
http://www.aimspress.com/journal/Math

AIMS Mathematics, 11(9): 27766–27790.
DOI: 10.3934/math.20261110
Received: 07 May 2026
Revised: 15 July 2026
Accepted: 13 August 2026
Published: 01 September 2026

Research article

Hermite–Hadamard-type double-integral inequalities for the operator
modulus in Hilbert spaces

Silvestru Sever Dragomir1,2, Ghada N. AlNemer3 and Ahad Hamoud AlOtaibi4,∗

1 Applied Mathematics Research Group, ISILC, Victoria University, PO Box 14428, Melbourne City,
MC 8001, Australia

2 Mathematical Sciences, School of Science, Royal Melbourne Institute of Technology University,
GPO Box 2476V, Melbourne, Victoria 3001, Australia

3 Department of Mathematical Sciences, College of Sciences, Princess Nourah bint Abdulrahman
University, Riyadh 11671, Saudi Arabia

4 Department of Mathematics, Faculty of Science and Arts, King Abdulaziz University, Rabigh,
Saudi Arabia

* Correspondence: Email: aalotaiby@kau.edu.sa.

Abstract: Let (H ; 〈·, ·〉) be a complex Hilbert space. Denote by L(H) the Banach C∗−algebra of
bounded linear operators onH . ForA ∈ L(H), we define the modulus ofA by |A| := (A∗A)1/2 . We
say that the continuous function S : [a1, a2]→ L(H) is square modulus convex on [a1, a2] if

|S ((1 − ϑ) u + ϑv)|2

≤ (1 − ϑ) |S (u)|2 + ϑ |S (v)|2

in the operator order of L(H), for all u, v ∈ [a1, a2] and ϑ ∈ [0, 1] . In this paper, we have showed,
among other things, that

0 ≤ 2 min {ϑ, 1 − ϑ} ×
[

1
a2 − a1

∫ a2

a
|S (s)|2 ds −

1
(a2 − a1)2

∫ a2

a1

∫ a2

a1

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2 dsdσ
]

≤
1

a2 − a1

∫ a2

a1

|S (s)|2 ds −
1

(a2 − a1)2

∫ a2

a1

∫ a2

a1

|S ((1 − ϑ) s + ϑσ)|2 dsdσ

≤ 2 max {ϑ, 1 − ϑ} ×
[

1
a2 − a1

∫ a2

a1

|S (s)|2 ds −
1

(a2 − a1)2

∫ a2

a1

∫ a2

a1

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2 dsdσ
]

for all ϑ ∈ [0, 1]. Some integral inequalities for symmetric weights were obtained. Applications for
exponential functions and modulus quadratic functions were provided as well.
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1. Introduction

Let R be the set of real numbers and ∆ ⊆ R be an interval. A function κ : ∆ ⊆ R → R is said to be
convex in the classical sense if it satisfies the following inequality

κ (tu + (1 − t) v) ≤ t f (u) + (1 − t) κ (v) ,

for all u, v ∈ ∆ and t ∈ [0, 1].
Let κ : ∆ ⊆ R→ R and a1, a2 ∈ ∆ with a1 < a2. Then the inequality

κ
(
a1 + a2

2

)
≤

1
a2 − a1

∫ a2

a1

κ(x)dx ≤
κ(a1) + κ(a2)

2
(1.1)

holds if κ is convex, and is known in the literature as Hermite–Hadamard inequality, after the name of
C. Hermite and J. Hadamard (see [10]). The inequalities in (1.1) hold in the reversed direction if κ is a
concave function.

A vast literature related to (1.1) has been produced by a large number of mathematicians [7] since it
is considered to be one of the most famous inequalities for convex functions due to its usefulness and
many applications in various branches of pure and applied mathematics.

Let V be a vector space over the real or complex number field K and y1, y2 ∈ V, y1 , y2. Define the
segment

[y1, y2] := {(1 − t)y1 + ty2, t ∈ [0, 1]}.

We consider the function κ : [y1, y2]→ R and the associated function

g(y1, y2) : [0, 1]→ R, g(y1, y2)(t) := κ[(1 − t)y1 + ty2], t ∈ [0, 1].

Note that κ is convex on [y1, y2] if and only if g(y1, y2) is convex on [0, 1].
For any convex function defined on a segment [y1, y2] ⊂ V , we have the Hermite–Hadamard integral

inequality:

κ
(
y1 + y2

2

)
≤

∫ 1

0
κ[(1 − t)y1 + ty2]dt ≤

κ(y1) + κ(y2)
2

, (1.2)

which can be derived from the classical Hermite–Hadamard inequality (1.1) for the convex function
g(y1, y2) : [0, 1]→ R.

In [8], some Hermite–Hadamard-type inequalities were discovered using the fractional operator,
which produces some interesting results. The authors A. Munir et al. established a general identity for
Caputo-Fabrizio integral operators and the second derivative function. Using this identity new error
bounds and estimates for strongly-convex functions were obtained.

AIMS Mathematics Volume 11, Issue 9, 27766–27790.



27768

Since κ(y1) = ‖y1‖
β (y1 ∈ V and 1 ≤ β < ∞) is a convex function, then for any y1, y2 ∈ V , we have

the following norm inequality from (1.2) (see [9]):∥∥∥∥∥y1 + y2

2

∥∥∥∥∥β ≤ ∫ 1

0
‖(1 − t)y1 + ty2‖

βdt ≤
‖y1‖

β + ‖y2‖
β

2
. (1.3)

Denote by L(H) the Banach C∗-algebra of bounded linear operators on the Hilbert space H . For
A ∈ L (H), we define the modulus of A by |A| := (A∗A)1/2 . It is well-known that the modulus of
the operators does not satisfy, in general, the triangle inequality |A + B| ≤ |A| + |B| , so the classical
arguments using this inequality can not be used.

