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its corresponding boundary feedback law are constructed. A composite Lyapunov analysis is then
carried out to establish sufficient conditions for a global mean-square exponential estimate of the plant
and observer states with respect to the augmented initial energy despite the coexistence of random
deception and event-triggered updating. Numerical simulations, including Monte Carlo tests under
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1. Introduction

Boundary observation for partial differential equation (PDE) systems aims to reconstruct the
spatially distributed state using only measurements available at the boundary, which is a typical
sensing paradigm due to practical accessibility constraints [1, 2]. Boundary control stabilizes and
regulates infinite-dimensional dynamics by injecting control inputs through boundary conditions,
which is often more consistent with practical actuation than in-domain actuation for many engineering
systems [3, 4]. This boundary-sensing and actuation paradigm offers advantages such as low cost,
ease of implementation, and high engineering feasibility, but it also entails intrinsic difficulties.
Boundary operators are typically unbounded, and closed-loop behavior is significantly influenced
by spatial energy propagation, so stability and performance analysis must be carried out within an
operator framework and based on energy estimates rather than by a straightforward extension of
matrix-based tools for finite-dimensional systems [4, 5]. The need for boundary observation and
boundary control arises broadly in application scenarios including heat conduction and reaction–
diffusion processes, transport and flow systems in channels or pipelines, and vibration suppression of
flexible structures, where sensors and actuators are naturally placed only at accessible boundaries [2,6].
More broadly, reaction–diffusion equations provide a versatile framework for describing complex
spatiotemporal phenomena, including spatial heterogeneity, taxis and nonlocal interactions, and delay-
induced pattern formation in distributed biological systems [7, 8]. Among various constructive design
methods, the backstepping approach is regarded as a systematic tool: Through Volterra integral
transformations characterized by kernel functions, the original system, or equivalently the observer
error subsystem, can be recast into a reference system possessing desired stability features, from which
boundary feedback laws and boundary observers under Neumann or Robin boundary conditions can
be systematically derived [4, 9, 10]. Building on this foundation, a natural and practically meaningful
next step is to further incorporate the sampling and communication constraints imposed by networked
boundary sensing and boundary actuation, which motivates the subsequent discussion on event-
triggering mechanisms [11–13].

Event-triggered control refers to a feedback updating mechanism that updates the control input or
transmits measurement information according to whether a prescribed event condition is satisfied;
sampling and updating are performed only when the system state or output meets a predesigned
triggering rule (or the triggering function reaches a given threshold) [11, 14]. Its prominent
advantage is that it can significantly reduce unnecessary periodic sampling and communication
while maintaining closed-loop performance and stability, and it is therefore well suited for resource-
constrained networked control scenarios such as limited bandwidth, energy-sensitive devices, or
shared communication links [11, 12, 15]. In recent years, event triggering has developed into a
relatively systematic research framework for finite-dimensional systems, with substantial progress on
triggering rule construction, output feedback and dynamic trigger design, robustness analysis, and
minimum dwell time characterizations for avoiding Zeno behavior [15–17]. However, extending
event-triggered ideas to PDE systems is typically more challenging [18–20]. On one hand, PDE
dynamics are infinite dimensional, and triggering conditions often involve energy-type functionals
of spatially distributed states and boundary terms, which makes it difficult to directly reuse matrix
inequality tools or pointwise error bounds developed for finite-dimensional models [18, 19]. On the
other hand, boundary sensing and boundary actuation correspond to unbounded operators, and when
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sample-and-hold effects and network-induced errors are taken into account, closed-loop stability proofs
and Zeno-free design become technically more challenging [13, 20, 21]. In this context, it is natural
and practically meaningful to further consider abnormal and malicious disturbances on networked
boundary measurement channels such as deceptive data injection attacks [22–24]. In this paper, the
attack process is represented by a Bernoulli-type random variable, and the corrupted measurement is
characterized through a deception map satisfying a Lipschitz condition [25, 26].

In networked boundary observation and boundary actuation, boundary measurements are
transmitted over communication links to the controller or the observer, rendering the sensing channel
vulnerable to exogenous disturbances and malicious interference [22, 27]. Deception attacks aim
to mislead estimation and control by forging, replacing, or nonlinearly manipulating measurement
data without necessarily acting directly on the plant [23, 27]. Such falsified boundary measurements
may significantly degrade closed-loop stability and performance, particularly for distributed parameter
systems where only a few boundary sensors are available, and the boundary measurement is often
the sole correction source for feedback and observer correction [6, 28]. To capture the random
nature of attack occurrence while retaining an analyzable corruption model, we introduce a Bernoulli
random variable to indicate whether an attack occurs and model the received boundary measurement
as a random switching between the genuine output and a falsified signal generated by a Lipschitz
deception map [25, 26]. This formulation accommodates a class of amplitude-scaling and state-
dependent nonlinear distortions satisfying the prescribed relative bound and facilitates a unified
mean-square, energy estimate-based analysis of observer error propagation, thereby laying the
foundation for the subsequent design of attack-resilient, observer-based, event-triggered boundary
control mechanisms [28, 29].

Most existing studies on event-triggered PDE control concentrate on resource-aware scheduling
and sampled-data implementations in attack-free settings, typically under the assumption of reliable
measurements or the availability of full-state or complete output information [29–31]; as a result,
triggering analyses are typically centered on stability and Zeno-free guarantees [32, 33]. Meanwhile,
observer and backstepping designs for PDE systems have developed into a relatively mature
constructive framework [9, 10]; however, most results still rely on continuous-time measurements and
continuously updated output injection mechanisms, with comparatively limited attention to the sample-
and-hold control updates and implementation errors introduced by networked sampling [13, 29]. By
comparison, the literature on deception attacks and secure control is still concentrated mainly on
finite-dimensional models [25–27], although a number of recent studies have started to consider
distributed parameter and PDE settings [28]. However, they typically emphasize attack detection,
robust estimation, or continuous-time resilient control, and they rarely integrate random deception
attacks with event-triggered boundary-actuation mechanisms and boundary observer-based, closed-
loop designs in a unified manner [34]. As a consequence, a mathematically unified framework
that simultaneously incorporates boundary observation, event-triggered control updating, and random
deceptive measurement attacks while establishing both Zeno-free triggering behavior and mean-square
closed-loop stability is still lacking.

Motivated by the above observations, we consider a reaction–diffusion system with randomly
corrupted boundary measurements and develop an observer-based, dynamic event-triggered strategy
for its boundary stabilization. In contrast to the existing attack-free studies on event-triggered boundary
control for parabolic PDEs, the setting considered here simultaneously involves boundary observation,
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sampled data or event-triggered implementation, and random deception acting on the measurement
channel. A central analytical challenge arises because the falsified measurement enters the observer
correction through random switching, whereas the triggering law introduces both an additional
internal dynamic variable and a sample-and-hold error into the closed-loop dynamics. Consequently,
the estimation error subsystem, the triggering mechanism, and the PDE energy analysis become
intrinsically coupled. To overcome this difficulty, we combine Volterra backstepping transformations, a
dynamic event-triggering mechanism, and a composite Lyapunov analysis within a unified framework
so that the attack-induced measurement deviation, sample-and-hold error, observer error, and internal
triggering dynamics can be treated jointly in the subsequent stability and Zeno-free analyses. The main
contributions are summarized below.

• For a one-dimensional reaction–diffusion system with random deceptive measurement attacks,
we design an observer-based, event-triggered boundary control framework. The attack process
is characterized by a Bernoulli switching law together with a Lipschitz deception map so that
corrupted boundary observations can be incorporated explicitly into both the observer-controller
structure and the subsequent stability analysis.
• For the attacked boundary control setting, we design a fully dynamic triggering rule by

introducing an auxiliary internal variable coupled with the sample-and-hold implementation
error. Under this mechanism, a uniform positive lower bound on the interevent times is
established, thereby excluding Zeno behavior and providing a mathematically justified update
rule for networked boundary actuation under uncertain measurements.
• By integrating backstepping transformations, PDE energy arguments, and pathwise estimates, we

develop a composite Lyapunov framework that captures the interaction among the system state,
the estimation error, and the internal triggering dynamics. On this basis, verifiable sufficient
conditions are obtained to ensure a global mean-square exponential estimate for the plant and
observer states with respect to the augmented initial energy in the simultaneous presence of
random deception attacks and event-triggered updates.

The remainder of this paper is arranged as follows. Section 2 describes the system model, the
deception attack modeling on the boundary measurement channel, and the associated assumptions
and preliminaries. Section 3 develops the backstepping-based boundary observer and boundary
control law, derives the equivalent error system, and analyzes key properties of the kernel functions.
Section 4 proposes a dynamic event-triggering strategy, derives a minimum dwell time lower bound,
and proves the Zeno-free behavior. Section 5 constructs a composite Lyapunov functional and
establishes sufficient conditions for a global mean-square exponential estimate of the plant and observer
states with respect to the augmented initial energy. Section 6 provides numerical simulations to
illustrate the closed-loop performance and triggering behavior of the proposed method under deceptive
measurements. Finally, Section 7 summarizes this article and explains the future research directions.

Notation: R and R+ denote the sets of real and non-negative real numbers, respectively. L2(0, 1)
denotes the Hilbert space of square-integrable functions on (0, 1) with norm ∥ f ∥ :=

( ∫ 1

0
f 2(x)dx

)1/2.
H1(0, 1) denotes the Sobolev space of functions in L2(0, 1) whose weak derivative belongs to L2(0, 1).
For a function f (x, t), we use the shorthand notation f [t] := f (·, t) and ∥ f [t]∥ := ∥ f (·, t)∥L2(0,1). The
notation | · |∞ denotes the essential supremum norm. |a| denotes the Euclidean norm if a is a vector
and the absolute value if a is scalar. E denotes mathematical expectation. The symbol Ci represents a
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positive constant whose value may vary from one occurrence to another. The Volterra kernels P(x, y)
and K(x, y) are defined on the triangular domain (x, y) ∈ [0, 1]2 : 0 ≤ y ≤ x ≤ 1. The Bernoulli random
variable β(tk) ∈ {0, 1} specifies the deception mode associated with the interevent interval starting at
the control update instant tk.

2. Problem statement and preliminaries

2.1. System description

We focus on the reaction–diffusion system

vt(x, t) = εvxx(x, t) + λv(x, t), (x, t) ∈ (0, 1) × R+, (2.1)

subject to boundary conditions

vx(0, t) = 0, t ≥ 0, (2.2)
vx(1, t) + qv(1, t) = U(t), t ≥ 0, (2.3)

and
v(x, 0) = v0(x), x ∈ (0, 1), (2.4)

where v(x, t) denotes the state; ε > 0 and λ > 0 represent the diffusion and reaction coefficients,
respectively; q > 0 is the Robin boundary parameter; and U(t) denotes the boundary actuation imposed
at x = 1. We write R+ := [0,∞).

