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Abstract: In this paper, we proposed a hybrid pied kingfisher optimizer (HPKO) for constrained 

continuous optimization and applied it to three-dimensional unmanned aerial vehicle (3D UAV) path 

planning under terrain and threat constraints. Based on the original pied kingfisher optimizer (PKO), 

HPKO integrated tent chaotic initialization, refracted opposition-based learning (ROBL), and 

intelligent boundary control (IBC) to enhance population diversity, local optimum escape, and solution 

feasibility near variable bounds. HPKO was evaluated on the CEC2017 and CEC2022 benchmark 

suites and compared with 13 well-known optimization algorithms in terms of solution quality, 

convergence behavior, robustness, and statistical significance. Results showed that HPKO maintains 

strong overall competitiveness across search landscapes and dimensional settings. Ablation studies 

showed that ROBL provides the strongest standalone improvement across the four function categories, 

while the complete three-module configuration achieved the best overall rank. In the 3D UAV 

simulations, HPKO achieved the lowest composite cost among HPKO, PKO, PSO, and GWO in 

simple and complex terrain–threat environments, with a larger margin in the complex scenario. Weight 

sensitivity analysis further quantified the trade-offs among path length, external threat exposure, and 

altitude behavior. These results demonstrated that HPKO serves as an effective constrained 

optimization framework with practical value for 3D UAV path planning. 
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1. Introduction 

Constrained continuous optimization arises naturally in three-dimensional unmanned aerial 

vehicle (UAV) path planning, where candidate trajectories must satisfy terrain-clearance, threat-

avoidance, altitude, and maneuverability requirements. Such planning requirements are encountered 

in last-mile delivery [1], autonomous operation in GPS-denied environments [2], and infrastructure 

inspection around complex structures [3]. Across these applications, path length, collision risk, flight 

feasibility, and computational cost are recurrent planning criteria [4]. When a trajectory is 

parameterized by intermediate waypoints, the resulting optimization problem becomes high-

dimensional and multimodal, with a composite nonconvex objective that poses challenges for 

conventional gradient-based optimization. Terrain and threat constraints may further restrict the 

feasible region, making diversity preservation and reliable constraint handling central to the search 

process. 

Classical planners remain important in UAV path planning because they exploit graph, geometric, 

or sampling structures. A survey of multirotor applications summarizes graph-search, sampling-based, 

and optimization-based approaches [5]. Modified A* has been applied to stealth UAV planning in 

three-dimensional radar environments [6], whereas bidirectional artificial-potential-field-guided RRT* 

(APF-RRT*) combines potential-field guidance with goal-biased sampling [7]; direct obstacle-

avoidance mechanisms have also been developed for UAV planning [8]. These methods, however, 

remain sensitive to their design and parameter settings: APF-based motion may exhibit switching and 

chattering [9], while sampling-based planners depend on step size, goal bias, and post-processing. 

Beyond route construction, studies have increasingly emphasized trajectory formulation and 

optimization. Warm-started optimization improves formation-planning efficiency [10], while four-

dimensional swarm planning extends the decision space to coordinated temporal motion [11]. A two-

stage transport formulation explicitly links decision variables, objectives, and operational constraints 

in trajectory planning and tracking [12], and mathematical optimization has also been integrated with 

search-based robotic planning [13]. Collectively, these studies indicate that planner performance 

depends not only on the search mechanism but also on how application objectives and feasibility 

constraints are represented. 

Optimization methods range from deterministic approaches based on explicit structural 

assumptions to derivative-free population-based methods for nonconvex search spaces. For structured 

convex problems, the golden-ratio primal-dual algorithm has established convergence guarantees [14], 

while its line-search extension permits adaptive step sizes without prior knowledge of the spectral 

norm of the linear operator [15]. These guarantees, however, rely on convex structure, whereas terrain–

threat waypoint planning is generally nonconvex and multimodal, thereby motivating population-

based search. Optimization-based UAV planning has been reviewed across algorithm families [16]. 

Representative studies improve flower pollination through neighborhood-global learning [17], 

augment the artificial gorilla troops optimizer with mutation and interpolation [18], incorporate safety 

mechanisms into spherical-vector particle swarm optimization [19], and combine grey wolf 

optimization with chaos-game search [20]. A multi-strategy bottlenose dolphin optimizer provides a 

further example of coordinating several search operators for UAV planning [21]. Related optimization 

mechanisms have also been applied to conflict-free automated-guided-vehicle coordination [22], 

heterogeneous-task scheduling [23], mobile-robot localization [24], engineering design [25], and 

parameter identification under uncertainty [26]. Although these studies expand the available search 

mechanisms and application settings, constrained waypoint planning requires an effective balance 

between preserving population diversity and maintaining candidate feasibility. 
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Optimization studies increasingly combine learning, metaheuristic, and decomposition 

mechanisms according to the structure of the problem being addressed. In adaptive reinforcement 

learning control, the slime mould algorithm has been used to adjust the learning rate of proximal policy 

optimization during training [27]. Moreover, a molecular fuzzy decision framework integrates 

information gain, Q-learning, genetic weighting, and multi-objective particle swarm optimization 

across stages of the decision process [28]. For mixed discrete-continuous optimization in a space-air-

ground integrated network, deep Q-learning is combined with an alternating-optimization 

decomposition scheme, with Differential Annealing employed to solve the resulting subproblems [29]. 

These studies highlight the value of assigning each component a clearly defined function within an 

integrated solution process. 

The pied kingfisher optimizer (PKO) represents perching or hovering, diving, and symbiotic 

foraging as exploration, exploitation, and information-exchange phases, respectively [30]. Its multi-

phase structure has supported a range of extensions for numerical and engineering optimization. 

EPKO was developed as an enhanced PKO variant for benchmark and engineering problems [31], 

while other PKO-based methods have been applied to proton-exchange-membrane fuel-cell 

parameter extraction [32], attribute reduction [33], and numerical and engineering optimization [34]. 

These studies demonstrate the adaptability of the PKO framework across problem settings. However, 

the separate and coordinated roles of initial population coverage, diversity recovery, and boundary 

handling remain insufficiently examined in constrained search. 

Three algorithmic limitations motivate the proposed design. First, purely random initialization 

may yield uneven search-space coverage and limited initial population diversity. Second, as the search 

proceeds, the PKO population may become concentrated around locally promising but suboptimal 

regions, increasing the risk of stagnation. Third, exploratory updates may generate out-of-bound 

candidates, whereas simple clipping or random resetting may discard useful directional information. 

These considerations call for a modular design whose components can be evaluated separately and 

whose integrated behavior can be examined in constrained UAV path planning. 

To address these limitations, we propose a hybrid pied kingfisher optimizer (HPKO) as a modular 

extension of PKO. Tent chaotic initialization (CTI) is introduced to improve initial search-space 

coverage and population diversity. Multi-elite refracted opposition-based learning (ROBL) combines 

a middle-stage branch activated by stagnation or low population diversity with a late-stage elite-guided 

opposition branch to recover diversity during the search. Intelligent boundary control (IBC) maps out-

of-bound candidates back into the bounded search domain through periodic reflection and violation-

dependent, direction-preserving shrinkage toward the current best solution. The three modules can be 

activated independently, enabling their individual and combined effects to be examined through 

ablation analysis. Their integrated applicability is further illustrated in a constrained three-dimensional 

UAV path-planning scenario. 

The major contributions of this study are summarized as follows: 

(1) A modular Hybrid Pied Kingfisher Optimizer, termed HPKO, is proposed for constrained 

continuous optimization. HPKO integrates CTI, state- and stage-conditioned multi-elite ROBL, and 

IBC to improve initial search-space coverage, recover population diversity under stagnation, and repair 

out-of-bound candidates while preserving useful search directions. The three modules can be activated 

independently, enabling their individual and combined effects to be examined within a unified 

framework. 

(2) A theoretical and numerical evaluation framework is established for HPKO. Under a bounded 

search domain and a lower-bounded objective function, the historical population-best objective 

sequence is shown to converge to a finite limit through greedy selection and best-solution preservation. 
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HPKO is further evaluated on the CEC2017 and CEC2022 benchmark suites against 13 conventional, 

recent, and PKO-related optimization algorithms through comparative tests, empirical convergence 

analysis, nonparametric statistical tests, effect-size analysis, and module-level ablation. These analyses 

assess solution quality, stability, and the individual and combined roles of the three enhancement 

modules. 

(3) HPKO is applied to three-dimensional UAV path planning under terrain and cylindrical-threat 

constraints. The path-planning model integrates hard terrain-clearance and threat-exclusion 

requirements with path length, buffered threat exposure, altitude preference, and maneuverability costs. 

Comparisons with PKO, PSO, and GWO in simple and complex environments, together with weight 

sensitivity analysis, show that HPKO achieves the lowest composite cost in both scenarios, with a 

more pronounced advantage in the complex environment. 

The remainder of this paper is organized as follows: In Section 2, we formulate the UAV path-

planning problem. In Section 3, we describe PKO and HPKO. In Section 4, we present the benchmark 

tests and analyses. In Section 5, we report the UAV simulations. In Section 6, we conclude the paper 

and outline future work. 

2. Problem formulation of 3D UAV path planning 

2.1. Environment model 

The UAV operates in a three-dimensional mission space Ω ⊂ ℝ3 with horizontal coordinates 

(𝑥, 𝑦) and terrain elevation 𝑧(𝑥, 𝑦). To represent large-scale undulations and localized terrain features 

while maintaining a simple and reproducible terrain model, the elevation field is expressed as the 

superposition of a smooth base surface and a set of Gaussian hills: 

𝑧(𝑥, 𝑦) = 𝑧𝑏(𝑥, 𝑦) + ∑  
𝑁𝑔

𝑖=1
𝑧𝑝,𝑖(𝑥, 𝑦).        (1) 

The base terrain 𝑧𝑏(𝑥, 𝑦)  is modeled by a compact trigonometric mixture capturing low-

frequency undulations: 

𝑧𝑏(𝑥, 𝑦) = 𝑎1 sin(𝑏1𝑥) cos(𝑐1𝑦) + 𝑎2 sin(𝑏2𝑥) sin(𝑐2𝑦) + 𝑎3 cos(𝑏3𝑥) cos(𝑐3𝑦), (2) 

where the coefficients control the overall roughness and spatial frequency of the terrain undulations, 

and are fixed across all simulation scenarios. 

Localized terrain features are represented by Gaussian hills: 

𝑧𝑝,𝑖(𝑥, 𝑦) = ℎ𝑖exp (−
(𝑥−𝑥𝑖)2

2𝜎𝑥,𝑖
2 −

(𝑦−𝑦𝑖)2

2𝜎𝑦,𝑖
2 ) , 𝑖 = 1, … , 𝑁𝑔,     (3) 

where (𝑥𝑖 , 𝑦𝑖) denotes the horizontal location of the 𝑖-th peak and ℎ𝑖 is its peak height. Parameters 

𝜎𝑥,𝑖 , 𝜎𝑦,𝑖 are horizontal spread parameters along the east–west and north–south directions, respectively, 

which determine how rapidly the elevation decays away from (𝑥𝑖 , 𝑦𝑖). By adjusting the number of 

peaks and their parameters, the superposed terrain 𝑧(𝑥, 𝑦) can represent simple environments with a 

few gentle hills and complex environments with multiple steep mountains. 
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2.2. Threat model and flight constraints 

In addition to the static terrain, the UAV must avoid threat regions such as radar stations or anti-

aircraft positions. Each threat is represented as a vertical cylinder 

𝒯𝑗 = {(𝑥, 𝑦, 𝑧) ∣ (𝑥 − 𝑥𝑗
𝑡ℎ)

2
+ (𝑦 − 𝑦𝑗

𝑡ℎ)
2

≤ 𝑅𝑗
2, 𝑧 ≤ 𝐻𝑗

𝑡ℎ} , 𝑗 = 1, … , 𝑁𝑡 ,  (4) 

where (𝑥𝑗
𝑡ℎ, 𝑦𝑗

𝑡ℎ) is the horizontal position of the 𝑗-th threat source, 𝑅𝑗 is its effective horizontal 

detection radius, and 𝐻𝑗
𝑡ℎ  is the altitude up to which the threat is active. The union of all such 

cylinders 𝒯 = ⋃  
𝑁𝑡
𝑗=1 𝒯𝑗 defines the hard exclusion zones that the planned path must avoid. 

The UAV path is represented as a sequence of 𝑁 + 1 waypoints 

𝐏𝑘 = [𝑥𝑘, 𝑦𝑘, 𝑧𝑘]⊤, 𝑘 = 0,1, … , 𝑁,        (5) 

where 𝐏0  and 𝐏𝑁  denote the fixed start and goal positions, and the intermediate waypoints 

𝐏1, … , 𝐏𝑁−1 are optimization variables. The corresponding decision vector is formed by stacking all 

waypoint coordinates into a 3(𝑁 − 1)-dimensional vector. 

To ensure feasibility and flight safety, the following constraints are imposed on the trajectory. 

(1) Minimum segment length. 

The Euclidean distance between two consecutive waypoints 

ℓ𝑘 = ‖𝐏𝑘+1 − 𝐏𝑘‖2, 𝑘 = 0, … , 𝑁 − 1, ℓ𝑘 ≥ ℓmin,     (6) 

where ℓmin is a predefined minimum segment length that avoids excessive waypoint density. In our 

simulations, a fixed number of waypoints is adopted, and this constraint is not activated (equivalently 

setting ℓmin = 0); it is included for completeness and can be enabled when dense waypoint layouts 

must be avoided. 

(2) Turn angle and climb angle constraints. 

Let 𝐯𝑘 = 𝐏𝑘 − 𝐏𝑘−1 denote the direction vector of the 𝑘-th segment. The horizontal turn angle 

at waypoint 𝑘 is defined as 

𝜓𝑘 = ∠(𝐯𝑘
𝑥𝑦

, 𝐯𝑘+1
𝑥𝑦

),          (7) 

where 𝐯𝑘
𝑥𝑦

 is the projection of 𝐯𝑘 onto the 𝑥–𝑦 plane. The vertical climb angle of segment 𝑘 is 

𝜃𝑘 = arctan
𝑧𝑘+1−𝑧𝑘

‖𝐏𝑘+1
𝑥𝑦

−𝐏𝑘
𝑥𝑦

‖
2

.         (8) 

To respect the UAV’s maneuverability and aerodynamic limits, the constraints 

|𝜓𝑘| ≤ 𝜓max, |𝜃𝑘| ≤ 𝜃max         (9) 

are handled via hinge-type penalties in the objective function, i.e., penalties are activated only 

when  |𝜓𝑘| > 𝜓max  or |𝜃𝑘| > 𝜃max , which discourages aggressive maneuvers while keeping the 

search numerically stable. 

(3) Flight altitude constraints. 

For terrain following and flight safety, the altitude of each waypoint must satisfy the terrain-

clearance constraint: 
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𝑧𝑘 ≥ 𝑧(𝑥𝑘 , 𝑦𝑘) + ℎ𝑐𝑙𝑟 , 𝑘 = 0, … , 𝑁,       (10) 

where ℎ𝑐𝑙𝑟 is the prescribed terrain-clearance margin. The preferred maximum flight altitude ℎmax 

is treated as a soft limit, and exceedance of this limit is penalized through the altitude cost defined in 

Eqs (15) and (16). 

Within the optimization framework considered in this study, the coordinate bounds of the decision 

vector are enforced by the IBC operator described in Section 3.4. Terrain clearance and threat 

avoidance determine path feasibility, whereas the preferred altitude ceiling enters the objective through 

the altitude penalty defined in Eqs (15) and (16), and the maneuverability limits are incorporated 

through the smoothness term in Eq (17). 

2.3. Path cost functions 

The objective of 3D path planning is to determine a waypoint sequence that satisfies safety 

constraints while minimizing an overall performance index reflecting route efficiency and flight quality. 

A feasibility-first evaluation is adopted, in which candidates violating terrain-clearance or threat-

avoidance constraints are assigned a large penalty. For feasible trajectories, the total cost is computed 

from four terms representing path length, external threat exposure, altitude preference, and path 

smoothness. 

2.3.1. Path length cost 

The path length cost is defined as the sum of Euclidean distances between consecutive waypoints: 

𝐽len = ∑  𝑁−1
𝑘=0 ℓ𝑘 = ∑  𝑁−1

𝑘=0 ‖𝐏𝑘+1 − 𝐏𝑘‖2.      (11) 

A shorter path typically reduces travel distance and is often associated with lower flight time and 

energy usage when other mission settings are comparable. 

