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Abstract: The complexity of spatial interactions in nature often gives rise to emergent patterns that
cannot be explained by local dynamics alone. An investigation is conducted into how cross-diffusion
and cross-advection govern the stability of general reaction-advection-diffusion system on an infinite
spatial domain. The analysis is formulated for nonlinear reaction terms using the reaction Jacobian,
diffusion matrix, and advection matrix. By applying normal-mode decomposition, the Routh-Hurwitz
criterion for complex characteristic polynomials, and the critical neutral curve method, we derive
stability conditions and identify instability boundaries in parameter space. The results show that a
constant equilibrium stable under the local reaction dynamics remains stable under self-diffusion and
self-advection. In the baseline kinetic setting, cross-advection alone also preserves stability when
cross-diffusion is absent. In contrast, cross-diffusion can destabilize the equilibrium and interact with
cross-advection to reshape the unstable region. Under different kinetic-sign conditions, asymmetric
cross-advection may induce instability even in the absence of cross-diffusion. The predator-prey
application supports these findings, as weak transport interactions preserve homogeneous coexistence
while sufficiently strong cross-transport generates unstable spatial modes and visible spatiotemporal
patterns. Cross-diffusion initiates spatial organization through density-gradient responses between
prey and predator. In contrast, cross-advection modifies the direction, intensity, and propagation of
the resulting patterns through directed movement such as prey avoidance and predator pursuit. These
results provide a systematic framework for detecting cross-transport-induced instability and explaining
the transition from homogeneous coexistence to pattern-forming dynamics.
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1. Introduction

Reaction-advection-diffusion (RAD) systems constitute a fundamental framework for modeling
spatiotemporal phenomena in ecology, chemistry, biology, epidemiology, environmental science, and
reaction engineering [10, 24, 45]. They have been extensively employed to describe predator-prey
interactions [4, 18, 40, 44], population dispersal [29], chemical reactor dynamics [8, 13], infectious
disease transmission [36, 39], and pollutant transport processes [11,30]. Through the interaction of
local reaction kinetics, diffusion, and advection, RAD models are capable of exhibiting equilibrium
stabilization, diffusion-driven destabilization, bifurcation, chaotic dynamics, traveling waves, and
spatial pattern formation [1,24,31,41,42]. However, most classical formulations are based only on
self-diffusion and self-advection so that each component responds exclusively to its own gradient or
prescribed flow. This assumption may be too restrictive for many interacting systems in which one
component moves in response to another, thereby requiring the inclusion of cross-diffusion and cross-
advection terms [23, 33,35, 46].

The classical RAD models have been significantly extended by adding cross-diffusion and cross-
advection, which describe transport processes due to interactions between the components of the
system. Cross-diffusion refers to the movement caused by the gradient of another population or
concentration, including prey-taxis, avoidance, aggregation, and exclusion effects [19, 23, 35], while
cross-advection is the directed transport by other populations, environmental carriers, or external
flow-mediated interactions, such as host-mediated dispersal or component-dependent drift [5, 26, 36].
Such cross-interaction terms can be primary processes that change the stability landscape of constant
equilibrium solutions, rather than auxiliary refinements of the transport operator [19,26,33]. Hence,
models that do not include cross-diffusion and cross-advection may miss important instability
mechanisms and underestimate the onset and richness of nonuniform spatiotemporal structures
observed in ecological, epidemiological, and chemical systems [5, 19,26,27,36].

Cross-effects have been found to strongly affect traveling waves, oscillating fronts, and
pattern—forming dynamics in previous studies [41,42]. However, the analytical characterization of
their significance in generalized RAD systems has remained limited. Many existing investigations
either neglect advection, exclude cross-interactions, or rely primarily on numerical observations rather
than complete analytical criteria [6, 13, 20, 28, 34]. As a result, the precise mechanism by which
cross-diffusion and cross-advection reshape stability regions, modify neutral stability boundaries, and
generate distinct instability frontiers remains poorly understood. This gap is particularly important
because cross-interactions may destabilize constant equilibrium solutions even when the corresponding
reaction system is locally stable and self-transport alone cannot trigger instability under standard
assumptions.

Motivated by this gap, this study develops a general analytical framework for examining stability
and instability induced by cross-diffusion and cross-advection in a coupled reaction-advection-
diffusion system on an infinite spatial domain. Hereafter, the reaction-advection-diffusion system
incorporating cross-diffusion and cross-advection is referred to as the RADCDCA system. The analysis
is formulated in terms of the reaction Jacobian, diffusion matrix, and advection matrix, which combines
normal-mode decomposition with the Routh-Hurwitz criterion for complex characteristic polynomials
and the critical neutral curve method [5, 38]. Within this setting, explicit stability conditions and
instability boundaries are derived to determine when a constant equilibrium solution remains stable
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and when it loses stability through transport-induced mechanisms. The results clarify how cross-
diffusion can initiate destabilization, how cross-advection can either preserve stability or reshape
the unstable region, and under which kinetic sign structures asymmetric cross-advection alone may
generate instability even in the absence of cross-diffusion. As a concrete illustration, a predator-prey
model is employed to demonstrate how the general stability framework can be used to assess the impact
of cross-diffusion and cross-advection on the robustness of a constant coexistence solution and on the
possible emergence of spatially structured dynamics in the ecological RADCDCA system.

Building on this framework, the main contribution of this study lies in clarifying the distinct roles
of self-transport and cross-transport mechanisms in the stability structure of the general RADCDCA
system, by explicitly separating the effects of self-diffusion and self-advection from those of cross-
diffusion and cross-advection and identifying how each class of transport terms enters the dispersion
relation and shapes instability boundaries in parameter space. The remainder of this paper is organized
as follows. Section 2 presents the generalized RADCDCA system on an infinite spatial domain and
determines their constant equilibrium solutions. Section 3 develops the linear stability analysis and
derives the corresponding Routh-Hurwitz stability criteria. Section 4 examines the instability regions
in the parameter space induced by cross-diffusion and cross-advection mechanisms, analyzed through
the critical neutral curve method. Section 5 applies the theoretical results to a predator-prey model and
examines their consistency with numerically observed spatiotemporal dynamics. Finally, Section 6
concludes the paper.

2. RADCDCA system on an infinite spatial domain

In the following, we consider the general formulation of a coupled RADCDCA system on an infinite
spatial domain

ou @ v ou ov

E_d“a2+d12@—a“a—alza+}7(1/{,\/), XER,IZO,
v 0u 0% ou v 2.1
EZdzlﬁ-i-dzz@—azla—agza-l-()‘(u,\/), XGR,IZO, ( )

u(x,0) = up(x), v(x,0)=vy(x), x€R,

where R = (—o0,00). Here, we assume that all diffusion coefficients d;; > 0 and all advection
coeflicients a;; > O for i, j = 1,2. Self-diffusion connects the flux of a component with its own
concentration gradient, while cross-diffusion connects the flux of the component with the concentration
gradients of other components [25]. Self-advection refers to the movement of a substance due to its
own concentration gradient, while cross-advection refers to the movement of one substance due to the
concentration gradient of another [41]. Based on basic thermodynamics and Fick’s rule of diffusion,
we assume that dy;d>; — d2dy; > 0 and that the self-diffusion coefficient is always larger than the
cross-diffusion coefficient. These conditions ensure normal ellipticity of the diffusion operator and
describe a physically relevant regime in which self-diffusion dominates repulsive cross-diffusion. Both
self-advection and cross-advection are predicated on the idea that a;;a,; — ajpas; > 0. This is due to
the fact that in a particular system, self-advection predominates over cross-advection. The functions
F(u,v) and G(u, v) in system (2.1) are called the reaction functions.

One approach to understanding the behavior of the system solutions is to examine solutions that are
independent of both time and space, hereafter referred to as constant equilibrium solutions. Let (u,, v,)

AIMS Mathematics Volume 11, Issue 9, 27791-27825.



27794

be a constant equilibrium solution for system (2.1) in general. Clearly, (u,,v.) is also an equilibrium
solution for the system of ordinary differential equations (ODEs)

d

ZoF (u,v),

dt 2.2)
d_v =G(u,v)

dt T

For simplicity, we denote by F,, F,, G,, and G, the first-order partial derivatives of F' and G at the
constant equilibrium solution (u,,v.). The constant equilibrium (u,,v.) of the ODE system (2.2) is
asymptotically stable if and only if the Jacobian matrix

F, F,
-(¢ ]

satisfies the Routh-Hurwitz criterion (see Theorem 3.4.71 in [12]), namely
Tr(J)=F,+G,<0, det(J)=F,G,-FG,>0. (2.3)

Equivalently, all eigenvalues of J have negative real parts. Under the assumption F,G, < 0, which
implies antagonistic cross interactions between the two components, the sign configurations of the
Jacobian entries compatible with condition (2.3) reduce to the following three cases:

(A) F,<0,G,<0,and F,G, <0,
B) F,<0,G, >0,and F,G, <0,
(C) F,>0,G,<0,and F,G, < 0.

Condition (A) was investigated by [14,43] in a predator-prey model with F(u,v) = u(a — u — m;v) and
G(u,v) = v(b + myu — v). Conditions (B) and (C) are found in the activator and inhibitor model in a
biological system [2,7,9,17,24].