The considered model is a one-dimensional linear parabolic distributed-parameter system,
characterized by the coexistence of second-order spatial diffusion and linear reaction dynamics, with
the control input applied through the Robin boundary condition at x = 1. We study System (2.1)–(2.4)
in the Hilbert space L2(0, 1). Let Aϕ := εϕ′′+λϕ with the homogeneous boundary conditions ϕ′(0) = 0
and ϕ′(1) + qϕ(1) = 0. It is well-known that the diffusion operator under Neumann–Robin boundary
conditions gives rise to an analytic C0-semigroup on L2(0, 1); moreover, the nonhomogeneous Robin
boundary input in (2.3) can be handled via a standard lifting transformation. Consequently, for any
v0 ∈ L2(0, 1) and any admissible (e.g., piecewise continuous) boundary input U(t), System (2.1)–(2.4)
has a unique mild solution in L2(0, 1) for all t ≥ 0; under the usual additional regularity assumptions,
boundary traces are well-defined, which justifies the subsequent backstepping and Lyapunov analysis.

One introduces a standard stabilizability condition as follows:

Assumption 1. [29] The parameters satisfy

q >
λ + ε

2ε
. (2.5)

According to the condition in Assumption 1, the kernel boundary value problem arising in the
backstepping design admits a unique Volterra solution, and the resulting boundary feedback is able to
exponentially stabilize the open-loop plant. Then, by defining

r = q −
λ

2ε
, (2.6)

Assumption 1 means r > 1/2, which will be repeatedly applied to obtain coercive energy
estimations.
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Remark 1. Throughout the paper, we work under standard regularity conditions ( v0, v̂0 ∈ H1(0, 1) and
piecewise C1 signals involved in the boundary actuation or estimation) so that the boundary traces
v(0, t), v̂(0, t) are well-defined, and the integrations by parts used in the subsequent derivations are
valid.

The boundary measurement available to the observer is

yb(t) = v(0, t), t ≥ 0, (2.7)

which is sent over a possibly insecure communication link.

2.2. Deceptive attacks on the measurement signal

We assume that the boundary measurement yb(t) may be altered by an adversary before it is used by
the observer. In modern networked control of distributed parameter systems, the sensing data are often
transmitted over open or partially protected channels and may therefore be vulnerable to intentional
falsification. Let yr(t) denote the signal actually received by the observer. One can express the received
measurement as

yr(t) = β(t)yb(t) +
(
1 − β(t)

)
φ
(
yb(t)

)
, (2.8)

where φ(·) is a nonlinear deception map, and β(t) ∈ {0, 1} is a Bernoulli random variable indicating
whether the transmitted measurement is genuine or falsified. Specifically, when β(t) = 1, no attack
occurs, and yr(t) = yb(t), whereas when β(t) = 0, the received signal is forged according to yr(t) =
φ(yb(t)).

Let {tk}k∈N denote the control update instants generated by the dynamic event-triggering mechanism
introduced later in Section 4. To model interval-consistent random deception, we assume that at each
control update instant tk, a fresh Bernoulli variable β(tk) is sampled independently of the closed-loop
history prior to tk with

E{β(tk)} = Pg ∈ (0, 1). (2.9)

Here, E{·} represents the mathematical expectation taken with respect to the probability space
associated with the attack process. The parameter Pg represents the probability that the genuine
measurement mode is active on the interevent interval starting at tk, corresponding to β(tk) = 1, whereas
1 − Pg represents the probability that the received measurement is deceptively falsified, corresponding
to β(tk) = 0. Therefore, a larger value of Pg indicates a more reliable measurement channel, whereas a
smaller value of Pg corresponds to a higher probability of deceptive measurements.

We further impose the following interval consistency assumption on the attack process.

Assumption 2 (Interval-consistent attacks). Let {tk}k∈N represent the event times, where t0 = 0, and
tk+1 > tk. The Bernoulli attack indicator β(t) ∈ {0, 1} is assumed to be piecewise constant on each
interevent interval; that is,

β(t) = β(tk), t ∈ [tk, tk+1), k ∈ N. (2.10)

This assumption reflects the fact that an attacker typically maintains a fixed falsification pattern over
each interevent interval rather than switching arbitrarily fast within an interevent interval.

Remark 2. The interval consistency requirement in (2.10) is imposed to obtain a tractable attack model
over the event-triggered control update intervals. It does not preclude more aggressive adversaries
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that may switch within an interevent interval. Such within-interval switching can be described by a
more general switching process, such as a Markov jump process with a bounded switching rate; this
extension is left for future work.

2.3. Bounds on the deception map

To characterize how deception influences the closed-loop behavior, we assume that the falsification
map φ(·) does not amplify the measurement signal in an unbounded manner. Let v(0, t) denote the true
values of the boundary state at x = 0. In particular, we impose a relative growth bound of the form.

Assumption 3. The deception function φ : R→ R is continuously differentiable and satisfies φ(0) = 0.
Moreover, there exists a non-negative constant Lφ such that

|φ (z)| ≤ Lφ |z| , ∀z ∈ R. (2.11)

Remark 3. Assumption 3 provides a tractable bound on the attack-induced deviation in terms of the
genuine boundary signal. This relation is essential for the subsequent stability analysis, as it allows
the deception-related terms in the observer error dynamics to be estimated in terms of the boundary
and gradient energy quantities and handled using the trace and Young inequalities. Moreover, the
assumption does not require φ(·) to be linear and therefore still accommodates a class of amplitude-
scaling and state-dependent nonlinear distortions which satisfy the prescribed relative bound. The
imposed regularity conditions ensure that the boundary trace operators appearing in the Lyapunov
analysis are well-defined and that the corresponding boundary terms can be bounded by the energy
norms.

2.4. Observer construction and estimation error dynamics

Let v̂(x, t) represent the observer state driven by the attacked boundary measurement yr(t). We
consider the following output-injection observer:

v̂t(x, t) = εv̂xx(x, t) + λv̂(x, t) + p1(x)
(
yr(t) − v̂(0, t)

)
, (2.12)

v̂x(0, t) = p10
(
yr(t) − v̂(0, t)

)
, (2.13)

v̂x(1, t) + qv̂(1, t) = U(t) (2.14)

with the initial condition
v̂(x, 0) = v̂0(x), x ∈ (0, 1).

Here, p1(x) and p10 denote the observer gains, which are determined by the subsequent backstepping
design, and U(t) denotes the boundary actuation. Define the estimation error variable

ṽ(x, t) = v(x, t) − v̂(x, t) (2.15)

based on (2.1)–(2.3) and (2.12)–(2.14), and utilizing (2.7) and (2.8), one obtains the error dynamics

ṽt(x, t) = εṽxx(x, t) + λṽ(x, t) − p1(x)
(
β(t)ṽ(0, t)

+
(
1 − β(t)

)(
φ(v(0, t)) − v̂(0, t)

))
, (2.16)

ṽx(0, t) = −p10

(
β(t)ṽ(0, t) +

(
1 − β(t)

)(
φ(v(0, t)) − v̂(0, t)

))
, (2.17)

ṽx(1, t) + qṽ(1, t) = 0. (2.18)
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Remark 4. In the nominal case (no attack), namely when β(t) ≡ 1, then yr(t) = yb(t) = v(0, t). Then,
(2.16)–(2.18) reduce to the standard backstepping observer error system, where the correction terms
depend solely on the true boundary measurement. Under deceptive measurements (β(t) = 0 on certain
intervals), additional terms involving φ(·) enter the injection channel. Importantly, the diffusion–
reaction operator in the error PDE is unchanged; the attack affects the error system only through the
measurement-driven injection at the boundary and in the distributed correction term. Accordingly, the
attack-induced contribution is retained explicitly in the estimation error dynamics and is subsequently
collected into the measurement deviation ∆y(t) in Section 3, where it is treated as a disturbance input
of the transformed error system.

2.5. Technical tools and auxiliary estimates

In this subsection, we recall several classical estimates that will be repeatedly used in the subsequent
backstepping design and Lyapunov analysis.

Lemma 1 (One-dimensional trace inequality [35]). There exists a constant C > 0 such that for every
z(·, t) ∈ H1(0, 1),

|z(1, t)|2 ≤ C(∥z[t]∥2 + ∥zx[t]∥2).

This inequality is a consequence of the continuity of the trace mapping from H1(0, 1) into R, and it
will be used to estimate boundary terms in the Lyapunov analysis.

Lemma 2 (Cauchy–Schwarz inequality [36]). For each fixed t ≥ 0, any f (·, t), g(·, t) ∈ L2(0, 1) satisfy∣∣∣∣∣∣
∫ 1

0
f (x, t) g(x, t) dx

∣∣∣∣∣∣ ≤
(∫ 1

0
f 2(x, t) dx

)1/2 (∫ 1

0
g2(x, t) dx

)1/2

.

Equivalently, ∣∣∣∣∣∣
∫ 1

0
f (x, t) g(x, t) dx

∣∣∣∣∣∣ ≤ ∥ f (·, t)∥L2(0,1) ∥g(·, t)∥L2(0,1).

This inequality will be used to bound inner product terms in the Lyapunov derivative estimates and in
the input-to-state stability (ISS) analysis.

Lemma 3 (Young’s inequality [36]). For any a, b ∈ R and any δ > 0,

ab ≤
δ

2
a2 +

1
2δ

b2.

This inequality will be repeatedly used to balance cross terms arising in the Lyapunov derivative
estimates.

Lemma 4 (ISS differential inequality [37, 38]). Assume that V : [0,∞) → [0,∞) is locally absolutely
continuous and that w ∈ L2

loc([0,∞)). Suppose that for some constants α > 0 and γ > 0,

V̇(t) ≤ −αV(t) + γw2(t)

holds for almost every t ≥ 0. Then,

V(t) ≤ e−αtV(0) + γ
∫ t

0
e−α(t−s)w2(s) ds, t ≥ 0.

In particular:
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• If w(t) ≡ 0, then V(t) ≤ e−αtV(0), and exponential stability holds.

• If w(t) ∈ L∞ [0,∞), then V(t) stays bounded on [0,∞).

When deceptive measurements are taken into account, the transformed error dynamics cannot be
treated as a purely autonomous stable system because the attack effect enters the PDE through the
measurement deviation ∆y(t) and acts as a disturbance input in both the distributed and boundary
channels. Hence, the appropriate stability notion is no longer merely exponential convergence of the
zero solution but should instead be formulated in the ISS sense with reference to the interference
∆y(t). This viewpoint is consistent with the later Lyapunov estimate, where the derivative of the energy
functional takes the form of an ISS differential inequality. In particular, the ISS framework enables us
to show that bounded attack inputs produce bounded estimation errors and that the nominal exponential
convergence is recovered when the attack input vanishes.

Lemma 5 (Robin–Poincaré inequality [39]). Let q > 1/2. Then, for any z(·, t) ∈ H1(0, 1) and each
fixed t ≥ 0, ∫ 1

0
z2

x(x, t) dx + qz2(1, t) ≥ θ
∫ 1

0
z2(x, t) dx, θ := min

{
q −

1
2
,

1
2

}
.

This inequality follows from the spectral properties of the one-dimensional Sturm–Liouville
operator associated with the Robin boundary condition. It guarantees that the boundary dissipation
contributes a strictly positive coercive margin in the energy estimate.

3. Backstepping transformations

Because both the observer error system and the plant dynamics are governed by reaction–diffusion
equations with boundary measurements and boundary actuation, direct stability analysis is complicated
by the presence of unbounded boundary operators and the coupling between distributed states and
boundary terms. The backstepping approach provides a systematic way to overcome this difficulty: By
constructing suitable Volterra integral transformations, the original systems can be converted into target
systems with simpler boundary structures and more tractable dissipative properties, which lays the
foundation for the subsequent Lyapunov analysis and event-triggered design. In the present attacked
setting, backstepping also plays an essential role in isolating the effect of deceptive measurements
into explicit perturbation terms driven by the measurement deviation ∆y(t), thereby making the attack
influence amenable to a structured stability analysis.