2.3.2. Threat cost 

To quantify safety with respect to threat regions, we adopt a feasibility-first threat-handling 

scheme consistent with the cylindrical threat model in (4). For each threat 𝑇𝑗 with center (𝑥𝑗
𝑡ℎ, 𝑦𝑗

𝑡ℎ), 

radius 𝑅𝑗, and active height 𝐻𝑗
𝑡ℎ, a trajectory point (𝑥, 𝑦, 𝑧) violates the threat constraint if 

(𝑥 − 𝑥𝑗
𝑡ℎ)

2
+ (𝑦 − 𝑦𝑗

𝑡ℎ)
2

≤ 𝑅𝑗
2 𝑎𝑛𝑑 𝑧 ≤ 𝐻𝑗

𝑡ℎ.      (12) 

To evaluate the complete trajectory, each segment between consecutive waypoints is uniformly 

sampled. If any sampled point satisfies the threat-intersection condition in (12), the candidate path is 

declared infeasible and assigned 𝐽INF = 108. For a feasible path, the threat cost is evaluated within a 

fixed external buffer around each cylindrical threat region. Let 

𝐏𝑘(𝑡) = (1 − 𝑡)𝐏𝑘 + 𝑡𝐏𝑘+1, 0 ≤ 𝑡 ≤ 1,      (13) 

and let 𝑑𝑗  (𝐏𝑘(𝑡)) denote the horizontal distance from 𝐏𝑘(𝑡) to the center of threat 𝑇𝑗, and 𝜒𝑗(𝑡) 

is the altitude-activation indicator, with 𝜒𝑗(𝑡) 11 when 𝑧𝑘(𝑡) ≤ 𝐻𝑗
𝑡ℎ  and 𝜒𝑗(𝑡) 10 otherwise. The 

threat-exposure cost is defined as 



28167 

AIMS Mathematics  Volume 11, Issue 9, 28161–28201. 

𝐽thr = {
∑ 𝐿𝑘 ∫ ∑ 𝜒𝑗(𝑡)

𝑁𝑡
𝑗=1 [max(0,1 −

𝑑𝑗(𝐏𝑘(𝑡))−𝑅𝑗

𝑏𝑡ℎ
)]

2
1

0
𝑁−1
𝑘=0 , if the path is threat-feasible,

𝐽INF, otherwise.
 (14) 

Here, ℓ𝑘 is the length of segment 𝑘, and 𝑏th = 5 m is the external buffer width. The integral 

is approximated using the uniformly sampled points along each segment. The cylindrical threat regions 

remain hard exclusion zones, while the threat term differentiates feasible paths according to their 

clearance from the threat boundaries. 

2.3.3. Altitude cost 

Although the flight altitude is bounded by mission/airspace limits, it is also desirable to maintain 

sufficient terrain clearance while avoiding unnecessarily high-altitude detours. Let 𝑧(𝑥𝑘 , 𝑦𝑘) denote 

the terrain elevation at waypoint 𝐏𝑘, and let ℎ𝑐𝑙𝑟 be the prescribed clearance margin. Let ℎmin(𝑘) =
𝑧(𝑥𝑘 , 𝑦𝑘) + ℎ𝑐𝑙𝑟 denote the minimum safe altitude at waypoint 𝐏𝑘. 

The altitude cost is defined as 

𝐽alt = ∑  𝑁
𝑘=0 𝜓ℎ(𝑧𝑘, ℎmin(𝑘)),        (15) 

where 𝜓ℎ(⋅) is a penalty function. 

𝜓ℎ(𝑧𝑘, ℎmin(𝑘)) = {

0, ℎmin(𝑘) ≤ 𝑧𝑘 ≤ ℎmax,

(𝑧𝑘 − ℎmax)2, 𝑧𝑘 > ℎmax,
𝐽INF, 𝑧𝑘 < ℎmin(𝑘).

   (16) 

This term assigns an infeasibility penalty below the minimum safe altitude and penalizes 

exceedance of the preferred altitude ceiling. 

2.3.4. Path smoothness cost 

For flight stability and control performance, the path should avoid abrupt changes in direction 

and altitude. A smoothness cost is therefore introduced based on violations of the prescribed turn- and 

climb-angle limits: 

𝐽sm = ∑ {𝛼𝜓[max(0, |𝜓𝑘| − 𝜓𝑚𝑎𝑥)]2 + 𝛼𝜃[max(0, |𝜃𝑘| − 𝜃𝑚𝑎𝑥)]2}
𝑁−1

𝑘=1
,  (17) 

where 𝛼𝜓 and 𝛼𝜃 are weighting coefficients. This hinge-squared form activates penalties only when 

the maneuver limits are violated; hence, 𝐽sm10 for trajectories satisfying both limits. 

2.3.5. Composite cost function 

Finally, the overall path-planning problem is solved using a feasibility-first evaluation. Any 

candidate trajectory that violates safety-critical constraints (terrain clearance and threat avoidance) is 

treated as infeasible and assigned a large penalty. For feasible trajectories, the objective is computed 

as a weighted sum of efficiency and flight-quality terms: 

min
{𝐏1,…,𝐏𝑁−1}

 𝐽 = 𝑤1𝐽len + 𝑤2𝐽thr + 𝑤3𝐽alt + 𝑤4𝐽sm,       (18) 

where 𝑤1, … , 𝑤4 are nonnegative weights assigned to path length, external threat exposure, altitude 
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preference, and path smoothness, respectively. Accordingly, the coordinates of the intermediate 

waypoints in (5) form the 𝐷 = 3(𝑁 − 1)-dimensional decision vector used in the optimization, and 

the composite cost in (18) is used as the corresponding fitness function. 

3. Proposed HPKO algorithm 

In this section, we first review the basic PKO and then present the three enhancement modules of 

the proposed HPKO: Tent chaotic initialization, multi-elite refracted opposition-based learning, and 

intelligent boundary control. The integrated procedure is subsequently summarized through 

pseudocode and a flowchart, followed by convergence and computational complexity analyses. 

3.1. Pied kingfisher optimizer 

PKO is a swarm intelligence algorithm that represents the perching or hovering, diving, and 

symbiotic foraging behaviors of pied kingfishers through distinct search phases [30]. The 

corresponding update mechanisms are described below. 

3.1.1. Population representation and initialization 

In PKO, each kingfisher corresponds to a candidate solution in a 𝐷-dimensional search space. 

Let 

𝐱𝑖
𝑡 = [𝑥𝑖1

𝑡 , 𝑥𝑖2
𝑡 , … , 𝑥𝑖𝐷

𝑡 ]⊤,  𝑖 = 1,2, … , 𝑁𝑝,      (19) 

denote the position of the 𝑖-th kingfisher at iteration 𝑡, where 𝑁𝑝 is the population size; for the UAV 

path-planning problem, 𝐱𝑖
𝑡 stacks the coordinates of the 𝑁 − 1 intermediate waypoints in (5), and 

hence 𝐷 = 3(𝑁 − 1). 

𝐋 = [𝐿1, 𝐿2, … , 𝐿𝐷]⊤,  𝐔 = [𝑈1, 𝑈2, … , 𝑈𝐷]⊤,     (20) 

where 𝐋  and 𝐔  denote the lower- and upper-bound vectors, respectively. The original PKO 

generates the initial population uniformly at random: 

𝑥𝑖𝑑
0 = 𝐿𝑑 + 𝑟𝑖𝑑(𝑈𝑑 − 𝐿𝑑), 𝑟𝑖𝑑 ∼ 𝒰(0,1),  𝑑 = 1,2, … , 𝐷.    (21) 

Each individual is evaluated by the objective function 𝑓(𝐱𝑖
𝑡) , and the global best solution is 

recorded as 𝐱best
𝑡  with fitness 𝑓best

𝑡 . 

3.1.2. Exploration phase (perching and hovering) 

At each iteration, a kingfisher decides whether to explore or dive according to a Bernoulli trial. 

For the 𝑖-th individual, a random number 𝑟 ∼ 𝒰(0,1) is drawn; if 𝑟 < 0.8 the individual performs 

exploration, otherwise it enters the diving phase. 

In the exploration phase, PKO abstracts two behaviors observed in nature: perching and hovering. 

Both can be written in the generic form. 

𝐱𝑖
𝑡+1 = 𝐱𝑖

𝑡 + 𝑠𝑡𝝃𝑖
𝑡 ⊙ (𝐱𝑗

𝑡 − 𝐱𝑖
𝑡),       (22) 

where 𝑗 ≠ 𝑖 , 𝝃𝑖
𝑡  is a random vector whose components are independently generated, and 𝑠𝑡  is a 
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time-varying step-size factor. 

In the perching mode, 𝑠𝑡 is a relatively large step length modulated by a cosine function of a 

random feather angle, which enables wide-range movements guided by promising individuals. 

In the hovering mode, 𝑠𝑡 is scaled by a beating-rate term related to the fitness ratio Fit(𝑗)/Fit(𝑖) 

and by the iteration ratio 𝑡/𝑇max, so that fitter individuals perform more intensive local search in high-

quality regions. 

By switching between these two behaviors, PKO conducts multi-scale exploration while 

progressively biasing the population toward high-fitness regions. 

3.1.3. Exploitation phase (diving) 

When 𝑟 ≥ 0.8, the kingfisher engages in a diving behavior that drives the solution toward the 

current global best. A typical diving update can be expressed as 

𝐱𝑖
𝑡+1 = 𝐱𝑖

𝑡 + 𝜎𝑡𝛽𝑖
𝑡(𝐱best

𝑡 − 𝐱𝑖
𝑡),       (23) 

where 𝛽𝑖
𝑡 ∼ 𝒩(0,1)  is a Gaussian perturbation and 𝜎𝑡  is a decaying contraction factor, usually 

defined as a decreasing function of 𝑡/𝑇max. In the early stage, larger values of 𝜎𝑡 enable relatively 

coarse movements toward 𝐱best
𝑡  , whereas in the late stage, small 𝜎𝑡  values enable fine-grained 

refinement around the current best solution. 

3.1.4. Symbiotic phase 

In addition to individual behaviors, PKO models a symbiotic phase that reflects mutualistic 

cooperation between kingfishers and other animals. Pairs of individuals exchange information to refine 

their positions: 

𝐱𝑖
𝑡+1 = 𝐱𝑖

𝑡 + 𝐻𝑡(𝐱𝑗
𝑡 − 𝐱𝑘

𝑡 ),       (24) 

where 𝑗  and 𝑘  are indices of two randomly selected individuals, and 𝐻𝑡  is a hunting-efficiency 

coefficient, often defined as a linearly increasing function 

𝐻𝑡 = 𝐻min + (𝐻max − 𝐻min)
𝑡

𝑇max
.       (25) 

The symbiotic phase enriches the search dynamics by allowing information exchange between 

regions of the search space, which helps balance exploration and exploitation. 

3.2. Tent chaotic initialization 

The distribution of the initial population affects the subsequent search behavior of PKO. If the 

initial individuals are concentrated within a limited region, the available population diversity may be 

reduced. To alleviate this problem, HPKO employs Tent chaotic initialization to promote more even 

coverage of the search space. 

Let 𝑢𝑖𝑑
(𝑘)

∈ [0,1]  denote the chaotic state associated with the 𝑖 -th individual and the 𝑑 -th 

dimension at iteration 𝑘 of the chaotic map. The Tent map is defined as 
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𝑢𝑖𝑑
(𝑘+1)

= {

𝑢𝑖𝑑
(𝑘)

𝛾
, 0 ≤ 𝑢𝑖𝑑

(𝑘)
< 𝛾,

1−𝑢𝑖𝑑
(𝑘)

1−𝛾
, 𝛾 ≤ 𝑢𝑖𝑑

(𝑘)
≤ 1,

       (26) 

where 𝛾 ∈ (0,1) is a control parameter, usually set to 𝛾 = 0.5 to obtain good ergodicity. Starting 

from a random seed 𝑢𝑖𝑑
(0)

∼ 𝒰(0,1) and iterating the Tent map several steps, a chaotic sequence 𝑢𝑖𝑑
(𝑘)

 

is generated. 

The chaotic variables are then linearly mapped to the actual search space: 

𝑥𝑖𝑑
0 = 𝐿𝑑 + 𝑢𝑖𝑑

(𝐾)
(𝑈𝑑 − 𝐿𝑑),        (27) 

where 𝐾 is the number of Tent iterations performed before mapping. In this study, 𝐾 1 100 is used 

to reduce the direct dependence of the mapped population on the initial random states. The resulting 

initialization is intended to improve initial search-space coverage and population diversity relative to 

purely random initialization. 

3.3. Multi-elite refracted opposition-based learning 

To mitigate premature convergence and help the algorithm escape local optima, HPKO 

incorporates a two-branch refracted opposition-based learning (ROBL) strategy. The state-triggered 

branch combines classical opposition points with refracted points guided by the current global best. 

Given the lower and upper bounds 𝐋 and 𝐔, the classical opposite of 𝐱𝑖
𝑡 is defined as 

𝐱𝑖
op

= 𝐋 + 𝐔 − 𝐱𝑖
𝑡 .         (28) 

Using the current global best 𝐱best
𝑡  as a reference, a refracted opposite point is constructed as 

𝐱𝑖
rf(𝑡) = 𝐱best

𝑡 + 𝜂(𝑡)(𝐱𝑖
op

− 𝐱𝑏𝑒𝑠𝑡
𝑡 ),       (29) 

where 𝜂(𝑡) is a refractive coefficient that decreases with the iteration index so that ROBL performs 

larger jumps in earlier iterations and more conservative perturbations later. 

ROBL is activated when the search exhibits stagnation or when the population diversity becomes 

low. A group of relatively poor individuals is then selected. For each selected individual, HPKO 

considers three candidates, 𝐱𝑖
𝑡 , 𝐱𝑖

op
, 𝐱𝑖

rf(𝑡), applies IBC to enforce the coordinate bounds (Section 3.4), 

and retains the one with the lowest cost: 

𝐱𝑖
𝑡+1 = arg min

𝒛∈{𝐱𝑖
𝑡,𝐱𝑖

op
,𝐱𝑖

rf(𝑡)}
 𝑓(𝒛).       (30) 

During the later search stage, a multi-elite branch further uses elite solutions to guide the 

refinement of inferior individuals. By selectively introducing refracted opposite candidates, ROBL 

broadens the available search directions around promising regions and reduces the risk of premature 

stagnation. 

3.4. Intelligent boundary control 

The decision vector is subject to the coordinate-wise bounds in (20), which are enforced by IBC 

after each candidate update. Simple clipping 
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𝑥̃𝑖𝑑 = min(max(𝑥𝑖𝑑 , 𝐿𝑑), 𝑈𝑑)        (31) 

may cause individuals to accumulate at the boundaries and induce oscillatory behavior. To better 

handle boundary violations, HPKO employs an intelligent boundary control (IBC) operator that 

combines periodic reflection with direction-preserving shrinkage. 

Let 𝐲 be a candidate solution generated by a PKO update. For each dimension 𝑑, define the 

span 𝑆𝑑 = 𝑈𝑑 − 𝐿𝑑. The first step is periodic reflection: 

𝑦̂𝑑 = 𝐿𝑑 + mod(|𝑦𝑑 − 𝐿𝑑|,2𝑆𝑑),       (32) 

followed by folding back into the feasible interval: 

𝑦𝑑
ref = {

𝑦̂𝑑 , 𝑦̂𝑑 ≤ 𝑈𝑑

2𝑈𝑑 − 𝑦̂𝑑 , 𝑦̂𝑑 > 𝑈𝑑 .
        (33) 

This operation is equivalent to repeatedly reflecting the point at the borders until it lies in [𝐿𝑑 , 𝑈𝑑], 

avoiding the saturation effect of simple truncation. 

To further reduce large excursions near the boundary, a direction-preserving shrinkage is applied 

toward the current global best solution 𝐱best
𝑡 : 

𝐲new = 𝐲ref + κ(𝐱best
t − 𝐲ref),       (34) 

where the shrinkage factor 𝜅 is adaptively determined based on the severity of the boundary violation. 

Specifically, let 𝑣𝑑 = max(0, 𝐿𝑑 − 𝑦𝑑 , 𝑦𝑑 − 𝑈𝑑) denote the violation magnitude in dimension d, and 

𝑆𝑑 = 𝑈𝑑 − 𝐿𝑑   the corresponding search span. The normalized violation is then 𝑣̂𝑑 = 𝑣𝑑/𝑆𝑑 . To 

ensure stronger correction for severe violations while preserving mild adjustments for near-boundary 

points, we define 

𝜅 = 𝑚𝑖𝑛(𝜅𝑚𝑎𝑥,
1

𝐷
∑ 𝑣̂𝑑

𝐷
𝑑=1 ),        (35) 

where 𝜅𝑚𝑎𝑥 = 0.9 is an upper bound to prevent over-shrinking, and 𝐷 is the problem dimension. In 

this way, severely violating candidates are pulled closer to 𝐱best
𝑡 , while mildly violating ones are only 

slightly adjusted. Since the direction from 𝐱best
𝑡  to 𝐲ref is preserved, IBC preserves the useful search 

direction while satisfying the coordinate bounds. 

The computational procedure of HPKO is summarized in Algorithm 1, and the overall workflow 

is illustrated in Figure 1. 
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Algorithm 1. Pseudocode of HPKO. 

