≤ %, (3.16)

and ψ
Nβ

α f (ξ)
ξ

,
Nβ
α−1 f (ξ)
ξ

,
Nβ
α−2 f (ξ)
ξ

,
Nβ
α−3 f (ξ)
ξ

; ξ

 : ξ ∈ Ξ

 ⊂ Ω,

then
Nβ
α f (ξ)
ξ

≺ δ(ξ), (ξ ∈ Ξ). (3.17)

Proof. Define the analytic function γ(ξ) in Ξ by

γ(ξ) =
Nβ
α f (ξ)
ξ

. (3.18)

From Eqs (1.5) and (3.18), we derive

Nβ
α−1 f (ξ)
ξ

=
βγ(ξ) − ξγ′(ξ)

β
. (3.19)
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By an analogous argument, we derive

Nβ
α−2 f (ξ)
ξ

=
β(β + 1)γ(ξ) − 2ξγ′(ξ) + ξ2γ′′(ξ)

β(β + 1)
, (3.20)

and
Nβ
α−3 f (ξ)
ξ

=
β(β + 1)3γ(ξ) − β(3 + β)ξγ′(ξ) + (β + 1)ξ2γ′′(ξ) − ξ3γ′′′(ξ)

β(β + 1)(β + 2)
. (3.21)

Define the transformation from C4 to C via

e1(r, s, t, u) = r, e2 =
βr − s
β

, (3.22)

e3(r, s, t, u) =
β(β + 1)r − 2s + t

β(β + 1)
, (3.23)

and

e4(r, s, t, u) =
β(β + 1)3r − β(3 + β)s + (β + 1)t − u

β(β + 1)(β + 2)
. (3.24)

Let

ϕ(r, s, t, u) = ψ(e1, e2, e3, e4; ξ) = ψ

(
r,
βr − s
β

,
β(β + 1)r − 2s + t

β(β + 1)
,
β(β + 1)3r − β(3 + β)s + (β + 1)t − u

β(β + 1)(β + 2)

)
.

(3.25)
The proof employs Lemma 2.4. Utilizing Eq (3.18) to (3.21), along with (3.25), we obtain

ϕ
(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)
= ψ

Nβ
α f (ξ)
ξ

,
Nβ
α−1 f (ξ)
ξ

,
Nβ
α−2 f (ξ)
ξ

,
Nβ
α−3 f (ξ)
ξ

; ξ

 . (3.26)

Hence, clearly, (3.17) becomes

ϕ
(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)
∈ Ω,

and we note that
t
s

+ 1 =
β(β + 1)(e3 + e1) + 2e2 + β(e2 − e1)

β(e2 − e1)
,

and
u
s

=
e4

(
β(β + 1)(β + 2)

)
− (β + 1)e3 + β(e3 + e2) − β(β + 1)2e1

β(e2 − e1)
.

Therefore, the criterion for admission ψ ∈ M j,1[Ω, δ] in Definition 3.11 is identical to the admissibility
criterion for ϕ ∈ Ψ2[Ω, δ] as specified in Definition 2.3 with n = 2. Consequently, via employing (3.16)
and Lemma 2.4, we acquire

Nβ
α f (ξ)
ξ

≺ δ(ξ).

This concludes the proof of Theorem 3.12. �
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If Ω < C is just a simply connected region, and Ω = Ω(Ξ) for certain conformal mappings Ω(ξ)
of Ξ onto Ω, then in this instance, the class M j,1[Ω(Ξ), δ] is rewritten as M j,1[Ω, δ]. This is a direct
implication of Theorem 3.12, stated beneath.

