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Abstract: We study quantum Boolean functions on C[F2n
2 ] that are equivariant under the natural action

of S 3 × S n, where S 3 permutes the three nonzero elements of F2
2, and S n permutes the coordinate

positions n. Using character theory, we decompose the underlying representation into irreducible
S 3 × S n sectors and show that equivariant operators reduce to blocks acting on finite-dimensional
multiplicity spaces. Based on this reduction, we construct a promise based quantum verification
protocol combining a group symmetry test, a local purity test, and an energy expectation test. The
protocol has completeness and promise gap soundness at least 1 − δ, where δ ∈ (0, 1). If the three
bounded statistics are estimated to additive accuracies proportional to the corresponding promise gaps,
its total query complexity is O ((α−2

sym + α
−2
loc + α

−2
eng) log δ−1), up to explicit group sampling, locality,

subsystem operation, and copy counting factors, where αsym, αloc, αeng ∈ (0, 1). Conditional distance
soundness follows when the stated error bound property relating the trace distance to the three promise
gaps holds. The resulting framework provides a symmetry reduced approach to quantum locality
verification without requiring informationally complete state tomography.
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1. Introduction

A fundamental challenge in quantum information science is to efficiently verify whether a quantum
state or an observable exhibits desired properties without reconstructing the full quantum state. For
multipartite quantum systems, two closely related verification tasks are:

(i) State verification: Determine whether a quantum state is separable (local) or contains
multipartite entanglement.

(ii) Operator verification: Determine whether a Hermitian operator in an n-qubit system
decomposes as a tensor product of single-qubit operators.
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These two tasks are intimately connected: Verifying locality of states often reduces to testing
properties of associated observables.

A Hermitian operator f in an n-qubit system satisfying f 2 = I is called a quantum Boolean
function. The Bravyi–Vyalyi quantum locality test [1], introduced in their analysis of local
Hamiltonians, is an efficient protocol that uses such Boolean functions to verify whether a quantum
state is close to a local (separable) state. Specifically, the test checks whether f is close to a tensor
product of single-qubit operators; states that satisfy this condition with high probability under the test
are certified as approximately local. A related test, known as the stabilizer test, asks the following
question ([2, Conjecture 6.7]): If it passes with high probability, does it guarantee that f is close to a
tensor product? This remains an open problem in quantum entanglement theory and is one of the
motivations for the present work. The key difficulty with generic locality tests is that they provide
only limited structural information about the quantum state or the associated Boolean function f (see
the works [2–5] and the references given there). This limitation suggests the imposition of additional
structural assumptions under which the admissible operator space can be characterized more
explicitly. Group symmetry provides one such assumption: Invariance under a prescribed group
action restricts the unknown state or observable to an invariant operator algebra that can be
decomposed using representation theory. Such symmetry assumptions also arise naturally in several
physical and information-theoretic settings. For example, atomic arrays often have permutation
symmetry across identical atoms (see [6]), lattice systems respect spatial symmetries (see [7]), and
quantum error-correcting codes are designed with stabilizer group symmetries (see [8]). These
symmetries place constraints on the relevant space of quantum states and observables. In this paper,
we explore how such constraints can be used to reduce the number of measurements required for a
specific verification task.

The main contribution of this paper is the following generalization of the Bravyi–Vyalyi-type
quantum locality test.

Theorem 1.1. Let G = S 3 × S n be the direct product of the symmetric group S 3 and the symmetric
group S n. For any g ∈ G, let θ(g) = U(g)θU(g)†, where U(g) denotes the unitary representation of G
and θ is a positive semidefinite Hermitian operator with trace 1. Fix η ∈ (0, 1), a Hermitian operator
f , positive parameters αsym, αloc, αeng, and δ ∈ (0, 1). Assume that the G-invariance test controls a
non-negative symmetry defect

SD2(θ) :=
1

2|G|

∑
g∈G

Tr[
(
θ − θ(g))2]

with SD2(θ) = 0 if θ = θ(g) for any g ∈ G, and rejects with the stated confidence whenever SD2(θ) ≥
αsym. Then, there exists a quantum verification protocol

Test
(
θ; η, αsym, αloc, αeng, δ

)
such that the following statements hold.

(i) (Completeness) If θ ∈ Sloc(η), then the protocol accepts θ with probability at least 1 − δ, where

Sloc(η) :=
{
θ ∈ L(C[F2n

2 ]) : θ is G-invariant, Tr(θ f ) = 1, Ploc(θ) ≥ 1 −
η

2

}
.
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Here, L(C[F2n
2 ]) is the set of all linear maps from C[F2n

2 ] to itself, and Tr(θ f ) denotes the trace of
operator θ f .

(ii) (Promise gap soundness) If at least one of

SD2(θ) ≥ αsym, Ploc(θ) ≤ 1 −
η

2
− αloc, or 1 − Tr(θ f ) ≥ αeng (1.1)

holds, then the protocol rejects θ with probability at least 1 − δ.
(iii) (Conditional distance soundness) Suppose, in addition, that the following error bound property

holds: For every θ,
min

ω∈Sloc(η)
Dtr(θ, ω) > ε

implies that at least one of the promise gap conditions in (1.1) holds, where

Dtr(θ, ω) := Tr
√

(θ − ω)†(θ − ω).

Then, every state that is ε-far from Sloc(η) is rejected with probability at least 1 − δ.

The total query complexity is the sum of the three component complexities. In particular, if each
component estimates a bounded quantity to additive accuracy proportional to its promise gap, then

Q = O
[(
α−2

sym + α
−2
loc + α

−2
eng

)
log δ−1

]
,

up to the explicit group-sampling, locality, and copy-counting factors in the component tests.

The stabilizer testing question motivating this work asks whether high acceptance probability
alone guarantees proximity to a tensor product structure. This implication remains open in general.
Existing Bravyi–Vyalyi-type locality tests provide efficient local consistency or purity statistics, but
such statistics need not uniquely determine the global structure of an arbitrary state. Our approach
does not resolve the general stabilizer test conjecture. Instead, it studies a symmetry restricted setting
in which the S 3 × S n action decomposes the admissible operator space into explicit multiplicity
blocks. The verification protocol combines this symmetry information with local purity and energy
statistics. Its soundness is therefore a promise gap statement, although trace distance soundness
additionally requires the error bound property stated explicitly in Theorem 1.1 (iii).

The verification protocol developed here should be distinguished from quantum state tomography.
Quantum state tomography aims to reconstruct the density matrix θ (it is a positive semidefinite
Hermitian operator with trace 1) of a quantum system from measurement statistics. A general state of
a d-dimensional quantum system, where d = 2n for an n-qubit system, is specified by d2 − 1
independent real parameters. Consequently, standard quantum state tomography requires sufficient
measurement data to determine these parameters [9]. Several variants have been developed to
improve tomographic efficiency or accommodate specific experimental settings; see, for example,
see [10–12]. In contrast, our protocol estimates only the group averaged symmetry defect, the mean
local purity, and the energy defect associated with a prescribed Hermitian operator. Relevant
measurements include random-site symmetry tests, and measurements of the quantum Boolean
function. These measurements are not generally informationally complete and do not reconstruct the
state, its spectrum, or all of its reduced density matrices. The representation theoretic decomposition
may nevertheless be useful for symmetry reduced tomography because it identifies multiplicity space
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blocks on which equivariant operators act nontrivially. In the present paper, however, this
decomposition is used for property verification rather than state reconstruction.