For the considered one-dimensional reaction–diffusion system, the Volterra transformation is
particularly suitable because its triangular integral structure, 0 ≤ ξ ≤ x ≤ 1, is naturally consistent
with the ordered spatial domain and with the triangular kernel domain used in the backstepping
design. This structure enables the distributed reaction dynamics and boundary couplings to be handled
systematically through the associated kernel equations.

This section is carried out in two steps. We first consider the nominal case without deceptive
attacks [29], in which the backstepping transformation is designed so that the observer error system is
transformed into a target PDE with an exponentially stable structure. We then consider the attacked
case, where the same backstepping design is retained, but the deception effect is represented explicitly
through distributed and left-boundary perturbation terms. This two-step presentation distinguishes

AIMS Mathematics Volume 11, Issue 9, 27969–28008.



27978

the nominal stabilizing mechanism from the additional disturbance effects induced by deceptive
measurements and prepares the subsequent ISS and mean-square stability analyses.

Following the observer error backstepping construction in [29], we employ the Volterra
transformation

ṽ(x, t) = z̃(x, t) −
∫ x

0
P(x, ξ)z̃(ξ, t) dξ, (3.1)

whose inverse is

z̃(x, t) = ṽ(x, t) +
∫ x

0
Q(x, ξ)ṽ(ξ, t) dξ, (3.2)

where P(x, ξ) and Q(x, ξ) denote the backstepping kernel and its inverse kernel, respectively. The
kernel P(x, y) is determined by the following boundary value problem posed on the triangular area
{(x, y) : 0 ≤ y ≤ x ≤ 1} [29]:

Pxx(x, y) − Pyy(x, y) = −
λ

ε
P(x, y), 0 ≤ y ≤ x ≤ 1, (3.3)

Px(1, y) = −qP(1, y), 0 ≤ y ≤ 1, (3.4)

P(x, x) =
λ

2ε
(x − 1), 0 ≤ x ≤ 1. (3.5)

By Assumption 1, the boundary value problem (3.3)–(3.5) admits a unique Volterra kernel solution
P. Moreover, by standard Volterra theory for backstepping transformations, the inverse kernel Q exists
and is bounded, and hence, the mapping (3.1)–(3.2) is boundedly invertible in L2(0, 1).

If no deceptive attack occurs, substituting (3.1) into the nominal error system (2.16)–(2.18) (with
β(t) ≡ 1 so that yr(t) = v(0, t)) and using (3.3)–(3.5) yields the nominal target error system in [29]:

z̃t(x, t) = εz̃xx(x, t), (3.6)
z̃x(0, t) = 0, (3.7)
z̃x(1, t) = −qz̃(1, t). (3.8)

The corresponding observer gains are

p1(x) = εPy(x, 0), p10 = P(0, 0) = −
λ

2ε
. (3.9)

Here, the relation for p1(x) follows from the backstepping coefficient matching, and the last equality
for p10 follows directly from (3.5) evaluated at x = 0.

When deceptive measurements are present, it is useful to distinguish the nominal observer
innovation from the perturbation caused solely by measurement falsification. To this end, we define
the attack-induced measurement deviation as

∆y(t) = yr(t) − yb(t) =
(
1 − β(t)

) [
φ
(
v(0, t)

)
− v(0, t)

]
. (3.10)

Accordingly,
yr(t) − v̂(0, t) = ṽ(0, t) + ∆y(t).

In the attack-free case, that is, when β(t) ≡ 1, one has ∆y(t) ≡ 0.
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Using yr(t) − v̂(0, t) = ṽ(0, t) + ∆y(t), the estimation error system (2.16)–(2.18) can be equivalently
rewritten as

ṽt(x, t) = εṽxx(x, t) + λṽ(x, t) − p1(x)ṽ(0, t) − p1(x)∆y(t),
ṽx(0, t) = − p10ṽ(0, t) − p10∆y(t),

ṽx(1, t) + qṽ(1, t) = 0.

Applying the inverse Volterra transformation (3.2) to the above equivalent error system and using
the kernel identities induced by the mutually inverse transformations (3.1)–(3.2) together with the
observer gain relations in (3.9) yields

z̃t(x, t) = εz̃xx(x, t) + fa(x, t), (3.11)
z̃x(0, t) = b0∆y(t), (3.12)
z̃x(1, t) = −qz̃(1, t). (3.13)

At x = 0, the forward transformation (3.1) gives ṽ(0, t) = z̃(0, t) and

ṽx(0, t) = z̃x(0, t) − P(0, 0)z̃(0, t).

Using P(0, 0) = p10 together with the left-boundary condition of the equivalent error system yields

z̃x(0, t) = −p10∆y(t).

Hence,
b0 = −p10.

Furthermore,

fa(x, t) = b(x)∆y(t), b(x) = −p1(x) −
∫ x

0
Q(x, ξ)p1(ξ) dξ + εp10Q(x, 0). (3.14)

Because Q, p1, and p10 are bounded, b(·) is bounded on [0, 1].

Remark 5. The definition of ∆y(t) in (3.10) separates the deception-induced measurement deviation
from the nominal observer innovation. In particular, β(t) ≡ 1 implies ∆y(t) ≡ 0. The attack affects
the estimation error dynamics through the distributed observer injection and the boundary injection at
x = 0, whereas the original estimation error condition at x = 1 remains homogeneous.

Indeed, differentiating (3.1) with respect to x and evaluating it at x = 1 gives

ṽx(1, t) + qṽ(1, t) = z̃x(1, t) + qz̃(1, t) − P(1, 1)z̃(1, t) −
∫ 1

0

[
Px(1, ξ) + qP(1, ξ)

]
z̃(ξ, t) dξ.

Because P(1, 1) = 0 follows from (3.5), and Px(1, ξ) = −qP(1, ξ) follows from (3.4), the last two
terms vanish. Together with ṽx(1, t) + qṽ(1, t) = 0, this yields

z̃x(1, t) = −qz̃(1, t).

Therefore, in the transformed coordinates, the deception effect appears through the distributed term
b(x)∆y(t) and the left-boundary perturbation b0∆y(t), and no additional attack-induced term arises at
the right boundary.

AIMS Mathematics Volume 11, Issue 9, 27969–28008.



27980

Proposition 1. Under the standing regularity assumptions, if ∆y(t) ≡ 0, the transformed observer error
system (3.11)–(3.13) with fa defined by (3.14) reduces to the nominal target system and is globally
exponentially stable in L2(0, 1). Moreover, for bounded attack-induced measurement deviations ∆y(t)
satisfying the standing regularity assumptions, the perturbed transformed observer error system is
input-to-state stable with respect to ∆y(t). In particular, in the attack-free case, that is, β(t) ≡ 1,
one has ∆y(t) ≡ 0, and hence, the observer error ṽ(·, t) converges exponentially to zero in L2(0, 1).
Under bounded deceptive measurement deviations, the observer error remains bounded according to
the corresponding ISS estimate.

Proof. We first consider ∆y(t) ≡ 0, for which (3.11)–(3.13) reduce to the nominal target error system.
Define the Lyapunov functional

V(t) =
1
2

∫ 1

0
z̃2(x, t) dx.

Differentiating with respect to time yields

V̇(t) =
∫ 1

0
z̃(x, t) z̃t(x, t) dx.

Substituting the target error system (3.6),

V̇(t) = ε
∫ 1

0
z̃(x, t) z̃xx(x, t) dx.

Integrating by parts with respect to x yields

V̇(t) = ε
[
z̃(x, t)z̃x(x, t)

]1

0
− ε

∫ 1

0
z̃2

x(x, t) dx.

From z̃x(0, t) = 0 and z̃x(1, t) = −qz̃(1, t), this yields

V̇(t) = −ε
∫ 1

0
z̃2

x(x, t) dx − εqz̃2(1, t) ≤ 0.

For every z̃(·, t) ∈ H1(0, 1), we have

∥z̃[t]∥2 ≤ 2
(
∥z̃x[t]∥2 + |z̃(1, t)|2

)
.

Hence, by defining

θq :=
1
2

min{1, q} > 0,

we obtain
∥z̃x[t]∥2 + q|z̃(1, t)|2 ≥ θq∥z̃[t]∥2.

Therefore,
V̇(t) ≤ −εθq∥z̃[t]∥2 = −2εθqV(t),

and consequently,
V(t) ≤ e−2εθqtV(0).
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Equivalently,
∥z̃[t]∥ ≤ e−εθqt∥z̃[0]∥.

Because the Volterra transformations (3.1)–(3.2) are bounded and invertible in L2(0, 1), there exist
constants M1,M2 > 0 such that

∥ṽ[t]∥ ≤ M1∥z̃[t]∥, ∥z̃[0]∥ ≤ M2∥ṽ[0]∥.

Therefore,
∥ṽ[t]∥ ≤ M1M2e−εθqt∥ṽ[0]∥,

which establishes exponential convergence of the observer error in the nominal case.
We now consider the perturbed system under a bounded attack-induced measurement deviation ∆y(t).
From (3.11)–(3.14), the transformed observer error system satisfies

z̃t(x, t) = εz̃xx(x, t) + b(x)∆y(t),
z̃x(0, t) = b0∆y(t),
z̃x(1, t) = −qz̃(1, t).

Consider the Lyapunov functional

V(t) =
1
2

∫ 1

0
z̃2(x, t) dx.

For almost every t on each interevent interval, differentiating along the solutions and integrating by
parts yields

V̇(t) = −ε∥z̃x[t]∥2 − εq|z̃(1, t)|2 − εb0∆y(t)z̃(0, t) + ∆y(t)
∫ 1

0
b(x)z̃(x, t) dx.

Define
Dq(t) := ∥z̃x[t]∥2 + q|z̃(1, t)|2.

For every z̃(·, t) ∈ H1(0, 1),
∥z̃[t]∥2 ≤ 2

(
∥z̃x[t]∥2 + |z̃(1, t)|2

)
.

Consequently,

Dq(t) ≥ θq∥z̃[t]∥2, θq :=
1
2

min{1, q} > 0.

Moreover,
|z̃(0, t)|2 ≤ 2

(
|z̃(1, t)|2 + ∥z̃x[t]∥2

)
≤ CqDq(t), Cq := 2 max{1, q−1}.

For arbitrary η0 > 0, Young’s inequality gives

ε|b0||∆y(t)| |z̃(0, t)| ≤ ε|b0|
√

Cq|∆y(t)|
√

Dq(t) ≤ η0Dq(t) +
ε2b2

0Cq

4η0
|∆y(t)|2.

Similarly, for arbitrary η1 > 0,∣∣∣∣∣∣∆y(t)
∫ 1

0
b(x)z̃(x, t) dx

∣∣∣∣∣∣ ≤ ∥b∥L2(0,1) |∆y(t)| ∥z̃[t]∥ ≤
∥b∥L2(0,1)√
θq
|∆y(t)|

√
Dq(t) ≤ η1Dq(t) +

∥b∥2L2(0,1)

4η1θq
|∆y(t)|2.
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Hence,

V̇(t) ≤ −
(
ε − η0 − η1

)
Dq(t) +Ce|∆y(t)|2, Ce :=

ε2b2
0Cq

4η0
+
∥b∥2L2(0,1)

4η1θq
.