Theorem 3.13. Assume ψ ∈ M j,1[Ω, δ]. If the functions f ∈ K and δ ∈ O1 fulfill the subsequent criteria:

Re
(
ζδ′′(ζ)
δ′(ζ)

)
≥ 0,

∣∣∣∣∣∣∣N
β
α−1 f (ξ)
ξ δ′(ζ)

∣∣∣∣∣∣∣ ≤ %, (3.27)

and ψ
Nβ

α f (ξ)
ξ

,
Nβ
α−1 f (ξ)
ξ

,
Nβ
α−2 f (ξ)
ξ

,
Nβ
α−3 f (ξ)
ξ

; ξ

 : ξ ∈ Ξ

 ≺ Ω(ξ),

then
Nβ
α f (ξ)
ξ

≺ δ(ξ), (ξ ∈ Ξ). (3.28)

Considering Definition 3.11 and the specific instance δ(ξ) = Tξ, T > 0, the class of admissible
functions M j,1[Ω, δ], designated by M j,1[Ω,T ], is articulated as follows.

Definition 3.14. Assume Ω is a set in C and T > 0. The class of admissible functions M j,1[Ω,T ]
consists of those functions ψ : C4 × Ξ→ C such that

ψ

(
Teiϑ,

(% + β)Teiϑ

β
,

L +
[
β(β + 1)% + β(β + 1)2]Teiϑ

β(β + 1)
,

N + (β + 1)L +
[
β(3 + β)% + β(β + 1)3]Teiϑ

β(β + 1)(β + 2)
; ξ

)
< Ω, (3.29)

whenever
Re(Le−iϑ) ≥ (% − 1)T%, ξ ∈ Ξ,

and
Re(Ne−iϑ) ≥ 0, ∀ϑ ∈ R, % ≥ 2.

Corollary 3.15. Consider ψ ∈ M j,1[Ω,T ]. If the function f ∈ K satisfies the subsequent circumstances:∣∣∣∣∣∣∣N
β
α−1 f (ξ)
ξ

∣∣∣∣∣∣∣ ≤ T%, (ξ ∈ Ξ; % ≥ 2; T > 0),

and

ψ

Nβ
α f (ξ)
ξ

,
Nβ
α−1 f (ξ)
ξ

,
Nβ
α−2 f (ξ)
ξ

,
Nβ
α−3 f (ξ)
ξ

; ξ

 ∈ Ω,

then ∣∣∣∣∣∣Nβ
α f (ξ)
ξ

∣∣∣∣∣∣ < T.

In this particular instance, Ω = Ω(Ξ) = {ω : |ω| < T }, and the class M j,1[Ω,T ] is simply designated
by M j,1[Ω,T ]. Corollary 3.15 may currently be reformulated as follows.
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Corollary 3.16. Consider ψ ∈ M j,1[Ω,T ]. If the function f ∈ K meets the subsequent criteria:∣∣∣Nβ
α−1 f (ξ)

∣∣∣ ≤ T%, (ξ ∈ Ξ; % ≥ 2; T > 0),

and ∣∣∣ψ(Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3
)∣∣∣ < T,

then ∣∣∣∣∣∣Nβ
α f (ξ)
ξ

∣∣∣∣∣∣ < T.

4. Outcomes of third-order differential superordination

This section presents results on third-order differential superordination. To this end, the class of
admissible functions is delineated as follows:

Definition 4.1. Consider Ω is a set in C and δ ∈ O0 ∩ D0 with δ′(ξ) , 0. The category of
admissible functions M′

j[Ω, δ] includes those functions ψ : C4 × Ξ → C that meet the subsequent
admission standards:

ψ(e1, e2, e3, e4; ζ) ∈ Ω,

at any time

e1 = δ(ξ), e2 =
ξδ′(ξ) + (1 + β)mδ(ξ)

βm
,

Re
((

(1 + β)2 − 2(2 + β)(1 + β)
)
r − (3 + β)e2 − e3β(β + 1)

(1 + β)r − βe2

)
≤

1
m

Re
(
ξδ′′(ξ)
δ′(ξ)

+ 1
)
,

and

Re
(
e4β(β + 1)(β + 2) − β(1 + β)3r + (3 + 2β)s − (1 + β)t

(1 + β)r − βe2

)
≤

1
m2 Re

(
ξ2δ′′′(ξ)
δ′(ξ)

)
,

where ξ ∈ Ξ, ζ ∈ ∂Ξ \ E(δ), and m ≥ 2.

