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Abstract: Interconnected fractional Hammerstein models are useful for nonlinear processes with
hereditary local dynamics and cross-subsystem interactions, but ordinary fractional recursive extended
least squares (FRELS) estimators remain fragile under impulsive measurements. This paper develops
Huber and maximum correntropy criterion (MCC) robust stochastic FRELS (RS-FRELS) recursions
for finite-memory fractional interconnected Hammerstein regressions. The key point is not a new
robust score but a careful frozen-weight interpretation: The online update exactly solves a weighted
quadratic surrogate whose weights are evaluated at prior innovations, rather than the full nonlinear
robust empirical risk. This framing yields explicitly conditional guarantees. On the algebraic
side, these cover surrogate optimality, covariance positivity under either a deterministic or an
in-expectation weighted-excitation condition, bounded single-sample influence, and an estimator-
side saturation variant for leverage control. On the statistical side, they cover Huber population
consistency under score orthogonality, a local orthogonality-defect bias bound, MCC stationarity
without global uniqueness, local stochastic approximation convergence in general, global convergence
for projected Huber RS-FRELS on a compact convex projection set under uniform Huber curvature,
and conservative tracking under slow drift. The assumptions are connected to checkable diagnostics
for weighted information, score defects, saturation activation, and regressor norms, together with
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a step-by-step verification workflow for practitioners. Simulations include 30-seed Monte Carlo
comparisons, paired significance tests, heavy-tailed and leverage stress tests, MCC kernel and impulse
severity sweeps, same-regressor algorithm baselines including a redescending recursive least M-
estimate and adaptively tuned robust variants, model structure ablations, and scalability timing up to 50
subsystems. The synthetic study is complemented by a real-data validation on the DaISy (Database
for the Identification of Systems) liquid–saturated steam heat exchanger benchmark, in which the
robust recursions match ordinary FRELS on the raw record and improve held-out prediction accuracy
under injected impulsive sensor faults. The results support the bounded score mechanism while clearly
separating what the experiments validate from unresolved colored output error consistency questions.

Keywords: fractional-order systems; Hammerstein systems; interconnected systems; recursive
identification; robust RLS; Huber M-estimation; maximum correntropy; impulsive noise; frozen-
weight IRLS; scalability diagnostics
Mathematics Subject Classification: 26A33, 62F35, 62L20, 93E12, 93E24

1. Introduction

Block-oriented nonlinear models are widely used in system identification because they combine
interpretable static nonlinearities with dynamic elements of moderate dimension. The Hammerstein
architecture, consisting of a memoryless nonlinear block followed by a linear dynamic block, is
among the most common such structures [1–3]. Fractional-order Hammerstein models further
enrich this architecture by replacing integer-order difference operators with noninteger operators
capable of representing hereditary and long-memory effects; the mathematical foundations of such
operators are classical [4, 5]. The identification of discrete fractional-order Hammerstein systems
was considered in [6], and evolutionary recursive estimators subsequently made this model class
practically identifiable [7, 8]. Recent fractional Hammerstein identification methods have considered
auxiliary-model recursive least squares (RLS) for interconnected fractional regressions [9], separable
and orthogonal least squares fractional parameterizations [10, 11], and staged or two-stage estimation
schemes for fractional and parameter-varying Hammerstein systems [12, 13].

A remaining limitation is robustness to impulsive disturbances. Ordinary least squares and RLS
algorithms give quadratic emphasis to large innovations, so a small number of outliers can dominate
the update. This problem has motivated classical robust M-estimation [14, 15], recursive least-
M-estimate and Huber-type robust RLS filters designed for impulsive noise environments [16, 17],
correntropy criteria for non-Gaussian signal processing [18, 19], and recursive maximum correntropy
algorithms with generalized or proportionate extensions [20, 21]. In nonlinear system identification,
recent work continues to address impulsive noise in recursive Hammerstein and errors-in-variables
estimation [22, 23], metaheuristic robust identification of fractional Hammerstein models [24, 25], and
multi-innovation recursions for sandwich nonlinear systems [26]. Nevertheless, the combination of
fractional memory, interconnection, Hammerstein nonlinearities, scalability diagnostics, and robust
online recursive estimation remains insufficiently developed.

To state the research gap precisely, it is useful to identify the mechanism by which each existing
algorithm family fails in the scenario studied here. (i) Quadratic-score fractional recursions (fractional
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recursive extended least squares (FRELS)/RLS applied to Grünwald–Letnikov (GL) regressors [7, 9])
have an unbounded influence function: A single innovation of size |e|moves the estimate proportionally
to |e|, so one impulsive measurement can undo hundreds of clean updates. The damage is amplified in
the fractional setting, because the impulse also enters the finite-memory GL filters and persists in the
own-output regressors for L subsequent samples, converting a single vertical outlier into a sequence
of leverage points. (ii) Robust adaptive filters (recursive least M-estimate and Huber-RLS [16, 17],
MCC and its recursive variants [20, 21]) bound the score, but they were developed for integer-order
finite impulse response (FIR) or channel models with exogenous regressors; they provide neither
fractional memory nor an interconnection structure, and their analyses do not address the frozen-
weight surrogate interpretation or the score orthogonality issue raised by colored output regressors.
(iii) Fractional Hammerstein identification methods (the evolutionary recursive estimator of [7],
separable and orthogonal least squares [10, 11], staged Levenberg–Marquardt (LM) estimation [12],
and metaheuristic estimators [24, 25]) assume finite variance and mostly Gaussian disturbances and
use quadratic criteria or batch optimization, so they inherit the impulse fragility of (i) or give up
the online recursive structure altogether. The gap addressed in this paper is therefore specific:
An online estimator with RLS-level cost for finite-memory fractional interconnected Hammerstein
regressions that provably bounds the influence of impulsive innovations, makes the required excitation
and orthogonality conditions explicit and checkable, and quantifies what happens when they fail.

The method proposed here starts from the finite-memory fractional interconnected Hammerstein
regression

yi(k) = θ⋆⊤i ψi(k) + ξi(k), ξi(k) = Ci(∆
νi
L )ei(k) + ηi(k), (1.1)

where the regressor ψi(k) contains fractional own-output terms, nonlinear fractional input terms, and
fractional interconnection terms, while ηi(k) represents impulsive contamination. The symbol ξi(k)
always denotes this colored plus impulsive disturbance; the expression above fixes its form once and
for all, and Section 3 only restates it with the shorthand χi(k) = Ci(∆

νi
L )ei(k) for the colored component.

The ordinary FRELS innovation is replaced by either a Huber score or a maximum correntropy score.
The resulting recursion has the same computational structure as RLS, but its gain is multiplied by a
residual-dependent weight.

A central mathematical point is that the algorithm is not claimed to be the exact recursive minimizer
of the full nonlinear robust empirical risk. At time k, the robust weight is computed from the prior
innovation and then frozen. The recursion therefore exactly minimizes a weighted quadratic surrogate
and should be interpreted as an online one-step iteratively reweighted least squares (IRLS)/RLS
method. This distinction is essential in systems with colored output regressors, because the frozen
weights are path-dependent, and the score orthogonality need not follow automatically from the noise
model. The convergence and tracking statements below are therefore conditional results under explicit
boundedness, excitation, and local mean field assumptions.

The contributions are summarized as follows; established ingredients (robust scores, weighted RLS
algebra, GL regressors) are explicitly credited to the cited literature, and only the items below are
claimed as new for this model class.

(C1) Algorithm. A frozen-weight Huber/MCC robust stochastic FRELS (RS-FRELS) recursion for
finite-memory fractional interconnected Hammerstein regressions under colored plus impulsive
disturbances, with optional estimator-side regressor saturation and projection.
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(C2) Exact surrogate and influence theory. The recursion is characterized as the exact minimizer of
a frozen-weight quadratic surrogate with arbitrary initialization (Theorem 5.1), and the single-
sample influence is proved to be bounded, with a saturation corollary that makes the bounded
regressor requirement an algorithmic design choice rather than a data assumption.

(C3) Conditional convergence theory. Weighted persistent excitation is supported by two checkable
sufficient conditions, namely a deterministic one and an in-expectation one based on a
matrix Azuma–Hoeffding bound that covers the MCC case; Huber–Fisher consistency; a local
orthogonality-defect bias bound (Proposition 5.2 in Section 5); local stochastic approximation
convergence; a global convergence theorem for projected Huber RS-FRELS under uniform Huber
curvature, together with an explanation of why MCC cannot be globalized the same way; and a
conservative tracking lemma are all stated under explicit conditional assumptions.

(C4) Verification-oriented evidence. Assumption-linked diagnostics (weighted information, score
defect, saturation activation), 30-seed Monte Carlo comparisons with paired tests and additional
robust baselines, stress and sensitivity studies, scalability timing with per-method runtimes, and
a real-data validation on the DaISy heat exchanger benchmark under injected impulsive sensor
faults.

A detailed mathematical comparison with closely related recent work is provided in Appendix A
(Table 13). In short, established ingredients such as robust RLS, Huber M-estimation, MCC
adaptive filtering, and finite-memory fractional regressors are combined here into a finite-memory
GL interconnected Hammerstein regression, together with the arbitrary initialization frozen surrogate
identity, the estimator-side leverage–saturation influence corollary, and diagnostics that expose when
the conditional assumptions are plausible. The paper therefore presents a disciplined synthesis and
analysis for this model class rather than claiming to invent robust recursive estimation itself.

2. Preliminaries

This section contains only definitions and standard facts used later. Proofs are deliberately omitted
for well-known results and appropriate references are given. Elementary results that are specific to the
proposed robust recursion are moved to Section 5.

For a vector x ∈ Rn, ∥x∥ denotes the Euclidean norm. For a symmetric matrix A, A ≻ 0 and
A ⪰ 0 denote positive definiteness and positive semidefiniteness, respectively. The smallest and largest
eigenvalues of a symmetric matrix are denoted λmin(A) and λmax(A). All signals are indexed by k ∈ N.
For a stochastic sequence, Fk denotes the natural filtration generated by the data up to time k.

Definition 2.1 (Finite-memory GL fractional difference [4, 5, 27]). Let µ > 0 and let L ∈ N be a
prescribed finite memory length. The causal truncated GL fractional difference of a scalar sequence
x(k) is

∆
µ
Lx(k) =

min{L,k}∑
ℓ=0

g(µ)
ℓ x(k − ℓ), g(µ)

ℓ = (−1)ℓ
(
µ

ℓ

)
= (−1)ℓ

Γ(µ + 1)
Γ(ℓ + 1)Γ(µ − ℓ + 1)

. (2.1)

The finite-memory gain is denoted by

Gµ,L =

L∑
ℓ=0

∣∣∣g(µ)
ℓ

∣∣∣ . (2.2)
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Proposition 2.1 (Known boundedness of finite-memory GL filters [5,7,9]). If |x(k)| ≤ Mx for all k and
if L < ∞, then

∣∣∣∆µLx(k)
∣∣∣ ≤ Mx Gµ,L for all k. This follows directly from the triangle inequality applied

to the finite convolution in (2.1).

Remark 2.1 (Finite-memory approximation). The analysis in this paper is for the finite-memory model
defined by (2.1). If the true physical plant has infinite fractional memory, replacing it by (2.1)
introduces truncation bias. Increasing L reduces this modeling approximation only when the omitted
tail is sufficiently small; it does not follow from the recursive estimator itself. Therefore, the
consistency statements below refer to the parameter of the finite-memory regression model.

Proposition 2.2 (Elementary GL truncation-tail bound [5]). Let the infinite-memory GL difference be
formally written as

∆µ∞x(k) =
k∑
ℓ=0

g(µ)
ℓ x(k − ℓ), (2.3)

and suppose |x(k)| ≤ Mx. Then the finite-memory truncation error satisfies∣∣∣∆µ∞x(k) − ∆µLx(k)
∣∣∣ ≤ Mx

k∑
ℓ=L+1

|g(µ)
ℓ |. (2.4)

Consequently, if a regression uses nx such filtered signals with bounded coefficient magnitudes, the
induced one-step modeling error is bounded by the corresponding coefficient-weighted sum of the tails
in (2.4). This proposition quantifies the finite-memory approximation error but does not remove the
need to choose L large enough for the plant being modeled.

Definition 2.2 (Huber [14, 15] and maximum correntropy [18, 19] scores). The Huber loss with
threshold δ > 0 is

ρH
δ (e) =

 1
2e2, |e| ≤ δ,

δ |e| − 1
2δ

2, |e| > δ,
sH
δ (e) =

d
de
ρH
δ (e) =

e, |e| ≤ δ,

δ sgn(e), |e| > δ.
(2.5)

The maximum correntropy-type loss used here is

ρC
σ(e) = σ2

(
1 − exp

[
−

e2

2σ2

])
, sC

σ(e) = e exp
[
−

e2

2σ2

]
, (2.6)

where σ > 0 is the kernel width. In both cases, the recursive algorithm uses

ω(e) =

s(e)/e, e , 0,
1, e = 0,

(2.7)

so that ω(e)e = s(e). Explicitly, we have

ωH
δ (e) =

1, |e| ≤ δ,

δ/ |e| , |e| > δ,
ωC
σ(e) = exp

[
−

e2

2σ2

]
. (2.8)

Proposition 2.3 (Weighted RLS identity [17, 28, 29]). Let P−1 be nonsingular, u ∈ Rd, λ > 0, and
ω ≥ 0. The inverse of λP−1 + ωuu⊤ is(

λP−1 + ωuu⊤
)−1
= λ−1P − λ−1 ωPuu⊤P

λ + ωu⊤Pu
. (2.9)

This is the Sherman–Morrison–Woodbury identity and is the standard algebra behind RLS and
weighted RLS recursions.
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3. Fractional interconnected Hammerstein regression model

Consider a process composed of Ns interconnected subsystems. For subsystem i ∈ {1, . . . ,Ns}, the
measured output is modeled as

yi(k) = θ⋆⊤i ψi(k) + ξi(k), (3.1)

where θ⋆i ∈ R
di is a finite-dimensional lumped parameter vector, ψi(k) ∈ Rdi is a fractional Hammerstein

regressor, and ξi(k) is a colored plus impulsive disturbance.
A representative regressor has the form

ψi(k) =
[
− ∆

αi,1
L yi(k − 1), . . . ,−∆

αi,ni
L yi(k − ni),

∆
βi,1
L ui(k),∆βi,2

L u2
i (k), . . . ,∆

βi,ri
L uri

i (k),

{∆
γi j,m

L y j(k − m) : j , i, m ∈ Di j}
]⊤
.

(3.2)

The fractional orders αi,m, βi,r, γi j,m > 0 are assumed known in the recursive estimation developed here.
Unknown fractional orders can be estimated with evolutionary identification methods [7, 8] or with
separable, orthogonal, and staged estimation schemes for fractional Hammerstein models [10–12], but
order estimation is not the focus of the present work.

The disturbance is decomposed as

ξi(k) = χi(k) + ηi(k), χi(k) = Ci(∆
νi
L )ei(k), (3.3)

where Ci(∆
νi
L ) is a finite-memory fractional coloring filter, ei(k) is a nominal zero-mean innovation, and

ηi(k) is an impulsive component. This is the same disturbance already introduced in (1.1); the only new
notation is the shorthand χi(k) for its colored part. Typical simulations use a contaminated distribution

ηi(k) = bi(k)ai(k), bi(k) ∼ Bernoulli(pi), (3.4)

where ai(k) is large-amplitude Gaussian or heavy-tailed noise. The robust recursion does not require
a finite variance for ai(k) in the bounded single-sample influence theorem; however, convergence
theorems require separate regularity assumptions, which are stated later.

Remark 3.1 (Lumped Hammerstein identifiability, scaling ambiguity, and normalization options).
Equation (3.1) identifies the lumped regression parameter θ⋆i . It does not, by itself, separately identify
the static nonlinearity coefficients and the dynamic-block coefficients of a classical Hammerstein
cascade. Indeed, multiplying the static block by a nonzero scalar c and the dynamic block by 1/c
gives the same input–output map. Separate block identification therefore requires an additional
normalization, such as fixing one static coefficient or one dynamic gain. This paper estimates the
lumped parameter vector unless such a normalization is imposed. The practical impact of this inherent
scaling ambiguity should be stated explicitly. The lumped vector θ⋆i , the one-step predictor θ̂⊤i ψi,
all prediction-error metrics, and the normalized mean square deviation (NMSD) used in Section 6
are invariant to the ambiguity because they never require the blocks to be separated; in particular,
every algorithm comparison in this paper is unaffected, since all estimators target the same lumped
parameterization. The ambiguity matters only when the user wants physically interpretable block
coefficients. In that case, two standard normalizations can be applied after (or during) estimation
without changing the recursion: (i) Fix the leading static nonlinearity coefficient to one, ci,1 = 1, and
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absorb the scale into the dynamic block, which is the most common convention and is well conditioned
whenever the linear input term is non-negligible; or (ii) constrain the static coefficient vector to a unit
Euclidean norm with a fixed sign convention, which distributes the scale more evenly when the leading
coefficient may be small. Both normalizations amount to a deterministic rescaling of the subvectors of
θ̂i and therefore inherit the convergence properties of the lumped estimate; they differ only in numerical
conditioning.

