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Abstract: This study examines the synchronization issue for memristive recurrent neural
networks (MRNNSs) subject to random disturbances. Asymptotic synchronization and mean-square
synchronization can be realized via the fuzzy adaptive strategy, whose adaptive rules are designed
for the controller of the slave system, allowing iterative updates of its connection weights. The
established synchronization criteria are applicable to various disturbance scenarios. Finally, the
validity of the synchronization results are verified via multiple examples, further demonstrating that the
proposed model with fuzzy adaptive strategy achieve higher SMD2 than 3-GMM and CNN in image
enhancement. For the denoising of color images corrupted with noise intensities of 0.02 and 0.05, the
proposed model yields higher EME and PSNR (over 30dB) values than BM3D, and its SMD2 values
are closer to the original-image counterparts.
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1. Introduction

The memristor is a new type of circuit element, dubbed a resistor with memory, because its
resistance is not fixed but determined by the cumulative charge that it has accumulated (see [1]).
Owing to its distinctive properties, such as nanoscale dimensions and memory capability, the
memristor has found widespread application. For instance, it can act as a synaptic weight that
relates voltage to its feedback function in artificial neural networks [2]. As a result, the memristor
can be constructed in various architectures, including Hopfield networks [3, 4], cellular neural
networks [5], BAM networks [6—8], Duplex networks [9], and others, which are collectively referred to
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as memristive neural networks (MNNs). The complex structure of MNNs gives rise to rich dynamical
behaviors, which facilitate the realistic simulation of human brain activities [5]. Moreover, the
authors have revealed that improved mechanisms of MHNNSs can generate diverse chaotic phenomena
including multi-butterfly attractors, which exhibit promising prospects for engineering hardware
implementation [4]. To effectively emulate synaptic activity or track the transmitted signal, it is
essential to study the synchronization behavior of MNNSs.

In terms of dynamic differential characteristics, MNNs can be broadly categorized into discrete
impulsive MNNs and discontinuous switched MNNs, which exhibit distinct differences in dynamic
characteristics and control complexity. For discrete impulsive systems, researchers have focused
on sudden emergencies arising in biological population evolution, disease prevention, and signal
transmission [10-18]. For example, Liu et al. [13] addressed new stability analysis for nonlinear
hybrid systems featuring both switched impulsive dynamics and control inputs. The authors in [14]
further investigated a hybrid impulsive system characterized by abstract nonlinear mappings and
established some ISS results. In addition, based on the theory of differential inclusions, impulsive
effects have also been incorporated into neural network models [15, 19-22]. Nevertheless, discrete
impulsive-driven neural networks require complicated discrete control strategies to suppress impulsive
disturbances, which greatly increase the difficulty of dynamic modeling and synchronization control
for such systems. By comparison, these switched network models allowed for continuous signal
transmission and supported event-triggered communication [23]. For a class of stochastic MNNSs, the
authors in [24,25] designed two different control strategies to synchronization results. In recent years,
researchers have studied finite-time and fixed-time synchronization of NNs to satisfy the requirements
of deadline-constrained control systems. Zhou et al. adopted stochastic MNNs with coupling
terms to realize fixed-time synchronization [26,27]. The authors derived fixed-time synchronization
conclusions for Kuramoto-Oscillator networks in [28]. They further explored event-triggered fixed-
time synchronization and energy consumption properties of convolutional neural networks with
stochastic disturbances in [29]. For discontinuous NNs, Zhang et al. obtained tighter bounds on the
settling time in [30]. Furthermore, such systems are investigated in the complex domain to analyze the
finite-time synchronization [31-34]. Meanwhile, a characteristic approach is introduced in MNNs to
investigate their stability [7,8,35].

Among the above investigations on synchronization, the main control strategies adopted include
impulsive control [10, 12, 20], finite-time control [11, 36, 37], sliding mode control [31], event-
triggered control [29, 34, 38], and adaptive control [22, 24, 25, 27, 39, 40]. Their main distinction
lies in control actuation manners and handling capability. For instance, finite-time control prioritizes
settling time. Meanwhile, event-triggered control prioritizes responding to unexpected events. In
turn, adaptive control is mainly utilized to handle the uncertainties or unknown nonlinear terms of
the master system. In general, controllers for these strategies mostly are adaptive. The researchers
in [29] designed adaptive controller with fixed gains to achieve fixed-time synchronization via event-
triggered mechanism. While the researchers in [25] investigated differences between other feedback
controller with fixed gain and adaptive controller with adaptive rules in settling time. It turns out that
the adaptive strategy enables the synchronization errors to converge more rapidly. Since the gains of
fuzzy adaptive strategy can be updating automatically. Moreover, its adaptive rules enable adaptive
controller to possess favorable convergence performance. Consequently, T-S fuzzy adaptive strategies
have obtained more opportunities to be designed to solve the synchronization issue for MNNs [41,42].
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At present, for memristive recurrent neural networks (MRNNSs), since their weights are state
dependent and exhibit discontinuous switching behaviors, the theory of differential inclusions
is generally adopted to establish the corresponding synchronization conclusions [37, 42, 45, 46].
Moreover, the weights of their slave systems are fixed or rest on the structural information of weights
in the master system. Synchronization results derived in such a way necessitate extra constraints
on the activation functions, such as the activation functions satisfying f;(0) = 0,g; = 0 [30, 38],
fi(£xA;) = 0,g:(xA;) = 0 [46], and the boundedness condition [40]. While uncertain slave systems
with synaptic weights updated by adaptive control rules have the capacity to handle the activation
function only satisfying the local Lipschitz condition, the adopted controller is a T-S adaptive strategy
with adaptive rules [39]. The T-S fuzzy strategy is able to handle the synchronization problem
effectively because of its insensitivity to parameters variation, which possesses a better robustness.
However, synchronization results derived via the T-S fuzzy strategy may impose extra assumptions
concerning the prior knowledge of external disturbances, for instance, boundedness constraints or
feasibility only under specific scenarios. It is still a challenge for T-S fuzzy adaptive strategies to
derive synchronization criteria where slave-system weights exhibit weaker reliance on master system
information, especially under incomplete prior information of external perturbations, stochastic noise
in particular. In future investigations, it is important and necessary to design an excellent adaptive
controller to resolve synchronization problems with lower conservatism.