We use the following Cauchy–Bunyakowsky–Schwarz discrete operator inequality [6]:

n∑
k=1

wk |zk|
2

n∑
k=1

wk |Ak|
2
≥

∣∣∣∣∣∣∣
n∑

k=1

wkzkAk

∣∣∣∣∣∣∣
2

, (1.4)

where zk ∈ C,Ak ∈ L(H), wk ≥ 0 for k ∈ {1, ..., n}, and
∑n

k=1 wk = 1.
Like in [6], we consider the following class of operator-valued functions:

Definition 1.1. We say that the continuous function S : [a1, a2] → L(H) is square modulus convex
(concave) on [a1, a2] if

|S ((1 − t) u + tv)|2 ≤ (≥) (1 − t) |S (u)|2 + t |S (v)|2 (1.5)

in the operator order of L(H), for all u, v ∈ [a1, a2] and t ∈ [0, 1] .

LetA, B ∈ L(H) and µ ∈ [0, 1] . Then by (1.4), we get

|(1 − µ)A + µB|2 =
∣∣∣(1 − µ)1/2 (1 − µ)1/2

A + µ1/2µ1/2B
∣∣∣2

≤

[(
(1 − µ)1/2

)2
+

(
µ1/2

)2
] [∣∣∣(1 − µ)1/2

A
∣∣∣2 +

∣∣∣µ1/2B
∣∣∣2]

= (1 − µ + µ)
[
(1 − µ) |A|2 + µ |B|2

]
= (1 − µ) |A|2 + µ |B|2 .

Consider the function C : [0, 1] → L (H) , C (t) = |(1 − t)A + tB| . Let t1, t2 ∈ [0, 1] and µ ∈ [0, 1] .
Then

|C ((1 − µ) t1 + µt2)|2 = |(1 − (1 − µ) t1 − µt2)A + ((1 − µ) t1 + µt2)B|2

= |(1 − µ) ((1 − t1)A + t1B) + µ ((1 − t2)A + t2B)|2

≤ (1 − µ) |(1 − t1)A + t1B|
2 + µ |(1 − t2)A + t2B|

2

= (1 − µ) |C (t1)|2 + µ |C (t2)|2 ,

which shows that C is square modulus convex on [0, 1].
Assume that κ is nonnegative on ∆ and operator convex, namely,

κ ((1 − µ)A + µB) ≤ (1 − µ) κ (A) + µκ (B) ,
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for all µ ∈ [0, 1] and selfadjoint operatorsA, B with spectra in ∆.

For such functions andA, B, we consider

D (t) := [κ ((1 − t)A + tB)]1/2 , t ∈ [0, 1] .

Then, using a similar proof as above for the modulus function, we conclude that D is square modulus
convex on [0, 1] .

The function κ (t) = tι is operator convex on (0,∞) if either 1 ≤ ι ≤ 2 or −1 ≤ ι ≤ 0 and is operator
concave on (0,∞) if 0 ≤ ι ≤ 1. Therefore forA, B > 0, the function

S ι (t) := ((1 − t)A + tB)ι/2 , t ∈ [0, 1] ,

is square modulus convex on [0, 1] for 1 ≤ ι ≤ 2 or −1 ≤ ι ≤ 0, [6].
We give now an example of a complex-valued function for which the real and imaginary parts are

not convex, however the square of the modulus is.
Let S : [a1, a2] → C be defined by S (t) := u (t) + ϑ (t) i, t ∈ [a1, a2] . Observe that |S (t)|2 =

u2 (t) +ϑ2 (t) , t ∈ [a1, a2] . Notice that, if u2, ϑ2 are convex on [a1, a2] , then obviously u2 +ϑ2 is convex
on [a1, a2] .However, if we take u (t) = t sin t, ϑ (t) = t cos t, t ∈ [0, 2π] , then neither u2 nor ϑ2 is convex
on [0, 2π] but u2 + ϑ2 is still convex on [0, 2π] .

2. Preliminary facts

Following Roberts and Varberg [11], we recall that if κ : ∆→ R is a convex function, then for any
s0 ∈ ∆̊ (the interior of the interval ∆), the limits

κ′− (s0) := lim
s→s0−

κ (s) − κ (s0)
s − s0

and κ′+ (s0) := lim
s→s0+

κ (s) − κ (s0)
s − s0

exist and κ′− (s0) ≤ κ′+ (s0) . The functions κ′− and κ′+ are monotonic nondecreasing on ∆̊ and this
property can be extended to the whole interval ∆ (see [11]).

From the monotonicity of the lateral derivatives κ′− and κ′+, we also have the gradient inequality

κ′− (s) (s − σ) ≥ κ (s) − κ (σ) ≥ κ′+ (σ) (s − σ)

for any s, σ ∈ ∆̊.

If ∆ = [a1, a2] , then at the end points, we also have the inequalities

κ (s) − κ (a1) ≥ κ′+ (a1) (s − a1) ,

for any s ∈ (a1, a2], and
κ (σ) − κ (a2) ≥ κ′− (a2) (σ − a2) ,

for any σ ∈ [a1, a2).
For the operator G ∈ L(H), we define the selfadjoint operator

Re (G) =
1
2

(G∗ + G) .