4. Robust stochastic FRELS algorithm

For each subsystem, the recursion may be run either with the raw fractional Hammerstein regressor
ψi(k) or with an estimator-side saturated regressor. For a user-selected level Bi > 0, define

SBi(x) =

x, ∥x∥ ≤ Bi,

Bix/ ∥x∥ , ∥x∥ > Bi.
(4.1)

The actual regressor supplied to the update is

φi(k) =

ψraw
i (k), raw RS-FRELS,
SBi(ψ

raw
i (k)), saturated RS-FRELS.

(4.2)

For notational simplicity, the equations and theorems below write ψi(k) for the regressor actually
supplied to the recursion; thus ψi(k) should be read as φi(k) when saturation is enabled. The
same convention applies to the optional projection ΠΘi of the parameter vector onto a convex set
Θi: Projection is not needed for the algebraic surrogate theorem but it is useful in the stochastic
approximation and bounded regressor variants.

For each subsystem, define the prior innovation

εi(k) = yi(k) − θ̂⊤i (k − 1)ψi(k). (4.3)

Given a robust score si and weight ωi(e) = si(e)/e, the proposed recursion is

Ki(k) =
ωi(εi(k))Pi(k − 1)ψi(k)

λi + ωi(εi(k))ψ⊤i (k)Pi(k − 1)ψi(k)
, (4.4)

θ̂i(k) = θ̂i(k − 1) + Ki(k)εi(k), (4.5)
Pi(k) = λ−1

i Pi(k − 1) − λ−1
i Ki(k)ψ⊤i (k)Pi(k − 1), (4.6)

where 0 < λi ≤ 1 is the forgetting factor. In (4.4)–(4.6), and in all information-form recursions derived
from them, the weight ωi(k) = ωi(εi(k)) is computed from the explicit formulas in (2.8), according to
whether the Huber or the MCC score has been selected. If ωi ≡ 1, (4.4)–(4.6) reduce to the ordinary
FRELS/RLS update applied to the fractional regressor.
Remark 4.1 (Exact surrogate, not the exact nonlinear robust minimizer). The nonlinear robust empirical
criterion

Ji,k(θ) =
k∑
ℓ=1

λk−ℓ
i ρi

(
yi(ℓ) − θ⊤ψi(ℓ)

)
+

1
2
λk

i (θ − θi,0)⊤Pi(0)−1(θ − θi,0),

(4.7)
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will have score equations in which every weight depends on the candidate vector θ. The implementable
recursion instead evaluates ωi(εi(k)) using the previous estimate and then freezes that weight. Thus
RS-FRELS is an online one-step IRLS/RLS approximation of (4.7); it exactly solves a frozen-weight
quadratic surrogate, as proved below. This distinction is essential for the convergence statements.

Algorithm 1 Huber/MCC RS-FRELS with optional regressor saturation and projection

Require: Forgetting factors λi, initial estimates θ̂i(0), Pi(0) ≻ 0, robust score si, optional saturation
bounds Bi, optional projection sets Θi.

1: for k = 1, 2, . . . do
2: for i = 1, . . . ,Ns do
3: Form the raw fractional Hammerstein regressor ψraw

i (k) from (3.2).
4: Set ψi(k)← ψraw

i (k), or ψi(k)← SBi(ψ
raw
i (k)) if saturation is enabled.

5: Compute εi(k) = yi(k) − θ̂⊤i (k − 1)ψi(k).
6: Set ωi(k) = si(εi(k))/εi(k) if εi(k) , 0 and ωi(k) = 1 otherwise.
7: Compute Ki(k) from (4.4) and update Pi(k) from (4.6).
8: Compute θ+i (k) = θ̂i(k − 1) + Ki(k)εi(k).
9: Set θ̂i(k) = θ+i (k), or θ̂i(k) = ΠΘi(θ

+
i (k)) if projection is enabled.

10: end for
11: end for

Remark 4.2 (Projection versus exact surrogate optimality). When projection is disabled, Algorithm 1
is exactly the weighted RLS recursion characterized in Theorem 5.1. When projection is enabled,
Theorem 5.1 applies to the unprojected intermediate vector θ+(k). The projected iterate ΠΘ(θ+(k))
should therefore be interpreted as a stabilized projected stochastic approximation variant, not as the
unconstrained minimizer of the frozen-weight quadratic surrogate, unless θ+(k) ∈ Θ. A constrained-
surrogate interpretation would require replacing the minimization domain in (5.3) by Θ and solving
the constrained quadratic problem.

Remark 4.3 (Per-sample computational cost and the path to a scalable implementation). Let di be
the regressor dimension of subsystem i. With a full covariance matrix, the dominant update cost
is the matrix-vector product Pi(k − 1)ψi(k) and the rank-one covariance correction, both O(d2

i ) per
subsystem and O(d2

i ) for the memory. Thus the centralized per-sample update cost is O(
∑Ns

i=1 d2
i ) and

the memory requirement is O(
∑Ns

i=1 d2
i ). Forming finite-memory GL regressors adds O(Ldi) arithmetic

if implemented by direct finite convolutions, or reduces this cost when cached convolution states are
used. For dense all-to-all interconnections of the representative form (3.2), di = 5+ (Ns−1); for sparse
coupling with the maximum degree qi, di = 5 + qi. The scalability experiment in Section 6 reports
the empirical runtime associated with this full-covariance implementation. To avoid overstatement,
the scope of the word “scalable” used in this paper is made precise here, together with the route to
genuinely large systems. For dense all-to-all coupling, di grows linearly in Ns and the full-covariance
cost grows like O(N3

s ) in total, so the dense full-covariance implementation is not claimed to be
large-scale; the timing study only verifies that the measured cost follows the predicted O(

∑
i d2

i )
law up to Ns = 50. Three structural reductions give a practical path to larger systems. First,
physical interconnections are typically sparse: With bounded coupling degree qi ≤ q, the total cost is
O(Ns(5+q)2), i.e., linear in the number of subsystems. Second, the update decouples across subsystems
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given the measured interconnection signals, so the Ns recursions can be executed in parallel with no
communication beyond the shared measurements; the per-processor cost is then O(d2

i ) regardless of Ns.
Third, when even O(d2

i ) is too expensive, the same robust score can drive an O(di) normalized-gradient
update. The Huber-NLMS baseline in Section 6 is exactly this variant, and its per-method runtime is
reported in Table 10 so that the accuracy–cost trade-off is documented rather than hidden.

5. Main results

The results are stated for one subsystem in order to avoid notational repetition. All statements
apply componentwise to the interconnected model by replacing (y, ψ, θ, P, λ) with (yi, ψi, θi, Pi, λi). The
first result is the algebraic core of the method: Once the robust weights have been computed from
prior innovations and are treated as fixed data, the recursion is an exact weighted RLS solver for a
well-defined quadratic surrogate.

Theorem 5.1 (Exact solution of the frozen-weight surrogate). Let P(0) ≻ 0, θ0 ∈ R
d, R(0) = P(0)−1,

and r(0) = P(0)−1θ0. Assume that the weights ω(ℓ) ≥ 0 are frozen after they are computed from the
prior innovations. Define

R(k) = λR(k − 1) + ω(k)ψ(k)ψ⊤(k), (5.1)
r(k) = λr(k − 1) + ω(k)ψ(k)y(k). (5.2)

Then θ̂(k) = R(k)−1r(k) is the unique minimizer of

J̃k(θ) =
1
2

k∑
ℓ=1

λk−ℓω(ℓ)
[
y(ℓ) − θ⊤ψ(ℓ)

]2
+

1
2
λk(θ − θ0)⊤P(0)−1(θ − θ0). (5.3)

Moreover, if P(k) = R(k)−1, this minimizer is generated by the gain and covariance recursions (4.4)–
(4.6).

Proof. The proof has three steps. First, the objective in (5.3) is a strictly convex quadratic function.
Expanding the terms that depend on θ gives

J̃k(θ) =
1
2
θ⊤

λkP(0)−1 +

k∑
ℓ=1

λk−ℓω(ℓ)ψ(ℓ)ψ⊤(ℓ)

 θ
− θ⊤

λkP(0)−1θ0 +

k∑
ℓ=1

λk−ℓω(ℓ)ψ(ℓ)y(ℓ)

 + ck,

(5.4)

where ck is independent of θ. Expanding (5.1) and (5.2) yields exactly the two bracketed quantities
in (5.4). Since P(0) ≻ 0, λ > 0, and each ω(ℓ)ψ(ℓ)ψ⊤(ℓ) is positive semidefinite, R(k) ≻ 0. Hence J̃k is
strictly convex and its only stationary point

∇J̃k(θ) = R(k)θ − r(k) = 0, (5.5)

is the unique minimizer θ̂(k) = R(k)−1r(k).
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Second, the covariance recursion follows from the matrix inversion lemma. From R(k) = λR(k −
1) + ω(k)ψ(k)ψ⊤(k) and P(k − 1) = R(k − 1)−1, we have

P(k) = λ−1P(k − 1) − λ−1ω(k)P(k − 1)ψ(k)ψ⊤(k)P(k − 1)
λ + ω(k)ψ⊤(k)P(k − 1)ψ(k)

. (5.6)

Defining

K(k) =
ω(k)P(k − 1)ψ(k)

λ + ω(k)ψ⊤(k)P(k − 1)ψ(k)
(5.7)

turns (5.6) into (4.6).
Third, the parameter update follows by multiplying the information vector by the updated

covariance
θ̂(k) = P(k)r(k) = P(k){λr(k − 1) + ω(k)ψ(k)y(k)}. (5.8)

Using r(k − 1) = P(k − 1)−1θ̂(k − 1) and the identity P(k)ω(k)ψ(k) = K(k), which is obtained by
multiplying (5.6) by ω(k)ψ(k), gives

θ̂(k) =
[
I − K(k)ψ⊤(k)

]
θ̂(k − 1) + K(k)y(k)

= θ̂(k − 1) + K(k)
[
y(k) − ψ⊤(k)θ̂(k − 1)

]
.

(5.9)

This is precisely (4.5). The factor λk in the prior term is not cosmetic: Without it, the recursion
R(k) = λR(k − 1) + · · · would not be the normal equation of the stated objective. Similarly, if r(0) = 0,
the exact algebra corresponds only to θ0 = 0. Thus the theorem establishes the precise objective solved
by the implementable frozen-weight recursion. □

The preceding theorem justifies the algorithmic recursion but does not by itself guarantee that the
weighted data remain informative. The following assumption and result record the information-matrix
condition used later. The proof is routine RLS algebra and is placed in the appendix to keep the main
text focused on the contribution-specific arguments.

Assumption 5.1 (Weighted persistent excitation). An integer k0 ≥ 1, a window length T ∈ N, and the
constants 0 < m ≤ M < ∞ exist such that, for every window starting at k ≥ k0, we have

mId ⪯
1
T

k+T−1∑
ℓ=k

ω(ℓ)ψ(ℓ)ψ⊤(ℓ) ⪯ MId. (5.10)

Proposition 5.1 (Two checkable sufficient conditions for weighted excitation). Suppose that the raw
or saturated regressor sequence satisfies ordinary finite-window excitation

m0Id ⪯
1
T

k+T−1∑
ℓ=k

ψ(ℓ)ψ⊤(ℓ) ⪯ M0Id, k ≥ k0. (5.11)

Either of the following two conditions implies Assumption 5.1.

(i) Pathwise lower bound. If the robust weights along the estimator trajectory obey a deterministic
lower bound

ω(ℓ) ≥ ωmin > 0, ℓ ≥ k0, (5.12)

then Assumption 5.1 holds with m = ωminm0 and M = M0, since 0 ≤ ω(ℓ) ≤ 1 for the Huber and
MCC weights used here.
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(ii) Conditional expectation lower bound with bounded martingale difference deviation: Suppose
instead that there is a constant ωE > 0 such that the conditional expectation of the weight given
the past and the current regressor satisfies

E
[
ω(ℓ)

∣∣∣ Fℓ−1, ψ(ℓ)
]
≥ ωE, ℓ ≥ k0, (5.13)

that the regressors and weights are uniformly bounded, ∥ψ(ℓ)∥ ≤ ψ̄ and 0 ≤ ω(ℓ) ≤ 1, and that
the matrix sequence

D(ℓ) = ω(ℓ)ψ(ℓ)ψ⊤(ℓ) − E
[
ω(ℓ)ψ(ℓ)ψ⊤(ℓ)

∣∣∣Fℓ−1

]
(5.14)

is a matrix martingale difference sequence with ∥D(ℓ)∥ ≤ 2ψ̄2 almost surely. Then, for every
ϵ ∈ (0, ωEm0), the following two conclusions hold.

(ii.a) Fixed window, explicit probability: For every window start k ≥ k0, we have

P

(ωEm0 − ϵ) Id ⪯
1
T

k+T−1∑
ℓ=k

ω(ℓ)ψ(ℓ)ψ⊤(ℓ) ⪯ M0Id

 ≥ 1 − 2d exp
(
−

T ϵ2

32ψ̄4

)
. (5.15)

(ii.b) Slowly growing windows, eventually almost surely. If the window lengths are allowed to
grow logarithmically, Tk ≥ (32ψ̄4/ϵ2) (2 ln k + ln 2d) for the window starting at k, then there
exists a finite random time k1 such that

(ωEm0 − ϵ) Id ⪯
1
Tk

k+Tk−1∑
ℓ=k

ω(ℓ)ψ(ℓ)ψ⊤(ℓ) ⪯ M0Id, k ≥ k1, (5.16)

so Assumption 5.1 holds eventually almost surely along such window sequences with m =
(ωE m0)/2 (taking ϵ ≤ ωEm0/2) and M = M0. For a fixed window length T , Conclusion (ii.a)
is the operative statement: It is the quantitative, checkable form that the empirical weighted
information diagnostics of Section 6 monitor.

Proof. See Appendix C. □

Remark 5.1 (Why two cases are needed: The MCC failure of the pathwise bound). Part (i) is the
simplest sufficient condition and is realistic for Huber weights when residuals are bounded on the
local trajectory, in which case ωH

δ (e) ≥ min{1, δ/Emax}. It is, however, not realistic for MCC. For
MCC, residual control would give ωC

σ(e) ≥ exp[−E2
max/(2σ

2)], and this lower bound collapses to
zero either when too small a value of σ is taken (a known practical risk) or when occasional large
residuals occur during initial transients or impulsive events. A deterministic pathwise lower bound
on ω(ℓ) therefore generally fails for MCC under the very impulsive disturbances that motivate using
MCC in the first place. Part (ii) is included precisely to give a checkable replacement: It only asks
that the conditional mean of ω(ℓ) given the past and current regressor be bounded below, which for
MCC is a statement about the residual distribution rather than about pathwise residual extrema. For
example, if the prediction error ε(ℓ) has a conditional density fε|Fℓ−1,ψ(ℓ) that is bounded below by f on
an interval [−A, A], then

E
[
ωC
σ(ε(ℓ))

∣∣∣Fℓ−1, ψ(ℓ)
]
≥ f

∫ A

−A
exp

[
−

u2

2σ2

]
du = f σ

√
2π

[
Φ(A/σ) − Φ(−A/σ)

]
, (5.17)
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where the integration variable is written as u to avoid any confusion with the residual symbol e. The
right-hand side stays bounded away from zero even when σ is moderately small. Part (ii) consequently
captures the MCC case that Part (i) does not. The numerical section continues to report empirical
weighted information eigenvalues, so that Assumption 5.1 is monitored on the actual trajectory rather
than declared automatic.

Remark 5.2 (Trajectory dependence is reduced but not eliminated). Both parts of Proposition 5.1
remain trajectory-dependent because the residuals enter ω(ℓ). Part (ii) reduces this dependence to a
conditional moment of the residual distribution, which is checkable as long as the residual conditional
law has a density bounded below on a nonvanishing window; it does not require pathwise residual
control. The matrix martingale difference condition in (5.14) is automatic once ψ is bounded by
saturation (4.1) or by an a priori bound on the data, and the deviation ϵ can be made arbitrarily small
at the price of a longer window: Quantitatively through the explicit probability in (5.15) for a fixed
window, and eventually almost surely through the slowly growing windows of Part (ii.b).