Theorem 4.2. Consider ψ ∈ M′
j[Ω, δ]. If the functions f ∈ K, Nβ

α f (ξ) ∈ O0, and δ ∈ D0 with δ′(ξ) , 0
fulfill the subsequent criteria:

Re
(
ζδ′′(ζ)
δ′(ζ)

)
≥ 0,

∣∣∣∣∣∣∣N
β
α−1 f (ξ)
δ′(ζ)

∣∣∣∣∣∣∣ ≤ m, (4.1)

and
ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)

is a univalent function in Ξ, then

Ω ⊂
{
ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)

: ξ ∈ Ξ
}

(4.2)

implies
δ(ξ) ≺ Nβ

α f (ξ), (ξ ∈ Ξ).
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Proof. Consider the function γ(ξ) characterized by (3.3) and ϕ characterized by (3.10). Since ψ ∈
M′

j[Ω, δ], from Eqs (3.11) and (4.2), we derive

Ω ⊂
{
ϕ
(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)
: ξ ∈ Ξ

}
.

From Eqs (3.8) and (3.9), we note that the admissibility criterion for ψ ∈ M′
j[Ω, δ] in Definition 4.1 is

synonymous with the admissibility criterion for ϕ ∈ Ψ′n[Ω, δ] as stated in Definition 2.6 with n = 2.
Therefore, ϕ ∈ Ψ′2[Ω, δ]. Utilizing (4.2) and Lemma 2.7, we derive

δ(ξ) ≺ Nβ
α f (ξ), (ξ ∈ Ξ).

This concludes the proof of Theorem 4.2. �

If Ω , C constitutes a simply connected domain and Ω = Ω(Ξ) for certain conformal mappings Ω(ξ)
of Ξ onto Ω, then in this instance, the class M′

j[Ω(Ξ), δ] is rewritten as M′
j[Ω, δ]. This is a direct

consequence of Theorem 4.2.

Theorem 4.3. Consider ψ ∈ M′
j[Ω, δ] and Ω is analytic in Ξ. If the functions f ∈ K, Nβ

α f (ξ) ∈ O0, and
δ ∈ D0 with δ′(ξ) , 0 satisfy the requirements of (4.1) and

ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)

is a univalent function in Ξ, then

Ω(ξ) ≺ ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)
, (4.3)

implies
δ(ξ) ≺ Nβ

α f (ξ), (ξ ∈ Ξ).

Theorems 4.2 and 4.3 are applicable only for deriving subordination in the context of third-order
differential superordination as delineated in (4.2) and (4.3). The subsequent theorem establishes the
existence of the optimal subordinant of (4.3) under appropriate conditions on ψ.

Theorem 4.4. Consider the function Ω is univalent in Ξ, and let ψ : C4 × Ξ → C and ϕ be defined as
in (3.10). Consider the subsequent differential equation:

ϕ
(
δ(ξ), ξδ′(ξ), ξ2δ′′(ξ), ξ3δ′′′(ξ); ξ

)
= Ω(ξ), (4.4)

which has a solution δ(ξ) ∈ Q0. If the functions f ∈ K, Nβ
α f (ξ) ∈ O0, and δ ∈ D0 with δ′(ξ) , 0 satisfy

the conditions of (4.1) and the function

ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)

is univalent in Ξ, then

Ω(ξ) ≺ ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)

implies that
δ(ξ) ≺ Nβ

α f (ξ), (ξ ∈ Ξ),

and δ(ξ) is the most exemplary (optimal) subordinant.
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Proof. Utilizing Theorems 4.2 and 4.3, we infer that δ is a subordinant of (4.3). Since δ satisfies (4.4),
it is therefore a solution of (4.3); consequently, δ will be subordinate to all subordinants. Hence, δ is
the ideal subordinant. This completes the proof of Theorem 4.4. �

Definition 4.5. Consider Ω is a set in C and δ ∈ D1 with δ′(ξ) , 0. The class of admissible
functions M′

j,1[Ω, δ] comprises those functions ψ : C4 × Ξ → C that fulfill the subsequent
admission criteria:

ψ(e1, e2, e3, e4; ζ) ∈ Ω,

at any time

e1 = δ(ξ), e2 =
ξδ′(ξ) + βmδ(ξ)

βm
,

Re
(
β(β + 1)(e3 + r) + 2s + β(e2 − r)

β(e2 − r)

)
≤

1
m

Re
(
ξδ′′(ξ)
δ′(ξ)

+ 1
)
,

and

Re
(
e4

(
β(β + 1)(β + 2)

)
− (β + 1)t + β(β + 3)s − β(β + 1)2r

β(e2 − r)

)
≤

1
m2 Re

(
ξ2δ′′′(ξ)
δ′(ξ)

)
,

where ξ ∈ Ξ, ζ ∈ ∂Ξ, and m ≥ 2.

Theorem 4.6. Consider ψ ∈ M′
j,1[Ω, δ]. If the functions f ∈ K,

Nβ
α f (ξ)
ξ

∈ O1, and δ ∈ D1 with δ′(ξ) , 0

fulfill the subsequent criteria:

Re
(
ζδ′′(ζ)
δ′(ζ)

)
≥ 0,

∣∣∣∣∣∣∣N
β
α−1 f (ξ)
ξ δ′(ζ)

∣∣∣∣∣∣∣ ≤ m, (4.5)

and

ψ

Nβ
α f (ξ)
ξ

,
Nβ
α−1 f (ξ)
ξ

,
Nβ
α−2 f (ξ)
ξ

,
Nβ
α−3 f (ξ)
ξ

; ξ


is univalent in Ξ, then

Ω ⊂

ψ
Nβ

α f (ξ)
ξ

,
Nβ
α−1 f (ξ)
ξ

,
Nβ
α−2 f (ξ)
ξ

,
Nβ
α−3 f (ξ)
ξ

; ξ

 : ξ ∈ Ξ

 (4.6)

implies that

δ(ξ) ≺
Nβ
α f (ξ)
ξ

, (ξ ∈ Ξ).

Proof. Assume the function γ(ξ) is characterized by (3.18) and ϕ is delineated via (3.25). Given ψ ∈
M′

j,1[Ω, δ], from Eqs (3.26) and (4.6), we obtain

Ω ⊂
{
ϕ
(
γ(ξ), ξγ′(ξ), ξ2γ′′(ξ), ξ3γ′′′(ξ); ξ

)
: ξ ∈ Ξ

}
.

Equations (3.23) and (3.24) indicate that the admissibility criterion for ψ ∈ M′
j,1[Ω, δ] in Definition 4.5

is synonymous with the admission criterion for ϕ as provided in Definition 2.6 with n = 2.
Therefore, ϕ ∈ Ψ′2[Ω, δ]. Utilizing (4.6) and Lemma 2.7, we obtain

δ(ξ) ≺
Nβ
α f (ξ)
ξ

, (ξ ∈ Ξ).
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This concludes the proof of Theorem 4.6. �

If Ω < C is a simply connected region and Ω = Ω(Ξ) for certain conformal mappings Ω(ξ) of Ξ

onto Ω, then in this instance, the class M′
j,1[Ω(Ξ), δ] is written as M′

j,1[Ω, δ]. The immediate implication
of Theorem 4.6 is articulated below.