Inputs: Objective function f, population size Np, problem dimension D, 

 maximum number of iterations Tmax, bounds L and U, and parameter settings 

Output: Best solution xbest and its objective value fbest 

 

1: Initialize the population using Tent chaotic initialization in (26) and (27) 

2: Evaluate all individuals and determine xbest and fbest 

3: Set t 1 1 

4: while t ≤ Tmax do 

5: for i 1 1 to Np do 

6: Generate a candidate yi using the PKO updates in (22)–(24) 

7: Apply IBC to yi according to (31)–(35) 

8: Evaluate f(yi) and perform greedy selection 

9: end for 

10: Update xbest and fbest 

11: Update the ROBL controls and check the state- or stage-based activation condition 

12: if ROBL is activated then 

13: Select inferior individuals according to the active ROBL branch 

14: for each selected individual xj do 

15: Generate the opposite and refracted candidates using (28) and (29) 

16: Apply IBC to the generated candidates and evaluate their fitness 

17: Retain the best candidate according to (30) 

18: end for 

19: Update xbest and fbest 

20: end if 

21: Set t 1 t + 1 

22: end while 

23: Return xbest and fbest 

 

Figure 1. The flowchart of HPKO. 
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3.5. Convergence and computational complexity analysis 

HPKO is developed within the population-based stochastic search framework of the original PKO, 

with CTI, ROBL, and IBC introduced to improve population diversity, local-optimum escape, and 

boundary handling. Since the stochastic operators do not impose deterministic descent on every 

population member, the convergence analysis focuses on the population-best objective sequence under 

greedy selection and best-solution preservation. Let 

𝑓best
𝑡 = min

1≤𝑖≤𝑁𝑝

𝑓(𝐱𝑖
𝑡)         (36) 

denote the best objective value in the population at iteration t. Suppose that the search domain 𝒳 =
{𝐱 ∈ ℝD ∣ 𝐋 ≤ 𝐱 ≤ 𝐔} is bounded and that 𝑓 is bounded below on 𝒳. The IBC operator maps each 

out-of-bound candidate back into 𝒳 , so all accepted solutions remain within the bounded search 

domain. In addition, HPKO applies strict greedy selection and preserves the historical global-best 

solution. It therefore follows that 𝑓best
𝑡+1 ≤ 𝑓best

𝑡 , 𝑡 = 0,1, … , 𝑇max − 1. 
Thus, {𝑓best

𝑡 }  is a monotone non-increasing sequence bounded from below and therefore 

converges to a finite limiting value. This result establishes convergence of the population-best 

objective sequence under the stated conditions, but does not imply convergence to the global optimum. 

The practical convergence behavior of HPKO is further examined through the CEC benchmark curves 

in Section 4 and the UAV path-planning curves in Section 5. In both studies, the convergence curves 

track the best-so-far sequence defined in (36), with the objective evaluated by the corresponding CEC 

test function and the composite UAV path cost in (18), respectively. 

The computational complexity of HPKO is mainly determined by the original PKO updates and 

the additional overhead introduced by the three enhancement modules. Let 𝑁𝑝 denote the population 

size, 𝐷 the problem dimension, 𝑇max the maximum number of iterations, and 𝐶𝑓 the cost of one 

fitness evaluation. In the original PKO, each iteration consists of population updating and fitness 

evaluation, leading to an overall complexity of 𝑂(𝑇max𝑁𝑝(𝐷 + 𝐶𝑓)).  For HPKO, Tent chaotic 

initialization is executed only once before the iterative search and thus introduces only a one-time 

preprocessing cost. The intelligent boundary control operator is applied after each PKO update and 

adds a linear repair cost with respect to the population size and problem dimension. The ROBL strategy 

is conditionally activated and operates on a subset of individuals, so its additional overhead is limited 

to selected iterations rather than the whole optimization process. Therefore, the dominant 

computational cost of HPKO comes from the original PKO iteration and fitness evaluation, and its 

overall computational complexity remains 𝑂(𝑇max𝑁𝑝(𝐷 + 𝐶𝑓)). 

4. Numerical analysis 

In this section, we present a comprehensive numerical analysis to evaluate the effectiveness of 

the proposed HPKO and to clarify the specific roles of its three enhancement modules. First, the 

computational environment, benchmark suites, compared algorithms, and parameter settings were 

described to establish a fair and reproducible evaluation protocol. Then, ablation tests were conducted 

to isolate the individual and joint contributions of the three modules, thereby clarifying whether the 

observed performance gains arose from a single dominant strategy or from their coordinated 

integration. Subsequently, HPKO was evaluated on the CEC2017 and CEC2022 benchmark suites 

from the perspectives of solution quality and convergence behavior to examine its performance across 

heterogeneous search landscapes and different dimensional settings. Statistical tests were incorporated 
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into the ablation and comparative analyses to assess whether the observed performance differences 

were reliable rather than incidental. 

4.1. Computational environment and test settings 

All benchmark tests were conducted on a desktop computer running Windows 11, equipped with 

an Intel Core i5 processor and 16 GB of RAM. To ensure a fair comparison, all algorithms were 

evaluated under the same test protocol, using the same population size, iteration budget, and number 

of independent runs. Specifically, the population size was fixed at 50, the maximum number of 

iterations was set to 1000, and each algorithm was independently executed 30 times on every test 

function. 

4.1.1. Benchmark test functions 

To evaluate the performance of HPKO on diverse continuous optimization landscapes, two 

representative benchmark suites, namely CEC2017 and CEC2022, were employed in this study. The 

CEC2017 suite was tested at 30, 50, and 100 dimensions, whereas the CEC2022 suite was tested at 10 

and 20 dimensions. Across these settings, the benchmark functions covered unimodal, multimodal, 

hybrid, and composition categories, thereby providing a broad testbed for examining exploitation 

accuracy, exploration capability, and robustness under different search difficulties. Following the 

official CEC2017 guidelines, function F2 was excluded from the present tests owing to its unstable 

behavior in high-dimensional spaces. The detailed benchmark functions used in this study are listed in 

Tables 1 and 2. 

Table 1. CEC2017 test functions used in this study. 

Type ID CEC2017 function name Range Dimension fmin 

Unimodal 
F1 Shifted and rotated bent cigar function [-100,100] 30/50/100 100 

F3 Shifted and rotated Zakharov function [-100,100] 30/50/100 300 

Multimodal 

F4 Shifted and rotated Rosenbrock’s function [-100,100] 30/50/100 400 

F5 Shifted and rotated Rastrigin’s function [-100,100] 30/50/100 500 

F6 Shifted and rotated Expanded Scaffer’s F6 function [-100,100] 30/50/100 600 

F7 Shifted and rotated Lunacek Bi-Rastrigin function [-100,100] 30/50/100 700 

F8 
Shifted and rotated non-continuous Rastrigin’s 

function 
[-100,100] 30/50/100 800 

F9 Shifted and rotated Levy function [-100,100] 30/50/100 900 

F10 Shifted and rotated Schwefel’s function [-100,100] 30/50/100 1000 

Hybrid 

F11 Hybrid function 1 (N 1 3) [-100,100] 30/50/100 1100 

F12 Hybrid function 2 (N 1 3) [-100,100] 30/50/100 1200 

F13 Hybrid function 3 (N 1 3) [-100,100] 30/50/100 1300 

F14 Hybrid function 4 (N 1 4) [-100,100] 30/50/100 1400 

F15 Hybrid function 5 (N 1 4) [-100,100] 30/50/100 1500 

F16 Hybrid function 6 (N 1 4) [-100,100] 30/50/100 1600 

F17 Hybrid function 7 (N 1 5) [-100,100] 30/50/100 1700 

Continued on next page 
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Type ID CEC2017 function name Range Dimension fmin 

Hybrid 

F18 Hybrid function 8 (N 1 5) [-100,100] 30/50/100 1800 

F19 Hybrid function 9 (N 1 5) [-100,100] 30/50/100 1900 

F20 Hybrid function 10 (N 1 6) [-100,100] 30/50/100 2000 

Composition 

F21 Composition function 1 (N 1 3) [-100,100] 30/50/100 2100 

F22 Composition function 2 (N 1 3) [-100,100] 30/50/100 2200 

F23 Composition function 3 (N 1 4) [-100,100] 30/50/100 2300 

F24 Composition function 4 (N 1 4) [-100,100] 30/50/100 2400 

F25 Composition function 5 (N 1 5) [-100,100] 30/50/100 2500 

F26 Composition function 6 (N 1 5) [-100,100] 30/50/100 2600 

F27 Composition function 7 (N 1 6) [-100,100] 30/50/100 2700 

F28 Composition function 8 (N 1 6) [-100,100] 30/50/100 2800 

F29 Composition function 9 (N 1 3) [-100,100] 30/50/100 2900 

F30 Composition function 10 (N 1 3) [-100,100] 30/50/100 3000 

Table 2. CEC2022 test functions used in this study. 

Type ID CEC2022 function name Range Dimension fmin 

Unimodal F1 Shifted and full rotated Zakharov function [-100,100] 10/20 300 

Multimodal 

F2 Shifted and rotated Rosenbrock’s function [-100,100] 10/20 400 

F3 
Shifted and full rotated Expanded Schaffer’s F7 

function 
[-100,100] 10/20 600 

Hybrid 

F4 
Shifted and rotated non-continuous Rastrigin’s 

function 
[-100,100] 10/20 800 

F5 Shifted and rotated Levy function [-100,100] 10/20 900 

F6 Hybrid function 1 [-100,100] 10/20 1800 

F7 Hybrid function 2 [-100,100] 10/20 2000 

F8 Hybrid function 3 [-100,100] 10/20 2200 

Composition 

F9 Composition function 1 [-100,100] 10/20 2300 

F10 Composition function 2 [-100,100] 10/20 2400 

F11 Composition function 3 [-100,100] 10/20 2600 

F12 Composition function 4 [-100,100] 10/20 2700 

4.1.2. Comparative algorithms and parameter settings 

To provide a comparative evaluation that is readable and sufficiently representative, HPKO was 

benchmarked against 13 optimization algorithms selected from four categories: PKO-related 

algorithms, classical reference algorithms, recent competitive algorithms, and recent multi-strategy 

algorithms. This classification clarified the comparative roles of the algorithm groups and enabled 

direct assessment against the original PKO, its enhanced variant EPKO, established optimizers, and 

proposed metaheuristics with different search characteristics. 

PKO-related algorithms. This category includes the original PKO and the enhanced variant 

EPKO. 

Classical reference algorithms. These include Particle Swarm Optimization (PSO), Differential 

Evolution (DE), Grey Wolf Optimizer (GWO), and Simulated Annealing (SA). 
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Recent competitive algorithms. These include Dream Optimization Algorithm (DOA), Dung 

Beetle Optimizer (DBO), Kangaroo Escape Optimizer (KEO), Traffic Jam Optimizer (TJO), and 

Educational Competition Optimizer (ECO). 

Recent multi-strategy algorithms. These include Transient Trigonometric Harris Hawks 

Optimizer (TTHHO) and Black Widow Optimization with a Gaussian mutation algorithm (BWOG). 

For all compared algorithms, the common test protocol described in Section 4.1 was adopted. The 

fixed control parameters of each algorithm were determined according to the corresponding literature 

or public implementations and remained unchanged across all benchmark functions, whereas 

stochastic quantities were generated during execution according to the original update mechanisms. 

All parameter settings and implementation choices were fixed before the formal tests, and the reported 

parameter values were adopted as uniform default settings without function-specific tuning. The major 

parameter settings of HPKO and the compared algorithms are summarized in Table 3. 

Table 3. Major parameter settings of HPKO and the compared algorithms. 

Algorithm Main parameter settings 

HPKO BF 1 8; PEmax 1 0.5; PEmin 1 0; κmax 1 0.9 

PKO BF 1 8; PEmax 1 0.5; PEmin 1 0 

EPKO BF 1 8; PEmax 1 0.5; PEmin 1 0; β 1 1.5; simplex 1 1, 2, 0.5, 0.5; nworst 1 5 

DOA Five groups; exploration/exploitation stages 1 0.9T/0.1T; p 1 0.9 

PSO wmax 1 0.9; wmin 1 0.4; c1 1 c2 1 2.0 

DE F 1 0.5; CR 1 0.9 

GWO a decrease linearly from 2 to 0 

SA T0 1 50; cooling rate 1 0.85 

DBO k 1 0.1; b 1 0.3; S 1 0.5 

KEO Energy threshold 1 0.5; zigzag scale factor β 1 0.5 

TJO a 1 [0.5,1.5], c 1 [1.5,0.5] 

ECO H 1 0.5; G1 1 0.2N; G2 1 0.1N 

TTHHO E0 ∈ [-1,1]; r ∈ [0,1]; σ 1 1.5; a 1 2 

BWOG pc 1 0.8; pC 1 0.5; pM 1 0.4 

4.2. Ablation study 

To examine the individual and combined effects of the three enhancement modules, an ablation 

study was conducted on the CEC2017 benchmark suite. The suite contained 29 functions spanning 

unimodal, multimodal, hybrid, and composition categories, providing a suitable basis for module-level 

comparison. Five variants were considered: the original PKO, CTI-PKO, ROBL-PKO, IBC-PKO, and 

the full HPKO. CTI-PKO, ROBL-PKO, and IBC-PKO were obtained by activating one enhancement 

module at a time while keeping all other settings unchanged. Each variant was independently executed 

30 times on all 29 functions. For each function, the mean best-fitness value over the 30 runs was used 

to rank the five variants, and the average rank across all functions was used for the overall comparison. 

Sign tests and Wilcoxon signed-rank tests based on the function-wise mean values were also conducted 

between HPKO and each of the other variants. 

The overall ablation results are summarized in Table 4. Compared with the original PKO, all three 

single-module variants achieve lower average ranks, although the extent of improvement differs. 

Among them, ROBL-PKO performs best, reducing the average rank from 4.45 to 2.00 and ranking 
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first on four functions. This result identifies ROBL as the strongest standalone enhancement under the 

present test setting. The full HPKO achieves the lowest average rank of 1.17 and ranks first on 24 of 

the 29 functions, showing that the integrated framework provides the best overall configuration. 

Pairwise sign and Wilcoxon signed-rank tests further indicate significant differences in favor of HPKO 

over PKO and the three single-module variants (p < 0.001), suggesting that the combined use of CTI, 

ROBL, and IBC provides additional improvement beyond the individual modules. 

Table 4. Overall ablation results of the five variants on CEC2017. 

Variant Average rank ↓ 
First-place 

functions 

Wins vs 

HPKO 

Losses vs 

HPKO 
Sign test p Wilcoxon p 

PKO 4.45 0 0 29 3.73E-09 2.56E-06 

CTI-PKO 4.38 0 0 29 3.73E-09 2.56E-06 

ROBL-PKO 2.00 4 4 25 1.04E-04 2.47E-04 

IBC-PKO 3.00 1 1 28 1.12E-07 5.32E-06 

HPKO 1.17 24 — — — — 

Note: Wins and losses are counted relative to HPKO using function-wise mean values; lower average ranks 

indicate better performance. 

To further examine the performance of the three modules across function categories, the average 

ranks of the five variants are reported by function group in Table 5. HPKO obtains the best grouped 

average rank on the multimodal, hybrid, and composition functions and shares the best rank with 

ROBL-PKO on the unimodal functions. Among the single-module variants, ROBL-PKO ranks best in 

all four categories. These grouped results identify ROBL as the strongest standalone module, while the 

lower ranks achieved by the full HPKO on three of the four categories show that the complete three-

module configuration provides further improvement. 

Table 5. Grouped average ranks of the ablation variants on CEC2017. 

Function group No. of functions PKO CTI-PKO ROBL-PKO IBC-PKO HPKO 

Unimodal 2 4.00 4.50 1.50 3.50 1.50 

Multimodal 7 4.43 4.57 2.14 2.86 1.00 

Hybrid 10 4.60 4.40 2.10 2.80 1.10 

Composition 10 4.40 4.20 1.90 3.20 1.30 

Figure 2 presents the function-wise rank profiles of the five variants. HPKO lies closest to the 

center on most functions, consistent with its 24 first-place results in Table 4. ROBL-PKO generally 

follows HPKO, whereas PKO and CTI-PKO occupy the outer rank regions on more functions. The 

figure therefore provides a visual summary of the overall and grouped rankings reported in Tables 4 

and 5. 
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Figure 2. Function-wise rank profiles of the five ablation variants on CEC2017. 

In summary, the ablation study leads to three major observations. First, each enhancement module 

improves the average rank of the original PKO under the common test setting. Second, ROBL provides 

the strongest standalone improvement and achieves the best single-module rank in every function 

category. Third, the full HPKO achieves the best overall rank and leads or ties across the four function 

categories. The statistical tests further show that HPKO outperforms PKO and the three single-module 

variants, indicating that the complete configuration provides additional improvement over the 

individual modules. In the next subsection, we evaluate HPKO against the external optimizers on the 

CEC2017 and CEC2022 benchmark suites. 

4.3. Comparative results on the CEC2017 and CEC2022 benchmark suites 

4.3.1. Results on the CEC2017 benchmark suite 

Comparative tests were conducted on the CEC2017 benchmark suite at 30, 50, and 100 

dimensions. The results were analyzed in terms of function-wise solution quality, overall rankings, 

pairwise statistical comparisons, and representative convergence behavior. 

Table 6 presents the results for CEC2017 at 30D. HPKO obtains the lowest average Friedman 

rank of 1.483, followed by EPKO and DOA with ranks of 2.655 and 3.207, respectively. At the function 

level, HPKO achieves the lowest mean values on most multimodal and hybrid functions and on several 

composition functions, contributing to the best overall ranking across the 30-dimensional suite. 

The 50-dimensional results are presented in Table 7. HPKO obtains the lowest average Friedman 

rank of 1.862, followed by DOA and EPKO, and maintains the leading suite-level position at 50D. 

