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Abstract: In this study, a novel epidemiological model which incorporates stochastic perturbations
is discussed. The perturbations are introduced through Brownian motion, which accounts for the
inherent randomness and environmental fluctuations that affect the disease transmission dynamics.
The main goal is to find the existence of a unique non-negative nonlocal solution. We show that
the stochastic model has a stationary distribution using the fundamental reproduction number R
that was obtained from the related deterministic model. Furthermore, under specific circumstances,
we examine the fluctuation of the unique solution of the deterministic issue around the disease-free
equilibrium. Additionally, the stochastic stability of the system is examined, and sufficient criteria
for both extinction and persistence are established in the presence of noise. Our findings are further
validated by numerical simulations, which supplement the theoretical insights.
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1. Introduction

Syphilis is a chronic systemic infection caused by the spirochete Treponema pallidum subsp.
pallidum, a highly motile pathogen with tropism for mucocutaneous and neural tissues. Globally, the
World Health Organization (WHO) estimates 7.1 million new syphilis cases annually, with
disproportionate burdens in low-resource regions of sub-Saharan Africa and South Asia [1].

Syphilis is a highly contagious bacterial disease with multiple stages that causes significant
morbidity and mortality globally. In recent years, it has risen in popularity among all age groups in
both industrialized and developing countries, particularly following the COVID-19 pandemic. Since
sexual contact is the primary mechanism of transmission, the host’s age structure is critical for
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syphilis propagation. Syphilis relapse is still a major clinical challenge. It is reported to occur in a
percentage of patients who receive a standard therapy, which can greatly vary depending on factors
such as immune status and treatment adequacy. Recurrence rates may be higher in
immunocompromised individuals or those who receive an incomplete treatment [2]. Recurrent
mucocutaneous lesions (such as maculopapular rashes and condylomata lata), lymphadenopathy, and
neuro-ophthalmic symptoms (such as headaches and blurred vision) are common in early relapses
(less than two years after infection), while gummatous lesions or cardiovascular problems may be
present in late relapses [3,4]. In research or complex clinical situations, a definitive diagnosis
frequently necessitates an integrated serological investigation, which combines quantitative titers with
treponemal (e.g., TPPA/TPHA) and nontreponemal (e.g., RPR/VDRL) assays, as well as a clinical
assessment to distinguish real relapse from reinfection [5].

Multifactorial interactions play a role in the etiology of recurrence. First, in immunoprivileged
sanctuaries such as the central nervous system (CNS) and aqueous humor, where antibiotic penetration
is less than ideal, Treponema pallidum subsp. pallidum can survive [6]. Second, the effectiveness of
treatment is compromised by host immunological dysregulation, which is mostly caused by Human
immunodeficiency virus (HIV) coinfection and can hinder bacterial clearance [7]. Third, high-risk
sexual practices that result in reinfection and the emergence of antimicrobial resistance, especially to
macrolides, might make therapy more difficult and contribute to situations that resemble relapse or true
treatment failure.

The 2021 Center for Disease Control (CDC) Sexually Transmitted Infections Treatment
Guidelines notably advocate enhanced regimens for recurrent early syphilis cases, thereby
highlighting the importance of risk-stratified therapy approaches in current clinical guidelines [8].
Intramuscular benzathine penicillin G at 2.4 million units per week for three weeks is the gold
standard for treating patients with recurrent secondary syphilis or those exhibiting serological
persistence following the first therapy. This prolonged regimen is consistent with the 2020 European
guideline on the management of syphilis, which emphasizes cerebrospinal fluid (CSF) evaluation
before retreatment in such complex cases, as well as the WHO’s 2021 syphilis management
framework, which advocates enhanced therapies for high-risk recurrences [9]. The three-dose
regimen maintains practical treatment accessibility while reflecting the current knowledge of possible
undiscovered neuroinvasion in recurring infections.

In order to obtain bactericidal concentrations in CSF, neuroinvasive relapse, such as primary
neurosyphilis, requires intravenous aqueous penicillin G (18-24 million units daily for 10-14 days).
Ceftriaxone (2 g daily intravenously for 10-14 days) is a suggested substitute for doxycycline in
patients with neurosyphilis who are allergic to penicillin because of its higher CNS penetration.
Although research is ongoing in more general infectious illness scenarios, the role of adjuvant
immunomodulation in routine syphilis care is still unknown [10].

In epidemiology, stochastic models are mathematical instruments that integrate uncertainty and
unpredictability into the dynamics of infectious illnesses [11-13]. The variability and unpredictability
of real-world epidemics are taken into account by stochastic models, as opposed to deterministic
models, which assume fixed parameters and initial conditions [14]. Random events including
individual interactions, transmission events, recovery periods, and environmental changes that can
impact the spread and control of disease can be captured by stochastic models [15]. Furthermore, in a
stochastic world, these models are strong and adaptable instruments that can aid in understanding and
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forecasting the behavior of infectious diseases [16—19]. Recent studies have further advanced the
stochastic and deterministic analysis of compartmental epidemic models, including waning-immunity
SIRS frameworks [20], stability analysis of infection-age-structured and delayed SIRS
models [21,22], and SIRS models with nonmonotone incidence and saturated treatment [23].

Formulation of the syphilis model

Three different stages of infection are included in a comprehensive model for syphilis dynamics
that was recently presented by advances in mathematical epidemiology. The model offers a thorough
foundation to comprehend how syphilis spreads and is managed within a population. The following is
the mathematical expression that includes the three stages of infection:

pr+IfS+Lf
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R} = pfllfp +pf21fs +pf3Lf + (1 - Kf)ﬂ'p([fp + Ifs + Lf) —/.lRf - QDfRf,
C" = kpmpLyp + Iys + Ly) = ( + 6.)C,

D' = 0Ly, + 6f1fp + (Sflfs + 6fo +0.C —/,tD,
where:

® S Lup, Lys, Ly, Ry, Tepresent male compartments,

o S Isp, Is, Ly, Ry represent female compartments,

e ( is the compartment for congenitally infected newborns, and
e D is the compartment for disability due to long-term effects.

