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normal operator is $-normaloid. To overcome the restrictive closed range assumption of % in classical
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1. Introduction

The concept of normal operators plays a fundamental role in classical Hilbert space theory [1-3].
Due to its importance, many researchers have generalized the classical idea of normality. Well-known
extensions include polynomially normal operators [4, 5], various classes of n-normal operators [6—8],
and C-normal operators [9].
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Another natural extension arises from the use of a semi-inner product. Let # be a non-zero positive
operator acting on a complex Hilbert space H.

Building on this framework, Arias, Corach, and Gonzalez developed metric properties and partial
1sometries in semi-Hilbertian spaces [10-12]. Subsequently, Baklouti, Feki, and Sid Ahmed extended
classical operator concepts such as the joint numerical range [13] and joint normality [14] to this
setting.

The semi-inner product structure naturally induces an adjoint operation. Arias et al. utilized this
generalized adjoint to introduce the class of $-normal operators [12]. Assume that Q is a bounded
linear operator on H admitting a $-adjoint. Then Q is said to be -normal if its distinguished $-adjoint
Q* satisfies the commutation relation QQ* = Q#Q. This class of operators was later investigated by
Saddi in [15]. Following this, various extensions of $-normality were explored, such as (a,8)-P-
normal operators [16] and (n, m)-#-normal operators [17,18].

Recently, Sen, Birbonshi, and Paul introduced a broader class known as (#)-normal operators [19].
Since this is the main class of operators that we investigate, we formally state its definition here. A
bounded linear operator Q on H that admits a -adjoint is called (#)-normal if it satisfies the condition:

PQQ” = PQ"Q.

The set of all (#)-normal operators is denoted by N (H). This new class weakens the strict
commutation required in standard $-normality. Thus, every $-normal operator is (#)-normal, but
the converse is not generally true (see [19]).

The motivation for studying this new class relies on the concept of P-commutativity. Two operators
Q and R are said to P-commute if PQR = PRQ. The connection between $-bounded operators and
operators acting on the Hilbert space R( V) plays a crucial role. Here, YV denotes the unique positive
square root of . The Hilbert space R( V) is constructed by completing the canonical quotient space
associated with . More precisely, it is the range of V# equipped with a suitable inner product that
provides a rigorous Hilbert space structure. By using P-commutativity and the canonical space R( V),
we establish a direct equivalence between the (#)-normality of an operator and the classical normality
of its induced operator. This equivalence provides a flexible framework for investigating the algebraic
properties of these operators.

Another main target of this paper is to investigate spectral theory in semi-Hilbertian spaces.
Baklouti and Namouri [20] introduced the concept of #-invertibility. By their definition, an operator
Q is P-invertible if there exists a bounded operator R such that PQR = PRQ = P. This strict algebraic
definition demands that the resolvent operator maps the dense subspace Im(%) exactly back into itself.
Consequently, the associated $-spectrum coincides with the classical spectrum of the induced operator
only when the range of £ is closed.

To resolve this limitation, we introduce a topological #-invertibility. We define an operator to
be topologically P-invertible if it is bounded below with respect to the $-seminorm and has a #-
dense range. By applying this topological approach, we construct a topological -spectrum. This new
spectrum without assuming that the range of # is closed, coincides with the classical spectrum on the
Hilbert space R( \/5).

The rest of this paper is organized as follows. Section 2 establishes the preliminary framework
and fixes the notation. Section 3 presents our main results. First, we provide metric and algebraic
characterizations of (#)-normal operators. Without assuming that the range of % is closed, this
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demonstrates that the class satisfies the $-normaloid property. Next, we formulate a topological
approach to P-invertibility. By doing so, we construct a robust $-spectrum that perfectly coincides
with the classical spectrum of the induced operator. Applying this spectral equality, we generalize
several P-numerical radius inequalities and spectral inclusion theorems, removing the restrictive
closed-range hypothesis. This generalizes key results established by Saddi [15] and by Sen, Birbonshi,
and Paul [19]. Finally, we investigate the geometric structure of these operators. We establish the strict
orthogonality and symmetry of their generalized $-eigenspaces (defined as the P-kernels associated
with the translated operator Q — £I), and we prove that their P-ascent is exactly one.

2. Preliminary results and notions

In this section, we review the fundamental concepts of semi-Hilbertian spaces. Let (H,(:,-)) be a
complex Hilbert space equipped with the standard norm || - ||. Let -Z(H) be the set of all bounded
linear operators on H, and let I be the identity operator. Recall that an operator U € .Z(H) is unitary
if UU* = U'U = Iy. Let Z*(H) be the set of all non-zero positive semi-definite operators on H.
Throughout this paper, assume that ¥ € Z*(H). The operator # induces a positive semi-definite
sesquilinear form given by

(y,2)p = (Py,z), Vy,zeH.

This form defines a semi-norm ||y|lp = /{y, y)». The corresponding unit P-sphere is S;) ={yeH:
llyllp = 1}. We use N for the set of positive integers and N, for the set of non-negative integers. For
any subset S C H, its P-orthogonal complement is defined as:

S ={yeH:{y,z)p=0, VzeS}

An operator R € Z(H) is called a P-adjoint of Q € .Z(H) if (Qy, z)p = (y,Rz)p for all y,z € H.
This is algebraically equivalent to PR = Q*P. By Douglas’s theorem [21], the set of operators that
possess a P-adjoint is given by:

ZLp(H) = {Q € Z(H) : Im(Q*"P) C Im(P)}.

For any Q € Zp(H), the equation PR = Q*P admits a unique reduced solution denoted by Qfr,
which satisfies Im(Q*) C Im(P). The Moore-Penrose inverse of P, denoted by P7, is defined as the
unique linear extension of (Plgerpy:) " to its domain D(P’) = Im(P) + Im(P)* that satisfies Ker(P') =
Im(®)*. Following [11], 7 is the unique solution of the following four equations:

(HPXP =P, QXPX=X, QB)XP=1Ilp, &) PX =Iplpp,

where Il is the orthogonal projection onto Im(#). Thus, the reduced solution can be explicitly written
as Q% = PIQ"P. We have (Q¥)¥ = I1pQllp.