Inspired by the above discussions and referring to the method in existing literature, the delayed
MRNNSs with random disturbances are established to realize two different types of synchronization via
the T-S fuzzy adaptive strategy. The central thesis of this paper is supported by several contributions.

e Compared with [24,27,39,47], the applicable disturbance scenarios are generalized in this paper.

e Two adaptive controllers are designed for the delayed MRNNs subject to random disturbances,
achieving both asymptotic synchronization and mean square synchronization. The control gains and
the weights of slave system can be explicitly computed. Adjustment schemes for control parameter
k; and for control parameter h; are developed, whereby certain robustness of the designed adaptive
strategy is demonstrated against estimation errors in the disturbance bounds.

e This paper shows that the proposed MRNNs with fuzzy adaptive strategy can be utilized for
image-processing applications. Compared with several other existing algorithms, the proposed model
exhibits some favorable denoising-fidelity performance relative to BM3D.

2. Problem description

2.1. MRNNs with arbitrary deterministic disturbance

In this section, we consider the delayed MRNNs with deterministic disturbance. The disturbance is
arbitrarily selected.

$i(t) = —ci(si(0)si(1) + Z Dij(s;(0))D;(s;(2)) + Z qij(sj(O)¥(s;(t —9(1))) 2.1
J=1 j=1 .

+ 1, +6;(1),i € Z*,

where s5;(f) € R is the state of neuron i, ¢;(s;(t)) = cy; if 5;(¢) < h, otherwise ¢;(s;(1)) = cz;, ¥;(2) satisfies
0 < 9(r) <7, and ﬁj(t) < 19 < 1 (79 is a known constant). [; is an external input, and 6;(¢) is an
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arbitrary disturbance. The connection memristive weights p;;(s;(¢)) and g;;(s;(¢)) satisfy

pij(s(1) = { by 18,01 < A,

qij, 15Dl < A,
D ii\S; 1)) =
Dijp  Is;(O1 > Ay, qij(s;(1)) {

dij» 5Ol > A,

where the switching jump A; > 0, pi;, Pij, ij, ¢ij are all known constants, and s;(0) = ¢i(0) €
c'([-1,0],R") is the initial condition. The activation functions ® 5»Pi(j € Z%) satisfy the following
assumption.

Assumption 1. Vx,y € R,x # y, there exist M;l) > 0, M;Z) > 0, > 0,/; > 0 such that
@1 < MV, 1%, < M and

[©,0 - @, | [¥w - %0

lx =yl T e -yl -

Assumption 2. Assume that 6;(¢), o7i(¢) satisfy |6;(t)] < 0;,|oi(t)| < &;, where 0; and &; are positive
constants.

For the purpose of managing nonlinear control systems, the memristive weight c;(s;(¢)) is taken into
account to describe some fuzzy piecewise functions. Following the approach in [39], system (2.1) is
transformed using fuzzy IF-THEN rules into the following form

$i(1) = —212:1X1i(l)clisi(f) + Z pij(s;(0)D;(s;(1)) + Z qij(sj(O)¥;(s;(t —9(1))) 22)
Jj=1 j=1 .

+ I; + 6;(1),

where
0, si(t)<h,

“wz{L s:() > h.

Definition 1. [48] For the discontinuous differential system

dx(t)
PTRIREAGRY (2.3)

the associated Filippov set-valued maps F : R x H" — H",

Ft,0= () (] colfBX.6)\ N, 2.4)

550 p(N)=0

where B(x,0) is a punctured ball. A function x(#) qualifies as a Filippov solution on the interval

[0, TI(T € [ty,+00)) if it is absolutely continuous and satisfies x(0) = x, % € F(t,x), for a.a.
te[0,T].
As shown in Definition 1, we obtain set-valued maps in this part
Pijs ls; (O] < Aj, qijs Is;(0)] < A,
colpij(sj))] = qcolpij, Pijl, 15Dl = Ay, colqij(sj(O)] = {colgij» i), |si(DI = A,
ﬁij’ |Sj(l)| > Aj, Z[ij’ |Sj(f)| > Aj.
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Then, a reformulation of system (2.2) leads to

$:(1) € = X xa(Dcisit) + Z co[p;j(s;(D)]D;(s;(1))

J=1

+ Z colq;j(s; (O (s;(t — 3(1)))) + I; + 6;(0).

=

(2.5)

Based on differential inclusion theory, the master system (2.2) belonging to the closure of
differential sets can be effectively tracked by the following slave system

50 = = SLoensi ) + . pi(n®(50)

=

£ O E = D00 + I + ui(a).