The total population at time ¢z, represented by N(7), is given by the following:

NO=S,+S¢+1Ly+1sp+ 1Ly +1ss+L,+Ls+R,+Rs+C+D.
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Consider that C and D help make the model more sophisticated, which allows us to study syphilis
epidemiology and its consequences in terms of disability. The parameters used in the syphilis model
(1) are defined in Table 1. Each parameter represents a specific biological or epidemiological process
in the transmission and progression of syphilis. The flowchart of the model (1) is shown in Figure 1.

Table 1. Description of parameters used in the syphilis model (1).

Parameter Description

T, Recruitment rate of susceptible males

my Recruitment rate of susceptible females

T, Rate of prevention/control measures (e.g., condom use, education)
u Natural death rate

a Transmission rate from females to males

Oy Transmission rate from males to females

A Rate of loss of immunity in males

©f Rate of loss of immunity in females

Vi Progression rate from primary to secondary stage in males

Yf Progression rate from primary to secondary stage in females

B Progression rate from secondary to latent stage in males

By Progression rate from secondary to latent stage in females

T mi Treatment/recovery rate of primary stage males

Om Treatment/recovery rate of secondary stage males

fo i Treatment/recovery rate of latent stage males

Pri Treatment/recovery rate of primary stage females

P Treatment/recovery rate of secondary stage females

Pr3 Treatment/recovery rate of latent stage females

Om Disease-induced mortality rate in latent males

Of Disease-induced mortality rate in secondary females

Oc Disease-induced mortality rate in congenitally infected newborns
Kf Probability of congenital transmission from infected pregnant females
Om Rate of waning immunity/recovery in males

iy Rate of waning immunity/recovery in females

/4 Force of infection function

N Total population size
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Figure 1. Flow chart diagram of the model.

2. Disease-free equilibrium (DFE)

At the disease-free equilibrium, all infection compartments are zero. Thus, the DFE is given by:

Ey =($7,0,0,0,0,59,0,0,0,0,0,0), 2)
where: . x
$h == Sh=——, 3)
H ! T, + U

and the total population at DFE is:

T
N =80 450=Tmy 2L
BTt

“4)

3. Basic reproduction number R,

We employ the next-generation matrix method as described by van den Driessche and Watmough
[24] to derive the basic reproduction number R,. The infected compartments relevant for disease
transmission are as follows:

X = (Lups Do L Iy Iy Ly) - 5)

The forces of infection for males and females are defined as follows:

I, + 1+ L

A, = aw(%), (6)
Ly + Ly + Ly,

A = any — N | (7
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The matrix of new infections, evaluated at the DFE, is given by the following:

0 0 0 aySY  ayS® SO
N* N* N*
0 0 0 0 0 0
0 0 0 0 0 0
F = ®)
@Sy @Sy @SS 0 0
0 0 0 0 0
0 0 0 0 0 0
To simplify the transition matrix, we define the following positive constants:
For males:
Al = Ym + M + Omis
A2 = ﬁm + Ot U, (9)
As= u+ou;3+0on,.
For females:
Bi= yrtu+pptn,
B, = ﬁf+pf2+/,l+ﬂp+5f, (10)
B; = ,U+pf3+7Tp+5f.
The transition matrix V takes the following form:
[ A, 0O 0 O 0 O]
—Ym A2 0 O 0 O
10 -8B, A3 O 0 O
V= 0 0O 0 B 0 O0f (b
0 0 0 —Yr B, 0
0 0 0 0 -B/ Bs
The inverse of V is as follows:
vl = V' O (12)
Lo ver
where: { )
— 0 0
A |
_ Ym
vl = — 0], 13
" AlA, Ay (13)
| A1AAs ArA;  Asl
and { )
— 0 0
B, :
-1 Yr
= — 0
Yy BB, B, (14
By By 1
| BiB,B;  B;B; Bsl
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The next-generation matrix is given by K = FV~!. Since F only has non-zero entries in the first and
fourth rows, the matrix K reduces to the following:

|1 0 kur
where
ayS° 1 1
k — m —+—], 16
ME= TN (B1 B, 33) (16)
is the expected number of male infections generated by a single infected female, and
xSy 111
f
kpy = —|—+—+—|, 17
= () (7

is the expected number of female infections generated by a single infected male.
The basic reproduction number Ry is the spectral radius of the next-generation matrix K:

Ro = p(K) = Vkyr - kpm. (18)

By substituting the expressions for ks and k), we obtain the following:

apSON(@¥SPY (1 1 1\(1 1 1
Ry = L —+—+—|—+—+—] 19
0 J( N* )[ v \B B TB\A AT A (19
Equivalently, R, can be expressed as the geometric mean of the male-to-female and female-to-male

reproductive numbers:
Ro = VRur - Rrum, (20)

0
ayS (L+i+1)

where

— 21
55 TE e2y)

represents the expected number of males infected by a single female during her entire infectious period,
and

Ay
_awf( 1 1) o)

Ry = — Y — 4y —
M N \A, A, A,

represents the expected number of females infected by a single male during his entire infectious period.
The terms -+ 5-+ & and +ota represent the total expected infectious durations (summed across
all stages) for females and males respectrvely The DFE is locally asymptotically stable if Ry < 1 and
unstable if Ry > 1. When R, = 1, the system undergoes a transcritical bifurcation, which leads to the
emergence of an endemic equilibrium [25]. If we assume that individuals in the latent stage do not
transmit the infection, then the basic reproduction number reduces to the following:

| fawso\ (@S (1 1\ (1 1
%‘l(w)[N*(E+Eﬂx+xl @3)

AIMS Mathematics Volume 11, Issue 9, 27890-27920.