Theorem 5.2 (Covariance positivity and information-size bounds). Let P(0) ≻ 0, 0 < λ ≤ 1, and
ω(k) ≥ 0. Then P(k) ≻ 0 for all k. Suppose Assumption 5.1 holds with the start time k0, and for k ≥ k0,
define

Bk =

⌊
k − k0 + 1

T

⌋
. (5.18)

If λ = 1, then for k ≥ k0, we have

∥P(k)∥ ≤
1

λmin(P(0)−1) + mT Bk
. (5.19)

If 0 < λ < 1, then for k ≥ k0, we have

∥P(k)∥ ≤
[
λkλmin(P(0)−1) + mTλT−1 1 − λT Bk

1 − λT

]−1

. (5.20)

Consequently, after the exponentially weighted excitation window has settled, ∥P(k)∥ ≤ CP(1 − λ) for
λ sufficiently close to one, with CP independent of k.

Proof. See Appendix C. □

The next lemma contains only elementary score bounds. Because it is a standard calculus
verification, its proof is deferred to Appendix C. These constants are nevertheless important because
they are the quantities that enter the influence and tracking estimates.

Lemma 5.1 (Huber and maximum correntropy score bounds). For the Huber score in (2.5),∣∣∣sH
δ (e)

∣∣∣ ≤ δ ∀e ∈ R. (5.21)

For the MCC score in (2.6), ∣∣∣sC
σ(e)

∣∣∣ ≤ σ exp(−1/2) ∀e ∈ R. (5.22)

Proof. See Appendix C. □
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The first robustness statement quantifies the effect of one arbitrarily large vertical innovation while
the regressor and covariance are fixed. It is intentionally local in one sample; it is not a claim of
robustness against all possible leverage contamination.

Theorem 5.3 (Bounded single-sample influence). Assume 0 < λ ≤ 1, ∥P(k − 1)∥ ≤ P̄, and ∥ψ(k)∥ ≤ ψ̄.
Let ∆θ̂(k) = θ̂(k) − θ̂(k − 1). Then the robust update satisfies

∥∥∥∆θ̂(k)
∥∥∥ ≤ P̄ψ̄

λ
S , (5.23)

where S = δ for Huber RS-FRELS and S = σ exp(−1/2) for MCC RS-FRELS. In ordinary FRELS, for
a fixed nonzero P(k − 1)ψ(k), the corresponding update grows linearly with |ε(k)|.

Proof. See Appendix C; the full proof is located there, unchanged, to shorten the main text. □

Corollary 5.1 (Algorithm-enforced bounded influence with regressor saturation). Run Algorithm 1
with the saturated regressor ψ(k) = SB(ψraw(k)). If ∥P(k − 1)∥ ≤ P̄, then for every raw regressor
magnitude, including leverage values generated by impulsive past outputs,

∥∥∥∆θ̂(k)
∥∥∥ ≤ P̄B

λ
S , (5.24)

with S = δ for Huber and S = σ exp(−1/2) for MCC. If the optional projection ΠΘ is used and
θ̂(k − 1) ∈ Θ, the same bound holds for the projected increment.

Proof. The saturation map satisfies ∥SB(x)∥ ≤ B for every raw vector x. Applying Theorem 5.3
with ψ̄ = B gives (5.24). For the projected update, Euclidean projection onto a closed convex set
is nonexpansive. Since θ̂(k − 1) ∈ Θ∥∥∥ΠΘ(θ̂(k − 1) + u) − θ̂(k − 1)

∥∥∥ = ∥∥∥ΠΘ(θ̂(k − 1) + u) − ΠΘ(θ̂(k − 1))
∥∥∥ ≤ ∥u∥ , (5.25)

where u is the unprojected increment. Thus projection cannot increase the pathwise increment bound.
□

Remark 5.3 (Vertical and leverage outliers). The bounded influence theorem controls a large innovation
at a bounded regressor. In autoregressive or output error regressions, an impulsive output can also enter
future regressors and become a leverage outlier. Such effects are outside (5.23) unless an additional
bounded regressor mechanism is used. Corollary 5.1 gives one direct way to make the bounded
regressor condition algorithmic: The pathwise influence bound then depends on the chosen saturation
level B, not on the raw regressor norm. This does not make the model immune to all consequences
of saturation; it trades leverage protection against possible saturation bias. The unsaturated estimator
still requires bounded or moment-controlled regressors. The numerical section therefore reports both
bounded output simulations and an unclipped leverage stress test, while the real plant guarantees
require verifying the chosen preprocessing, saturation, instrumental variable, or whitening mechanism.

The next result identifies the population target for the Huber version. The statement is formulated
under score orthogonality, not under a blanket independence assumption, because colored disturbances
and output regressors may be statistically dependent.
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Assumption 5.2 (Exogenous, instrumental, or whitened score condition). For the regression y(k) =
θ⋆⊤ψ(k) + ξ(k),

E
[
ψ(k)s(ξ(k))

]
= 0. (5.26)

A sufficient condition is E[s(ξ(k)) | ψ(k)] = 0 with E ∥ψ(k)∥2 < ∞. The condition is intended for
exogenous regressors, instrumental regressors, whitened residual equations, or other settings in which
the stated orthogonality can be verified.

Assumption 5.3 (Huber positive weighted curvature). For some radius r > 0 and a constant cH > 0,
every unit vector v ∈ Rd and every t ∈ [−r, r] satisfy

E
[
(ψ⊤v)21{|ξ−tψ⊤v|<δ}

]
≥ cH. (5.27)

Theorem 5.4 (Huber–Fisher consistency and local quadratic growth). Let Q(θ) = E[ρH
δ (y − θ⊤ψ)] and

assume E ∥ψ∥2 < ∞. Under Assumption 5.2, ∇Q(θ⋆) = 0; consequently, by convexity of the Huber loss,
θ⋆ is a global minimizer of Q. If Assumption 5.3 also holds, then Q has quadratic growth around θ⋆.
For every h ∈ Rd with ∥h∥ ≤ r,

Q(θ⋆ + h) ≥ Q(θ⋆) +
cH

2
∥h∥2 . (5.28)

In particular, θ⋆ is the unique minimizer of Q in the ball {θ :
∥∥∥θ − θ⋆∥∥∥ ≤ r}.

Proof. See Appendix C; the full proof is located there, unchanged, to shorten the main text. □

Proposition 5.2 (Local target shift under a score orthogonality defect). Let

bδ = E
[
ψsH

δ (ξ)
]
, (5.29)

so that ∇Q(θ⋆) = −bδ. Assume E ∥ψ∥2 < ∞ and Assumption 5.3. Let θ̄ = θ⋆ + h with 0 < ∥h∥ ≤ r. If Q
is differentiable at θ̄ and ∇Q(θ̄) = 0, then

∥h∥ ≤
∥bδ∥
cH

. (5.30)

More generally, if
∥∥∥∇Q(θ̄)

∥∥∥ ≤ η, then

∥h∥ ≤
∥bδ∥ + η

cH
. (5.31)

Proof. Set t = ∥h∥ and v = h/t. With qv(τ) = Q(θ⋆ + τv), the same one-dimensional argument used in
Theorem 5.4 gives q′′v (τ) ≥ cH for almost every τ ∈ [0, t]. Moreover

q′v(0) = v⊤∇Q(θ⋆) = −v⊤bδ. (5.32)

Therefore

q′v(t) = q′v(0) +
∫ t

0
q′′v (τ) dτ ≥ −v⊤bδ + cHt. (5.33)

If θ̄ is stationary, then q′v(t) = v⊤∇Q(θ̄) = 0; consequently cHt ≤ v⊤bδ ≤ ∥bδ∥. This proves (5.30).
If only

∥∥∥∇Q(θ̄)
∥∥∥ ≤ η, then q′v(t) ≤ η, so cHt ≤ η + v⊤bδ ≤ η + ∥bδ∥, which proves (5.31). The

same conclusion holds at the Huber threshold’s nondifferentiability points by replacing the ordinary
directional derivative with any element of the one-sided directional subdifferential. □
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Remark 5.4 (Consequence of the orthogonality-defect bound). Exact Huber–Fisher consistency is
recovered when bδ = 0. When colored output regressors make bδ , 0, Proposition 5.2 quantifies
the local displacement of any nearby stationary population target. This identifies the quantity that must
be controlled by whitening, instrumental variables, or dependence bounds in a fully endogenous output
error analysis.

Remark 5.5 (MCC population target and locality). For the maximum correntropy loss, define the finite-
memory population risk

QC
σ(θ) = E

[
σ2

(
1 − exp

(
−

(y − θ⊤ψ)2

2σ2

))]
. (5.34)

Under the score orthogonality condition in Assumption 5.2, with s = sC
σ, and under the mild

integrability condition E ∥ψ∥ < ∞, the same directional differentiation argument used above gives

∇QC
σ(θ⋆) = −E

[
ψsC

σ(ξ)
]
= 0. (5.35)

Thus the true finite-memory parameter is a stationary point of the MCC population criterion whenever
the MCC score is orthogonal to the regressor. This statement should not be read as global MCC
Fisher consistency. In contrast with the Huber loss, QC

σ is generally nonconvex and may have local
minima away from θ⋆; the redescending score may also suppress informative samples when σ is
chosen too small. Consequently, MCC RS-FRELS is best interpreted as targeting a local population
optimum of the finite-memory model, with practical performance depending on initialization, kernel
width selection, and the persistence of the weighted information matrix. Operational safeguards are to
start from Huber or ordinary FRELS estimates before switching to MCC, anneal σ from a broad to a
narrower bandwidth, monitor the minimum eigenvalue of the weighted information matrix, and revert
to Huber if the effective information collapses. This interpretation is consistent with the sensitivity
results reported in Table 7. In particular, the smallest bandwidth in that table, σ = 0.05, already exhibits
a visibly reduced weighted persistent excitation eigenvalue (3.386 × 10−2 versus at least 4.5 × 10−2 for
every σ ≥ 0.10), which is exactly the early signature of the information collapse that the warning
above anticipates. The mechanism behind the local optima deserves a concrete description, because it
dictates the practical rules. The MCC weight ωC

σ(e) = exp[−e2/(2σ2)] makes the effective information
matrix residual-dependent: If the current estimate is far from θ⋆, the residuals are large, most weights
are nearly zero, the weighted information matrix loses rank in the directions that would correct the
estimate, and the recursion can stall at a spurious stationary point in which only the (already fitted)
small-residual samples retain influence. The basin of attraction of θ⋆ shrinks with σ, which is why
small kernels are simultaneously the most outlier-selective and the most locality-prone. The following
rules translate this into practice. Initialization: Always warm-start MCC from an ordinary FRELS or
Huber estimate obtained on an initial data segment (a few hundred samples suffice in the experiments
of Section 6); a cold start with a small σ is the configuration most at risk of stalling, and the reduced
weighted information eigenvalue at σ = 0.05 in Table 7 is the measurable precursor of exactly that risk.
Kernel width schedule: Initialize with a broad kernel, σ0 ≈ 2ŝr or larger, where ŝr is the robust residual
scale, so that the initial basin is wide; next, anneal σ downward geometrically or linearly toward the
target bandwidth while the weighted information eigenvalue stays above a preset floor, and freeze
the annealing the moment the diagnostic degrades. Fallback: If the minimum weighted information
eigenvalue drops below the floor (in our experiments, half of its Huber value is a workable floor),
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revert to the Huber score, which restores a convex landscape at the cost of weaker outlier suppression.
The annealed-σ variant evaluated in Table 2 implements exactly this schedule and confirms that
the safeguards are not merely defensive: It attains the best clean mean square error (MSE) in the
comparison while keeping the information diagnostic healthy.

Remark 5.6 (Failure of the curvature condition). Assumption 5.3 is a sufficient local identifiability
condition. If it fails, the score orthogonality still makes θ⋆ a Huber population minimizer, but flat
directions or nonunique minimizers may remain. This can occur, for example, when the Huber
threshold is too small relative to quantized or degenerate noise, or when the regressor lacks excitation
in a direction that is visible inside the quadratic region of the Huber loss.

Remark 5.7 (Colored disturbances and output regressors). If ψ(k) contains past measured outputs
while ξ(k) is colored, then ξ(k) and ψ(k) are generally dependent. Assumption 5.2 may then fail
unless the estimating equation is whitened, an instrumental variable construction is used, or an explicit
dependence control argument is supplied. When the defect is not zero, Proposition 5.2 bounds the
local Huber population target displacement by

∥∥∥E[ψsH
δ (ξ)]

∥∥∥ /cH. The theory is therefore presented
as conditional; the simulations demonstrate the practical robust mechanism but do not prove a small
orthogonality defect for every colored output error realization.

The convergence result below is written as a stochastic approximation theorem for λ = 1. The
statement includes the bounded regressor condition needed to justify the denominator expansion in the
exact update; alternatively, one may replace this by a stronger high-moment and summability condition
that gives the same perturbation control.

Assumption 5.4 (Stochastic approximation regularity). For λ = 1, suppose that the following
conditions hold for one subsystem.

(SA1) θ̂(k) remains in a compact convex set Θ, either naturally or by projection.

(SA2) k−1R(k) → R̄ ≻ 0 almost surely; equivalently along the considered trajectory, kP(k) → R̄−1

almost surely.

(SA3) supk ∥ψ(k)∥ < ∞ almost surely. An equivalent high-moment/summability condition may be used if
it implies ψ⊤(k)P(k − 1)ψ(k) = O(k−1) and the gain perturbation bound in (SA6).

(SA4) The mean field
h(θ) = E[ψs(y − θ⊤ψ)] (5.36)

is locally Lipschitz on Θ, has a unique zero θ⋆ ∈ Θ, and satisfies the local monotonicity inequality

(θ − θ⋆)⊤R̄−1h(θ) ≤ −a
∥∥∥θ − θ⋆∥∥∥2

(5.37)

for some a > 0 in a neighborhood of θ⋆.

(SA5) With
Mk(θ) = ψ(k)s

(
y(k) − θ⊤ψ(k)

)
− h(θ), (5.38)

one has E[Mk(θ) | Fk−1] = 0 and E[∥Mk(θ)∥2 | Fk−1] ≤ CM uniformly for θ in the local region.

AIMS Mathematics Volume 11, Issue 9, 28202–28253.



28218

(SA6) The gain and denominator perturbation produced by replacing the exact recursion with
its limiting stochastic approximation form is locally negligible: the remainder ζk in (5.43)
satisfies (5.44) for every sufficiently small ϵ > 0 after a finite random time. A sufficient, but
not necessary, primitive condition is a summable rate for kP(k − 1) − R̄−1, together with bounded
regressors and bounded scores.

Remark 5.8 (Primitive routes to Assumption 5.4). Assumption 5.4 is a local stochastic approximation
condition, not a global theorem about every colored output error Hammerstein plant. A common route
to these hypotheses is to use projection or estimator-side saturation to keep the trajectory and regressors
bounded; assume that the finite-memory data process is stationary, ergodic, and geometrically mixing;
verify the ordinary persistent excitation (PE) of the regressor and a positive lower bound on robust
weights as in Proposition 5.1; and impose either an exogenous, instrumental, or whitened score
equation so that the stochastic score has a martingale difference or a sufficiently mixing dependence
decomposition. These conditions are stronger than needed but we should make it clear which plant-
level ingredients must be checked. Without such ingredients, Theorem 5.5 should be read as a
conditional local stability result for the recursion rather than as unconditional consistency for colored
output regressor systems.
Remark 5.9 (Engineering feasibility of the assumptions and compensation strategies). The assumptions
used in this section are idealizations, and it is legitimate to ask how a practitioner can approach
them in an engineering setting. The following mapping lists, for each assumption family, its typical
status in practice and the preprocessing or compensation strategy that brings a real plant closer
to it. Bounded iterates and regressors (SA1, SA3) are rarely guaranteed a priori but are directly
enforceable by the algorithm itself through projection onto physically motivated parameter bounds
(e.g., known gain ranges and stability margins) and through the estimator-side saturation (4.1); no plant
knowledge beyond rough magnitude bounds is required. Excitation (ordinary PE in Proposition 5.1)
is a property of the experiment rather than of the algorithm; it is promoted by the persistently exciting
input design (multisine or pseudorandom-binary-sequence-type inputs covering the bandwidth of
interest) and is directly measurable from data, as described in Remark 5.10. Weight lower bounds
(Proposition 5.1): Favored by moderate robust tuning (δ not too small, σ not too small) and monitored
through the weighted information diagnostic; if the diagnostic degrades, enlarging δ or σ is the
immediate compensation. Score orthogonality (Assumption 5.2): The most demanding item, because
colored disturbances correlate with the output regressors. Practical mitigation follows classical system
identification: Detrend and deseasonalize the signals, estimate the noise coloring and prewhiten the
residual equation, or replace the output regressors by instrumental variables built from past inputs.
Proposition 5.2 quantifies the residual bias when the compensation is imperfect. Stationarity and
mixing: Approximately valid for plants operated around a fixed operating point; when the operating
point drifts, the tracking lemma with λ < 1 is the relevant statement instead of the convergence
theorem. None of these strategies converts a conditional theorem into an unconditional one, but,
together, they give a concrete engineering route to a regime in which the stated assumptions are
plausible and monitored rather than merely postulated.
Remark 5.10 (A practitioner’s checklist for verifying the assumptions on a given plant). The key
assumptions can be checked, or at least falsified, from the same data used for identification. The
following workflow makes the verification concrete. Steps (V1), (V2), (V5), and (V6) are computed
by the released code and reported for the simulated plant (Tables 4 and 6); Steps (V3) and (V4) are
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standard offline inspections of logged residuals and weights that the user performs with any statistics
package.