We have the following fundamental fact providing a characterization of square modulus convex
functions [6]:
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Proposition 2.1. Assume that function S : [a1, a2] → L (H) is continuous on [a1, a2]. The function
S : [a1, a2]→ L(H) is square modulus convex on [a1, a2] if and only if for all x ∈ H \{0}, the auxiliary
function ψS ,x : [a1, a2]→ [0,∞), ψS ,x (u) = ‖S (u) x‖2 is convex on [a1, a2] .

Proof. For the sake of completeness, we give here a simple proof.
The condition (1.5) is equivalent to〈

|S ((1 − t) u + tv)|2 x, x
〉
≤ (1 − t)

〈
|S (u)|2 x, x

〉
+ t

〈
|S (v)|2 x, x

〉
,

namely,

〈[S ((1 − t) u + tv)]∗ S ((1 − t) u + tv) x, x〉 ≤ (1 − t) 〈[S (u)]∗ S (u) x, x〉 + t 〈[S (v)]∗ S (ϑ) x, x〉

or
‖S ((1 − t) u + tv) x‖2 ≤ (1 − t) ‖S (u) x‖2 + t ‖S (v) x‖2 ,

for all t ∈ [0, 1] and u, v ∈ [a1, a2] . �

Observe that, see also [6],

ψ′±S ,x (u) = (〈S (u) x, S (u) x〉)′± =
〈
S ′± (u) x, S (u) x

〉
+

〈
S (u) x, S ′± (u) x

〉
=

〈
(S (u))∗ S ′± (u) x, x

〉
+

〈(
S ′± (u)

)∗ S (u) x, x
〉

=
〈
(S (u))∗ S ′± (u) x, x

〉
+

〈(
(S (u))∗ S ′± (u)

)∗ x, x
〉

=
〈
2Re

(
(S (u))∗ S ′± (u)

)
x, x

〉
and

ψ′+S ,x (a1) = 2
〈
Re

(
(S (a1))∗ S ′+ (a1)

)
x, x

〉
,

ψ′−S ,x (a2) = 2
〈
Re

(
(S (a2))∗ S ′− (a2)

)
x, x

〉
,

for all x ∈ H \ {0}.
We have for t ∈ (a1, a2) and small h , 0 such that t + h ∈ (a1, a2) ,〈

|S (t + h)|2 − |S (t)|2

h
x, x

〉
=

1
h

[〈
|S (t + h)|2 x, x

〉
−

〈
|S (t)|2 x, x

〉]
=

1
h

[
‖S (t + h) x‖2 − ‖S (t) x‖2

]
,

for all x ∈ H \ {0}.
By taking the lateral limits, we get

lim
h→±0

〈
|S (t + h)|2 − |S (t)|2

h
x, x

〉
= lim

h→±0

1
h

[
‖S (t + h) x‖2 − ‖S (t) x‖2

]
=

〈
2Re

(
(S (t))∗ S ′± (t)

)
x, x

〉
,

for all x ∈ H \ {0}.
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Therefore for the function ψ (t) := |S (t)|2 , t ∈ (a1, a2), we have

ψ′± (t) = 2Re
(
(S (t))∗ S ′± (t)

)
(2.1)

and
ψ′+ (a1) = 2Re ((S (a1))∗ S + (a1)) , ψ′− (a2) = 2Re

(
(S (a2))∗ S ′− (a2)

)
.

We also have the operator gradient inequality

2 (s − σ) Re
(
(S (s))∗ S ′− (s)

)
≥ |S (s)|2 − |S (σ)|2 (2.2)
≥ 2 (s − σ) Re

(
(S (σ))∗ S ′+ (σ)

)
,

for any s, σ ∈ (a1, a2) .
Moreover, at the end points of the interval, we have the operator inequalities

|S (s)|2 − |S (a1)|2 ≥ 2 (s − a1) Re
(
(S (a1))∗ S ′+ (a1)

)
, (2.3)

for any s ∈ (a1, a2], and

2 (a2 − σ) Re
(
(S (a2))∗ S ′− (a2)

)
≥ |S (a2)|2 − |S (σ)|2 , (2.4)

for any σ ∈ [a1, a2).
Finally, we notice that for a1 ≤ t1 < t2 ≤ a2, we have

Re
(
(S (a1))∗ S ′+ (a1)

)
≤ Re

(
(S (t1))∗ S ′± (t1)

)
(2.5)

≤ Re
(
(S (t2))∗ S ′± (t2)

)
≤ Re

(
(S (a2))∗ S ′− (a2)

)
,

in the operator order of L(H).
The following characterization of strongly differentiable square modulus convex functions may be

stated as well:

Proposition 2.2. Assume that function S : [a1, a2] → L (H) is strongly differentiable on (a1, a2). The
function S : [a1, a2]→ L(H) is square modulus convex on [a1, a2] if and only if

Re
(
(S (t1))∗ S ′ (t1)

)
≤ Re

(
(S (t2))∗ S ′ (t2)

)
, (2.6)

for all a1 ≤ t1 < t2 ≤ a2.

The proof follows by Proposition 2.1 and the fact that a scalar-valued differentiable function is
convex on (a1, a2) if and only if its derivative is nondecreasing on (a1, a2) .