27897

At the endemic equilibrium, all time derivatives vanish. Setting the derivatives to zero and solving the
resulting algebraic system yields the endemic equilibrium point as follows:

P _Tm :—/lfs’" I :7’"1’*"” L*:'B’"I’T” gr-_ N p :ﬂms?
AT AT B ' BT x+m, P Ay

o= yfl;p
Is Bs Y B, ’ p+5c MU

* _ )

By, - ket (I3, + I+ L) . Ly + 0, (I, + I + L) + 6.C

4. Model formulation with stochastic terms

The stochastic version of Model (1) can be obtained by adding white noise in each compartment as
follows:

pr+IfS+Lf

dSm: 7Tm+‘10mRm_a/w( N

)Sm —/,lSm]dl + 01 dB (1),

pr+IfS+Lf

dl,,, = aw( N

)Sm - leinp - ,UImp - O-mllmp]dt + 02 dBZ(t),
dlms = ’)/mlmp _Bmlms - O-mZIms _ﬂlms]dt + 03 dB3(t),

dL,,

ﬁmlms - ,uLm - O-m3Lm - 6mLm]dt + 04 dB4(t),

dRm = O_mllmp + O_m21ms + 0_m3Lm - l-lRm - SDmRm]dt + 05 dBS(t)’

i Ly, + Lys + Ly,

dSy=|n;+ @Ry — —N Sr—mpSy— ,qu]dl + 06 dBg(1),
) (24)
[ Ly, + Ly + Ly,

d[fp = @ T Sf - ’)/flfp —/Jlfp _pfllfp - ﬂplfp - 5f]fp]dt + 07dB;(1),

dIfS = ’)/flfp _ﬁflfs _prIfs _,UIfs - ﬂplfs - 5f]fs]df + 0g dBg(t),

de = ﬁflfs - ,LlLf —pf3Lf - 71'po - 6fo]dt + 09 dBy(1),

de = ,Ofllfp + prIfS +pf3Lf + (1 - Kf)]'(p(lfp + Ifs + Lf) - ,uRf - (prf dt + 010 dBl()(l),

dC = Kfﬂp(lfp + Ifs + Lf) - (,Ll + 5C)C]dt + 011 dB]l(f),

dD = |6,,L,, + 6flfp + 6f1fs + 5fo +0.C — ,uD]dt + 012 dB1,(1),
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with the following initial conditions:

Sm(o) =8m0 > 0, Ims(o) = Ipso > 0, Lm(o) = Lo > 0, Rm(o) =R,0 > 0, Sf(o) = SfO >0,
pr(()) = pr() > 0, IfA(O) = Ifso,Lf(O) = Lf() > 0, Rf(O) = Rf() > 0, C(O) =Cy > 0, D(O) =Dy > 0.

(25)
Here, B,(t), B5(t), B3(t), - - -, and Bj,(¢) are independent standard Brownian motions, and the noise
intensities o0,0,,03,---,012 > 0 quantify the randomness affecting different aspects of the

population and disease dynamics. These stochastic terms account for real-life phenomena, resulting
from variations in individual behaviors, climate conditions, the availability of healthcare, and other
unexpected events.

5. Existence uniqueness and positivity

This section is devoted to establishing the fundamental well-posedness of the stochastic syphilis
model (24). Specifically, we address the existence, uniqueness, and positivity of solutions, which are
essential prerequisites for any meaningful dynamical analysis of the system. The stochastic
differential equations under consideration are defined on a complete probability space
(Q,F ,{F}>0,P) equipped with a filtration satisfying the usual conditions, and driven by a
k-dimensional standard Brownian motion [26,27]. The state space of interest is the positive orthant
R!2, which ensures biological feasibility of the compartmental variables.

Theorem 1. For any initial value
X(O) = (Sm(o)’ Imp(o)’ Ims(O), Lm(O)’ Rm(O), Sf(0)9 pr(O), Ifs(O), Lf(O), Rf(O), C(O)’ D(O))T € R-lpza
the stochastic syphilis model (24) admits a unique global positive solution

X(l) = (Sm(t)’ Imp(l), Ims(t)’ Lm(t)7 Rm(t), Sf(t)a pr(t), Ifs(t)a Lf(t)’ Rf(t)a C(t)a D(l))T € R-l}.z

for all t > 0, almost surely.
6. Ergodicity and asymptotic behavior

Now, we present sufficient conditions for the existence of a stationary distribution for the stochastic
syphilis system and explore the long-term behavior of the total population.

6.1. Existence of a stationary distribution

Theorem 2. Let
E* = (S, Lops Ly Lo Ry S I I Ly R, €7, D7)
be the endemic equilibrium of the deterministic syphilis model (1). Since the noise in Model (24) is

additive, the diffusion matrix is constant and given by

1 1
A= EGGT =3 diag(o?,03,...,07%),

which is uniformly elliptic on every compact subset of R [28]. Furthermore, assume the following:
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1) (HI) There exists a C*-function V : R!> — R, and a compact set K C R'? such that
LV(x)< -1, VYxeR!?\K,

where L is the generator of the stochastic process;
2) (H2) The noise intensities satisfy

or<2u, i=1,...,12,
where u is the natural death rate.

Then, the stochastic syphilis model (24) has a unique stationary distribution n(-) on R'?> [29], and the
solution process is ergodic in the sense that for any integrable function f : R!> — R,

limlftf(X(s)) ds :f fX)n(dx), a.s.
e 1 o RI12

Remark 1. Under the conditions outlined in the theorem, the stochastic system has a unique ergodic
stationary distribution n(-), whose support lies in the positive region and whose mean is approximately
the deterministic endemic equilibrium E* when the noise is small.

Theorem 3. Let E* = (S, 1y by Lo Ry S5 150 I, Ly, R, CF, D*)T € R!? be the endemic
equilibrium of the deterministic syphilis model (1). Assume that the noise intensities o
(i=1,2,...,12) are sufficiently small such that the following conditions hold:

D;>0 foralli=1,2,...,12, (26)

where the constants D; are defined in the proof. Then, the solution X(t) of the stochastic syphilis model
(24) fluctuates around the endemic equilibrium E* in the sense that

1 1
lim sup — f E
t—00 t 0

12

D (Xils) - E}Y?

i=1

12
i1 THED)?

ds < ,
Y

27)

where
C = min D; > 0. (28)

1<i<12

Moreover, the solution is stochastically ultimately bounded.

6.2. Asymptotic stability around the disease-free equilibrium

In this subsection, we analyze the asymptotic behavior of the stochastic syphilis model around its
DFE. The following theorem provides sufficient conditions for asymptotic stability in the mean square
around the DFE.