An operator Q € .Z(H) is P-bounded if there exists a constant & > 0 such that ||Qy]lp < &]ly|lp for all
y € H. The space of all P-bounded operators is denoted by . z(H). For Q € . 5(H), the P-operator
seminorm is defined by [22]:

IQllp = sup [Qyllp = sup [(Qy.z)p].

yes, y.z€S,,
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For any Q,R € .Z 5(H), we have [|QR|lp < [|Qllp|R]lp.
We formally define the P-kernel for an operator Q € .2, (H) as

Kerp(Q) = {y € H : [Qyllp = 0}.

By applying the properties of the semi-norm, we establish Kerp(Q) = Ker( VPQ) = Ker(PQ).
Since Q € Zp(H), it follows that Ker(P) C Kerp(Q).

Following [10], an operator Q € .Z(H) is called (P)-self-adjoint if PQ is self-adjoint. This means
(PQ)* = PQ. The set of all such operators is denoted by SA »,(H). It is clear that SA i, (H) € Zp(H).
Furthermore, Q € SA p,(H) implies PQ = PQH .

As introduced in Section 1, the set of all (#)-normal operators is denoted by N (H).
Following [23], an operator Q € .Z 5(H) is called P-normaloid if

rp(Q) = |Qllp,
where rp(Q) denotes the P-spectral radius of Q, defined in [23] by

. 1
rp(Q) = lim QN = §I€1§TIIQ’II7’>-

This is equivalent to the condition ||Q||p = IIQII;; for all j € Ny. The set of all #-normaloid operators
is denoted by NOp(H).
To simplify notation, we define the classical commutator as [Q, R] = QR — RQ. The $-commutator
is defined as
[Q.R]p = PQR - PRQ.

Two operators Q and R are said to P-commute if [Q, R]p = 0, where 0 denotes the zero operator.
Following [13,22], we define the -numerical range Wp(Q) and the P-numerical radius wp(Q) for
Q € Z »(H) as follows:

Wp(Q) = {(Qy,y)p 1y €Sp) and  wp(Q) = sup{l¢] : £ € Wp(Q)).

By definition, Wp(Q) is a convex subset of C [13]. For any &, 7 € C, we have Wp(ély + nQ) =
&+ nWp(Q). Furthermore, it is well established [13,23] that the $-spectral radius, $-numerical radius,
and P-seminorm satisfy the fundamental inequalities

rp(Q) < wp(Q) < IQllp < 2wp(Q) 2.1)

for Q € .Z 5(H). Recent investigations on norm and numerical radius inequalities in both Hilbert and
semi-Hilbert spaces can be found in [24-26] and the references therein, as well as in [27-29].

Following [20], an operator Q € Z@(H) is said to be P-invertible if there exists R € ‘Z@(H) such
that PQR = PRQ = P. The classical P-spectrum is defined by

o (Q) = {¢ € C: ély — Q is not P-invertible}.

Recent investigations involving this concept can be found in [30-32] and the references therein. In
addition, according to [33], the -approximate point spectrum o, »(Q) consists of all £ € C for which
there exists a sequence {y}jen € S}D such that

lim [(Q ~ &Ly llp = 0.
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It is known that 0.»(Q) € o2N(Q) [33].

We use the standard setup by de Branges and Rovnyak [34]. The semi-inner product -, -)p gives
a seminorm. This induces a true inner product on the quotient space H/ Ker(#). We define it as
[y, zlp = (Py,z) for any classes y,z € H/ Ker(P). We complete H/ Ker(#) with respect to this inner
product. This provides a space that is isometrically isomorphic to the Hilbert space Im(V#). This
space has the inner product ( Py, \/?’Z)R( VP = (Ipy, pz) forall y,z € H.

Next, we denote the Hilbert space (Im( VP, (-, IR( @)) as R(VP). Due to range inclusion, we
obtain the following useful rule:

||50Y||R(\/;T>) = ||Y||§D, Vy € H. (22)

We define the map ®p : H — R(VP) by Opy = Py.
The following lemma provides fundamental properties, as established in [10,23,35].

Lemma 2.1. An operator Q € £ (H) is in £ (H) if and only if there exists a unique bounded operator
Q% € LR(VP)) satisfying DpQ = QP Dp.
In this situation, we have:
(1) 1Qllp = 1Q”ll yr v, and wp(Q) = W(QP).
(2) Wp(Q) C W(ap) C Wp(Q). Therefore, we obtain Wp(Q) = W(@D).
(3) If in addition Q € £p(H), we have @P = (Q”)" and (@7’\)”7’? =Q”.

In the next result, we establish properties involving the orthogonal projection onto Im(#) and the
invariance of the null space.

Lemma 2.2. Let Q,R € .Z 5(H). Then

(1) Ker(P) is an invariant subspace for Q.
(2) VPQIly = VPQ.

(3) The following assertions are equivalent:

() [Q,R]p = 0.
(i) [Q.R]n, = 0. . .
(i) [Q”,R?] = 0, where Q” and R” are the unique operators on R(NP) induced by ®pQ =
Q" ®p and DpR = R Dp.

Proof. (1) Assume that y € Ker(#). Since Q € £ 5(H), there exists a constant ¢ > 0 such that
IQyllp < cllyllp. Since y € Ker(P), we have |ly|llp = 0. This implies that ||Qy|lp = 0. Consequently, we
obtain Qy € Ker(#). Therefore, Q(Ker(#)) € Ker(P).

(2) Assume that Q € X@(H). Then it follows that Im(Q* \/5) C Im( \/5). Taking the closure
yields Im(Q* VP) € Im(P). Passing to the orthogonal complement, we deduce Ker( VPQ) 2 Ker(P).
By definition, I1p is the orthogonal projection onto Ker(#)*. Thus, the complementary operator Iy; —I1p
is the orthogonal projection onto Ker(P). It follows that VPQ(lz — I1p) = 0. Therefore, we obtain
VPQIl, = VPQ.