We notice that if ψ (t) := |S (t)|2 , t ∈ (a1, a2) , then we have from (2.1)

ψ′ (t) = 2Re
(
(S (t))∗ S ′ (t)

)
= (S (t))∗ S ′ (t) +

(
S ′ (t)

)∗ S (t) . (2.7)

If S : [a1, a2]→ L(H) is strongly twice differentiable on (a1, a2), then

ψ′′ (t) =
(
(S (t))∗ S ′ (t)

)′
+

((
S ′ (t)

)∗ S (t)
)′

=
((

S ′ (t)
)∗ S ′ (t)

)
+ (S (t))∗ S ′′ (t) +

((
S ′′ (t)

)∗ S (t)
)

+
((

S ′ (t)
)∗ S ′ (t)

)
= 2 |S ′ (t)|2 + 2Re

[
(S (t))∗ S ′′ (t)

]
= 2

{
|S ′ (t)|2 + Re

[
(S (t))∗ S ′′ (t)

]}
,

for all t ∈ (a1, a2) .
We can state then the following result for strongly twice differentiable functions on (a1, a2) as well:
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Proposition 2.3. Assume that function S : [a1, a2]→ L (H) is strongly twice differentiable on (a1, a2).
The function S : [a1, a2]→ L(H) is square modulus convex on [a1, a2] if and only if

|S ′ (t)|2 + Re
[
(S (t))∗ S ′′ (t)

]
≥ 0,

for all t ∈ (a1, a2) .

We also have the following scalar inequality of interest:

0 ≤ 2 min {t, 1 − t}
[
κ (s) + κ (u)

2
− κ

( s + u

2

)]
(2.8)

≤ (1 − t) κ (s) + tκ (u) − κ ((1 − t) s + tu)

≤ 2 max {t, 1 − t}
[
κ (s) + κ (u)

2
− κ

( s + u

2

)]
,

where κ : [a1, a2]→ R is a convex function on [a1, a2] and t ∈ [0, 1] .
The proof follows, for instance, by Corollary 1 from [3] for n = 2, β1 = 1 − t, β2 = t, t ∈ [0, 1], and

x1 = s, x2 = u.

By making use of (2.8) for the ψS ,x : [a1, a2] → [0,∞), ψS ,x (u) = ‖S (u) x‖2, x ∈ H \ {0}, we can
state the following result:

Proposition 2.4. Assume that the continuous function S : [a1, a2] → L(H) is square modulus convex
on [a1, a2] , s, σ ∈ (a1, a2) and ϑ ∈ [0, 1] , then

0 ≤ 2 min {ϑ, 1 − ϑ}
[
|S (s)|2 + |S (σ)|2

2
−

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2] (2.9)

≤ (1 − ϑ) |S (s)|2 + ϑ |S (σ)|2 − |S ((1 − ϑ) s + ϑσ)|2

≤ 2 max {ϑ, 1 − ϑ}
[
|S (s)|2 + |S (σ)|2

2
−

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2] .
Remark 2.1. If we take the integral over ϑ ∈ [0, 1] in (2.9) and observe that

∫ 1

0
min {ϑ, 1 − ϑ} dϑ = 1

4 ,

and
∫ 1

0
max {ϑ, 1 − ϑ} dϑ = 3

4 , then we get

0 ≤
1
2

[
|S (s)|2 + |S (σ)|2

2
−

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2]
≤
|S (s)|2 + |S (σ)|2

2
−

∫ 1

0
|S ((1 − ϑ) s + ϑσ)|2 dϑ

≤
3
2

[
|S (s)|2 + |S (σ)|2

2
−

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2] ,
for all s, σ ∈ (a1, a2).

We have the following result for general convex functions [5]:
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Lemma 2.1. Let ψ : [a1, a2] ⊂ R → R be a convex function on the interval [a1, a2], s, σ ∈ (a1, a2) and
ϑ ∈ [0, 1] , then

0 ≤ ϑ (1 − ϑ) (σ − s)
[
ψ′+ ((1 − ϑ) s + ϑσ) − ψ′− ((1 − ϑ) s + ϑσ)

]
(2.10)

≤ (1 − ϑ)ψ (s) + ϑψ (σ) − ψ ((1 − ϑ) s + ϑσ)

≤ ϑ (1 − ϑ) (σ − s)
[
ψ′− (σ) − ψ′+ (s)

]
.

In particular, we have

0 ≤
1
4

(σ − s)
[
ψ′+

( s + σ

2

)
− ψ′−

( s + σ

2

)]
(2.11)

≤
ψ (s) + ψ (σ)

2
− ψ

( s + σ

2

)
≤

1
4

(σ − s)
[
ψ′− (σ) − ψ′+ (s)

]
.

The constant 1
4 is best possible in both inequalities from (2.11).

Remark 2.2. If the function ψ : [a1, a2] ⊂ R → R is a differentiable convex function on (a1, a2) , then
for any s, σ ∈ (a1, a2) and ϑ ∈ [0, 1], we have

0 ≤ (1 − ϑ)ψ (s) + ϑψ (σ) − ψ ((1 − ϑ) s + ϑσ) (2.12)
≤ ϑ (1 − ϑ) (σ − s)

[
ψ′ (σ) − ψ′ (s)

]
.