Theorem 4. Let

E° = (S},0,0,0,R),5Y%,0,0,0,R},0,0) (29)
be the DFE of the deterministic syphilis system, where
n
so="m s9="L R=R)=0. (30)
Ju p+m,
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Suppose that the basic reproduction number satisfies Ry < 1, and the noise intensities satisfy the

following conditions:

oT <2,

S <2+ Y+ Tm),

o% <2+ B+ om2),

o7 <2+ ous + ),

os <2,

0'2 <2u +m,),

0; <2utyrtpptma,+oy),
oy <2u+Pr+pp+mr,+0p),
0y <2utpp+m,+op),

0'%0 <2u,
o1, <2+ 60,
0'%2 <2u

Then, the solution of the stochastic syphilis system satisfies the following inequality:

o) + og(my)?
Czﬂz ’

!
lim sup f
—

where X; represents the i-th compartment variable, X! is its DFE value, and

Z(X(s) X0)?

2
- 5 + m+0-m - T
A 2 HTy 1T
o2 o2
/'l+ﬁm+0-m2 _37 ,u+o-m3+6m _4’
2 2
o3 o
H=5 Ht7p =5
C = min H H

2 2

U+pp+m +5—2 ,u—@
13 217 f 2 2/21’
c 27 2u

2 2
05 0y
/.l+’}/f+pf1+7l'p+(5f—7, ,u+,8f+pf2+7rp+6f—7,

€1V

(32)

Remark 2. If Ry < 1 and there is no noise in the susceptible compartments, (i.e., oy = ¢ = 0),
then the DFE of the stochastic syphilis system is stochastically asymptotically stable provided that the
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following conditions on the noise intensities hold:

0'% <2+ Y+ Om1),

oF <2+ Bu+om),

O'Z <2(U+ O3 + Om),

o; <2u+tyrtpptm,+oy),
03 <2u+tpPrtpptnr,+oy),
0y <2utpptm,+op),

o <2(u+60).

6.3. Extinction of the disease

The long-term behavior of the disease is determined by the basic reproduction number R, in
deterministic epidemic models. If Ry < 1, then the disease finally passes; if Ry > 1, it continues to
exist in the population [30,31]. In this paragraph, we demonstrate that, even though the deterministic
system predicts persistence, the disease may nevertheless become extinct in the stochastic syphilis
model if the noise is high enough [32].

Lemma 1. Let M(¢), t > 0, be a continuous local martingale with an initial value of M(0) = 0. Let
G > 1, and let (m) and (9,,) be two sequences of positive real numbers with m — oo. Then, for almost
all w € Q, there exists a random integer my(w) such that for all m > my,

M(t) <, forall0<t<m. (33)

Now, we derive a sufficient condition for the exponential extinction of the primary infected female
class I,(1), which directly drives the infection dynamics in females and congenital cases.

Theorem 5. Let X(t) be the unique global positive solution of the stochastic syphilis model (24).
Assume that the Iy, compartment is perturbed by multiplicative noise of the following form:

Ly + Lys + Ly,
Ul - N
+ O-Sflf-pSfpr dBSfpr(l‘) + O'prlfp dB[fp(l),

d[fp([) =

)Sf—(yf+,u +ppi+m,+ 00, | dt

where o, and o, are positive constants, and B, (t) and By, (1) are independent standard
Brownian motions.

Then,
Inl;,(t a2y o;
lim sup o) < fid —(yr+u+pp+m,+6p)— o g
t—o00 t 20'2 ) 2
Srlfp
Thus, if
o2 2.2
Itp a,m
()/f+,u+pf1+7r,,+6f)+T>F, (34)
Srlsp

then I;,(t) — 0 exponentially, almost surely.
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Corollary 1. Under Condition (30), the female infectious class I;,(t) dies out exponentially with a
probability of one. Consequently, the dependent compartments Is,, Ly, and C also exponentially tend
to zero, almost surely. This demonstrates that sufficiently large stochastic perturbations can drive the
disease to extinction even when Ry > 1.

The proofs of all of the above theorems are present in Appendix.
7. Result and discussion

To demonstrate how noise impacts the dynamics of the suggested syphilis transmission model, in
this section, we provide numerical simulations. For the stochastic differential equations, we use the
Euler-Maruyama approach, which balances accuracy and processing economy for our multiplicative
noise system.

7.1. Discretization scheme

The complete Euler-Maruyama discretization for our 12-compartment model is given by the
following:
Xir1 = Xi + f(XAL + GAW,, (35)

where Xy = (S Lnpk> Insjes Linjes Rinjes S g0 Lpies Lpsis Ljes Ryie» Crs D)7 represents the state vector at
time step k, At is the time increment, G = diag(o, 07>, ...,072) is the constant diffusion matrix, and
AW, is a vector of independent Wiener increments. For each compartment, the specific discretization
is as follows:

pr,k + Ifs,k + Lf,k
N

Sm,k+1 = Sm,k + [ﬂm + QDmRm,k - mﬁ(

LTepx +Ipsp+ Ly
Qlﬁ( fpk ]J;]kk fk

) Sm,k - ,USm,k:IAt + O-IAWI,k’

Imp,k+l = Impk + )Smk - (7111 +u+ O-ml)Imp,k:IAt + 0-2AW2,k9

Ims,k+1 = Imsk + ’)/mlmp,k - (ﬁm + Om2 + ,u)lms,k]At + 0-3AW3,/<’
Lm,k+1 = Lk + ,Bmlms,k - (,U + Om3 + 6m)Lm,k]At + O'4AW4’]<,

Rm,k+l = Rm,k + O-mllmp,k + O—mZIms,k + 0_m3Lm,k - (/—1 + me)Rmk]At + O_SAWS,k’

Imp,k + Ims,k + Lm,k
Ni

Sf’k+1 = Sf’k + |7y + (,DfRf,k - a’mlﬁ( )Sf,k - (ﬂ'p + /,L)Sf,k]Al + O'6AW6’/¢,

i Imp,k + Ims,k + Lm,k
Lppjer = Ippp + |y (
| Ny

)Sf’k — (’)/f tU+ P T+ 5_f)lfp,k:|At + O'7AW7’]<,
Trsier = Lysp + | Yidlppx — By +ppp + u+ 1, + 6f')1fs,k]At + ogAWgy,

Lixe1 = Lyg + |Brlysp — (u+pp3 + 7, + 5f)Lf,k]Af + a9AWy,

Rijer = Ry + |\pridpi + prodrsp + pralpp + (1 — kp)m,(Lppx + Lo g + Lpg) — (U + SDf)Rf,k]Af
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+ 010AWiok,

Cis1 = Cr + [Kfﬂp(lfp,k + Lpgp+ Lpg) — (u+ 5c)Ck]Af + o1 AWiig,

D1 =D + [5mLm,k + 6flfp,k + 6}0]}05’]( + 6fok + 6CCk - /.le]At + 0'12AW12,](.