(3) First, we prove (i) < (ii). Since P = VP VP and Ker( VP) = Ker(P), the relation P[Q, R] =
0 is equivalent to VP[Q,R] = 0. Moreover, because I1p is the orthogonal projection onto Ker(P)*, we
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have Ker(Ilp) = Ker(P) = Ker( V). Hence, VP[Q,R] = 0 is equivalent to Im([Q, R]) C Ker( VP)
and therefore to Im([Q, R]) € Ker(Ilp), which in turn is equivalent to IIp[Q,R] = 0. Consequently,
[Q,R]p = 0if and only if [Q, R]r, = 0.

Next, we prove (i) <= (iii). Applying the relations ®»Q = 6’0(1);0 and OpR = §P®p, we obtain
PQ = QPP and PR = RPP. Thus, we obtain:

PQR - PRQ = (Q"R” - RPQV)P.

Thus, [Qi R]f = 0 if and only if [/Q\’D,ﬁp]P = 0. Since Im(?) is dense in R( VP), this is true if and
only if [Q”, R”] = 0. This completes the proof. O

In the following lemma, without assuming that the range of % is closed, we establish important
algebraic identities. The first two items have already been stated in [36]. For the sake of completeness,
we include the proofs.

Lemma 2.3. Let Q € £p(H). Then the following algebraic identities hold:

(l) PHy) = pr =P.
(ii) lpQ¥ = Q¥ Ilp = Q™.
(iii) PQllp = PllpQ = PQ.

Proof. (i) By definition, we have Ilplg 7 = Iu, which implies IIp# = #. By taking the adjoint, we
obtain PIlp = P. Thus, Pllp = [1pP = P.

(ii) Since Im(Q#) C Im(?P), we have I1,Q"” = Q¥ Lety € H. Then y = Ilpy + (Iy — I1p)y. Since
(Iz — Ip)y € Ker(P), it follows that P(Iy — I1p)y = 0. By using the relation Q*P = PQ#, we deduce
that PQ# (I — [Ip)y = 0. Consequently, Q¥ (Iy — I1p)y € Ker(P) N Im(P) = {0}. Therefore,

Q7 (Iz — Tp)y = 0,

which yields Q¥y = Q*Tl,y.

(iii) By part (i), we have PIIp,Q = PQ. Lety € H. Since (I — [1p)y € Ker(#), Lemma 2.2 implies
that Q(/y — I1p)y € Ker(P). Hence, PQ(Iy — I1p)y = 0, which yields PQ = PQIlp. This completes the
proof. O

3. Main results

This section presents our main results. First, we provide metric and algebraic characterizations of
(P)-normality. Although the equivalences in Theorem 3.1 (except part 3) and Theorem 3.3 recently
appeared in [19] (Theorems 2.16 and 2.17), our approach provides independent proofs based solely on
the -commutator [-, -] and the absorption properties of I1p.

For Q € Zp(H), we define the P-real part and the P-imaginary part of Q by

1 1
Rp(Q =5Q+Q"), IpQ =5(Q-Q").

In the next result, we present equivalent characterizations of (°)-normal operators.

Theorem 3.1. Let Q € ZLp(H). The following assertions are equivalent:
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(1) Q € Nypy(H.
(2) IQyllp = 1IQ#yllp for all y € H.
(3) [Re(Q), Ip(Q)]p = 0.

—

(4) Q” is a normal operator on the Hilbert space R( \/73).

(5) Q% € Nyp)(HD.
(6) For any ¢ € C, the translated operator Qs = Q — &Iy belongs to N, (H).

Proof. First, we prove (1) & (2). By definition, we have PQ = (Q¥)*P. Let y € H. We have:

IQyll; - 1Q7yIl} = (PQy, Qy) — (PQ"y, Q" y)
= (v, PQ”Qy) — (y,PQQ"y)
= ~(v,1Q. Q" Ipy).
Since [Q, Q* ]y is self-adjoint, we deduce that ||Qy]lp = ||Q*yllp for all y € H if and only if [Q, Q¥ ]p =

0. This proves (1) — (2).
Next, we prove (1) <= (3). By expanding the products, we obtain:

1

Rp(QIp(Q = - (Q* - QQ” +Q"Q - Q7).
1

3pQRAQ) = 1-(Q° +QQ¥ - Q"Q - (Q7)’).

It follows that: |
[96(Q). 3p(Qlp = 5 (PQ”Q - PQQ¥).

Thus, we deduce that [Rp(Q), I3p(Q)lp = 0 if and only if PQ#*Q = PQQ*. This proves (1) = (3).
Now, we prove (1) <= (4). Applying Lemma 2.2, we have [Q, Q*1]p = 0 if and only if
[Q7, Q% 1= 0. Lemma 2.1(3) states that Q% = (Q)". Hence, this holds if and only if [0, (Q7)"] =
0. This means 6’0 is normal on R( VP). This proves (1) < (4).
Next, we prove (1) <= (5). By definition, we have (Q*¥)# = IpQIlp. Thus, the P-commutator
for Q¥ expands to:

[Q¥, (Q¥)*1p = [Q”, T1pQllplp.
Applying Lemma 2.3, we verify:
PQ QI - PIQIQ™ = PQ7Q - PQQ” = [Q. Qly.

Thus, Q¥ € Nip,(H) if and only if [Q*, Qlp = 0. This proves (1) & (5). _
Finally, we prove (1) &= (6). By definition, we obtain (Q — &Iy)* = Q¥ — £I1p. Applying the
linearity of the commutator, we obtain:
[Q - &1, Q" — llplp
= [Q Q" 1p — €lQ. plp — L1, Q7 I + 1¢F L, Tl
Applying Lemma 2.3, we find [Q, IIp]p = 0. Furthermore, we have [/y, Q*”]p = 0 and [Iy, [Iplp = 0.

Consequently, we deduce [Qg, ng]p = [Q, Q*]p. Therefore, Qs € Nypy(H) if and only if Q € Npy(H).
This completes the proof. O
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The following result shows that (#)-normality is preserved under unitary equivalence.