3. Linear stability analysis

More formally, we analyze the local stability of the nonlinear RADCDCA system (2.1). We
consider a small pertubation (i, V) of the constant equilibrium solution (u,, v,) and substitute

U=u,+i, v=v,+7"v, (3.1

into system (2.1). The linearization of functions F'(u, v) and G(u, v) at the constant equilibrium solution
(u., v,) 1s approximated using Taylor series. Thus, we obtain the linearization of system (2.1) as

oW O*w OwW
MW _ DI A L w,
ar  Caae fax TV (3.2)

w(x,0) = wo(x),

(9w_‘3—”;‘ ’w 327'3 6w_%
e (2 ) e T &) oax \2)
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dy dp ( ay an ) ( F, F, )
D = 9 A = 9 J = b
( dy dx ) ay ax G, G,

uo(X) — u, )

Vo(X) — Ve

and

wo(x) = (

One can characterize the local behavior of w(x, r) through its spatial Fourier modes W(k, r) defined
over the domain x € R. In particular, let W(k, ¢) be the Fourier coefficients of w(x, ) satisfying

1 .
w(x, 1) = > W(k, e dk, (3.3)

keR

where R is the set of real numbers, k denotes the wavenumber, and i = V—1. The wavenumber £ is a
positive real number.
By using a Fourier transform for an infinite domain, we obtain the linear system

aa_‘?, = (=DK* — ikA + JYW(k, 1). (3.4)

The following theorem provides the solution of the linear system.

Theorem 3.1. Given a linear system

AW
= MW,
dt g (3.5)
W(0) = W,

where Wy, W € R? and My = —Dk* —ikA +J is a 2 x 2 matrix. Then, system (3.5) has a unique solution,
W(t) = WoeM k e RY. (3.6)

Proof. Equation (3.4) is an ODE system. For a fixed value of k, Equation (3.4) is rewritten as

dW
— = (=Dk* — ikA + HW, (3.7)
with the initial condition
W) = W,, (3.8)
The solution of system (3.7) is
W) = Ke(—Dkz—ikA+J)t’ (3.9)

with arbitary constant K. Considering the initial value problems (3.8), we obtain
W, =K.
In other words, the initial value problems (3.7) and (3.8) have a unique solution, namely
W() = Woe'

where M, = —Dk*> — ikA + J and k € R*. O
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For each fixed k, Equation (3.4) represents a time-dependent system of ODEs with complex
coeflicients. We begin the stability analysis by linearizing the system, as stated in the following lemma.

Lemma 3.2. Consider the linearization of the RADCDCA system (3.2) and the characteristic equation
|AI = (~Dk* — ikA + J)| = 0. (3.10)

1. The constant equilibrium solution of system (3.2) is asymptotically stable if all roots of the
characteristic polynomial (3.10) have a negative real part for every positive real number k.

2. The constant equilibrium solution of system (3.2) is unstable if there exists a root of the
characteristic polynomial (3.10) with a positive real part for some positive real number k.

In Lemma 3.2, we emphasize that verifying the stability criteria requires solving an infinite sequence
of characteristic equations with complex coefficients as given in (3.10). Explicit analytical conditions
can generally be derived only in certain special cases. To analyze the linear stability of (u,,v,.), we
introduce the matrix

I IR
Me=( e ek G ko ) a1
The characteristic equation of the matrix M is given by
A = (p1 +ign)A + (po + iqo) = 0, (3.12)
where
P =T —Tpk%, gy = —Tak, po=A;— (Mg +Tp)k> + Apk?, qo = Tapk® — Task, (3.13)
with

77 =F,+Gy,,Ta=an +an,7p =dy +dn,\; = F,G, - F,G,,
Ayq = anayn —anax, Ap = dndy — diday, 7py = dpF, — dy F, — dipG, + dG,, (3.14)

Tas = ankF, —an b, — anG, + anG,, Tap = andi — axndiy — anda + andy.
We investigate the linear stability of the constant equilibrium solution (u,, v.) by means of the Routh—
Hurwitz criterion for complex polynomials (see Theorem 3.4.68 in [12]). We start by separating the
real and imaginary components of the coefficients of the characteristic equation (3.12) and obtain

Pr(A) = =22 + q A+ py and p;(1) = —p, A+ qo. Second, we generate a 4 X 4 Hurwitz matrix using real
and imaginary components of the characteristic equation (3.12), which is

0O -pr q@ O

-1 ¢ po 0

H = . 3.15
0 0 -pi qo (3.15)
0 -1 q1 Do

Next, we define the even-order principal minors of the matrix H,

0O -
Al(k):‘_l o '=—p1, (3.16)
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0 -p1 q 0

|- ¢ po O
Aalk) = 0 0 -p1 qo
0 -1 a1  Po

According to the Routh-Hurwitz criterion for polynomials with complex coeflicients, all roots of the
characteristic equation (3.12) have a negative real part for every positive real number k if and only if
the even-order principal minors of the matrix H are positive. Based on the principal minors (3.16) and
(3.17), Ay (k) > 0 if p; < 0 and Ay(k) > O if popT + pi1qiqo — g > 0. Therefore, we can conclude that
all roots of the characteristic equation (3.12) have Re(4;,) < 0 if and only if they satisfy the condition

= POP% + 19190 — 61(2)- (3.17)

p1 <0and p%po + P19190 — q(z) > 0. (3.18)

Based on the Routh-Hurwitz criterion for the characteristic equations (3.12), we obtain the results
presented in the following lemma.

Lemma 3.3. Given characteristic equations with complex coefficients (3.12). Then, we have the
following results:

1. If py < 0 and pipo + p1g190 — g5 > O, then all roots of the characteristic equation (3.12) have
negative real parts for all k.

2. If p% Po+P19190 — qg = 0, then there is a root of the characteristic equation (3.12) whose real part
is zero for some k.

3. If pr = 0o0r pipo+ piqiqo — qi < O, then there exists root of the characteristic equation (3.12)
that has positive real part for some k.

Now, we use Lemma 3.3 to analyze the linear stability of the constant equilibrium solution (u,, v,)
with po, p1, qo, and g; in (3.13) and (3.14). Based on the assumption that 7, > 0, the condition
p1 = 75— 1pk? < 0 holds whenever 7; < 0. The second condition for the constant equilibrium solution
to be asymptotically stable is p?py + pi1qiqo — g5 > 0 for p; < 0.

Lemma 3.4. For p; < 0, inequality p%po + p19190 — q(z) > 0 has a solution gy € R if and only if
q% +4py > 0.

Proof. For p; < 0, the term p% Po + P19190 — qé can be written as a quadratic function of gy, namely
f(qo0) = —q3 + P1g190 + pipo. The coeflicient ¢ is —1, so the curve f(go) is a parabola that opens

2
downward with maximum value f(g;) = %(q% +4po) at g, = B, If there is gy with f(go) > 0, then
automatically f(g;) > 0. Since pj > 0, we must have g7 + 4py > 0. If g7 + 4po > 0, then f(g;) > 0.
Since f(go) is continuous and reaches a positive maximum at g;, there exists an open interval around
g, with f(go) > 0. The equation f(go) = 0 has two solutions, namely

P1g1 £ | P(gT + 4po)

qo = >

Since p; < 0, then the g, that satisfies inequality f(go) > O lies between g, and g; with

pi(q1 + \J&* +4po)
qo =

Pi(q1 — J4* +4po)
: .

2

and g; =

O
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Now, we consider py, po, g1, and go in (3.13). Since 7 > 0, then the condition p; < 0 is satisfied for
7; < 0. From Lemma 3.4, the necessary and sufficient condition for the inequality p}po+piq1go—qg > 0
is ¢7 + 4po > 0. The condition g7 + 4py > 0 can be written in the form

1
Apk* — (Ay - ZTE‘ +1p)k* + Ay > 0. (3.19)

Lemma 3.5. Assume that Ap > 0 and A; > 0 hold. Inequality (3.19) holds for all k € R* if and only
if one of the following condition is satisfied:

1. Ay — iTi + Tpy < 0, or
2. Ay — iT{i + Tpy > Oand(AA - %Tﬁ +TDJ)2 _4ADAJ <0.

Proof. By substituting « = k* > 0, Inequality (3.19) can be reduced to the quadratic inequality
1
f(K) = ADK2 - (AA - ZT% + TDJ)K+ AJ >0

for all k > 0. Since Ap > 0 and A; > 0, the parabola f(«x) opens upward.

1. Since Ap > 0 and A; > 0, the product of the roots x1x» = A;/Ap > 0, and it follows that both
roots of the equation f(k) = 0 have the same sign. When A, — iri + Tpy < 0, the sum of the
roots k1 + ko = (A4 — %Tﬁ + 7py)/Ap 1s negative. Therefore, both roots must be negative. Thus,
the curve f(x) does not intersect the «x-axis, and f(«) > O for all « > 0.

2. If Ay — i‘l’i + 7py; < 0, then the minimum point occurs at k* = %’?Tw < 0 provided Ap > 0.
Thus, the minimum of f(k) lies to the left of k = 0. Consequently, the function f(«) is strictly
increasing for k > 0. In other words, we obtain min,-o f(k) = A; > 0. For A4 — ‘—1173‘ +71py > 0,

the parabola f(k) reaches its minimum
* 1 2 2
J&) =—(As— il Tps)” +4ApA,

AA_sz"'TD_]
o 4'A
at k" = AL

and f(x*) > 0.

. Since A4 — iTi +7py > 0and (A4 — iTi + TDJ)2 —4ApA; < 0, then k* > 0

O

According to Lemma 3.2-3.5, we summarize the results of this linear stability analysis of the
constant equilibrium solution in the following theorem.

Theorem 3.6. We have matrices D, A, J defined as
dy dp ) ( ap ap ) ( F, F, )
D= , A= ,J = .
( dy dp az dx» G, G,

where d;j > 0, a;; > 0 for i, j = 1,2, and po, p1,qo,q:1 in (3.13) and (3.14). The constant equilibrium
solution (u,,v,.) of the RADCDCA system (2.1) is asymptotically stable if and only if

7;<0, Ay>0, (3.20)
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and one of the conditions

1
Ay — ng +71py <0, (3.21)
or
1 2
AA - ZTA + Tpy > 0, (322)
1
(As — Zri +7py)* —4ApA; <0 (3.23)

is satisfied for every positive real number k.