(V1) Excitation. Compute the windowed Gram matrix T−1 ∑k+T−1
ℓ=k ψ(ℓ)ψ⊤(ℓ) over sliding windows (a

window of T ≈ 10 d samples is a reasonable default) and track its minimum eigenvalue. Values
persistently close to zero falsify ordinary PE, and no robust reweighting can repair this; redesign
the input first.

(V2) Weighted excitation. Repeat the computation with the robust weights included, i.e., the empirical
version of (5.10). A large gap between the ordinary and the weighted minimum eigenvalue
indicates that the score is suppressing informative samples; enlarge δ or σ until the gap closes to
an acceptable factor (a factor of two is a practical alarm threshold, cf. Table 4).

(V3) Weight health. Plot the histogram of the realized weights ω(ℓ) and the effective sample fraction∑
ℓ ω(ℓ)/K. For Huber with a well-chosen threshold, the bulk of weights should equal one with

a contaminated tail below one; a weight mass accumulating near zero reproduces the MCC
information collapse signature of Figure 7.

(V4) Residual scale and density. Estimate the robust residual scale ŝr (median absolute deviation of
recent residuals) and inspect a kernel density estimate of the residuals on the window [−A, A]
relevant to Remark 5.12. The estimated density being visibly bounded away from zero on the
window supports the curvature conditions; a density with holes or hard truncation falsifies them;
cf. Remark 5.13.

(V5) Score orthogonality. Compute the empirical score defect ∥K−1
e

∑
k ψ(k)s(ε(k))∥ over the evaluation

window, as in Table 4. This is a finite-sample diagnostic, not a proof; a defect that does not shrink
as the window grows indicates a colored noise orthogonality violation, and the instrumental
variable or prewhitening compensations of Remark 5.9 are then required, with Proposition 5.2
bounding the induced bias.

(V6) Leverage and saturation. Record the raw regressor norm distribution and the saturation activation
rate as in Table 6. A nonzero activation rate documents that leverage protection is actually being
exercised; a high rate warns that the bound B is biasing the estimate.

Steps (V1)–(V3) are cheap online monitors; Steps (V4)–(V6) are offline checks on logged data.
Together, they operationalize the assumption set: Each theoretical condition is paired with an
observable quantity and a corrective action.

Theorem 5.5 (Conditional local convergence of projected RS-FRELS). Under Assumption 5.4, the
projected RS-FRELS recursion with λ = 1 converges almost surely to θ⋆ whenever it enters and
subsequently remains in the neighborhood where (5.37) holds. If no projection is used, the same
conclusion holds provided the unprojected trajectory is almost surely bounded and eventually remains
in that neighborhood.

Proof. Let Fk be the data filtration and write the exact recursion in score form as follows:

θ̂(k) = θ̂(k − 1) +
P(k − 1)ψ(k)s(ε(k))

1 + ω(ε(k))ψ⊤(k)P(k − 1)ψ(k)
. (5.39)
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By Assumption 5.4, P(k − 1) = R(k − 1)−1 satisfies

P(k − 1) =
1
k

R̄−1 +
1
k

Ak, ∥Ak∥ → 0 (5.40)

almost surely along the considered trajectory. Because ψ(k) is almost surely bounded and the
Huber/MCC weights satisfy 0 ≤ ω ≤ 1, we have

0 ≤ ω(ε(k))ψ⊤(k)P(k − 1)ψ(k) ≤
C
k

(5.41)

for all sufficiently large values of k. Hence

1
1 + ω(ε(k))ψ⊤(k)P(k − 1)ψ(k)

= 1 + ρk, |ρk| ≤
C
k
. (5.42)

Substituting (5.40) and (5.42) into (5.39) gives

θ̂(k) = θ̂(k − 1) +
1
k

R̄−1ψ(k)s
(
y(k) − θ̂⊤(k − 1)ψ(k)

)
+ ζk, (5.43)

where ζk collects the terms containing Ak, the denominator factor, and the difference between the exact
gain and the limiting gain. By Assumption 5.4, for every sufficiently small ϵ > 0, after a finite random
time, we have

∥ζk∥ ≤
ϵ

k

∥∥∥θ̂(k − 1) − θ⋆
∥∥∥ + Cϵ

k2 . (5.44)

This explicit perturbation condition is included to avoid hiding a rate requirement inside the
denominator expansion.

Decompose the stochastic score as

ψ(k)s
(
y(k) − θ̂⊤(k − 1)ψ(k)

)
= h(θ̂(k − 1)) + Mk(θ̂(k − 1)), (5.45)

where E[Mk(θ̂(k − 1)) | Fk−1] = 0 and E[
∥∥∥Mk(θ̂(k − 1))

∥∥∥2
| Fk−1] ≤ CM by Assumption 5.4. Let

Vk =
∥∥∥θ̂(k) − θ⋆

∥∥∥2
. Conditional on Fk−1, the first-order drift term in Vk is

2
k

(θ̂(k − 1) − θ⋆)⊤R̄−1h(θ̂(k − 1)), (5.46)

which is at most −2aVk−1/k in the local region. The martingale term has zero conditional mean, and its
second-order contribution is O(k−2). The perturbation bound (5.44) can be absorbed into the negative
drift by choosing ϵ < a. Therefore, for all sufficiently large values of k,

E[Vk | Fk−1] ≤
(
1 −

a
k

)
Vk−1 +

C
k2 . (5.47)

The Robbins–Siegmund supermartingale theorem implies that Vk converges almost surely and that∑
k k−1Vk−1 < ∞. Since

∑
k k−1 = ∞, the only possible non-negative limit compatible with this

summability is zero. Hence θ̂(k)→ θ⋆ almost surely.
If projection onto Θ is used, the Euclidean projection is nonexpansive and θ⋆ ∈ Θ, so projection

cannot increase
∥∥∥θ̂(k) − θ⋆

∥∥∥. The same Lyapunov recursion therefore holds for the projected iteration.
Without projection, the boundedness and eventual locality assumptions ensure that the same local
argument applies after the finite entrance time. □
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The locality in Theorem 5.5 is necessary in full generality because the mean field contraction (5.37)
is only assumed in a neighborhood of θ⋆. For the Huber score this restriction can be removed, because
the Huber population risk is convex and admits a uniform curvature lower bound on any compact set.
The next theorem records that strengthening.

Assumption 5.5 (Global Huber score orthogonality and uniform curvature on Θ). Let Θ ⊂ Rd be a
compact convex set with θ⋆ in its interior, and let the iterates of Algorithm 1 be projected onto Θ.
The Huber score s = sH

δ is used. A filtration {Fk} exists such that ψ(k) is Fk−1-measurable, y(k) is
Fk-measurable, supk ∥ψ(k)∥ < ∞ almost surely, and

(GH1) Global score orthogonality. For every k ≥ 1

E
[
ψ(k)sH

δ (ξ(k))
∣∣∣Fk−1

]
= 0. (5.48)

(GH2) Uniform Huber curvature on Θ. Here, cH > 0 exists such that for every θ ∈ Θ, every unit vector
v ∈ Rd, and every k ≥ 1,

E
[
(ψ(k)⊤v)2 1{|y(k)−θ⊤ψ(k)|<δ}

∣∣∣Fk−1

]
≥ cH. (5.49)

(GH3) Weighted information limit. The empirical information matrix satisfies k−1R(k) → R̄ ≻ 0 almost
surely (equivalently, kP(k)→ R̄−1 almost surely).

(GH4) Martingale and perturbation regularity. With Mk(θ) = ψ(k)sH
δ (y(k) − θ⊤ψ(k)) − h(θ) and h(θ) =

E[ψsH
δ (y − θ⊤ψ)], the conditional second moment of Mk(θ) is uniformly bounded by some CM for

θ ∈ Θ, and the gain perturbation remainder ζk in the stochastic approximation (SA) expansion
satisfies (5.44) after a finite random time.

Theorem 5.6 (Global convergence of the projected Huber RS-FRELS on Θ). Let Algorithm 1 be run
with the Huber score, λ = 1, and Euclidean projection onto Θ. Under Assumption 5.5, the projected
iterate satisfies

θ̂(k) −→ θ⋆ almost surely as k → ∞, (5.50)

for any initial estimate θ̂(0) ∈ Θ. The convergence is global in the sense that no a priori localization
to a neighborhood of θ⋆ is required.

Proof. See Appendix C; the full proof is located there, unchanged, to shorten the main text. □

Remark 5.11 (Why the same globalization is not available for MCC RS-FRELS). Theorem 5.6 relies on
two structural features that are specific to Huber RS-FRELS. The convexity of the population risk and
a lower bound on Θ with uniform curvature both fail for the MCC context. First, the MCC population
risk QC

σ is generically nonconvex: The score sC
σ(e) = e exp(−e2/(2σ2)) is increasing only on |e| ≤ σ and

redescending for |e| > σ, so ∇2QC
σ takes both signs depending on the conditional residual distribution.

Second, even where QC
σ is locally convex, the curvature analog

E
[
(ψ⊤v)2(1 − (eθ/σ)2) exp(−e2

θ/(2σ
2))

∣∣∣Fk−1

]
cannot be bounded below uniformly in θ ∈ Θ: Shifting θ moves eθ = y − θ⊤ψ into the redescending
region, where the integrand becomes negative for |eθ| > σ. Consequently, the uniform-on-Θ analog
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of (5.49) need not hold, and spurious stationary points of QC
σ can exist arbitrarily far from θ⋆. MCC RS-

FRELS therefore inherits the locality of Theorem 5.5 and is best operated with the safeguards listed in
the MCC remark above (Huber initialization, bandwidth annealing, weighted information monitoring,
and fallback to Huber when information collapses).

Remark 5.12 (Primitive sufficient conditions for uniform Huber curvature). Assumption 5.5 (GH2) is
implied by the following pair of conditions, which are checkable from the data-generating process:

• Regressor nondegeneracy. Here, µψ > 0 exists such that E[ψ(k)ψ(k)⊤ | Fk−1] ⪰ µψId uniformly in
k.

• Noise density is bounded below on a neighborhood of zero with a width matching the Huber
threshold and the projection diameter. Here, A ≥ δ + ψ̄ diam(Θ) and f > 0 exist such that the
conditional density of ξ(k) given Fk−1 and ψ(k) is at least f on [−A, A].

Under these two conditions, for any θ ∈ Θ and any unit vector v, we have

E[(ψ⊤v)21{|ξ−(θ−θ⋆)⊤ψ|<δ} | Fk−1] ≥ 2δ f µψ,

because the indicator integrates against the noise density over a subinterval of [−A, A] of length 2δ.
Thus cH = 2δ f µψ is a valid uniform curvature constant. The role of the projection set Θ is therefore
not only to keep iterates bounded but also to size the noise density neighborhood needed for global
Huber curvature: A wider Θ requires the noise density to be bounded below on a wider window. For
contaminated Gaussian noise of the form (3.4), the unimodal nominal component already satisfies the
density lower bound on any compact interval, so this condition is realistic in the simulation setting of
Section 6.

Remark 5.13 (How realistic is the uniform-curvature condition (GH2)?). It is a fair question whether
(GH2) is ever verifiable for a real plant, or whether it is a theoretical construct that merely permits a
clean proof. The answer is honest but not dismissive, and it has three parts. (a) When it holds: The
reduction in Remark 5.12 needs the conditional noise density to be bounded below on a window of
width A ≥ δ + ψ̄ diam(Θ). For any noise model whose density is continuous and strictly positive
on compact sets—Gaussian, Student’s t, Laplace, and every contaminated mixture with such a
nominal component—the bound f > 0 exists on every compact window, so (GH2) is satisfied in a
mathematically rigorous sense for this large and practically common class. In this precise sense, the
condition is not vacuous. (b) Where the honesty lies: The constant degrades with the window width.
For a Gaussian nominal component, f decays like the density tail at A, so a large projection set drives
cH = 2δ fµψ toward zero and the convergence guaranteed by Theorem 5.6 becomes arbitrarily slow even
though it remains global. Moreover, for noise densities that vanish on part of the window—quantized
measurements, bounded support noise, or multimodal densities with gaps—(GH2) genuinely fails for
a large Θ, and no proof-side repair is claimed here. In those cases, Theorem 5.6 should be read as
global only on the largest Θ whose induced window keeps the density positive, which may reduce it
to a semilocal statement. (c) What the practitioner should do: Two consequences follow. First, Θ
should be chosen as small as prior engineering knowledge allows because diam(Θ) enters the required
window linearly; crude parameter bounds from physical gain and stability considerations are usually
enough to make the window moderate. Second, the density lower bound is checkable from data: A
kernel density estimate of the identification residuals on [−A, A], as in Step (V4) of Remark 5.10,
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either visibly supports a positive floor or exposes the gaps that falsify the condition. The practical
value of Theorem 5.6 is therefore best summarized as a structural robustness statement—the convex
Huber landscape admits globalization while the redescending MCC landscape does not—together with
an explicitly computable certificate whose conservatism the user can measure, rather than as a claim
that global convergence is free in practice.

The last theoretical statement concerns slowly varying parameters. Since the key contraction
property is assumed rather than derived from weighted persistent excitation alone, the result is stated
as a conditional tracking lemma.

Assumption 5.6 (Slow variation and local mean-square contraction). Let θ⋆(k) vary with∥∥∥θ⋆(k) − θ⋆(k − 1)
∥∥∥ ≤ q. (5.51)

Assume bounded regressors, bounded robust score |s(e)| ≤ S , and weighted persistent excitation so
that ∥P(k)∥ ≤ cP(1 − λ) for all sufficiently large values of k. In a local tracking region, suppose the
no-drift part of the update is mean-square contractive; thus, a, b > 0 exist such that

E[
∥∥∥θ̃+(k)

∥∥∥2
| Fk−1] ≤

(
1 − a(1 − λ)

) ∥∥∥θ̃(k − 1)
∥∥∥2
+ b(1 − λ)2S 2, (5.52)

where θ̃(k) = θ̂(k) − θ⋆(k).

Lemma 5.2 (Conditional mean-square tracking estimate). Under Assumption 5.6, for any λ that is
sufficiently close to one,

lim sup
k→∞

E
∥∥∥θ̂(k) − θ⋆(k)

∥∥∥2
≤ C1(1 − λ)S 2 +C2

q2

(1 − λ)2 , (5.53)

where C1,C2 are finite constants independent of k, q, and S .

Proof. See Appendix C; the full proof is located there, unchanged, to shorten the main text. □

The term C1(1 − λ)S 2 is a variance-like contribution controlled by the bounded score, whereas
C2q2/(1 − λ)2 is a drift contribution. The q2/(1 − λ)2 scaling is conservative: It arises from Young’s
inequality applied to the squared norm in (C.32). A direct cross-term bound based on the Cauchy–
Schwarz inequality can recover the classical q/(1−λ)-type scaling under additional drift regularity, but
a sharper analysis is outside the scope of this conditional lemma. Thus a forgetting factor close to one
improves noise averaging but worsens the tracking of time-varying parameters, exactly as in classical
RLS theory.