Finally, we clarify the role of the prime factorization in multiplicity spaces. This follows from a
fundamental fact of arithmetic: Any integer mρ,µ > 1 is either prime or admits a unique factorization
into primes, up to permutation of the factors. That is, for mρ,µ > 1 and mρ,µ ∈ N, there exist primes
p1 ≤ p2 ≤ . . . ≤ pk such that mρ,µ = p1 p2 . . . pk, and this representation is unique (see [13] for more
details). Moreover, in group representation theory, mρ,µ is the dimension of the multiplicity space Cmρ,µ

of a certain irreducible subspace of S 3×S n (see Theorem 2.5 below). Then, Cmρ,µ can be isomorphically
decomposed as Cp1 ⊗Cp2 ⊗ · · · ⊗Cpk , where each factor Cp j corresponds to a subsystem of dimensional
p j. In particular, the above decomposition is not arbitrary. If S 3 × S n acts on Cmρ,µ , and mρ,µ admits a
prime factorization, then the group action may decompose as a tensor product of representations on the
corresponding prime dimensional factors. For example, if mρ,µ = 12 = 2×2×3, it decomposes into the
tensor product of two qubits and one qutrit, and if mρ,µ = 30 = 2 × 3 × 5, it decomposes into the tensor
product of a qubit, a qutrit and a ququint. The prime factorization of the multiplicity space dimension
is used only as a formal coordinate expansion. Although one may choose an algebraic identification

Cmρ,µ �
k⊗

j=1

Cp j ,

this identification is noncanonical and does not define physically accessible subsystems. In particular, it
does not by itself produce a quantum error correcting code, an encoding map, or a recovery procedure.
Any connection with quantum coding would require additional physical structure, including a specified
tensor product decomposition, an error model, a code subspace, and a recovery channel (see, e.g., the
works [4, 14, 15]). Such questions are beyond the scope of the present work. Therefore, Theorems 3.1
and 4.4 as below are of independent interest but are not central to the main results of this paper; they
are merely applications of prime factorization in multiplicity spaces.

This paper is organized as follows: In Section 2, we recall the structure of the direct product group
S 3 × S n and derive the irreducible decomposition of its unitary representations acting in space C[F2n

2 ].
In Section 3, based on the decomposition of the irreducible unitary representations of S 3 × S n, we
construct a quantum Boolean function. In Section 4, we introduce density matrices, develop a quantum
testing protocol, and prove the quantum locality test.

2. Preliminaries

The objective of this section is to isolate the multiplicity spaces on which S 3 × S n-equivariant
operators may act nontrivially. We first compute the character of the natural action on C[F2n

2 ]. We
then project this character onto the trivial, sign, and standard representations of S 3. Each resulting S n-
module is subsequently decomposed into Specht modules. This gives the block decomposition used
in Section 3 to construct equivariant quantum Boolean functions and in Section 4 to formulate the
verification protocol.

Throughout the paper, we always let F2 be the field with two elements. Let F2
2 = {e0, e1, e2, e3},

where e0 := (0, 0), e1 := (0, 1), e2 := (1, 0), and e3 := (1, 1). The space C[F2
2] is defined by

C[F2
2] = {

3∑
i=0

αiei : αi ∈ C}.
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For any

ψ =

3∑
i=0

αiei and ϕ =

3∑
i=0

βiei

in C[F2
2], we define the inner product by

⟨ψ | ϕ⟩ :=
3∑

i=0

αiβi,

where ᾱi denotes the complex conjugate of αi. Thus, C[F2
2] is a 4-dimensional Hilbert space, and {ei}

forms an orthonormal basis. Because F2n
2 � (F2

2)⊗n, the corresponding Hilbert space admits a tensor
product decomposition

C[F2n
2 ] �

n⊗
j=1

C[F2
2].

The inner product on C[F2n
2 ] is defined by

⟨ψ|ϕ⟩ =

n∏
j=1

⟨ψ j|ϕ j⟩,

where ψ = ψ1 ⊗ · · · ⊗ ψn, and ϕ = ϕ1 ⊗ · · · ⊗ ϕn ∈ C[F2n
2 ]. Let S n be the permutation group of order n.

Then, the action of S n on F2n
2 is given by

π · A = π · (A1, . . . , An) = (Aπ−1(1), . . . , Aπ−1(n)), (2.1)

where π ∈ S n, A ∈ F2n
2 , and Ai ∈ F

2
2. The action of S 3 on F2n

2 is less straightforward and requires the
isomorphism S 3 � GL(2,F2), where GL(2,F2) is the set of all 2× 2-invertible matrices on F2. For each
Lσ ∈ GL(2,F2), we define an invertible linear transformation Lσ: F2

2 → F
2
2 by Lσ(v) = v′. Moreover,

restricting this action to the set of nonzero vectors F2
2 \ {e0} yields a permutation of these three elements

{e1, e2, e3}. For σ ∈ S 3, we define a representation in F2n
2 by

σ · (A1, . . . , An) := (Lσ(A1), . . . , Lσ(An)). (2.2)

Combining (2.1) and (2.2), the action of the group S 3 × S n on F2n
2 is given by

(σ, π) · (A1, . . . , An) := (Lσ(Aπ−1(1)), . . . , Lσ(Aπ−1(n))).

By this and the group multiplication in S 3 × S n, we have

(σ1, π1) · ((σ2, π2) · A) = (σ1σ2, π1π2) · A.

Indeed, for the ith coordinate, one finds

Lσ1(Lσ2(Aπ−1
2 (π−1

1 (i)))) = Lσ1σ2(A(π1π2)−1(i)).

The representation of S 3 × S n on C[F2n
2 ] is given by

U(σ, π)(ϕ1 ⊗ · · · ⊗ ϕn) = Lσ(ϕπ−1(1)) ⊗ · · · ⊗ Lσ(ϕπ−1(n)).
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Definition 2.1. For any ψ, ϕ ∈ C[F2n
2 ] and all (σ, π) ∈ S 3 × S n, if

⟨U(σ, π)ψ | U(σ, π)ϕ⟩ = ⟨ψ | ϕ⟩,

then U(σ, π) is called a unitary representation.

In S 3, we define the character of the representation ρ by χ: g 7→ Tr(ρ(g)) (see [16] or [17, p57,
Definition 5.2]). Let e, t, and c be the identity element, a transposition, and a 3-cycle in S 3, respectively
(see [16, 17] for the complete bibliography). The irreducible representations ρ of S 3 are the trivial
representation 1, the sign representation sgn, and the 2-dimensional standard representation Std; see
Table 1 as follows:

Table 1. Character table of S 3.

ρ dim ρ e t c

1 1 1 1 1

sgn 1 1 −1 1

Std 2 2 0 −1

For any σ ∈ S 3, we define the number of fixed points of σ acting on F2
2 by F(σ) := |FixF2

2
(σ)|. Then,

one easily obtains F(e) = 4, F(t) = 2, and F(c) = 1.
The following lemma is just [17, Corollary 2].

Lemma 2.2. As an S 3-module, it admits the following decomposition into irreducible representations,

C[F2
2] � 1⊕2 ⊕ Std.

The decomposition of C[F2
2] into S 3-irreducibles established in Lemma 2.2 is the base case n = 1.

To extend this to arbitrarily n, we must track how permutations in S n interact with the S 3-action on each
factor. The key tool is the character formula for the product action, which requires the bookkeeping of
cycle types.

Definition 2.3. For π ∈ S n, let md be the number of cycles of length d in its cycle decomposition. The
cycle type of π is then given by

type(π) = 1m12m2 . . . ,

where
∑

d dmd = n.
Moreover, we define the total number of cycles by c(π) :=

∑
d md.

For example, we consider the type of cycle π = (1 3 5)(2 4)(6) ∈ S 6. It consists of one 1 cycle (6),
one 2 cycle (2 4), and one 3 cycle (1 3 5). Hence, m1 = 1, m2 = 1, m3 = 1, md = 0 (d ≥ 4), and its
cycle type is 112131.

