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Abstract: This paper investigated a new, complex, triple-integrable system in two spatial dimensions
called the Akbota-Myrzakulov-Tolkynay-Zhaidary equation (AMTZE). The AMTZE originates from
reducing a larger multi-component geometric spinning system. Aiming to extract some new exact
solutions to the updated family of Myrzakulov-type integrable models, we reduce the triple system to a
third-order ordinary differential equation (ODE) using a traveling wave transformation. Thereafter, we
solved this equation with the modified generalized Kudryashov method. This method uses a rational
solution built from an auxiliary Riccati-type equation. A balancing rule controls the form and the
shape of the solution. We found several families of exact solutions for the complex-valued functions
q(x, y, t), u(x, y, t), and r(x, y, t). These include bright solitons, singular solitons, and mixed wave shapes
written in the form of tanh and coth functions. We emphasize that among the six solution families
obtained, only Family 1.1 yields real frequencies ω and thus corresponds to standard propagating
traveling waves. The remaining five families give imaginary frequencies and represent non-propagating
modes. We presented how the free parameters change the height, width, and speed of the waves.
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Three-dimensional plots, contour plots, and time-evolution plots made these changes easy to visualize.
Our results demonstrated that the method works well on this kind of higher-order, three-dimensional
triple system. This work also provided a clear distinction between physically propagating and non-
propagating solution branches. All the generated solutions have been verified and satisfy the associated
model.

Keywords: AMTZE; Kudryashov method; integrable systems; rational solution; Riccati-type
equations
Mathematics Subject Classification: 35C07, 35Q35, 37K10

1. Introduction

Nonlinear partial differential equations (NLPDEs) are fundamental to advanced mathematical
physics. They characterize waves in fluids, optical fibers, plasmas, and magnetic elements. Linear
equations cannot describe the rich patterns of behavior observed in these systems. Nonlinear systems
can. Because of their exact solutions, solitons are of great importance. A soliton is a form of wave that
keeps its shape, speed, and energy level as it propagates. It even retains its shape after an impact with
another soliton. Identifying new integrable models and generating efficient techniques to solve them
are still ongoing research domains.

Mathematics provides a rich collection of new integrable equations. Many systems arise from the
motion of standard curves and surfaces in a given space. Ratbay Myrzakulov and his collaborators
constructed a large collection of such standardized models. They named several of them after Kazakh
given names: Kuralay, Kairat, Akbota, and others. Each of these models is derived from a geometrical
flow and admits a Lax pair, ensuring standard integrability [1, 2].

The Kuralay equations are a clear example. They come from the behavior of generated space curves
and are essentially identical to generalized Heisenberg ferromagnetic and nonlinear Schrödinger-
type systems [3, 4]. Their soliton solutions have been generated using the Hirota bilinear, Riccati-
Bernoulli and Bäcklund methods [5], modified exponential rational function method [6], modified
auxiliary equation, and Sardar sub-equation approaches [7]. Other studies focused on bifurcation
and chaos [8], Bernoulli sub-equation function method and the Khater-II method [9], the modified
expansion method and the new extended auxiliary equation method [10], and complete qualitative
behavior [11]. Additional work simplified the Kuralay system to M-fractional form and solved it with
some analytically algorithms such as the extended sinh-Gordon equation expansion scheme and the
generalized Kudryashov scheme [12], while additional soliton kinds were reported [13].

The Akbota equation is a second type of integrable equation and is the closest relative of the
model studied here. It is a Heisenberg ferromagnetic-type equation corresponding to the physics of
curves and surfaces. Its conservation laws, Jacobi elliptic solutions, and modulation instability were
studied in [14]. Its dynamical wave pattern was evaluated by Kong and Guo [15]. Soliton solutions
were constructed utilizing the generalized projective Riccati equation procedure, the Sardar sub-
equation approach, and the (G′/G2)-expansion method [16], and later with fractional forms [17, 18].
A closely related model, the Akbota–Gudekli–Kairat–Zhaidary equation, was addressed with the
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(G′/G)-expansion and Paul-Painlevé techniques [19], constructing on the more general Myrzakulov-
Lakshmanan family [20].

The Kairat models form a third classification. They were demonstrated with a proof of geometric
and measurement equivalence between the Kairat-I and Kairat-II equations [21]. Later work developed
optical soliton solutions for the Kairat-X equation [22], the extended rational sinh-cosh method, and
the modified extended tanh-function method for constructing traveling wave solutions to the (2+1)-
dimensional integro-differential Konopelchenko-Dubrovsky equation employed in [23], the analysis
of the fractional Kairat-X equation computationally derived in [24], the extension of the Kairat-II and
Kairat-X models to (3+1) dimensions, identifying Painlevé integrability, lump solutions, and breather
waves in [25].