The following inequalities in terms of the first derivative may be stated as well:

Proposition 2.5. Assume that the continuous function S : [a1, a2] → L(H) is square modulus convex
on [a1, a2] , s, σ ∈ (a1, a2) and ϑ ∈ [0, 1] , then

0 ≤ 2ϑ (1 − ϑ) (σ − s) ×
[
Re

(
(S ((1 − ϑ) s + ϑσ))∗ S ′+ ((1 − ϑ) s + ϑσ)

)
− Re

(
(S ((1 − ϑ) s + ϑσ))∗ S ′− ((1 − ϑ) s + ϑσ)

)]
≤ (1 − ϑ) |S (s)|2 + ϑ |S (σ)|2 − |S ((1 − ϑ) s + ϑσ)|2

≤ 2ϑ (1 − ϑ) (σ − s)
[
Re

(
(S (σ))∗ S ′− (σ)

)
− Re

(
(S (s))∗ S ′+ (s)

)]
. (2.13)

If S : [a1, a2]→ L(H) is strongly differentiable on (a1, a2), then

0 ≤ (1 − ϑ) |S (s)|2 + ϑ |S (σ)|2 − |S ((1 − ϑ) s + ϑσ)|2

≤ 2ϑ (1 − ϑ) (σ − s)
[
Re

(
(S (σ))∗ S ′ (σ)

)
− Re

(
(S (s))∗ S ′ (s)

)]
, (2.14)

for s, σ ∈ (a1, a2) and ϑ ∈ [0, 1] .
In particular,

0 ≤
|S (s)|2 + |S (σ)|2

2
−

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2
≤

1
2

(σ − s)
[
Re

(
(S (σ))∗ S ′ (σ)

)
− Re

(
(S (s))∗ S ′ (s)

)]
, (2.15)

for s, σ ∈ (a, a2) .
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Proof. Let x ∈ H \ {0}, s, σ ∈ (a1, a2), and ϑ ∈ [0, 1] . Then by the inequality (2.10) for the function
ψS ,x : [a1, a2]→ [0,∞), ψS ,x (u) = ‖S (u) x‖2, we get

2ϑ (1 − ϑ) (σ − s) ×
[〈

Re
(
(S ((1 − ϑ) s + ϑσ))∗ S ′+ ((1 − ϑ) s + ϑσ)

)
x, x

〉
−

〈
Re

(
(S ((1 − ϑ) s + ϑσ))∗ S ′− ((1 − ϑ) s + ϑσ)

)
x, x

〉]
≤ (1 − ϑ)

〈
|S (s)|2 x, x

〉
+ ϑ

〈
|S (σ)|2 x, x

〉
−

〈
|S ((1 − ϑ) s + ϑσ)|2 x, x

〉
≤ 2ϑ (1 − ϑ) (σ − s) ×

[〈
Re

(
(S (σ))∗ S ′− (σ)

)
x, x

〉
−

〈
Re

(
(S (s))∗ S ′+ (s)

)
x, x

〉]
,

which is equivalent to (2.13). �

Remark 2.3. If we integrate the inequality (2.14) over ϑ ∈ [0, 1] , then we obtain

0 ≤
|S (s)|2 + |S (σ)|2

2
−

∫ 1

0
|S ((1 − ϑ) s + ϑσ)|2 dϑ

≤
1
3

(σ − s)
[
Re

(
(S (σ))∗ S ′ (σ)

)
− Re

(
(S (s))∗ S ′ (s)

)]
,

for all s, σ ∈ (a1, a2).

The following bounds in terms of the second derivative holds, see for instance [4] for a detailed
proof:

Lemma 2.2. Let κ : [a1, a2] ⊂ R→ R be a twice differentiable function on the interval (a1, a2). If there
exists the constants d, D such that

d ≤ κ′′ (t) ≤ D for any t ∈ (a1, a2) , (2.16)

then

1
2
ϑ (1 − ϑ) d (σ − s)2

≤ (1 − ϑ) κ (s) + ϑκ (σ) − κ ((1 − ϑ) s + ϑσ) (2.17)

≤
1
2
ϑ (1 − ϑ) D (σ − s)2 ,

for any s, σ ∈ (a1, a2) and ϑ ∈ [0, 1] .
In particular, we have

1
8

(σ − s)2 d ≤
κ (s) + κ (σ)

2
− κ

( s + σ

2

)
≤

1
8

(σ − s)2 D, (2.18)

for any s, σ ∈ (a1, a2).
The constant 1

8 is best possible in both inequalities in (2.18).

Indeed if we take κ (t) = t2, then κ′′ (t) = 2 and we obtain in all terms of (2.18) the same quantity
1
4 (σ − s)2 .

For strongly twice differentiable square modulus convex functions, we have the following upper
and lower bounds:
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Proposition 2.6. Assume that S : [a1, a2]→ L (H) is strongly twice differentiable on (a1, a2) and there
exist C,D ∈ L(H) with C,D ≥ 0 and

(0 ≤)C ≤ |S ′ (t)|2 + Re
[
(S (t))∗ S ′′ (t)

]
≤ D for all t ∈ (a1, a2) . (2.19)

Then for any s, σ ∈ [a1, a2] and ϑ ∈ [0, 1] , we have

ϑ (1 − ϑ) (σ − s)2
C ≤ (1 − ϑ) |S (s)|2 + ϑ |S (σ)|2 − |S ((1 − ϑ) s + ϑσ)|2

≤ ϑ (1 − ϑ) (σ − s)2
D. (2.20)

In particular,

1
4

(σ − s)2
C ≤

|S (s)|2 + |S (σ)|2

2
−

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2
≤

1
4

(σ − s)2
D. (2.21)

The proof follows by Lemma 2.2 for the function ψS ,x : [a1, a2] → [0,∞), ψS ,x (u) = ‖S (u) x‖2,
x ∈ H \ {0}, and by observing that

ψ′′S ,x (t) = 2
〈{
|S ′ (t)|2 + Re

[
(S (t))∗ S ′′ (t)

]}
x, x

〉
,

for t ∈ (a1, a2) .