Proposition 3.1. Let Q € Zp(H), and let U € ZL(H) be unitary. Then, Q € Np)(H) if and only if
SeN <7~)>(H), where P = UPU" and S = UQU".

Proof. Assume that U is a unitary operator. First, we determine the distinguished E’—adjoint of S. By
definition, S*7 must satisfy

PSS = S'P.
By substituting the definitions of S and P, we obtain
$*P = (UQU*)"(UPU") = UQ*PU".
Since Q*P = PQ*, we substitute this relation to obtain
$'P = UPQ¥U* = (UPU*(UQ*U*) = P(UQ"U").

By assumption, Im(Q#) C Im(P). Thus, the range condition holds, since Im(UQ#U*) € U(Im(P)) =
Im(UPU*) = Im(?)). Consequently, we deduce

S% = UQ*U".
Next, we evaluate the products scaled by P. We have
PSS = (UPU*)(UQU*)(UQ*U*) = UPQQH U".

Similarly, we obtain
PSS = (UPU*)(UQ¥U*)(UQU*) = UPQ¥QU*.

Since U is invertible, it follows that PSS* = PS%S if and only if PQQ¥ = PQ# Q. This implies that
SeN <¢~,>(H) if and only if Q € Npy(H). This completes the proof. O

The next result characterizes the powers of a (#)-normal operator.

Theorem 3.2. Let Qe N(p)(H) Cll’ld] € N. Then Qj € N<¢)>(H).

_ ~P o~
Proof. Assume that Q € Nypy(H). Then Q € Zp(H), which implies that Q/ € Zp(H) and Q7 = (Q¥)
for any integer j € N (this can be easily proved by induction). By Theorem 3.1, Q € Npy(H) implies

. ~p . .
Q” is normal on R(VP). Then Q/ = (Q”)/ is normal on R(VP), and, again by Theorem 3.1, Q/ €
Ny (H). This completes the proof. O

In the following remark, we note that the converse of Theorem 3.2 is generally false.
Remark 3.1. If Q’/ € Nip,(H) for some j > 1, then Q is not necessarily in Np,(H).

The next example illustrates this remark.
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Example 3.1. Let H = C? and P = Iy. In this case, a (P)-normal operator is exactly a standard
normal operator. Let Q = (8 (1)) Direct calculation yields QQ* = ((1) 8) and Q*Q = (8 (1)) Since
00
00
operator is normal, we obtain Q* € N, (H). Therefore, the power of an operator can be (P)-normal
even if the operator itself is not.

QQ* # Q*Q, Q is not (P)-normal. On the other hand, we have Q> = ( ) = 0. Since the zero

In the next result, we show that every (#)-normal operator is $-normaloid.
Theorem 3.3. Let Q € Npy(H). Then Q € NOp(H).
Proof. Lety € H. Applying the Cauchy-Schwarz inequality, we obtain

1QYIZ = (Qy, Qy)e = (Q*Qy, y)p < IQ”Qyllpllyllp- (3.1)

By expanding the squared $-seminorm, we obtain

IQQyl = (Q”Qy. Q" Qy)»
= (QQ"Qy, Qy)p
= (PQQ”Qy. Q).
Since Q € Npy(H), we deduce that PQQ# = PQ#Q. By using this rule, we obtain

(P(QQ7)Qy, Qy) = (P(Q*Q)Qy, Qy)
= (PQ"Q%, Qy).
It follows that IIQ“”QyIIp = ||Q?yllp. Thus, by (3.1), we obtain

1Qyli3 < IQ%yllpllyllp. (3.2)

Taking the supremum over all y € S}, we verify that [|Q|> < [IQ?lp. Since the P-seminorm is
submultiplicative, we confirm that ||Q?||p < IIQIIé. Therefore, we deduce

1Q%lp = I1QI13.

By assumption, Q € Npy(H). Then Theorem 3.2 implies that Qk e Ny (H) for any integer k > 1.
Applying induction, we obtain

IQ%llp = IQll, Vs € No.

Finally, we deduce
rp(@ = lim Q]
= lim QI
= lim (IQIF)*

= [1Qllp.

This completes the proof. O
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The following result provides a consequence for the powers of an operator.

Corollary 3.1. Let Q € Nipy(H). Then for all integers j € N, the following equality holds:
wp(Q’) = wp(Q).

Proof. Assume that Q € Ny (H). This implies that rp(Q) = [|Ql|lp. By Theorem 3.3, Q is $-normaloid.
By using (2.1), we obtain

rp(Q) = wp(Q) = [IQllp-

Let j € N. By Theorem 3.2, we have Q/ € Npy(H). By using the same argument, we obtain rp(Q’) =
wp(Q’) = ||Q’|lp. By definition, we have rp(Q’/) = rp(Q)’. Therefore, we deduce wp(Q’) = rp(Q’) =
rp(Q) = wp(Q)’. This completes the proof. m]

In the next result, we evaluate the P-operator seminorm of the translated operator.

Corollary 3.2. Let Q € Nipy(H), and let ¢ € C. Then the P-operator seminorm of the translated
operator strictly matches its P-numerical radius:

1Q = &lully = wp(Q — &lx).

Proof. Since Q is (#)-normal, Theorem 3.1(6) implies that the translated operator Q; = Q — &l is
also (#)-normal. By applying Theorem 3.3, we know that every (#)-normal operator is $-normaloid,
meaning rp(Qz) = [|Q¢llp. From the fundamental inequalities in (2.1), we have rp(Q;) < wp(Qg) <
lQ¢llp. This establishes the exact equality [|Q — &lullp = wp(Q — Ely). This completes the proof. O

The next result is a direct consequence for operators with a zero P-spectral radius.
Corollary 3.3. Let Q € Npy(H). Then rp(Q) = 0 if and only if PQ = 0.