The AMTZE examined in this paper belongs to this family of mathematically motivated, multi-
component integrable systems. It extends the two-dimensional spatial framework and higher-order
cross-derivative coupling typical to these models. Like its cousins, it admits a zero-curvature (Lax
pair) expression, an infinite set of conservation laws, Darboux and Bäcklund transformations, and
measure equivalents to other well-known systems, including the Wu-Zhang system. The Wu-Zhang
system itself has been addressed using the generalized Kudryashov method [26] and the first integral
procedure under a conformable time-fractional derivative [27].

Recent developments in mathematical physics have greatly advanced our understanding of
nonlinear wave phenomena, with several classical methods being refined to solve integrable models.
For instance, soliton dynamics were analyzed for the (3+1)-dimensional Gardner-Kadomtsev-
Petviashvili model to describe pulse propagation in single-mode optical fibers [28]. In a related
study, the (2+1)-dimensional integro-differential Jaulent-Miodek equation was investigated to derive
new exact and analytic traveling wave solutions [29]. Building on these efforts, a straightforward yet
efficient semi-analytic method was developed to characterize solutions for two significant mathematical
models under both fractional and non-fractional frameworks [30]. The (2+1)-dimensional Novikov-
Veselov system of equations was likewise examined to reveal its dynamical behavior and underlying
soliton solutions [31]. To extend these computational frameworks further, an efficacious improvement
to the Anuj transformation method was proposed for solving higher-order fractional differential
equations with constant coefficients [32]. Finally, a generalized Hietarinta-type equation was explored
through an effective traveling wave transformation to uncover additional exact solution structures [33].
Together, these studies demonstrate the growing power of analytical and semi-analytical methods for
extracting and controlling the behavior of complex nonlinear systems.

Recently, some latest findings have been reported for soliton equations and their applications.
Yu and Yu [34] utilized the Hirota bilinear method to extract non-autonomous soliton solutions
for the (2+1)-dimensional higher-order nonlinear Schrödinger equation with variable coefficients.
Additional recent studies have explored M-fractional Kudryashov-type equations [35] and soliton
dynamics in various integrable models [36]. The continued exploration of these models helps to
uncover new physical phenomena and mathematical structures.

The complex AMTZE is a newly constructed example of these integrable systems. Developed from
geometric and physical fundamentals, it is a triple multi-component framework that operates as an
essential research facility for soliton mathematics. Formally, after a standard reduction, the model
generates the following multi-component system [37]:

iqt + βqqy − uqx − iβry = 0, (1.1)
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irt + βrqy − urx −
β

4α
qxxy = 0, (1.2)

ux +
β

2
qy = 0. (1.3)

Equations (1.1)–(1.3) represent the AMTZE system. Here, q(x, y, t), u(x, y, t), and r(x, y, t) are
complex-valued functions that indicate the corresponding state variable areas in two space dimensions
(x, y) over time t, whereas α and β are parameter values. These equations describe wave dynamics in
two spatial dimensions with nonlinear coupling among the three fields. The system captures complex
interactions that cannot be described by simpler one-dimensional models. This model, in its non-
complex form, has recently been studied using the modified Sardar method [38]. Recent advances have
also focused on nonlocal and variable-coefficient integrable systems. Zhou and Yu [39] investigated a
generalized nonlocal nonlinear Schrödinger equation, constructing space-time shifted soliton solutions
and analyzing their interaction dynamics via the Hirota bilinear method. Liu et al. [40] studied the
variable-coefficient Melnikov system, deriving soliton solutions and examining long-time asymptotics
using the nonlinear steepest descent method. Zhang et al. [41] explored the variable-coefficient Davey-
Stewartson II equation, analyzing soliton interaction dynamics, long-time asymptotics, and modulation
instability in nonlinear media.

From an integrability viewpoint, the AMTZE shows all fundamental characteristics of completely
integrable systems. Its framework allows for a zero-curvature condition via a Lax pair, expressing an
infinite number of conservation laws, a Hamiltonian framework, Darboux/Bäcklund transformations,
and measure equivalents to other commonly used equations. In structural terms, the equation models
deep-water wave dynamics, nonlinear optics in atypical scattering media, and the differential shape of
moving curves and surfaces in polarized systems. The multi-directional components (x, y) allow rich
configurations, including bright, dark, rational, periodic, and Jacobi elliptic wave patterns.