7.2. Simulation results

In the simulations, it is seen that although the stochastic element introduces variability in the
compartment sizes, it does not have any qualitative effect on the dynamics of the system when the
reproductive ratio R, exceeds one. However, the distribution makes it evident that stochasticity plays
a significant role in extreme events:

Abrupt initial growth in the initial phase of infection in males (/,,,) and females (/,);
Gradual progression to the secondary stage (1, I¢,) and latency (L,,, Ly);

Sequential increase in the recovered individuals (R,,, Ry) and deaths (D) compartments;
Maximum impact of noise on smaller compartments, such as congenital infection C;
Bimodal distribution for infected compartments (possibly indicative of metastability);
Asymmetric right-skewed distribution for congenital infections and deaths;

Impact of noise strength on the width of distributions; wider distributions with higher o;.

Figures 2 and 3 present the temporal dynamics and probability distributions of all 12
compartments in the stochastic syphilis model. The results reveal characteristic epidemic patterns
with sustained latent populations and significant stochastic variability, particularly in female and
infected compartments, highlighting the need to account for randomness when designing public
health interventions. The model parameters and initial conditions used in these simulations are
summarized in Table 2.
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Table 2. Model parameters and initial conditions for stochastic syphilis model.

Parameter Value Description

Transmission parameters

@ 0.8 Male transmission coeflicient

a,, 0.8 Female transmission coeflicient

v 0.5 Contact rate adjustment factor
Progression rates

Yms YV f 0.5,0.4 Primary to secondary (male, female)
B, B 04,03 Secondary to latent (male, female)
Omi»>Prl 0.3,0.2 Primary recovery rates

Om2s P2 0.2,0.2 Secondary recovery rates

O3, Pf3 0.15,0.2  Latent recovery rates
Demographic parameters

T, g 0.3,0.3 Male/female recruitment rates

u 0.05 Natural mortality rate

Om,Of 0.03,0.03 Disease mortality rates

Vertical transmission

T, 0.05 Birth transmission probability

K¢ 0.3 Vertical transmission efficiency

T, 0.02 Congenital progression rate

Oc, 0., 0.02,0.02 Congenital mortality/complications
Initial conditions

Sm(0),S £(0) 0.9,0.9 Initial susceptibles

1,,,(0), 17,(0) 0.1, 0.1 Initial primary infections

Other states 0.0 All other compartments

Noise intensities (o-;)

Main populations  0.05-0.1
Latent/Recovered  0.05-0.08
Congenital/Deaths  0.01-0.03

Susceptibles/infecteds
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Stochastic Syphilis Model Dynamics
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Figure 2. Dynamics of all 12 compartments within the syphilis model indicating the
development of disease in terms of time.
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Population Density Distributions
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Figure 3. Distributions of probabilities for each compartment’s value to show prevalence
and stochasticity.

8. Conclusions

Real-life events can be quite difficult to model using deterministic equations, especially when
randomness comes into play. Thus, it is more suitable to use stochastic models in such cases.
Stochastic syphilis models have been proposed for the modeling purposes to account for the
randomness involved in the spread of the disease as well as changing environments within which it
spreads. To ensure the existence of a positive solution, the stochastic Lyapunov function theory was
employed. Additionally, we also determined the variables that contribute to the elimination of the
virus by investigating disease extinction conditions and the steady-state distribution.

The simulation results provide valuable insight into the influence of stochasticity on epidemic
modeling and how the degree of noise affects disease propagation. A numerical analysis was used to
verify the validity of the theoretical conclusions, with the aid of the first-order stochastic Milstein
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algorithm. While the stochastic syphilis model forms the basis of our research work, several other
epidemiological models can adopt the methodologies that have been developed herein. The inclusion
of Gaussian white noise in our syphilis model does not confine its application; the approach can be
extended to different types of models. Noise components can be included in these models to capture
any uncertainty present in the transition of compartments.
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Appendix: Proofs

Herein, we present detailed proofs for Theorems 1 to 5 that have been mentioned in the main
manuscript. All the proofs have been designed in a way that ensures mathematical accuracy and rigor.

A.l. Proof of Theorem 1 (Existence, uniqueness, and positivity) for the syphilis model

For arbitrary initial conditions, all coeflicients of the stochastic syphilis system are continuous and
locally Lipschitz. Therefore, by standard theorems on stochastic differential equations (see e.g., [26,
27]), there exists a unique local solution on ¢ € [0, 7.), where 7, denotes the explosion time.

Step 1: Global existence. To establish global existence (i.e., 7, = oo a.s.), we define the stopping time
as follows:

7, :=1nf {t € [0,7.) | min(S (1), L,,,(2), ..., D(1)) < % or max(S ,(t), Lny(t),...,D(1)) > n} (36)
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Let ny > 0 be sufficiently large such that all initial conditions lie within the compact set [1/ng, no]'?,
1.e.,
1 12
X(0) € [—,no] .
no
Define 7., := lim,_, 7,. If we can show P(r,, = o) = 1, then the solution exists globally and
remains positive a.s.
Contrarily, suppose that this is not true. Then, there exist constants 7 > 0 and ¢ € (0, 1) such that

P <T) 2 | (37)

Now, define the C?-function V : W — R, for the syphilis model as follows:

VS mLnps s D) =S+ Ly + Lys+ Ly + Ry +S¢+ 1+ Iis+ L+ Ry + C+ D
12
1 (38)
—(12+09)-0 —log X; |,
(12 +6) (Zéog )

i=1

where X; represents each compartment, and 6 > 0 is a positive constant.
Since x — 1 — log x > 0 for x > 0, the function V is non-negative over the state space W.
Next, by apply Ito’s formula, define LV(¢), and derive bounds similar to the original model.