Choosing η0, η1 > 0 such that η0 + η1 < ε gives

V̇(t) ≤ −λeV(t) +Ce|∆y(t)|2, (3.15)

where
λe := 2θq

(
ε − η0 − η1

)
> 0.

Applying Lemma 4 to (3.15) yields

V(t) ≤ e−λetV(0) +Ce

∫ t

0
e−λe(t−s)|∆y(s)|2 ds,

and therefore,

V(t) ≤ e−λetV(0) +
Ce

λe
sup
0≤s≤t
|∆y(s)|2.

Consequently,

∥z̃[t]∥ ≤ e−λet/2∥z̃[0]∥ +

√
2Ce

λe
sup
0≤s≤t
|∆y(s)|.

Using again the bounded invertibility of (3.1)–(3.2), we obtain

∥ṽ[t]∥ ≤ M1M2e−λet/2∥ṽ[0]∥ + M1

√
2Ce

λe
sup
0≤s≤t
|∆y(s)|.

Hence, the observer error system is ISS with respect to the attack-induced measurement deviation
∆y(t). □

Remark 6. The Volterra kernel P and the observer gains in (3.9) are designed from the attack-
free observer error system and are not redesigned when deceptive measurements occur. With the
attack-induced deviation ∆y(t) defined in (3.10), the transformed attack effect appears as the additive
distributed disturbance b(x)∆y(t) and the left-boundary perturbation b0∆y(t), whereas the right-
boundary condition remains homogeneous. Because b(·) and b0 are bounded, the deception effect
can be handled at the analysis stage through the ISS estimate established in Proposition 1.

4. Event-triggered boundary control

4.1. Backstepping for the observer and control law

To realize observer-based boundary stabilization, the estimated state v̂(·, t) generated by the
boundary observer (2.12)–(2.14) is used to construct the boundary feedback input. Guided by the
backstepping framework for boundary stabilization of parabolic PDEs in [29], we introduce the
Volterra transformation

ẑ(x, t) = v̂(x, t) −
∫ x

0
K(x, ξ)v̂(ξ, t) dξ, (4.1)

AIMS Mathematics Volume 11, Issue 9, 27969–28008.



27983

where the kernel K(x, y) is defined on the triangular domain 0 ≤ y ≤ x ≤ 1 and satisfies

Kxx(x, y) − Kyy(x, y) =
λ

ε
K(x, y), 0 ≤ y ≤ x ≤ 1, (4.2)

Ky(x, 0) = 0, 0 ≤ x ≤ 1, (4.3)

K(x, x) = −
λ

2ε
x, 0 ≤ x ≤ 1. (4.4)

Define the parameter

r = q −
λ

2ε
. (4.5)

Under Assumption 1, the kernel problem (4.2)–(4.4) admits a unique bounded solution K, and
the corresponding inverse Volterra transformation is well-defined and bounded. Therefore, the
transformation (4.1) is boundedly invertible in L2(0, 1). Denoting the corresponding inverse kernel
by L, the inverse transformation can be written as

v̂(x, t) = ẑ(x, t) +
∫ x

0
L(x, ξ)ẑ(ξ, t) dξ.

By Assumption 1, one has r > 1/2, which provides the coercive boundary dissipation used in the
subsequent stability analysis.

Define the ideal continuous-time boundary feedback signal as

Uc(t) =
∫ 1

0

[
rK(1, y) + Kx(1, y)

]
v̂(y, t) dy, (4.6)

where Uc(t) denotes the boundary input that would be generated continuously from the current observer
state. Using

yr(t) − v̂(0, t) = z̃(0, t) + ∆y(t)

and applying the backstepping transformation (4.1) to the observer system (2.12)–(2.14), we obtain the
following transformed observer dynamics:

ẑt(x, t) = εẑxx(x, t) + g(x)
[
z̃(0, t) + ∆y(t)

]
, (4.7)

ẑx(0, t) = −
λ

2ε
[
z̃(0, t) + ∆y(t)

]
, (4.8)

ẑx(1, t) + rẑ(1, t) = U(t) − Uc(t), (4.9)

where

g(x) = p1(x) −
λ

2
K(x, 0) −

∫ x

0
K(x, ξ)p1(ξ) dξ. (4.10)

To verify the right-boundary relation in (4.9), differentiating (4.1) with respect to x and evaluating
it at x = 1 gives

ẑx(1, t) = v̂x(1, t) − K(1, 1)v̂(1, t) −
∫ 1

0
Kx(1, ξ)v̂(ξ, t) dξ.
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Using the observer boundary condition v̂x(1, t) = U(t) − qv̂(1, t) together with K(1, 1) = −λ/(2ε)
and r = q − λ/(2ε), we obtain

ẑx(1, t) = U(t) − rv̂(1, t) −
∫ 1

0
Kx(1, ξ)v̂(ξ, t) dξ.

Combining the above relation and (4.6) with (4.1) evaluated at x = 1 yields

ẑx(1, t) + rẑ(1, t) = U(t) − Uc(t),

which verifies (4.9). In particular, under the ideal continuous-time implementation U(t) = Uc(t), the
right-boundary condition reduces to

ẑx(1, t) = −rẑ(1, t).

4.2. Input holding error

Section 4.1 defines the ideal continuous-time boundary feedback signal Uc(t) computed from the
current observer state. To reduce the frequency of boundary updates, we implement this signal through
an event-triggered sample-and-hold mechanism.

At each event time tk, the controller samples the observer profile v̂(·, tk) and computes the
corresponding ideal control value,

Uk = Uc(tk) =
∫ 1

0

(
rK(1, ξ) + Kx(1, ξ)

)
v̂(ξ, tk) dξ. (4.11)

The actual boundary input is achieved through a sample-and-hold strategy:

U(t) = Uk, t ∈ [tk, tk+1). (4.12)

To quantify the discrepancy between the ideal continuous-time signal Uc(t) and its event-triggered
implementation U(t), we define the input-holding error

eU(t) = Uc(t) − U(t), t ∈ [tk, tk+1). (4.13)

Combining (4.9) with the definition (4.13) gives

ẑx(1, t) = −rẑ(1, t) − eU(t), t ∈ [tk, tk+1). (4.14)

Hence, under the event-triggered sample-and-hold implementation, the transformed observer
dynamics are governed by (4.7), (4.8), and (4.14). The measurement deception deviation ∆y(t) enters
the distributed and left-boundary channels, whereas the input-holding error eU(t) enters the right
boundary through the sample-and-hold implementation.

Under the right-continuous sample-and-hold convention, U(tk) = Uk = Uc(tk), and hence, eU(tk) =
0 immediately after each update. Between two successive events, eU(t) generally becomes nonzero
because U(t) is held constant, whereas Uc(t) evolves with the observer state.
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4.3. Dynamic event triggering strategy

To avoid continuous updating of the control signal, we realize the boundary feedback law through
an event-triggered sample-and-hold implementation. For the triggering rule, we follow the dynamic
event-triggering framework in [29] for reaction–diffusion PDE boundary control: The input-holding
error is monitored against a time-varying threshold for which the exclusion of Zeno behavior and a
uniform positive lower bound on the interevent times will be established below.

The main difference in our setting is that the boundary sensing signal can be randomly falsified by
deceptive attacks. Accordingly, we develop the closed-loop analysis in Section 5 in the mean-square
sense, explicitly accounting for the attack-induced stochasticity in the observer dynamics and coupling
the triggering variable with the estimation energy terms required in the attacked case.

Let {tk}k∈N denote the event sequence, where 0 = t0 < t1 < t2 < · · · . On each interevent interval
t ∈ [tk, tk+1), the boundary input is held at U(t) = Uk = Uc(tk), and the input-holding error eU(t) is given
by (4.13) and satisfies eU(tk) = 0.

Define the next event time

tk+1 = inf
{
t > tk : e2

U(t−) ≥ −κζ(t)
}
. (4.15)

Here, eU(t−) denotes the input-holding error immediately before a possible control update. On
each open interevent interval, eU(t−) = eU(t), whereas at a triggering instant, the left-limit notation
distinguishes the pre-update triggering value from the post-update reset of the holding error. More
precisely, the evolution of ζ(t) modulates the dynamic triggering threshold in real time and is
instrumental in ruling out Zeno behavior. The variable ζ(t) satisfies

ζ̇(t) = −aζζ(t) + bζe2
U(t) − c1 ∥ẑx[t]∥2 − c2|ẑ(1, t)|2 − c3|z̃(0, t)|2, (4.16)

where aζ , bζ , c1, c2, c3 > 0 are design parameters, and ∥ f [t]∥ := ∥ f (·, t)∥L2(0,1). The internal variable ζ(t)
is not reset at triggering instants and therefore remains continuous across control updates.

The deception considered in this paper acts on the boundary measurement channel yb 7→ yr used for
observer correction. Under the adopted information structure, the event generator is assumed to have
access to the local boundary estimation mismatch ṽ(0, t) required by (4.16) together with the observer
variables entering the triggering mechanism. Because the Volterra transformation for the estimation
error reduces to the identity at x = 0, one has z̃(0, t) = ṽ(0, t). This information availability assumption
is part of the adopted control architecture and is not inferred from the potentially falsified observer
measurement yr(t). Accordingly, attacks affecting the signals available internally to the event generator
are outside the scope of the present model.

Because ζ(t) < 0, the quantity −κζ(t) defines a positive dynamic triggering threshold. For a fixed
value of ζ(t), a larger κ increases this threshold and therefore tends to allow a larger input-holding
error before a new event is generated. The term −aζζ(t) drives ζ(t) toward zero and thus tends to
decrease the positive threshold, whereas bζe2

U(t) strengthens this effect as the input-holding error grows,
making a new control update more likely. The parameters c1, c2, and c3 weight the contributions of
the observer state gradient energy ∥ẑx[t]∥2, the boundary value |ẑ(1, t)|2, and the boundary estimation
mismatch |z̃(0, t)|2, respectively. These terms drive ζ(t) toward more negative values and thereby
enlarge the dynamic threshold according to the corresponding closed-loop energy levels. Hence,
these parameters provide additional flexibility in balancing the control update frequency and closed-
loop performance. Because the threshold and the closed-loop states are dynamically coupled, these
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effects should be understood qualitatively rather than as strict monotonic relationships. In practice, the
triggering parameters are selected jointly so that the sufficient conditions for closed-loop stability and
Zeno-free behavior established in the subsequent analysis are satisfied.

Compared with conventional static event-triggered schemes, in which the triggering threshold is
prescribed directly by instantaneous closed-loop quantities, the proposed mechanism introduces ζ(t)
as an internal dynamic variable. Consequently, the threshold −κζ(t) evolves with the closed-loop
dynamics, providing an additional degree of freedom to adjust the triggering sensitivity over time and
thereby offering greater flexibility in balancing closed-loop performance and the frequency of control
updates.

We choose the initial condition ζ(t0) = ζ0 < 0. Under the regularity conditions stated in Section 2,
the forcing terms in (4.16) are locally integrable on each interevent interval, and hence, ζ(t) admits a
unique absolutely continuous solution for the given closed-loop trajectory. Together, (4.15)–(4.16)
define a fully dynamic event-triggering scheme. As shown in Lemma 6, the negativity of ζ(t) is
preserved for all t ≥ t0, and the additional parameter conditions ensuring a uniform positive lower
bound on the interevent times are given in Theorem 1.