Theorem 3.6 shows that a constant equilibrium solution that is stable for the ODE system remains
stable after diffusion and advection are introduced, provided that conditions (3.20)-(3.21) or (3.22)-
(3.23) with 7, < 0 and A, > 0 hold. When k£ = 0, these conditions reduce to the linear stability
condition of the ODE system (2.2), whereas instability may emerge only if they fail for some nonzero
wavenumber. Moreover, we examine the particular case of system (2.1) in the absence of cross-
diffusion (d, = d>; = 0) and cross-advection (a;; = a; = 0).

Corollary 3.7 (RD system). Ifdj; = dy; =0, ay;y = axn = a;; = axy = 0, and condition (A) holds, then
the constant equilibrium solution (u,,v,.) of system (2.1) is asymptotically stable.

Proof. Since F, <0,G, <0, and F,G, <0, then 7; < 0and A, > 0. Next, we substitute di, = dp; =0
and a;; = ax» = app = ax = 0into Ay — }trf‘ + Tpy and obtain d F,, + d»G,. Based on the assumption,
we getdy F, +d»G, < 0. So, the condition (3.20) is satisfied. According to Theorem 3.6, the constant
equilibrium solution is asymptotically stable. O

Corollary 3.8 (RAD system). If di; = dyy = 0, a;p = ax = 0, and condition (A) holds, then the
constant equilibrium solution (u,,v,.) of system (2.1) is asymptotically stable.

Proof. Using the same method as in the Corollary 3.7, we obtain 7, < 0, A; > 0, and

1 1
Ay — ZTi +Tpy = _Z(all - 6122)2 +dF, +dp»G, <0
which satisfies condition (3.20). From Theorem 3.6, the constant equilibrium solution (., v,) of system
(2.1) is asymptotically stable. O

After deriving the conditions that guarantee the asymptotic stability of the constant equilibrium
solution, it is natural to consider the complementary case in which these conditions do not hold. Viewed
in this way, Theorem 3.6 also identifies the threshold separating stability from instability, and the
following result describes the corresponding instability of the RADCDCA system.

4. Instability induced by cross-diffusion and cross-advection

In the RADCDCA system (2.1), a transport-driven instability mechanism arises when a constant
equilibrium solution remains asymptotically stable in the absence of diffusion and advection, yet
loses its stability once transport effects are incorporated into the system. To investigate this transition

systematically, we examine the respective roles of self-diffusion, self-advection, cross-diffusion, and
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cross-advection within the general RAD framework. As established in Lemma 3.3, the real parts of the
eigenvalues Re(1; 5(k)) depend on the algebraic expression pipo + piq1qo — g5, whose sign cannot be
determined directly owing to its intricate dependence on the model parameters and the wavenumber k.
Consequently, a more systematic spectral criterion is required to detect the onset of instability and to
characterize the precise conditions under which it occurs. To this end, we employ the critical neutral
curve method, supported by the following zero-point theorem introduced in [24].

Lemma 4.1. [24] The requirement that Re(1,,(k)) > 0 for some wavenumber k is equivalent to the
existence of at least one solution of the equation Re(Ad,,(k)) = 0 with respect to k. Conversely, if
equation Re(A, »(k)) = 0 admits no solutions, then Re(1,,(k)) < 0 holds for all k.

By virtue of Lemma 4.1, determining whether instability occurs reduces to investigating the
solvability of Re(4;,(k)) = 0 with respect to k. Applying Lemma 3.3 and carrying out straightforward
calculations, this condition yields the following critical equation:

PiPo = 95 — P1q14o- 4.1)

Equation (4.1) defines the neutral curve that separates the stability and instability regions in parameter
space. If Equation (4.1) admits at least one real solution with respect to k, then there exists a
wavenumber for which Re(4;,(k)) > 0, and the constant equilibrium is therefore unstable. Conversely,
if Equation (4.1) has no real solution, the equilibrium remains asymptotically stable for all k. The
resulting neutral curves provide a rigorous framework for delineating the parameter regimes in which
the constant equilibrium transitions from asymptotically stable to unstable.

To analyze the instability mechanism in a structured and progressive manner, we organize the
investigation into four cases of increasing generality. We begin by examining whether self-diffusion
and self-advection alone are sufficient to induce instability, and subsequently introduce cross-diffusion
and cross-advection to assess their individual and combined contributions. Each case is analyzed by
determining whether the associated neutral curve equation admits real solutions, thereby identifying
the transport mechanism responsible for destabilizing the homogeneous equilibrium.

We first examine the stability properties of the RAD system under the assumption that cross-
diffusion and cross-advection effects are absent, that is, dj» = d»; = 0 and a;», = a;; = 0. Under
these conditions, the RAD system reduces to the following form:

2
‘Z‘ 11% - au% +Fuw,v), xeR,120,
2

% = 22% - 6122% +G(u,v), xeR,t>0, (4.2)

u(x,0) = up(x), v(x,0)=vp(x), xeR.

This case serves as a necessary baseline. Should self-diffusion and self-advection prove insufficient to
destabilize the constant equilibrium solution (u,, v.), any instability observed in subsequent cases must
be attributed exclusively to the cross-transport terms. The following theorem establishes the stability
properties of the RAD system (4.2).

Theorem 4.2. If di, = d»y = a1, = a1 = 0 and condition (A) hold, then the constant equilibrium
solution (u,,v,) of RAD system (4.2) is asymptotically stable. That is, self-diffusion and self-advection
alone do not induce linear instability in the RAD system.
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Proof. To analyze the linear stability of the RAD system (4.2), we use Lemma 4.1 and Equation (4.1).
By (4.1), we evaluate

pipo = (—(di +d22)k2+(Fu+Gv))2(Fqu—FvGu—(61116122—61126121+d11Gv+d22Fu)k2+d11d22k4) (4.3)

and

g — P1q1go =((@ F, + anG, )k — (aydy + and DY = (= (diy + dp)k* + (F, + G,))

3 “4.4)
(an + azz)k((aan + anG )k — (ay1dxy + and))k )

Next, we evaluate (4.3) and (4.4) by adding the term (a;; + a»)k*( — (d; + dx)k* + (F, + GV))2 to both
equations and substitute them into (4.1), so that we obtain

(F,+ G, — (dy + dn)k*)*(-F,G, + (F, — d11k*)(G, — dnk?)) =k*(a); — an)*(F, — d\1k*)
(=G, + dnk?).

Since F, < 0, G, < 0, and F,G, < 0, then (F, + G, — (d} + d»n)k*)*(-F,G, + (F, — d\,k*)(G, —
dyk?)) > 0 and k*(a;; — axn)*(F, — d1k*)(=G, + dyk®) < 0, which contradicts (4.1). According to
Lemma 4.1, since the equation Re(4;,) = 0 has no solution, then Re(1,,) < 0 for all k. Referring to
Lemma 3.3, the analysis demonstrates that the constant equilibrium solution of the RAD system (4.2)
is asymptotically stable. In other words, self-diffusion and self-advection in the RAD system does not
induce instability. O

The conclusion of Theorem 4.2 is illustrated by the dispersion relations in Figure 1.

Re(A(k))

—~104

—124

— dn =005, dn=05
dy =010, dz; =10
11— du=020, an=15
—— d11 =030, d»=20

—144

161

0.0 0.5 10 15 2.0 2.5 3.0 35 4.0 0.0 0.5 1.0 15 20 25 30 35 4.0
k k

(a) Variation d1, dy; with a;; = 0.2, a» = 0.3 (b) Variation a1, ax, withd;; =0.1,d» =1
Figure 1. Plot of Re(4, »(k)) versus k with F, = =0.5, G, = -0.6, F, = 1.2, and G, = —1.

In Figure 1(a), Re(4,(k)) 1s plotted for several pairs of self-diffusion coefficients (d;, d,,) with
fixed a;; = 0.2 and ay, = 0.3, and all curves remain strictly negative for every wavenumber k& > O.
Figure 1(b) shows Re(4,,(k)) for different self-advection coefficients (a1, as;) with d;; = 0.1 and
dy, = 1, and again the real parts are negative for all k. Thus, neither varying self-diffusion nor self-
advection produces an unstable band of wavenumbers, and no neutral curve arises in this setting.
Consistent with Theorem 4.2, the constant equilibrium remains asymptotically stable, so any transport-
driven instability in the full RAD system must originate from cross-diffusion or cross-advection. For
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condition (A) with G, = 0, this result coincides with Theorem 3.4 in [24] and agrees with Corollary 3.8
as a special case of Theorem 3.6, thereby justifying the use of the RAD system without cross terms as
a stable reference for the subsequent analysis.

Having established that self-diffusion and self-advection alone do not generate any unstable spatial
modes, we now investigate whether the introduction of cross-diffusion can destabilize the constant
equilibrium solution. In the case of cross diffusion being present, but cross advection remaining absent;
this configuration is further referred to as the RADCD system. With dy,,d,; # 0 and a;, = ax; = 0, the
system (2.1) reduces to the RADCD system

ou 0u 0% ou

E:d11@+d12@—ana+F(u,V), xeR,t >0,

ov 0’u 0% ov 4.5
E:dﬂ@'i‘dzz@—azzaﬁ'(;(u,\/), XGR,IZO, ( )

u(x,0) = up(x), v(x,0)=vo(x), xeR.

The corresponding neutral curve provides a natural framework for determining the onset of cross-
diffusion—driven instability, as stated in the theorem below.