=

(2.6)

Let r;(t) = 5i(t) — 5:(t), ri(t = 9:(¢)) = §:(t —9:(¢)) — 5;(t —9;(¢)). The error system between the MRNN’s
(2.2) and (2.6) can be written as

ii(t) = —212:1/\/11'(1)%'”:'(1) + Z (Pij(f) - Pij(Sj(f))) D;(5,(1)).
j=1
+ D i D0, 5,0) + D qii(s, OVt = B5(0), 55 = 9,(1) @.7)
J=1 j=1

+ Z (qij(t) - qt‘j(sj(f))) Wi(5;(t = 9i(0)) + ui(r) — 6,(2),
=
where

D,(3,(1), s;(1)) = ©;(5;(1)) — D,(5,(1)),
(35— 9,(1)), s,(t — D (0)) = W;(5,(t — (1) — ¥, (s,(t — F,(D))).

2.2. MRNNs with white noise disturbance

We extend the above model to the white noise case and propose a stochastic memristive neural
network

dsi(t) = [—c,-(sl-(t»si(r) £ Dis O (s(0) + > qiy(s(1)
Jj=1 Jj=1 (2.8)

X W (5t — 9,(1))) + L-)dt + o) dwi(D).i € T+,
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where the Wiener process w;(f) satisfies Ew;(f) = 0, Ewiz(t) = 1,Ewi(H)w(t) = 0 # j) and o(?)
denotes the noise intensity. Based on Definition 1, system (2.8) can be transformed into

dsi(t) € (—212=1X1i(f)clisi(f) + Z co[pij(s;j(D)D;(s;(1))]
) ! (2.9)
+ Z CO[qij(Sj(l))]\Pj(Sj(t - ’ﬂj(t))) + I; dt + O'i(t)dw,-(t).

j=1
The slave system (2.6) is adopted to realize the tracking of the master system (2.8). The error system
between the stochastic MRNNs (2.8) and (2.6) can be described as

dri(t) = [_212=1Xli(t)cliri(t) + Z (Pij(l) - Pij(Sj(f))) D;(5(1)

J=1

+ Z Pij(Sj(l))(i)j(fj(t), si(0) + Z Qij(Sj(f))‘Pj(§j(l —(0), s;(t —9(1))) (2.10)
J=1 Jj=1

+ Z (%j(f) - Qij(sj(l))) Wi(5;(t = 9(0)) + ui(?) |dt — oi(t, 5(1)))dw;(2).

j=1
For the purpose of proving synchronization of the MRNNSs, Proposition 1 is stated below.

Proposition 1. [49] For an autonomous system x = f(x) with continuous f and a C' scalar function
V(x) : R" > R, assume that

(1) V(x) is radially unbounded,

(2) Vx(t) € R", V(x(1)) < 0.

Therefore, all trajectories x(f) ultimately approach the set M as t — oo, where M is the maximal
invariant set contained in S = {x € R" | V(x(¢)) = 0}.

3. Main results

In this section, an adaptive controller is designed to ensure the MRNNSs with arbitrarily deterministic
disturbance asymptotic synchronization. Specially, an updated adaptive strategy is provided for the
stochastic MRNNSs.

3.1. Synchronization under arbitrarily deterministic disturbance
The following criteria can be established if the adaptive controller u;(¢) is given as

ui(t) = ni(Orir) — kisign(r(1)), 3.1

where k; > 0 is a tunable parameter and 7;(¢) satisfies
(1) = —plri(ol,

the connection weights p;;(?), ¢;;(t) are updated by

Dij(t) = —©;(5;(2))sign(r(1)), (3.2)

ij(1) = =¥ ;(5,(t = 9;(1)))sign(ri(1)). (3.3)
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Remark 1. For the controller (3.1) with adaptive rules (3.2) and (3.3), the parameters n,(t), sign(r;(t)),
and ©;(5(1)), ¥ ;(5;(t—19,(t))) can be computed easily, and k;, u; are known. The automatic control gain
n:(t) can be adjusted by 1,(t) = —u;|ri(t)|. In addition, the connection weights p;(t), q;j(t) of the slave
system (2.6) can be updated by adaptive rules (3.2) and (3.3). Similar to [42], the fuzzy adaptive
strategy with tunable parameter k; is designed for MRNNs (2.1), which differs from [39]. Moreover,
the lower bound of k; can be increased according to 6; + Z?:l(ﬁij _ Bij)Mﬁ_l) + Z;?:I(q,-j - gij)Mj'Z) + ||r||§
in the presence of estimation error for the disturbance bound 6;. This is of great importance for
synchronization considering bounded disturbance.

Theorem 1. Suppose that Assumptions 1 and 2 hold. The global asymptotic synchronization of the
MRNNs between (2.2) and (2.6) under controller (3.1) with adaptive rules (3.2) and (3.3) can be
realized, where the control parameter k; > &; + 2i=1(Pij — p']‘)M;l) + 201Gy — f]‘,)MEZ)-
) —l]
Proof: A Lyapunov-Krasovskii functional is constructed as follows
- 1 ~ 1
ZCEDY {m(m #3010+ O+ D 5(py) = pip”
4 J:1

i=1
1
+ Z] E(Qij(t) - C_Iij)z} +
=

where p;; = max {|pil, [Bil} - Gij = max {|gi/1. 11}, and O > 0,¢" > 0,i, j = 1,2,....n
By calculating D" V(¢), under the controller (3.1) with adaptive rules (3.2) and (3.3) and Assumption
1, we obtain

(3.4)

n
(€))

i

Iri(6)d6,

03 1=9;(t)

DV =) {n(r)szgn(n(t» + —(m(t) + O () + Z(pum Pij)pii(t)

i=1 j=1

1
+ Z(qum q,»qu(r)} @ ()] = ri(e = I = B,(0)))

< Z { S Oclro] + Z pifilri ()] + Z Gifljlrj(t = 9,(0) (3.5)
j=1
+ Z(ﬁi,- —p M+ Z(qi,- =g )M ki +15:0] = ;" Ir(1)
J=1 j=1
1 .
oo (il = I = a0 (1 - z%(t)))} .