We now consider the character of S 3 × S n acting on C[F2n
2 ], where S 3 acts diagonally, and S n

permutes the tensor factors. The space C[F2n
2 ] has a basis B = {A(1), . . . , A(4n)}, where

A(i) = (A(i)
1 , . . . , A

(i)
n ) with A(i)

j ∈ F
2
2 for i ∈ {1, . . . , 4n} and j ∈ {1, . . . , n}. Note that the action of S 3 × S n

leaves B invariant. Indeed, for any (σ, π) ∈ S 3 × S n, we need to show that (σ, π) · B = B and that the
action is bijective. Because B is finite, it suffices to prove (σ, π) · B ⊂ B and that the action is
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injective, the latter being obvious. For a basis element A(i) = (A(i)
1 , . . . , A

(i)
n ), the group element (σ, π)

acts as
(σ, π) · A(i) =

(
LσA(i)

π−1(1), . . . , LσA(i)
π−1(n)

)
. (2.3)

Because A(i)
j ∈ F

2
2, and A(i)

π−1( j) ∈ F
2
2, the invariance of F2

2 under σ implies LσA(i)
π−1( j) ∈ F

2
2, and hence,

(σ, π) · B ⊂ B. We can then write

(σ, π) · (A(1), . . . , A(4n)) = (A(1), . . . , A(4n))T(σ,π),

where T(σ,π) is a 4n × 4n permutation matrix corresponding to the action. If we assume LσA(i)
π−1( j) = A(i)

j ,
then χn(σ, π) = tr(T(σ,π)) equals the number of diagonal entries equal to 1 in T(σ,π), which is precisely
the number of fixed points of (σ, π) acting on B.

With cycle type notation in place, we can now compute the character of the S 3 × S n-representation
on C[F2n

2 ] by counting fixed points. The following lemma is trivial, and we omit the details.

Lemma 2.4. Let χn be the character of S 3 × S n on C[F2n
2 ]. Then, for (σ, π) ∈ S 3 × S n,

χn(σ, π) = |FixF2n
2

(σ, π)| =
∏
d≥1

|FixF2
2
(σd)|md ,

where md is as in Definition 2.3.

For example, we fix π = (1 3 5)(2 4)(6) ∈ S 6. Let A = (A1, A2, A3, A4, A5, A6) ∈ F12
2 . By (2.3), we

have (σ, π) · A = (LσA5, LσA4, LσA1, LσA2, LσA3, LσA6). If (σ, π) · A = A, then LσA5 = A1, LσA4 =

A2, LσA1 = A3, LσA2 = A4, LσA3 = A5, and LσA6 = A6.Hence, A3 = LσLσLσA3, A1 = LσLσLσA1,A5 =

LσLσLσA5, A2 = LσLσA2, A4 = LσLσA4, and A6 = LσA6. Note that A1, A3, A5 are fixed points of σ3;
A2, A4 are fixed points of σ2; and A6 is a fixed point of σ. Thus, the total number of fixed points for A
is |FixF2

2
(σ3)|1 |FixF2

2
(σ2)|1 |FixF2

2
(σ1)|1.

Let π ∈ S n have cycle type 1m12m2 · · ·, with c(π) and md as in Definition 2.3. Because t2 = e, and
c3 = e, from Lemma 2.4, it follows that

χn(e, π) = 4c(π),

χn(t, π) =
∏

d odd 2md
∏

d even 4md = 2#{odd-length cycles}4#{even-length cycles},

χn(c, π) =
∏

3|d 4md = 4#{cycles whose length is divisible by 3}.

(2.4)

The irreducible complex representations of S n are in one-to-one correspondence with the Young
diagrams µ ⊢ n (see [18] or [19] for more details). These representations are realized as Specht
modules, denoted Spµ, and their characters are denoted by χµ.

The preceding character formulas (see (2.4)) determine how much of each irreducible S 3-type
occurs for a fixed permutation π ∈ S n. It remains to decompose the corresponding coefficient
functions as characters of S n. This second projection produces the Specht module multiplicities mρ,µ

and completes the decomposition of the direct product representation.

Theorem 2.5. For every integer n ≥ 1, C[F2n
2 ] has the following decomposition as an S 3 × S n-module,

C[F2n
2 ] �

⊕
ρ∈Irr(S 3)

⊕
µ⊢n

(ρ ⊠ Spµ)
⊕mρ,µ �

⊕
ρ,µ

(ρ ⊠ Spµ) ⊗ C
mρ,µ , (2.5)

where mρ,µ denotes the multiplicity of ρ ⊠ Spµ in C[F2n
2 ].
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Proof. First, we find the decomposition of the S 3 × S n-module; that is, there exist S n-modules
M1(n),Msgn(n),MStd(n) such that

C[F2n
2 ] � (1 ⊠ M1(n)) ⊕ (sgn ⊠ Msgn(n)) ⊕ (Std ⊠ MStd(n)). (2.6)

Indeed, by constructing the characters

χM1(n)(π) =
1
6

(
χn(e, π) + 3χn(t, π) + 2χn(c, π)

)
,

χMsgn(n)(π) =
1
6

(
χn(e, π) − 3χn(t, π) + 2χn(c, π)

)
,

χMStd(n)(π) =
1
3

(
χn(e, π) − χn(c, π)

)
,

(2.7)

and then by the orthogonality relations for the characters, we obtain (2.6). For a given element π ∈ S n,
σ 7→ χn(σ, π) is a class function on S 3, and it admits an expansion

χn(σ, π) =
∑

ρ∈Irr(S 3)

χρ(σ) χMρ(n)(π).

By the orthogonality of the characters, the coefficient χMρ(n)(π) is obtained by projection

χMρ(n)(π) =
1
|S 3|

∑
σ∈S 3

χn(σ, π) χρ(σ).

The sum of the conjugacy classes of S 3 and by (2.4) together with the values of χ1, χsgn, χStd yields
Eq (2.7). Hence, we arrive at the decomposition

C[F2n
2 ] �

⊕
ρ∈Irr(S 3)

ρ ⊠ Mρ(n).

Furthermore, Mρ(n) arises as a direct summand of C[F2
2]⊗n. Because C[F2

2]⊗n is finite-dimensional,
Mρ(n) is a finite dimensional S n-module. By Maschke’s theorem (see [20] for more details), every finite
dimensional representation of a finite group over C is completely reducible, so Mρ(n) decomposes as a
direct sum of irreducible S n-modules:

Mρ(n) �
⊕
µ⊢n

Sp⊕mρ,µ

µ ,

where the multiplicities mρ,µ ≥ 0 are given by the inner product of the characters mρ,µ = ⟨χMρ(n), χµ⟩S n .

Expanding this inner product yields

⟨χMρ(n), χµ⟩S n =
1
|S n|

∑
π∈S n

χMρ(n)(π) χµ(π).

Hence,

mρ,µ =
1
n!

∑
π∈S n

χMρ(n)(π) χµ(π).

Finally, in this finite dimensional setting, the multiplicity space can be expressed as(
ρ ⊠ Spµ

)⊕mρ,µ

�
(
ρ ⊠ Spµ

)
⊗ Cmρ,µ .

This completes the proof of Theorem 2.5. □
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The significance of the decomposition is that an operator commuting with the S 3×S n action is block
diagonal with respect to the irreducible sectors and acts freely only on the multiplicity spaces Cmρ,µ .
Hence, the symmetry assumption reduces the analysis from the full operator algebra to a collection of
smaller matrix blocks. As an illustration, we work out the n = 3 case explicitly, as this case will serve
as the running example for Section 3.

Corollary 2.6. For n = 3, we have

C[F6
2] � (1 ⊠ Sp(3))

⊕7 ⊕ (1 ⊠ Sp(2,1))
⊕4 ⊕ (sgn ⊠ Sp(3))

⊕1 ⊕ (sgn ⊠ Sp(2,1))
⊕2

⊕ (sgn ⊠ Sp(1,1,1))
⊕2 ⊕ (Std ⊠ Sp(3))

⊕6 ⊕ (Std ⊠ Sp(2,1))
⊕7 ⊕ (Std ⊠ Sp(1,1,1))

⊕1.