6. Numerical experiments and benchmark validation

6.1. Simulation model and algorithms

The simulation uses a three-subsystem fractional interconnected Hammerstein process. Each
subsystem uses a finite GL memory L = 45 and polynomial nonlinear input terms up to degree
three. The disturbance contains a colored finite-memory component and impulsive contamination. The
primary algorithm comparison keeps the same full fractional interconnected regressor dimension for
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ordinary FRELS, Huber RS-FRELS, MCC RS-FRELS, a same-regressor Huber-NLMS baseline, and
an optional regressor-saturated Huber RS-FRELS variant, which is labeled “+ sat” (short for saturation)
in the tables and figures that follow. Three further same-regressor robust baselines are included to
broaden the comparison with the state of the art in robust recursive estimation: A recursive least M-
estimate variant with the redescending three-part Hampel score used in the RLM family of robust
adaptive filters [16], with the knots (a, b, c) = (δ, 2δ, 4δ); a Huber variant whose threshold is retuned
online by the rolling median absolute deviation (MAD) rule of Section 6.4, δ(k) = 1.5 × 1.4826 MAD
over the last 150 residuals; and an MCC variant that implements the broad-to-narrow bandwidth
annealing safeguard, with σ(k) decreasing linearly from 0.50 to 0.10 over the first 300 samples. All
eight algorithms consume the identical regressor sequence, so the comparison isolates the scoring
and gain mechanisms. The baseline pool is chosen for same-regressor comparability: The RLM
family remains the reference redescending recursive M-estimator, while more recent proportionate
and sparsity-penalized correntropy recursions [20, 21] encode sparse-channel priors that do not apply
to the dense fractional Hammerstein regressor; the two adaptive variants represent the current variable-
parameter practice (adaptive threshold selection and kernel annealing) in a form that is directly
compatible with the protocol. The synthetic study is complemented by a real-data benchmark
validation in Section 6.5, which addresses the synthetic-data-only limitation of the previous version.
Model structure ablations that remove fractional memory or interconnections are reported separately,
because they use different parameter spaces, and their NMSD values are not directly comparable with
the full model. Unless otherwise stated, the generated outputs are clipped only in the data generator
to avoid unbounded autoregressive leverage; the estimator itself sees the measured outputs and, when
enabled, applies only the explicit regressor saturation map in (4.1). An additional unclipped leverage
stress scenario is included below to expose the difference between output-bounded data generation and
estimator-side leverage control. Table 1 collects the numerical values of all quantities that define the
representative simulation, together with the settings of the stress, impulse grid, and evaluation protocols
used throughout this section.
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Table 1. Parameters used in the representative simulation.

Quantity Value
Number of subsystems Ns = 3
Samples per run K = 650
GL memory L = 45
Forgetting factor λ = 0.995 unless varied
Huber threshold δ = 0.35 unless varied
MCC kernel width σ = 0.50 unless varied
Nominal colored noise scale 0.045
Impulse probability, standard case p = 0.04
Impulse amplitude scale, standard
case

1.10

Estimator-side saturation bound B = 50 when enabled
Monte Carlo seeds 30 independent runs
Stress test Student’s t2.5 impulses, p = 0.08, scale = 2.0, five seeds per

scenario
Impulse grid p ∈ {0, 0.04, 0.08} and scale ∈ {0.35, 1.10, 2.00}, three seeds

per cell
Evaluation metric Clean MSE, measured MSE, final NMSD averaged over

k = ⌊0.65K⌋, . . . ,K

The NMSD, i.e., the normalized misalignment for subsystem i, is

NMSDi(k) =

∥∥∥θ̂i(k) − θ⋆i
∥∥∥2∥∥∥θ⋆i ∥∥∥2 , NMSD(k) =

1
Ns

Ns∑
i=1

NMSDi(k). (6.1)

The clean prediction MSE evaluates the identified noiseless regression output zi(k) = θ⋆⊤i ψi(k), while
the measured output MSE includes unpredictable impulses and is therefore less directly connected to
parameter accuracy.

6.2. Monte Carlo comparison

Table 2 reports mean and standard deviation over independent Monte Carlo runs. The robust RLS-
type methods reduce clean model error and final misalignment relative to ordinary FRELS while using
the same fractional interconnected regressor. The Huber-NLMS baseline uses the same robust score
and regressor but lacks the recursive covariance normalization, which separates the gain-scheduling
contribution from the robust score contribution. The saturated Huber variant is numerically identical
to the unsaturated Huber run in the standard case because most raw regressors remain below B = 50;
its role is to make the bounded influence condition enforceable in leverage-stress settings. The MCC
method is typically the most aggressive outlier suppressor, whereas the Huber method is less sensitive
to kernel width collapse. The three additional robust baselines refine this picture. The redescending
RLM–Hampel score (1.265×10−4 clean MSE) sits between the Huber (1.703×10−4) and MCC (1.112×
10−4) methods, which is coherent with its design: It clips moderate outliers like those of the Huber
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method but fully rejects gross ones like MCC, without MCC’s nonconvex risk. More notably, the
two adaptively tuned variants outperform their fixed-constant counterparts: The rolling-MAD Huber
threshold reaches 8.494 × 10−5 and the annealed bandwidth MCC reaches 7.195 × 10−5, the best value
in the comparison. This is not an accident of tuning generosity—both variants use only nonoracle
statistics of the residual stream—but is a consequence of the fixed constants (δ = 0.35, σ = 0.50)
being deliberately conservative defaults, while the adaptive rules converge toward the sharper values
that the sensitivity study of Table 7 identifies a posteriori. The annealed MCC also keeps its weighted
information eigenvalue at 4.574 × 10−2, comfortably above the collapse regime, confirming that the
safeguard schedule of Section 5 is compatible with aggressive final bandwidths.

Table 2. Monte Carlo performance summary. Mean ± standard deviation over 30
independent seeds.

Method Clean MSE Measured MSE Final NMSD PE min eigenvalue
FRELS 9.962e − 04 ± 4.5e − 04 4.709e − 02 ± 1.8e − 02 6.372e − 03 ± 2.6e − 03 5.404e − 02 ± 3.4e − 03
Huber RS-FRELS 1.703e − 04 ± 4.7e − 05 4.862e − 02 ± 1.9e − 02 1.135e − 03 ± 3.8e − 04 5.314e − 02 ± 3.4e − 03
MCC RS-FRELS 1.112e − 04 ± 2.8e − 05 4.918e − 02 ± 1.9e − 02 7.263e − 04 ± 2.2e − 04 5.251e − 02 ± 3.3e − 03
Huber NLMS 1.187e − 03 ± 2.4e − 04 4.799e − 02 ± 1.9e − 02 1.266e − 02 ± 3.4e − 03 5.314e − 02 ± 3.4e − 03
Huber RS-FRELS + sat 1.703e − 04 ± 4.7e − 05 4.862e − 02 ± 1.9e − 02 1.135e − 03 ± 3.8e − 04 5.314e − 02 ± 3.4e − 03
RLM–Hampel RS-FRELS 1.265e − 04 ± 3.4e − 05 4.913e − 02 ± 1.9e − 02 8.283e − 04 ± 2.5e − 04 5.296e − 02 ± 3.4e − 03
Huber RS-FRELS (adaptive δ) 8.494e − 05 ± 2.1e − 05 4.918e − 02 ± 1.9e − 02 5.484e − 04 ± 1.7e − 04 5.116e − 02 ± 3.3e − 03
MCC RS-FRELS (annealed σ) 7.195e − 05 ± 1.9e − 05 4.942e − 02 ± 1.9e − 02 4.644e − 04 ± 1.5e − 04 4.574e − 02 ± 2.9e − 03

Table 3 reports paired tests on clean MSE over the same 30 seeds. These tests are not a substitute for
real plant validation, but they address the finite-sample question of whether the reported Monte Carlo
differences are driven by a few favorable seeds. The Huber-NLMS row also explains why the same
robust score alone is insufficient: Without the covariance-normalized RLS gain, NLMS converges more
slowly and can perform worse than ordinary FRELS in clean prediction error. The three new rows show
that the improvements of the added baselines are themselves statistically resolved on the paired seeds:
RLM–Hampel improves on fixed-threshold Huber (t = −9.24), the rolling-MAD threshold improves
on the fixed threshold (t = −13.18), and the annealed bandwidth improves on the fixed bandwidth
(t = −9.48), all with p-values below 10−9.

Table 3. Paired clean MSE comparisons over the same 30 Monte Carlo seeds. Positive
differences mean that the first method has a larger error.

Comparison Mean paired clean MSE difference t p
FRELS – Huber RS-FRELS 8.259e − 04 10.66 1.51e − 11
FRELS – MCC RS-FRELS 8.850e − 04 10.83 1.06e − 11
Huber RS-FRELS – MCC RS-FRELS 5.909e − 05 11.57 2.20e − 12
Huber NLMS – Huber RS-FRELS 1.017e − 03 24.15 9.39e − 21
RLM–Hampel RS-FRELS – Huber RS-FRELS −4.380e − 05 −9.24 3.81e − 10
Huber RS-FRELS (adaptive δ) – Huber RS-FRELS −8.534e − 05 −13.18 8.90e − 14
MCC RS-FRELS (annealed σ) – MCC RS-FRELS −3.924e − 05 −9.48 2.19e − 10

Table 4 reports two assumption-oriented diagnostics. The empirical score defect is the norm of
the evaluation window average K−1

e
∑

k ψ(k)s(ε(k)), averaged over subsystems and seeds. It is only a
finite-sample diagnostic based on the fitted residuals, not a proof that E[ψs(ξ)] = 0 in the population.
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The weighted information eigenvalue is likewise a trajectory diagnostic for Assumption 5.1.

Figures 1–3 display the same comparison along a single representative run, so that the aggregate
numbers of Tables 2–4 can be read against the underlying trajectories. Figure 1 shows the normalized
parameter misalignment NMSD(k), Figure 2 shows the moving clean prediction error, and Figure 3
shows the robust weights that the two scores assign to the realized innovations.

Table 4. Empirical diagnostics for score orthogonality, weighted excitation, and raw
regressor size.

Method Empirical score defect PE min eigenvalue Max raw ∥ψ∥
FRELS 1.720e − 02 ± 4.7e − 03 5.404e − 02 ± 3.4e − 03 4.921e + 00 ± 6.8e − 01
Huber RS-FRELS 7.027e − 03 ± 1.8e − 03 5.314e − 02 ± 3.4e − 03 4.921e + 00 ± 6.8e − 01
MCC RS-FRELS 5.661e − 03 ± 1.4e − 03 5.251e − 02 ± 3.3e − 03 4.921e + 00 ± 6.8e − 01
Huber NLMS 1.307e − 02 ± 3.2e − 03 5.314e − 02 ± 3.4e − 03 4.921e + 00 ± 6.8e − 01
Huber RS-FRELS + sat 7.027e − 03 ± 1.8e − 03 5.314e − 02 ± 3.4e − 03 4.921e + 00 ± 6.8e − 01
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Figure 1. Representative normalized parameter misalignment NMSD(k) as defined in (6.1).
Robust methods suppress the large excursions induced by impulsive innovations.
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Figure 2. Representative moving clean prediction error. The clean prediction error is
the relevant metric for validating parameter recovery because measured outputs include
unpredictable impulses.
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Figure 3. Representative robust weights. Huber weights clip large residuals, whereas MCC
weights decay rapidly for large innovations.

6.3. Stress test and sensitivity analysis

Table 5 compares the standard contaminated Gaussian setting with a heavier-tailed Student’s t stress
case and an unclipped leverage stress case. The purpose is not to prove convergence under these stress
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distributions but to check whether the bounded score mechanism and optional regressor saturation
remain practically effective when the impulses are more severe and when large outputs are allowed
to propagate into future autoregressive regressors. Figure 4 shows the corresponding clean prediction
MSE for the standard and heavy-tailed scenarios.

Table 5. Stress test summary using the included simulation code.

Scenario Method Clean MSE Final NMSD
Standard FRELS 8.649e − 04 ± 2.6e − 04 6.387e − 03 ± 3.2e − 03
Standard Huber RS-FRELS 1.926e − 04 ± 4.5e − 05 1.202e − 03 ± 3.7e − 04
Standard MCC RS-FRELS 1.262e − 04 ± 2.5e − 05 6.822e − 04 ± 1.9e − 04
Standard Huber RS-FRELS + sat 1.926e − 04 ± 4.5e − 05 1.202e − 03 ± 3.7e − 04
Heavy-tailed stress FRELS 1.700e − 02 ± 8.9e − 03 5.009e − 02 ± 3.5e − 02
Heavy-tailed stress Huber RS-FRELS 3.005e − 04 ± 7.8e − 05 7.910e − 04 ± 2.9e − 04
Heavy-tailed stress MCC RS-FRELS 1.261e − 04 ± 3.0e − 05 3.770e − 04 ± 1.1e − 04
Heavy-tailed stress Huber RS-FRELS + sat 3.005e − 04 ± 7.8e − 05 7.910e − 04 ± 2.9e − 04
Unclipped leverage stress FRELS 2.068e − 02 ± 1.1e − 02 8.178e − 02 ± 7.1e − 02
Unclipped leverage stress Huber RS-FRELS 3.131e − 04 ± 6.8e − 05 7.845e − 04 ± 2.8e − 04
Unclipped leverage stress MCC RS-FRELS 1.374e − 04 ± 4.3e − 05 3.700e − 04 ± 1.1e − 04
Unclipped leverage stress Huber RS-FRELS + sat 3.131e − 04 ± 6.8e − 05 7.845e − 04 ± 2.8e − 04
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Figure 4. Clean prediction MSE under standard and heavy-tailed stress conditions. Robust
variants remain substantially more stable than ordinary FRELS.

A separate leverage experiment in Table 6 deliberately removes output clipping, increases the
impulse severity, and varies the saturation bound. This experiment makes the activation of (4.1)
visible. It also shows the expected bias–protection trade-off: Hard bounds such as B = 10 cap the
used regressor norm but can oversaturate informative samples, whereas mild bounds such as B = 50
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activate rarely and mainly document that the algorithm can enforce a chosen regressor limit. The table
should therefore be read as a diagnostic of leverage control, not as a claim that tighter saturation always
improves prediction error. One entry deserves an explicit reading: For B = 50, the activation rate is
only 0.21%, i.e., a handful of samples per run, and those few samples are clipped exactly onto the
sphere of radius B. The reported maximum used norm (4.119×101±1.0×101) nevertheless sits below
B = 50 on average because, in some seeds, no raw regressor exceeds the bound at all; in those runs, the
maximum used norm equals the maximum raw norm, which is below 50, and the mixture of activated
and nonactivated seeds produces both the sub-B mean and the large dispersion. Figure 5 plots the
resulting clean prediction MSE against the saturation bound.

Table 6. Dedicated saturation/leverage diagnostic. Here, “sat” abbreviates saturation, and
activation is the fraction of samples for which ∥ψraw∥ > B.

Method Clean MSE Final NMSD Activation Max raw ∥ψ∥ Max used ∥ψ∥ Max jump
Huber no sat 1.914e − 03 ± 3.4e − 03 2.227e − 03 ± 6.6e − 04 0.0000 ± 0.0000 5.024e + 01 ± 2.1e + 01 5.024e + 01 ± 2.1e + 01 6.517e + 00 ± 2.6e + 00
Huber sat B = 10 2.082e + 00 ± 4.8e + 00 5.644e − 03 ± 2.2e − 03 0.0921 ± 0.0310 5.024e + 01 ± 2.1e + 01 1.000e + 01 ± 1.6e − 15 6.517e + 00 ± 2.6e + 00
Huber sat B = 25 6.972e − 01 ± 1.7e + 00 2.726e − 03 ± 9.4e − 04 0.0130 ± 0.0166 5.024e + 01 ± 2.1e + 01 2.500e + 01 ± 3.6e − 15 6.517e + 00 ± 2.6e + 00
Huber sat B = 50 8.834e − 02 ± 2.2e − 01 2.224e − 03 ± 6.8e − 04 0.0021 ± 0.0030 5.024e + 01 ± 2.1e + 01 4.119e + 01 ± 1.0e + 01 6.517e + 00 ± 2.6e + 00
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Figure 5. Clean prediction MSE in the saturation diagnostic. Tight saturation can introduce
bias; the purpose of saturation is to enforce a leverage bound when such a bound is needed
for stability or theory.

The sensitivity study checks the dependence on robust tuning constants. Table 7 and Figures 6–8
include MCC widths down to σ = 0.05 to bracket the weighted information collapse regime suggested
by the theory. In this generator, σ = 0.10 remains the best clean MSE choice, while σ = 0.05 starts
to reduce the weighted persistent excitation eigenvalue without causing a catastrophic collapse. Thus
the MCC locality warning should be read as a finite-sample and model-dependent risk rather than as
a universal U-shaped performance law. Excessively large Huber thresholds approach ordinary least
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squares. The Huber and forgetting factor rows admit an equally mechanistic reading. Clean MSE
increases monotonically in δ over the tested range because the standard impulse amplitude (scale 1.10)
is far above the nominal residual scale (≈ 0.05), so smaller thresholds reject contamination earlier while
barely touching nominal samples; the weighted information eigenvalue is nearly flat in δ, confirming
that this rejection costs almost no excitation. For the forgetting factor, moving λ from 0.990 to 0.998
improves the clean MSE by roughly a factor 2.6 in this time-invariant generator, which is the variance-
averaging effect predicted by the tracking analysis; the same choice would slow adaptation under
drift, which is why Section 6.4 recommends selecting λ from the expected drift time scale rather than
defaulting to the largest stable value.

Table 7. Sensitivity to δ, σ, and λ.