Table 8 reports the results at 100D. HPKO again ranks first, with an average Friedman rank of 

1.759, while DOA and EPKO rank second and third, respectively. Together with the results at 30D and 

50D, the 100-dimensional results show that HPKO maintains the lowest suite-level rank across the 

three tested dimensional settings.
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Table 6. Statistical results of HPKO and competing algorithms on CEC2017 (30D). 

Function Statistic HPKO PKO EPKO DOA PSO DE GWO SA DBO KEO TJO ECO TTHHO BWOG 

F1 Mean 1.001E+02 2.637E+06 5.393E+02 5.360E+03 8.817E+08 9.991E+03 1.573E+09 6.949E+03 8.792E+06 4.108E+03 1.399E+03 1.880E+07 3.266E+07 2.794E+08 

 Std 1.822E-01 4.375E+06 5.062E+02 4.407E+03 1.142E+09 5.323E+03 1.359E+09 6.282E+03 1.248E+07 4.192E+03 1.129E+03 2.348E+07 9.197E+06 1.483E+08 

F3 Mean 3.673E+02 9.836E+04 3.000E+02 2.785E+04 1.802E+04 1.342E+05 4.553E+04 1.564E+05 7.114E+04 4.184E+03 9.312E+03 2.878E+04 3.972E+04 4.289E+04 

 Std 7.325E+01 2.854E+04 1.182E-04 1.463E+04 8.177E+03 1.782E+04 1.194E+04 5.349E+04 1.357E+04 1.954E+03 3.052E+03 7.201E+03 8.174E+03 1.172E+04 

F4 Mean 4.868E+02 5.032E+02 4.296E+02 4.730E+02 5.821E+02 4.969E+02 5.922E+02 5.068E+02 5.499E+02 4.854E+02 5.051E+02 5.310E+02 5.724E+02 5.743E+02 

 Std 5.710E+00 2.256E+01 2.912E+01 2.438E+01 1.114E+02 9.033E+00 1.123E+02 3.960E+01 5.367E+01 3.840E+01 1.561E+01 2.574E+01 5.004E+01 2.701E+01 

F5 Mean 5.448E+02 5.873E+02 5.699E+02 5.529E+02 5.780E+02 6.671E+02 6.124E+02 6.320E+02 7.075E+02 6.089E+02 6.264E+02 6.964E+02 7.391E+02 6.110E+02 

 Std 1.526E+01 2.553E+01 1.590E+01 1.257E+01 2.036E+01 8.556E+00 4.247E+01 3.264E+01 4.676E+01 2.707E+01 2.070E+01 4.830E+01 3.992E+01 1.463E+01 

F6 Mean 6.000E+02 6.031E+02 6.001E+02 6.000E+02 6.032E+02 6.000E+02 6.076E+02 6.000E+02 6.361E+02 6.177E+02 6.241E+02 6.465E+02 6.652E+02 6.176E+02 

 Std 4.123E-05 4.004E+00 1.434E-01 1.938E-02 2.180E+00 1.221E-04 2.748E+00 2.363E-03 1.160E+01 9.876E+00 5.630E+00 9.070E+00 7.583E+00 4.214E+00 

F7 Mean 7.702E+02 8.425E+02 8.149E+02 7.924E+02 8.232E+02 9.009E+02 8.699E+02 8.804E+02 9.422E+02 9.114E+02 8.324E+02 1.062E+03 1.298E+03 8.431E+02 

 Std 1.417E+01 3.652E+01 2.042E+01 1.495E+01 3.557E+01 9.509E+00 4.905E+01 3.525E+01 6.927E+01 3.777E+01 2.401E+01 1.002E+02 7.463E+01 2.108E+01 

F8 Mean 8.488E+02 8.867E+02 8.587E+02 8.608E+02 8.717E+02 9.639E+02 8.966E+02 9.335E+02 1.007E+03 9.012E+02 9.063E+02 9.492E+02 9.742E+02 8.908E+02 

 Std 1.459E+01 2.908E+01 1.150E+01 9.826E+00 1.456E+01 1.157E+01 2.984E+01 3.233E+01 4.664E+01 2.726E+01 2.356E+01 3.165E+01 2.078E+01 1.590E+01 

F9 Mean 9.001E+02 1.387E+03 9.337E+02 1.078E+03 1.080E+03 1.026E+03 1.843E+03 5.863E+03 5.263E+03 2.145E+03 1.686E+03 4.788E+03 8.282E+03 1.757E+03 

 Std 1.273E-01 8.448E+02 4.519E+01 1.608E+02 2.166E+02 5.537E+01 6.381E+02 1.941E+03 2.402E+03 5.000E+02 4.589E+02 9.300E+02 9.001E+02 2.752E+02 

F10 Mean 4.496E+03 4.867E+03 4.842E+03 3.288E+03 4.269E+03 7.094E+03 4.506E+03 4.390E+03 5.296E+03 4.924E+03 5.395E+03 5.603E+03 6.209E+03 4.524E+03 

 Std 5.489E+02 7.352E+02 5.325E+02 3.472E+02 6.785E+02 2.918E+02 1.158E+03 5.588E+02 7.218E+02 6.899E+02 9.677E+02 6.497E+02 8.848E+02 5.301E+02 

F11 Mean 1.140E+03 1.262E+03 1.179E+03 1.148E+03 1.290E+03 1.354E+03 2.061E+03 1.743E+03 1.499E+03 1.244E+03 1.233E+03 1.287E+03 1.319E+03 1.766E+03 

 Std 2.974E+01 4.565E+01 3.294E+01 3.063E+01 7.985E+01 4.042E+01 1.134E+03 6.900E+02 1.386E+02 5.745E+01 3.902E+01 6.193E+01 5.726E+01 2.756E+02 

F12 Mean 1.943E+04 2.252E+06 2.422E+04 9.731E+05 1.112E+08 1.622E+07 6.379E+07 3.056E+06 2.418E+07 6.776E+05 4.526E+06 5.397E+06 3.717E+07 2.352E+07 

 Std 1.472E+04 1.829E+06 1.186E+04 1.333E+06 3.239E+08 7.421E+06 7.944E+07 1.945E+06 2.986E+07 6.632E+05 2.495E+06 3.566E+06 3.880E+07 1.396E+07 

F13 Mean 2.291E+03 4.517E+04 7.451E+03 3.578E+03 5.564E+06 1.068E+06 2.731E+05 2.561E+04 5.263E+06 1.819E+04 3.622E+04 4.216E+04 7.522E+05 7.874E+06 

 Std 1.761E+03 3.317E+04 5.039E+03 3.047E+03 1.805E+07 8.043E+05 9.399E+05 2.608E+04 1.038E+07 1.571E+04 1.190E+04 4.139E+04 3.655E+05 1.190E+07 

Continued on next page 
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Function Statistic HPKO PKO EPKO DOA PSO DE GWO SA DBO KEO TJO ECO TTHHO BWOG 

F14 Mean 1.444E+03 4.398E+04 1.549E+03 1.276E+05 4.809E+04 1.705E+05 4.172E+05 1.880E+06 7.024E+04 6.344E+03 1.122E+04 5.949E+04 6.844E+05 2.605E+05 

 Std 1.106E+01 4.398E+04 5.030E+01 1.365E+05 6.254E+04 1.038E+05 7.700E+05 1.945E+06 7.909E+04 6.119E+03 1.492E+04 6.705E+04 6.577E+05 1.964E+05 

F15 Mean 1.541E+03 3.366E+04 2.460E+03 3.398E+03 2.320E+04 2.170E+05 5.765E+05 2.375E+04 9.603E+04 9.404E+03 1.650E+04 1.925E+04 9.766E+04 6.566E+03 

 Std 2.863E+01 1.515E+04 1.035E+03 2.781E+03 3.069E+04 1.500E+05 1.031E+06 1.495E+04 8.985E+04 8.454E+03 6.968E+03 1.616E+04 4.340E+04 5.274E+03 

F16 Mean 2.047E+03 2.402E+03 2.377E+03 2.330E+03 2.466E+03 2.578E+03 2.594E+03 2.881E+03 3.152E+03 2.540E+03 2.652E+03 2.723E+03 3.574E+03 2.617E+03 

 Std 2.076E+02 2.944E+02 2.324E+02 1.911E+02 2.585E+02 1.440E+02 3.767E+02 3.498E+02 3.268E+02 3.402E+02 2.645E+02 3.639E+02 4.355E+02 2.392E+02 

F17 Mean 1.839E+03 1.994E+03 1.935E+03 1.965E+03 2.064E+03 2.031E+03 1.983E+03 2.440E+03 2.528E+03 2.182E+03 2.009E+03 2.308E+03 2.651E+03 2.079E+03 

 Std 9.375E+01 1.142E+02 9.318E+01 1.351E+02 1.781E+02 8.384E+01 1.527E+02 2.075E+02 2.745E+02 2.152E+02 1.200E+02 2.469E+02 2.763E+02 1.531E+02 

F18 Mean 1.878E+04 5.429E+05 2.875E+03 2.803E+05 9.526E+05 1.487E+06 1.491E+06 4.400E+06 1.923E+06 9.562E+04 1.418E+05 4.605E+05 1.792E+06 5.304E+05 

 Std 1.703E+04 4.264E+05 7.289E+02 1.634E+05 1.183E+06 7.949E+05 1.655E+06 3.983E+06 2.891E+06 1.242E+05 7.643E+04 3.946E+05 2.116E+06 4.956E+05 

F19 Mean 1.922E+03 3.383E+04 5.672E+03 2.626E+03 3.558E+04 1.615E+05 7.302E+05 2.428E+04 6.538E+05 7.740E+03 6.133E+05 1.662E+04 1.298E+06 3.266E+04 

 Std 8.674E+00 2.057E+04 3.163E+03 9.503E+02 5.439E+04 1.355E+05 8.488E+05 1.986E+04 1.955E+06 9.269E+03 3.638E+05 1.598E+04 9.961E+05 3.630E+04 

F20 Mean 2.146E+03 2.347E+03 2.269E+03 2.312E+03 2.324E+03 2.329E+03 2.457E+03 2.619E+03 2.681E+03 2.525E+03 2.418E+03 2.545E+03 2.772E+03 2.294E+03 

 Std 9.857E+01 1.657E+02 8.935E+01 1.730E+02 1.485E+02 9.209E+01 1.700E+02 1.610E+02 2.173E+02 2.365E+02 9.814E+01 1.751E+02 2.200E+02 6.669E+01 

F21 Mean 2.344E+03 2.376E+03 2.357E+03 2.356E+03 2.378E+03 2.464E+03 2.389E+03 2.440E+03 2.526E+03 2.390E+03 2.398E+03 2.473E+03 2.579E+03 2.408E+03 

 Std 1.302E+01 2.076E+01 1.352E+01 1.095E+01 1.820E+01 1.085E+01 2.473E+01 2.940E+01 3.707E+01 1.959E+01 2.155E+01 6.465E+01 5.112E+01 1.912E+01 

F22 Mean 2.300E+03 5.820E+03 3.433E+03 3.538E+03 3.612E+03 4.657E+03 4.431E+03 5.782E+03 5.289E+03 4.251E+03 2.302E+03 4.775E+03 6.225E+03 2.489E+03 

 Std 1.230E-12 1.541E+03 1.804E+03 1.288E+03 1.671E+03 1.077E+03 1.753E+03 4.909E+02 2.101E+03 2.019E+03 1.702E+00 2.542E+03 2.199E+03 7.371E+01 

F23 Mean 2.703E+03 2.730E+03 2.713E+03 2.710E+03 2.856E+03 2.814E+03 2.751E+03 2.774E+03 2.909E+03 2.768E+03 2.771E+03 2.871E+03 3.196E+03 2.810E+03 

 Std 1.619E+01 2.027E+01 1.400E+01 1.193E+01 5.940E+01 1.176E+01 3.626E+01 2.264E+01 6.282E+01 3.827E+01 3.401E+01 7.619E+01 1.429E+02 3.184E+01 

F24 Mean 2.866E+03 2.907E+03 2.875E+03 2.906E+03 3.028E+03 3.014E+03 2.945E+03 2.980E+03 3.085E+03 2.921E+03 2.916E+03 3.066E+03 3.377E+03 2.942E+03 

 Std 1.323E+01 2.323E+01 1.487E+01 2.237E+01 5.517E+01 1.133E+01 5.736E+01 4.440E+01 5.679E+01 2.603E+01 2.671E+01 8.231E+01 1.494E+02 2.899E+01 

F25 Mean 2.887E+03 2.903E+03 2.888E+03 2.886E+03 2.910E+03 2.888E+03 2.981E+03 2.894E+03 2.945E+03 2.896E+03 2.945E+03 2.921E+03 2.948E+03 3.004E+03 

 Std 1.821E-01 3.143E+01 2.104E+00 1.800E+00 3.093E+01 3.191E-01 4.453E+01 1.400E+01 4.796E+01 1.356E+01 1.804E+01 2.265E+01 2.875E+01 3.125E+01 

F26 Mean 4.066E+03 4.528E+03 4.362E+03 3.635E+03 4.573E+03 5.277E+03 4.669E+03 5.093E+03 6.179E+03 4.953E+03 3.594E+03 5.691E+03 7.837E+03 5.540E+03 

 Std 1.490E+02 2.648E+02 2.044E+02 7.243E+02 9.887E+02 1.114E+02 4.459E+02 3.081E+02 8.970E+02 5.419E+02 1.228E+03 1.216E+03 1.038E+03 1.229E+03 

F27 Mean 3.203E+03 3.212E+03 3.214E+03 3.216E+03 3.267E+03 3.220E+03 3.252E+03 3.233E+03 3.280E+03 3.238E+03 3.286E+03 3.276E+03 3.471E+03 3.200E+03 
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Function Statistic HPKO PKO EPKO DOA PSO DE GWO SA DBO KEO TJO ECO TTHHO BWOG 

 Std 6.152E+00 8.585E+00 7.613E+00 4.842E+00 4.359E+01 3.314E+00 2.139E+01 1.845E+01 3.947E+01 1.934E+01 3.011E+01 3.433E+01 1.455E+02 2.777E-04 

F28 Mean 3.208E+03 3.275E+03 3.177E+03 3.208E+03 3.313E+03 3.263E+03 3.444E+03 3.253E+03 3.419E+03 3.226E+03 3.242E+03 3.307E+03 3.348E+03 3.296E+03 

 Std 2.842E+01 3.662E+01 5.669E+01 1.269E+01 6.329E+01 1.824E+01 1.156E+02 4.398E+01 3.447E+02 2.322E+01 2.382E+01 3.267E+01 3.521E+01 3.171E+00 

F29 Mean 3.461E+03 3.692E+03 3.567E+03 3.536E+03 3.682E+03 3.903E+03 3.863E+03 3.956E+03 4.251E+03 3.959E+03 4.116E+03 4.419E+03 4.926E+03 4.139E+03 

 Std 6.771E+01 1.798E+02 1.040E+02 1.027E+02 2.524E+02 1.420E+02 2.151E+02 2.389E+02 2.673E+02 2.672E+02 1.924E+02 3.884E+02 5.909E+02 2.047E+02 

F30 Mean 7.216E+03 4.442E+04 6.192E+03 9.113E+03 1.396E+05 1.050E+05 8.130E+06 1.508E+04 2.560E+06 1.211E+04 2.703E+06 1.645E+05 6.493E+06 2.430E+06 

 Std 1.567E+03 3.268E+04 7.839E+02 2.607E+03 2.171E+05 4.394E+04 5.232E+06 4.532E+03 3.506E+06 5.157E+03 1.379E+06 1.484E+05 7.825E+06 1.035E+06 

Average 

rank 
 1.483 6.448 2.655 3.207 7.655 8.655 9.655 8.862 11.793 6.276 7.069 9.931 12.793 8.517 

Note: F2 was omitted. Bold values indicate the best mean for each function. The last row reports the average Friedman rank (lower is better). 

Table 7. Statistical results of HPKO and competing algorithms on CEC2017 (50D). 