Theorem 4.3. Let k* be the critical neutral point. If a;; = a1 = 0 and condition (A) hold, then
the cross-diffusion-driven instability condition for the constant equilibrium solution (u.,v.) of RADCD
system (4.5) is given by

d21 > 6221(]{*) when d12 = O( or dlz < Czlg(k*) when d21 = O)
for the case F,, < 0 and G, > 0,
d21 < C?gl(k*) when d12 = 0( or d12 > le(k*) when d21 = O)

for the case F, > 0 and G, < 0. The constant equilibrium solution (u,,v.) of RADCD system (4.5) is
asymptotically stable when

dyy < day(K*) when dy, = 0( or diy > di2(k*) when dy; = 0)
for the case F, < 0 and G, > 0,

dyy > dyi (k") when diy = 0( or dyp < di2(k*) when dy; = 0)
for the case F, > 0 and G, < 0.

Proof. By applying an analytical approach similar to that used for RAD system in Theorem 4.2, we
derive the condition Re(4; »(k)) = 0. By simple algebraic manipulation, we obtain

popo =(— (dy1 + dp)k> + (F, + G))(F.G, - F,G,

) 4 4.6)
— (anax — apay +dnG, + dnF, — dixG, — dy F)k™ + dy1dank™)
and

Clé — p1g190 =((an Fy + anG )k — (ady + azzdll)k3)2 —(—(dn + dzz)k2 +(F,+G)))

| 4.7)
(a1 + an)k((a Fy + anG,)k — (andxn + and k).
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Next, we substitute (4.6) and (4.7) into (4.1) and simplify the resulting expression to obtain

(Fu + Gv - (dll + d22)k2)2(Fqu - FvGu - (dQZFu + d]le - dZIFv - d12Gu)k2

4.8)
+(dy1dan — d12d21)k4) = k2(6111 - 6122)2(Fu - dllkz)(_Gv + dzzkz)-

Since we assume that F,, < 0, G, < 0, F,G,—F,G, > 0, and d,;d» —d2d>, > 0, then k*(a;, —axn)*(F,—
di1k*) (=G, + dnk*) < 0and (F, + G, — (dy; + d»)k*)* > 0.
Using simple calculations for (4.8), we obtain the neutral curve

( (F — dnk*) (=G, + dnk*) (a1 — an)*k* + (F, + G, — (di1 + dzz)kz)z)

dr (k
21(k) = F.(F, + G, — (dy + dx»n)k?)?

when di, = 0 and

(F, — duk®) (=G, + dnk®) (a1 — an)*k* + (F, + G, — (d11 + dxn)k )2)

dia(k) = ( Gu(Fy + G, — (dy) + d)k2)?

when d»; = 0. For all wavenumbers k, the trace of the linearized system satisfies F,+G,—(d; +d»)k* <
0. Moreover the asymptotic behavior near the singular point and at large wavenumbers is given by
dy (k) ~ ~7 k2’ dip(k) ~ ey k2 for k — 0 and d, (k) ~ —d“d”k2 dip(k) ~ %lg for k — oo.

For the case F, < 0 and G, > 0, d»;(k) — oo and dlz(k) — —oco as k — 0 and k — oo. Since dy(k)
and d,,(k) are continuous on (0, o), d,;(k) attains a global minimum at some k* > 0. Moreover, the
two neutral curves are not independent. Since F\,d,;(k) = G,d,(k) for kK > 0, then Zzgg = g— Because
F,/G, < 0, the global minimum of d,;(k) corresponds to the global maximum of d;,(k) at the same
wavenumber k* > 0. We denote these critical values by d,;(k*) and d,(k*). If dy; > d» (k") when
di» = 0 ordy, < d»(k*) when d»; = 0, then the system admits neutral points, and instability may be
induced by the cross-diffusion term. If dp; < d>1 (k") when dy, = 0 or dy, > dj(k*) when dy; = 0, then
no neutral points arise and the cross-diffusion term does not induce instability.

For the case F, > 0 and G, < 0, dy;(k) > —oo and di(k) —» o ask — 0 and k — co. Since
F,/G, < 0 still holds, the identity 5223 = g again implies that both extrema occur at the same
wavenumber k* > 0. In this case, d,(k) attains a global maximum, whereas d,(k) attains a global
minimum at k*. If doy < doy(k*) when dj, = 0 or dy» > dp(k*) when dy; = 0, then there exist
neutral points, and the cross-diffusion term can induce instability. If d»; > d»(k*) when dj, = 0 or
dy» < dyp(k*) when dy; = 0, then there are no neutral points and the cross-diffusion term does not

induce instability. o

Theorem 4.3 identifies the critical cross-diffusion thresholds at which the constant equilibrium
solution (u,, v.) changes its stability, where the sign of F,G, determines the direction of the threshold
inequality and the side of the neutral curve associated with instability. We therefore deduce that cross-
diffusion serves as the sole destabilizing mechanism in system (4.5), capable of inducing instability
in an equilibrium that is otherwise asymptotically stable in the absence of cross-diffusion. This
phenomenon is hereafter referred to as cross-diffusion-driven instability. The neutral curves d5(k) and
di»(k) are derived by setting (4.1) from the linearized dispersion relation of M) with a;, = a;; = 0 and
define the critical boundaries in cross-diffusion parameter space displayed in Figure 2. The gray-shaded
region enclosed between these curves constitutes the cross-diffusion-driven instability region, where
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spatial perturbations grow exponentially. Notably, this mechanism cannot arise in the absence of cross-
diffusion, since the constant equilibrium solution remains asymptotically stable when dy, = d>; = 0. In
Figure 2(a), instability requires negative d;(k) and positive d,(k), reflecting a configuration in which
the cross-diffusion coeflicients bear opposite signs consistent with the condition F,G, < 0 established
in Theorem 4.3. In Figure 2(b), it exhibits a mirror-symmetric instability zone requiring positive dy; (k)
and negative d;,(k) in direct accordance with the reversal of the sign of F',G,. The critical neutral point
k* identifies the wavenumber at which the minimum cross-diffusion magnitude sufficient to destabilize
the equilibrium is attained.

40

-40

@F,>0,G,<0 b)F,<0,G,>0
Figure 2. The neutral curve of d»;(k) and d;,(k).

With Theorem 4.3 and the simulation in Figure 2, we obtain the following results.

Corollary 4.4. Assume that d;; > O for i,j = 1,2 and condition (A), (B), or (C) is satisfied. If
0 < dyy < dyy(k) for the case F, > 0and G, < 0, dy; = 0and 0 < dy; < dy((k); for the case F, < 0 and
G, > 0, di, = 0, and then the constant equilibrium solution (u.,v,) is unstable where the instability is
induced by cross diffusion.

Accordingly, the following corollary provides a direct consequence of Theorem 3.6. It specifies the
algebraic thresholds for dy, and d,; that mark the transition from the stable homogeneous regime to the
cross-diffusion-driven Turing instability region, where spatially heterogeneous structures are expected
to develop.

Corollary 4.5. The condition for cross-diffusion-driven instability of the constant equilibrium solution
to the RADCD system (4.5) is given by

F,+G,<0, FG,-FG,>0, 49
didy — diady >0, (4.10)

1
—1(6111 —an)’ +dnF,+d\G, —dyF,—dG, >0, (4.11)
1 2
( - 1(6111 —ap)’ + dpF, +dnG, — dy F, - dlZGu) - 4(F.G, — F,G)(dndxn — dindy) > 0. (4.12)
Under the conditions of the preceding corollary, the onset of cross-diffusion-driven instability can
be further interpreted in terms of the geometry of the cross-diffusion parameter space. The following

theorem establishes the existence of an unbounded instability region US; in the (d, d,;)-plane.
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Theorem 4.6. Assume that assumption (4.9)-(4.12),F, <0, G, <0, and F,G, < 0 hold. If d\,d,, # 0,
then for fixed d, dy,, there exists an unbounded region US | in the (d\», d»1)-plane, defined by

1
US| ={(d2,d2) € R" XR" : dppF, + d\,G, — dy F, — d1,G, >Z(011 - 022)2

+2 \/(Fqu - F\G)(d\1dy — di2d>)},

such that for any point (dy,,ds) € US 1, the constant equilibrium solution (u., v,) with respect to (4.5)
is unstable.

Proof. Based on the assumption that Ap = dy1dx — di2day > 0, we have dy1dy, > dixdy;. Therefore,
(dy1,d») lies in the region between the two hyperbolic components dy,d,; = dy1dy. To show cross-
diffusion-driven instability, we must have

1
(dy1dy — d12d21)k4 - (_Z(all - Clzz)2 +dpyF, +dnG, —dpnG, - dlev)k2 +((F,G, - F,G,) <0
for some k. So, we obtain condition (4.11) and (4.12). Set

1
H(dy,dy ) = - Z(all - 022)2 +dnkF, +dnG, —dyF, - dnG,

1 2
L(dlZ» d2l) :< — Z(all — a22)2 + dZZFu + d“Gv _ dZIFv _ dlZGu) (413)

- 4(Fqu - FvGu)(dlleZ - d12d21)-

and i = _i(all —an)* +d\ G, + dnF,.