Proof. Since Q € Nipy(H), we have rp(Q) = ||Q|lp. Thus, rp(Q) = 0 if and only if [|Q|lp = 0, which is
equivalent to £Q = 0. O

It is known from the literature that #-normal operators are not in general $-self-adjoint [23].
However, as we establish in the next result, the generalized class of (#)-normal operators without
assuming that the range of % is closed, unconditionally contains the set of all (#)-self-adjoint operators.
This robust hierarchical inclusion significantly increases the importance of investigating this class of
operators.

In the following theorem, without assuming that the range of % is closed, we provide a hierarchy
among classes of operators.

Theorem 3.4. The following inclusions hold for any operator acting on the semi-Hilbertian space H:
Zp (H) € SAp,(H) € Npy(H) € NOp(H).

Proof. First, let Q € £ (H). By definition, £Q is a positive semi-definite operator in the classical
sense. Since every positive semi-definite operator is classically self-adjoint, we obtain (PQ)* = PQ.
Thus, we have Q*P = PQ. Since the P-adjoint guarantees Q*P = PQ¥, we deduce PQ = PQ#. This
means that Q € SA »,(H). Hence, the inclusion £ (H) € SA»,(H) holds.
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Next, let Q € SA ) (H). Then we have PQ = PQF» . Multiplying by Q on the right, we obtain PQ? =
PQ#Q. Since PQ = Q*P, we also obtain PQQ” = Q*PQ* = Q*(PQ) = (Q*P)Q = PQ>. Therefore,
we have PQQ* = PQ* Q. This indicates that Q € N (H). Hence, the inclusion SA g, (H) C Npy(H)
holds.

Finally, let Q € Npy(H). Since Q is (#)-normal, Theorem 3.3 confirms that Q is #-normaloid.
Thus, the inclusion Npy(H) € NOp(H) holds. This completes the proof. O

In the next proposition, without assuming that the range of # is closed, we consolidate several
generalized inequalities for the $-numerical radius and operator norm, extending the results of Saddi
[15] to the broader class of (#)-normal operators.

Proposition 3.2. Let Q € Nipy(H), let £,17 € C, and let p > 2. Then the following properties hold:
(1) Forall'y € H, KQ*Y,y)p| < lIQyll3.
(2) For every P-unit vectory € SL,

1
(Qy. Yol < 3 (IIQYl + KQ%y. y)rl) < IIQyI-

(3) Foranyy € H,

0 < [IQyllz = KQ%y, y)el < IQy — £Q™yll3.

(4) Foré # 0andy € S},

_2
(1 + 16>

1
0 < 11Qyllp = KQ%y, »)pl® < @IIQII%IIQ - £Q 3.

(5) The following mixed operator norm inequality holds:
2317 + InP)IIQI, < 11€Q + nQ” 115, + 11€Q — nQ¥ 1.

Proof. By hypothesis, Q € Nip,(H). By Theorem 3.1(2), we have [|Q”y|lp = [|Qy|lp for all y € H. We
use this property throughout the proof.
(1) Lety € H. By applying the Cauchy-Schwarz inequality, we obtain

Q%Y. y)el = KQy, Q"y)el < IIQylIAIIQ” llp.
By using Theorem 3.1(2), we obtain

KQy, y)el < [IQyll. (3.3)

(2) Lety € S;). The generalized Buzano inequality established in [15] states that for any x,z € H and
e € S, we have

1
(Kx. e)ple. 2)pl < S(Kliplizlly + KX, Z2)p])-

Lete =y, x = Qy, and z = Q*y. By substituting these vectors, we obtain

1
KQy, y)pl* < i(llellpllQ”’yllp + KQ%Y, y)p).
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Applying Theorem 3.1(2), this simplifies to the desired lower bound. Furthermore, (3.3) directly
provides the upper bound.
(3) The first inequality follows from the Cauchy—Schwarz inequality and Theorem 3.1(2).

Assume that & = 0. Then the inequality follows from (3.3). Suppose that & # 0, and let X,z ¢
Ker(#). We apply the generalized Dunkl-Williams inequality established in [15]:

2
IXllplizllp = Kx, z)pl _ 2lIx = zllp
lIxllpllzlle ~ (IXllp + llzllp)?

Set x = Qy and z = éQ*y. By Theorem 3.1(2), we have

llzllp = 1£111QYllp-

Substituting these expressions into the above inequality yields the desired result.
(4) Lety € S;,. Let x = Qy and z = Q*y. The generalized Dragomir inequality, as stated in [15],
guarantees:

2 2 2
0 < [Ixlizllzll = Kx, 2)pl* < —IIXIIPIIX = &7llp.

1

Substituting the chosen vectors and applying Theorem 3.1(2), we find ||z|]|p = ||x|lp = ||Qy|lp. Thus, we
obtain:

0 < Qi = KQPy, rf < flanynquy £QyI3

< f|2||Q||¢>||Q £Q¥ |13,

This finishes the proof.
(5) Letye€ S;L. By applying classical analysis, we obtain

2(IIxllp + llzllg) < lIx + zllg, + [1x — zllg.

Letx = éQy and z = nQﬁ?y. Applying Theorem 3.1(2), we deduce that [|x|lp = |£]/|Qy]lp and ||z|lp =
I7l|Qyllp. By substituting these into the inequality, we yield

2347 + QYN < 1EQy + nQ™ylIk, + IEQy — nQ*yllb.

By taking the supremum over y € S., we verify the final operator norm inequality.
This completes the proof. O

The next result establishes exact equalities and bounds for (#)-normal operators.
Corollary 3.4. Let Q € Npy(H). Then the following properties hold:

(1) The generalized Dragomir inequality is an exact equality:

wp(Q) = 5 (IIQI + wp(Q?)).

| =
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(2) The P-seminorm is bounded by its P-Cartesian components:

IQU7 < IRp(Q)li3 + ISp(Qll7

Proof. (1) By taking the supremum over y € S,}) in Proposition 3.2(2), we obtain

1
wp(Q) < E(IIQII% + wp(Q).