4.4. Triggering inequality and negativity of ζ(t)

Lemma 6 (Triggering inequality and negativity of ζ(t)). Suppose ζ(0) < 0, and κ, aζ , bζ , c1, c2, c3 > 0.
Then, for each interevent interval [tk, tk+1),

e2
U(t) < −κζ(t), ζ(t) < 0, t ∈ [tk, tk+1). (4.17)

Moreover, ζ(t) < 0 for all t ≥ 0. If tk+1 < ∞, the pre-update holding error satisfies

e2
U(t−k+1) = −κζ(tk+1), (4.18)

whereas the subsequent control update resets the actual input-holding error to eU(tk+1) = 0.

Proof. We argue on each interevent interval and then conclude by induction. Between two events,
U(t) is held constant, and ζ(t) evolves according to the ordinary differential equation (ODE) (4.16).
Under the regularity conditions stated in Section 2, the right-hand side of (4.16) is locally integrable
along the closed-loop trajectory on each interevent interval. Hence, ζ(·) is absolutely continuous, and
therefore continuous, on [tk, tk+1). Moreover, eU(t) = Uc(t)−U(t) is also continuous on [tk, tk+1) because
U(t) = Uc(tk) on this interval. The triggering instant is determined by (4.15):

tk+1 = inf
{
t > tk : e2

U(t−) ≥ −κζ(t)
}
.

At t = tk, the post-update value satisfies eU(tk) = 0. Hence, whenever ζ(tk) < 0,

e2
U(tk) = 0 < −κζ(tk).

Now, take any t ∈ (tk, tk+1). Because no control update occurs inside the open interevent interval,
eU(t−) = eU(t). If e2

U(t) ≥ −κζ(t) held at such a time, then, equivalently, e2
U(t−) ≥ −κζ(t), and the

definition of tk+1 would imply tk+1 ≤ t, contradicting t < tk+1. Therefore,

e2
U(t) < −κζ(t), t ∈ [tk, tk+1).
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Thus, the triggering inequality remains strict throughout [tk, tk+1). If tk+1 < ∞, continuity of the pre-
update flow value of the holding error and continuity of ζ imply

e2
U(t−k+1) = −κζ(tk+1).

After the boundary input is updated at tk+1, the actual holding error is reset to eU(tk+1) = 0.
Using (4.16) and discarding the nonpositive terms −c1∥ẑx[t]∥2 − c2|ẑ(1, t)|2 − c3|z̃(0, t)|2, we have on
[tk, tk+1)

ζ̇(t) ≤ −aζζ(t) + bζe2
U(t).

Using the relaxed bound e2
U(t) ≤ −κζ(t) implied by the strict triggering inequality, we obtain

ζ̇(t) ≤ −aζζ(t) − bζκ ζ(t) = −(aζ + bζκ) ζ(t).

Let ϑ := aζ + bζκ > 0. The differential inequality implies

ζ(t) ≤ ζ(tk)e−ϑ(t−tk), t ∈ [tk, tk+1).

If ζ(tk) < 0, then the right-hand side remains strictly negative for t ≥ tk, so ζ(t) < 0 on [tk, tk+1). If
tk+1 < ∞, taking t → t−k+1 and using the continuity of ζ across the triggering instant yields ζ(tk+1) < 0,
as well. Starting from ζ(0) < 0 and repeating the above argument over successive interevent intervals
concludes that ζ(t) < 0 for all t ≥ 0; equivalently, the set {ζ(t) < 0} is forward invariant. □

4.5. Derivative of e2
U(t)

Lemma 7. Under the regularity conditions stated in Section 2, suppose that the function h defined
below belongs to H1(0, 1) and that g ∈ L∞(0, 1). Then, there exist constants ρ′1 > 0 and α′1, α

′
2, α

′
3 ≥ 0,

independent of the event index k, such that for each interevent interval [tk, tk+1) and for almost every
t ∈ (tk, tk+1),

d
dt

(
e2

U(t)
)
≤ ρ′1e2

U(t) + α′1∥ẑx[t]∥2 + α′2|ẑ(1, t)|2 + α′3|z̃(0, t)|2.

Proof. On each interevent interval [tk, tk+1), the implemented boundary input satisfies U(t) = Uk =

Uc(tk) and is constant between two successive triggering instants. Therefore, the input-holding error
satisfies

eU(t) = Uc(t) − U(t) = Uc(t) − Uk.

Hence, for almost every t ∈ (tk, tk+1),
ėU(t) = U̇c(t).

Under the right-continuous implementation convention, the held input is updated at each triggering
instant so that U(tk) = Uc(tk), and hence, eU(tk) = 0. Thus, it suffices to derive an estimate for U̇c(t) on
each open interevent interval. From the continuous-time boundary feedback law,

Uc(t) =
∫ 1

0

[
rK(1, ξ) + Kx(1, ξ)

]
v̂(ξ, t) dξ.

Using the inverse backstepping transformation v̂(y, t) = ẑ(y, t) +
∫ y

0
L(y, ϱ)ẑ(ϱ, t) dϱ, we obtain

Uc(t) =
∫ 1

0

[
rK(1, y) + Kx(1, y)

]
ẑ(y, t) dy +

∫ 1

0

[
rK(1, y) + Kx(1, y)

] ∫ y

0
L(y, ϱ)ẑ(ϱ, t) dϱ dy.
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Reversing the order of integration in the second term gives∫ 1

0

[
rK(1, y) + Kx(1, y)

] ∫ y

0
L(y, ϱ)ẑ(ϱ, t) dϱ dy =

∫ 1

0

(∫ 1

ϱ

[
rK(1, y) + Kx(1, y)

]
L(y, ϱ) dy

)
ẑ(ϱ, t) dϱ.

Hence,

Uc(t) =
∫ 1

0
h(x)ẑ(x, t) dx,

where

h(x) = rK(1, x) + Kx(1, x) +
∫ 1

x

[
rK(1, y) + Kx(1, y)

]
L(y, x) dy.

Because h ∈ H1(0, 1), one has ∥hx∥L2(0,1) < ∞, and the boundary values h(0) and h(1) are well-defined.
For almost every t ∈ (tk, tk+1), differentiating under the integral sign yields

U̇c(t) =
∫ 1

0
h(x)ẑt(x, t) dx.

Using the transformed observer dynamics (4.7), we obtain

U̇c(t) = ε
∫ 1

0
h(x)ẑxx(x, t) dx +

[
z̃(0, t) + ∆y(t)

] ∫ 1

0
h(x)g(x) dx.

For the diffusion term, integration by parts gives

ε

∫ 1

0
h(x)ẑxx(x, t) dx = εh(1)ẑx(1, t) − εh(0)ẑx(0, t) − ε

∫ 1

0
hx(x)ẑx(x, t) dx.

Using (4.14) and (4.8), we obtain

ε

∫ 1

0
h(x)ẑxx(x, t) dx = −εrh(1)ẑ(1, t) − εh(1)eU(t) +

λ

2
h(0)

[
z̃(0, t) + ∆y(t)

]
− ε

∫ 1

0
hx(x)ẑx(x, t) dx.

Therefore,

U̇c(t) = −ε
∫ 1

0
hx(x)ẑx(x, t) dx − εrh(1)ẑ(1, t) − εh(1)eU(t) +

[
λ

2
h(0) +

∫ 1

0
h(x)g(x) dx

] [
z̃(0, t) + ∆y(t)

]
.

Define

Hg :=
λ

2
h(0) +

∫ 1

0
h(x)g(x) dx.

Then,

U̇c(t) = −ε
∫ 1

0
hx(x)ẑx(x, t) dx − εrh(1)ẑ(1, t) − εh(1)eU(t) + Hg

[
z̃(0, t) + ∆y(t)

]
. (4.19)

We next estimate the term involving ∆y(t). By the definition of the attack-induced measurement
deviation,

∆y(t) =
(
1 − β(t)

) [
φ(v(0, t)) − v(0, t)

]
.
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By Assumption 3 and taking mathematical expectation, one has

|∆y(t)| ≤ (1 − Pg)(Lφ + 1)|v(0, t)|.

Moreover, v(0, t) = ṽ(0, t) + v̂(0, t). Because both Volterra transformations reduce to the identity at
x = 0,

ṽ(0, t) = z̃(0, t), v̂(0, t) = ẑ(0, t),

and hence,
v(0, t) = z̃(0, t) + ẑ(0, t).

Furthermore,

ẑ(0, t) = ẑ(1, t) −
∫ 1

0
ẑx(x, t) dx.

By the Cauchy–Schwarz inequality,

|ẑ(0, t)| ≤ |ẑ(1, t)| + ∥ẑx[t]∥.

Consequently,
|∆y(t)| ≤ (1 − Pg)(Lφ + 1) (|z̃(0, t)| + |ẑ(1, t)| + ∥ẑx[t]∥) .

It follows that∣∣∣z̃(0, t) + ∆y(t)
∣∣∣ ≤ (1 − Pg)((Lφ + 2)|z̃(0, t)| + (Lφ + 1)|ẑ(1, t)| + (Lφ + 1)∥ẑx[t]∥). (4.20)

Using (4.19), (4.20), and the Cauchy–Schwarz inequality, we obtain

|U̇c(t)| ≤ ε∥hx∥L2(0,1)∥ẑx[t]∥ + εr|h(1)||ẑ(1, t)| + ε|h(1)||eU(t)| + |Hg|
∣∣∣z̃(0, t) + ∆y(t)

∣∣∣
≤ ε|h(1)||eU(t)| +

[
ε∥hx∥L2(0,1) + (1 − Pg)(Lφ + 1)|Hg|

]
∥ẑx[t]∥

+
[
εr|h(1)| + (1 − Pg)(Lφ + 1)|Hg|

]
|ẑ(1, t)| + (1 − Pg)(Lφ + 2)|Hg||z̃(0, t)|.

Define
k0 := ε|h(1)|,

k1 := ε∥hx∥L2(0,1) + (1 − Pg)(Lφ + 1)|Hg|,

k2 := εr|h(1)| + (1 − Pg)(Lφ + 1)|Hg|,

k3 := (1 − Pg)(Lφ + 2)|Hg|.

Then,
|U̇c(t)| ≤ k0|eU(t)| + k1∥ẑx[t]∥ + k2|ẑ(1, t)| + k3|z̃(0, t)|.

Because ėU(t) = U̇c(t) for almost every t ∈ (tk, tk+1), we have

|ėU(t)| ≤ k0|eU(t)| + k1∥ẑx[t]∥ + k2|ẑ(1, t)| + k3|z̃(0, t)|.

Therefore,

d
dt

e2
U(t) ≤ 2k0e2

U(t) + 2k1|eU(t)|∥ẑx[t]∥ + 2k2|eU(t)||ẑ(1, t)| + 2k3|eU(t)||z̃(0, t)|.
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For arbitrary δ1, δ2, δ3 > 0, Young’s inequality gives

2k1|eU(t)|∥ẑx[t]∥ ≤ δ1e2
U(t) +

k2
1

δ1
∥ẑx[t]∥2,

2k2|eU(t)||ẑ(1, t)| ≤ δ2e2
U(t) +

k2
2

δ2
|ẑ(1, t)|2,

2k3|eU(t)||z̃(0, t)| ≤ δ3e2
U(t) +

k2
3

δ3
|z̃(0, t)|2.