Step 2: Lyapunov function and its derivative. Now, define the C?>-function V : R1? — R, as:
12
VX) = ) (X;— 1 -log X)),

i=1

or equivalently,
12 12
V(X) = Z X, — 12 - Z log X;,
i=1 i=1

where X = (X1, X5,...,X12) = (S, Imp’ Lyss Lin, Ry, Sf, pr, Ifs, Lf,Rf, C,D).
Since x — 1 —log x > 0 for all x > 0, it follows that V(X) > 0 on R!2.
By applying It6’s formula to V(X), we obtain the following:

12
1

dVX: Vth 1-— idBl't,
(X) = LV(X) +Z]( x,.)" ®

where the generator LV(X) is given by the following:
12 12 2
1 1 o
V(X) = l-=fX+= > —,
LV(X) Zl( Xl_)f( )+2;X?

with f;(X) denoting the drift coefficient of the i-th compartment.
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Expanding term by term, we get the following:

1 Iep+1ps+ L
LVX) = (1= | [ + @R = o (L), - s,
S N
1A\T Ie, + 15+ L
+(1- —) QW(M)Sm = (Ymt +0m1)lmp]
Ly N
1\r
+(1- ]_ '}’mlmp - (Bm +Om +:u)lms:|
1\r
1\r
+(1- R_ O-mllmp + Ol + Tp3 Ly — (U + Som)Rm]
1\ Imp + Lys + Ly,
(1= =) + @Ry — gy |2 T Sf—(npw)sf]
Ss)l N
1 [ Imp +Ims +Lm
+ 1—1— a, T Sf—(’)/f-i'/l'i‘pfl+7Tp+6f)1fp]
fp/t
1\1
+ (1 - ?) Yl = Br+ppp+p+m,+ 5f)’fs]
1\r
+ I—L— ﬁflfs—(/l-l-pf} +7Tp+(5f)Lf]
f/t
1\r
+[1- R, Prilpp +pplys +ppLly + (L —kp)mp(lpp + Irs + L) — (U + @p)Ry
l. —
+ I—E) Kfﬂp(lfp+1fs+Lf)—(/,l+5c)C]
1\1
+ 1—5) 6mLm+6fpr+5fIfs+6fo+6CC—/JD]

112
+§;

0_2

i
5
Xi

Simplifying and collecting terms, we obtain the following:

LV(X) < K(1 + V(X)),

for some positive constant K > 0, where we used the inequality x — 1 —log x > 0 and the boundedness

of the total population N(¢).
Taking expectations and applying Gronwall’s inequality yields the following:

E[V(X(t A 1,))] < V(X(0)) + Kf E[1 + V(X(s A T,))] ds.
0

Thus, there exists a constant C(7") > 0 such that

E[VX(T A 71,))] < C(T).

The remaining steps follow the standard comparison argument and stopping time bounds as

established in Step 1.
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A.2. Proof of Theorem 2: Stationary distribution

We verify the conditions for the existence of a unique stationary distribution using the Khasminskii
theorem [25]. The stochastic syphilis model (24) can be written in the following form:

dX(t) = f(X(@))dt + G(X(@)dW(1), (39)

where X(7) € R!? is the state vector, f(X) is the drift vector, and G(X) is the diffusion matrix. Since
the noise in Model (24) is additive, the diffusion matrix is constant and given by the following:

1 1
A= EGGT =3 diag(o?,02,...,0%,). (40)
For any vector v = (v{, va,...,v12)" € R'2, we have the following:
12 L& !
Y= — 202 > Z mi 2MI? = 2
Z%VIV] 5> 2.7 > > lfsfllglz{o',}||v|| klvII%, 41)

where k = % min;¢;<j» 07 > 0. Thus, the diffusion matrix is uniformly elliptic on every compact subset

of R!2. Let

E* = (S, Lps Lgs Logs Ry S 3 Lo Iy Ly, R, €7, D7) (42)
be the endemic equilibrium of the deterministic syphilis model (1). At equilibrium, the following
relations hold:

T + @R, = NS, + 1S,
AmSjn = (ym +u+ O-ml)l;;,pa
’le;:lp = (ﬁm + Om +/'[)I;:157
ﬁml;;zs = (/J +0Om3 t+ 6m)L:,,,

O-mll,;p + O-mZI;:” + O-m3L:1 = (/J + Qom)R:n’

p+ gofR; = AfS; + (7, + ,u)S;l, 43)
AfS; =(ys+u+pp+m,+ 6f)1;p,
’yfl;p = (ﬂf +pf2 +u+ Tp + 5]')1;3,
Brles = (u+pps + 1, +05)L7,

prily, +ppls +pply  + (1 —kpm,(ly, + Lo+ L) = (1 + op)RY,
kep(Ly, + Ipg + L) = (u+6.)C,
OmLyy, + 07Uy, + I+ Ly) +6.C" = uD".

m

Define the Lyapunov function V : R1*> — R, as follows:

12

VX) = ) eViX), (44)

i=1
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where ¢; > 0 are positive constants to be determined, and