Under Assumption 2, we have |6;(f)| < 9;, so we select the parameter k; in the controller (3.1) such
that k; > 9; + Zf}zl(ﬁij - £~)M3U + Zj?:l(qij - Q._)Mﬁz). Because of 3:(f) < 1y < 1, one has

D*V() < Z {( N Z ii—¢; - @f”] Iri(0)
+ (Z gl - goﬁ”] It - 0i(t))|} ,
j=1

AIMS Mathematics Volume 11, Issue 9, 28097-28120.
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where p._= min{p;l, 17} g, = min {14, 1,1}, and ¢, = min {ley . lex).

The selected gal(.l) satisfies
(pgl) > Z jSli- (37)
=1

With gol(.l) chosen according to inequality (3.7), one can select ®§1) that satisfies

=~ 1
®§1) > ijifi + 1 ‘PEI) -G (3.8)
=1 o

It is ensured that D*V(#) < 0, and the equality holding is equivalent to r;(r) = 0.

In accordance with Proposition 1, r(t) = (r(¢), r2(¢), ..., r,(t))" converges to zero as t — co. This
result demonstrates that the MRNN systems described by (2.2) and (2.6) achieve global asymptotic
synchronization.

Remark 2. Here, 9051) and @l(.]) are arbitrary constants of the Lyapunov-Krasovskii functional (3.4).
In Theorem 1, 9051) and ®§1) satisfying inequalities (3.7) and (3.8) can be realized easily. In contrast
to [40, 50] that assume bounded activation functions, the designed fuzzy adaptive strategy can ensure
that the weights of the slave system are updated automatically, so the synchronization result is free of
constraints on the parameter values of the master system.

When the disturbance 6;(f) is unbounded or grows linearly, it is difficult to guarantee the
synchronization of the master-slave system if the control parameter k; is selected according to the
scheme given in Theorem 1. For this case, the following assumption is introduced to achieve
synchronization result similar to Theorem 1. Considering 9;(f) depends on time ¢ and s;(f), we use
the notation 6;(t, s;(¢)) instead.

Assumption 3. Yx,y € R, x # y, there exists p; > 0 such that the disturbance 6;(z, .) with initial value
0;(0, 5;(0)) = 0 satisfies
6:(t, ) = 66, )] _
lx =yl o
Hence, k; needs to be updated and depend on the state of the slave system. We set

ki = piSi(0) = 5O + ) (P = p )M + 3 (@i~ 4, )M (3.9)

J=1 J=1

Theorem 2. Suppose that Assumptions 1 and 3 hold. The global asymptotic synchronization of the
MRNNs between (2.2) and (2.6) under controller (3.1) with adaptive rules (3.2), (3.3), and (3.9) can
be realized.

Proof: Similar to Theorem 1, we choose the Lyapunov function V(¢) from Theorem 1. From
Assumption 3, we have

0,(2, s;()| = 10:(¢, 5:(1)) — 6:(0, 5;:(0))| < pilsi(?) — s;(0)|.

By virtue of inequality (3.5), it suffices to derive

ki + 101, )| = = piSi(D) = O + 16t 5O = Y (i = p IM{" = > (@i~ g )M

J=1 J=1
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<plrdl = ) (P = p )M = ) @i - g, )M
Jj=1 J=1

Hence, we only need to reselect ®§1) > Z?: | Pji&i + 1 _ITO 9051) +p; — ¢, to ensure D*V(1) < 0.

Remark 3. Here, s5,(0), 5:(t) can be obtained from the master-slave MRNNs (2.2) and (2.6), so the
fuzzy adaptive controller (3.2) with (3.9) can be implemented based on [42]. In Theorem 2, we extend
the deterministic disturbance 6,(t, s;(t)) to satisfy 6;(0, s;(0)) and the local Lipschitz condition, which
implies that 6,(t, s;(t)) can be unbounded. This reveals that the incorporation of adaptive rule (3.9)
enables controller (3.2) to cope well with the robustness induced by disturbance. Compared with [39],
the established synchronization results possess wider applicability.

3.2. Synchronization under white noise disturbance

In this part, the updated controller for the stochastic MRNNS is designed.

ust) = =D+ £)sign(ri() — ~2(m - DD _ 4 cion(ri)), (3.10)
m 2 lri(H)] + &

where € > 0, h; > 0,d; > 0 are tunable parameters and 7;(¢) satisfies
() = —p(Iri (@] + &)™,
and p;(t), q;;(¢) are updated by

pif(t) = =0 S {)(Ir0)] + &)™ Vsign(ri1)), (3.11)

Gif(r) = =¥ (3,(t = I ri(O] + &)V sign(ri(0)). (3.12)

Theorem 3. Suppose that the Assumptions 1 and 2 hold. The stochastic MRNNs between (2.8) and
(2.6) under the updated controller (3.10) and adaptive rules (3.11) and (3.12) are synchronized in
mean square, where the control parameters h; > &;,d; > Z;Ll(ﬁ,-/ - pj)M;U + Z;;] (Gij—q. ')ME'Z)'