Corollary 2.7. With the assumptions of Proposition 2.6, we have the trapezoid-type inequality

1
6

(σ − s)2
C ≤

|S (s)|2 + |S (σ)|2

2
−

∫ 1

0
|S ((1 − ϑ) s + ϑσ)|2 dϑ (2.22)

≤
1
6

(σ − s)2
D

and the midpoint-type inequality

1
12

(σ − s)2
C ≤

∫ 1

0
|S ((1 − ϑ) s + ϑσ)|2 dϑ −

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2 (2.23)

≤
1

12
(σ − s)2

D

for any s, σ ∈ [a1, a2] .

Proof. The inequality (2.22) follows by (2.20) on integrating over ϑ ∈ [0, 1] .
From (2.21), we get

1
4

((1 − ϑ) s + ϑσ − (1 − ϑ)σ − ϑs)2
C

≤
|S ((1 − ϑ) s + ϑσ)|2 + |S ((1 − ϑ)σ + ϑs)|2

2
−

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2
≤

1
4

((1 − ϑ) s + ϑσ − (1 − ϑ)σ − ϑs)2
D, (2.24)
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namely,

1
4

(1 − 2ϑ)2 (σ − s)2
C ≤

|S ((1 − ϑ) s + ϑσ)|2 + |S ((1 − ϑ)σ + ϑs)|2

2
−

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2
≤

1
4

(1 − 2ϑ)2 (σ − s)2
D. (2.25)

Taking the integral over ϑ ∈ [0, 1] and observing that∫ 1

0
(1 − 2ϑ)2 dϑ =

1
3

and ∫ 1

0
|S ((1 − ϑ)σ + ϑs)|2 dϑ =

∫ 1

0
|S ((1 − ϑ) s + ϑσ)|2 dϑ,

then by (2.25), we derive (2.23). �

3. Double-integral inequalities

As outlined in the seminal paper [2], the consideration of double integrals can provide more insights
on improving some known results. In this spirit, we can state the following double-integral inequalities
for operator square modulus convex functions:

Theorem 3.1. Assume that the continuous function S : [a1, a2] → L(H) is square modulus convex on
[a1, a2] . Then for all ϑ ∈ [0, 1],

0 ≤ 2 min {ϑ, 1 − ϑ} ×
[

1
a2 − a1

∫ a2

a1

|S (s)|2 ds −
1

(a2 − a1)2

∫ a2

a1

∫ a2

a1

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2 dsdσ
]

≤
1

a2 − a1

∫ a2

a1

|S (s)|2 ds −
1

(a2 − a1)2

∫ a2

a1

∫ a2

a1

|S ((1 − ϑ) s + ϑσ)|2 dsdσ

≤ 2 max {ϑ, 1 − ϑ} ×
[

1
a2 − a1

∫ a2

a1

|S (s)|2 ds −
1

(a2 − a1)2

∫ a2

a1

∫ a2

a1

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2 dsdσ
]
. (3.1)

Proof. If we take the double integral in (2.9), then we get

2 min {ϑ, 1 − ϑ} ×
[∫ a2

a1

∫ a2

a1

(
|S (s)|2 + |S (σ)|2

2

)
dsdσ −

∫ a2

a1

∫ a2

a1

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2 dsdσ
]

≤ (1 − ϑ)
∫ a2

a1

∫ a2

a1

|S (s)|2 dsdσ + ϑ

∫ a2

a1

∫ a2

a1

|S (σ)|2 dsdσ

−

∫ a2

a1

∫ a2

a1

|S ((1 − ϑ) s + ϑσ)|2 dsdσ

≤ 2 max {ϑ, 1 − ϑ}

×

[∫ a2

a1

∫ a2

a1

(
|S (s)|2 + |S (σ)|2

2

)
dsdσ −

∫ a2

a1

∫ a2

a1

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2 dsdσ
]
, (3.2)

for all ϑ ∈ [0, 1] .
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Observe that∫ a2

a1

∫ a2

a1

|S (s)|2 dsdσ =

∫ a2

a1

∫ a2

a1

|S (σ)|2 dsdσ = (a2 − a1)
∫ a2

a1

|S (s)|2 ds

and by (3.2), we get

2 min {ϑ, 1 − ϑ}
[
(a2 − a1)

∫ a2

a1

|S (s)|2 ds −
∫ a2

a1

∫ a2

a

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2 dsdσ
]

≤ (a2 − a1)
∫ a2

a1

|S (s)|2 ds −
∫ a2

a1

∫ a2

a1

|S ((1 − ϑ) s + ϑσ)|2 dsdσ

≤ 2 max {ϑ, 1 − ϑ}
[
(a2 − a1)

∫ a2

a1

|S (s)|2 ds −
∫ a2

a1

∫ a2

a1

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2 dsdσ
]
,

which is equivalent to (3.1). �

For functions that are strongly differentiable, we have the following upper bounds:

Theorem 3.2. Assume that S : [a1, a2] → L (H) is square modulus convex on [a1, a2] and strongly
differentiable on (a1, a2) , then for all ϑ ∈ [0, 1] ,

0 ≤
1

a2 − a1

∫ a2

a1

|S (s)|2 ds −
1

(a2 − a1)2

∫ a2

a1

∫ a2

a1

|S ((1 − ϑ) s + ϑσ)|2 dsdσ

≤ 4ϑ (1 − ϑ)
1

a2 − a1

∫ a2

a1

(
s −
a1 + a2

2

)
Re

(
(S (s))∗ S ′ (s)

)
ds. (3.3)

In particular,

0 ≤
1

a2 − a1

∫ a2

a1

|S (s)|2 ds −
1

(a2 − a1)2

∫ a2

a1

∫ a2

a1

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2 dsdσ (3.4)

≤
1

a2 − a1

∫ a2

a1

(
s −
a1 + a2

2

)
Re

(
(S (s))∗ S ′ (s)

)
ds.