We show that H(d»i,d;») = 0 defines a line in the (d,;,d;,)-plane and this line is tangent to the
hyperbola dy d», = dj»d>;. Moreover, the line H(d,,d;) = 0, the hyperbola L(d»,d;;) = 0 and
the hyperbola dy,d>; = d;1d,; intersect at exactly the one common point in the (d,;, di;)-plane. Let
0 =dyF,+d,G,and ¢ = dy F, — d,G,. Then, we have

0-¢& 0+&
dip= 5= dy = o 4.14
272G, 1T OF, (4.14)
By substituting (4.14) to (4.13), we get
Ay 2 Ay 2 2
(1+ FvGu)e + 200 = o = ddudny 4 = 0. (4.15)
Furthermore, we have A, = F,G, - F,G, > 0, F, < 0, G, < 0, and F,G, < 0. Then, FA(J; <o
1+ FAC’; = % < 0. Equation (4.15) can be rewritten as
F.Gy, F.G, v —=A; ., A
- + = - +4 Ay 4.1
F.G, (9 Fqun) FVGf Uyey diidnA (4.16)

Observe that the right-hand side of (4.16) is positive, so the equation L(d,;, d1,) = 0 defines a hyperbola
in the (d, d»)-plane. Furthermore, if (d»1,d)>) is on the hyperbola di,d,; = dy1dy, L(d>y,d12) = 0 if
and only if n—dy F, —d»G, = 0. So, the hyperbola dy,d,, = dyd»,, the hyperbola L(d,;, d;») = 0, and
the line n — d> F, — d1»,G, = O intersect at one point in the (d,;, di,)-plane.
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Therefore, we derive the inequality

1
d22Fu + dlle - dZIFv - dlZGu > Z(all - 022)2 +2 \/(Fqu - FvGu)(dlleZ - d12d21)-

by taking the positive square root of the condition L(d,;, d2) > 0. This result follows from the positivity
of H(d»1,d>) > 0 and the fact that (d»;,d;,) lies outside the hyperbola, as confirmed through direct
calculation. O

Theorem 4.6 shows that cross-diffusion-driven instability occurs in an unbounded region of the
(dy1,dy2)-plane. Hence, the constant equilibrium solution becomes unstable whenever (d,;, d;) lies
in US,. As an illustration, the parameter space US| for cross-diffusion-driven instability of RAD
system is given in Figure 3. The boundary of the orange region US,; is primarily by the black
hyperbola dj>d>; = dy1d» and by the blue and red critical curves corresponding to H(d,;,d;) = 0
and L(dy1,d;) = 0, respectively, evaluated at the critical wavenumber k. The comparison between
Figure 3a and 3b reveals that the magnitude and sign of the cross-reaction interactions F, and G,
significantly affect the shape and area of the instability region, even though both still satisfy the
condition F,G, < 0.

a1
30h

258

208

@fF,=-4G,=5 b F,=1,G,=-8
Figure 3. Parameter space US| for cross-diffusion-driven instability of RADCD system.
The paramater values are a;; = 3, ax = 1,dy; = 5,dyp =5, F, = -1, G, = -1, and
F.G,<0.

In Theorem 4.2, we know that self-diffusion and self-advection do not induce instability in the
RAD system (4.2). Meanwhile, we know that cross-diffusion can induce instability for system (4.5)
in Theorem 4.3. Now, we consider the RAD system with cross-advection, hereafter referred to as the
RADCA system

0 0? 0 0
8—?— g _ —u—au—v+F(u,V), xeR, >0,
X

Ov 0% Ou Ov (4.17)
E— ﬁ—QZIEx—(Zzza'FG(u,V), XER,tZO,

u(x,0) = ug(x), v(x,0)=vo(x), xeR,
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for di, = d»; = 0. Next, we analyze the linear stability analysis for the RADCA system for d;; # d»
and a;, # a; and we obtain the following results.

Corollary 4.7 (RADCA system). Ifdj> = d; = 0 and condition (A) hold, then the constant equilibrium
solution (u,,v,) of system (4.17) is asymtotically stable.
Proof. By Theorem 3.6, we have

1

1
Ay — ZTE‘ + Tpy = —apax — é_l(a“ —an)* +d\ F, +dyG, <0.

This inequality follows directly from the assumptions F,, < 0, G, <0, F,+G, <0, and F,G, - F,G, >
0. Consequently, the constant equilibrium solution (u,, v,) of system (4.17) remains asymptotically
stable. m|

Theorem 4.8. Let k* be the critical neutral point. Assume condition (B) or (C), F, + G, < 0, and
F.G, - F,G, >0 hold, di, # dy, and a|, # ay. The condition for cross-advection-driven instability
of the constant equilibrium solution (u.,v,) of RADCA system (4.17) is given by

a, > al,(k*) when ay = 0 or a3, > @3,(k*) when a;, = 0.
The constant equilibrium solution (u,,v,) is locally stable when
a%z < EI%Z(k*) when ay; = 0 or a%l < El%l(k*) when a;, = 0.

Proof. By substituting di, = dp; = 0 into (4.1), we obtain the neutral curve

aiy(k) = ((022 —a)(F, -G, - (d\ — dp)kDk + (F, + G, — (dy; + dy)k?)

1

4G2k?
2

V(=4F,G, + 4F,G, + (a1 — an)k® — 4dy F k> — 4d11G,k* + 4dy1dork?)

when a,; = 0, and

1
a3, (k) :W((azz —ay)(F, -G, - (d| — dp)kk + (F, + G, — (dy, + dxn)k?)

2
V(=4F,G, +4F,G, + (an — an)k® — 4dynF k> — 4d11G k> + 4dy1dnk?)

when aj, = 0. Set

1
4)2
VEAF,Gy + 4F,Gy + (ay1 — an)l® — 4dn F K — 4y G + 4y doal).

Sa(k) = ((6122 —an)(F, -G, = (di1 — dn)k*)k + (F, + G, — (dy) + dn)k?)

Since the conditions (A), (B), or (C), F, + G, < 0, and F,G, — F,G, > 0 hold, then S,(k) > 0 for
all wavenumbers k. A straightforward analysis demonstrates that S,(k) — oo as k — 0 and k — oo.
Therefore, the function S, (k) attains its minimum at k*. If the function S, (k) attains its minimum at k*,
then the corresponding critical neutral point is given by aj,(k*) (or a5,(k*) for the neutral curve a%z(k)
(or a3, (k)). When a3, = aj,(k*) (or a5, = a3,(k")), we obtain Re(4;,(k*)) = 0, thereby identifying
the critical threshold for cross-advection-induced instability of the constant equilibrium solutions. If
a%z > Elfz(k*) (or a%l > a;,(k*)), then neutral points occur and the cross-advection term can induce
instability. If a?, < a},(k*) (or a3, < a3,(k*)), then no neutral point arises and the cross-advection term
does not induce instability. O
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Theorem 4.8 generalizes the cross-advection-driven instability result of [24] (see Theorem 3.5),
which was obtained under d,; = d»,, a;; = a»,, and condition (B) with G, = 0. Theorem 4.8 removes
all three constraints simultaneously and establishes the instability criterion in the fully general setting
diy # dy, a1 # apn, and G, # 0. Figure 4 gives a geometric representation of this generalization
through the neutral curves a?,(k) and a3 (k). The left panel corresponds to the case ay; = 0, while
the right panel corresponds to the case a;; = 0. Each curve exhibits a clear minimum at its critical
neutral point, namely (k},, a},(k},)) and (k,,a3,(k;,)), respectively. Moreover, both minima occur at
the same critical wavenumber, so that kj, = k3,. This common critical wavenumber indicates that the
onset of instability in the two one-sided cross-advection configurations is associated with the same
dominant spatial scale. Hence, the region below each neutral curve represents the cross-advection-
driven instability zone, where the constant equilibrium solution (u,,v,.) loses stability and spatially
heterogeneous patterns may emerge.

: 7
—— a,lk) when a3; = 0 ‘ —— a2,(k) when a;; = 0

o 1 2 3 4 5 o 1 2 3 4 5
k k

Figure 4. Neutral curves for cross-advection-driven instability.

Having established the dispersion-theoretic evidence for cross-advection-driven instability, we now
characterize the parameter space (ai,, a»;) within which such instability occurs. Building on the linear
stability analysis in Theorem 3.6, the following corollary identifies the explicit algebraic conditions
on(as, ay;) under which the constant equilibrium solution (., v,) loses stability, delineating the precise
region in the (ay,, a21)-plane where spatially heterogeneous patterns emerge.

Corollary 4.9. The condition for cross-diffusion-driven instability of the constant equilibrium solution
to the RADCD system (4.17) is given by

F,+G,<0, F.G,-FG,>0, (4.18)

apaxy —apay >0, (4.19)
1
apax — apdx — Z(Clu + 022)2 +dnF, +d,G, >0, (4.20)

1 2
(anan - anan - J(an +an)’ + duFy + duG,) - 4(F,G, = F.G)(dndy = didy) > 0. (4.21)

The onset of cross-advection-driven instability can be interpreted geometrically through the cross-
advection parameter space. The following theorem establishes the existence of an unbounded
instability region US, in the (ai,, a;;)-plane.
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Theorem 4.10. Consider
Hy(a2,a21) = anax — anax — %(6111 +an)’ +dnF, +d\G,,
and
Li(an, ax) = (anan — anax - i(an +ap)’ +dnF, +dnG,)’ — 4(F,G, - F,G,)(d1d»).

If ajyay; # anamn, then for fixed dyy, dy, a1, as, there exists an unbounded region US , in the (ay,, as;)-
plane, defined by

US, ={(a12,a21) € R* XR" : ajjan — anax > 0, Hi(an, ax) > 0, Li(arz, az) > 0}

such that for any point (a,, az1) € US,, the constant equilibrium solution (u,., v,) with respect to (4.17)
is unstable.

Proof. According to the assumption that a,;a,,—a,a; > 0, we have aa,, < a1a;,. The area below of
the hyperbola a,a,; = ay1a;, 1s also located in quadrant I. Next, Hi(a;,,a;;) > 0 is also an area under
the hyperbola ajpaxy = d1G, +drnF, — i(dll - 6121)2. Since —ay,a;; — i(an - Cl21)2 +dG,+dnF, >0,
condition L;(a;,,a,;) can be simplified to

1
apnax < —Z(an —an)* +d G, + dnF, - 2\(F,G, — F,G,)d\d>.