‘ - —ij

Proof: A Lyapunov-Krasovskii functional that differs from the previous candidate should be
established for the considered stochastic system

n 1 n
Vi =) {(|r,~(z>| +8)"+ - (m + OP) + 3 T~ i)

i=1 i =1

(3.13)
N m _ 1 n t i
+ ; E(qij(f) - (Iij)Z} + T-1 ; SD,Q) f (|ri(0)] + &)"d6.

t—1i(1)
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Applying It6 isometry yields

n

LV = Ym0l + &)™ Vsign(ri0)(~ S, xaOeir(0)

i=1

+ Z Pii(s;O)D;(5;(D), 5,(0) + Z (Pij(f) - Pij(Sj(t))) D;(5;(1))
J=1 j=1

+ Z Qij(sj(t))q"j(§j(t = 1(2), si(t —9;(1))) + Z (Clij(f) - C]ij(Sj(f)))
=1

=

X3 = 9500 + (1) + ,%(’7'“) + O )i(1) + Jzz;m(pij(t) — By o
* Zm(‘lv“) ~ 3i)if(0) + %m(m = Do (Iri(o)] + &)™
+ 1_1—70 ; o2 (U] + )" = (Irt = 9| + &)"(1 = B(1))).
Under the controller (3.10) with adaptive rules (3.11) and (3.12), and Assumption 1, one has
LV < Z”; {m(|r 0]+ (Zn; Pijlri0l + ZH; Gijljlrj(t = 3O = ¢lri()|
= J= =
’ JZ@ = pIM; + Z@J —q, )M} - di) — 0P (I ()] + )" + %m(m -1 (3.15)

1 ,
X0 = O]+ &)™ + 1=l (0] + &) = (it = 9(e)] + £)"(1 z%(t)))} .

1 -

According to Assumption 2, we select the parameters d;, h; in the controller (3.10) such that d; >
Z’}:](ﬁ[j - p,j)M;” + Zﬁzl(q,-, - qH)M;z),h,- > 7. As 9,(t) < 79 < 1 and & > 0, one has
—i . —ij

n

OEDY {—mg,.m(mm + (1-;70‘”52) - @5”) (rD] + &)"

i=1

= @2l = GO + > mpigro] + &) V(o) (3.16)
j=1
+ > mail (o] + )" Olry(e - ﬁ,~(t))|} :
j=1

In fact, it is readily apparent that the inequality below is invariably valid

maay...a, <ay +ay +...+a,, a=>0, i=12...,m (3.17)

m> -
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We can get

> mpig o) + e Ir(0)l
j=1
m—1

—Z (;;'15"”<|rl<t>|+e>) By " E )

ma;

_m(l-a;;) .m(1-p;; m
<<m—1>Zpl;“ef'”'<|rl(t>|+s) +Zplf PE o),

J=1 J=1

D mal (ol + &)™ (e = 9,(0)

j=1
. m—1
= Z (q,, T (o] + s>) 7 LT (RN ()]

m/ llj myjj

<(m-1) Z gz I (o) + )" + Z gt

X |ri(t = ﬂj(t))l .
Substituting Eqgs (3.18) and (3.19) into inequality (3.16), we get

- : _m(1-aji) gm(1-Bi) (A" 1_ @
LV() < Z {[Z Py ¢ mgi] (" + (1 e

i=1 \\j=1

maj j mﬁlj /Itj myjj
+ (m _ 1) Z( lr]n lé‘_‘m 1 + qm llm 1) ®§2))(|7’I(I)| + 8)’71
j=1
- _m(1-2;;) ym(1=y m
+[Z gy T - wEZ’Jlri(t— 3,00 }
=1

The selected 9052) satisfies
n
_m(1-2;) p(1—yji
(P§2)> qM( ;)ZM( 7,)
=1

With gol(.z) chosen according to inequality (3.21), one can select @lgz) satisfies

ma;;  mB;; ma;;  my;
@ [ 5t gt At et
0P > (m DB er +q7 I

1 s 5.
(2) _m(l-aj;) m(1-B;i)
+ 1-— (pl ' Jji ! é_’l” ’

- mgi‘ .

From inequality (3.22), one has

magj  mpij mdj o myjj 1 2) (2)
Z(m—l) piE vy |+ pe? -6 <0,
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so inequality (3.20) can be reduced to

[N imag gr-s I o
LV < ) {[Z P e me; + ¢,

i=1 \\j=1

n majj % m myij
+Hm=1) ) (p,f;' & gl ) - @52)} rio)” (3.23)
j=1

J=

N [ Z q;(;(l—ajf) l:n(l—m _ 9052)) |ri(t — ﬂi(t))lm} -

J=1

Combined with inequalities (3.21) and (3.22), it follows that LV(f) < 0. Obviously, we obtain
E[LV(?)] < 0. Then, we have E[dV(?)] < 0. Hence, the stochastic MRNNs between (2.8) and (2.6)
under the updated controller (3.10) and adaptive rules (3.11) and (3.12) are globally synchronized in
mean square.

Remark 4. In Theorem 3, 9052) and ®§2) satisfying the conditions of (3.21) and (3.22) can be easily
obtained. Compared with the previous stochastic MNNs [24, 27, 29,47 ], the boundedness condition of
noise may be more conservative than the local Lipschitz condition. However, the main advantage of
this paper lies in that the weights of the slave system are independent of the master-system weights and
noise model structure, and can be updated automatically. Moreover, by statistical estimation based
on real-time system operation data and sensor sampling data, the upper bound of noise density can
be obtained in scenarios where disturbance amplitude is constrained by hardware devices, output-
power limits, and operating ranges. The lower bound of the controller parameter h; can be increased
according to o; + ||r||%, which implies that the bound of noise intensity is allowed to exist collection
error. The proposed fuzzy adaptive strategy may enjoy favorable performance.