Setting Clean MSE Final NMSD PE min eigenvalue
Huber δ = 0.25 1.476e − 04 ± 1.9e − 05 8.497e − 04 ± 1.7e − 04 5.214e − 02 ± 2.9e − 03
Huber δ = 0.35 2.032e − 04 ± 1.4e − 05 1.187e − 03 ± 1.9e − 04 5.235e − 02 ± 2.8e − 03
Huber δ = 0.50 3.077e − 04 ± 1.0e − 05 1.831e − 03 ± 3.3e − 04 5.259e − 02 ± 2.8e − 03
MCC σ = 0.05 1.361e − 04 ± 4.8e − 05 7.490e − 04 ± 2.9e − 04 3.386e − 02 ± 2.0e − 03
MCC σ = 0.10 7.824e − 05 ± 2.0e − 05 4.285e − 04 ± 1.2e − 04 4.502e − 02 ± 2.9e − 03
MCC σ = 0.20 8.461e − 05 ± 1.9e − 05 4.374e − 04 ± 1.4e − 04 4.970e − 02 ± 3.0e − 03
MCC σ = 0.35 9.839e − 05 ± 2.4e − 05 5.026e − 04 ± 1.7e − 04 5.116e − 02 ± 2.9e − 03
MCC σ = 0.50 1.245e − 04 ± 2.6e − 05 6.555e − 04 ± 1.7e − 04 5.171e − 02 ± 2.8e − 03
MCC σ = 0.70 1.812e − 04 ± 1.4e − 05 1.009e − 03 ± 1.9e − 04 5.213e − 02 ± 2.8e − 03
Huber λ = 0.990 3.666e − 04 ± 5.0e − 05 1.883e − 03 ± 5.4e − 05 5.235e − 02 ± 2.8e − 03
Huber λ = 0.995 2.032e − 04 ± 1.4e − 05 1.187e − 03 ± 1.9e − 04 5.235e − 02 ± 2.8e − 03
Huber λ = 0.998 1.419e − 04 ± 3.4e − 05 9.907e − 04 ± 3.4e − 04 5.235e − 02 ± 2.8e − 03
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Figure 6. Sensitivity of clean prediction MSE to the Huber threshold and the MCC kernel
width.

AIMS Mathematics Volume 11, Issue 9, 28202–28253.



28232

0.1 0.2 0.3 0.4 0.5 0.6 0.7
MCC kernel width 

4 × 10 2

5 × 10 2
M

ea
n 

PE
 m

in
im

um
 e

ig
en

va
lu

e
MCC weighted information

Figure 7. Weighted information retained by the MCC method as the kernel width changes.
Very small kernels can suppress informative samples as well as outliers.

0.990 0.991 0.992 0.993 0.994 0.995 0.996 0.997 0.998
Forgetting factor 

0.00015

0.00020

0.00025

0.00030

0.00035

M
ea

n 
cle

an
 p

re
di

ct
io

n 
M

SE

Huber RS-FRELS

Figure 8. Sensitivity of Huber RS-FRELS to the forgetting factor. Higher λ improves steady-
state averaging but can slow adaptation.

Table 8 and Figure 9 complete the stress picture by varying the impulse probability and amplitude
scale. The gains over ordinary FRELS increase as the impulses become more frequent or larger,
confirming that the large relative improvements in the standard case are tied to the severity of impulsive
contamination rather than to a universal domination claim; at p = 0, the three methods are within a
few percent of one another, quantifying the insurance premium paid for robustness on clean data.
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Table 8. Clean MSE impulse severity grid. Entries are the means over three independent
seeds per cell.

p Impulse scale FRELS Huber MCC
0.00 0.35 6.595e − 05 6.596e − 05 6.532e − 05
0.00 1.10 6.595e − 05 6.596e − 05 6.532e − 05
0.00 2.00 6.595e − 05 6.596e − 05 6.532e − 05
0.04 0.35 1.902e − 04 1.317e − 04 1.156e − 04
0.04 1.10 1.078e − 03 1.640e − 04 9.854e − 05
0.04 2.00 3.048e − 03 1.717e − 04 9.379e − 05
0.08 0.35 2.710e − 04 1.809e − 04 1.543e − 04
0.08 1.10 1.899e − 03 2.579e − 04 1.459e − 04
0.08 2.00 5.934e − 03 2.758e − 04 1.152e − 04
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Figure 9. Clean prediction MSE over impulse probability and amplitude scale. Bounded
score methods become most valuable under the high-contamination regime.

6.4. Practical tuning and nonoracle validation metrics

Nonoracle tuning rules for δ, σ, λ, and B. The clean MSE and NMSD used above are simulation
metrics because the noiseless output and true parameters are known. In applications, tuning should
instead use nonoracle quantities. A practical rule is to estimate a robust residual scale ŝr from recent
one-step residuals, for example by a median absolute deviation estimate, and set the Huber threshold
near δ = cδ ŝr with cδ ∈ [1.3, 2.0], depending on the desired outlier rejection. For the MCC context,
a safe operational approach is to start with a broad bandwidth σ = cσ ŝr with cσ ≥ 2, monitor
the weighted information minimum eigenvalue, and anneal σ only while the information diagnostic
remains above a chosen threshold. The forgetting factor should be selected from the validation
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prediction loss or expected drift time scale: A larger λ reduces variance, while a smaller λ adapts faster.
The saturation bound B should be calibrated from the regressor stream rather than guessed: Record the
norms ∥ψraw(k)∥ over a contamination-light calibration window and set B to a small multiple (two is
used in the benchmark of Section 6.5) of a high quantile, e.g., the 99th percentile or the maximum.
This keeps the activation rate near zero in normal operation, so no saturation bias is paid, while still
capping the leverage of impulse-driven regressors. Table 6 quantifies what happens when B is instead
pushed into the informative range. These four rules are not merely advisory: The rolling-MAD Huber
threshold and the annealed MCC bandwidth evaluated in Table 2 are direct implementations, and both
outperform their hand-fixed counterparts, so following the rules is empirically at least as good as expert
defaults in this generator.

Practical guidelines for reporting without an oracle. Nonoracle reporting should include robust
validation loss, trimmed measured output MSE, median absolute prediction error, residual quantiles,
and parameter trajectory stability, in addition to the oracle clean MSE available only in simulation.
(This paragraph is intentionally advice rather than a numerical result; it is kept in this dedicated
subsection, next to the tuning rules it complements, and the benchmark study below applies these
guidelines verbatim.)

6.5. Benchmark validation on a real heat exchanger record

To complement the synthetic study with real data, the algorithms are applied to the liquid–saturated
steam heat exchanger record of the DaISy identification database (dataset 97-002) [30, 31]: 4000
samples at 1 s of the liquid flow rate (input) and outlet liquid temperature (output), a nonlinear
nonminimum-phase process that is a standard benchmark for nonlinear identification and is exactly
the plant class named in the conclusion of the previous version of this paper. The protocol is fully
nonoracle and follows Section 6.4 verbatim. Signals are normalized by the training-half statistics. A
single-subsystem (Ns = 1) fractional Hammerstein regressor with polynomial input terms up to degree
three and GL memory L = 45 is used; the own-output fractional order pair is selected by the ordinary
FRELS one-step validation error on the raw record over a coarse grid and then frozen for all methods
and scenarios, so no method receives a tuning advantage. The selected pair (0.30, 0.60) outperforms
the integer-order profile (1.00, 1.00) by a factor of about three in validation MSE (2.83 × 10−1

versus 8.38 × 10−1 in normalized units), which is direct real-data support for the fractional memory
structure. The Huber threshold and MCC bandwidth follow the rolling median absolute deviation rules
δ(k) = 1.5ŝr(k) and σ(k) = 2.0ŝr(k), and the saturation bound is set from the warm-up regressor norms
(B equal to twice their maximum). Estimation is performed online on the first 2000 samples; the
identified parameters are then frozen and validated by one-step-ahead prediction on the clean second
half, so that the reported errors isolate parameter quality exactly in the same way as the clean MSE does
in the synthetic study. Impulsive sensor faults (Bernoulli occurrences with Student’s t2.5 amplitudes,
three normalized standard deviations in scale) are injected into the estimation half only, corrupting both
the innovations and the autoregressive regressors seen by the estimators; five contamination replicates
are averaged per scenario.

Table 9 and Figure 10 summarize the outcome using only nonoracle metrics (validation root mean
square error (RMSE), mean absolute error (MAE), and the 95% absolute error quantile, all in ◦C).
Three observations match the theory. First, on the raw record, the three robust variants are within
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about 2% of ordinary FRELS (RMSE 0.983–0.988 versus 0.968; the worst case, MCC, is 2.1%
above), so the bounded score insurance is nearly free when no gross contamination is present. Second,
under 5% contamination, the robust recursions clearly improve validation accuracy. The MCC method
reduces RMSE from 1.710 to 1.325 (−23%) and the Huber method to 1.585 (−7%), with the same
ordering in MAE and in the 95% quantile. Third, at 10% contamination the robust advantage persists
but narrows (MCC 1.664 versus FRELS 1.797), because the injected impulses also propagate through
the fractional own-output regressors and act as leverage points, a failure channel that residual-based
weighting alone cannot fully repair; this is precisely the vertical versus leverage distinction drawn
after Corollary 5.1, observed here for real data. The saturated variant pays a visible bias price at
high contamination because the impulse-corrupted regressor directions are preserved by norm clipping;
leverage-robust constructions such as instrumental variables remain the appropriate remedy and are left
as future work. The benchmark is a single-subsystem record, so it validates the fractional Hammerstein
regression and the robust scoring mechanism but not the interconnection structure; a multi-subsystem
plant record remains the outstanding empirical target.

Table 9. Heat exchanger benchmark (DaISy 97-002): Frozen parameter one-step validation
errors on the clean second half after estimation on the (possibly contaminated) first half.
Mean ± standard deviation over five contamination replicates; the raw record is deterministic.

Scenario Method RMSE (◦C) MAE (◦C) q0.95 (◦C)
Raw record FRELS 0.968 0.824 1.700
Raw record Huber RS-FRELS 0.983 0.833 1.728
Raw record MCC RS-FRELS 0.988 0.832 1.757
Raw record Huber RS-FRELS + sat 0.985 0.831 1.744
5% impulses FRELS 1.710 ± 0.084 1.417 ± 0.053 3.144 ± 0.231
5% impulses Huber RS-FRELS 1.585 ± 0.097 1.325 ± 0.070 2.901 ± 0.203
5% impulses MCC RS-FRELS 1.325 ± 0.212 1.118 ± 0.171 2.393 ± 0.425
5% impulses Huber RS-FRELS + sat 1.716 ± 0.113 1.373 ± 0.071 3.504 ± 0.336
10% impulses FRELS 1.797 ± 0.105 1.483 ± 0.070 3.368 ± 0.301
10% impulses Huber RS-FRELS 1.726 ± 0.051 1.431 ± 0.033 3.184 ± 0.114
10% impulses MCC RS-FRELS 1.664 ± 0.055 1.386 ± 0.040 3.072 ± 0.114
10% impulses Huber RS-FRELS + sat 1.980 ± 0.088 1.546 ± 0.048 4.212 ± 0.312
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Figure 10. Heat exchanger benchmark under 10% injected impulses (first replicate). Top:
Recorded outlet temperature and frozen parameter one-step predictions on a validation
segment. Bottom: Moving one-step squared prediction error over the validation half.

6.6. Scalability timing

Table 11 and Figure 11 report a synthetic scalability diagnostic for the full-covariance
implementation. The larger systems use deterministic stable parameter extensions with dense
interconnection regressors and shorter runs for timing. The purpose is deliberately limited: The
table verifies that the measured runtime grows no faster than the O(

∑
i d2

i ) cost bound of Remark 4.3
(empirically, it is well described by a per-subsystem overhead plus an O(d2

i ) covariance term, with the
interpreter overhead dominating at small di), and that remark states precisely in what regime the method
scales (sparse coupling, per-subsystem parallelism, or the O(di) NLMS variant) and in what regime it
does not (dense all-to-all coupling with full covariance). No claim of large-scale plant validation is
attached to this timing study. For dense all-to-all coupling, di = 5 + (Ns − 1), and the measured
runtime stays within the O(

∑
i d2

i ) cost envelope of Remark 4.3. The Ns = 50 row also illustrates that
weighted information can weaken as dimension grows, so high-dimensional applications should use
sparse coupling, regularization, or distributed covariance approximations. To prevent a misreading of
that row, the degradation of clean MSE, final NMSD, and the persistent excitation eigenvalue (down
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to 1.107 × 10−2) at Ns = 50 is most plausibly an excitation effect, not an algorithmic failure. The
dense Ns = 50 configuration has 2700 unknown parameters identified from short timing runs, and
the same input class must excite a 54-dimensional regressor per subsystem; the weighted information
matrix therefore thins in its worst direction as the dimension grows, which is exactly what the reported
eigenvalue documents. Longer records or sparser coupling restore the excitation margin.

Table 10 adds the per-method runtimes that were missing from the previous version: All structurally
distinct contrast algorithms are timed on the identical data and regressor streams (the adaptive
threshold and annealed bandwidth variants share the per-sample cost of their base recursions to within
measurement noise, and the saturated Huber reference is the implementation timed in Table 11). The
RLS-type methods (FRELS, Huber, MCC, RLM–Hampel) are indistinguishable in terms of cost, as
expected since the robust scoring adds only a scalar weight evaluation to the O(d2

i ) covariance update;
robustness is computationally free at this scale. The Huber-NLMS variant is the only structurally
cheaper algorithm (O(di) per update), and its advantage grows with dimension, reaching a factor of
about 2.3 at Ns = 50. Together with its weaker accuracy in Table 2, this quantifies the accuracy–cost
trade-off available when covariance updates become the bottleneck.

Table 10. Per-method runtime per sample (ms) in the scalability test. All methods run on
identical data and regressors; means ± standard deviation over two seeds.

Ns FRELS Huber RS-FRELS MCC RS-FRELS RLM–Hampel Huber NLMS
3 0.125 ± 0.002 0.126 ± 0.006 0.134 ± 0.000 0.130 ± 0.003 0.095 ± 0.003
5 0.211 ± 0.009 0.206 ± 0.006 0.202 ± 0.004 0.200 ± 0.006 0.150 ± 0.005
10 0.382 ± 0.001 0.386 ± 0.029 0.403 ± 0.025 0.414 ± 0.033 0.280 ± 0.013
20 0.820 ± 0.011 0.825 ± 0.015 0.849 ± 0.013 0.844 ± 0.021 0.544 ± 0.012
50 3.298 ± 0.019 3.376 ± 0.102 3.327 ± 0.005 3.561 ± 0.023 1.443 ± 0.014

Table 11. Scalability timing for Huber RS-FRELS with estimator-side saturation. Entries
are the means over two seeds.

Ns di Total parameters Runtime/sample (ms) Clean MSE Final NMSD PE min eigenvalue
3 7 21 0.1377 ± 0.0112 3.338e − 04 ± 1.3e − 05 2.616e − 03 ± 4.5e − 04 4.606e − 02 ± 6.3e − 03
5 9 45 0.2436 ± 0.0118 3.338e − 04 ± 1.1e − 05 2.254e − 03 ± 2.5e − 04 4.816e − 02 ± 3.6e − 05
10 14 140 0.4190 ± 0.0028 8.255e − 04 ± 2.1e − 04 3.098e − 03 ± 8.3e − 04 5.152e − 02 ± 2.6e − 03
20 24 480 1.0076 ± 0.2055 1.251e − 03 ± 1.8e − 04 6.432e − 03 ± 3.4e − 04 4.990e − 02 ± 1.5e − 03
50 54 2700 3.6099 ± 0.2363 8.280e − 03 ± 4.7e − 04 4.766e − 02 ± 1.1e − 02 1.107e − 02 ± 1.4e − 04
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Figure 11. Measured runtime per sample as the number of subsystems increases for the
saturated Huber reference implementation and all contrast methods. The O(di) Huber-NLMS
curve separates from the O(d2

i ) RLS-type cluster as the dimension grows.

6.7. Ablation study

The model structure ablation removes one modeling component at a time. The short-memory and
integer-order variants test whether fractional memory is useful, while the no-coupling variant tests
the contribution of interconnection regressors. These are model mismatch diagnostics, not same-
parameter-space algorithm comparisons. Accordingly, Table 12 reports the clean prediction MSE only;
the final NMSD is intentionally omitted because the parameter vectors differ from the full fractional
interconnected θ⋆. Figure 12 reports the clean prediction MSE for a representative run.

Table 12. Model structure ablation. These variants use different regressor dimensions, so
NMSD is not reported.