To utilize the underlying physical processes of the AMTZE, reliable analytical schemes are
essential. Aiming to bypass the limitations of other methods, this study utilizes the modified
generalized Kudryashov method.

The fundamental purpose of this paper is to simplify the AMTZE system using a traveling wave
transformation and address the resulting ordinary differential system via the modified generalized
Kudryashov method. We demonstrate newly identified closed-form exact solutions as well as
their mathematical configurations through 3D profiles and contour standard distributions, providing
meaningful insight into the localized wave fields and motion diffusion dynamics of the AMTZE model.

The structure of this paper is as follows: Section 1 includes the introduction and a review of the
literature on related works. Section 2 provides an overview of the utilized methodology. Section 3 is
specialized for transforming the examined model into an ODE. The application of the implemented
technique for the investigated model is outlined in Section 4. The results and discussion section has
been addressed in Section 5. Final conclusive comments and recommendations have been incorporated
in Section 6.

2. Methodology overview

The main workflow of the implemented method can be organized into four initial stages, as
demonstrated.
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Step 1: Wave transformation

We proceed with a multidimensional nonlinear partial differential equation (NPDE) that takes on
the following form:

F(u, ux, uy, uxx, uyy, ut, uxt, · · · ) = 0, (2.1)

here, u depends heavily on space and time variables. We streamline this form using a traveling wave
parameter ζ:

u(x, y, t) = H(ζ), ζ = c1x + c2y − λt. (2.2)

The terms c1, c2, and λ represent arbitrary, non-zero parameters. Substituting this wave variable into
our original model transforms it into a nonlinear ODE:

E(H,H′,H′′, · · · ) = 0 . (2.3)

Step 2: Suggesting the solution form

We suppose the solution follows a certain rational structure. We express the solution as a
corresponding ratio of finite series:

H(ζ) =

∑p
i=0 ai[W(ζ)]i∑q
j=0 b j[W(ζ)] j

· (2.4)

The numerators and denominators terminate at integers p and q. The function W(ζ) is controlled by
the following derivative rule:

W ′ = 1 + 2ρW + (ρ2 − 1)W2, (2.5)

where ρ is a constant parameter with ρ < {0, 1,−1}.

Remark 2.1. We could find exact solutions for those left-out values. If ρ = 0, the exact solution
simplifies to

W = tanh(A + ζ). (2.6)

Similarly, if ρ = ∓1, the exact solutions become:

W = 1 + Γe−ζ and W = −1 + Γeζ . (2.7)

In these cases, Γ represents a free parameter.

We plug our main recommended structure back into our ODE. Grouping similar terms yields a
polynomial expression:

H(W(ζ)) = ρτ[W(ζ)]τ + · · · + ρ1W(ζ) + ρ0 = 0. (2.8)

To find the upper limits p and q, we employ homogeneous balancing, comparing the highest order with
the highest degree.
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Step 3: Setting up and solving the system

To make the polynomial equation true for all cases, we extract its coefficients. We set each collected
coefficient to zero:

ρr = 0, r = 0, · · · , τ. (2.9)

This step creates a full set of algebraic equations. Solving this algebraic system fixes our unknown
parameters. Once we find these values, we can rebuild the solution structure for our studied model.

Step 4: Constructing final solutions

The final procedure involves analyzing the primary auxiliary equation. The solution behavior can
be illustrated via the following forms:

W(ζ) =
tanh(ζ)

1 − ρ tanh(ζ)
or simply W(ζ) =

1
−ρ + coth(ζ)

. (2.10)

These two forms are mathematically equivalent since coth(ζ) = 1/ tanh(ζ). They represent the same
solution expressed differently. Using these generated profiles with our parameter values gives us the
final solutions for the initial model.

3. Traveling wave transformation

To reduce the initial system into an ODE, we define the transformations:

q(x, y, t) = Q(ξ), u(x, y, t) = U(ξ), r(x, y, t) = R(ξ), (3.1)

and the wave coordinate ξ:
ξ = kx + ly − ωt, (3.2)

where k, l represent the wave numbers along the space dimensions and ω is the wave frequency. The
partial derivative operators are converted into ordinary derivative operators subsequently concerning ξ.
After substituting into Eqs (1.1)–(1.3), the resulting system of triple ODEs is generated:

− iωQ′ − kUQ′ + βlQQ′ − iβlR′ = 0, (3.3)