Since Q € Npy(H), Corollary 3.1 implies that a);(Q) = ||Q||§3. Since Theorem 3.3 and Corollary 3.1
yield wp(Q?) = [IQ?llp = [IQII,, substituting gives

1
QI3 < E(IIQIIé +11QIIR) = QI3

Thus, the inequality collapses to an exact equality.
(2) Since 2(xII% + l1zII%) < lIx + | + |Ix — z|12, setting x = Qy and z = Q*y gives

41QI: < 11Q + Q™|I% + 1Q — Q¥|[2.
Substituting Q + Q7 = 2R»(Q) and Q — Q¥ = 2iI5(Q), we deduce

41QII; < HIRp(QII + 4IS(Q)lI7.-
Dividing by 4 completes the proof. O

As discussed in the introduction, the algebraic definition of #-invertibility introduced by Baklouti
and Namouri [20] is often too restrictive, particularly when the range of # is not closed. To overcome
this limitation, we adopt a topological approach based on the P-seminorm. We redefine $-invertibility
by requiring the operator to be $-bounded below with $-dense range. This ensures that -invertibility
on H coincides with the classical invertibility of the induced operator on the completion space R( VP).

The next definition introduces the concept of topological P-invertibility.

Definition 3.1. An operator Q € £ (H) is topologically P-invertible if it satisfies two conditions:
1) P-bounded below: There exists a constant ¢ > 0 such that

IQylle > cllyllp, VyeH.

2) P-dense range: For every z € H, there exists a sequence {y }jen € H such that
jl_i_glo IQy; — zllp = 0.

Using this notion, we introduce the corresponding topological spectrum in the following definition.

Definition 3.2. The topological P-spectrum of an operator Q € £ g(H), denoted by ng(Q), is defined
by
o';())p(Q) = {£ € C: Q — &l is not topologically P-invertible} .

The next result establishes an equivalence for topological P-invertibility.
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Theorem 3.5. Let Q € £ 5(H), ¢ € C, and denote Qs = Q — &Iy, Then the following assertions are
equivalent:
(1) Qg is topologically P-invertible.
(2) (/Q?D is classically invertible in £ (R( \P)), where @P is the unique bounded operator on R( VP)
induced by Q..

Proof. Since Q € Z 5(H), Lemma 2.1 guarantees the existence of a unique bounded operator 6’0 €
LR(VP)) such that DpQ = Q”Dp. We have:

—P
Qf =Q -¢ IR( VP)*
First, we prove (1) = (2). Assume that Q. is topologically P-invertible. By definition, it is

—p
P-bounded below and has a P-dense range. Applying (2.2), we obtain [|Qgyllp = [|Q¢ <D;oy||R( VP)
and |lyllp = ||(Dpy||R( V) for all y € H. Since Q; is -bounded below, there exists ¢ > 0 such that

—p
Q¢ zllg(yp) = clizllg yp, for all z € Im(P). Since Im(P) is dense in R( \VP), this inequality extends

—p
continuously to R(VP). Thus, Qg is bounded below. On the other hand, since Q; has a $-dense
range, for any z € H, there exists a sequence {y;}jav € H such that lim ||Q.y; — z|lp = 0. By using ®p
J—)OO N

and (2.2), we obtain
. =P
im [Q” ®py; = Ppzlly 7 = 0.

—p
This implies that the image of Q, is dense in Im(#). Since Im(%) is dense in R( \/?’), it follows that

—p —p
Im(Q, ) is dense in the complete Hilbert space R( \/?’). Since Q¢ 1s bounded below and has a dense
range, it is classically invertible. Thus, we obtain (2).

—p
Next, we prove (2) = (1). Assume that Q; 1is classically invertible. Then it is bounded below

. .. . —P
and has a dense range. Since it is bounded below, there exists ¢ > 0 such that [|Q; Xllg v = clixllgcvp)

for all x € R(VP). Let y € H. This implies that ®py € R(VP). By setting x = ®py and using (2.2),
we obtain [|Qgyllp > cllyllp. Thus, Qg is P-bounded below. Now, let z € H. Thus, ®pz € R( VP). Then

—p
there exists a unique x € R( VP) such that ®pz = Qg x. Since Im() is dense in R( VP), there exists
a sequence {y;}jen € H such that

jlgg [Ppy; — Xllg(vp) = O
Because Q; is bounded, it is continuous, meaning it preserves limits. Thus, we obtain:
— —p
jl,l_)fglng Opy; — Q¢ Xllg(yp) = 0.
Lo =P ~
By substituting Q; ®py; = ©pQ:y; and Q; x = Ppz, we deduce:
lim [[97Qzy; = Dpzly v = 0.

Applying (2.2), we deduce that lim [|Qsy; — z|lp = 0. This implies that Q; has a $-dense range.
Jj—o0 - S
Therefore, Q; is topologically #P-invertible. This proves (1). This completes the proof. O
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Before stating the next corollary, we introduce the following definition.

Definition 3.3. For Q € £ 5(H), we define the P-topological spectral radius as
rpn(Q) = supfld| : A€ 0P (Q).

The next result relates the topological P-spectrum to the classical spectrum.

Corollary 3.5. For every Q € £ 5(H), we have

T (Q = o(@).
Therefore, we have

P (Q) = rp(Q).

Proof. By Theorem 3.5, for any ¢ € C, the operator Q; is topologically P-invertible if and only if @P
is classically invertible. Therefore, & € a;(,’p(Q) if and only if ¢ € 07(Q”). This implies U;i’p(Q) =o(Q”).
This completes the proof. O

The following remark highlights properties of the topological £-spectrum.

Remark 3.2. Let Q € £ (H). Then the following properties hold:

(1) Since for Q € £ 5(H), we have (T;fp(Q) = 0‘(6’0). Therefore, O';SP(Q) is non-empty.
(2) If Q € Nipy(H), then by Corollary 3.5 together with (2.1), we have

rpt(Q) = rp(Q) = wp(Q) = IQlp.

The topological P-spectrum is always non-empty. In the next result, we compare the topological
P-spectrum with the traditional one.

Theorem 3.6. Let Q € £ (H). Then 0,7 (Q) € oBN(Q). Moreover, if the range of P is closed, then
©D /)y — BN
0p (Q) =05 (Q).