Proof. If we take the double integral in (2.14), then we get

(1 − ϑ)
∫ a2

a1

∫ a2

a1

|S (s)|2 dsdσ + ϑ

∫ a2

a1

∫ a2

a1

|S (σ)|2 dsdσ

−

∫ a2

a1

∫ a2

a1

|S ((1 − ϑ) s + ϑσ)|2 dsdσ

≤ 2ϑ (1 − ϑ) ×
∫ a2

a1

∫ a2

a1

(σ − s)
[
Re

(
(S (σ))∗ S ′ (σ)

)
− Re

(
(S (s))∗ S ′ (s)

)]
dsdσ, (3.5)

for all ϑ ∈ [0, 1] .
Observe that∫ a2

a1

∫ a2

a1

(σ − s)
[
Re

(
(S (σ))∗ S ′ (σ)

)
− Re

(
(S (s))∗ S ′ (s)

)]
dsdσ
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=

∫ a2

a1

∫ a2

a1

[
σRe

(
(S (σ))∗ S ′ (σ)

)
+ sRe

(
(S (s))∗ S ′ (s)

)]
dsdσ

−

∫ a2

a1

∫ a2

a1

[
sRe

(
(S (σ))∗ S ′ (σ)

)
+ σRe

(
(S (s))∗ S ′ (s)

)]
dsdσ

= 2 (a2 − a1)
∫ a2

a1

sRe
(
(S (s))∗ S ′ (s)

)
ds − 2

a22 − a
2
1

2

∫ a2

a1

Re
(
(S (s))∗ S ′ (s)

)
ds

= 2 (a2 − a1)
[∫ a2

a1

sRe
(
(S (s))∗ S ′ (s)

)
ds −

a1 + a2

2

∫ a2

a1

Re
(
(S (s))∗ S ′ (s)

)
ds

]
,

and by (3.5), we get

(a2 − a1)
∫ a2

a1

|S (s)|2 ds −
∫ a2

a1

∫ a2

a1

|S ((1 − ϑ) s + ϑσ)|2 dsdσ

≤ 4ϑ (1 − ϑ) (a2 − a1)
[∫ a2

a1

(
s −
a1 + a2

2

)
Re

(
(S (s))∗ S ′ (s)

)
ds

]
,

which is equivalent to (3.3). �

For functions that are strongly twice differentiable, we have some simple lower and upper bounds:

Theorem 3.3. Assume that S : [a1, a2] → L (H) is strongly twice differentiable on (a1, a2) and there
exist C,D ∈ L(H) with C,D ≥ 0 and the condition (2.19) is satisfied, then for all ϑ ∈ [0, 1] ,

1
6
ϑ (1 − ϑ) (a2 − a1)2

C ≤
1

a2 − a1

∫ a2

a1

|S (s)|2 ds −
1

(a2 − a1)2

∫ a2

a1

∫ a2

a1

|S ((1 − ϑ) s + ϑσ)|2 dsdσ

≤
1
6
ϑ (1 − ϑ) (a2 − a1)2

D. (3.6)

In particular,

1
24

(a2 − a1)2
C ≤

1
a2 − a1

∫ a2

a1

|S (s)|2 ds −
1

(a2 − a1)2

∫ a2

a1

∫ a2

a1

∣∣∣∣∣S ( s + σ

2

)∣∣∣∣∣2 dsdσ

≤
1
24

(a2 − a1)2
D. (3.7)

Proof. By taking the double integral in (2.20), we get

ϑ (1 − ϑ)
(∫ a2

a1

∫ a2

a1

(σ − s)2 dsdσ
)
C

≤ (1 − ϑ)
∫ a2

a1

∫ a2

a1

|S (s)|2 dsdσ + ϑ

∫ a2

a1

∫ a2

a1

|S (σ)|2 dsdσ

−

∫ a2

a1

∫ a2

a1

|S ((1 − ϑ) s + ϑσ)|2 dsdσ

≤ ϑ (1 − ϑ)
(∫ a2

a1

∫ a2

a1

(σ − s)2 dsdσ
)
D. (3.8)
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Since ∫ a2

a1

∫ a2

a1

(σ − s)2 dsdσ =
1
6

(a2 − a1)4 ,

hence by (3.8), we get (3.6).
The inequality (3.7) follows from (3.6) by taking ϑ = 1/2. �

4. Some weighted integral inequalities

In this section, we provide some weighted integral inequalities for square modulus convex functions
and give some examples for simple symmetrical weights. We note that the adoption of weighted
integrals is of interest, with prospective applications in quantum information theory or numerical
analysis, fields where operator inequalities enjoy extensive applications. However the details are not
provided in this paper.