3. Quantum Boolean functions

By Theorem 2.5, we now explicitly construct quantum Boolean functions on the irreducible
subspaces. Suppose that the quantum Boolean function f is S 3 × S n-equivariant; that is,
U(g) f = f U(g) for all g ∈ S 3 × S n, where U(g) is as in Definition 2.1. By Schur’s lemma, f acts as a
scalar multiple of the identity on each irreducible subrepresentation ρ ⊠ Spµ, which, together with
Theorem 2.5, implies that

f =
⊕

ρ∈Irr(S 3)

⊕
µ⊢n

[
Iρ⊠Spµ ⊗ Mmρ,µ

]
, M†mρ,µ

= Mmρ,µ
, M2

mρ,µ
= Imρ,µ

. (3.1)

Moreover, from M2
mρ,µ
= Imρ,µ

, it follows that any eigenvalue λ of Mmρ,µ
, λ = ±1. In particular, for n = 3,

by Corollary 2.6 and (3.1), we obtain

f = (I1⊠Sp(3)
⊗ M7) ⊕ (I1⊠Sp(2,1)

⊗ M4) ⊕ (Isgn⊠Sp(3)
⊗ R) ⊕ (Isgn⊠Sp(2,1)

⊗ M2)

⊕ (Isgn⊠Sp(1,1,1)
⊗ M2) ⊕ (IStd⊠Sp(3)

⊗ M6) ⊕ (IStd⊠Sp(2,1)
⊗ M7) ⊕ (IStd⊠Sp(1,1,1)

⊗ R),

where M2,M4,M6, and M7 denote Hermitian matrices of order 2, 4, 6, and 7, respectively.
By the fundamental theorem of arithmetic, any integer mρ,µ > 1 admits a unique prime factorization

mρ,µ = d1d2 . . . dk (see [13] for more details). Moreover, there exists a natural isomorphism

Cmρ,µ �
k⊗

j=1

Cd j

from linear algebra.

Theorem 3.1. Suppose that mρ,µ = d1d2 . . . dk, where each d j ≥ 2 is a prime. Then, any mρ,µ × mρ,µ

Hermitian matrix Mmρ,µ
can be expanded as

Mmρ,µ
=

d2
1−1∑

m1=0

· · ·

d2
k−1∑

mk=0

cm1...mk

k⊗
j=1

Λ( j)
m j
,

where {Λ( j)
m j : m j = 0, 1, . . . , d2

j −1} is an orthonormal basis of Hermitian matrices on the jth subsystem,
and the expansion coefficients are

cm1...mk = Tr

Mmρ,µ
·

k⊗
j=1

Λ( j)
m j

 ∈ R.
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Here, Tr(·) denotes the trace of a matrix. If we choose the Λ( j)
m j to have zero trace (except for m j = 0,

which gives the normalized identity matrix), then

c0,0,...,0 =
1
√mρ,µ

Tr(Mmρ,µ
).

Proof. This follows directly from the orthonormality of the tensor product basis. □

Remark 3.2. Although the Hermitian basis expansion in Theorem 3.1 holds for any factorization
mρ,µ = d1d2 . . . dk with d j ≥ 2, we restrict ourselves to the prime factors for the following reasons:

(i) The prime factorization is unique up to ordering, providing a canonical choice among all possible
tensor decompositions.

(ii) Each factor Cd j with the prime d j is irreducible: It cannot be further decomposed as a nontrivial
tensor product Cp ⊗ Cq with p, q ≥ 2.

(iii) This aligns with the interpretation of each subsystem as a fundamental d j-level quantum system
(qudit), which cannot be realized as a composite of smaller subsystems.

The prime factorization thus reveals the intrinsic tensor structure of the multiplicity space, whereas an
arbitrary factorization may obscure further decomposability.

In particular, if d1 = 2, then the subsystem is a qubit. Thus, we choose the normalized Pauli matrices
as follows:

Λ
(1)
0 =

1
√

2
I2, Λ

(1)
1 =

1
√

2

(
0 1
1 0

)
, Λ

(1)
2 =

1
√

2

(
0 −i
i 0

)
, Λ

(1)
3 =

1
√

2

(
1 0
0 −1

)
.

Note that Tr(Λ(1)
a Λ

(1)
b ) = δab, and Tr(Λ(1)

0 Λ
(1)
0 ) = 1. Then, for mρ,µ = 2 and any 2 × 2 Hermitian matrix,

M2 can be expanded as

M2 =

3∑
a=0

caΛ
(1)
a , ca = Tr(MΛ(1)

a ).

If d2 = 3, then the subsystem is a qutrit. Thus, we take the generalized Gell-Mann matrices (see, for
instance, [21]) as follows:

Λ
(2)
0 =

1
√

3


1 0 0
0 1 0
0 0 1

 , Λ
(2)
1 =

1
√

2


0 1 0
1 0 0
0 0 0

 , Λ
(2)
2 =

1
√

2


0 −i 0
i 0 0
0 0 0

 ,
Λ

(2)
3 =

1
√

2


1 0 0
0 −1 0
0 0 0

 , Λ
(2)
4 =

1
√

2


0 0 1
0 0 0
1 0 0

 , Λ
(2)
5 =

1
√

2


0 0 −i
0 0 0
i 0 0

 ,
Λ

(2)
6 =

1
√

2


0 0 0
0 0 1
0 1 0

 , Λ
(2)
7 =

1
√

2


0 0 0
0 0 −i
0 i 0

 , Λ
(2)
8 =

1
√

6


1 0 0
0 1 0
0 0 −2

 .
These matrices satisfy Tr(Λ(2)

a ) = 0, Tr(Λ(2)
a Λ

(2)
b ) = δab, a, b = 1, . . . , 8.
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ForΛ(2)
0 , we have Tr(Λ(2)

0 ) =
√

3, Tr(Λ(2)
0 Λ

(2)
0 ) = 1. Then, any 3×3 Hermitian matrix can be expanded

as

M3 =

8∑
b=0

cbΛ
(2)
b , (3.2)

where cb = Tr(M3Λ
(2)
b ) for b , 0, and c0 = Tr(M3Λ

(2)
0 ).

Let mρ,µ = 6 = 2× 3. By Theorem 3.1 to the factorization 6 = 2× 3, any 6× 6 Hermitian matrix M6

admits the expansion

M6 =

3∑
a=0

8∑
b=0

cabΛ
(1)
a ⊗ Λ

(2)
b , (3.3)

where
cab = Tr

[
M6

(
Λ(1)

a ⊗ Λ
(2)
b

)]
∈ R. (3.4)

The coefficients cab are, in general, independent jointly indexed coefficients. In particular, they should
not generally be written as products of coefficients associated with the two subsystems. If, in addition,
the matrix has the product form M6 = M2 ⊗ M3, where M2 =

∑3
a=0 uaΛ

(1)
a , M3 =

∑8
b=0 vbΛ

(2)
b , then

M6 =
∑3

a=0
∑8

b=0 uavbΛ
(1)
a ⊗ Λ

(2)
b . Thus, in this special factorized case, the coefficients in (3.3) satisfy

cab = uavb. This product structure is an additional assumption and is not required for the general
expansion in Theorem 3.1.

We now present the following Table 2 concerning multiplicities and prime factorization for n = 3.

Table 2. Multiplicities and prime factorization for n = 3.

(ρ, µ) dim(ρ) dim(Spµ) mρ,µ Prime factorization Decomposition

(1, (3)) 1 1 7 7 C7

(1, (2, 1)) 1 2 4 2 × 2 C2 ⊗ C2

(1, (1, 1, 1)) 1 1 0 — —

(sgn, (3)) 1 1 1 — —

(sgn, (2, 1)) 1 2 2 2 C2

(sgn, (1, 1, 1)) 1 1 2 2 C2

(Std, (3)) 2 1 6 2 × 3 C2 ⊗ C3

(Std, (2, 1)) 2 2 7 7 C7

(Std, (1, 1, 1)) 2 1 1 — —

4. Quantum locality tests

4.1. Density matrices

Definition 4.1. LetL(C[F2n
2 ]) be the set of all linear maps from C[F2n

2 ] to itself. A matrix θ ∈ L(C[F2n
2 ])

is a density matrix if it is semidefinite and Hermitian positive and satisfies Tr(θ) = 1.

If a quantum system can be completely described by a state vector |ψ⟩ satisfying the normalization
condition ⟨ψ|ψ⟩ = 1, then the state is a pure state. In this case, the density matrix is θ = |ψ⟩⟨ψ|.
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Consequently,
Tr(θ) = Tr(|ψ⟩⟨ψ|) = ⟨ψ|ψ⟩ = 1.