− iωR′ − kUR′ + βlRQ′ −
βk2l
4α

Q′′′ = 0, (3.4)

kU′ +
βl
2

Q′ = 0, (3.5)

where the primes (′) denote differentiation with respect to ξ. We follow the standard reduction
procedure:

Step 1: By integrating Eq (3.5) with respect to ξ, and for localized solitary wave boundaries, setting
the constant of integration to zero, we obtain:

U(ξ) = −
βl
2k

Q(ξ). (3.6)
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Step 2: By substituting (3.6) back into (3.3), simplifying, and integrating once (with zero integration
constant), we obtain:

R(ξ) = −
ω

βl
Q(ξ) − i

3
4

Q(ξ)2. (3.7)

Differentiating (3.7) with respect to ξ provides:

R′(ξ) = −
ω

βl
Q′(ξ) − i

3
2

Q(ξ)Q′(ξ). (3.8)

Step 3: By substituting the profiles for U(ξ), R(ξ), and R′(ξ) into (3.4), and expanding and
combining terms, we obtain:

iω2

lβ
Q′ − 3ωQQ′ − i

3βl
2

Q2Q′ −
lβk2

4α
Q′′′ = 0. (3.9)

Step 4: Integrating this resulting equation once more with respect to ξ produces the simplified,
second-order non-linear ODE for Q(ξ). For classic analytic solutions such as solitons, the integration
constant is chosen as 0, yielding:

lβk2

4α
d2Q
dξ2 −

iω2

lβ
Q +

3ω
2

Q2 + i
lβ
2

Q3 = 0· (3.10)

4. Applications of the modified generalized Kudryashov method

Considering the balancing principles in Eq (3.10) between d2Q
dξ2 ,Q3(ξ), we obtain a formula for p

and q as follows:

p = q + 1. (4.1)

Equation (4.1) produces subsequent instances for the positive integers that already exist.
Family 1. In Eq (4.1), if q = 1 and p = 2, then Eq (2.4) simplifies to:

Q(ξ) =
σ2φ

2 + σ1φ + σ0

θ1φ + θ0
. (4.2)

Here, we use φ interchangeably with W(ξ) for convenience in the algebraic manipulation. Eq (2.5) is
considered, hence:

Q′(ξ) =
((
ρ2 − 1

)
φ2 + 2ρφ + 1

) 2σ2φ + σ1

θ1φ + θ0
−
θ1

(
σ2φ

2 + σ1φ + σ0

)
(θ1φ + θ0) 2


=

Φ(T )
Ψ(T )

,

(4.3)

and there should be at least σ2 , 0, θ1 , 0. It is clear that:

Q′′(ξ) =
Ψ(T )Φ

′

(T ) − Φ(T )Ψ
′

(T )
(Ψ(T ))2 . (4.4)
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By substituting Eqs (4.2)–(4.4) into Eq (3.10), we obtain the following algebraic system of equations
by setting all coefficients of the same powers of T i to zero for i = 0, 1, 2, · · · , 7.

7∑
i=0

coefficients of (Q(ξ))i = 0. (4.5)

The following sub-cases are established through the solution of the system given in Eq (4.5).

Family 1.1. The obtained parameters are:

k =
(−1)3/4√ασ2√(

ρ2 − 1
)2 θ2

1

; l =

(
ρ2 − 1

)
θ1ω

√
2βσ2

; θ0 =
ρθ1

ρ2 − 1
;

σ0 =

(
ρ2 + i

√
2ρ − 1

)
σ2(

ρ2 − 1
)2 ;σ1 =

(
2ρ + i

√
2
)
σ2

ρ2 − 1
.

(4.6)

This family yields real ω and thus represents standard propagating waves.

By using (4.6), the next solution is constructed:

q1,1 =
σ2

(
−1 +

(
ρ2

− coth(A )−ρ −
1

− coth(A)−ρ + ρ + i
√

2
) (

ρ2−1
− coth(A )−ρ + ρ

))
(
ρ2 − 1

)2 θ1

(
1

− coth(A )−ρ +
ρ

ρ2−1

) ,

u1,1 =

4√
−1ω

√(
ρ2 − 1

)2 θ2
1

(
−1 +

(
ρ2

− coth(A )−ρ −
1

− coth(A )−ρ + ρ + i
√

2
) (

ρ2−1
− coth(A )−ρ + ρ

))
2
√

2
√
α
(
ρ2 − 1

)
σ2

(
1

− coth(A )−ρ +
ρ

ρ2−1

) ,

r1,1 = −

σ2

(
3iσ2ω

(
−1 +

(
ρ2

− coth(A )−ρ −
1

− coth(A )−ρ + ρ + i
√

2
) (

ρ2−1
− coth(A )−ρ + ρ

))2)
(
2
√

2
(
ρ2 − 1

)
θ1ω

) (√
2
(
ρ2 − 1

)3 θ1

(
1

− coth(A )−ρ +
ρ

ρ2−1

)2
)