So, US, is the set of positive points (ai,,a»;) that lie below the three hyperbolas. In other words,
USZ # 0 if and only if ajppary < min{allazz, —i(an - (122)2 + dlle + dzzFu, —i(a“ - a22)2 + dlle +
dynF, —2N(F,G, — F,G,)dd>) o

Theorem 4.10 shows that cross-advection-driven instability occurs in an unbounded region of the
(a2, azy)-plane. Hence, the constant equilibrium solution becomes unstable whenever (a;,, a»1) lies in
US, (see Figure 5).

a1
20

a
0.5 1.0 15 20 12

Figure 5. Parameter space US, of RADCA system with a;; = 1, ax, = 2, dy; = 2, dyp = 3,
F,=1,G,=-12,F,=1,and G, = —1.201.
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The shaded domain represents parameter combinations satisfying all analytical conditions for
instability under the combined effects of reaction kinetics, diffusion, and cross-advection. The purple
curve denotes a;1dx —ajdz; = 0, the blue curve denotes H;(ai,, dz1), and the red dashed curve denotes
Li(ay, a). These boundaries characterize the transition between stability regions and spectral regimes
in the parameter space. Their intersections determine an unbounded region in parameter space. Within
this region, the constant equilibrium solution remains stable in the absence of spatial transport, but
asymmetric cross-advection effects destabilize it and thereby induce pattern formation.

Based on Theorem 4.2, self-diffusion and self-advection do not induce instability of the constant
equilibrium solution under the prescribed stability assumptions. In contrast, Theorems 4.3-4.8
demonstrate that cross-diffusion and cross-advection may independently destabilize the system when
they are incorporated into the RAD framework. Motivated by these results, it remains necessary
to examine whether the joint presence of cross-diffusion and cross-advection can destabilize the
equilibrium when the RAD model is generalized to the full RADCDCA framework. To address this
issue, we reconsider the RADCDCA system (2.1).

Theorem 3.6 provides a complete characterization of the linear stability region in which the constant
equilibrium solution (u,,v,) remains stable whenever it satisfies 7, < 0, A; > 0 and one of the two
conditions stated in (3.21) or (3.22)-(3.23). Consequently, if the conditions 7, < 0, A; > 0 continue
to hold while conditions (3.22) and (3.23) become positive, then the stability criteria established
in Theorem 3.6 are no longer satisfied. From a spectral viewpoint, this situation implies that the
characteristic polynomial (3.12) admits a positive real root for some wavenumber k. In other words,
the constant equilibrium solution loses its linear stability. The following theorem states the instability
conditions induced by cross-diffusion and cross-advection, which constitute the logical complement of
Theorem 3.6.

Theorem 4.11. The conditions for cross-diffusion- and cross-advection-driven instability in the
RADCDCA system are given by

Ay >0, Ap>0, (4.22)
7, <0, A;>0, (4.23)
1
Ap— Zrﬁ +7py >0, (4.24)
1
(Ag — =74 + Tpy)* —4ApA; > 0. (4.25)

4

Theorem 4.11 identifies the fundamental conditions under which the RADCDCA system undergoes
cross-diffusion- and cross-advection-driven instability. Under conditions (4.22)-(4.25), the polynomial
(3.19) has two distinct positive roots

5 AA—%Ti+TDJi \/(AA—%TI%‘+TDJ)2—4ADAJ
ki = ,
. oA,

for 0 < k= < k2. Consequently, the polynomial (3.19) is negative for k> < k* < k2, implying that
two eigenvalues have opposite signs. Therefore, one eigenvalue is positive for every k in this interval,
and the constant equilibrium solution is unstable to spatial pertubations. In particular, it shows that the
constant equilibrium solution may lose stability even when the underlying ODE equilibrium remains
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stable, provided that the transport-induced quantities Aa, Ap, 75, Ay, Ay — A—llrf\ + Tpy, and (A, —
175 + Tp)* — 4ApA, satisfy the stated sign conditions. Therefore, the theorem gives an explicit
analytical criterion for detecting instability generated by the combined action of cross-diffusion and
cross-advection.The following is a direct consequence of Theorem 4.11.

Corollary 4.12 (Self-diffusion-driven instability of RD system). Assume that dy; = d»y = 0, a;, =
ay = ax = ay; = 0, and one of the conditions (A), (B), or (C) holds. The conditions for self-diffusion-
driven instability at the constant equilibrium solution (u,,v.) of RD system are given by

F,+G,<0, F,Gv-FG,<O0,
dlle + dzzFu >0,
(d\Gy + dnF,)* - 4dy1d»(F.G, - F,G,) >0.
The condition for instability driven by self-diffusion in Corollary 4.12 that we obtained is the same

as that obtained by [24] (see Theorem 2.1) for condition (A), [32] (see Theorem 2.2) for condition
(B), [22], and [3] (see page 367) for condition (C).

Corollary 4.13 (Cross-diffusion-driven instability of RD system). Assume that a\; = ax, = ax = ay;; =
0, and one of the conditions (A), (B), or (C) holds. The constant equilibrium solution (u,,v.) of RD
system is cross-diffusion-driven instability if

F,+G,<0, F,Gv-FG,<0,

didy — diadsy >0,

diG, + dnkF, —d;pG, — dy F, >0,

(dnG, +dnkF, —dnG, — d21Fv)2 —4(dndy — dipdoy))(F,G, — F,G,) >0.

The conditions for cross-diffusion driven instability in Corollary 4.13 are also the same as that
investigated by [24] (see Theorem 2.3), [32] (see Theorem 2.1), [23] (see Theorem 1), and [37] (see
Theorem 7). Corollary 4.12 and 4.13 are conditions of instability induced by self-diffusion and cross-
diffusion for the RD systems.

The unbounded region US; in the (a;»,d;;)-plane where cross-advection- and cross-diffusion-
induced instability is given in the following lemma.

Theorem 4.14. Consider
1
Hy(aps, din) = —0%2 - 1(6111 - 6122)2 +dpkF, +dnG, —dn(F, +G,)

and
Ly(az,d12) = (Ha(ayo, d12))2 - 4F,G, - F,G,)(d1dy - d%z)-

If apyasy # ayan, diady # didy, din = dyy, and ayx = ayy , then for fixed dy,, dy, a1y, and ay,, there
exists an unbounded region US 3 in the (ai», diy)-plane, defined by

US3 :{((llz,dlz e R* x R+) andaxy — a%z > O, d11d22 - d122 > 0,
Hy(aps, dy) > 0, Ly(an, dyp) > 0}

such that for any point (a», d1,) € US 3, the constant equilibrium solution (u,, v,) with respect to (4.17)
is unstable.
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Proof. We start from the assumption that dy1d» — d?, > 0 and ajjax» — a2, > 0. Since di, = d; and
ap = a1, we obtain d3, < dyydy and a}, < ajjaxn. The inequality d7, < dj1dx is the region below the
line df2 = d\dy, and above the line d;, = 0. Meanwhile, the inequality afz < apjay, is the region to the
left of the line a%z = aj1ay, and to the right of the line a;; = 0. Thus, we obtain the intersection of the
regions satisfying the inequalities dfz < di1dy and a%z < apay, in the form of a rectangle.

Now, we consider the region satisfying the inequalities H,(a2,d;2) > 0 and Ly(ays,din) > O.

Since F, + G, < 0, then Hy(aj,d;) = 0 is an upward-facing parabola with its vertex located at
(O dpFy+d11Gy— L (ay—an)?
> F,+G,

). Since Hy(ay,,d;;) > 0, then inequality L,(ay,,d2) > 0 focuses on the branch

Hy(ap,dp) = 2 \/(Fqu - F,G)(d1d2» — dfz). This shows that the boundary of afz is a function of
dy, or vice versa, as written below:

1
(1%2 = _Z(all - (122)2 + d22Fu + dlle - dlZ(Fv + Gu) -2 \/(Fqu - FvGu)(dlleZ - d%z)

The graph will be a descending parabola or inverted parabola, but curved by the root term that
depends on dj,. Since dy;dy, — dfz — 0 asdp —» Vdidyp and F,G, — F,G, > 0, it follows that

\/(FMGV - F.G)(dndy —d?)) — 0. Because Hs(aj,dy,) decreases with respect to ai,, the term

Hy(ayp,dp) > 2\/(FMGV - F,G)(d1dx» — dfz) describes the region above the root curve (F,G, —

F,G,)(d11d» — d?,) but below the downward-opening parabola. Furthermore, the rectangular region
bounded by the strip dyid», > d}, and ayjax, > a7, intersects with the parabola Hy(ay», dy2) > 0 and the
curve L,(as,dj2) > 0 at one point in the plane (a;;,d);) € RT X R*. O

An illustration of the unstable region US 5 is shown in Figure 6. The purple, black, blue, and red
curves represent the zero-level boundaries a;;a;, — a%z =0, didy»n — dfz = 0, Hy(aj,d;;) = 0, and
Ly(ays,d;) = 0, respectively. These boundaries divide the (a3, d12)-plane into spectrally stable and
unstable subregions.

The stability region consists of parameter values for which all Routh-Hurwitz conditions in
Theorem 3.6 are strictly satisfied, so that the real parts of all eigenvalues of system (3.12) remain
negative for every positive wavenumber k. In contrast, the shaded region US ; represents the instability
domain generated by cross-diffusion and cross-advection. In this region, the constant equilibrium
is stable in the absence of cross-transport effects, but the inclusion of cross-diffusion and cross-
advection violates at least one stability condition and produces eigenvalues with positive real parts. It is
worth noting that, once cross-diffusion (di, = d,;) destabilizes the system, symmetric cross-advection
(a1, = ap;) does not restore stability. Instead, it may amplify the instability and reshape the resulting
spatiotemporal patterns by modifying their direction, intensity, and propagation behavior. Based on
Theorem 3.6—4.14, we obtain the following remark.
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di2
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Figure 6. Parameter space US3; of RADCDCA system with ay; = 4, a» = 4, di; = 5,
dp=6F,=-1,G,=-1,F,=1,G,=-6,d, = dy, and a;, = ay;.

a12

Remark 4.15. Assume that condition (A) holds, namely F, < 0, G, < 0,F,G, < 0, F, + G, <
0, and F,G, — F,G, > 0. Then, the constant equilibrium (u,,v.) is asymptotically stable for the
corresponding ODE system. Moreover, this stability is preserved in the RAD system (4.2) and also in
the RADCA system (4.17). Cross-diffusion may destabilize the constant equilibrium when it acts alone
in the RADCD system (4.5) or interacts with cross-advection in the full RADCDCA system (2.1). The
resulting loss of stability can therefore be interpreted as a cross-transport-induced instability, not as
an instability inherited from the local reaction dynamics.