Model variant Clean MSE
Huber RS-FRELS 1.646e − 04 ± 4.2e − 05
Huber short-memory 6.913e − 04 ± 1.2e − 04
Huber integer-order 1.346e − 02 ± 6.3e − 04
Huber no coupling 4.871e − 03 ± 5.4e − 04
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Figure 12. Ablation study. Removing fractional memory or interconnection terms increases
clean prediction error in this simulated interconnected fractional plant.

Remark 6.1 (What the experiments validate). The simulations validate the algorithmic mechanism
behind Theorem 5.3 and Corollary 5.1: Large innovations receive reduced score magnitudes, and
optional saturation prevents raw leverage from entering the update unboundedly. The simulations are
also consistent with the covariance and tracking results when weighted excitation remains adequate.
They do not, by themselves, prove the stochastic approximation assumptions of Theorem 5.5 or verify
a small score orthogonality defect; those assumptions are model-dependent and must be checked
separately for a real plant. The heat exchanger benchmark of Section 6.5 extends this validation to real
data for the single-subsystem case: It confirms the near-zero cost of the robust scores on clean records,
their clear benefit under moderate impulsive contamination, and—honestly—the leverage limitation at
high contamination, while leaving multi-subsystem real plant validation open.

7. Conclusions

A robust stochastic FRELS method has been developed for finite-memory fractional interconnected
Hammerstein regressions under impulsive disturbances. The analysis separates the standard cited
tools from the contribution-specific results and establishes the precise interpretation of the recursion
as an exact weighted RLS solution of a frozen-weight surrogate. Under explicit boundedness and
excitation assumptions, the Huber and MCC scores provide bounded single-sample influence; an
optional regressor saturation variant turns the bounded regressor condition into an estimator-side
design choice. Population and recursive convergence results are given in conditional form: The Huber
approach has Fisher consistency with local quadratic growth under a positive curvature condition, an
explicit orthogonality-defect bound quantifies local population bias when colored output regressors
break score orthogonality, and the MCC approach is stated only as a stationary local population
target because of its nonconvexity. The weighted persistent excitation condition, which previously
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rested on a deterministic pathwise lower bound on the robust weight that is unrealistic for MCC RS-
FRELS under impulsive residuals, is now supported by an alternative conditional-expectation lower
bound combined with a matrix-Azuma deviation control, so the assumption is checkable in terms
of the residual conditional density rather than residual extrema. The local recursive convergence
theorem is complemented by a global statement for the projected Huber RS-FRELS on any compact
convex projection set under uniform Huber curvature, whose key curvature condition is accompanied
by an explicit discussion of when it is verifiable and when it degenerates to a semilocal statement,
while the MCC equivalent retains only the local guarantee because its nonconvex redescending score
precludes the same globalization. For MCC RS-FRELS, the nonconvexity is handled operationally
rather than dismissed: Warm starting, bandwidth annealing, and information monitoring are stated as
concrete rules and are validated as an algorithm in the Monte Carlo comparison. Numerical evidence
supports the robustness benefits through Monte Carlo statistics, paired tests, same-regressor algorithm
baselines including a redescending RLM–Hampel score and adaptively tuned variants, stress tests,
MCC information diagnostics, impulse severity grids, saturation activation diagnostics, scalability
timing with per-method runtimes, and scoped model structure ablations. A first real-data validation
on the DaISy liquid–saturated steam heat exchanger benchmark shows that the robust recursions cost
almost nothing on the raw record, improve held-out prediction accuracy substantially under moderate
injected impulsive sensor faults, and lose part of their advantage under heavy contamination through
the leverage channel, in agreement with the vertical versus leverage analysis; the fractional-order
profile selected on this record also outperforms its integer-order counterpart, supporting the fractional
model class with real data. The claimed scalability is likewise scoped precisely: The full-covariance
cost law is verified empirically, and sparse coupling, per-subsystem parallelism, or the O(d) NLMS
variant constitute the documented path to genuinely large systems. The most important remaining
empirical step is validation on a multi-subsystem interconnected plant record, such as a Wiener–
Hammerstein cascade or a multi-loop process. Future work should also develop instrumental or
whitened robust fractional regressions for colored output error noise (the leverage channel exposed
by the benchmark), sparse or distributed covariance approximations for very large systems, and joint
estimation of fractional orders together with robust recursive parameters.
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A. Literature comparison table

Table 13 gives a mathematical comparison with closely related recent work. The notation
“quadratic” denotes least squares type criteria, while “robust score” denotes a bounded score update of
the form Pψs(ε). The table is intended to clarify the specific gap addressed in this paper rather than to
rank the cited methods.
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Table 13. Mathematical comparison with representative related identification methods.
Reference Model class Disturbance treatment Recursive

criterion/update
Difference from the
present work

[9] Fractional
interconnected
Hammerstein model
with GL regressors

Colored finite variance
stochastic disturbance

FRELS/extended least
squares with quadratic
innovation

Provides the fractional
interconnected
baseline; no bounded
robust score for
impulsive
contamination.

[22] Integer-order
Hammerstein FIR
model with model
selection

Impulsive output noise Robust recursive
M-estimation with
smoothly clipped
absolute deviation
(SCAD)/variable
forgetting factor (VFF)
mechanisms

Robust to impulses but
not fractional and not
an interconnected
fractional GL
formulation.

[23] Errors-in-variables
nonlinear systems

Impulsive noise in a
nonlinear
errors-in-variables
(EIV) setting

Continuous logarithmic
mixed p-norm
recursive estimation

Treats noisy inputs and
nonlinear EIV systems;
does not address
fractional
interconnected
Hammerstein
regressors.

[10–12] A fractional
Hammerstein or
fractional nonlinear
model

Mainly finite
variance/noisy
measurements

Separable least
squares, orthogonal
least squares, or staged
least squares (LS)/LM
identification

Estimate fractional
Hammerstein
parameters, but the
update is not a bounded
score online robust
FRELS recursion for
interconnections.

[24, 25] Fractional
Hammerstein type
nonlinear models

Gaussian and
impulsive noise
scenarios in
metaheuristic studies

Population-based
optimization with
auxiliary models

Robust empirical
performance is
investigated, but not an
RLS-type online
frozen-weight
surrogate with
covariance and
influence analysis.

[20, 21] Adaptive
filtering/sparse system
identification

Non-Gaussian or
impulsive noise

Recursive maximum
correntropy type
updates

Provides
correntropy-based
robustness, but without
fractional Hammerstein
interconnection
structure.

This paper Fractional
interconnected
Hammerstein
regression

Colored plus
impulsive/heavy-tailed
disturbance

Frozen-weight
Huber/MCC
RS-FRELS: ∆θ̂ =
Pψs(ε)/(λ + ωψ⊤Pψ)

Combines GL memory,
interconnection
regressors,
Hammerstein lumped
parameters, bounded
robust scores, and
conditional recursive
theory.
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B. Reproducibility details

The representative three-subsystem experiment uses the finite-memory orders

{0.18, 0.27, 0.31, 0.42, 0.55, 0.63, 0.76}, (B.1)

where 0.42 and 0.76 are own-output orders; 0.18, 0.31, and 0.55 are input-polynomial orders; 0.27 is
the interconnection order; and 0.63 is the colored noise order. The three lumped parameter vectors are

θ⋆1 = (0.44,−0.16, 0.82,−0.20, 0.055, 0.095,−0.070)⊤,
θ⋆2 = (0.38,−0.12, 0.74,−0.16, 0.045,−0.085, 0.060)⊤,
θ⋆3 = (0.41,−0.14, 0.78,−0.18, 0.050, 0.070,−0.065)⊤. (B.2)

For each subsystem, the exogenous input is a first-order autoregressive (AR(1)) sequence with a
coefficient 0.72 and an innovation standard deviation 0.65 + 0.05(i − 1), followed by a hyperbolic
tangent nonlinearity and additive Gaussian jitter of standard deviation 0.15. The colored noise
component is generated by applying the finite GL filter of order 0.63 to Gaussian innovations of
standard deviation 0.045. The standard impulse process has a Bernoulli probability p = 0.04 and
a Gaussian amplitude scale 1.10; stress cases use Student’s t2.5 amplitudes with the probabilities and
scales reported in Table 1. Unless stated otherwise, the data generator clips simulated outputs to [−8, 8]
only to prevent unbounded autoregressive leverage during synthetic plant generation; this clipping is
not part of the estimator.

All main algorithms start from θ̂i(0) = 0 and Pi(0) = 80I. The default forgetting factor is λ = 0.995,
the default Huber threshold is δ = 0.35, and the default MCC width is σ = 0.50. The RLM–
Hampel baseline uses the three-part redescending score with the knots (a, b, c) = (0.35, 0.70, 1.40).
The adaptive threshold Huber baseline recomputes δ(k) = 1.5 × 1.4826 × MAD over the last 150
residuals (per subsystem, with a floor of 0.05, activated after 30 residuals). The annealed MCC
baseline decreases σ(k) linearly from 0.50 to 0.10 over the first 300 samples and holds it constant
afterwards. The main Monte Carlo table uses Seeds 7, 8, . . . , 36; the stress tests use Seeds 30, . . . , 34;
the sensitivity tests use Seeds 60, 61, 62; the impulse grid uses Seeds 80, 81, 82; the saturation
diagnostic uses Seeds 110, . . . , 115; and the scalability timing uses Seeds 150 and 151. For Ns > 3
in the scalability diagnostic, the script creates deterministic stable parameter extensions with small
distance-decaying interconnection coefficients. These extended systems are used only for timing and
scalability diagnostics, not as additional evidence of real plant validity.

The heat exchanger benchmark uses the public DaISy dataset 97-002 [30, 31] (the liquid flow rate
as input, the outlet liquid temperature as output, 4000 samples at 1 s), downloadable from the DaISy
repository. Signals are normalized by the mean and standard deviation of the first 2000 samples.
The regressor uses own-output fractional orders selected from the grid {(0.30, 0.60), (0.42, 0.76),
(0.60, 0.90), (1.00, 1.00)} by the FRELS validation error on the raw record, the input-polynomial
orders (0.18, 0.31, 0.55), the GL memory L = 45, the forgetting factor λ = 0.998, and P(0) = 80I.
The rolling residual-scale estimate uses a 300-sample window with a 50-sample activation delay and a
floor of 0.02; δ(k) = 1.5ŝr(k), σ(k) = 2.0ŝr(k), and B is twice the maximum warm-up regressor norm
over the first 200 samples. Contamination replicates use NumPy generators seeded as 200, . . . , 204;
impulses are Bernoulli with a probability of 0.05 or 0.10 and Student’s t2.5 amplitudes scaled by 3.0
normalized units, injected into the first 2000 samples only.
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C. Auxiliary proofs

Proof of Proposition 5.1. Define the ordinary and weighted finite-window information matrices

Gk =
1
T

k+T−1∑
ℓ=k

ψ(ℓ)ψ⊤(ℓ), Gω
k =

1
T

k+T−1∑
ℓ=k

ω(ℓ)ψ(ℓ)ψ⊤(ℓ).

Part (i): Pathwise lower bound. For every vector x ∈ Rd, we have

x⊤Gω
k x =

1
T

k+T−1∑
ℓ=k

ω(ℓ)
(
ψ⊤(ℓ)x

)2
.

Using ω(ℓ) ≥ ωmin gives

x⊤Gω
k x ≥ ωmin

1
T

k+T−1∑
ℓ=k

(
ψ⊤(ℓ)x

)2
= ωminx⊤Gkx.

By the ordinary PE condition, we have

x⊤Gkx ≥ m0∥x∥2,

and therefore
x⊤Gω

k x ≥ ωminm0∥x∥2.

Since this holds for every x, we obtain Gω
k ⪰ ωminm0Id. For the upper bound, the Huber and MCC

weights satisfy 0 ≤ ω(ℓ) ≤ 1, so x⊤Gω
k x ≤ x⊤Gkx ≤ M0∥x∥2 and Gω

k ⪯ M0Id. Combining the two
bounds yields Assumption 5.1 with m = ωminm0 and M = M0.

Part (ii): Conditional expectation lower bound. Define the conditional and martingale difference
components

Ḡω
k =

1
T

k+T−1∑
ℓ=k

E
[
ω(ℓ)ψ(ℓ)ψ⊤(ℓ)

∣∣∣Fℓ−1

]
, Ĝω

k =
1
T

k+T−1∑
ℓ=k

D(ℓ),

so that Gω
k = Ḡω

k + Ĝω
k with D(ℓ) defined in (5.14). Because ψ(ℓ) is Fℓ−1-measurable (it is built from

past data passing through the GL filter)

E
[
ω(ℓ)ψ(ℓ)ψ⊤(ℓ)

∣∣∣Fℓ−1

]
= E

[
ω(ℓ)

∣∣∣Fℓ−1, ψ(ℓ)
]
ψ(ℓ)ψ⊤(ℓ) ⪰ ωEψ(ℓ)ψ⊤(ℓ)

by (5.13). Averaging over the window gives Ḡω
k ⪰ ωEGk ⪰ ωEm0Id, and the upper bound argument

from Part (i) shows Ḡω
k ⪯ M0Id.

It remains to control the martingale difference part Ĝω
k . The increments D(ℓ) form a matrix

martingale difference sequence with respect to {Fℓ} and satisfy ∥D(ℓ)∥ ≤ 2ψ̄2 almost surely, because 0 ≤
ω(ℓ) ≤ 1 and ∥ψ(ℓ)∥ ≤ ψ̄. The matrix Azuma–Hoeffding inequality for self-adjoint martingale sums
(see, e.g., [32]) with the deterministic dominating sequence Aℓ = 2ψ̄2Id, so that the variance proxy of a
length-T window is σ2 =

∥∥∥∑ℓ A2
ℓ

∥∥∥ = 4T ψ̄4, gives the following for any t > 0 and any window start k:

P
(∥∥∥∥Ĝω

k

∥∥∥∥ ≥ t
)
= P

∥∥∥∥k+T−1∑
ℓ=k

D(ℓ)
∥∥∥∥ ≥ Tt

 ≤ 2d exp
(
−

(Tt)2

8σ2

)
= 2d exp

(
−

Tt2

32ψ̄4

)
.

AIMS Mathematics Volume 11, Issue 9, 28202–28253.



28247

Taking t = ϵ and combining with Ḡω
k ⪰ ωEm0Id proves the high-probability statement (ii.a); the upper

bound holds pathwise because Gω
k ⪯ Gk ⪯ M0Id deterministically.

For (ii.b), note that this bound holds for each window separately, and for a fixed window length
the failure probability does not decrease with the window start k; an eventual almost-sure statement
therefore genuinely requires the window length to grow. Let the window starting at k have a length
Tk ≥ (32ψ̄4/ϵ2)(2 ln k + ln 2d). Its failure probability is at most

2d exp
(
−

Tkϵ
2

32ψ̄4

)
≤ 2d exp(−2 ln k − ln 2d) = k−2,

which is summable in k. By the Borel–Cantelli lemma, almost surely only finitely many windows fail,
i.e., there is a finite random time k1 such that (5.16) holds for all k ≥ k1. Choosing ϵ ≤ ωEm0/2 gives
the claimed eventual weighted-PE rate m = (ωE m0)/2. □

Proof of Theorem 5.2. The information matrix has the explicit representation

R(k) = λkP(0)−1 +

k∑
ℓ=1

λk−ℓω(ℓ)ψ(ℓ)ψ⊤(ℓ). (C.1)

Every term in the summation is positive semidefinite, and the forgotten initial information term is
positive definite. Thus R(k) ≻ 0 and P(k) = R(k)−1 ≻ 0.

Assume now that Assumption 5.1 holds from the start time k0. For k ≥ k0, let Bk = ⌊(k− k0 + 1)/T ⌋,
as in (5.18). This is the number of complete length-T windows that can be selected from the recent
portion {k0, . . . , k}. When λ = 1, group the summation in (C.1) into these Bk complete blocks, plus a
non-negative remainder. Assumption 5.1 gives at least mT Id from each complete block, so

R(k) ⪰ P(0)−1 + mT BkId. (C.2)

Taking the reciprocal eigenvalue bounds yields (5.19).
For 0 < λ < 1, use complete blocks counted backward from the present time, while keeping only

blocks whose starting index is at least k0. The j-th most recent complete block is

{k − ( j + 1)T + 1, . . . , k − jT }, j = 0, . . . , Bk − 1. (C.3)

For every sample in this block, the exponential factor λk−ℓ is at least λ( j+1)T−1, because 0 < λ < 1.
Therefore

R(k) ⪰ λkP(0)−1 + mT
Bk−1∑
j=0

λ( j+1)T−1Id

= λkP(0)−1 + mTλT−1 1 − λT Bk

1 − λT Id.