Remark 5. Here, it is difficult to handle noise intensity o(t) satisfying the local Lipschitz assumption,
which brings considerable energy loss of the controller. Currently, if we use the stochastic slave system
and o(t,-) satisfies the Lipschitz condition, synchronization can be achieved. In future work, we will
focus on weakening the assumptions imposed on noise and designing effective controllers, so that the
synchronization of stochastic systems can adapt to a broader range of scenarios.

4. Simulation results and analysis

4.1. Synchronization simulation
To better illustrate the synchronization results of the MRNNSs, two examples are provided.

Example 1. Consider the MRNNs (2.2) and (2.6) with the following parameters:

t

Di(si()) = sin(si(0)),  ¥ilsi(1)) = cos(si(r),  9i() = ——
I;=02,i=1,2, 0;(t) =1.25co0s(1.67)sin(s2(t)), 02(¢) = 3.25 cos(1.6¢) sin(s;(?)),

1.3, s1(t) <0, 0.009, s2(r) <0,
0.9, s1(r) >0, 0.013, s2(1) >0,

. 1
T=1, ﬂi(t)STO:Z<1’

ci(s1() = { c2(82(0) = {
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putsier= {8 POEL sy {2 P0=
PZ‘(S‘(”)‘{L ::Eg:i p”(sz(t))_{los :zig:i
O e T o
e W

Obviously, we can get p;; = 1.8, p1p = 2.8, p21 = poo = g = 1, g1 = 1.5,G12 = 2.8,421 = 0.6, P,

15312 9, 25191 pzz—qll—qzz—OSq =04,¢, =09,¢c, = 0.009. Theselected

&E=L=1 M(l) M(z) = 1,6, = 1.25,6, = 3.25 are easy to verify Assumptions 1 and 2 are satisfied.
From 1nequa11t1es (3.7) and (3.8) in Theorem 1, we calculate g + g2 = 2.1 and g1 + gon = 3.8
yield gogl € (21 +00), go(l) e (3.8, +oo) For convenience <p = 24, <p(1) 3.9, we derive @ﬁl) >
puér+pnér+ — 90(11)_2 =51, ®( > poé&s +p22§2+ o 502 —c2 = 8.991. Therefore, the conditions
of Theorem 1 hold.
For the simulations, let s;(0) = 4, 5,(0) = 6, §,(0) = rand, §,(0) = rand be the initial states of the
MRNNSs (2.2) and the slave system (2.6). Set p;;(0) = 0.01 and g;;(0) = 0.01 as the initial states of

the adaptive rules (3.2)—(3.3), and k; = 0; + Z?zl(plj - EU)ME‘I) + Z;?zl(qu - fllj)ME‘Z) =285,k =
0y + Z?: (P2 — 1_72]')M;l) + Z§:1(512 i— c_]zj)Mﬁ.z) = 4.05,n;(0) = rand, i; = 0.005 as the initial parameters
of the controller (3.1). The simulation results are depicted in Figures 1, 2, 5(a), and 5(b).

From Figure 1, it is observed that the phase trajectories of the MRNNSs (2.2) are chaotic and the
state variables are unstable. Meanwhile, it also shows that the synchronization errors r;(f) converge to
zero. Figure 2(a) shows that the parameter 7;() tends to be stable, which ensures that the controller
(3.1) operates in a stable state (see Figures 5(a) and 5(b)). Besides, Figures 2(b) and 2(c) show that
the states of adaptive rules (3.2)—(3.3) vary continuously. This illustrates that the weights of the slave
system (2.6) are updated automatically. The above results demonstrate that the MRNNs (2.2) and the
slave system (2.6) achieve favorable asymptotic synchronization under the designed controller without
excessive energy loss.

7 2

— 1)
— 1 (1)

6 — 1) 0

7 4
T Y

§ s 3
2

45 \

3
si(t) t t

(a)a (b) b (©c
Figure 1. (a) The phase trajectories of MRNNs (2.2); (b) The states of MRNNs (2.2); (c)
The errors of MRNNSs (2.2) and (2.6).
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06

(@) a (b) b (©c
Figure 2. Trajectories of the adaptive parameters: (a) n;(¢), (b) p;;(?), (¢) gi;(¢),i,j = 1,2 in
Example 1.

Example 2. Consider the stochastic MRNNs (2.8) with following parameters:

o(t) = 0.8 cos(1.67) sin(s,(?)), o0(r) = 1.2 cos(1.6¢) sin(s(?)),

L @<, )L sl <
Pp12(s2(2)) = {0.9, 50| > 1. P2(s2(1)) = {—0.8, 520 > 1.

0.3, Isi(l =<1,
0.2, [s1(0)]>1.

25, [0l <1,

q12(s2(2)) = {2'2, 50| > 1.

g (s1(2) = {

and all other system parameters stay consistent with Example 1 without any adjustments.

Similarly, we can easily calculate p;; = 1.8, p1p = 1, po1 = 1, por = 1, g11 = 1.5,G12 = 2.5,¢21 =
0.3,@22 = 1, 91 = 0.9,£2 = 0009, f,' = li = 1,0_'1 = 0.8,0'2 =1.2. NOW, let m = 2,/11']' =7%ij = @ =
Bii=0.5, and set y; = 0.006,6 =0.2,h; =0.8,h, = 1.2,d, =2.3,d, = 0.7.