Under conditions (B) and (C), the situation changes substantially when asymmetric cross-advection
occurs in the RADCA system with a;, # ay; and dy; = d»; = 0. In this case, the off-diagonal advection
terms no longer act symmetrically in the characteristic polynomial (3.12). As a result, the imaginary
contribution to the dispersion matrix may alter the spectral structure and generate instability bands that
do not appear in the symmetric cross-advection setting. Therefore, the sign and degree of asymmetry
of the cross-advection coeflicients play an important role in determining the qualitative dynamics,
including the location and width of unstable wavenumber bands and the possible emergence of wave-
type instability mechanisms. This observation provides the motivation for applying the preceding
theoretical results to a concrete ecological model. In the next section, we consider a predator—prey
system to examine how these stability mechanisms appear in terms of coexistence, species movement,
and pattern formation.

5. Application to predator-prey model
In mathematical ecology, the RAD system provides a more realistic framework for describing
spatial predator-prey dynamics than the classical Lotka-Volterra model. This is because population

movement depends not only on local interactions, but also on diffusion and directed transport. To
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illustrate the theoretical results established above, we consider the RADCDCA system
ou *u v Au dv

E: 11@ +d12@—alla—alza+u(a1—,31u+c1v), xeR,t>0
Ov *u 0*v ou ov 5.1
o =d21@ dzz@—azla—0225‘“/(0/2—,32“—02\’), xeR,t>20 SR

u(x,0) = up(x), v(x,0)=vy(x), xeR.

Here, u(x, t) and v(x, t) denote the spatial densities of prey and predator, respectively. Ecologically, d;
and dy, reflect the natural spatial spreading of prey and predator, while d;, and d,; capture how each
species adjusts its distribution in response to the other species. Meanwhile, a;, represents directed
prey movement caused by predator presence, such as avoidance behavior, and a,; represents directed
predator movement toward prey-rich regions.

The local population dynamics are governed by

F(u,v) = u(ay — piu + c1v) and G(u, v) = v(a, — Bou — cv), 5.2)

where all parameters a, a3, 51, B2, €1, ¢3 are positive. The parameters a; and a, describe the intrinsic
growth rates of prey and predator, while §; and ¢, measure density-dependent competition. The
coeflicient ¢ captures the positive feedback of predators on prey growth, whereas 3, represents the
negative effect of prey on predator growth. Thus, this non-classical predator—prey model is useful
for analyzing how transport interactions affect the stability of the constant equilibrium solution and
generate pattern formation.

Before we analyze spatial dynamics such as linear stability and pattern formation, the fundamental
step is to identify constant equilibrium solutions that are independent of both space and time. Thus,
system (5.1) has four non-negative constant equilibrium solutions

(5.3)

aicy + ey axf) — CYlﬁz)

Bica + Baci” Bica + Bacy
Based on the assumption that a, a,, 51,82, c1,¢2 > 0, we obtain ‘C’—zz > 0, % > 0, and the coexistence
equilibrium Ej is positive if and only if @8, — @18, > 0. The constant equilibrium solutions in (5.3)
are also the equilibrium points of the ODE system

d
g u(a; — Biu+ c1v),

a (5.4)
7 v(as = Bou — o).
Next, we analyze the stability of the equilibrium points in (5.3) for system (5.4) to understand how
the system responds to small disturbances around that equilibrium point.

Eo= 0,0, E=(07) EZ:(;—I,O), Es = (

Lemma S.1. Suppose that all parameters of system (5.4) are positive. If Z—? > ;B;_T then Ey is an unstable

node, E| and E, are saddle points, and the positive coexistence equilibrium E5 is asymptotically stable.

Proof. The Jacobian matrix of system (5.4) at the constant equilibrium solution (u,, v.) is given by

) — 2B1u, + c1ve Clite

J= .
—ﬁzvg (0%) —,82146 - 262\)6
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We have sufficiently proven that condition (2.3) is satisfied for every equilibrium solution. First, we
obtain that evaluating the trace and determinant condition (2.3) at the trivial equilibrium E| yields

Tr(J)|E0 =a;+a >0, det(J)|E0 =aa, > 0.

Thus, both eigenvalues have positive real parts. Consequently, E, is an unstable node. Next,
condition (2.3) at the semi-trivial equilibrium E; gives

2
a1y + arCy a5C
Tr(J)|E1 =—ap + c—’ det(J)|E| = -1 — c_
2 2

Because all parameters are positive, det(J)| g < 0. Hence, the two eigenvalues have opposite signs,
and E; is a saddle point.
At the second semi-trivial equilibrium E,, we obtain

_ a1y — arfy

Tr(J)|E2 = —q 2

, det(J)|E2 = (M).

B

Since a8, — 13, > 0, it follows that det(])| B < 0. Therefore, E, is also a saddle point. At the
coexistence equilibrium Ej3, the trace—determinant condition (2.3) gives

Tr(J)|E3 _ —Bilazc) + aicz) — cr(arfy — a’lﬁz), det(])|E3

Bact + Bicr

_ (@21 — aiBo)(a@icr + ascy)

Baci + Bicy

Since all parameters are positive and a8 — @13, > 0, then Tr(J )| B < 0 and det(J)| g > 0. Therefore,
the coexistence equilibrium E75 is asymptotically stable. O

Lemma 5.1 establishes the baseline stability of the predator—prey system (5.4) in the absence

@ 5 B the coexistence equilibrium Ej exists

of diffusion and advection. Under the condition - B

and is asymptotically stable, whereas the extinction equilibrium E, is unstable and the boundary
equilibria E and E, are saddle points. Ecologically, this implies that neither extinction nor single-
species persistence is a robust long-term state, while prey and predator can coexist stably. This stable
kinetic setting is important because any instability that appears after incorporating diffusion, advection,
cross-diffusion, or cross-advection can be interpreted as a transport-induced instability rather than an
instability inherited from the local reaction dynamics.

By Theorem 3.6, stability under diffusion and advection requires that the corresponding equilibrium
be stable in the spatially homogeneous system. Since Lemma 5.1 shows that Ey, E;, and E, are
linearly unstable, the RADCDCA stability analysis is restricted to the relevant equilibria E5. Now,
we investigate whether the instability induced by cross-diffusion and cross-advection occurs for the
constant equilibrium solution E3;. We evaluate the elements of the Jacobian matrix J at E5 under the

assumption Z—f > % and obtain
F :_ﬁl(a/lcz"‘a/zcl) <0 F. = ci(ajcy + ascy) >0
! Bacr + Bica ’ ' Bac1 + Bica ’ (5.5)
G, = _Baarffi — 1) <0, G, = (@B — i) <o. '

Baci + Bicy ’ Baci + Bicr
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For simplification, let us assume y; = % > 0andy, = % > 0. By substituting F,, F,, G,,
and G, in (5.5) into condition (3.21), we obtain
1
Ay — Z‘ri +Tpy = — Yo — (dpf1 + dyicr)yr — (di1c2 — di2f2)ya. (5.6)

where y, = apaz + 31(6111 — ay)* > 0. From Theorem 3.6 and (5.6), we obtain the result summarized
in the following theorem.

Theorem 5.2. Let E; = (“‘C”“zc‘ 2b-op 2) be the positive constant equilibrium solution of RADCDCA

BicatPact’ Bicatfacy

system (5.1). Then, the following statements hold :

L If = > , then E5 is asymptotically stable for the ODE system (5.4) and remains stable for the
RAD system with dyy = dyy = ajp = ap; = 0 as well as for the RADCA system with dy, = dy; = 0.
2. Ifo‘2 > *and g d” > ﬁz , then E5 remains stable for the RADCDCA system (5.1) as well as RADCD

system wzth alz = a21 0.

Based on Theorem 5.2, the equilibrium E3 remains stable in the RAD, RADCD, and RADCA
systems under the corresponding absence of cross-transport terms. This analytical result is further
confirmed by the dispersion relation shown in Figure 7 with parameter values di; = d» =1, a;; = 0.2,
ay = 02, app = dy = 01, d12 = d21 = 03, ) = 02, ﬁl = 02, cp = 03, ay = 08, ﬁz = 02, and
¢, = 0.6. Figure 7 shows that all system configurations remain linearly stable, as Re(4;,(k)) < 0
for all k. The maximum value of Re(4;,(k)) is also negative, namely —0.55 for all RADCDCA,
RADCD, RADCA, and RAD systems. Although Re(4;,(k)) # O appears in some scenarios, the
oscillatory components remain damped because the real part of the eigenvalue is negative. Thus,
there is no instability induced by self-diffusion, self-advection, cross-diffusion, or cross-advection in
the parameters used.

2.01
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Re(A1,2(k))
Im(A1, 2(k))
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Figure 7. Plot of Re(4, »(k)) and Im(4, »(k)) under the assumptions a,8; — @5, = 0.12 and
d11C2 — d12ﬁ2 = 054

"3 2, condition (3.22) in Theorem 3.6 can be positive if

For the case d“ <
(diofr — di1€2)y2 > ya + (drffi + drici)yr. (5.7)
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Therefore, we need to reconsider whether this condition can trigger instability by examining condition
(3.23). Next, we substitute (5.6) and (5.5) into condition (3.23) to obtain

1 2
(Aq = ZT/% +1ps)* — 4ApA, :( — Yo — (df1 + dric))y) — (diic — dnﬁz))’z)
—4(B1ca + Bac)yiy2(diidrn — diadyy).