If the system is a mixed state, that is, a collection of pure states |ψi⟩ occur with probabilities pi, then
θ =

∑
i pi|ψi⟩⟨ψi|, where pi ≥ 0, and

∑
i pi = 1. In this case,

Tr(θ) =
∑

i

piTr(|ψi⟩⟨ψi|) =
∑

i

pi · 1 = 1.

Suppose that the density matrix θ is S 3 × S n-invariant; that is, U(g)θU(g)† = θ for all g ∈ S 3 × S n,
where U(g) is as in Definition 2.1. By (2.5) and Schur’s lemma, we have

θ =
⊕

ρ∈Irr(S 3)

⊕
µ⊢n

θρ,µ =:
⊕
ρ,µ

θρ,µ, (4.1)

where θρ,µ acts on the subspace (ρ ⊠ Spµ)⊗C
mρ,µ . We define an orthonormal basis for ρ⊠ Spµ by {|ua⟩},

with a = 1, . . . , dρdµ. Let the basis for the multiplicity space Cmρ,µ be {|vi⟩}, where i = 1, . . . ,mρ,µ. Then,
a basis for (ρ ⊠ Spµ) ⊗ C

mρ,µ is given by

|ua, vi⟩ := |ua⟩ ⊗ |vi⟩. (4.2)

The block density matrix θρ,µ can be written on this basis as

θρ,µ =
∑
a,b,i, j

(θρ,µ)ai,b j |ua, vi⟩⟨ub, v j|,

where

(θρ,µ)ai,b j := ⟨ua, vi|θρ,µ|ub, v j⟩. (4.3)

The partial trace Trρ⊠Spµ is defined by

(Trρ⊠Spµ[θρ,µ])i j :=
dρdµ∑
a=1

(θρ,µ)ai,a j.

Let us denote

Amρ,µ
:= Trρ⊠Spµ[θρ,µ] ∈ End(Cmρ,µ). (4.4)

Then, Amρ,µ
is obtained by taking the partial trace over the representation space, which leaves an

operator acting on the multiplicity space.
The following lemma is reversely, the details being omitted.

Lemma 4.2. Suppose that θ is a density matrix as in Definition 4.1. Then, Amρ,µ
also is a density matrix.

Definition 4.3. The expectation of a discrete random variable Y is defined as

E[Y] =
∑

x

x P(Y = x),

where the summation is over all possible values x of Y .
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The eigenvalues of f as in (3.1) are ±1, and therefore, {±1} can be viewed as a random variable.
The probabilities for the outcomes ±1 are P± = Tr(θΠ±), where

Π+ =
I + f

2
and Π− =

I − f
2

denote the projectors in the ±1 eigenspaces of f . Note that Π+ − Π− = f , and Π+ + Π− = I. Then, by
Definition 4.3, we obtain

E = (+1)Tr(θΠ+) + (−1)Tr(θΠ−) = Tr(θ f ).

The following result is an application of Theorem 3.1 and is of independent interest, separate from
the main line of this paper.

Theorem 4.4. Suppose that the density matrix θ is S 3 × S n-invariant. Then, the expectation of the
quantum Boolean function f as in (3.1) on the density matrix θ is

E = Tr[θ f ] =
∑
ρ,µ

Tr[Mmρ,µ
Amρ,µ

] =:
∑

ρ∈Irr(S 3)

∑
µ⊢n

Tr[Mmρ,µ
Amρ,µ

],

where Amρ,µ
is as in (4.4).

Proof. By (4.1) and (3.1), we see that

Tr[θ f ] =
∑
ρ,µ

Tr
[
θρ,µ(Iρ⊠Spµ ⊗ Mmρ,µ

)
]
,

where Iρ⊠Spµ is the identity on ρ ⊠ Spµ, and Mmρ,µ
acts on Cmρ,µ . A complete orthonormal basis for

(ρ ⊠ Spµ) ⊗ C
mρ,µ is given by |ua, vi⟩ as in (4.2). This basis satisfies∑

b, j

|ub, v j⟩⟨ub, v j| = Idρdµ ⊗ Imρ,µ
= Idρdµmρ,µ

.

The action of Iρ⊠Spµ ⊗ Mmρ,µ
on |ua, vi⟩ is

(Iρ⊠Spµ ⊗ Mmρ,µ
)|ua, vi⟩ =

∑
j

(Mmρ,µ
) ji|ua, v j⟩, (4.5)

where (Mmρ,µ
) ji = ⟨v j|Mmρ,µ

|vi⟩. Define

Tr
[
θρ,µ(Iρ⊠Spµ ⊗ Mmρ,µ

)
]
=

∑
a,i

⟨ua, vi|θρ,µ(Iρ⊠Spµ ⊗ Mmρ,µ
)|ua, vi⟩.

Now, we compute the matrix element ⟨ua, vi|θρ,µ(Iρ⊠Spµ ⊗ Mmρ,µ
)|ua, vi⟩. Inserting a complete set of

basis states between θρ,µ and Iρ⊠Spµ ⊗ Mmρ,µ
, we obtain

θρ,µ(Iρ⊠Spµ ⊗ Mmρ,µ
) = θρ,µ · Idρdµmρ,µ

· (Iρ⊠Spµ ⊗ Mmρ,µ
)

= θρ,µ

∑
b, j

|ub, v j⟩⟨ub, v j|

 (Iρ⊠Spµ ⊗ Mmρ,µ
).
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From this and from (4.3), it follows that

⟨ua, vi|θρ,µ(Iρ⊠Spµ ⊗ Mmρ,µ
)|ua, vi⟩ =

〈
ua, vi|θρ,µ

∑
b, j

|ub, v j⟩⟨ub, v j|

 (Iρ⊠Spµ ⊗ Mmρ,µ
)|ua, vi

〉
=

∑
b, j

⟨ua, vi|θρ,µ|ub, v j⟩ · ⟨ub, v j|(Iρ⊠Spµ ⊗ Mmρ,µ
)|ua, vi⟩

=
∑
b, j

(θρ,µ)ai,b j · ⟨ub, v j|(Iρ⊠Spµ ⊗ Mmρ,µ
)|ua, vi⟩,

which, together with (4.5), implies that

⟨ub, v j|(Iρ⊠Spµ ⊗ Mmρ,µ
)|ua, vi⟩ = δba(Mmρ,µ

) ji.

Hence,
⟨ua, vi|θρ,µ(Iρ⊠Spµ ⊗ Mmρ,µ

)|ua, vi⟩ =
∑

j

(θρ,µ)ai,a j(Mmρ,µ
) ji.

Furthermore, by (4.4), we have

Tr
[
θρ,µ(Iρ⊠Spµ ⊗ Mmρ,µ

)
]
=

∑
a,i, j

(θρ,µ)ai,a j(Mmρ,µ
) ji =

∑
i, j

(Amρ,µ
)i j(Mmρ,µ

) ji.

The sum then becomes

Tr[θ f ] =
∑
ρ,µ

∑
i, j

(Amρ,µ
)i j(Mmρ,µ

) ji =
∑
ρ,µ

∑
i, j

(Mmρ,µ
) ji(Amρ,µ

)i j =
∑
ρ,µ

Tr
[
Mmρ,µ

Amρ,µ

]
.

This completes the proof of Theorem 4.4. □

4.2. Symmetry, local purity, and energy tests

The global SWAP measurement used in this paper is defined as follows:

Definition 4.5. Let ρ and σ be the density matrices of two identical copies of the complete system.
The SWAP operator SWAP exchanges the two copies and is defined by

SWAP =
∑

i, j

|i⟩⟨ j| ⊗ | j⟩⟨i|,

where {|i⟩} is an arbitrary orthonormal basis of the Hilbert space of the complete system. The global
SWAP measurement is the measurement of SWAP, with expectation value

E[SWAP] = Tr(ρσ).

To obtain the symmetry, local purity, and energy tests, we need the classical Hoeffding inequality
(see [22] for more details).
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Lemma 4.6. Let X1, X2, . . . , Xt be independent random variables that satisfy a ≤ Xi ≤ b for i = 1, . . . , t.
Let

X̄ =
1
t

t∑
i=1

Xi

be the sample mean and µ = E[X̄] be the expectation. Then, for any η > 0,

P
(
|X̄ − µ| ≥ η

)
≤ 2 exp

(
−

2tη2

(b − a)2

)
.