Function Statistic HPKO PKO EPKO DOA PSO DE GWO SA DBO KEO TJO ECO TTHHO BWOG 

F1 Mean 6.252E+03 9.180E+07 2.658E+03 8.654E+04 3.176E+09 5.316E+06 8.877E+09 1.584E+04 4.220E+08 3.931E+03 1.456E+04 1.470E+09 3.476E+08 5.062E+08 

 Std 7.155E+03 1.227E+08 3.250E+03 2.608E+04 2.713E+09 6.317E+06 4.324E+09 1.211E+04 2.560E+08 3.920E+03 4.481E+03 1.215E+09 2.550E+08 3.034E+08 

F3 Mean 2.839E+04 2.719E+05 6.687E+02 1.378E+05 1.291E+05 2.988E+05 1.087E+05 3.777E+05 2.113E+05 4.976E+04 2.234E+04 1.167E+05 1.279E+05 1.257E+05 

 Std 7.378E+03 5.621E+04 3.476E+02 2.145E+04 3.203E+04 3.362E+04 1.756E+04 6.538E+04 4.857E+04 1.665E+04 4.892E+03 3.131E+04 2.018E+04 1.151E+04 

F4 Mean 5.394E+02 6.438E+02 4.854E+02 5.169E+02 8.734E+02 6.322E+02 9.443E+02 5.691E+02 1.135E+03 5.809E+02 5.945E+02 8.082E+02 8.566E+02 7.415E+02 

 Std 4.894E+01 4.548E+01 4.650E+01 4.471E+01 2.821E+02 2.858E+01 1.712E+02 5.742E+01 1.637E+03 6.041E+01 4.366E+01 1.295E+02 1.042E+02 5.704E+01 

F5 Mean 5.877E+02 7.350E+02 7.087E+02 6.182E+02 6.670E+02 8.838E+02 7.161E+02 7.593E+02 9.451E+02 7.334E+02 7.528E+02 8.434E+02 9.144E+02 7.023E+02 

 Std 2.210E+01 5.421E+01 2.903E+01 2.145E+01 3.626E+01 1.863E+01 3.676E+01 4.046E+01 9.423E+01 4.189E+01 4.437E+01 3.399E+01 2.638E+01 2.011E+01 

F6 Mean 6.000E+02 6.110E+02 6.045E+02 6.003E+02 6.102E+02 6.001E+02 6.212E+02 6.000E+02 6.547E+02 6.333E+02 6.358E+02 6.611E+02 6.763E+02 6.217E+02 

 Std 4.281E-03 1.015E+01 4.708E+00 1.119E-01 4.801E+00 1.500E-02 4.326E+00 2.830E-02 1.127E+01 7.085E+00 9.019E+00 6.203E+00 3.647E+00 4.146E+00 

F7 Mean 8.367E+02 1.058E+03 1.028E+03 8.921E+02 1.007E+03 1.149E+03 1.061E+03 1.048E+03 1.257E+03 1.187E+03 9.974E+02 1.530E+03 1.873E+03 1.004E+03 

 Std 3.350E+01 8.467E+01 4.501E+01 2.234E+01 7.971E+01 1.795E+01 6.360E+01 4.597E+01 1.228E+02 1.009E+02 6.311E+01 1.486E+02 9.455E+01 3.044E+01 

F8 Mean 8.911E+02 1.021E+03 9.848E+02 9.212E+02 9.649E+02 1.187E+03 1.033E+03 1.048E+03 1.274E+03 1.052E+03 1.050E+03 1.127E+03 1.221E+03 1.012E+03 
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Function Statistic HPKO PKO EPKO DOA PSO DE GWO SA DBO KEO TJO ECO TTHHO BWOG 

 Std 3.197E+01 5.694E+01 3.258E+01 1.993E+01 3.843E+01 1.833E+01 5.765E+01 4.234E+01 9.939E+01 4.444E+01 3.492E+01 5.560E+01 4.076E+01 2.147E+01 

F9 Mean 9.038E+02 4.603E+03 2.723E+03 3.176E+03 4.010E+03 4.233E+03 7.137E+03 1.481E+04 1.783E+04 6.970E+03 6.182E+03 1.558E+04 2.910E+04 5.138E+03 

 Std 2.786E+00 4.177E+03 9.169E+02 1.600E+03 2.258E+03 7.118E+02 3.099E+03 5.794E+03 7.315E+03 1.483E+03 2.650E+03 2.136E+03 3.513E+03 1.052E+03 

F10 Mean 7.379E+03 8.354E+03 9.024E+03 5.408E+03 7.400E+03 1.353E+04 8.114E+03 6.804E+03 9.836E+03 8.275E+03 7.870E+03 8.946E+03 9.910E+03 7.183E+03 

 Std 8.294E+02 8.919E+02 7.196E+02 4.479E+02 9.327E+02 4.969E+02 2.359E+03 7.046E+02 1.361E+03 1.126E+03 8.484E+02 1.510E+03 9.235E+02 7.059E+02 

F11 Mean 1.188E+03 2.017E+03 1.284E+03 1.237E+03 1.496E+03 2.766E+03 5.168E+03 7.408E+03 2.046E+03 1.363E+03 1.387E+03 1.731E+03 1.812E+03 1.900E+03 

 Std 3.119E+01 3.361E+02 4.143E+01 4.429E+01 2.633E+02 3.991E+02 2.149E+03 6.674E+03 2.812E+02 6.265E+01 5.098E+01 2.439E+02 1.204E+02 8.125E+02 

F12 Mean 4.399E+05 3.799E+07 3.981E+05 5.848E+06 1.044E+09 2.628E+08 6.506E+08 1.475E+07 4.167E+08 5.236E+06 2.110E+07 8.231E+07 2.966E+08 1.430E+08 

 Std 3.280E+05 3.337E+07 3.017E+05 3.153E+06 1.386E+09 9.117E+07 5.808E+08 7.836E+06 3.697E+08 3.208E+06 9.560E+06 6.661E+07 1.557E+08 7.787E+07 

F13 Mean 9.676E+03 1.666E+05 3.416E+03 3.381E+03 3.764E+08 3.703E+06 1.403E+08 2.141E+04 9.655E+06 1.486E+04 5.226E+04 6.829E+05 7.923E+06 1.113E+08 

 Std 7.787E+03 1.664E+05 1.960E+03 1.662E+03 6.082E+08 3.052E+06 1.331E+08 1.424E+04 1.351E+07 8.478E+03 1.992E+04 6.556E+05 1.098E+07 6.940E+07 

F14 Mean 3.595E+03 7.191E+05 1.807E+03 5.402E+05 4.421E+05 1.679E+06 7.814E+05 3.323E+06 2.339E+06 8.151E+04 7.758E+04 3.734E+05 4.503E+06 2.306E+06 

 Std 2.283E+03 4.095E+05 1.298E+02 5.157E+05 7.915E+05 9.830E+05 8.968E+05 4.154E+06 3.068E+06 6.519E+04 4.211E+04 2.145E+05 4.401E+06 1.332E+06 

F15 Mean 3.736E+03 5.942E+04 3.449E+03 3.633E+03 2.407E+06 5.153E+05 8.022E+06 2.174E+04 4.264E+06 9.389E+03 2.277E+04 5.067E+04 9.761E+05 8.716E+06 

 Std 2.274E+03 3.726E+04 1.471E+03 3.256E+03 1.300E+07 3.893E+05 2.014E+07 1.114E+04 1.271E+07 5.445E+03 1.022E+04 7.451E+04 1.215E+06 8.495E+06 

F16 Mean 2.775E+03 3.312E+03 2.996E+03 2.992E+03 3.224E+03 4.386E+03 3.362E+03 3.761E+03 4.363E+03 3.322E+03 3.168E+03 3.680E+03 4.591E+03 2.947E+03 

 Std 3.877E+02 4.679E+02 2.843E+02 2.726E+02 4.945E+02 1.814E+02 4.999E+02 5.307E+02 6.342E+02 4.610E+02 4.063E+02 5.355E+02 6.187E+02 3.281E+02 

F17 Mean 2.566E+03 3.049E+03 2.716E+03 2.661E+03 3.070E+03 3.247E+03 2.878E+03 3.325E+03 3.984E+03 3.022E+03 3.199E+03 3.505E+03 3.787E+03 2.889E+03 

 Std 2.168E+02 2.283E+02 2.037E+02 2.532E+02 2.969E+02 1.361E+02 3.091E+02 3.401E+02 3.941E+02 3.028E+02 2.708E+02 3.766E+02 3.896E+02 1.972E+02 

F18 Mean 1.033E+05 2.150E+06 2.339E+04 1.895E+06 2.885E+06 8.887E+06 6.208E+06 8.074E+06 5.774E+06 3.232E+05 1.460E+06 2.432E+06 5.990E+06 8.990E+06 

 Std 6.347E+04 1.151E+06 1.431E+04 1.476E+06 2.659E+06 4.193E+06 7.173E+06 7.838E+06 7.538E+06 2.625E+05 8.291E+05 2.415E+06 7.046E+06 4.649E+06 

F19 Mean 2.730E+03 8.720E+03 1.259E+04 5.170E+03 6.714E+05 1.684E+05 3.549E+06 1.608E+04 4.122E+06 1.824E+04 1.013E+06 5.705E+04 1.737E+06 1.920E+05 

 Std 1.619E+03 7.344E+03 4.213E+03 3.366E+03 1.249E+06 1.097E+05 7.213E+06 1.725E+04 6.053E+06 1.156E+04 8.617E+05 7.142E+04 1.399E+06 2.661E+05 

F20 Mean 2.776E+03 3.071E+03 2.792E+03 2.750E+03 2.899E+03 3.365E+03 3.019E+03 3.517E+03 3.573E+03 3.266E+03 3.064E+03 3.240E+03 3.523E+03 2.722E+03 

 Std 2.444E+02 2.984E+02 2.065E+02 2.316E+02 2.893E+02 1.629E+02 4.479E+02 3.040E+02 2.771E+02 3.029E+02 3.076E+02 3.269E+02 3.173E+02 2.200E+02 

F21 Mean 2.380E+03 2.502E+03 2.478E+03 2.424E+03 2.499E+03 2.699E+03 2.507E+03 2.571E+03 2.787E+03 2.505E+03 2.494E+03 2.683E+03 2.902E+03 2.493E+03 

 Std 1.738E+01 6.845E+01 2.411E+01 1.559E+01 3.185E+01 1.394E+01 2.434E+01 4.709E+01 8.315E+01 3.310E+01 2.938E+01 7.601E+01 7.627E+01 2.594E+01 
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Function Statistic HPKO PKO EPKO DOA PSO DE GWO SA DBO KEO TJO ECO TTHHO BWOG 

F22 Mean 8.973E+03 1.030E+04 1.047E+04 7.007E+03 8.951E+03 1.529E+04 9.517E+03 8.645E+03 1.126E+04 9.539E+03 8.264E+03 1.087E+04 1.171E+04 8.019E+03 

 Std 8.739E+02 6.508E+02 8.145E+02 1.085E+03 1.340E+03 4.041E+02 2.123E+03 8.446E+02 1.568E+03 9.512E+02 3.179E+03 1.233E+03 8.509E+02 3.098E+03 

F23 Mean 2.824E+03 2.954E+03 2.927E+03 2.860E+03 3.237E+03 3.119E+03 2.972E+03 3.018E+03 3.401E+03 2.991E+03 2.991E+03 3.266E+03 3.928E+03 3.064E+03 

 Std 3.292E+01 5.749E+01 3.446E+01 1.773E+01 9.645E+01 1.399E+01 6.235E+01 5.105E+01 1.307E+02 6.189E+01 4.923E+01 1.247E+02 2.181E+02 4.714E+01 

F24 Mean 2.987E+03 3.071E+03 3.074E+03 3.081E+03 3.395E+03 3.322E+03 3.165E+03 3.241E+03 3.461E+03 3.124E+03 3.137E+03 3.496E+03 4.270E+03 3.169E+03 

 Std 2.681E+01 4.839E+01 2.439E+01 3.933E+01 9.714E+01 1.485E+01 1.063E+02 6.063E+01 1.283E+02 5.797E+01 4.791E+01 1.566E+02 3.009E+02 3.811E+01 

F25 Mean 3.024E+03 3.154E+03 3.066E+03 3.038E+03 3.155E+03 3.060E+03 3.592E+03 3.063E+03 3.497E+03 3.099E+03 3.111E+03 3.283E+03 3.282E+03 3.226E+03 

 Std 2.920E+01 5.056E+01 2.760E+01 1.840E+01 1.239E+02 1.380E+01 1.956E+02 2.558E+01 1.189E+03 2.599E+01 1.415E+01 8.501E+01 7.557E+01 5.557E+01 

F26 Mean 4.653E+03 6.015E+03 5.899E+03 4.823E+03 5.736E+03 7.606E+03 6.552E+03 6.583E+03 9.547E+03 7.002E+03 5.396E+03 9.043E+03 1.054E+04 8.500E+03 

 Std 2.479E+02 5.757E+02 4.344E+02 7.691E+02 1.361E+03 1.709E+02 4.559E+02 5.606E+02 1.511E+03 1.137E+03 3.135E+03 1.983E+03 2.250E+03 1.107E+03 

F27 Mean 3.253E+03 3.446E+03 3.398E+03 3.311E+03 3.707E+03 3.449E+03 3.595E+03 3.486E+03 3.747E+03 3.581E+03 3.811E+03 3.723E+03 4.582E+03 3.200E+03 

 Std 2.373E+01 6.817E+01 6.194E+01 3.943E+01 2.010E+02 2.688E+01 9.863E+01 6.743E+01 1.760E+02 1.280E+02 1.777E+02 1.941E+02 4.882E+02 4.109E-04 

F28 Mean 3.274E+03 4.616E+03 3.302E+03 3.297E+03 3.733E+03 3.358E+03 4.224E+03 3.319E+03 5.265E+03 3.389E+03 3.356E+03 4.127E+03 3.886E+03 3.299E+03 

 Std 2.166E+01 1.584E+03 2.079E+01 2.226E+01 3.730E+02 2.368E+01 5.035E+02 1.918E+01 2.129E+03 3.479E+01 3.341E+01 1.085E+03 2.002E+02 2.721E+00 

F29 Mean 3.813E+03 4.835E+03 4.209E+03 3.793E+03 4.424E+03 4.997E+03 4.466E+03 4.537E+03 5.707E+03 4.718E+03 5.095E+03 5.233E+03 6.672E+03 4.985E+03 

 Std 2.874E+02 3.556E+02 2.698E+02 1.959E+02 3.846E+02 2.531E+02 3.291E+02 3.972E+02 5.369E+02 3.781E+02 4.139E+02 4.946E+02 7.426E+02 3.922E+02 

F30 Mean 8.275E+05 6.612E+06 8.510E+05 8.392E+05 1.610E+07 1.024E+07 1.162E+08 1.567E+06 2.543E+07 1.429E+06 7.573E+07 5.951E+06 8.940E+07 6.126E+07 

 Std 1.525E+05 5.218E+06 6.999E+04 1.132E+05 5.821E+07 2.653E+06 4.816E+07 4.467E+05 1.950E+07 5.811E+05 7.104E+06 3.624E+06 3.689E+07 2.476E+07 

Average 

rank 
 1.862 7.310 3.552 2.862 7.793 9.586 9.379 7.655 12.345 6.483 6.621 9.966 12.241 7.345 

Note: F2 was omitted. Bold values indicate the best mean for each function. The last row reports the average Friedman rank (lower is better). 
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Table 8. Statistical results of HPKO and competing algorithms on CEC2017 (100D). 

Function Statistic HPKO PKO EPKO DOA PSO DE GWO SA DBO KEO TJO ECO TTHHO BWOG 

F1 Mean 1.515E+04 6.082E+09 9.576E+04 3.710E+06 2.214E+10 2.395E+08 4.137E+10 1.126E+06 6.313E+10 3.363E+07 9.709E+05 2.475E+10 9.503E+09 5.814E+08 

 Std 1.309E+04 7.031E+09 3.807E+04 8.616E+05 7.363E+09 1.695E+08 8.931E+09 2.225E+06 6.835E+10 1.132E+07 2.241E+05 7.762E+09 1.771E+09 1.692E+08 

F3 Mean 2.283E+05 8.109E+05 7.779E+04 5.588E+05 5.109E+05 7.758E+05 3.530E+05 1.024E+06 6.483E+05 2.782E+05 2.072E+05 3.202E+05 3.050E+05 2.891E+05 

 Std 2.739E+04 1.474E+05 1.194E+04 6.697E+04 9.226E+04 5.821E+04 4.725E+04 1.462E+05 3.278E+05 3.604E+04 1.930E+04 8.005E+04 2.110E+04 1.834E+04 

F4 Mean 6.979E+02 1.593E+03 7.208E+02 7.192E+02 2.926E+03 1.021E+03 4.429E+03 7.132E+02 6.324E+03 9.377E+02 8.306E+02 2.949E+03 2.841E+03 1.146E+03 

 Std 4.257E+01 5.669E+02 4.988E+01 2.840E+01 1.768E+03 6.652E+01 1.612E+03 5.232E+01 7.298E+03 7.310E+01 4.499E+01 9.313E+02 5.840E+02 6.421E+01 

F5 Mean 7.105E+02 1.318E+03 1.255E+03 8.934E+02 1.067E+03 1.574E+03 1.159E+03 1.188E+03 1.713E+03 1.184E+03 1.166E+03 1.400E+03 1.614E+03 1.008E+03 

 Std 5.130E+01 1.132E+02 1.019E+02 4.432E+01 1.012E+02 2.472E+01 7.516E+01 8.893E+01 2.163E+02 6.141E+01 8.877E+01 7.048E+01 6.268E+01 4.701E+01 

F6 Mean 6.008E+02 6.389E+02 6.352E+02 6.023E+02 6.305E+02 6.069E+02 6.368E+02 6.005E+02 6.773E+02 6.525E+02 6.544E+02 6.697E+02 6.888E+02 6.284E+02 

 Std 6.478E-01 2.245E+01 1.023E+01 5.466E-01 6.820E+00 5.795E-01 4.239E+00 2.044E-01 1.035E+01 5.362E+00 6.525E+00 4.713E+00 4.381E+00 5.180E+00 

F7 Mean 1.093E+03 1.972E+03 1.877E+03 1.346E+03 1.774E+03 1.953E+03 2.013E+03 1.723E+03 2.607E+03 2.441E+03 1.743E+03 3.036E+03 3.734E+03 1.520E+03 

 Std 7.940E+01 3.120E+02 1.166E+02 6.834E+01 1.880E+02 2.889E+01 1.246E+02 1.440E+02 4.343E+02 3.247E+02 1.183E+02 1.945E+02 1.101E+02 9.027E+01 