Considering that dl; <2 y,>0,andall parameters are positive, the condition (A4 — —T 2+ 1) -
4ApA, is positive if it satlsﬁes

drico(dinfy + dyi¢2) + dofar(diicy — diafh) + (didan — diaday ) (Bact — Bica) > i—a(dlzﬁz —djic2). (5.8)
|

Based on Theorem 4.11, we obtain the result in the following theorem.

Theorem 5.3. If 2 2> g? d‘; < ﬁ2 , and conditions (5.7)—(5.8) are met, then the constant equilibrium

solution E5 is stable for the ODE system (5.4) but unstable for the RADCDCA system (5.1) and the
RADCD system with ay; = ax = 0.

For the symmetric case where d,; = dj, and a,; = a;,, conditions (5.7) and (5.8) become

r+ dZZﬁl + SdUCz

d12 >
5Br — ¢

(5.9)

with 58, —c¢; > 0 and

(2B1c2 = Bac))dsy + (di1 5 — dofi B — 1B2)d1a + diidn(2Bact — Bica) + rdijcy > 0, (5.10)

where r = i—fl‘ and s = i—f In this case, Theorem 5.3 can be expressed in a simpler form. This reduction
provides practical criteria for observing the effects of cross-diffusion and cross-advection on instability
in the constant equilibrium solution E5. As a direct consequence of Theorem 5.3, the instability criteria
can be simplified by assuming symmetric cross transport d,; = dj, and a,; = aj,. This reduction yields
the following corollary.

Corollary 5.4. Assume that dy; = d,, ar; = ap, a—l > zf du o Bz , and conditions (5.9)-(5.10) hold.
The constant equilibrium solution Ej is stable for the ODE RAD and RADCA systems, but unstable
for the RADCDCA and RADCD systems.

Following the corollary, numerical validation is carried out by selecting positive parameters a;; =
ay = 04, dll = 05, d22 = 06, ) = 005, ﬁl = 01, cp = 005, y = 06, ﬁz = 05, and Cr = 0.1
that ensure the existence of the positive equilibrium E3 = (1, 1). Using these parameters, the stability
region predicted by Theorem 4.14 is visualized in the (ai,, d1»)-plane as shown in Figure 8.

The Figure 8 shows that the combined effects of cross-diffusion and cross-advection on the stability
of the positive equilibrium E5 can be directly observed in the (a;,,d),)-plane. Region I identifies the
instability domain, where certain combinations of a;, and d;, cause E; to lose stability through cross-
transport interactions. In contrast, Regions II and Il indicate stable domains where small perturbations
around Ej decay over time. The boundary curves, including a11a22 =0, dj1d»n — cl]2 =0, and
the stability curve involving A, — 4T 4w+ 7py = 0and (Ay - ZT 4+t TD ]) —4ApA; = 0, separate the
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stable and unstable parameter regimes. Thus, when the combined values of cross-advection aj, and
cross-diffusion d, enter Region I, the cross-transport mechanism becomes strong enough to induce
instability in E3. Conversely, parameters located in Regions II and III show that the combined cross-
transport effects are still insufficient to destabilize the constant equilibrium solution.

d1p
o6l

05

04r Il a118-a5,=0

L L

----- /'\a.—f1 Ta%+Tpy=0

esr 1.2 2
----- (Aa—er +Tpy) =4 Ap Ay=0

-
o m

_— d11d22—d122=0

a12

0.1 0.2 03 0.4 05 0.6

Figure 8. Parameter space for cross-diffusion- and cross-advection-driven instability. Region
I denotes the instability domain, while Regions II and III represent stable domains.

To confirm this prediction, we select representative values of d;, and a;, from Region I in Figure 8,
where the parameter-space analysis indicates the loss of stability of E5. These values are then used
to compute the dispersion relation A, (k). As shown in Figure 9, instability appears only when cross-
diffusion is sufficiently strong, namely when dj, = d>; = 0.5. In the left panel, the system becomes
unstable for a;; = a; = 0.1, with k£ € [0.570, 1.396] and max Re(4,,(k)) = 0.0245, while the case
without cross-advection remains unstable with max Re(4) = 0.0231. In the right panel, increasing
the cross-advection strength to a;, = a»; = 0.35 widens the unstable wavenumber interval to k €
[0.305, 1.431] and increases the maximum growth rate to max Re(4, »(k)) = 0.0387. By contrast, when
di» = dry = 0, the system remains stable even in the presence of cross-advection. Therefore, cross-
diffusion acts as the primary destabilizing mechanism, while cross-advection amplifies the instability
and broadens the range of growing spatial modes.

To clarify the physical manifestation of the spectral instability, we next simulate the RADCDCA
system using parameter values selected from the unstable regime. The analysis is formulated on the
whole real line, whereas the numerical computations are performed on a sufficiently large finite interval
subject to homogeneous Neumann (zero-flux) boundary conditions. This setting approximates the far-
field regime of an open-flow aquatic environment, where spatial gradients are negligible at the artificial
boundaries. We further verified that enlarging the computational domain does not alter the unstable
wavenumber band, the selected wavelength, or the interior pattern profiles; boundary effects remain
confined to narrow regions near the endpoints.
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Figure 9. Effect of symmetric cross-diffusion and cross-advection on the dispersion relation
Re(A;2(k)) and Im(A; 2(k)).

Figure 10 display the spatiotemporal dynamics of u(x,f) and v(x,f) and show how small
perturbations evolve into organized patterns. In the RAD and RADCA cases, where cross-diffusion is
absent, the solution forms broad and smooth structures, indicating that cross-advection alone does not
generate strong spatial patterning. By contrast, the RADCD case with dj, = d>; = 0.5 produces clear
diagonal bands, which confirms that cross-diffusion drives the growth of spatial modes predicted by the
dispersion relation. When cross-advection is added in the RADCDCA case, the patterns remain visible
but become more directionally shifted and distorted, especially for the larger value a;, = a>; = 0.35.
These results show that cross-diffusion provides the main mechanism for pattern formation, whereas
cross-advection mainly changes the orientation, propagation, and intensity of the emerging wave-like
structures.

Ecologically, this result shows that the predator—prey community can maintain a stable coexistence
state E5 as long as the cross-transport effects remain within the stable parameter regime. In this
case, prey and predator densities tend to return to a homogeneous distribution after small spatial
disturbances. However, when cross-transport becomes sufficiently strong, this coexistence state
loses stability. The condition Re(4;2(k)) > 0 over a certain range of wavenumbers indicates that
perturbations with specific spatial scales grow instead of decay. As a result, the population distribution
no longer remains uniform and develops into spatiotemporal patterns. From an ecological viewpoint,
cross-diffusion provides the main mechanism that initiates this spatial organization, since each species
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changes its distribution in response to the density gradient of the other. Cross-advection then
strengthens this instability by introducing directed movement, such as prey avoidance and predator
pursuit, which modifies the direction, intensity, and propagation of the emerging predator-prey patterns.

Prey u (a5, =0.1) Predator v (a;; =0.1) Prey u (ai; =0.35) Predator v (a,; =0.35)
(a) RAD a) RAI (a) RAD (a) RAD
di2=d21.=0.0, 2:2= 35 = 0.00 diz=d31 = 0.0, 332 = 35 = 0.00 dip =51 =0.0, 81, = a3 =0.00 i = dyy = 0.0, 332 = a5 =0.00
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Figure 10. Spatiotemporal pattern formation of prey and predator populations driven by
cross-diffusion and cross-advection.

6. Conclusions

This study established a general stability framework for reaction-advection-diffusion system with
cross-diffusion and cross-advection on an infinite spatial domain. By considering general nonlinear
reaction terms, the analysis was formulated in terms of the reaction Jacobian and transport matrices.
Normal-mode decomposition, the Routh-Hurwitz criterion for complex characteristic polynomials, and
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the critical neutral curve method were used to derive stability criteria and to characterize the parameter
regions where constant equilibria lose stability through cross-transport effects.

The results show that, under condition (A), a constant equilibrium that is stable for the local ODE
system remains stable in the RAD and RADCA systems. Thus, self-diffusion, self-advection, and
cross-advection alone do not destabilize the equilibrium in this setting. Cross-diffusion may destabilize
the equilibrium when it acts alone in the RADCD system or interacts with cross-advection in the
full RADCDCA system. Under conditions (B) and (C), asymmetric cross-advection may also induce
instability in the RADCA system even without cross-diffusion. Therefore, the loss of stability identified
in these cases arises from cross-transport mechanisms rather than from the local reaction dynamics.

The predator-prey application and numerical simulations support the analytical findings. The
coexistence equilibrium remains stable when the transport parameters lie in the stable region, so
small spatial disturbances decay and the populations return to a homogeneous coexistence state. When
cross-transport becomes sufficiently strong, the dispersion relation admits unstable modes.This means
that the associated eigenvalues possess a positive real part within a range of spatial wavenumbers.
These unstable spectral modes then grow in time and organize into observable spatiotemporal
patterns. In this setting, cross-diffusion acts as the main driver of spatial organization, while cross-
advection strengthens and reshapes the emerging patterns by changing their direction, intensity, and
propagation behavior. Overall, this work establishes a systematic framework for identifying instability
induced by cross-transport mechanisms in generalized reaction-advection-diffusion systems.These
findings may provide a useful foundation for future studies addressing bounded domains, higher-
dimensional settings, nonlinear cross-transport effects, time delays, and convective-absolute instability
classification.
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