−
σ2

(
4σ2ω

(
−1 +

(
ρ2

− coth(A )−ρ −
1

− coth(A )−ρ + ρ + i
√

2
) (

ρ2−1
− coth(A )−ρ + ρ

)))
(
2
√

2
(
ρ2 − 1

)
θ1ω

) ((
ρ2 − 1

)2 θ1

(
1

− coth(A )−ρ +
ρ

ρ2−1

)) ,

(4.7)

where

A = tω −
(−1)3/4√ασ2x√(

ρ2 − 1
)2 θ2

1

−

(
ρ2 − 1

)
θ1yω

√
2βσ2

.

We set σ2 = 1
6 , θ1 = 1

5 , ρ = 5
4 , y = 2

3 , β = 3
4 , ω = 1

2 , α = 3
4 , − 10 ≤ x ≤ 10, and 0 ≤ t ≤ 10, and the

structure of q1,1 in solution (4.7) is illustrated by the Figures 1–4 .
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(a) Im{q1,1} in (4.7) (b) Re{q1,1} in (4.7)

Figure 1. Profile of q1,1 in three-dimensional figures.
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(a) Im{q1,1} in (4.7)
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Figure 2. Profile of q1,1 in two-dimensional contour surface plots.

(a) Im{q1,1} in (4.7) (b) Re{q1,1} in (4.7)

Figure 3. Profile of q1,1 in 3-dimensional revolving figures.
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Figure 4. Profile of q1,1 in two-dimensional time-evolution graphs, where the values of t are
presented in the legend.

Family 1.2. The obtained parameters are:

ω =
iβlσ2(

ρ2 − 1
)
θ1

; θ0 = θ1

(
σ1

σ2
−

1
ρ + 1

)
;σ0 =

(ρ + 1)σ1 − σ2

(ρ + 1)2 ;α =
i
(
ρ2 − 1

)2
θ2

1k2

σ2
2

. (4.8)

Here, ω is purely imaginary, which means the wave variable ξ = kx + ly − ωt has an imaginary time
component. This leads to exponential growth or decay in time rather than standard propagating wave
behavior. Such solutions represent non-propagating or unstable modes. From (4.8), the following
solution has been obtained:

q1,2 =

σ2

− 1
ρ+1 + 1

1−ρ tanh
kx− iβlσ2t

(ρ2−1)θ1 +ly



ρθ1
,

u1,2 =

βlσ2

 1
ρ+1 + 1

−1+ρ tanh
kx− iβlσ2t

(ρ2−1)θ1 +ly



2ρθ1k
,

r1,2 =

iσ2
2

(
1 + tanh

(
kx − iβlσ2t

(ρ2−1)θ1
+ ly

)) (
−3ρ + (ρ + 3) tanh

(
kx − iβlσ2t

(ρ2−1)θ1
+ ly

)
− 1

)
4(ρ − 1)(ρ + 1)2θ2

1

(
−1 + ρ tanh

(
kx − iβlσ2t

(ρ2−1)θ1
+ ly

))2 .

(4.9)

Family 1.3. The obtained parameters are:

l = −
i
(
ρ2 − 1

)
θ1ω

βσ2
;σ1 = σ2

(
1

ρ + 1
+
θ0

θ1

)
;σ0 =

θ0σ2

(ρ + 1)θ1
; k =

(−1)3/4√ασ2√(
ρ2 − 1

)2 θ2
1

. (4.10)

This family also yields imaginary ω (non-propagating mode). Utilizing (4.10), one derives the
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following solution.

q1,3 =

σ2

− 1
ρ+1 + 1

1+ρ tanh

tω− (−1)3/4
√
ασ2 x√

(ρ2−1)2
θ21

+
i(ρ2−1)θ1yω

βσ2




ρθ1

,

u1,3 = −
(−1)3/4

(
ρ2 − 1

)
ω

√(
ρ2 − 1

)2 θ2
1

(
− 1
ρ+1 + 1

1+ρ tanh(A)

)
2
√
αρσ2

,

r1,3 =

iσ2

(
−

3(ρ2−1)σ2ω
(
− 1
ρ+1 + 1

1+ρ tanh(A)

)
2

ρ2θ1
−

4σ2ω
(
− 1
ρ+1 + 1

1+ρ tanh(A)

)
ρθ1

)
4
(
ρ2 − 1

)
θ1ω

,

(4.11)

where

A = −
(−1)3/4√ασ2√(

ρ2 − 1
)2 θ2

1

x +
i
(
ρ2 − 1

)
θ1ω

βσ2
y + ωt.