Proof. By Corollary 3.5, we have os*(Q) = 0(Q”). Since 0(Q”) € oBN(Q), it follows that o’ (Q) C

o (Q). Assume that the range of P is closed. By hypothesis, this condition implies o(Q”) = o (Q).
Consequently, we deduce that o°,"(Q) = o'EN(Q). This completes the proof. o

The next remark justifies the topological approach by showing that the equality fails without the
closed range assumption.

Remark 3.3. The equality O'gN Q) = 0'(6’0) is generally not possible when the range of P is not closed.

In the following example, we present a case where an operator is boundedly invertible on R(NP), but
its algebraic inverse fails to map Im(P) back into itself.

The following example provides a concrete case illustrating Remark 3.3.
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Example 3.2. Consider the complex Hilbert space H = ¢*(N). Let a; = 1/2/ for all integers j > 0.
We define the positive operator P on H by P((x;);>0) = (a?x.,-).,-zo. Since P is injective, we deduce that
[Ip = Iy. Since the sequence converges to zero, the range Im(P) is dense but not closed.

We define the right shift operator Q and the left shift operator R on H by Q(xy,x1,...) =
2(0, xo, x1,...) and R(xp,x1,...) = (x1,X2,...). Evaluating the semi-inner product we observe
(Qx,y)p = (PQX,y) = X7, a§(2x.,-_1)y_j. Since a; = 1a;,, it follows that a? = la , \- By substituting
this relation, we find

(Qu.y)p = ), 7001205 = 5 ) dudiar.
Jj=1 k=0

Applying the definition of the left shift, we compute (X,Ry)p = Yiooa;xiyis1. Comparing these
expressions, we obtain (QX, y)p = %(X, Ry)p. Thus, we establish Qﬁp = %R.
Calculating the operator compositions, we observe

1
Q"Qx = 5R(z(o, X0y X152 ) = (X0, X1, ...) = X.

Since Q¥ Q = Iy, we confirm that Q is a P-isometry. Because

1
QQ"x = Q51 %2,.)) = (0,31, 3a,.),

we deduce that QQ# # I

Since QP is a proper isometry on R( \P), its classical spectrum O'(QP) is exactly the closed unit
disk D = {£ € C: |€| < 1}). By using Corollary 3.5, we deduce that O'OP(Q) D. Next, we examine the
classical BN-spectrum. The strict BN-invertibility of Q — &l requires an operator R € £ (H) such
that P(Q — (IR = PR(Q — €ly) = P. Since P is strictly injective, this forces

(Q—-¢Ix)R =RQ —&ly) = In.

This means the algebraic inverse R must be the exact classical inverse of Q — Iy on H. Thus, we
obtain 0(Q) C O'EJN (Q). Since Q is a scaled right shift on €*(N) with norm 2, its classical spectrum is
0(Q) = {£ € C: |€ < 2}. Substituting this, we establish {¢ € C : |€] < 2} C 0' N(Q). By comparing the
two spectra, we confirm the strict inclusion O';SP Q) < O'E)N(Q). Therefore, the scalars in the annulus
1 < || < 2 are artificial spectral points. This implies that the topological approach is necessary.

We now improve numerical range theorems without requiring the closed range assumption. The
next theorem combines three fundamental numerical range inclusions and equalities, utilizing the
topological spectrum approach. The first two results are general and do not require $-normality,
whereas the third one applies specifically to -normal operators.

Theorem 3.7. Let Q € £ 5(H). Then the following properties hold:

(1) The P-approximate point spectrum is completely contained within the closure of the P-numerical
range:

Trp(Q) € Wa(Q).
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(2) The topological P-spectrum is contained in the closure of the P-numerical range:

o7 (Q) € Wp(Q).
(3) IfQ e N(p)(H), then:
Wp(Q) = conv(o,"(Q)),

where conv(-) denotes the convex hull of a set.

Proof. (1) Let € € 0,»(Q). By definition, there exists a sequence {y ;}jen € S}D such that
lim [(Q ~ &Ly llp = 0.
Evaluating the absolute difference, we establish:

KQy,y e — &l = KQy,, y)p — &Y )» ¥ )pl
= KQ = &Iy, y j)pl-

Applying the Cauchy-Schwarz inequality yields:

KQ = &Iw)yj, y el < Q= EMyllplly .

Since |lyjllp = 1, we verify:
KQys y e — &l < Q= Elm)y llp-
Taking the limit as j — oo, we deduce that lim(Qy;,y;)p = &£. Since (Qy;,y;)p € Wp(Q), it follows
Jj—oo

that £ € Wp(Q). Therefore, we conclude that 07 »(Q) € We(Q).

(2) By Corollary 3.5, we have a';?p (Q) = o(Q”). Classical spectral theory implies that the spectrum
of any bounded operator is contained within the closure of its numerical range. Thus, we have O'(’Q\P) -
W(ap). Applying Lemma 2.1(2), we obtain W(@P) = Wp(Q). Therefore, we deduce that G;’p(Q) c
We(Q). —~

(3) Assume that Q € Np,(H). Then Theorem 3.1 implies that Q” is normal. By applying the
Toeplitz-Hausdorff theorem, we olziain W(@P) = conV(U(@D)). Corollary 3.5 establishes that (T(@D) =
a;‘)’p(Q). This implies that conv(c(Q”)) = conv(o';?p(Q)). Applying Lemma 2.1(2), we obtain Wp(Q) =

W(G’D). Therefore, we deduce that Wp(Q) = conv(o';,)p(Q)). This completes the proof. O

The next result establishes the symmetry of $-null spaces and proves that the P-ascent of these
operators is precisely one.

Theorem 3.8. Let Q € Npy(H). Then its P-null spaces coincide:

Kerp(Q) = Kerp(Q*) = Kerp(Q).