F8 Mean 1.016E+03 1.575E+03 1.529E+03 1.191E+03 1.393E+03 1.858E+03 1.482E+03 1.497E+03 2.076E+03 1.523E+03 1.501E+03 1.817E+03 2.059E+03 1.319E+03 

 Std 4.833E+01 1.555E+02 8.116E+01 4.740E+01 1.461E+02 3.268E+01 1.110E+02 1.047E+02 2.193E+02 7.913E+01 8.801E+01 1.051E+02 6.948E+01 5.828E+01 

F9 Mean 1.459E+03 2.582E+04 2.771E+04 2.203E+04 3.874E+04 3.696E+04 3.226E+04 5.244E+04 5.467E+04 1.914E+04 2.187E+04 3.507E+04 6.366E+04 1.658E+04 

 Std 9.051E+02 1.446E+04 3.991E+03 4.637E+03 1.644E+04 5.373E+03 1.250E+04 1.140E+04 2.108E+04 2.615E+03 2.613E+03 3.742E+03 6.683E+03 2.918E+03 

F10 Mean 1.575E+04 2.081E+04 2.181E+04 1.304E+04 1.910E+04 3.141E+04 1.824E+04 1.509E+04 2.111E+04 1.645E+04 1.638E+04 2.011E+04 2.378E+04 1.535E+04 

 Std 1.433E+03 1.551E+03 2.434E+03 8.600E+02 3.866E+03 5.291E+02 5.544E+03 1.152E+03 4.825E+03 1.620E+03 1.677E+03 2.207E+03 2.477E+03 1.408E+03 

F11 Mean 2.572E+03 1.346E+05 2.663E+03 8.270E+03 2.766E+04 1.655E+05 6.124E+04 1.211E+05 1.416E+05 7.280E+03 4.055E+03 5.012E+04 8.143E+04 4.501E+04 

 Std 2.422E+02 4.485E+04 2.293E+02 3.494E+03 1.681E+04 2.952E+04 1.698E+04 3.934E+04 4.674E+04 2.289E+03 3.101E+02 1.653E+04 2.652E+04 6.926E+03 

F12 Mean 8.441E+06 6.658E+08 9.388E+06 6.780E+07 7.441E+09 2.520E+09 7.750E+09 6.876E+07 2.610E+09 9.943E+07 3.350E+08 1.741E+09 1.576E+09 4.908E+08 

 Std 4.855E+06 3.315E+08 3.867E+06 2.848E+07 4.703E+09 4.430E+08 3.733E+09 3.655E+07 1.179E+09 4.244E+07 6.908E+07 1.016E+09 3.497E+08 1.231E+08 

F13 Mean 5.460E+03 1.421E+06 4.715E+03 8.879E+03 6.282E+08 3.001E+05 8.342E+08 1.338E+05 9.438E+07 3.102E+04 3.331E+04 2.433E+07 2.106E+07 2.748E+07 

 Std 4.178E+03 1.577E+06 2.303E+03 4.854E+03 6.820E+08 6.700E+05 9.394E+08 2.483E+05 1.135E+08 7.629E+03 7.160E+03 8.738E+07 4.000E+06 1.404E+07 

F14 Mean 3.233E+05 6.854E+06 4.813E+04 2.853E+06 3.415E+06 2.931E+07 6.178E+06 4.588E+06 9.888E+06 8.720E+05 1.052E+06 4.211E+06 5.762E+06 5.662E+06 
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Function Statistic HPKO PKO EPKO DOA PSO DE GWO SA DBO KEO TJO ECO TTHHO BWOG 

 Std 2.222E+05 3.392E+06 2.449E+04 1.392E+06 2.592E+06 9.091E+06 3.291E+06 1.820E+06 8.675E+06 4.268E+05 2.400E+05 2.338E+06 2.290E+06 1.550E+06 

F15 Mean 3.913E+03 3.864E+05 2.416E+03 4.528E+03 3.005E+08 1.126E+06 1.955E+08 7.924E+04 3.528E+07 1.583E+04 2.669E+04 1.422E+06 5.258E+06 6.330E+06 

 Std 2.601E+03 9.832E+05 7.582E+02 2.490E+03 5.629E+08 8.768E+05 2.735E+08 1.130E+05 1.035E+08 9.044E+03 7.591E+03 5.060E+06 1.409E+06 1.002E+07 

F16 Mean 4.937E+03 6.458E+03 5.811E+03 5.180E+03 6.062E+03 1.080E+04 6.195E+03 6.236E+03 8.396E+03 5.841E+03 6.717E+03 7.286E+03 9.109E+03 5.893E+03 

 Std 6.582E+02 7.278E+02 7.507E+02 4.597E+02 8.626E+02 3.434E+02 7.520E+02 5.907E+02 1.036E+03 8.086E+02 7.302E+02 7.169E+02 1.144E+03 5.140E+02 

F17 Mean 4.234E+03 5.527E+03 4.891E+03 4.097E+03 5.804E+03 7.477E+03 5.050E+03 5.483E+03 8.340E+03 5.382E+03 5.374E+03 6.307E+03 7.019E+03 4.879E+03 

 Std 4.844E+02 6.156E+02 4.826E+02 3.660E+02 6.140E+02 2.582E+02 6.257E+02 6.904E+02 9.912E+02 6.241E+02 5.249E+02 7.234E+02 7.224E+02 4.031E+02 

F18 Mean 8.542E+05 1.173E+07 1.412E+05 3.569E+06 9.348E+06 6.133E+07 6.953E+06 8.204E+06 1.521E+07 1.281E+06 1.624E+06 5.986E+06 6.678E+06 3.566E+06 

 Std 4.174E+05 4.827E+06 3.322E+04 1.444E+06 1.071E+07 1.405E+07 5.917E+06 5.584E+06 1.119E+07 5.569E+05 5.811E+05 2.916E+06 2.768E+06 9.252E+05 

F19 Mean 6.764E+03 4.253E+05 4.107E+03 4.038E+03 2.440E+08 1.865E+06 2.278E+08 3.222E+04 4.089E+07 1.931E+04 3.627E+06 3.119E+06 1.667E+07 5.018E+06 

 Std 7.041E+03 7.079E+05 2.227E+03 1.809E+03 4.264E+08 1.806E+06 2.802E+08 3.208E+04 4.705E+07 2.985E+04 2.220E+06 5.935E+06 1.002E+07 6.297E+06 

F20 Mean 4.894E+03 5.245E+03 4.898E+03 4.338E+03 5.194E+03 7.189E+03 4.983E+03 5.346E+03 6.401E+03 5.264E+03 5.187E+03 5.611E+03 5.902E+03 4.555E+03 

 Std 4.438E+02 5.229E+02 5.357E+02 3.688E+02 5.734E+02 2.994E+02 7.980E+02 5.940E+02 7.715E+02 5.231E+02 4.657E+02 4.667E+02 4.799E+02 4.688E+02 

F21 Mean 2.556E+03 3.019E+03 3.000E+03 2.727E+03 3.093E+03 3.410E+03 2.977E+03 3.046E+03 3.855E+03 2.986E+03 2.883E+03 3.513E+03 4.239E+03 2.894E+03 

 Std 5.644E+01 1.607E+02 8.787E+01 4.163E+01 1.248E+02 2.698E+01 8.518E+01 1.145E+02 1.707E+02 8.040E+01 6.604E+01 1.811E+02 2.507E+02 5.969E+01 

F22 Mean 1.853E+04 2.262E+04 2.465E+04 1.534E+04 2.122E+04 3.330E+04 2.118E+04 1.734E+04 2.342E+04 1.887E+04 1.908E+04 2.417E+04 2.686E+04 1.876E+04 

 Std 2.258E+03 1.983E+03 1.485E+03 6.521E+02 2.523E+03 5.086E+02 4.618E+03 1.274E+03 4.505E+03 1.517E+03 3.495E+03 2.218E+03 2.130E+03 1.186E+03 

F23 Mean 3.092E+03 3.478E+03 3.473E+03 3.086E+03 4.401E+03 3.734E+03 3.594E+03 3.185E+03 4.362E+03 3.491E+03 3.649E+03 4.176E+03 5.604E+03 3.387E+03 

 Std 7.427E+01 1.344E+02 1.097E+02 4.044E+01 2.851E+02 2.773E+01 9.806E+01 5.650E+01 2.099E+02 1.083E+02 1.161E+02 1.819E+02 3.578E+02 6.627E+01 

F24 Mean 3.542E+03 4.077E+03 4.072E+03 3.636E+03 5.585E+03 4.259E+03 4.147E+03 3.895E+03 5.451E+03 4.175E+03 4.154E+03 4.945E+03 7.787E+03 4.097E+03 

 Std 6.281E+01 1.846E+02 1.036E+02 4.504E+01 5.137E+02 2.916E+01 1.307E+02 9.233E+01 3.444E+02 1.659E+02 1.234E+02 3.171E+02 7.006E+02 1.338E+02 

F25 Mean 3.368E+03 4.352E+03 3.403E+03 3.386E+03 3.970E+03 4.310E+03 6.006E+03 3.405E+03 8.985E+03 3.625E+03 3.544E+03 5.320E+03 4.687E+03 3.691E+03 

 Std 4.951E+01 5.592E+02 5.299E+01 3.891E+01 3.118E+02 9.518E+01 7.663E+02 7.837E+01 6.561E+03 7.487E+01 3.834E+01 5.411E+02 2.533E+02 7.228E+01 

F26 Mean 8.260E+03 1.343E+04 1.409E+04 9.846E+03 1.649E+04 1.627E+04 1.498E+04 1.274E+04 2.524E+04 1.594E+04 2.063E+04 2.453E+04 2.840E+04 1.881E+04 

 Std 6.382E+02 1.788E+03 1.272E+03 5.324E+02 3.755E+03 2.663E+02 1.285E+03 1.017E+03 3.603E+03 1.705E+03 4.836E+03 3.688E+03 2.003E+03 2.281E+03 

F27 Mean 3.405E+03 3.597E+03 3.555E+03 3.485E+03 4.180E+03 4.083E+03 4.062E+03 3.525E+03 4.156E+03 3.840E+03 4.400E+03 4.094E+03 5.784E+03 3.200E+03 

 Std 2.963E+01 9.198E+01 8.252E+01 3.782E+01 3.471E+02 1.035E+02 1.480E+02 5.670E+01 2.176E+02 1.403E+02 2.098E+02 1.984E+02 9.210E+02 3.697E-04 
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Function Statistic HPKO PKO EPKO DOA PSO DE GWO SA DBO KEO TJO ECO TTHHO BWOG 

F28 Mean 3.466E+03 7.127E+03 3.463E+03 3.491E+03 5.657E+03 5.152E+03 8.133E+03 5.693E+03 1.670E+04 3.863E+03 3.604E+03 6.880E+03 5.796E+03 3.300E+03 

 Std 2.941E+01 4.113E+03 3.984E+01 3.734E+01 1.677E+03 6.376E+02 1.001E+03 4.573E+03 7.398E+03 1.168E+02 4.482E+01 2.919E+03 4.428E+02 3.382E-04 

F29 Mean 6.027E+03 8.506E+03 7.788E+03 5.996E+03 7.240E+03 9.481E+03 8.332E+03 6.922E+03 1.052E+04 7.827E+03 9.564E+03 9.049E+03 1.203E+04 8.307E+03 

 Std 6.357E+02 8.997E+02 5.415E+02 3.774E+02 6.832E+02 2.852E+02 6.542E+02 5.899E+02 1.707E+03 4.662E+02 8.008E+02 7.468E+02 1.209E+03 4.150E+02 

F30 Mean 1.055E+04 7.257E+06 1.105E+04 1.517E+05 1.070E+09 2.397E+06 6.564E+08 3.316E+04 9.668E+07 1.264E+06 6.536E+07 6.338E+07 2.155E+08 7.301E+07 

 Std 2.586E+03 6.696E+06 2.701E+03 1.797E+05 9.463E+08 9.368E+05 4.689E+08 1.495E+04 8.389E+07 4.827E+05 2.030E+07 1.784E+08 9.719E+07 3.837E+07 

Average 

rank 
 1.759 8.690 4.448 2.931 9.276 10.241 9.138 5.931 12.586 5.931 6.448 10.207 11.759 5.655 

Note: F2 was omitted. Bold values indicate the best mean for each function. The last row reports the average Friedman rank (lower is better). 

 

Figure 3. Average Friedman rankings of the compared algorithms on CEC2017 at 30D, 50D, and 100D. 
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Figure 3 summarizes the average Friedman ranks of the 14 algorithms on CEC2017. HPKO ranks 

first at 30D, 50D, and 100D. The Friedman tests indicate statistically significant overall differences 

among the algorithms in all three settings (all p < 0.001). The corresponding Holm-adjusted pairwise 

comparisons and effect sizes are reported in Table 9. 

Table 9. Wilcoxon rank-sum results of HPKO against the competing algorithms on CEC2017. 

Comparator 30D W/T/L 50D W/T/L 100D W/T/L Median Cliff's δ (30D/50D/100D) 

PKO 28/1/0 29/0/0 29/0/0 +0.940/+0.980/+1.000 

EPKO 20/5/4 18/6/5 16/10/3 +0.664/+0.687/+0.664 

DOA 22/5/2 19/7/3 17/9/3 +0.602/+0.656/+0.900 

PSO 27/2/0 25/4/0 29/0/0 +0.964/+0.991/+1.000 

DE 29/0/0 29/0/0 29/0/0 +1.000/+1.000/+1.000 

GWO 28/1/0 26/3/0 28/1/0 +1.000/+1.000/+1.000 

SA 28/1/0 26/2/1 24/4/1 +0.993/+0.956/+0.962 

DBO 29/0/0 29/0/0 29/0/0 +1.000/+1.000/+1.000 

KEO 27/2/0 28/1/0 27/2/0 +0.951/+0.956/+1.000 

TJO 28/0/1 25/3/1 26/2/1 +0.996/+1.000/+1.000 

ECO 29/0/0 29/0/0 29/0/0 +1.000/+1.000/+1.000 

TTHHO 29/0/0 29/0/0 29/0/0 +1.000/+1.000/+1.000 

BWOG 27/1/1 24/4/1 24/2/3 +1.000/+1.000/+1.000 

Note: W/T/L denotes the number of functions on which HPKO is significantly better, not significantly different, or significantly worse 

at α=0.05 after Holm correction. Median Cliff’s δ is calculated across functions; positive values favor HPKO. 

Table 9 reports the Holm-adjusted pairwise comparisons and Cliff’s δ effect sizes. HPKO records 

more wins than losses against EPKO and DOA at all three dimensions, while the comparisons with the 

remaining algorithms generally yield larger win counts. The positive median Cliff’s δ values further 

support the overall advantage of HPKO. 

Figure 4 presents the mean best-so-far curves for F4, F10, F20 and F30 at 30D, 50D, and 100D. 

HPKO reaches low objective values rapidly for F4 and F30, while continuing to improve over a longer 

portion of the search on F10 and F20. Across the selected functions and dimensions, its curves 

generally remain among the leading trajectories. These curves are consistent with the function-wise 

results in Tables 6–8 and provide an empirical view of the competitive convergence behavior of HPKO 

under the tested settings. 

Overall, HPKO obtains the lowest average Friedman rank on CEC2017 at 30D, 50D, and 100D. 

Its leading suite-level rankings, favorable pairwise comparisons, and competitive convergence profiles 

jointly demonstrate strong and consistent performance across the tested functions and dimensional 

settings. 



28188 

AIMS Mathematics  Volume 11, Issue 9, 28161–28201. 

 

Figure 4. Mean convergence curves of representative CEC2017 functions at 30D, 50D, and 100D. 

4.3.2. Results on the CEC2022 benchmark suite 

Comparative tests were also conducted on the CEC2022 benchmark suite at 10D and 20D to 

evaluate HPKO on a second benchmark family. 

Table 10 presents the CEC2022 results at 10D. HPKO obtains the lowest average Friedman rank 

of 2.167, followed by EPKO, PKO, and DOA with ranks of 3.917, 4.833, and 5.167, respectively. At 

the function level, HPKO achieves the lowest or tied-lowest mean values on seven of the 12 functions, 

including the lowest mean values on all three hybrid functions, F6–F8. These results place HPKO in 

the leading overall position on the 10-dimensional suite. 

With the dimension increased to 20, HPKO remains the top-ranked algorithm in Table 11, 

achieving an average Friedman rank of 1.833, compared with 2.917 for EPKO and 4.500 for DOA. Its 

leading position is also reflected in the function-wise results, where it obtains the lowest or tied-lowest 

mean values on 8 of the 12 functions, including 2 hybrid functions and 3 composition functions. The 

breadth of these favorable results demonstrates the strong overall competitiveness of HPKO on the 20-

dimensional CEC2022 suite.
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Table 10. Statistical results of HPKO and competing algorithms on CEC2022 (10D). 