Combining these estimates yields

d
dt

e2
U(t) ≤ (2k0 + δ1 + δ2 + δ3) e2

U(t) +
k2

1

δ1
∥ẑx[t]∥2 +

k2
2

δ2
|ẑ(1, t)|2 +

k2
3

δ3
|z̃(0, t)|2.

Finally, setting
ρ′1 := 2k0 + δ1 + δ2 + δ3,

α′1 :=
k2

1

δ1
, α′2 :=

k2
2

δ2
, α′3 :=

k2
3

δ3
,

one has
d
dt

e2
U(t) ≤ ρ′1e2

U(t) + α′1∥ẑx[t]∥2 + α′2|ẑ(1, t)|2 + α′3|z̃(0, t)|2

for almost every t ∈ (tk, tk+1), which proves the desired estimate. □

4.6. Uniform dwell-time

Theorem 1 (Uniform dwell-time and exclusion of Zeno behavior). Assume that Assumptions 1–3 hold
and that the dynamic event-triggering mechanism is given by (4.15)–(4.16). Let ρ′1, α

′
1, α

′
2, α

′
3 be the

constants in Lemma 7. Suppose that

ci >
α′i
κ
, i = 1, 2, 3. (4.21)

Define

θ∗ := max
1≤i≤3

α′i
κci
. (4.22)

Then, θ∗ < 1. For any fixed θ ∈ (θ∗, 1), there exists a constant τθ > 0 independent of the event index k
and the initial condition such that every finite interevent interval satisfies

tk+1 − tk ≥ τθ. (4.23)

Consequently, Zeno behavior is excluded.

Proof. Fix an interevent interval [tk, tk+1). If tk+1 = ∞, there is nothing to prove. Hence, suppose that
tk+1 < ∞.
On the interevent interval, define

sk(t) :=
e2

U(t)
−κζ(t)

, t ∈ [tk, tk+1). (4.24)
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By Lemma 6, ζ(t) < 0; hence, the denominator in (4.24) is strictly positive. Moreover,

sk(tk) = 0, 0 ≤ sk(t) < 1, t ∈ [tk, tk+1).

Using the pre-update value at the triggering instant, we extend sk continuously to tk+1 by setting

sk(tk+1) =
e2

U(t−k+1)
−κζ(tk+1)

= 1.

For almost every t ∈ (tk, tk+1), differentiating (4.24) yields

ṡk(t) =
1

−κζ(t)
d
dt

(
e2

U(t)
)
+

e2
U(t)
κζ2(t)

ζ̇(t).

Using Lemma 7,
d
dt

(
e2

U(t)
)
≤ ρ′1e2

U(t) +
3∑

i=1

α′iZi(t),

where
Z1(t) := ∥ẑx[t]∥2, Z2(t) := |ẑ(1, t)|2, Z3(t) := |z̃(0, t)|2

together with

ζ̇(t) = −aζζ(t) + bζe2
U(t) −

3∑
i=1

ciZi(t)

and the identity
e2

U(t) = −κζ(t)sk(t),

we obtain

ṡk(t) ≤ κbζ s2
k(t) + (aζ + ρ′1)sk(t) +

3∑
i=1

(
α′i
κ
− cisk(t)

)
Zi(t)
−ζ(t)

. (4.25)

Because θ∗ < θ < 1, one has
α′i
κ
− ciθ < 0, i = 1, 2, 3.

Because sk(tk) = 0, sk(tk+1) = 1, and sk is continuous on [tk, tk+1], the level θ is attained at least once.
Define the last crossing time by

tk,θ := max {t ∈ [tk, tk+1] : sk(t) = θ} . (4.26)

By continuity and the definition of tk,θ, one has

sk(t) ≥ θ, t ∈ [tk,θ, tk+1].

Consequently,
α′i
κ
− cisk(t) ≤

α′i
κ
− ciθ < 0, i = 1, 2, 3.
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Because Zi(t) ≥ 0 and −ζ(t) > 0, the state-dependent terms in (4.25) are nonpositive on [tk,θ, tk+1].
Therefore, for almost every t ∈ (tk,θ, tk+1),

ṡk(t) ≤ κbζ s2
k(t) + (aζ + ρ′1)sk(t). (4.27)

Let
A := κbζ , B := aζ + ρ′1

so that A > 0, and B > 0. Define

F(r) :=
∫ r

θ

dξ
Aξ2 + Bξ

, r ∈ [θ, 1].

Because sk(t) ≥ θ > 0 on [tk,θ, tk+1], the denominator is strictly positive. For almost every t ∈ (tk,θ, tk+1),
(4.27) gives

d
dt

F(sk(t)) =
ṡk(t)

As2
k(t) + Bsk(t)

≤ 1.

Integrating over [tk,θ, tk+1] yields ∫ 1

θ

ds
As2 + Bs

≤ tk+1 − tk,θ ≤ tk+1 − tk.

Therefore,
tk+1 − tk ≥ τθ,

where

τθ :=
∫ 1

θ

ds
κbζ s2 + (aζ + ρ′1)s

. (4.28)

Evaluating the integral gives

τθ =
1

aζ + ρ′1
ln

 aζ + ρ′1 + κbζθ

θ
(
aζ + ρ′1 + κbζ

) . (4.29)

Because 0 < θ < 1,

aζ + ρ′1 + κbζθ − θ
(
aζ + ρ′1 + κbζ

)
= (aζ + ρ′1)(1 − θ) > 0.

Hence, τθ > 0. The constant τθ depends only on the fixed design parameters and the constants in
Lemma 7 but not on the event index k or the initial condition. Therefore, no infinite sequence of
triggering instants can accumulate in finite time, and Zeno behavior is excluded. □

5. Mean-square exponential stability analysis

5.1. Lyapunov functional

Recall that the notation ∥ f [t]∥ has been defined in (4.16) as

∥ f [t]∥2 := ∥ f (·, t)∥2L2(0,1) =

∫ 1

0
f 2(x, t) dx.
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Consider the Lyapunov functional

V(t) =
A
2
∥z̃[t]∥2 +

B
2
∥ẑ[t]∥2 − γζ(t), A, B, γ > 0, (5.1)

where γ > 0 is an additional weighting parameter used to balance the contribution of the internal
triggering variable in the subsequent stability analysis. By Lemma 6, ζ(t) < 0 for all t ≥ 0, and hence,
−γζ(t) > 0. Therefore,

V(t) ≥
A
2
∥z̃[t]∥2 +

B
2
∥ẑ[t]∥2 ≥

C0

2

(
∥z̃[t]∥2 + ∥ẑ[t]∥2

)
, C0 := min{A, B}. (5.2)

For later use, we record the boundary gradient estimates employed in the Lyapunov analysis. For
every z(·, t) ∈ H1(0, 1), the fundamental theorem of calculus gives

z(0, t) = z(1, t) −
∫ 1

0
zx(x, t) dx.

Hence, by the Cauchy–Schwarz inequality,

|z(0, t)|2 ≤ 2∥zx[t]∥2 + 2|z(1, t)|2. (5.3)

Similarly, using z(x, t) = z(1, t) −
∫ 1

x
zx(ξ, t) dξ and integrating over x ∈ (0, 1) yields

∥z[t]∥2 ≤ 2∥zx[t]∥2 + 2|z(1, t)|2. (5.4)

Consequently, for every a > 0,

∥zx[t]∥2 + a|z(1, t)|2 ≥
1
2

min{1, a}∥z[t]∥2. (5.5)

In particular, define

Dz̃(t) := ∥z̃x[t]∥2 + q|z̃(1, t)|2, Dẑ(t) := ∥ẑx[t]∥2 + r|ẑ(1, t)|2. (5.6)

By Assumption 1 together with the standing conditions ε > 0 and λ > 0, one has q > 1/2 and
r > 1/2. Hence, define

Mq := max
{

1,
1
q

}
, Mr := max

{
1,

1
r

}
. (5.7)

Then, (5.3)–(5.4) imply

|z̃(0, t)|2 ≤ 2MqDz̃(t), ∥z̃[t]∥2 ≤ 2MqDz̃(t), (5.8)

and
|ẑ(0, t)|2 ≤ 2MrDẑ(t), ∥ẑ[t]∥2 ≤ 2MrDẑ(t). (5.9)

These estimates retain the spatial gradient and right-boundary dissipation explicitly and will be used
below to estimate boundary traces without bounding them by the L2-state norm alone.
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5.2. Mean-square stability criterion

Theorem 2 (Mean-square exponential stability). Assume that Assumptions 1–3 hold and that the
dynamic event-triggering mechanism is given by (4.15)–(4.16) with ζ0 < 0. Suppose that there exist
δi > 0, i = 1, 2, 3, such that with the corresponding constants α′i , i = 1, 2, 3 defined in Lemma 7,

ci >
α′i
κ
, i = 1, 2, 3. (5.10)

Suppose further that there exist A, B > 0 and η j > 0, j = 1, . . . , 5. For brevity, define

C∆ :=
A2∥b∥2L2(0,1)Mq

2η1
+

A2ε2b2
0Mq

2η2
, Cw :=

B2λ2Mr

8η4
+

B2∥g∥2L2(0,1)Mr

2η5
, Ce :=

B2ε2

4η3r
.

Set

νz̃ := Aε− η1 − η2 − 4(1− Pg)2(Lφ + 1)2MqC∆, νẑ := Bε− η3 − η4 − η5 − 8(1− Pg)2(Lφ + 1)2MrCw,

Cz̃ẑ := 4(1 − Pg)2(Lφ + 1)2MrC∆, Cẑz̃ := 4(1 + 2(1 − Pg)2(Lφ + 1)2)MqCw,

and
dz̃ := νz̃ −Cẑz̃, dẑ := νẑ −Cz̃ẑ, mc := max

{
c1,

c2

r

}
.

Assume that the following joint feasibility condition holds:

Ce

bζ
< min

{
dz̃

2c3Mq
,

dẑ

mc

}
. (5.11)

For any γ satisfying
Ce

bζ
< γ < min

{
dz̃

2c3Mq
,

dẑ

mc

}
, (5.12)

define
ηz̃ := dz̃ − 2γc3Mq, ηẑ := dẑ − γmc, ηe := γbζ −Ce.

Then, ηz̃ > 0, ηẑ > 0, and ηe > 0. Let

ρ := min
{
ηz̃

AMq
,
ηẑ

BMr
, aζ

}
> 0.

Then, the plant and observer states satisfy a global mean-square exponential estimate with respect to
the augmented initial energy. More precisely, there exists a constant C > 0 independent of the initial
data such that for every admissible deterministic initial condition,

E
{
∥v[t]∥2 + ∥v̂[t]∥2

}
≤ Ce−ρt

(
∥v0∥

2 + ∥v̂0∥
2 + (−ζ0)

)
, t ≥ 0. (5.13)

Moreover, there exists a constant Cζ > 0 independent of the initial data such that

E{−ζ(t)} ≤ Cζe−ρt
(
∥v0∥

2 + ∥v̂0∥
2 + (−ζ0)

)
, t ≥ 0.
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Proof. For convenience, write the Lyapunov functional defined in (5.1) as

V(t) = V1(t) + V2(t) + V3(t),

where
V1(t) =

A
2
∥z̃[t]∥2, V2(t) =

B
2
∥ẑ[t]∥2, V3(t) = −γζ(t).