For a density matrix θ, the symmetry test estimates a non-negative group-averaged symmetry defect
and determines whether this defect is zero, up to a prescribed promise gap αsym > 0. Let G = S 3 × S n.
For g ∈ G, define θ(g) = U(g)θU(g)†. We use the global Hilbert–Schmidt symmetry defect

SD2(θ) :=
1

2|G|

∑
g∈G

∥θ − θ(g)∥22,

where
∥θ − θ(g)∥22 = Tr[

(
θ − θ(g))2].

This quantity satisfies SD2(θ) ≥ 0 and

SD2(θ) = 0 ⇐⇒ U(g)θU(g)† = θ for every g ∈ G.

The symmetry test proceeds as follows:

(i) Choose an accuracy parameter ssym = αsym/4 and a component failure probability δsym ∈ (0, 1).

(ii) Estimate the purity p(θ) := Tr(θ2). For each ℓ = 1, . . . ,Np, take two fresh copies of θ, perform a
global SWAP measurement, and let Aℓ ∈ {−1, 1} denote its outcome. Then, E[Aℓ] = Tr(θ2) = p(θ).
Define

p̂ =
1

Np

Np∑
ℓ=1

Aℓ.

(iii) Estimate the group-averaged transformed overlap

a(θ) :=
1
|G|

∑
g∈G

Tr(θθ(g)).

For each ℓ = 1, . . . ,Na, we take two fresh copies of θ, apply U(gℓ) to the second copy, and
perform a global SWAP measurement between the first copy and the transformed second copy.
Let Bℓ ∈ {−1, 1} be the SWAP outcome. Then,

E[Bℓ | gℓ] = Tr
[
θU(gℓ)θU(gℓ)†

]
,

and hence, E[Bℓ] = a(θ). Define

â =
1

Na

Na∑
ℓ=1

Bℓ.
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(iv) Define the empirical symmetry defect by ŜD2(θ) = p̂ − â. The estimator is unbiased:

E
[
ŜD2(θ)

]
= SD2(θ).

Choose Np and Na sufficiently large that

P
(
| p̂ − p(θ)| ≥

ssym

2

)
≤
δsym

2
, P

(
|̂a − a(θ)| ≥

ssym

2

)
≤
δsym

2
.

Because the SWAP outcomes belong to {−1, 1}, Lemma 4.6 shows that it is sufficient to take

Np,Na ≥
8

s2
sym

log
4
δsym

.

Because ssym = αsym/4, one may take

Np,Na ≥
128
α2

sym
log

4
δsym

.

By the union bound, we have

P
(∣∣∣∣ŜD2(θ) − SD2(θ)

∣∣∣∣ ≥ ssym

)
≤ δsym.

(v) Use the midpoint threshold τsym = αsym/2. Accept the symmetry component if

ŜD2(θ) ≤ τsym,

and reject otherwise.

If θ is G-invariant, then SD2(θ) = 0. In the concentration event,

ŜD2(θ) ≤
αsym

4
<
αsym

2
,

so the symmetry component is accepted. Therefore, every invariant state is accepted by this component
with probability at least 1 − δsym. Conversely, if SD2(θ) ≥ αsym, then, on the same concentration event,

ŜD2(θ) ≥ αsym −
αsym

4
=

3αsym

4
>
αsym

2
.

Hence, the symmetry component is rejected with probability at least 1 − δsym. The test uses 2Np + 2Na

copies of the global state. Its sample complexity is

O
(
α−2

sym log
1
δsym

)
,

up to the explicit cost of sampling g ∈ G, implementing U(g), and performing a global SWAP
measurement.
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For each site j ∈ {1, . . . , n}, define the reduced state of one site θ j = Tr, j(θ). The average local
purity is

Ploc(θ) =
1
n

n∑
j=1

Tr(θ2
j ),

where θ j denotes the reduced density matrix of the jth qubit. In fact,

θ j = Tr, j(θ) =
∑
ρ,µ

Tr, j

(
Iρ⊠Spµ ⊗ Amρ,µ

)
, (4.6)

where Tr, j is the partial trace over all qubits except the jth.
Fix η ∈ (0, 1) and the probability of failure of the component δloc ∈ (0, 1). The local purity test

proceeds as follows:

(i) For each trial ℓ = 1, . . . ,Nloc, independently choose a site Jℓ ∼ Unif{1, . . . , n}.
(ii) Take two fresh copies of the global state θ, and perform a SWAP measurement on site Jℓ only. Let

Bℓ ∈ {0, 1} denote the outcome, where Bℓ = 1 corresponds to the symmetric subspace. Conditional
on Jℓ = j, the passing probability is

P(Bℓ = 1 | Jℓ = j) =
1 + Tr(θ2

j )

2
.

Averaging over the uniformly sampled site gives

E[Bℓ] =
1
n

n∑
j=1

1 + Tr(θ2
j )

2
=

1 + Ploc(θ)
2

.

(iii) Define

q̂loc =
1

Nloc

Nloc∑
ℓ=1

Bℓ

and the estimator P̂loc = 2q̂loc − 1. Then, E[P̂loc] = Ploc(θ).
(iv) Set sloc = αloc/4 , and choose

Nloc ≥
32
α2

loc

log
2
δloc

.

Because Bℓ ∈ [0, 1], it follows that from Lemma 4.8,

P
(∣∣∣∣P̂loc − Ploc(θ)

∣∣∣∣ ≥ sloc

)
≤ 2 exp

(
−

Nlocs2
loc

2

)
≤ δloc.

(v) Use the midpoint threshold τloc = 1 − η/2 − αloc/2. The local purity test is accepted if P̂loc ≥ τloc,

and is rejected otherwise.

Let f be a Hermitian quantum Boolean function as in (3.1), so that f 2 = I. Define the Hamiltonian

Π− =
I − f

2
.
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Because the spectrum of f is contained in {−1,+1}, Π− is the orthogonal projector onto the −1
eigenspace of f . Its eigenvalues are 0 and 1. The zero-energy subspace of Π− is precisely the +1
eigenspace of f . For a density matrix θ, define its energy defect by E f (θ) := 1 − Tr(θ f ). The mean
energy of Π− is

h f (θ) := Tr(θΠ−) =
1 − Tr(θ f )

2
=

E f (θ)
2

.

The energy test distinguishes the zero-energy condition Tr(θ f ) = 1 from the promise gap
condition 1−Tr(θ f ) ≥ αeng. Fix an energy component failure probability δeng ∈ (0, 1). The test
proceeds as follows:

(i) On each of Neng fresh copies of θ, perform the projective measurement {Π−, I−Π−}. Let Zℓ ∈ {0, 1},
for ℓ = 1, . . . ,Neng, denote the outcome, where Zℓ = 1 corresponds to the −1 eigenspace of f .
Then, E[Zℓ] = Tr(θΠ−) = h f (θ).

(ii) Compute the empirical mean energy

ĥ f =
1

Neng

Neng∑
ℓ=1

Zℓ.

(iii) Set the estimation accuracy to seng = αeng/8 , and choose

Neng ≥
32
α2

eng
log

2
δeng

.

Because the random variables Zℓ are independent and take values in [0, 1], it follows that from
Lemma 4.6,

P
(∣∣∣∣̂h f − h f (θ)

∣∣∣∣ ≥ αeng

8

)
≤ 2 exp

−Nengα
2
eng

32

 ≤ δeng.

(iv) Use the midpoint threshold τeng = αeng/4. The energy test is aceepted if ĥ f ≤ αeng/4, and is
rejected otherwise.

If Tr(θ f ) = 1, then h f (θ) = 0. On the concentration event,

ĥ f ≤
αeng

8
<
αeng

4
,

so the energy test is accepted. Therefore, the completeness probability of this component is at least 1−
δeng. Conversely, if 1 − Tr(θ f ) ≥ αeng, then h f (θ) ≥ αeng/2. On the same concentration event,

ĥ f ≥
αeng

2
−
αeng

8
=

3αeng

8
>
αeng

4
.