Function Statistic HPKO PKO EPKO DOA PSO DE GWO SA DBO KEO TJO ECO TTHHO BWOG 

F1 Mean 3.000E+02 3.450E+02 3.000E+02 3.000E+02 3.000E+02 1.939E+03 1.553E+03 4.037E+03 3.501E+02 3.000E+02 3.000E+02 3.002E+02 3.154E+02 1.237E+03 

 Std 0.000E+00 9.505E+01 0.000E+00 3.261E-04 2.523E-08 5.781E+02 1.983E+03 3.512E+03 1.154E+02 2.793E-14 1.884E-05 3.051E-01 3.522E+01 8.759E+02 

F2 Mean 4.041E+02 4.066E+02 4.044E+02 4.024E+02 4.187E+02 4.081E+02 4.225E+02 4.146E+02 4.155E+02 4.077E+02 4.013E+02 4.150E+02 4.285E+02 4.444E+02 

 Std 3.200E+00 1.941E+00 3.425E+00 3.193E+00 2.229E+01 6.990E-01 2.224E+01 2.199E+01 2.121E+01 1.178E+01 2.768E+00 2.419E+01 2.822E+01 2.250E+01 

F3 Mean 6.000E+02 6.000E+02 6.000E+02 6.000E+02 6.002E+02 6.000E+02 6.007E+02 6.000E+02 6.039E+02 6.002E+02 6.019E+02 6.112E+02 6.373E+02 6.052E+02 

 Std 0.000E+00 5.374E-02 1.034E-13 1.036E-03 8.117E-01 8.444E-14 9.527E-01 2.981E-03 5.703E+00 5.006E-01 1.360E+00 1.002E+01 9.762E+00 2.566E+00 

F4 Mean 8.088E+02 8.124E+02 8.058E+02 8.153E+02 8.100E+02 8.191E+02 8.139E+02 8.445E+02 8.306E+02 8.184E+02 8.117E+02 8.233E+02 8.261E+02 8.096E+02 

 Std 3.911E+00 5.838E+00 2.433E+00 5.827E+00 4.324E+00 3.589E+00 6.510E+00 2.098E+01 1.279E+01 9.741E+00 5.051E+00 7.038E+00 8.804E+00 3.449E+00 

F5 Mean 9.000E+02 9.000E+02 9.000E+02 9.052E+02 9.001E+02 9.000E+02 9.100E+02 1.757E+03 9.288E+02 9.099E+02 9.000E+02 1.044E+03 1.326E+03 9.171E+02 

 Std 0.000E+00 6.936E-03 1.635E-02 5.988E+00 2.357E-01 1.683E-07 1.941E+01 5.727E+02 5.220E+01 2.232E+01 1.018E-01 1.537E+02 1.356E+02 1.348E+01 

F6 Mean 1.800E+03 3.853E+03 1.815E+03 2.233E+03 6.039E+03 4.374E+03 6.712E+03 5.446E+03 5.269E+03 1.860E+03 2.481E+03 4.775E+03 4.973E+03 2.213E+03 

 Std 3.249E-01 1.462E+03 1.491E+01 6.245E+02 2.556E+03 1.560E+03 2.413E+03 2.183E+03 2.288E+03 5.788E+01 8.034E+02 2.391E+03 3.434E+03 5.383E+02 

F7 Mean 2.002E+03 2.016E+03 2.019E+03 2.005E+03 2.017E+03 2.003E+03 2.029E+03 2.019E+03 2.024E+03 2.024E+03 2.029E+03 2.032E+03 2.068E+03 2.033E+03 

 Std 3.906E+00 8.185E+00 5.126E+00 8.378E+00 8.616E+00 2.272E+00 2.208E+01 4.993E+00 6.676E+00 7.991E+00 6.451E+00 1.642E+01 3.040E+01 9.631E+00 

F8 Mean 2.207E+03 2.222E+03 2.218E+03 2.211E+03 2.223E+03 2.216E+03 2.224E+03 2.220E+03 2.227E+03 2.220E+03 2.220E+03 2.224E+03 2.232E+03 2.224E+03 

 Std 9.142E+00 9.389E-01 6.897E+00 9.032E+00 2.304E+01 5.171E+00 4.795E+00 3.526E+00 7.481E+00 3.827E+00 7.152E+00 5.668E+00 1.263E+01 2.102E+00 

F9 Mean 2.529E+03 2.529E+03 2.529E+03 2.529E+03 2.542E+03 2.529E+03 2.556E+03 2.532E+03 2.539E+03 2.529E+03 2.529E+03 2.539E+03 2.590E+03 2.593E+03 

 Std 0.000E+00 8.770E-09 0.000E+00 3.924E-05 3.450E+01 0.000E+00 3.710E+01 5.536E+00 3.506E+01 1.194E-13 3.143E-02 3.728E+01 4.043E+01 3.417E+01 

F10 Mean 2.500E+03 2.500E+03 2.500E+03 2.421E+03 2.566E+03 2.501E+03 2.569E+03 2.486E+03 2.546E+03 2.526E+03 2.504E+03 2.569E+03 2.577E+03 2.516E+03 

 Std 2.901E-02 6.782E-02 6.529E-02 4.055E+01 5.808E+01 2.044E-01 7.920E+01 9.117E+01 6.528E+01 5.187E+01 2.161E+01 6.384E+01 6.820E+01 3.834E+01 

F11 Mean 2.700E+03 2.640E+03 2.900E+03 2.846E+03 2.674E+03 2.893E+03 2.909E+03 2.997E+03 2.794E+03 2.875E+03 2.766E+03 2.719E+03 2.749E+03 2.959E+03 

 Std 1.438E+02 1.037E+02 3.776E-13 1.007E+02 1.435E+02 2.791E+01 1.170E+02 3.903E+02 1.289E+02 7.973E+01 1.451E+02 1.751E+02 1.272E+02 1.683E+02 

F12 Mean 2.863E+03 2.861E+03 2.862E+03 2.865E+03 2.875E+03 2.861E+03 2.864E+03 2.865E+03 2.866E+03 2.864E+03 2.864E+03 2.867E+03 2.905E+03 2.868E+03 

 Std 1.349E+00 9.849E-01 1.664E+00 1.674E+00 2.442E+01 1.204E+00 2.445E+00 1.824E+00 2.683E+00 1.102E+00 1.720E+00 1.245E+01 3.751E+01 1.411E+00 

Average rank  2.167 4.833 3.917 5.167 8.083 5.667 10.583 9.083 10.417 6.417 6.167 10.083 12.000 10.417 

Note: Bold values indicate the best mean for each function. The last row reports the average Friedman rank (lower is better). 
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Table 11. Statistical results of HPKO and competing algorithms on CEC2022 (20D). 

Function Statistic HPKO PKO EPKO DOA PSO DE GWO SA DBO KEO TJO ECO TTHHO BWOG 

F1 Mean 3.000E+02 1.375E+04 3.000E+02 4.565E+02 8.276E+02 2.785E+04 9.687E+03 3.004E+04 1.390E+04 3.045E+02 3.000E+02 4.241E+03 9.739E+03 1.311E+04 

 Std 3.049E-08 5.560E+03 6.064E-14 1.936E+02 4.558E+02 5.651E+03 4.333E+03 1.415E+04 8.378E+03 5.961E+00 3.247E-03 2.845E+03 4.251E+03 3.412E+03 

F2 Mean 4.478E+02 4.498E+02 4.427E+02 4.416E+02 4.636E+02 4.491E+02 4.995E+02 4.446E+02 4.864E+02 4.519E+02 4.537E+02 4.644E+02 4.972E+02 5.354E+02 

 Std 1.952E+00 6.955E+00 1.663E+01 1.763E+01 2.091E+01 7.064E-03 3.925E+01 1.502E+01 5.818E+01 1.365E+01 9.416E+00 2.422E+01 3.952E+01 4.513E+01 

F3 Mean 6.000E+02 6.007E+02 6.000E+02 6.000E+02 6.015E+02 6.000E+02 6.045E+02 6.000E+02 6.191E+02 6.064E+02 6.129E+02 6.340E+02 6.586E+02 6.118E+02 

 Std 8.540E-06 7.994E-01 1.610E-02 5.657E-03 2.189E+00 1.552E-07 3.621E+00 3.411E-03 9.159E+00 5.539E+00 5.792E+00 1.160E+01 8.454E+00 4.441E+00 

F4 Mean 8.321E+02 8.371E+02 8.262E+02 8.502E+02 8.324E+02 9.046E+02 8.502E+02 9.062E+02 9.104E+02 8.453E+02 8.543E+02 8.728E+02 8.879E+02 8.481E+02 

 Std 1.064E+01 1.264E+01 5.263E+00 1.477E+01 1.548E+01 8.793E+00 2.337E+01 2.822E+01 2.663E+01 1.611E+01 1.510E+01 1.913E+01 1.146E+01 9.430E+00 

F5 Mean 9.000E+02 9.122E+02 9.013E+02 1.263E+03 9.114E+02 9.186E+02 1.115E+03 5.942E+03 1.769E+03 1.086E+03 9.268E+02 2.202E+03 2.765E+03 1.039E+03 

 Std 1.635E-02 2.339E+01 2.609E+00 3.102E+02 8.460E+00 1.558E+01 2.117E+02 2.047E+03 5.930E+02 1.473E+02 3.921E+01 3.575E+02 2.810E+02 9.038E+01 

F6 Mean 2.145E+03 2.494E+04 2.767E+03 2.603E+03 1.049E+05 1.564E+06 1.067E+06 1.459E+04 6.640E+04 6.258E+03 2.980E+03 6.622E+03 1.687E+05 1.080E+05 

 Std 7.512E+02 1.119E+04 1.502E+03 1.099E+03 3.766E+05 7.361E+05 3.571E+06 9.714E+03 2.015E+05 4.338E+03 1.387E+03 7.281E+03 7.495E+04 2.320E+05 

F7 Mean 2.024E+03 2.051E+03 2.051E+03 2.035E+03 2.044E+03 2.041E+03 2.096E+03 2.117E+03 2.123E+03 2.082E+03 2.084E+03 2.115E+03 2.158E+03 2.077E+03 

 Std 5.017E+00 1.531E+01 1.355E+01 1.439E+01 2.574E+01 5.445E+00 5.425E+01 6.066E+01 4.546E+01 3.607E+01 2.067E+01 4.721E+01 3.286E+01 1.338E+01 

F8 Mean 2.224E+03 2.229E+03 2.226E+03 2.221E+03 2.255E+03 2.228E+03 2.250E+03 2.284E+03 2.297E+03 2.231E+03 2.227E+03 2.266E+03 2.246E+03 2.235E+03 

 Std 2.417E+00 4.428E+00 1.341E+00 2.435E+00 5.319E+01 1.201E+00 4.486E+01 7.306E+01 7.520E+01 2.611E+01 1.508E+00 6.091E+01 2.264E+01 2.999E+01 

F9 Mean 2.481E+03 2.481E+03 2.481E+03 2.481E+03 2.501E+03 2.481E+03 2.508E+03 2.485E+03 2.493E+03 2.481E+03 2.481E+03 2.482E+03 2.525E+03 2.519E+03 

 Std 3.482E-13 2.443E-02 3.045E-13 2.211E-01 2.445E+01 2.201E-05 2.786E+01 4.192E+00 1.815E+01 7.013E-07 1.852E-01 1.135E+00 3.518E+01 9.986E+00 

F10 Mean 2.504E+03 3.319E+03 2.991E+03 2.431E+03 2.972E+03 2.513E+03 3.282E+03 2.436E+03 2.849E+03 3.541E+03 2.693E+03 3.390E+03 3.672E+03 2.570E+03 

 Std 2.196E+01 8.690E+02 7.856E+02 4.781E+01 3.541E+02 1.982E+01 7.017E+02 4.837E+01 7.154E+02 6.791E+02 5.284E+02 9.478E+02 7.880E+02 1.456E+02 

F11 Mean 2.900E+03 2.908E+03 2.900E+03 2.902E+03 2.900E+03 2.900E+03 3.528E+03 2.901E+03 2.913E+03 2.900E+03 2.901E+03 2.964E+03 3.149E+03 3.356E+03 

 Std 1.218E-12 7.135E+00 1.351E-12 3.451E-01 2.699E-03 5.268E-08 4.886E+02 3.921E+00 3.462E+01 4.000E-08 2.272E-01 1.288E+02 7.537E+02 1.886E+02 

F12 Mean 2.937E+03 2.942E+03 2.941E+03 2.945E+03 2.999E+03 2.941E+03 2.967E+03 2.959E+03 2.996E+03 2.959E+03 2.976E+03 2.998E+03 3.096E+03 2.980E+03 

 Std 3.610E+00 1.819E+00 3.762E+00 6.613E+00 4.631E+01 2.000E+00 2.962E+01 1.304E+01 2.663E+01 1.912E+01 2.015E+01 4.562E+01 8.926E+01 1.589E+01 

Average rank  1.833 6.667 2.917 4.500 7.500 6.083 10.167 8.583 11.167 6.500 6.917 10.333 12.333 9.500 

Note: Bold values indicate the best mean for each function. The last row reports the average Friedman rank (lower is better). 
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Figure 5 further presents the average Friedman rankings of the 14 algorithms on CEC2022 at 10D 

and 20D. Tables 10 and 11 report the function-wise numerical results, and the Friedman rankings 

provide an overall rank-based comparison across the complete benchmark suite. HPKO ranks first in 

both dimensional settings, with average ranks of 2.167 and 1.833, respectively, and the Friedman tests 

indicate significant overall differences among the algorithms in both cases (all p < 0.001). The 

corresponding Holm-adjusted pairwise comparisons and Cliff’s δ effect sizes are reported in Table 12. 

Table 12 presents the Holm-adjusted pairwise results for CEC2022. Against EPKO, HPKO 

records W/T/L counts of 4/7/1 at 10D and 6/4/2 at 20D, with positive median Cliff’s δ values of 0.250 

and 0.397, respectively. Its advantage over DOA is more pronounced, with corresponding counts of 

8/3/1 and 9/0/3 and median effect sizes of 0.751 and 0.729. Against the remaining competitors, HPKO 

generally records 9–12 wins at 10D and 10–12 wins at 20D, providing further statistical support for its 

leading positions in the Friedman rankings. 

 

Figure 5. Average Friedman rankings of the compared algorithms on CEC2022 at 10D and 20D. 

Table 12. Holm-adjusted pairwise Wilcoxon rank-sum results of HPKO against the 

competing algorithms on CEC2022. 

Comparator 10D W/T/L 20D W/T/L Median Cliff's δ (10D/20D) 

PKO 10/0/2 11/1/0 +0.750/+0.981 

EPKO 4/7/1 6/4/2 +0.250/+0.397 

DOA 8/3/1 9/0/3 +0.751/+0.729 

PSO 10/1/1 11/1/0 +0.759/+0.989 

DE 9/2/1 11/1/0 +0.679/+1.000 

GWO 12/0/0 12/0/0 +0.967/+0.992 

SA 11/1/0 10/0/2 +0.947/+0.986 

DBO 11/1/0 12/0/0 +0.918/+1.000 

KEO 10/2/0 11/1/0 +0.770/+0.990 

TJO 11/1/0 12/0/0 +0.900/+1.000 

ECO 12/0/0 12/0/0 +0.964/+0.987 

TTHHO 12/0/0 12/0/0 +1.000/+1.000 

BWOG 11/1/0 12/0/0 +0.998/+1.000 

Note: W/T/L denotes the number of functions on which HPKO is significantly better, not significantly different, or significantly worse at α=0.05 after 

Holm correction. Median Cliff’s δ is calculated across functions; positive values favor HPKO. 
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Figure 6 shows the mean best-so-far curves for F4, F8, F9, and F12 at 10D and 20D. On F4, 

HPKO continues to refine the solution through the middle and late stages of the search and finishes 

among the lowest trajectories in both dimensions. On F8, F9, and F12, it rapidly enters the leading 

group and retains competitive final objective values after the initial descent. These curves demonstrate 

the competitive numerical convergence of HPKO across representative multimodal, hybrid, and 

composition functions under both dimensional settings. 

Overall, the CEC2022 analysis places HPKO first at 10D and 20D. Favorable function-wise 

outcomes, Holm-adjusted comparisons, positive median Cliff’s δ values, and competitive convergence 

curves jointly support its leading suite-level performance. In conjunction with the CEC2017 findings, 

the benchmark evidence shows that HPKO maintains the top overall position across both CEC suites 

and all tested dimensional settings. 

 

Figure 6. Mean convergence curves of representative CEC2022 functions at 10D and 20D. 

5. 3D UAV path planning simulations 

After the ablation and benchmark studies on synthetic test functions, in this section, we further 

examine the applicability of HPKO to 3D UAV path planning in terrain–threat environments. In this 

application, each candidate solution represents the coordinates of four intermediate waypoints. IBC 

first confines these coordinates to the prescribed search bounds, after which the fixed start and goal 

are appended, and the resulting trajectory is evaluated according to the terrain-clearance and threat-

avoidance requirements and the composite cost in (18). The trajectory cost is then returned to HPKO 

as the fitness value. Compared with standard benchmark functions, the two flight scenarios provide an 

application-oriented test under coupled geometric, safety, and maneuvering constraints. The hills and 

threat regions create separated or narrow feasible corridors, while the coupled path-length, threat-

exposure, altitude, and smoothness terms yield competing route patterns. These characteristics 

correspond to the intended roles of the three HPKO modules: CTI improves the initial coverage of 

waypoint configurations, ROBL introduces alternative candidates when stagnation or low population 

diversity is detected, and IBC repairs coordinate-bound violations while preserving useful update 

directions. 
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5.1. Simulation environment and parameter settings 

The UAV path-planning task considered in this section is to generate a collision-free three-

dimensional trajectory in a known environment, enabling the vehicle to travel from a prescribed start 

position to a specified target while satisfying safety and mission-related requirements. The simulation 

environment follows the modeling framework established in Section 2. The terrain is constructed by 

superimposing a trigonometric base surface and multiple Gaussian hills, while cylindrical threat zones 

are used to represent radar coverage or no-fly regions. 