(C.4)

The inverse eigenvalue bound gives (5.20). Finally, for any λ close to one, 1−λT = (1−λ)(1+λ+ · · ·+
λT−1) is comparable with T (1 − λ), while λT−1 remains bounded away from zero. Hence, after enough
excited blocks have accumulated, the steady inverse information norm is of order 1 − λ. □
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Proof of Lemma 5.1. For Huber’s score, sH
δ (e) = e when |e| ≤ δ and sH

δ (e) = δ sgn(e) when |e| > δ.
Thus

∣∣∣sH
δ (e)

∣∣∣ ≤ δ for all e. For the MCC score, set r = |e| /σ ≥ 0. Then∣∣∣sC
σ(e)

∣∣∣ = σr exp(−r2/2). (C.5)

The scalar function f (r) = r exp(−r2/2) satisfies f ′(r) = exp(−r2/2)(1− r2), so its maximum on [0,∞)
occurs at r = 1, with the value exp(−1/2). Hence

∣∣∣sC
σ(e)

∣∣∣ ≤ σ exp(−1/2). □

Proof of Theorem 5.3 (relocated from Section 5). Fix the time instant k. The claim is pathwise:
No distributional assumption on the innovation is required. Condition on the past information and on
the current regressor, so that P(k − 1) and ψ(k) are fixed objects satisfying the stated bounds. Write

e = ε(k), P = P(k − 1), ψ = ψ(k), z = ψ⊤Pψ. (C.6)

Since the covariance recursion preserves positive definiteness, P ≻ 0 and therefore z ≥ 0. For both
robust choices used in the paper, ω(e) ≥ 0. Hence, the scalar denominator

d(e) = λ + ω(e)z (C.7)

is strictly positive and satisfies the uniform lower bound

d(e) ≥ λ. (C.8)

This elementary inequality is the place where the forgetting factor enters the proof. It also shows that
the bound does not depend on any cancellation between the numerator and the denominator.

The parameter increment produced by (4.4)–(4.5) is

∆θ̂(k) = K(k)e

=
ω(e)Pψ

λ + ω(e)ψ⊤Pψ
e.

(C.9)

By the definition of the IRLS weight, ω(e)e = s(e), with the convention ω(0) = 1 and s(0) = 0. Thus
the same increment can be written in the score form

∆θ̂(k) =
Pψs(e)

λ + ω(e)ψ⊤Pψ
. (C.10)

Taking the Euclidean norms and using (C.8) gives∥∥∥∆θ̂(k)
∥∥∥ ≤ ∥Pψ∥

λ
|s(e)|

≤
∥P∥ ∥ψ∥

λ
|s(e)|

≤
P̄ψ̄
λ
|s(e)| .

(C.11)

It remains only to insert the explicit score bound corresponding to the chosen loss.
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For the Huber score, two cases exhaust all possibilities. If |e| ≤ δ, then sH
δ (e) = e and |sH

δ (e)| ≤ δ. If
|e| > δ, then sH

δ (e) = δ sgn(e) and again |sH
δ (e)| = δ. Substitution in (C.11) yields

∥∥∥∆θ̂(k)
∥∥∥ ≤ P̄ψ̄

λ
δ. (C.12)

Moreover, along a sequence of vertical innovations with |e| → ∞ while P and ψ remain fixed, the
Huber weight satisfies ωH

δ (e) = δ/|e| → 0 and the denominator tends to λ. The update therefore
remains bounded and approaches the one-sided limits

∆θ̂(k)→ ±
Pψδ
λ
, (C.13)

where the sign is the sign of e. Thus the Huber update clips the innovation contribution at a finite level.
For the MCC score, we have

|sC
σ(e)| = |e| exp

(
−

e2

2σ2

)
. (C.14)

Set r = |e|/σ. The scalar function r exp(−r2/2) is maximized at r = 1, so

|sC
σ(e)| ≤ σ exp(−1/2). (C.15)

Equation (C.11) gives ∥∥∥∆θ̂(k)
∥∥∥ ≤ P̄ψ̄

λ
σ exp(−1/2). (C.16)

The redescending nature of the MCC approach gives an even stronger limiting statement: As |e| → ∞,
both sC

σ(e) and ωC
σ(e) tend to zero, while the denominator tends to λ. Consequently, ∆θ̂(k) → 0 for a

fixed bounded regressor and covariance.
Combining the two cases gives (5.23) with S = δ for Huber RS-FRELS and S = σ exp(−1/2) for

MCC RS-FRELS. The proof is uniform in the magnitude of the single innovation e; in particular, the
right-hand side is not a function of |e|.

The final statement follows by repeating the same calculation for ordinary FRELS. In that case,
s(e) = e and ω(e) = 1, so

∆θ̂LS(k) =
Pψ

λ + ψ⊤Pψ
e. (C.17)

If Pψ , 0, the vector multiplying e is fixed and nonzero for the considered sample. Hence
∥∥∥∆θ̂LS(k)

∥∥∥
grows linearly as |e| → ∞. This establishes the claimed contrast between bounded score RS-FRELS
and ordinary quadratic FRELS for a vertical outlier. □

Proof of Theorem 5.4 (relocated from Section 5). The proof separates the Fisher consistency from
local quadratic growth and uniqueness. The first part identifies the population estimating equation. For
any candidate parameter θ, write

eθ = y − θ⊤ψ = ξ − (θ − θ⋆)⊤ψ. (C.18)
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The Huber score is bounded by δ and is Lipschitz continuous with a Lipschitz constant of one. Since
E ∥ψ∥2 < ∞, particularly E ∥ψ∥ < ∞, dominated convergence justifies differentiating the population
risk in every direction. For any direction a ∈ Rd, we have

d
dt

Q(θ + ta)
∣∣∣∣∣
t=0
= E

[
d
dt
ρH
δ (eθ − ta⊤ψ)

∣∣∣∣∣
t=0

]
= −E

[
(a⊤ψ)sH

δ (eθ)
]
.

(C.19)

Thus the gradient is
∇Q(θ) = −E

[
ψsH

δ (eθ)
]
. (C.20)

At the true finite-memory regression parameter, eθ⋆ = ξ. Assumption 5.2 gives

∇Q(θ⋆) = −E[ψsH
δ (ξ)] = 0. (C.21)

This proves Fisher consistency in the estimating equation sense.
Because ρH

δ is convex and θ 7→ y−θ⊤ψ is affine, the function θ 7→ ρH
δ (y−θ⊤ψ) is convex for each data

realization. Taking expectations preserves convexity. Therefore, for every θ, the first-order convexity
inequality gives

Q(θ) ≥ Q(θ⋆) + ∇Q(θ⋆)⊤(θ − θ⋆) = Q(θ⋆), (C.22)

so θ⋆ is a global minimizer of the Huber population risk. This part uses only the score orthogonality
assumption; it does not require the curvature condition.

We now prove local quadratic growth, which implies local uniqueness. Let h , 0 with ∥h∥ ≤ r, set
v = h/ ∥h∥, and define the one-dimensional restriction

qv(t) = Q(θ⋆ + tv), |t| ≤ r. (C.23)

Using (C.20), we have
q′v(t) = −E

[
(ψ⊤v)sH

δ (ξ − tψ⊤v)
]

(C.24)

for all t at which the ordinary derivative is considered. The Huber score is absolutely continuous and
its derivative with respect to its scalar argument is 1{|x|<δ} except at the two threshold points x = ±δ.
Hence, in the almost-everywhere sense in t, we have

q′′v (t) = E
[
(ψ⊤v)21{|ξ−tψ⊤v|<δ}

]
. (C.25)

The threshold nondifferentiability causes no difficulty because the integral representation below uses
the absolutely continuous derivative of the Huber score; equivalently, (C.25) may be interpreted
through the generalized Hessian.

By Assumption 5.3, q′′v (t) ≥ cH for almost every t ∈ [−r, r]. For 0 ≤ t ≤ r, the fundamental theorem
of calculus yields

qv(t) − qv(0) − tq′v(0) =
∫ t

0
(t − τ)q′′v (τ) dτ

≥ cH

∫ t

0
(t − τ) dτ =

cH

2
t2.

(C.26)
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For −r ≤ t ≤ 0, the same identity integrated over [t, 0], i.e., over the correctly ordered interval when
t < 0, gives the same lower bound with t2. Since q′v(0) = v⊤∇Q(θ⋆) = 0, we obtain

qv(t) ≥ qv(0) +
cH

2
t2, |t| ≤ r. (C.27)

Taking t = ∥h∥ gives exactly (5.28).
The lower bound (5.28) is strict for every nonzero h with ∥h∥ ≤ r. Thus no parameter other than θ⋆

can have the same value of Q inside the local ball, and θ⋆ is locally unique. Notice that the conclusion
established here is radial quadratic growth around θ⋆. It is sufficient for local uniqueness and for the
local mean field arguments used later; it is not stated as full pairwise strong convexity on the entire
ball, which would require a stronger uniform Hessian condition between arbitrary pairs of points in the
ball. □

Proof of Theorem 5.6 (relocated from Section 5). Define the Huber population risk Q(θ) =
E[ρH

δ (y − θ⊤ψ)], which is finite for θ ∈ Θ because the almost-sure regressor bound supk ∥ψ(k)∥ < ∞
in the preamble of Assumption 5.5 guarantees finite moments along the trajectory, and ρH

δ has at most
linear growth at infinity. The Huber loss is convex and θ 7→ y− θ⊤ψ is affine, so Q is convex on Rd. By
the same dominated-convergence calculation that yielded (C.20), we have

∇Q(θ) = −E
[
ψsH

δ (y − θ⊤ψ)
]
= −h(θ).

By (5.48) evaluated at θ = θ⋆, ∇Q(θ⋆) = 0, so θ⋆ is a global minimizer of Q on Rd.
Global radial monotonicity on Θ. Fix any θ ∈ Θ\ {θ⋆}. Set t =

∥∥∥θ − θ⋆∥∥∥, v = (θ−θ⋆)/t, and consider
the one-dimensional restriction qv(τ) = Q(θ⋆ + τv) for τ ∈ [0, t]. The same generalized-Hessian
calculation as in the proof of Theorem 5.4 (extended from a local ball to the whole segment [0, t],
which lies in Θ by convexity) gives

q′′v (τ) = E
[
(ψ⊤v)2 1{|ξ−τψ⊤v|<δ}

]
≥ cH, for a.e. τ ∈ [0, t],

where (5.49) is applied at θ = θ⋆ + τv ∈ Θ in unconditional form (taking total expectation over Fk−1).
Since q′v(0) = −v⊤h(θ⋆) = 0 by (5.48), integration from 0 to t yields

(θ − θ⋆)⊤∇Q(θ) = t q′v(t) = t
∫ t

0
q′′v (τ) dτ ≥ cHt2 = cH

∥∥∥θ − θ⋆∥∥∥2
.

Equivalently,
(θ − θ⋆)⊤h(θ) ≤ −cH

∥∥∥θ − θ⋆∥∥∥2
, θ ∈ Θ. (C.28)

This is the key strengthening of (5.37): It holds on all of Θ, not only on a neighborhood of θ⋆.
Lyapunov contraction with the gain-adapted metric. Choose the Lyapunov function

Vk = (θ̂(k) − θ⋆)⊤R̄ (θ̂(k) − θ⋆).

Throughout this proof two norms are used, and their relationship is fixed once here. The Euclidean
norm ∥·∥ is used for the mean field inequality (C.28) and for the nonexpansiveness of the projection;
the R̄-weighted quadratic Vk is used as the Lyapunov function because the limiting gain in (5.43) is
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R̄−1, and pairing the update with the metric R̄ cancels the gain matrix in the first-order drift term. The
two are equivalent with the explicit constants

λmin(R̄)
∥∥∥θ̂(k) − θ⋆

∥∥∥2
≤ Vk ≤ λmax(R̄)

∥∥∥θ̂(k) − θ⋆
∥∥∥2
,

where λmin(R̄) > 0 by (GH3); equivalently, Vk is also comparable with the R̄−1-weighted norm through
the same eigenvalue bounds applied to R̄−1, whose extreme eigenvalues are the reciprocals 1/λmax(R̄)
and 1/λmin(R̄). Every passage between the Euclidean and the weighted quantities below costs at most
the condition number κ(R̄) = λmax(R̄)/λmin(R̄), which is finite and constant, and is absorbed into the
drift constants. Substituting the SA expansion (5.43) and using R̄R̄−1 = I gives, for the unprojected
iterate θ̂+(k) = θ̂(k − 1) + (1/k)R̄−1ψ(k)s(ε(k)) + ζk,

V+k = Vk−1 +
2
k

(θ̂(k − 1) − θ⋆)⊤ψ(k)s
(
y(k) − θ̂(k − 1)⊤ψ(k)

)
+ Nk + ϱk,

where Nk collects the quadratic and cross terms in the unbiased martingale increment and ϱk collects
the contributions of ζk (the symbol ϱk is used to avoid a clash with the information matrix R(k)).

Taking the conditional expectations and using the decomposition ψs = h+M from Assumption 5.5
(GH4), the conditional mean of the first-order term becomes

2
k

(θ̂(k − 1) − θ⋆)⊤h(θ̂(k − 1)) ≤ −
2cH

k

∥∥∥θ̂(k − 1) − θ⋆
∥∥∥2

by (C.28). The quadratic part of Nk contributes at most C/k2 uniformly on Θ because ψ is bounded,
|sH
δ | ≤ δ, and the conditional second moment of Mk is bounded by CM. The remainder term satisfies
E[∥ϱk∥ | Fk−1] ≤ (ϵ/k)

∥∥∥θ̂(k − 1) − θ⋆
∥∥∥2
+ Cϵ/k2 by (GH4). Choosing ϵ < cHλmin(R̄) absorbs the

perturbation into the negative drift. Therefore, for all values of k larger than a finite random time,

E[V+k | Fk−1] ≤
(
1 −

c′H
k

)
Vk−1 +

C′

k2 , (C.29)

with c′H = cHλmin(R̄)/λmax(R̄) > 0 and a deterministic constant C′.
Projection step and Robbins–Siegmund supermartingale. Euclidean projection onto Θ is

nonexpansive in the standard inner product, and hence
∥∥∥ΠΘ(θ̂+(k)) − θ⋆

∥∥∥ ≤ ∥∥∥θ̂+(k) − θ⋆
∥∥∥ because

θ⋆ ∈ Θ. The R̄-weighted norm differs from the Euclidean norm only by the constant condition number
of R̄, so the same inequality holds for Vk up to a multiplicative constant that is absorbed into c′H (after
recomputing the geometric coefficient). Substituting into (C.29) preserves the supermartingale-type
inequality E[Vk | Fk−1] ≤ (1 − c′′H/k)Vk−1 +C′′/k2.

The Robbins–Siegmund supermartingale theorem yields Vk → V∞ almost surely and
∑

k k−1Vk−1 <

∞. Since
∑

k k−1 = ∞, the only possible non-negative finite limit consistent with this summability is
V∞ = 0. Equivalence of norms gives

∥∥∥θ̂(k) − θ⋆
∥∥∥→ 0 almost surely.

Globality is automatic: (C.28) holds for every θ ∈ Θ, so no entrance time argument is needed and no
a priori localization is assumed. The result depends only on the iterate staying in Θ, which is enforced
by projection. □
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Proof of Lemma 5.2 (relocated from Section 5). Set α = 1−λ. The no-drift update produces θ̃+(k),
and the parameter drift changes the reference parameter by

d(k) = θ⋆(k) − θ⋆(k − 1), ∥d(k)∥ ≤ q. (C.30)

Thus
θ̃(k) = θ̃+(k) − d(k). (C.31)

For any η > 0, Young’s inequality gives

∥x − d∥2 ≤ (1 + η) ∥x∥2 + (1 + η−1) ∥d∥2 . (C.32)

Apply (C.32) with x = θ̃+(k), take the conditional expectations, and use (5.52). Choosing η = aα/2
yields, for any α small enough,

E[
∥∥∥θ̃(k)

∥∥∥2
] ≤

(
1 −

aα
2

)
E[

∥∥∥θ̃(k − 1)
∥∥∥2

] +Cbα
2S 2 +Cq

q2

α
, (C.33)

for the finite constants Cb and Cq. Iterating the scalar inequality (C.33) gives

E[
∥∥∥θ̃(k)

∥∥∥2
] ≤

(
1 −

aα
2

)k−k0

E[
∥∥∥θ̃(k0)

∥∥∥2
] +

k∑
j=k0+1

(
1 −

aα
2

)k− j
(
Cbα

2S 2 +Cq
q2

α

)
. (C.34)

The geometric sum is bounded by 2/(aα). Taking the upper limit gives

lim sup
k→∞

E
∥∥∥θ̃(k)

∥∥∥2
≤

2Cb

a
αS 2 +

2Cq

a
q2

α2 , (C.35)

which is (5.53). The result is conservative because it uses only the worst-case score bound and a local
contraction inequality. □
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