1 (&
ViX) == Xi—-X)H|, 45
(X) = 5 (Z( l)) (45)
VZ(X) = (S_* —1-1In S:‘n) s (46)
* Iml’ I
ViX)=1,,|5— - 1- “@n
Imp I
Ls L,
VaX) =1, (a 1-1In I;;”) (48)
L, L,
Vs(X) =L n—1|, 49
5(X) = (L; T ) 49)
R R,
X)=R = - —, 50
V6(X) = R, (R* Rm) (50)
(S Sy
ViX) =S LF_l_lnLF , (1))
f f
1 1
VsX) =1, | L - 1-1m 2], (52)
If I
P fr
o s Is
VQ(X):If IT_l_ln[T s (53)
fs fs
Ly Ls
VIO(X):L — —1-In—|, (54)
f f
Ry Ry
V]l(X):R — —-1-In—=|, (55)
R R
I f
1 £ 3
Via(X) = E(D - D). (56)
The constants ¢; are chosen as follows:
2 + a,, 2u + m Om
=1 = #,B—m’ C4 = ,uﬁm)/ , C5= 72, (57)

with the remaining constants chosen similarly to ensure £V < —1 outside a compact set.
By applying 1t6’s formula to V(X), we obtain the following:
12
LV(X) < -Ki ) (Xi— X)) + Ko, (58)
i=1
for some positive constants K, K, > 0, provided that R, > 1 and the noise intensities satisfy 0'? <2u
foralli=1,...,12.
Define the following compact set:
12

K, +1
K=I{XeR2: Y (x,-x)P <21\
{e+;<l =g (59)
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Then, for X € R!2\ K, we have the following:
LV(X) < -1. (60)

Thus, Condition (H2) is satisfied. Combined with the ellipticity condition (Hl) the Khasminskii
theorem guarantees the existence of a unique stationary distribution 7(-) on R!?, and the solution
process is ergodic.

A.3. Proof of Theorem 3

The proof proceeds in two main steps. First, we establish that the total population N(¢) does not
go to zero, almost surely. Second, we show that N(#) remains bounded above, almost surely. These
two results together imply that the solution remains in a positive compact set, which is essential for the
existence of a stationary distribution [30,31].

Step 1: Boundedness from below. From the stochastic syphilis model (1), summing all 12
compartments yields the following total population equation:

AN(t) = |7t + 7 = uN(E) + (A = )R (1)
—ﬂp(Sf +pr +Ifs +Lf) +Kf7Tp(pr +Ifs +Lf)Sf]dt

12 (61)
+ D T Xi0) dBy(1),
k=1
where X denotes the k-th compartment, and N = }; ,Zl Xi. Define the Lyapunov function V(¢) = ﬁ
By applying 1t6’s formula to V(#), we obtain the following,
dv(t) = - t d(N)(t
0 =-% N3() (NY(0)
1
= —Nz(t) |70 + 7 = UN(E) = 6, Ln(8) = 8,15(0) = 6.C(0)| it
(62)
242
N3( 5 Z TiX2(1) dt
X (1) dBy(t
Nz(t) Z(rk (1) dBy (1)
Since )Iif((’)) < lforall k €{1,2,...,12}, we have the following,
| &
X;()<— » o3 (63)
N3<r> Z N(1) ,Z; ¢
Moreover,
1 |70 + 7 = OuLn(t) = S 17(0) 5C(t)]<”+5’”+5f+5c (64)
Nz(t) T ﬂ-f m=m ftrs c - N(t)

AIMS Mathematics Volume 11, Issue 9, 27890-27920.



27915

Substituting these bounds into the expression for dV(t), we obtain the following,

202 g+, +6+6, 1
+

N(1) N(1) T NG

| &
dV(t) < dt — —— X (1) dBy(1). 65

()( ) ngwa>u> (65)
Multiplying both sides by ¢’ and integrating, we get the following,

2

! 1 HS12 g2 +0, +07+0, 1
e f(Zk_l k+ﬂ f o ds
0

< — + +
N(t) — N(0) N(s) N(s) N(s)
foes 2 (66)
_ fo e ; 7 Xi(s) dBi(s).
Define the following,
FON(s)) = 121 o’i M+ 0y +0p+ 0, 1 67)

+ + .
N(s) N(s) N(s)

Since N(#) > 0 on the interval of existence, and all parameters are positive constants, there exists a
finite constant & > 0 such that
F(N(s)) <¢ forall s >0. (68)

This follows because as N(s) — oo, F(N(s)) — 0, and as N(s) — 07, the terms ﬁ dominate but are

bounded on the event where N does not explode. The bound & can be chosen as follows,

12

§:Zai+,u+6m+6f+5c+1. (69)
k=1

Thus, from (68), we have the following

1 e!
El—| < . 70
b& O 70
Now, define the following event:
B= {weQ - liminf N(z, ) :o}. 1)
{—oo

We claim that P(B) = 0. Contrarily, suppose that there exists € € (0, 1) such that P(B) > &. For each
n € N, define the stopping time as follows,

7, =inf{t > 0 : N(t) < 1/n}. (72)

On the event B, we have 7, < oo for all sufficiently large n. From (72), by applying the optional stopping
theorem to the bounded stopping time 7, A T and then letting T — oo, we obtain the following,

1 1
E[N(Tn) 13] < WO) +§. (73)
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On the other hand, by the definition of 7,, we have N(,) < 1/n, so

1
N(,) ~

Therefore,

E [N(lrn) 13] > nP(B) > ne.

Combining (73) and (75), we get the following,

which is impossible for a sufficiently large n. This contradiction implies that P(B) = 0. Hence,

0 < liminf N(¥) a.s.|

t—o00

(74)

(75)

(76)

(77

Step 2: Boundedness from above. Now, we show that lim sup,_, ., N(f) < oo, almost surely. From the

total population equation (1), we have the following explicit representation:
t
N(t) = N(0)e ™™ + e f (7t + 7p)et ds
0

t
— et f (OnLun(s) + 67 ,(s) + 6.C(s5)) & ds
0

;12

H X HS dBi(s).
+e L Z o Xi(s)e i(s)

k=1

The deterministic part is bounded above as follows:

T, +T
m (- ety <

!
e M f (my + 7p)et ds =
0 H

The mortality terms are nonnegative, so
t
—eH f (6nLun(s) + 671 7,(5) + 6.C(s)) € ds < 0.
0

The stochastic integral
¢ 12

M(z) = e Xi(s)e" dB
(n=e fo D" aiXu(s)e" dBy(s)

k=1
is a continuous local martingale. Its quadratic variation is as follows,

;12

(M)(1) = e fo Za,ixg(s)ezwds.

k=1

T + 7Ty

(78)

(79)

(80)

(81)
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By the strong law of large numbers for continuous local martingales (see, e.g., [27]), if

lim sup(M)(t) < oo, (82)