To evaluate the performance of HPKO under different task difficulties, two simulation scenarios 

are considered: A simple environment and a complex environment. Both scenarios share the horizontal 

workspace [0,100] × [0,100]. The simple environment contains four Gaussian hills and three 

cylindrical threat regions, whereas the complex environment adds three hills and four threat regions to 

produce narrower feasible corridors and denser threat coverage. The corresponding terrain and threat 

parameters are listed in Tables 13 and 14. 

Table 13. Gaussian hill parameters for the simple and complex environments. 

Environment Hill xi yi σx,i σy,i hi 

Simple and complex 

1 25 35 6 6 35 

2 65 45 9 9 42 

3 85 75 7 7 38 

4 45 85 5 5 32 

Complex only 

5 15 80 5 5 30 

6 80 20 6 6 28 

7 55 70 7 7 36 

Table 14. Cylindrical threat parameters for the simple and complex environments. 

Environment Threat xj yj Rj hj 

Simple and complex 

1 40 25 8 25 

2 75 65 9 30 

3 50 60 10 35 

Complex only 

4 30 50 7 25 

5 60 20 9 28 

6 70 80 6 30 

7 15 65 8 20 

The UAV start and goal positions are set to (5, 5, 20) and (95, 95, 20), respectively. Four 

intermediate waypoints are introduced in addition to the fixed endpoints, so that each candidate 

trajectory is represented by six three-dimensional waypoints. For trajectory evaluation, each segment 

is sampled at 20 evenly spaced points, and the external threat-buffer width in the threat-cost 

formulation is fixed at 5 m. The default objective weights are (w1, w2, w3, w4) 1 (0.40, 0.30, 0.20, 0.10). 
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This setting is used as a balanced reference that prioritizes route length while retaining explicit 

contributions from buffered threat exposure, altitude cost, and smoothness; alternative length- and 

threat-priority settings are examined in Section 5.4. HPKO, PKO, PSO, and GWO use the same 

waypoint representation, objective function, search bounds, population size of 50, and maximum 

iteration count of 500, while their algorithm-specific control parameters follow Table 3. All simulations 

were implemented in MATLAB R2021b on a Windows 11 desktop equipped with an Intel Core i5-

8300H CPU at 2.30 GHz and 16 GB of RAM. The random seeds were fixed in advance to support 

reproducibility. 

5.2. Results in the simple environment 

  

(a) (b) 

 

(c) 

Figure 7. Simulation results in the simple environment. (a) Three-dimensional view. (b) 

Top view. (c) Convergence curves. 

In the simple environment, all four algorithms generate feasible three-dimensional trajectories 

connecting the start and goal while satisfying the terrain-clearance and hard threat-exclusion 

requirements (Figure 7). HPKO, PKO, and PSO use a similar passage between the central obstacles, 

whereas GWO introduces a pronounced detour near the beginning of the path and produces a less 



28195 

AIMS Mathematics Volume 11, Issue 9, 28161–28201. 

compact route. The trajectories obtained by HPKO and PSO are close in geometry, with composite 

costs of 60.610 and 60.833, respectively (Table 15). Relative to PKO, HPKO connects the intermediate 

waypoints more directly and reduces the path-length term by 12.9%, from 158.075 to 137.631. The 

convergence curves further show that HPKO and PSO enter the low-cost region rapidly, while HPKO 

attains the lowest final objective value (Figure 7c). 

5.3. Results in the complex environment 

  

(a) (b) 

 

(c) 

Figure 8. Simulation results in the complex environment. (a) Three-dimensional view. (b) 

Top view. (c) Convergence curves. 

The complex environment imposes a higher level of difficulty because the additional hills and 

threat zones narrow the feasible passages and strengthen the coupling among terrain, threats, and 

maneuvering constraints. As shown in Figure 8(a),(b), HPKO follows the interior corridors through 

the dense obstacle region and forms a relatively compact trajectory. PKO adopts a comparable general 

direction but uses a longer route, whereas GWO moves along the workspace boundary to bypass the 

central region. PSO produces a slightly shorter path than HPKO but makes considerably larger altitude 

adjustments. This difference is reflected in Table 15 and explains why its composite cost remains higher. 
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Overall, HPKO obtains the lowest cost by maintaining a more balanced trajectory across the horizontal 

and vertical dimensions. 

The convergence curves show that all four algorithms achieve substantial cost reductions during 

the early search stage. HPKO continues to improve after the initial descent and stabilizes at the lowest 

objective level. PKO and PSO approach similar but higher final values, whereas GWO converges more 

slowly and remains above the other methods during the later iterations (Figure 8c). The separation is 

more evident than in the simple environment, indicating that the advantage of HPKO becomes clearer 

as the feasible corridors narrow and the path constraints become more strongly coupled. The continued 

improvement after the initial descent and the compact interior-corridor trajectory are consistent with 

the intended effects of broader initial coverage and state-triggered diversity recovery. In the CEC 

ablation study, ROBL is the strongest standalone module, while the complete HPKO achieves the best 

overall rank. 

Table 15. Composite and component costs of the four algorithms in the two UAV environments. 

Scenario Algorithm J 
Cost components 

Jlen Jthr Jalt Jsm 

Simple 

HPKO 60.610 137.631 0.227 27.450 0.000 

PKO 69.100 158.075 0.102 29.200 0.000 

PSO 60.833 138.119 0.295 27.483 0.000 

GWO 181.552 163.975 9.993 79.670 970.301 

Complex 

HPKO 63.526 143.210 2.509 27.450 0.000 

PKO 72.419 159.968 2.559 38.323 0.000 

PSO 73.321 140.085 0.038 85.917 0.922 

GWO 109.400 185.890 0.000 78.923 192.592 

Note: J is evaluated using (w1, w2, w3, w4) 1 (0.40, 0.30, 0.20, 0.10). Bold values indicate the lowest composite cost in each environment. 

5.4. Weight sensitivity analysis 

Table 16 summarizes the sensitivity of the HPKO path-cost components to the three objective-

weighting schemes in the complex environment. Variation in the objective weights affects the resulting 

trajectory geometry rather than merely rescaling the composite objective value. Under the threat-

priority configuration, the buffered threat exposure decreases from 2.509 to 1.158, whereas the path-

length and altitude-cost terms increase from 143.210 to 144.761 and from 27.450 to 36.828, 

respectively. By contrast, the length-priority configuration reduces the path length to 141.936 but 

increases the buffered threat exposure to 4.115 and the altitude cost to 29.601. These changes 

demonstrate that the objective components are interdependent because each weighting scheme alters 

the spatial distribution of the optimized waypoints. Relative to the two priority-oriented configurations, 

the default setting produces intermediate values for path length and threat exposure while retaining the 

lowest altitude cost. It therefore represents a balanced trade-off among route compactness, threat 

avoidance, and altitude variation. Moreover, all three weighting schemes yield feasible trajectories 

without incurring a smoothness penalty. 
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Table 16. Sensitivity of HPKO path-cost components to the objective weights in the 

complex environment. 

Weighting scheme 
Weight coefficients  Cost components 

w1 w2 w3 w4  Jlen Jthr Jalt Jsm 

Default 0.40 0.30 0.20 0.10  143.210 2.509 27.450 0 

Length-priority 0.55 0.20 0.15 0.10  141.936 4.115 29.601 0 

Threat-priority 0.30 0.50 0.15 0.05  144.761 1.158 36.828 0 

Overall, HPKO produces feasible trajectories and attains the lowest composite objective value 

among the four compared algorithms in both test environments. In the simple environment, its 

performance is comparable to that of PSO, with composite objective values of 60.610 and 60.833, 

respectively. The advantage of HPKO becomes more pronounced in the complex environment, where 

its composite objective value is lower than those of PKO, PSO, and GWO. Although PSO generates a 

slightly shorter path, this reduction is accompanied by a substantially higher altitude cost and a nonzero 

smoothness penalty. Moreover, HPKO avoids the boundary detour exhibited by GWO and yields a 

shorter route than PKO. The sensitivity results further indicate that adjustments to the objective 

weights systematically modify the balance among path length, buffered threat exposure, and altitude-

related cost. 

6. Conclusions and future work 

In this paper, we proposed a hybrid pied kingfisher optimizer (HPKO) for constrained continuous 

optimization, with three-dimensional UAV path planning considered as a representative application. 

Built on the original PKO, HPKO integrates Tent chaotic initialization, multi-elite ROBL, and IBC to 

improve initial search-space coverage, recover population diversity during stagnation, and repair out-

of-bound candidates while preserving useful search directions. Under a bounded search domain and a 

lower-bounded objective function, the convergence analysis establishes that the historical population-

best objective sequence converges to a finite limit. In the ablation study, ROBL provides the strongest 

standalone improvement, whereas the full HPKO obtains an average rank of 1.17 and ranks first on 24 

of the 29 CEC2017 functions, with significant differences over PKO and the three single-module 

variants. Across CEC2017 at 30D, 50D, and 100D and CEC2022 at 10D and 20D, HPKO achieves the 

lowest average Friedman rank in all five settings. The Holm-adjusted pairwise comparisons and 

positive median Cliff’s δ values further support its leading benchmark performance. 

For the engineering application, a three-dimensional UAV path-planning framework was 

established using a trigonometric base surface, Gaussian hills, and cylindrical threat zones. The 

trajectory evaluation combines hard terrain-clearance and threat-exclusion requirements with path-

length, buffered threat-exposure, altitude, and smoothness costs. In the simple and complex 

environments, HPKO achieves the lowest composite cost among HPKO, PKO, PSO, and GWO. Its 

result is close to that of PSO in the simple environment, while the advantage becomes clearer in the 

complex environment, where the slightly lower path-length cost of PSO is accompanied by a 

substantially higher altitude cost. The weight sensitivity analysis further shows that changing the 

objective weights systematically shifts the balance among path length, buffered threat exposure, and 

altitude cost while preserving trajectory feasibility. These results support the applicability of HPKO to 

constrained three-dimensional UAV path planning under the tested terrain–threat settings. 
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This study is limited to synthetic terrain, static threat regions, and offline path planning. Further 

evaluation is therefore required using real digital elevation maps, sensing uncertainty, time-varying 

threats, and environmental updates. The comparisons also focus on population-based metaheuristics 

and do not include learning-based or model-based planners such as deep reinforcement learning and 

model predictive control. In future work, we will extend HPKO to dynamic path planning and rapid 

replanning, examine multi-objective formulations for explicitly representing competing mission 

criteria, and investigate adaptive parameter control. Comparisons with other planning paradigms will 

provide a broader assessment of its applicability under realistic UAV operating conditions. 
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    𝜒  j ( t )


    J thr =  {      ∑  k = 0  N − 1    L  k   ∫ 0 1    ∑  j = 1    N  t    𝜒  j ( t )    [ max ⁡ ( 0 , 1 −     d  j  (   𝐏  k  ( t ) ) −   R  j    b  t h ) ] 2 ,  if the path is threat-feasible,     J INF ,  otherwise .


   ℓ  k


  k


    b th = 5


  z  (   x  k ,   y  k )


    𝐏  k


   h  c l r


   h min ( k ) = z  (   x  k ,   y  k ) +  h  c l r


    𝐏  k


    J  alt =   ∑  k = 0  N     𝜓 h (   z  k ,  h min ( k ) ) ,


    𝜓 h ( ⋅ )


    𝜓 h (   z  k ,  h min ( k ) ) =  {    0 ,   h min ( k ) ≤   z  k ≤  h max ,   (   z  k −  h max  ) 2 ,    z  k >  h max ,     J INF ,    z  k <  h min ( k ) .


    J  sm =   ∑  k = 1  N − 1   {   𝛼  𝜓    [ max ⁡ ( 0 ,  |   𝜓  k | −   𝜓  m a x ) ] 2 +   𝛼  𝜃    [ max ⁡ ( 0 ,  |   𝜃  k | −   𝜃  m a x ) ] 2 } ,


    𝛼  𝜓


    𝛼  𝜃


    J  sm


   min  {   𝐏 1 , … ,   𝐏  N − 1 }   J =   w 1   J  len +   w 2   J  thr +   w 3   J  alt +   w 4   J  sm ,


    w 1 , … ,   w 4


  D = 3 ( N − 1 )


  D


    𝐱  i  t = [   x  i 1  t ,   x  i 2  t , … ,   x  i D  t  ] ⊤ ,   i = 1 , 2 , … ,   N  p ,


  i


  t


    N  p


    𝐱  i  t


  N − 1


  D = 3 ( N − 1 )


  𝐋 = [   L 1 ,   L 2 , … ,   L  D  ] ⊤ ,   𝐔 = [   U 1 ,   U 2 , … ,   U  D  ] ⊤ ,


  𝐋


  𝐔


    x  i d 0 =   L  d +   r  i d (   U  d −   L  d ) ,     r  i d ∼ 𝒰 ( 0 , 1 ) ,   d = 1 , 2 , … , D .


  f (   𝐱  i  t )


    𝐱 best  t


    f best  t


  i


  r ∼ 𝒰 ( 0 , 1 )


  r < 0 . 8


    𝐱  i  t + 1 =   𝐱  i  t +   s  t   𝝃  i  t ⊙ (   𝐱  j  t −   𝐱  i  t ) ,


  j ≠ i


    𝝃  i  t


    s  t


    s  t


    s  t


  Fit ( j ) / Fit ( i )


  t /   T max


  r ≥ 0 . 8


    𝐱  i  t + 1 =   𝐱  i  t +   𝜎  t   𝛽  i  t (   𝐱 best  t −   𝐱  i  t ) ,


    𝛽  i  t ∼ 𝒩 ( 0 , 1 )


    𝜎  t


  t /   T max


    𝜎  t


    𝐱 best  t


    𝜎  t


    𝐱  i  t + 1 =   𝐱  i  t +   H  t (   𝐱  j  t −   𝐱  k  t ) ,


  j


  k


    H  t


    H  t =   H min + (   H max −   H min )   t    T max .


    u  i d  ( k ) ∈ [ 0 , 1 ]


  i


  d


  k


    u  i d  ( k + 1 ) =  {        u  i d  ( k )  𝛾 ,  0 ≤   u  i d   ( k ) < 𝛾 ,     1 −   u  i d  ( k )  1 − 𝛾 ,  𝛾 ≤   u  i d  ( k ) ≤ 1 ,


  𝛾 ∈ ( 0 , 1 )


  𝛾 = 0 . 5


    u  i d  ( 0 ) ∼ 𝒰 ( 0 , 1 )


    u  i d  ( k )


    x  i d 0 =   L  d +   u  i d  ( K ) (   U  d −   L  d ) ,


  K


  K


  𝐋


  𝐔


    𝐱  i  t


    𝐱  i op = 𝐋 + 𝐔 −   𝐱  i  t .


    𝐱 best  t


    𝐱  i rf ( t ) =   𝐱 best  t + 𝜂 ( t ) (   𝐱  i op −   𝐱  b e s t  t ) ,


  𝜂 ( t )


    𝐱  i  t ,     𝐱  i op ,     𝐱  i rf ( t ) ,


    𝐱  i  t + 1 = arg ⁡  min  𝒛 ∈  {   𝐱  i  t ,   𝐱  i op ,   𝐱  i rf ( t ) }   f ( 𝒛 ) .


      x ˜  i d = min ( max (   x  i d ,   L  d ) ,   U  d )


  𝐲


  d


    S  d =   U  d −   L  d


      y ˆ  d =   L  d + mod ( |   y  d −   L  d | , 2   S  d ) ,


    y  d ref =  {        y ˆ  d ,      y ˆ  d ≤   U  d   2   U  d −     y ˆ  d ,      y ˆ  d >   U  d .


  [   L  d ,   U  d ]


    𝐱 best  t


    𝐲 new =   𝐲 ref + κ (   𝐱 best t −   𝐲 ref ) ,


  𝜅


    v  d = max ( 0 ,   L  d −   y  d ,   y  d −   U  d )


    S  d =   U  d −   L  d  


      v ˆ  d =   v  d /   S  d


  𝜅 = m i n (   𝜅  m a x ,  1  D   ∑  d = 1  D      v ˆ  d ) ,


    𝜅  m a x = 0 . 9  


  D


    𝐱 best  t


    𝐱 best  t


    𝐲 ref


    f best  t =  min  1 ≤ i ≤   N  p f (   𝐱  i  t )


  𝒳 =  { 𝐱   ∈ ℝ D ∣ 𝐋 ≤ 𝐱 ≤ 𝐔 }


    f


  𝒳


  𝒳


    f best  t + 1 ≤   f best  t ,   t = 0 , 1 , … ,   T max − 1 .


  {   f best  t }


    N  p


  D


    T max


    C  f


  O  (   T max   N  p ( D +   C  f ) ) .


  O  (   T max   N  p ( D +   C  f ) ) .