Hence,
V̇(t) = V̇1(t) + V̇2(t) − γζ̇(t).

Estimate of V̇1(t). Using (3.11)–(3.13) together with (3.14), one has

V̇1(t) = A
∫ 1

0
z̃(x, t)z̃t(x, t) dx = Aε

∫ 1

0
z̃(x, t)z̃xx(x, t) dx + A∆y(t)

∫ 1

0
b(x)z̃(x, t) dx.

Integrating by parts and using (3.12)–(3.13) yield:

V̇1(t) = −Aε∥z̃x[t]∥2 − Aεq|z̃(1, t)|2 − Aεb0∆y(t)z̃(0, t) + A∆y(t)
∫ 1

0
b(x)z̃(x, t) dx.

By the definition of Dz̃(t) in (5.6), this becomes

V̇1(t) = −AεDz̃(t) − Aεb0∆y(t)z̃(0, t) + A∆y(t)
∫ 1

0
b(x)z̃(x, t) dx.

We next estimate the attack-induced measurement deviation. By (3.10), Assumption 3, one has

|∆y(t)| ≤ (1 − Pg)(Lφ + 1)|v(0, t)|.

Because the Volterra transformations reduce to the identity at x = 0,

ṽ(0, t) = z̃(0, t), v̂(0, t) = ẑ(0, t),

and hence,
v(0, t) = z̃(0, t) + ẑ(0, t).

It follows that

∆2
y(t) ≤ 2(1 − Pg)2(Lφ + 1)2

(
|z̃(0, t)|2 + |ẑ(0, t)|2

)
≤ 4(1 − Pg)2(Lφ + 1)2

[
MqDz̃(t) + MrDẑ(t)

]
. (5.14)

For any η1 > 0, by the Cauchy–Schwarz and Young inequalities,∣∣∣∣∣∣A∆y(t)
∫ 1

0
b(x)z̃(x, t) dx

∣∣∣∣∣∣ ≤ A∥b∥L2(0,1)|∆y(t)| ∥z̃[t]∥

≤ A∥b∥L2(0,1)

√
2Mq |∆y(t)|

√
Dz̃(t)

≤ η1Dz̃(t) +
A2∥b∥2L2(0,1)Mq

2η1
∆2

y(t).
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Similarly, for any η2 > 0,

∣∣∣Aεb0∆y(t)z̃(0, t)
∣∣∣ ≤ Aε|b0|

√
2Mq |∆y(t)|

√
Dz̃(t) ≤ η2Dz̃(t) +

A2ε2b2
0Mq

2η2
∆2

y(t).

Define

C∆ :=
A2∥b∥2L2(0,1)Mq

2η1
+

A2ε2b2
0Mq

2η2
.

Combining the above estimates gives

V̇1(t) ≤ − (Aε − η1 − η2) Dz̃(t) +C∆∆2
y(t).

Using (5.14), we finally obtain
V̇1(t) ≤ −νz̃Dz̃(t) +Cz̃ẑDẑ(t), (5.15)

where

νz̃ = Aε − η1 − η2 − 4(1 − Pg)2(Lφ + 1)2MqC∆, Cz̃ẑ = 4(1 − Pg)2(Lφ + 1)2MrC∆.

We now give the estimate of V̇2(t). Define

w(t) := z̃(0, t) + ∆y(t).

For almost every t ∈ (tk, tk+1), using (4.7), (4.8), and (4.14), one has

V̇2(t) = B
∫ 1

0
ẑ(x, t)ẑt(x, t) dx = Bε

∫ 1

0
ẑ(x, t)ẑxx(x, t) dx + Bw(t)

∫ 1

0
g(x)ẑ(x, t) dx.

Integrating by parts gives

V̇2(t) = Bε [ẑ(x, t)ẑx(x, t)]1
0 − Bε∥ẑx[t]∥2 + Bw(t)

∫ 1

0
g(x)ẑ(x, t) dx.

Using ẑx(0, t) = −λ/(2ε)w(t), and ẑx(1, t) = −rẑ(1, t) − eU(t), we obtain

V̇2(t) = −Bε∥ẑx[t]∥2 − Bεr|ẑ(1, t)|2 − BεeU(t)ẑ(1, t) +
Bλ
2

ẑ(0, t)w(t) + Bw(t)
∫ 1

0
g(x)ẑ(x, t) dx.

By the definition of Dẑ(t) in (5.6), this becomes

V̇2(t) = −BεDẑ(t) − BεeU(t)ẑ(1, t) +
Bλ
2

ẑ(0, t)w(t) + Bw(t)
∫ 1

0
g(x)ẑ(x, t) dx.

We first estimate w(t). By its definition,

w2(t) ≤ 2|z̃(0, t)|2 + 2∆2
y(t).

Using (5.8) and (5.14), it follows that

w2(t) ≤ 4MqDz̃(t) + 8(1 − Pg)2(Lφ + 1)2
[
MqDz̃(t) + MrDẑ(t)

]
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= 4(1 + 2(1 − Pg)2(Lφ + 1)2)MqDz̃(t) + 8(1 − Pg)2(Lφ + 1)2MrDẑ(t).

For any η3 > 0, because r|ẑ(1, t)|2 ≤ Dẑ(t), Young’s inequality yields

Bε|eU(t)| |ẑ(1, t)| ≤
Bε
√

r
|eU(t)|

√
Dẑ(t) ≤ η3Dẑ(t) +

B2ε2

4η3r
e2

U(t).

Similarly, for any η4 > 0, using (5.9), one obtains

B|λ|
2
|ẑ(0, t)| |w(t)| ≤

B|λ|
2

√
2Mr |w(t)|

√
Dẑ(t) ≤ η4Dẑ(t) +

B2λ2Mr

8η4
w2(t).

Moreover, because g ∈ L∞(0, 1) ⊂ L2(0, 1), for any η5 > 0, the Cauchy–Schwarz and Young
inequalities give ∣∣∣∣∣∣Bw(t)

∫ 1

0
g(x)ẑ(x, t) dx

∣∣∣∣∣∣ ≤ B∥g∥L2(0,1)|w(t)| ∥ẑ[t]∥

≤ B∥g∥L2(0,1)

√
2Mr |w(t)|

√
Dẑ(t)

≤ η5Dẑ(t) +
B2∥g∥2L2(0,1)Mr

2η5
w2(t).

Define

Cw :=
B2λ2Mr

8η4
+

B2∥g∥2L2(0,1)Mr

2η5
, Ce :=

B2ε2

4η3r
.

Combining the above estimates gives

V̇2(t) ≤ − (Bε − η3 − η4 − η5) Dẑ(t) +Cee2
U(t) +Cww2(t).

Substituting the preceding estimate of w2(t) yields

V̇2(t) ≤ −
(
Bε−η3−η4−η5−8(1−Pg)2(Lφ+1)2MrCw

)
Dẑ(t)+4(1+2(1−Pg)2(Lφ+1)2)MqCwDz̃(t)+Cee2

U(t).

Define
νẑ := Bε − η3 − η4 − η5 − 8(1 − Pg)2(Lφ + 1)2MrCw

and
Cẑz̃ := 4(1 + 2(1 − Pg)2(Lφ + 1)2)MqCw.

Therefore, for almost every t ∈ (tk, tk+1),

V̇2(t) ≤ −νẑDẑ(t) +Cẑz̃Dz̃(t) +Cee2
U(t). (5.16)

The coefficients in (5.16) will be combined with those in (5.15) in the subsequent coupled stability
estimate.
Combining (5.15) and (5.16), for almost every t ∈ (tk, tk+1), we obtain

V̇1(t) + V̇2(t) ≤ −νz̃Dz̃(t) +Cz̃ẑDẑ(t) − νẑDẑ(t) +Cẑz̃Dz̃(t) +Cee2
U(t).
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Define
dz̃ := νz̃ −Cẑz̃, dẑ := νẑ −Cz̃ẑ.

Then,
V̇1(t) + V̇2(t) ≤ −dz̃Dz̃(t) − dẑDẑ(t) +Cee2

U(t). (5.17)

The above estimate will next be combined with the contribution of V3(t) = −γζ(t) to obtain the final
dissipation inequality.
We now give the estimate of V̇3(t). Because V3(t) = −γζ(t), using (4.16) gives

V̇3(t) = γaζζ(t) − γbζe2
U(t) + γc1∥ẑx[t]∥2 + γc2|ẑ(1, t)|2 + γc3|z̃(0, t)|2.

Because ζ(t) < 0 by Lemma 6, one has −ζ(t) > 0, and hence,

V̇3(t) = −γaζ(−ζ(t)) − γbζe2
U(t) + γc1∥ẑx[t]∥2 + γc2|ẑ(1, t)|2 + γc3|z̃(0, t)|2.

To combine these terms with (5.17), define

mc := max
{
c1,

c2

r

}
.

Then, by the definition of Dẑ(t),

c1∥ẑx[t]∥2 + c2|ẑ(1, t)|2 ≤ mcDẑ(t).

Moreover, from (5.8),
c3|z̃(0, t)|2 ≤ 2c3MqDz̃(t).

Combining the above estimates with (5.17) for almost every t ∈ (tk, tk+1) yields

V̇(t) ≤ −
(
dz̃ − 2γc3Mq

)
Dz̃(t) − (dẑ − γmc) Dẑ(t) −

(
γbζ −Ce

)
e2

U(t) − γaζ(−ζ(t)).

Define
ηz̃ := dz̃ − 2γc3Mq, ηẑ := dẑ − γmc, ηe := γbζ −Ce.

Hence,
V̇(t) ≤ −ηz̃Dz̃(t) − ηẑDẑ(t) − ηee2

U(t) − γaζ(−ζ(t)). (5.18)

For the subsequent stability estimate, we require

ηz̃ > 0, ηẑ > 0, ηe > 0.

These requirements will be incorporated into the joint feasibility conditions of the stability criterion.
We now derive the exponential decay estimate. From (5.8) and (5.9), one has

Dz̃(t) ≥
1

2Mq
∥z̃[t]∥2, Dẑ(t) ≥

1
2Mr
∥ẑ[t]∥2.

Therefore, by (5.18) and ηe > 0,

V̇(t) ≤ −
ηz̃

2Mq
∥z̃[t]∥2 −

ηẑ

2Mr
∥ẑ[t]∥2 − γaζ(−ζ(t)).
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Define

ρ := min
{
ηz̃

AMq
,
ηẑ

BMr
, aζ

}
> 0.

Then,
ηz̃

2Mq
≥
ρA
2
,

ηẑ

2Mr
≥
ρB
2
, γaζ ≥ ργ.