From inequalities (3.21) and (3.22) in Theorem 3, we calculate Z?:] qﬁ(l_ﬂﬂ)l:"“_”‘) =g +qgo =
1.8, Z§:1 5172(1_1"2)1';(1_”2) = G12+qa = 3.5, yielding 90(12) € (1.8, +0), So(zz) € (3.5, +0). For convenience,

1,0(12) = 2.1,(p(22) = 36, we derive @(12) > ﬁll + q11 + 1312 + 5]12 +

1-19
®(22> > Po1+ o1+ P+ gnt —170 90(22) +|p12 + P2 —mc,| = 10.082. The sufficient conditions of Theorem

3 hold for any parameter chosen within the above interval.
h%sign(ri(t))

The controller (3.10) can be reduced to u;(r) = 0.5n;(t)(|r;(?)] + 0.2)sign(r;(¢)) — 2 OR02)
d;sign(r,(t)), and adaptive rules p;;i(t) = —@;(5;@)(r: (D] + 0.2)sign(r(1)), ¢;j(1) = —¥;(§;(t -
9i(0))(|ri(2)] + 0.2)sign(ri(t)), where n,(¢) satisfies 7;(1) = —p;(Iri(2)| + 0.2)>. The simulation results
are depicted in Figures 3— 4 and 5(b)-5(c).

As shown in Figures 3(a) and 3(b), the trajectories of the stochastic MRNNs (2.8) are chaotic and
the state variables are unstable. Figure 3(c) shows that the errors r(¢), r,(¢) nearly converge to zero.
Figure 4 depicts states of the control gains n;(1), p;;(t), g;;(¢). This indicates that the controller (3.10)
may generate small-amplitude fluctuations. Furthermore, Figures 5(c) and 5(d) show that the states of
the controller (3.10). Compared with the controller (3.1), the controller (3.10) stays within a reasonable
fluctuation range. The above results further support the conclusion that stochastic MRNNs (2.8) and
slave system (2.6) achieve mean square synchronization under controller (3.10) with the adaptive rules
(3.11) and (3.12).

1

¢? + |p1 + par — me,| = 10.6,
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Figure 3. (a) The phase trajectories of MRNNs (2.8); (b) The states of MRNNs (2.8); (c)
The errors of MRNNSs (2.8) and (2.6).
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Figure 4. Trajectories of the adaptive parameters: (a) 1;(t); (b) p;;(?); (¢) gi;(1),i,j = 1,2 in
Example 2.

Cortrolinput
Controlinput

(b)b

Contolinput
Contolinput

d)d
Figure 5. Trajectories of controller: (a) u;(¢) in controller (3.1); (b) u,(¢) in controller (3.1);
(c) u;(¢) in controller (3.10); (d) u,(¢) in controller (3.10).
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4.2. Image enhancement based on MRNNs

In this section, we implement image enhancement and denoising based on the MRNNs (2.8) and
the corresponding slave system (2.6). To better apply the circuit design of MRNNs (2.8) to image
processing tasks, we denote @;;(s;;(¢)) instead of ®;(s;(¢)), which signifies the output of the neuron at
pixel (7, j). Set @;;(s;;j(1)) = s;;(1), and let p; ;. ; replace p;;(s;(t)), which denotes the connection weight
between the neuron at pixel (i, j) and the neighboring neuron at (k, /). Set ¥;(s;(t — 9())) = 0,i,j =
1,2,3. The parameters of controller (3.10) and adaptive rules (3.11) and (3.12) take the same values
as those in Example 2. Here, the standard deviation of the external white noise corresponds to the
noise intensity of the master system (2.8). Subsequently, pixel-intensity features extracted from the
image are adopted as the initial states of the master system (2.8). We compute the coupling weights
between the neuron at pixel (i, j) and adjacent neuron at (k, /) and input them into the master system
for iteration. The iterative outputs serve as the initial states of the slave system (2.6), and the slave
system under controller (3.10) and adaptive rules (3.11) and (3.12) performs iterative evolution. Upon
the completion of iteration, the pixel-intensity features output are used to reconstruct the image.

We evaluate the enhancement and denoising effects of four algorithms, namely the three-Gaussian
mixture model (3-GMM), CNN, BM3D, and our MRNNs. The 3-GMM, CNN, and MRNN:Ss are first
applied to enhance two batches of original images. After adding additive Gaussian white noise to
these original images, a denoising comparison between BM3D and MRNNSs is conducted. The EME,
SMD?2 and PNSR indices from [51] are adopted to evaluate the image enhancement and denoising
performance. All evaluation indices of the four methods are provided subsequently. As indicated by
the overall results, our MRNNS yields weaker contrast enhancement than 3-GMM and CNN, but gains
advantages in sharpness and brightness. Besides, it achieves superior denoising performance over
BM3D on noisy color images.

Example 3. Consider the MRNNs (2.8) with disturbance o;(t) = 0, and

106, Sij(t) < O,

,i,j=1,2,3.
I, sij(t) > 0,

cij(sij(n) = {

We randomly select one color image (Figure 6(a)) and one grayscale image (Figure 7(a)). The 3-
GMM, CNN, and our MRNNSs model are employed to process these images. As shown in Figure 6, the
processed image by MRNNSs is brighter than the original from a visual perspective. Compared with 3-
GMM and CNN, the results obtained MRNNSs have lower EME and higher SMD2 values. From Figure
7, our MRNNS s yields a slightly higher EME but much higher SMD2 than other methods, which may
arise from fine high-frequency artifacts generated during processing. Therefore, our model exhibits
limited advantages for image-enhancement tasks. The corresponding evaluation metrics are provided
in Table 1.
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a b c

Figure 6. Color image bionic enhancement: (a) Origin; (b) 3-GMM; (c) CNN; (d) MRNN:Ss.