Family 2. In Eq (4.1), if q = 2 and p = 3, Eq (2.4) appears as:

Q(ξ) =
σ3φ

3 + σ2φ
2 + σ1φ + σ0

θ2φ2 + θ1φ + θ0
. (4.12)

Again, φ represents W(ξ) from Eq (2.5), hence:

Q′(ξ) = −

((
ρ2 − 1

)
φ2 + 2ρφ + 1

) (
(2θ2φ + θ1)

(
σ3φ

3 + σ2φ
2σ1φ + σ0

))(
θ2φ2 + θ1φ + θ0

) 2

+

((
ρ2 − 1

)
φ2 + 2ρφ + 1

) (
3σ3φ

2 + 2σ2φ + σ1

)
θ2φ2 + θ1φ + θ0

=
Φ(ξ)
Ψ(ξ)

,

(4.13)

and there should be at least σ3 , 0, θ2 , 0. Now, one can reach:

Q′′(ξ) =
Ψ(ξ)Φ

′

(ξ) − Φ(ξ)Ψ
′

(ξ)
(Ψ(ξ))2 . (4.14)

By inserting Eqs (4.12)–(4.14) into Eq (2.4), we obtain the following system. By setting all coefficients
of the same powers of T i to zero, for i = 0, 1, 2, · · · , 10,

10∑
i=0

coefficients of (Q(ξ))i = 0. (4.15)

The following sub-cases are created by solving system (4.15).
Family 2.1. The obtained parameters are:

σ0 =
(ρ + 1)2σ1 − (ρ + 1)σ2 + σ3

(ρ + 1)3 ; k = −
(−1)3/4√ασ3√(

ρ2 − 1
)2 θ2

2

;ω =
iβlσ3(

ρ2 − 1
)
θ2

;

θ0 =
θ2

(
(ρ + 1)2σ1 − (ρ + 1)σ2 + σ3

)
(ρ + 1)2σ3

; θ1 = θ2

(
σ2

σ3
−

1
ρ + 1

)
·

(4.16)
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Similar to Family 1.2, ω is purely imaginary here, indicating non-propagating wave behavior. From
Eq (4.16), the next solution is attained:

q2,1 = −
σ3

ρ(ρ + 1)θ2
−

σ3

ρθ2

(
−1 + ρ tanh

(
−

iβlσ3t
(ρ2−1)θ2

+ ly − (−1)3/4 √ασ3 x√
(ρ2−1)2

θ2
2

)) ,

u2,1 = −

4√
−1βl

√(
ρ2 − 1

)2 θ2
2

2
√
α(ρ + 1)θ2

+

4√
−1βl

√(
ρ2 − 1

)2 θ2
2 tanh

(
−

iβlσ3t
(ρ2−1)θ2

+ ly − (−1)3/4 √ασ3 x√
(ρ2−1)2

θ2
2

)
2
√
αθ2

(
−1 + ρ tanh

(
−

iβlσ3t
(ρ2−1)θ2

+ ly − (−1)3/4 √ασ3 x√
(ρ2−1)2

θ2
2

)) ,

r2,1 =
i(ρ + 3)σ2

3

4(ρ − 1)ρ2(ρ + 1)2θ2
2

−
3iσ2

3

4ρ2θ2
2

(
−1 + ρ tanh

(
−

iβlσ3t
(ρ2−1)θ2

+ ly − (−1)3/4 √ασ3 x√
(ρ2−1)2

θ2
2

))
2

−
i(ρ − 3)σ2

3

2(ρ − 1)ρ2(ρ + 1)θ2
2

(
−1 + ρ tanh

(
−

iβlσ3t
(ρ2−1)θ2

+ ly − (−1)3/4 √ασ3 x√
(ρ2−1)2

θ2
2

)) .

(4.17)

Family 2.2. The obtained parameters are:

ω =
iβlσ3

θ2 − ρ2θ2
;α =

i
(
ρ2 − 1

)2
θ2

2k2

σ2
3

; θ1 = θ2

(
1

1 − ρ
+
σ2

σ3

)
;

σ0 =
θ0σ3

(ρ − 1)θ2
;σ1 = σ3

(
θ0

θ2
−

1
(ρ − 1)2

)
+

σ2

ρ − 1
.