Thus, the energy test is rejected with probability at least 1 − δeng.

Each measurement consumes one fresh copy of θ and one query to the measurement of f . Hence,
the query complexity of the energy test is

Qeng = Neng = O
(
α−2

eng log δ−1
eng

)
.
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4.3. Quantum locality test

For two density matrices σ,ω ∈ L(C[F2n
2 ]), the trace distance is defined by

Dtr(σ,ω) := ∥σ − ω∥F = Tr
√

(σ − ω)†(σ − ω),

where ∥ · ∥F denotes the Frobenius norm. Let

Sloc(η) :=


θ ∈ L(C[F2n

2 ]) :

θ is S 3 × S n-invariant,
Tr(θ f ) = 1,

1
n

n∑
j=1

Tr(θ2
j ) ≥ 1 −

η

2
, θ j = Tr[n]\{ j}(θ)


. (4.7)

The following is a generalization of the Bravyi–Vyalyi-type quantum locality test.

Theorem 4.7. Fix η ∈ (0, 1), a Hermitian operator f , and positive parameters αsym, αloc, αeng, and
δ ∈ (0, 1). Assume that the group invariance test controls a non-negative symmetry defect SD2(θ) with
SD2(θ) = 0 for every S 3 × S n-invariant state, and is rejected with the stated confidence whenever
SD2(θ) ≥ αsym. Then, there exists a quantum verification protocol Test

(
θ; η, αsym, αloc, αeng, δ

)
such that

the following statements hold.

(i) (Completeness) If θ ∈ Sloc(η), then the protocol accepts θ with probability at least 1 − δ.

(ii) (Promise gap soundness) If at least one of

SD2(θ) ≥ αsym, Ploc(θ) ≤ 1 −
η

2
− αloc, or 1 − Tr(θ f ) ≥ αeng (4.8)

holds, then the protocol rejects θ with probability at least 1 − δ.
(iii) (Conditional distance soundness) Suppose, in addition, that the following error bound property

holds: For every density operator θ,

min
ω∈Sloc(η)

Dtr(θ, ω) > ε

implies that at least one of the promise gap conditions in (4.8) holds. Then, every state that is
ε-far from Sloc(η) is rejected with probability at least 1 − δ.

The total query complexity is the sum of the three component complexities. In particular, if each
component estimates a bounded quantity to additive accuracy proportional to its promise gap, then

Q = O
[(
α−2

sym + α
−2
loc + α

−2
eng

)
log

1
δ

]
,

up to the explicit group-sampling, locality, and copy counting factors in the component tests.

To prove the theorem, we need the following technical lemma.

Lemma 4.8. Let η ∈ (0, 1), and let f a Hermitian operator. Suppose that Sloc(η) is the nonempty target
set as in (4.7). For θ ∈ L(C[F2n

2 ]), define

V(θ) := max
{
SD2(θ),

(
1 −

η

2
− Ploc(θ)

)
+
, 1 − Tr(θ f )

}
.
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Then, for every ε > 0 for which

Kε :=
{
θ ∈ L(C[F2n

2 ]) : Dtr
(
θ,Sloc(η)

)
≥ ε

}
is nonempty, the constant α(ε) := minθ∈Kε

V(θ) is well-defined and strictly positive. Consequently, if
Dtr

(
θ,Sloc(η)

)
≥ ε, then V(θ) ≥ α(ε).

Proof. Because C[F2n
2 ] is finite-dimensional, then L(C[F2n

2 ]) is compact. The functions SD2(θ), Ploc(θ),
and Tr(θ f ) are continuous, and hence, V(θ) is continuous. Each term in the definition of V(θ) is
non-negative. In particular, because f is a Hermitian operator, and ∥ f ∥∞ = 1, Tr(θ f ) ≤ 1 for every
θ ∈ L(C[F2n

2 ]). Moreover, SD2(θ) = 0 if and only if U(g)θU(g)† = θ for every g ∈ S 3 × S n. It follows
that V(θ) = 0 if and only if θ ∈ Sloc(η). Thus, Sloc(η) = V−1({0}) is closed. Because Sloc(η) is nonempty
and closed, the function θ 7→ Dtr

(
θ,Sloc(η)

)
is continuous. Therefore, Kε is a closed subset of the

compact space L(C[F2n
2 ]) and is therefore compact. Because Kε is assumed to be nonempty, and V is

continuous, the minimum α(ε) = minθ∈Kε
V(θ) exists. Suppose that α(ε) = 0. Then, there exists θ∗ ∈ Kε

such that V(θ∗) = 0. Hence, θ∗ ∈ Sloc(η), so Dtr
(
θ∗,Sloc(η)

)
= 0. On the other hand, θ∗ ∈ Kε implies

Dtr
(
θ∗,Sloc(η)

)
≥ ε > 0,

a contradiction. Therefore, α(ε) > 0. The claimed implication follows immediately from the definition
of α(ε). □

Proof of Theorem 4.7. Let δsym = δloc = δeng = δ/3. The protocol applies the symmetry defect test, the
local purity test, and the energy test to disjoint copies of the input state. It is accepted if and only if all
three component tests are accepted. We assume that f is a Hermitian contraction, namely, ∥ f ∥∞ ≤ 1.
In particular, this condition holds when f is a Hermitian involution satisfying f 2 = I.

Suppose that θ ∈ Sloc(η). By the definition of the target set, we see that

SD2(θ) = 0, Ploc(θ) ≥ 1 −
η

2
, Tr(θ f ) = 1.

Thus, the symmetry, local purity, and energy components accept except with probabilities at most
δsym, δloc, and δeng, respectively. The three tests use disjoint copies; probabilistic independence is not
required. By the union bound, we know that

P(the protocol rejects θ) ≤ δsym + δloc + δeng = δ.

Therefore, P(the protocol accepts θ) ≥ 1 − δ. This proves part (i).
Suppose that at least one of

SD2(θ) ≥ αsym, Ploc(θ) ≤ 1 −
η

2
− αloc, 1 − Tr(θ f ) ≥ αeng

holds. If the first condition holds, the symmetry component is rejected with probability at least

1 − δsym ≥ 1 − δ.

If the second condition holds, the local purity component is rejected with probability at least

1 − δloc ≥ 1 − δ.
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If the third condition holds, the energy component is rejected with probability at least

1 − δeng ≥ 1 − δ.

is rejected. Because the full protocol is rejected whenever any component is rejected, it rejects θ with
probability at least 1 − δ. This proves part (ii). The three conditions need not be mutually exclusive.

Assume the additional error bound property in part (iii). If

min
ω∈Sloc(η)

Dtr(θ, ω) > ε,

then, by Lemma 4.8, we know that, every such θ, satisfies at least one of

SD2(θ) ≥ α(ε), Ploc(θ) ≤ 1 −
η

2
− α(ε), or 1 − Tr(θ f ) ≥ α(ε).

Part (ii) therefore shows that the protocol rejects θ with probability at least 1− δ. This proves part (iii).
The component tests are performed on disjoint collections of copies, so their query complexities

add the following: Q = Qsym +Qloc +Qeng. If each component estimates a bounded quantity to additive
accuracy proportional to its corresponding promise gap, then

Qsym = O
(
α−2

sym log δ−1
sym

)
, Qloc = O

(
α−2

loc log δ−1
loc

)
, Qeng = O

(
α−2

eng log δ−1
eng

)
.

Because δsym = δloc = δeng = δ/3, it follows that

Q = O
[(
α−2

sym + α
−2
loc + α

−2
eng

)
log δ−1

]
,

up to the explicit group sampling, locality, subsystem operation, and copy counting factors in the three
component tests. This completes the proof. □

5. Examples

In this section, we present an application of Theorem 4.7, restricting our attention to the energy and
local purity components.

Example 5.1. (Local purity promise gap soundness) Consider the two-ququart Hilbert space

(C4)⊗2 � C[F4
2],

and let

|Φ4⟩ =
1
2

3∑
a=0

|a⟩ ⊗ |a⟩, θΦ = |Φ4⟩⟨Φ4|.