Figure 7. Grayscale image bionic enhancement: (a) Origin; (b) 3-GMM; (c) CNN; (d)
MRNNSs.

Example 4. In the MRNNs (2.8), let

1.1, Sij(t) < 0,

s i,j = 172, 37
0.9, Sl'j(t) > 0,

cij(sij(D) = {

and o be the standard deviation of Gaussian white noise.

We feed two original images (Figures 6(a) and 7(a)) into MRNNSs (2.8) to obtain images corrupted
by Gaussian white noise with o = 0.02 (Figures 8(a) and 9(a)). Select controller (3.10) with adaptive
rules (3.11) and (3.12) to denoise the noisy images. Let u = 0.005,h; = 0.05,& = 0.2. Comparative
denoising experiments are conducted between the classical BM3D algorithm and the proposed MRNNSs
model with control strategy (3.10). Combining Figure 8 with the data in Table 1, our model achieves
higher EME and PSNR (over 30dB) values than BM3D, and its SMD?2 value is closer to original image.
From Figure 9 and Table 1, our model achieves a higher EME value than BM3D. Meanwhile, BM3D
yields a considerably higher SMD2 than the original image, and its PSNR is below 30dB. This implies
that BM3D may suffer from distortion for grayscale images.

To demonstrate the denoising effect of proposed MRNNs equipped with control strategy (3.10),
we obtain images corrupted by Gaussian white noise with oo = 0.05 (Figures 10(a) and 11(a)). By
comparing the two groups of images in Figures 10(b)-10(c), and 11(b)-11(c), it can be observed
that the images processed by MRNNs contain fewer background textures and granular artifacts than
that obtained by BM3D. From Table 1, our model yields higher EME and PSNR (over 30 dB) for
denoising the noisy color image, whereas for the grayscale image, only PSNR is improved and the
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remaining metrics are closer to the original image. Experimental results indicate that our approach
achieves certain advantages over BM3D in terms of denoising and fidelity for image-processing tasks.

Figure 8. Color image denoising enhancement: (a) Gaussian noisy (o = 0.02); (b) BM3D;
(c) MRNNSs with control strategy (3.10).

Figure 9. Grayscale image denoising enhancement: (a) Gaussian noisy (o0 = 0.02); (b)
BM3D; (c) MRNN s with control strategy (3.10).

Figure 10. Color image denoising enhancement: (a) Gaussian noisy (o = 0.05); (b) BM3D;
(c) MRNNSs with control strategy (3.10).

AIMS Mathematics Volume 11, Issue 9, 28097-28120.
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Figure 11. Grayscale image denoising enhancement: (a) Gaussian noisy (oo = 0.05); (b)
BM3D; (c) MRNNs with control strategy (3.10).

Table 1. Comparison of the effects of the four enhancement models

No. Index Origin Gaussian 3-GMM  CNN BM3D MRNNS5s

1 EME 14.15 - 17.8 16.67 - 14.81
SMD2 1385039 - 1425163 1229519 - 5703553
PSNR(db) 99 - 35.21 40.77 - 16.10

2 EME 3.62 - 6.14 5.63 - 6.181
SMD2 12578931 - 41643945 15102663 - 129866538
PSNR(db) 99 - 20.99 25.59 - 9.78

3 EME 14.15 101.39 - - 10.01 53.23
SMD2 1385039 59215804 - - 5526064 1692851
PSNR(db) 99 21.93 - - 27.80 31.42

4 EME 3.62 17.40 - - 7.16 9.84
SMD2 12578931 818207001 - - 164611846 24445980
PSNR(db) 99 20.63 - - 26.52 23.34

5 EME 14.15 111.03 - - 34.72 53.33
SMD2 1385039 125563009 - - 96064573 1778532
PSNR(db) 99 18.19 - - 19.02 31.39

6 EME 3.62 35.58 - - 28.78 9.89
SMD2 12578931 1833530179 - - 2736415944 26206290
PSNR(db) 99 17.05 - - 15.23 23.39

5. Conclusions

We have investigated the asymptotic synchronization issue for the delayed MRNNs with random
disturbances using the fuzzy adaptive control method. Two controllers with adaptive rules are designed
to achieve better synchronization of MRNNs. This approach allows the connection weights of the
slave MRNNs to be updated automatically through adaptive rules. The synchronization criteria in
Theorems 1-3 rest on a novel approach grounded in differential inclusions, set-valued maps, and
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the Lyapunov-Krasovskii functional method. This framework sets our results apart from existing
literature. First, the boundedness requirement on disturbance term is extended to the conditions of zero
initial value and local Lipschitz property, and corresponding synchronization results are established
for MRNNs with arbitrary deterministic disturbance. Second, mean square synchronization for
stochastic systems is derived under the bounded white noise condition. Finally, multiple simulation
examples are implemented to check and analyze the synchronization results, thereby improving the
applicability and robustness of the MRNNSs and the related control strategy. Quantitative assessment
confirms the model’s substantial effectiveness in tasks of image enhancement and denoising, with full
experimental data and analysis presented in Section 4. Our future research will prioritize fixed-time
synchronization of MNNs with discontinuous switching, including complex dynamic networks with
semi-Markov jumps. In parallel, we will develop effective control strategies for these systems under
Event-Triggered Communication Scheme. We evaluate the controller performance using the evaluation
criteria proposed in [30].
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