Recalling that

V(t) =
A
2
∥z̃[t]∥2 +

B
2
∥ẑ[t]∥2 + γ(−ζ(t)),

we consequently obtain, for almost every t ∈ (tk, tk+1),

V̇(t) ≤ −ρV(t). (5.19)

Under the standing regularity assumptions, the transformed PDE states have the time regularity
required for the above energy estimates, whereas ζ(t) is absolutely continuous on each interevent
interval. Consequently, V(t) is absolutely continuous on each interevent interval. Moreover, the PDE
states remain continuous at the triggering instants, and ζ(t) is not reset; hence, V(t) is continuous at
every tk. By Theorem 1, Zeno behavior is excluded, so the triggering instants do not accumulate in
finite time. Because (5.19) holds for almost every t ∈ (tk, tk+1), it follows that

d
dt

(
eρtV(t)

)
= eρt

(
V̇(t) + ρV(t)

)
≤ 0

for almost every t ∈ (tk, tk+1). Integrating over each interevent interval and using the continuity of V(t)
at the triggering instants yields

V(t) ≤ e−ρtV(0), t ≥ 0. (5.20)

Taking expectations on both sides gives

E{V(t)} ≤ e−ρtE{V(0)}.

Furthermore, from (5.2),

∥z̃[t]∥2 + ∥ẑ[t]∥2 ≤
2

C0
V(t), C0 = min{A, B}.

Therefore,

E
{
∥z̃[t]∥2 + ∥ẑ[t]∥2

}
≤

2
C0

e−ρtE{V(0)}.

Finally, because the Volterra transformations (3.1)–(3.2) and (4.1) are boundedly invertible in L2(0, 1),
there exist constants Mṽ > 0 and Mv̂ > 0 such that

∥ṽ[t]∥ ≤ Mṽ∥z̃[t]∥, ∥v̂[t]∥ ≤ Mv̂∥ẑ[t]∥.

Because v[t] = ṽ[t] + v̂[t], there exists a constant MV > 0 such that

∥v[t]∥2 + ∥v̂[t]∥2 ≤ MV

(
∥z̃[t]∥2 + ∥ẑ[t]∥2

)
.
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Consequently,

E
{
∥v[t]∥2 + ∥v̂[t]∥2

}
≤

2MV

C0
e−ρtE{V(0)}.

At the initial time,

V(0) =
A
2
∥z̃[0]∥2 +

B
2
∥ẑ[0]∥2 + γ(−ζ0).

Because the Volterra transformations are bounded in L2(0, 1), and ṽ[0] = v0− v̂0, there exists a constant
M0 > 0 independent of the initial data such that

∥z̃[0]∥2 + ∥ẑ[0]∥2 ≤ M0

(
∥v0∥

2 + ∥v̂0∥
2
)
.

Hence, there exists a constant CV > 0 independent of the initial data such that

V(0) ≤ CV

(
∥v0∥

2 + ∥v̂0∥
2 + (−ζ0)

)
.

For the deterministic initial data considered here, E{V(0)} = V(0). Therefore, for some constant C > 0
independent of the initial data,

E
{
∥v[t]∥2 + ∥v̂[t]∥2

}
≤ Ce−ρt

(
∥v0∥

2 + ∥v̂0∥
2 + (−ζ0)

)
, t ≥ 0. (5.21)

Moreover, because γ(−ζ(t)) ≤ V(t), it follows from (5.20) that

E{−ζ(t)} ≤
CV

γ
e−ρt

(
∥v0∥

2 + ∥v̂0∥
2 + (−ζ0)

)
, t ≥ 0.

□

Remark 7. The sufficient conditions in Theorem 2 require the dissipative contributions associated
with the transformed estimation error and observer dynamics to dominate the coupling terms induced
by measurement deception and event-triggered implementation. In particular, the joint feasibility
condition (5.11) guarantees the existence of a weighting parameter γ such that ηz̃ > 0, ηẑ > 0, and
ηe > 0. Thus, the admissible deception level and the triggering parameters must be selected jointly
with the backstepping and Lyapunov parameters.

6. Simulation results

We simulate the one-dimensional reaction–diffusion system (2.1)–(2.4), where the boundary
measurement is taken at x = 0, and the control input is applied at x = 1. We choose ε = 1.80,
λ = 1.7292, and q = 1.45. These values satisfy Assumption 1, and consequently, r = q − λ/(2ε) =
0.9697. The initial conditions are v(x, 0) = 2 sin(πx) and v̂(x, 0) ≡ 0 for x ∈ [0, 1]. The spatial domain
is uniformly discretized using Nx = 51 grid points, the time step is ∆t = 10−4 s, and the simulation
horizon is T = 12 s. For the dynamic event-triggering mechanism, we select ζ0 = −0.05, κ = 1.0,
aζ = 0.02, bζ = 7.0, and c1 = c2 = 0.005, c3 = 0.0005. The genuine measurement probability
is set to Pg = 0.875. The deception map is chosen as φ(z) = 0.05 sin(z) with Lφ = 0.05, which
satisfies Assumption 3. At each control update instant, a new Bernoulli mode is sampled according
to Pg, and this mode is held constant over the corresponding interevent interval, consistent with the
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attack model introduced in Section 2. The event-triggered control input is updated only when the
prescribed triggering condition is met and is held constant between consecutive triggering instants. For
the Lyapunov function in Theorem 2, the weighting parameters are selected as A = 10.4041 and B = 1.
Substitution of these parameters into the feasibility conditions of Theorem 2 gives the admissible range
4.7822 < γ < 6.6359. Hence, γ = 5.7090 is selected, and all assumptions and feasibility conditions
required by Theorem 2 are satisfied for the selected parameters.

Figure 1 compares the open-loop and closed-loop responses. As shown in Figure 1(a)–(b), the
uncontrolled plant with U(t) ≡ 0 exhibits unstable behavior, with the state magnitude and the
corresponding L2(0, 1) norm increasing rapidly with time. In contrast, Figure 1(c)–(d) shows that
the proposed observer-based, event-triggered boundary control suppresses the unstable dynamics after
the initial transient, and ∥v(·, t)∥L2(0,1) decreases toward zero. This comparison illustrates the stabilizing
effect of the proposed closed-loop scheme.

Figure 1. Open-loop versus event-triggered closed-loop responses.

Figure 2 illustrates the observer performance under random deceptive measurements by comparing
the plant state v(x, t) and the observer state v̂(x, t) at two representative spatial locations, x = 0.24
and x = 0.74. The shaded regions indicate intervals in which β(t) = 0, corresponding to deceptive
measurements. Although the measurement channel is intermittently corrupted, the observer trajectories
approach the corresponding plant-state trajectories after the initial transient, and both the plant
and observer states decay toward zero. The numerical results therefore illustrate effective state
reconstruction of the proposed boundary observer in the presence of random deceptive measurements.
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Figure 2. Observer performance under random deceptive measurements.

Figure 3. Monte Carlo RMS convergence under random deceptive measurements.

To further illustrate the closed-loop behavior under random deceptive measurements, we perform
a Monte Carlo study using 30 independent attack realizations. For each realization, the same system,
controller, and event-triggering parameters are used. Figure 3 reports the ensemble root mean square
(RMS) trajectories of ∥v(t)∥L2(0,1), ∥v̂(t)∥L2(0,1), and ∥v(t) − v̂(t)∥L2(0,1) together with the combined RMS

state measure
√
E

{
∥v(t)∥2

L2(0,1) + ∥v̂(t)∥2
L2(0,1)

}
. The RMS quantities exhibit an overall decreasing trend

after the initial transient and approach small values as time evolves. For reference, an exponential
curve of the form Ce−at is fitted to the combined RMS state measure over t ≥ 1 s and is included in
the figure. These Monte Carlo results provide numerical evidence of the convergence behavior of the
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proposed closed-loop scheme under random deceptive measurements.

We next examine the interevent times generated by the dynamic event-triggering mechanism. For
the selected parameters, the numerical constants associated with Theorem 2 are ρ′1 = 15972.9 and
α′1 = α

′
2 = 0.0025, α′3 = 0.00025. Hence, ci > α

′
i/κ, i = 1, 2, 3, is satisfied. In particular, θ∗ = 0.5.

Choosing θ = 0.75 ∈ (θ∗, 1) gives the analytical dwell-time lower bound τθ = 1.8 × 10−5 s.

Figure 4 shows the interevent times ∆k = tk+1 − tk together with this analytical lower bound.
Over the simulated trajectory, the minimum and maximum observed interevent times are mink ∆k =

0.0541 s,maxk ∆k = 2.5245 s, respectively. These numerical results are consistent with the positive
dwell-time estimate established in Theorem 1 and illustrate the absence of arbitrarily fast triggering in
the simulation.

Figure 4. Interevent times and the analytical dwell-time lower bound.

Figure 5 further illustrates the interaction between random deceptive measurements and the dynamic
event-triggering mechanism. Figure 5(a) shows the Bernoulli mode β(t), where the shaded regions
correspond to deceptive-measurement intervals β(t) = 0. Figure 5(b) provides a compressed view
of the triggering quantities by plotting (e2

U(t)/κ)0.2 and (−ζ(t))0.2 together with the triggering instants.
The trigger markers are determined using the pre-update value of the input-holding error, consistent
with the event condition e2

U(t−) ≥ −κζ(t). Figure 5(c) compares the estimation error norm ∥v(t) −
v̂(t)∥L2(0,1) for the case with random deceptive measurements using Pg = 0.875 and the attack-free
case β(t) ≡ 1. The deceptive-measurement case exhibits larger transient estimation errors over some
attack intervals, whereas the attack-free trajectory is generally smoother. Nevertheless, both estimation
error trajectories remain bounded and decrease with time. This comparison illustrates the closed-loop
tolerance to intermittent measurement deception under the considered simulation setting.
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Figure 5. Attack robustness and triggering behavior.

Figure 6. Boundary control input comparison.

Finally, Figure 6 compares the ideal continuous-time boundary feedback signal Uc(t) with its event-
triggered sample-and-hold implementation U(t). The implemented input U(t) is piecewise constant
and is updated only at the triggering instants, whereas Uc(t) evolves continuously. The two signals
remain close over the simulation horizon, particularly after the initial transient. As the closed-loop state
approaches the equilibrium, both signals approach zero, and the control updates become increasingly
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sparse. This behavior illustrates that the proposed event-triggered implementation can track the ideal
continuous-time boundary feedback while avoiding continuous control updates.

7. Conclusions

We have investigated boundary output feedback stabilization for a one-dimensional reaction–
diffusion system under random deceptive measurement attacks. The attacked boundary measurement
has been modeled by a Bernoulli switching process together with a Lipschitz deception map, which
captures intermittent falsification while retaining analytical tractability. A unified backstepping-based
framework has been developed to simultaneously address boundary output feedback stabilization,
sampled data or event-triggered actuation, and stochastic deception on the sensing channel.
Specifically, a boundary observer together with its associated output feedback control law was derived,
and a fully dynamic triggering strategy regulated by an auxiliary internal variable has been introduced
to adapt the triggering threshold online. Key properties have been rigorously established, including the
forward invariance of ζ(t) < 0 and Zeno exclusion via a positive lower bound on the spacing between
successive events, together with verifiable conditions yielding a global mean-square exponential
estimate for the plant and observer states with respect to the augmented initial energy through a
coupled Lyapunov functional that integrates the plant state, observer error, and triggering dynamics.
Numerical simulations have corroborated robust stabilization and accurate estimation under attacks
while significantly reducing boundary input updates after transients.

Several directions for future work have been identified. The proposed methodology can be extended
to more general parabolic PDEs and higher-dimensional domains, and richer network or attack effects
(e.g., noise, delays or quantization, and Markovian or mixed attack models) can be incorporated.
In addition, adaptive tuning of triggering parameters and implementation-oriented validation have
been considered as promising steps toward improving the control update–performance tradeoff and
supporting practical deployment.
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