Proof. Let y € H. By definition, y € Kerp(Q) if and only if ||Qy|lp = 0. Since Q is (#)-normal,
Theorem 3.1 implies ||Qyllp = ||Qﬁ7’y||¢>. By using this rule, we obtain ||Qyllp = 0 if and only if
IQ*yllp, = 0. Because ||[Q*y|lp = O precisely when y € Kerp(Q*), we deduce that Kerp(Q) =
Kerp(Q).
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Assume that y € Kerp(Q). Then we have ||Qy|lp = 0. Since Q is -bounded, the submultiplicativity
of the seminorm implies [|Q%yll» < |IQ|l»/IQyllp = 0. Consequently, we obtain y € Kerp(Q?). This
shows that Kerp(Q) € Kerp(Q?).

Conversely, assume that y € Kerp(Q?). Then we have ||Q%yl|lp = 0. By applying (3.2), we assert:

1Qyli3 < 1Q%yllpllyllp.

By substituting |Q%yllp = 0, we obtain ||Qyll7, < 0. It follows that ||Qyllp = 0. Thus, we deduce that
y € Kerp(Q). This confirms that Kerp(Q?) C Kerp(Q). This completes the proof. O

The next result establishes the symmetry of $-kernels for translated operators.

Corollary 3.6. Let Q € Nipy(H), and let ¢ € C. Then the corresponding P-kernels coincide perfectly:

Kerp(Q — ély) = Kerp(Q¥ — £11p).

Proof. The proof consists essentially of recalling the basic definitions and applying Theorem 3.8 to
the translated operator Qg = Q — €Iy, and it is thus omitted.

In the next theorem, without assuming that the range of % is closed, we explore the properties of
P-eigenspaces. First, we define the $-eigenspace associated with & € C as:

Ep(Q. &) ={y € H: [|IQy - &yllp = O}.

By using the definition of the P-kernel, we express this P-eigenspace precisely as

Ep(Q, &) = Kerp(Q — &1n).
Theorem 3.9. Let Q € Ny (H) and ¢ € C. Then the following properties hold:

(1) Ify € Ep(Q, &), then Q7y = £Tlpy.
(2) Ep(Q, &) and Ep(Q, )7 are invariant under both Q and Q.

Proof. (1) Lety € Ep(Q, &). By definition, we have ||Qy — £y|lp = 0. Since Q € Npy(H), Theorem 3.1
implies the translated operator Q; = Q — &/ is (P)-normal. The norm equivalence yields ||(Q§)ﬁ“’y||¢> =
IQsyllp = 0. By substituting the adjoint, we obtain [[(Q# — £Ilp)yllp = 0. Thus, we obtain P(Q”y —
ETlpy) = 0. Since Py = P, this reduces to PQ*y = éPy. Applying the Moore-Penrose pseudoinverse
PT to both sides, we deduce that Hme’y = Epr. Lemma 2.3 establishes ITpQ% = Q. Therefore,
we confirm that Q¥y = £Tlpy.

(2) Assume that y € Ep(Q, ¢). This implies that Qy — &y € Ker(#). Lemma 2.2 guarantees that
Ker(#) is invariant under Q. This ensures that Q(Qy — £y) € Ker(#). Consequently, we verify that

1Q(Qy) — £(QY)llp = 0, which proves that Qy € Ep(Q, &).
To establish invariance under Q*, we express Qy = £y +k for some k € Ker(P). Since Q € Npy(H),

we obtain:

PQQ”y = PQQy
= PQ¥(&y + k).
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Since k € Ker(#), we have k = (Iy — [Ip)k. Lemma 2.3 implies
Q¥k = Q" (I — TIp)k = Q¥k - Q"k = 0.
Substituting this, we obtain PQ(Q*y) = éP(Q*y). By definition, this confirms that Q*y € Ex(Q, &).

Similarly, (v, Q¥z)p = (Qv, z)p. Since Qv € Ep(Q, &), we find (Qv, z)p = 0. This implies Q¥ z €
Ep(Q, £)*7. This completes the proof. O

The next result establishes the #-orthogonality of generalized $-eigenvectors.

Theorem 3.10. Let Q € Nipy(H). Let €,n € C such that & # n. Assume thaty,z € H satisfy PQy = éPy
and PQz = nPz. Theny Ly z.
Proof. Since PQz = n%Pz, it follows that z € Kerp(Q — nly). Because Q is (#)-normal, Corollary 3.6
implies z € Kerp(Q¥ — 7Ilp). This yields PQ¥z = 7PIpz. Lemma 2.3(i) establishes PIlp = P,
resulting in PIlpz = Pz. Substituting this, we verify PQ¥z = 7Pz.

Applying Q directly to y, we obtain

(Qy, 2)p = (PQy, 2)
=Py, 2)
=&Y, 2)p.
By using the $-adjoint and the established eigenspace symmetry, we obtain:
Qy, 2)p = (y, Q" 2)p = (Py, Q"2)
= (y,PQ"2) = (y,7P2)
= 1Ky, Pz) = 1y, 2)p.

Because the scalar 77 is in the second argument of the classical inner product, it emerges conjugated as
n. Equating the two expressions, we obtain &£(y, z)p = 1(y, z)p. This implies that

(& —n)Xy,z)p = 0.
Since ¢ # n, we deduce that (y, z)p = 0. This means that y L, z. This completes the proof. O

4. Conclusions

In this paper, we have explored the algebraic, metric, and spectral properties of (#)-normal
operators in semi-Hilbertian spaces. One of our main contributions is the introduction of a new
topological approach to #-invertibility and the P-spectrum. By doing so, we successfully bypassed the
traditional and highly restrictive assumption that the range of the positive operator £ must be closed.
This refined framework allowed us to establish exact equalities and generalize several fundamental
P-numerical radius inequalities and spectral inclusion theorems for this broad class of operators.
Furthermore, we investigated the geometric structure of (#’)-normal operators, ultimately proving the
strict orthogonality and symmetry of their generalized P-eigenspaces.

We believe that the topological framework introduced here provides a natural, robust, and highly
flexible setting for studying operators in semi-Hilbertian spaces. Therefore, this work may serve as a
strong starting point for future research. Other researchers can build upon these foundations to explore
further generalizations, investigate broader classes of non-normal operators, or apply this topological
spectrum to solve complex problems in advanced operator theory.
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