(4.18)

Again, this family has imaginary ω, yielding non-propagating modes. With the given coefficients in
Eq (4.18), the following solution has been obtained:

q2,2 =

σ3

 1
ρ−1 + 1

1−ρ tanh
kx+

iβlσ3t

(ρ2−1)θ2 +ly



ρθ2
,

u2,2 = −

βlσ3

 1
ρ−1 + 1

1−ρ tanh
kx+

iβlσ3t

(ρ2−1)θ2 +ly



2ρθ2k
,

r2,2 =
i(ρ − 3)σ2

3

4(ρ − 1)2ρ2(ρ + 1)θ2
2

−
3iσ2

3

4ρ2θ2
2

(
−1 + ρ tanh

(
kx +

iβlσ3t
(ρ2−1)θ2

+ ly
))2

+
i(ρ + 3)σ2

3

2(ρ − 1)ρ2(ρ + 1)θ2
2

(
−1 + ρ tanh

(
kx +

iβlσ3t
(ρ2−1)θ2

+ ly
)) ·

(4.19)
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Family 2.3. The obtained parameters are:

α =
i
(
ρ2 − 1

)2
θ2

2k2

σ2
3

;σ1 =
θ1σ3

(ρ + 1)θ2
+ (ρ + 1)σ0;

σ2 = σ3

(
1

ρ + 1
+
θ1

θ2

)
; θ0 =

(ρ + 1)θ2σ0

σ3
;ω =

iβlσ3(
ρ2 − 1

)
θ2
.

(4.20)

This family also gives imaginary ω (non-propagating mode). Utilizing (4.20), we derive the following
solution.

q2,3 = −

σ3

(
1 + coth

(
kx − iβlσ3t

(ρ2−1)θ2
+ ly

))
(ρ + 1)θ2

(
ρ − coth

(
kx − iβlσ3t

(ρ2−1)θ2
+ ly

)) ,
u2,3 =

βlσ3

(
1 + coth

(
kx − iβlσ3t

(ρ2−1)θ2
+ ly

))
2(ρ + 1)θ2k

(
ρ − coth

(
kx − iβlσ3t

(ρ2−1)θ2
+ ly

)) ,

r2,3 =

4iβlσ2
3

1+coth
kx− iβlσ3t

(ρ2−1)θ2 +ly


(ρ+1)(ρ2−1)θ2
2

ρ−coth
kx− iβlσ3t

(ρ2−1)θ2 +ly
 −

3iβlσ2
3

1+coth
kx− iβlσ3t

(ρ2−1)θ2 +ly
2

(ρ+1)2θ2
2

ρ−coth
kx− iβlσ3t

(ρ2−1)θ2 +ly
2

4βl
.

(4.21)

Remark 4.1. We have considered only two families, each with three sub cases. For different values of
p and q, researchers can consider many different cases in order to obtain some other sets of solutions.
This is one of the significant features of the applied method.

5. Results and discussion

The six subfamilies derived in this article address both the tanh-type branch characterized by
Family 1 and the coth rational branch characterized by Family 2 of the solutions to the given auxiliary
equation. Together they give a sufficiently complete illustration of the wave shapes that the complex
AMTZE can conform to.

Categorization of solution families. A crucial distinction must be made regarding the physical
nature of the obtained solutions. The parameter ω (wave frequency) determines whether a solution
represents a propagating wave or a non-propagating mode (Table 1).

Table 1. Categorization of solution families by frequency type and physical behavior.

Family Frequency ω Behavior Type
Family 1.1 Real Smooth, bounded Propagating wave
Family 1.2 Imaginary Exponential growth/decay Non-propagating mode
Family 1.3 Imaginary Exponential growth/decay Non-propagating mode
Family 2.1 Imaginary Exponential growth/decay Non-propagating mode
Family 2.2 Imaginary Exponential growth/decay Non-propagating mode
Family 2.3 Imaginary Exponential growth/decay Non-propagating mode
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Only Family 1.1 yields real ω and thus corresponds to standard propagating waves. The remaining
families, while having mathematically valid solutions to the reduced ODE, represent non-propagating
modes due to imaginary frequencies.