Theorem 4.7. Consider ψ ∈ M′
j,1[Ω, δ] and Ω is analytic in Ξ. If the functions f ∈ K and δ ∈ D1

with δ′(ξ) , 0 fulfill the conditions of (4.5) and the function

ψ

Nβ
α f (ξ)
ξ

,
Nβ
α−1 f (ξ)
ξ

,
Nβ
α−2 f (ξ)
ξ

,
Nβ
α−3 f (ξ)
ξ

; ξ


is univalent in Ξ, then

Ω(ξ) ≺ ψ

Nβ
α f (ξ)
ξ

,
Nβ
α−1 f (ξ)
ξ

,
Nβ
α−2 f (ξ)
ξ

,
Nβ
α−3 f (ξ)
ξ

; ξ


implies that

δ(ξ) ≺
Nβ
α f (ξ)
ξ

, (ξ ∈ Ξ).

5. Sandwich outcomes

The subsequent sandwich theorem is derived from the amalgamation of Theorems 3.4 and 4.3.

Theorem 5.1. Consider Ω1 and δ1 are analytic functions in Ξ. Also assume Ω2 is a univalent function
in Ξ and δ2 ∈ O0, with δ1(0) = δ2(0) = 1, and ψ ∈ M j[Ω2, δ2] ∩ M′

j[Ω1, δ1]. If the function f ∈ K,
satisfies Nβ

α f (ξ) ∈ O0 ∩ D0, and the function

ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)

is univalent in Ξ, and if conditions (3.1) and (4.1) are met, then

Ω1(ξ) ≺ ψ
(
Nβ
α f (ξ),Nβ

α−1 f (ξ),Nβ
α−2 f (ξ),Nβ

α−3 f (ξ); ξ
)
≺ Ω2(ξ)

implies that
δ1(ξ) ≺ Nβ

α f (ξ) ≺ δ2(ξ), (ξ ∈ Ξ). (5.1)

By integrating Theorems 3.13 and 4.7, we derive the subsequent sandwich theorem.

Theorem 5.2. Consider Ω1 and δ1 are analytic functions in Ξ. Also assume Ω2 is a univalent function
in Ξ and δ2 ∈ O1, with δ1(0) = δ2(0) = 1, and ψ ∈ M j,1[Ω2, δ2] ∩ M′

j,1[Ω1, δ1]. If the function f ∈ K

satisfies
Nβ
α f (ξ)
ξ

∈ O1 ∩ D1, the function

ψ

Nβ
α f (ξ)
ξ

,
Nβ
α−1 f (ξ)
ξ

,
Nβ
α−2 f (ξ)
ξ

,
Nβ
α−3 f (ξ)
ξ

; ξ


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is univalent in Ξ, and the requirements (3.16) and (4.5) are fulfilled, then

Ω1(ξ) ≺ ψ

Nβ
α f (ξ)
ξ

,
Nβ
α−1 f (ξ)
ξ

,
Nβ
α−2 f (ξ)
ξ

,
Nβ
α−3 f (ξ)
ξ

; ξ

 ≺ Ω2(ξ)

implies that

δ1(ξ) ≺
Nβ
α f (ξ)
ξ

≺ δ2(ξ), (ξ ∈ Ξ). (5.2)

6. Conclusions

This paper presents substantial progress in the theory of differential subordination and
superordination for univalent functions with an innovative Hadamard (convolution) product operator.
The research establishes novel sandwich theorems that link dominant and subordinant functions under
specified geometric restrictions, offering a cohesive framework for the analysis of these functions in the
unit disk. The results improve the comprehension of convexity and starlikeness features in this setting,
providing a basis for further applications in analytic function theory. Subsequent research may broaden
these findings to encompass higher-order equations and investigate novel operators for additional
theoretical and practical progress. The investigation successfully establishes third-order sandwich-type
outcomes for analytic and univalent functions defined via the Srivastava–Attiya operator associated
with Hurwitz–Lerch functions. Beyond proving several new inclusion relationships and admissibility
conditions, the study highlights how these results unify earlier works and sharpen existing inequalities.
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