—o0

then M(t) — 0, almost surely. From the boundedness below result (77), there exists a constant 7 > 0
such that N(¢) > n eventually. Since X, (¢) < N(¢), we have the following,

;12

(M)(1) < &% f D TN (s)e™ ds. (83)

0 %=1

Using the fact that N(s) satisfies the population equation and is bounded below, a standard comparison
argument yields the following,

/16310-2 ﬂ'm+7rj 2
lim sup(M)(¢) < iy "( p ) < oo, (84)

t—o0

Therefore, by the martingale convergence theorem, the stochastic integral M(¢) converges almost surely

to a finite limit. Hence,

. T + 7Ty
limsup N(¢) <

1—0o0

<o as. (85)

Define the following event:

B= {w € Q: limsup N(t, w) = oo}. (86)

[—0o0

The above argument shows that P(B) = 0. Consequently,

limsup N(f) < oo a.s.| 87)

>0

Combining (77) and (87), we conclude that there exist positive constants Ny, and Ny, such that

\0 < Npin < N(f) < Ny < 00 forall £ > 0ass. |, (88)

A.4. Proof of Theorem 4

We construct a Lyapunov function of the following form:

VX) =5 ) X=X+ ) e =X+ ) (X = X)) (89)
i=1 kel kel
where I = {1, Lys, I, 115} denotes the infected compartments, £ = {L,,, Ly, C} denotes the latent and

complication compartments, and the constants ¢, > 0 are to be appropriately chosen.
Define the coeflicients ¢, as follows:

_ 2u+ay, 22Uty _ 2u+ay _ 2u+yy
Clml’ - 4 Clm.r - ’ lep - ’ les - )
ﬂm Om2 ﬁf )
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2u+ 06, 2u+06 2u+ 6,
e, = EI0m o = L ce=F % (90)
Mm ny Pr3

By applying 1t6’s formula to V(X), we obtain the following,

12
dV(X) = LV(X)dt + ) (X; — X))iX; dBi(1)

i=1

+ ; i Xi dB (1) + ; v (Xe — X7) dBy(0), 1)
(S €.

where the generator LV is given by the following.

12 12
1
LV =) (X~ XDF(X) + 5 ) oiX;
i=1 i=1

+ ) aFiX) + ) X — X)Fu(X)

kel kel

1
kel

Here, F;(X) denotes the drift term of the i-th compartment in the stochastic syphilis model.
Using the equilibrium conditions F;(X*) = 0 and the boundedness of the incidence functions, we can
show that there exist constants D; > 0 such that,

2 oA (X)
LV(X)sZ#

i=1

12
- > DX, - X (93)
i=1

The constants D; are explicitly given by the following,

_ 2
Dy, =U—07,
2

g
Dlmp = /’l + ym + O-ml - 729
2
g’
Dlms =H +ﬁm + O — 73’
2
(o
:,Ll+0'm3+(5m—74,
2

(on
DRm :#+¢m_?5’
Dy :,u+7rp—0'§,
o3

lep Su+Yrtpan T, - 5,
2
Dy, =p+fr+pp+my+6— 3,
2

Dy, :/~‘+pf3+7§p+5f_079’
Dr, =p+¢r= =2,

Dc  =p+d.-o7,

Dp =p-o1,
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Taking expectations on both sides of (93) and integrating from O to 7, we obtain the following:

12 O'.Z(ka)z 1 12
BIV(X(1)] < VXO) + ), =1~ C f B| > (Xi(s) - X;")Zl ds, (94)
i=1 0 L=
where
C = min D, 95)

1<i<12

Provided that the noise intensities are sufficiently small such that

D;>0 foralli=1,2,...,12, (96)
we have C > 0. Applying Gronwall’s inequality yields the following:
o (X))
E[V(X(0)] < VX)) + ) 5t 97)
i=1
Moreover, from (94), we have the following:
t 12 2( )2
Cf (Xi(s) - X} Y| ds < V(X(0)) + (98)
B2 >

This implies that the solution fluctuates around the equilibrium X* with a bounded mean square
error, and the bound is proportional to the noise intensities.

A.5. Proof of Theorem 5: Extinction of the disease
For the infected female primary compartment I¢,(7), define V() = Inl,(¢). By applying It0’s
formula, we obtain the following:

av() = dl (1) = ——(dl (1))’

p() 212 (0

2
Imp + Ims + Lm f(t) O'pr
=|an — —(yp+pu+ppn+m,+06p)— ——|dt
@ %0( N )pr(t) (yr+u+pp+m,+065) >

+ O'prdBlfp(l‘),

where o, is the noise intensity for the /;, compartment.
Integrating from O to ¢ yields the following:

! Ly + Lys + Ly,
Inly, () =1Inl;p(0) + f an T Sis)=(ys+u+pp +m,+05)|ds
0
O-%fp ' 2
- i Sf(s) ds + oy, By, (0).
o
Using the inequality x < 752 + > with x = @S s/N and o = 07g,1,,, we obtain the following:

99)

2
Ly, + 1,5+ L, o 2 2
a,y, P — Sf - prSJZr < aml// .
N 2 2072
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Thus,

2072
m

207
fr

!
In1;,(1) Slnlfp(0)+f —(yr+u+ppn +7rp+6f)}ds
0

2

o, (! a ?
— > L (Sf(S) - O'T) ds + O'[pr]fp(t).

Iyp

Dropping the negative quadratic term, we get the following:

2.2 o2
m

In pr(t) <In pr(O) +

Irp

Dividing by ¢ and taking the limit superior leads to the following:

>
Inl;,(t) a2y o,

li P <M (yidu+pp o, +0f) — —2,  as.

1rtri:1p t 202 G+ ptpp+ay+op) 2 a8

Isp

Applying the strong law of large numbers for Brownian motion leads to the following:

By, (1)

lim =0 a.s.
t—o00 t
Thus, if the following condition holds,
2
O'I a,2¢2
YU pp AT, O+ L >
Yr+utpp+m+op)+— 202

then
limI;,(1) =0 as.,
{—o00

and the disease goes to extinction exponentially, almost surely.
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