Wave shapes. Family 1.1 provides a solution constructed from coth(A), and its imaginary and real
parts both show high, thin, singular-type peaks sitting on a flat background (see the three-dimensional
profile of q1,1 in Figures 1–4). This kind of solution is a singular soliton: it blows up at a specific
point in the (x, t)-plane and decays quickly away from it. Families 1.2 and 1.3, by contrast, are built
from tanh(ξ) and provide smoother, bell-shaped bright-soliton profiles that remain finite everywhere.
The companion field r1,2 in Family 1.2 displays a periodic array of acute peaks along the t-axis, which
points to a spatially periodic soliton pattern rather than a single localized pulse. However, as noted
above, these are non-propagating modes.

Effect of the free parameters. The parameter ρ, which comes from the existing constant in the
given auxiliary equation, controls how close the solution sits to the singular limit: as (ρ2 − 1) → 0,
several coefficients (for example, σ0, θ0, and k in Family 1.1) diverge, so ρ acts as a control knob
between regular bright solitons and singular ones. The wave numbers k and l and the frequency ω set
the slope and the speed of the wave peaks in the (x, y, t) space; changing l mainly rotates the wave front
in the x-y plane, while ω mainly sets how quickly the waveform propagates in time, matching what
the two-dimensional time-evolution plots show for q1,1 (Figure 4), where increasing t shifts the peak
location uniformly along x without modifying its height.

Amplitude and stability of the profiles. For the field r2,1 (Family 2.1), showing mixed amplitudes
(positive and negative real and imaginary parts) rather than a single decayed pulse, this solution
behaves more like a kink or a periodic frontal than an isolated soliton. Its absolute value |r2,1| is
kept bounded and forms a single ridge that travels at steady speed, which is a good sign of a stable
traveling framework over the plotted domain −10 ≤ x ≤ 10, 0 ≤ t ≤ 10, although as a non-propagating
mode, it does not represent standard wave propagation.

Comparison with related models. These solution types (bright, singular, and periodic/kink-like)
match what has been reported for the closely related Akbota and Kuralay equations, which supports
the idea that the complex AMTZE belongs to the same structure family and exhibits similar soliton
behavior, even though its extra spatial directions and higher-order cross-derivative term give it a more
extensive set of free parameters to form.

On the method. The implemented method required only one reducing step (traveling wave
transformation) and one balancing comparison to produce several independent, closed-form solution
families. This confirms prior reports that the method scales well to paired, higher-order systems
without extra manual work, and it eliminates the tedious accounting procedures that classical methods
such as the Painlevé test or Hirota’s bilinear method usually need for a qxxy-type term.

Regarding the singular solutions. We acknowledge that the singular soliton solutions (Family 1.1)
contain points where denominators vanish. From a mathematical perspective, these are valid weak
solutions to the governing equations. From a physical standpoint, they represent idealized localized
structures. Such singular solutions often appear in nonlinear wave theory and have been reported for
many integrable systems. The singularities can be regularized by adding small perturbations or by
considering the solutions in the sense of distributions.

Regarding imaginary frequencies. Some solution families (Families 1.2, 2.1–2.3) give imaginary
values forω. This means the wave variable ξ = kx + ly − ωt has an imaginary time component, leading
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to exponential growth or decay in time. While these are valid mathematical solutions to the reduced
ODE, they represent non-propagating modes rather than standard traveling waves. Such solutions
describe instability modes or transient phenomena in physical systems. For physically meaningful
propagating waves, one should restrict to the families with real ω (such as Family 1.1).

6. Conclusions

We examined the complex AMTZE, a new triple integrable system built from a two-dimensional
geometric spin model. We reduced it to one ODE with an appropriate traveling wave transformation.
Then we solved that ODE with the modified generalized Kudryashov method, taking advantage of up-
to-date software computation tools. We found six parameter families of exact solutions, split between
a tanh-based branch and a coth rational branch. The obtained solutions include bright solitons, singular
solitons, and periodic traveling waves. The free parameters ρ, k, l, and ω let us move smoothly
between these shapes, which gives good control for anyone who wants to model a specific physical
wave pattern. The results conform well with what is generally known about the closely associated
Akbota and Kuralay equations, and they add new closed-form solutions to this expanding family. It is
important to mention that all the obtained solutions have been confirmed as true. Each solution has been
substituted for the main model and is fulfilled by software computation tools. It should be emphasized
that among the six solution families, only Family 1.1 yields real frequencies ω and thus represents
standard propagating traveling waves, while the remaining five families produce imaginary frequencies
corresponding to non-propagating modes. This distinction is crucial for any physical interpretation of
the results. Future work can look at the stability of these solutions, at their conservation laws, and at
numerical checks against direct simulation of the original system.
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