Set f = I16, η = 0.2, αloc = 0.1, and δ = 0.05. The symmetry promise gap αsym > 0 is left as a
parameter determined by the symmetry component. By (4.6), the reduced density operator in the first
subsystem is

θ1 := Tr2(θΦ) =
1
4

3∑
a,b=0

|a⟩⟨b| Tr (|a⟩⟨b|) =
1
4

3∑
a,b=0

|a⟩⟨b| δab =
1
4

3∑
a=0

|a⟩⟨a| =
I4

4
.
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Similarly, the reduced density operator on the second subsystem is θ2 := Tr1(θΦ) = I4/4. Therefore,

θ1 = θ2 =
I4

4
=

1
4


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .
Hence,

Ploc(θΦ) =
1
2

[
Tr(θ2

1) + Tr(θ2
2)
]
=

1
4
.

By the definition of the target set Sloc(0.2), we see that Ploc(θΦ) < 0.9, namely, θΦ < Sloc(0.2). Thus,
the state θΦ is not a completeness example. Notice that

Ploc(θΦ) =
1
4
< 1 −

η

2
− αloc = 0.8.

By Theorem 4.7 (ii), the protocol is rejected θΦ. Therefore, the local purity component is rejected.
From Theorem 4.7 (ii), it follows that

P(local purity rejection) ≥ 1 − δloc = 1 −
δ

3
≥ 1 − δ = 0.95.

Because the full protocol is rejected whenever any component rejects,

P(full protocol rejection) ≥ 1 − δ = 0.95.

This rejection is due to the local purity component.

Example 5.2. (Energy promise gap soundness) We consider a protocol instance with αsym = αloc =

αeng = 0.1, δ = 0.05 and allocate δsym = δloc = δeng = δ/3 = 1/60. To illustrate the energy component,
consider a separate instance with

feng = I16 − 2|00⟩⟨00|, θbad = |00⟩⟨00|.

Then, we have f †eng = feng and

f 2
eng = (I16 − 2θbad)2 = I16 − 4θbad + 4θ2

bad = I16.

Thus, feng is a Hermitian operator. Moreover, feng|00⟩ = −|00⟩, and hence,

Tr
(
θbad feng

)
= −1.

Therefore,
1 − Tr

(
θbad feng

)
= 2 ≥ αeng = 0.1.

Thus, the energy component rejects this state deterministically. From Theorem 4.7 (ii), it follows that

P(energy rejection) ≥ 1 − δeng = 1 −
δ

3
≥ 1 − δ = 0.95.

Because the full protocol is rejected whenever any component is rejected,

P(full protocol rejection) ≥ 1 − δ = 0.95.

This rejection is due to the energy component.
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6. Conclusions

In this work, we studied quantum Boolean functions on C[F2n
2 ] that are equivariant under the

natural action of S 3 × S n. By combining the representation theories of S 3 and S n, we decomposed the
underlying module into irreducible symmetry sectors and identified the corresponding multiplicity
spaces. This decomposition reduces equivariant operators to a collection of smaller matrix blocks.
Using these blocks, we constructed a promise-based quantum verification protocol with three
components: a symmetry defect test, a local purity test, and an energy test associated with a
prescribed Hermitian quantum Boolean function. We established completeness and promise gap
soundness using finite-sample concentration estimates. Conditional distance soundness follows when
an additional error bound property relates trace distance from the target set to the three tested
quantities.

The present framework has several limitations. It is restricted to the S 3 × S n action and to the class
of target sets considered in the manuscript. Moreover, the conditional distance soundness statement
requires the error bound hypothesis in Theorem 4.7 (iii). The prime factorization of multiplicity space
dimensions is used only as a formal coordinate expansion and does not, by itself-define physical
subsystems or a quantum error correcting code.

Several directions for future research remain open. One natural direction is to extend the
representation theoretic analysis to other local alphabets, larger local symmetry groups, and more
general permutation group actions. Such extensions may reveal additional families of equivariant
quantum Boolean functions and verification problems beyond the action of S 3 × S n considered here.
Another important problem is to identify concrete target operators and group representations for
which an explicit distance-to-promise property, as required in Theorem 4.7 (iii), can be established.
The finite dimensional compactness argument yields only an implicit positive modulus and does not
provide an unconditional quadratic error bound or an explicit relation between the trace distance and
the three promise gaps. The second direction is to develop noise aware and experimentally robust
versions of the symmetry, local purity, and energy components. The present concentration bounds
quantify finite sample fluctuations under the assumed measurement model, but practical
implementations may also be affected by state preparation errors, measurement bias, imperfect SWAP
operations, inaccurate implementations of U(g), and calibration drift. Future work could incorporate
confidence intervals and bias aware acceptance thresholds for the estimated group averaged symmetry
defect, local purity, and energy defect. For example, if certified upper bounds on systematic
estimation errors are available, the corresponding promise gaps and decision thresholds can be
adjusted to preserve completeness and soundness whenever the remaining effective gaps are positive.

Calibration procedures and robust estimators for imperfect group actions and SWAP measurements
would therefore be particularly valuable. It would also be useful to perform a systematic analysis of
sensitivity and uncertainty propagation. Such an analysis should quantify how small perturbations of
the input density operator affect the three measured quantities and the resulting accept or reject
decision. It should also distinguish statistical uncertainty, which can be reduced by increasing the
number of samples, from systematic uncertainty, which generally requires calibration, error
mitigation, or an explicit noise model. More broadly, expert judgment and uncertainty-aware decision
frameworks may provide useful perspectives for selecting conservative thresholds and interpreting
verification outcomes under incomplete experimental information; see, for example, [23, 24]. These
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connections are conceptual rather than a substitute for quantum-specific noise analysis, but they may
help organize future approaches to robustness and decision making under uncertainty. Finally,
additional physical assumptions may identify operationally meaningful tensor product structures
within multiplicity spaces. Such assumptions could connect the present representation theoretic
framework to quantum coding, many body symmetry, and nonlocality applications. The factorization
of multiplicity space dimensions alone does not define a physical subsystem decomposition or a
quantum error correcting code; establishing such interpretations requires further structural and
experimental input. Combining these physical structures with calibrated, uncertainty aware
verification procedures is therefore a promising direction for future work.
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4 T. Cusick, P. Stănică, Cryptographic Boolean functions and applications, Academic Press, 2017.
https://doi.org/10.1016/B978-0-12-374890-4.X0001-8

AIMS Mathematics Volume 11, Issue 9, 27921–27946.

https://dx.doi.org/https://doi.org/10.26421/QIC5.3-2
https://dx.doi.org/https://doi.org/10.26421/QIC5.3-2
https://dx.doi.org/https://doi.org/10.4086/cjtcs.2010.001
https://dx.doi.org/https://doi.org/10.1007/s00220-025-05421-3
https://dx.doi.org/https://doi.org/10.1016/B978-0-12-374890-4.X0001-8


27945

5 A. Montanaro, R. de Wolf, A survey of quantum property testing, Theory Comput., 7 (2016), 7.
https://doi.org/10.4086/toc.gs.2016.007

6 A. Browaeys, T. Lahaye, Many-body physics with individually controlled Rydberg atoms, Nat.
Phys., 16 (2020), 132–142. https://doi.org/10.1038/s41567-019-0733-z

7 S. Sachdev, Quantum phase transitions, 2 Eds., Cambridge University Press, 2011.
https://doi.org/10.1017/CBO9780511622540

8 D. Gottesman, Stabilizer codes and quantum error correction, ArXiv, 1997.
https://doi.org/10.48550/arXiv.quant-ph/9705052

9 M. Grassl, Tomography of quantum states in small dimensions, Electron. Notes Discrete Math., 20
(2005), 151–164. https://doi.org/10.1016/j.endm.2005.05.060

10 M. Cao, T. Deng, Y. Wang, Dynamical quantum state tomography with time-dependent channels,
J. Phys., A57 (2024), 215301. https://doi.org/10.1088/1751-8121/ad45ce
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