Theorem 4.1. Assume that the continuous function S : [a1, a2] → L(H) is square modulus convex on
[a1, a2] , s, t ∈ (a1, a2) and β : [0, 1] → [0,∞), integrable and symmetrical on [0, 1] , i.e., β (1 − ϑ) =

β (ϑ) for ϑ ∈ [0, 1], then

4
∫ 1/2

0
σβ (σ) dσ∫ 1

0
β (ϑ) dϑ

[
|S (s)|2 + |S (t)|2

2
−

∣∣∣∣∣S ( s + t
2

)∣∣∣∣∣2]

≤

∫ 1

0
ϑβ (ϑ)∫ 1

0
β (ϑ) dϑ

(
|S (s)|2 + |S (t)|2

)
−

1∫ 1

0
β (ϑ) dϑ

∫ 1

0
β (ϑ) |S ((1 − ϑ) s + ϑt)|2 dϑ

≤
4
∫ 1

1/2
ϑβ (ϑ) dϑ∫ 1

0
β (ϑ) dϑ

[
|S (s)|2 + |S (t)|2

2
−

∣∣∣∣∣S ( s + t
2

)∣∣∣∣∣2] . (4.1)

Moreover, if w : [a1, a2]→ [0,∞) is integrable, then also

4
∫ 1/2

0
σβ (σ) dσ∫ 1

0
β (ϑ) dϑ

×


∫ a2
a1

w (t) |S (t)|2 dt∫ a2
a1

w (t) dt
−

1(∫ a2
a1

w (t) dt
)2

∫ a2

a1

∫ a2

a1

w (s) w (t)
∣∣∣∣∣S ( s + t

2

)∣∣∣∣∣2 dsdt


≤

2
∫ 1

0
ϑβ (ϑ)∫ 1

0
β (ϑ) dϑ

∫ a2
a1

w (t) |S (t)|2 dt∫ a2
a1

w (t) dt
−

1∫ 1

0
β (ϑ) dϑ

(∫ a2
a1

w (t) dt
)2

×

∫ 1

0
β (ϑ)

(∫ a2

a1

∫ a2

a1

w (s) w (t) |S ((1 − ϑ) s + ϑt)|2 dsdt
)

dϑ

≤
4
∫ 1

1/2
ϑβ (ϑ) dϑ∫ 1

0
β (ϑ) dϑ

×


∫ a2
a1

w (t) |S (t)|2 dt∫ a2
a1

w (t) dt
−

1(∫ a2
a1

w (t) dt
)2

∫ a2

a1

∫ a2

a1

w (s) w (t)
∣∣∣∣∣S ( s + t

2

)∣∣∣∣∣2 dsdt

 . (4.2)

Proof. We multiply inequality (2.9) by β (ϑ) ≥ 0 and integrate over ϑ ∈ [0, 1] to get

2
∫ 1

0
min {ϑ, 1 − ϑ} β (ϑ) dϑ

[
|S (s)|2 + |S (t)|2

2
−

∣∣∣∣∣S ( s + t
2

)∣∣∣∣∣2] (4.3)
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≤

∫ 1

0
(1 − ϑ) β (ϑ) dϑ |S (s)|2 +

∫ 1

0
ϑβ (ϑ) dϑ |S (σ)|2 −

∫ 1

0
β (ϑ) dϑ |S ((1 − ϑ) s + ϑt)|2

≤ 2
∫ 1

0
max {ϑ, 1 − ϑ} β (ϑ) dϑ

[
|S (s)|2 + |S (t)|2

2
−

∣∣∣∣∣S ( s + t
2

)∣∣∣∣∣2] .
Since β (1 − ϑ) = β (ϑ) for ϑ ∈ [0, 1] , then we get∫ 1

0
(1 − ϑ) β (ϑ) dϑ =

∫ 1

0
(1 − ϑ) β (1 − ϑ) dϑ =

∫ 1

0
σβ (σ) dσ,∫ 1

0
min {ϑ, 1 − ϑ} β (ϑ) dϑ =

∫ 1/2

0
ϑβ (ϑ) dϑ +

∫ 1

1/2
(1 − ϑ) β (ϑ) dϑ

=

∫ 1/2

0
ϑβ (ϑ) dϑ +

∫ 1

1/2
(1 − ϑ) β (1 − ϑ) dϑ

=

∫ 1/2

0
ϑβ (ϑ) dϑ +

∫ 1/2

0
σβ (σ) dσ = 2

∫ 1/2

0
σβ (σ) dσ

and, similarly, ∫ 1

0
max {ϑ, 1 − ϑ} β (ϑ) dϑ =

∫ 1/2

0
(1 − ϑ) β (ϑ) dϑ +

∫ 1

1/2
ϑβ (ϑ) dϑ

= 2
∫ 1

1/2
ϑβ (ϑ) dϑ.

By (4.3), we then get

4
∫ 1/2

0
σβ (σ) dσ

[
|S (s)|2 + |S (t)|2

2
−

∣∣∣∣∣S ( s + t
2

)∣∣∣∣∣2]
≤

∫ 1

0
ϑβ (ϑ)

(
|S (s)|2 + dϑ |S (σ)|2

)
−

∫ 1

0
β (ϑ) |S ((1 − ϑ) s + ϑt)|2 dϑ

≤ 4
∫ 1

1/2
ϑβ (ϑ) dϑ

[
|S (s)|2 + |S (t)|2

2
−

∣∣∣∣∣S ( s + t
2

)∣∣∣∣∣2] ,
which is equivalent to (4.1).

Now, if we multiply (4.1) by w (s) w (t) ≥ 0 and take the double integral, then we get

4
∫ 1/2

0
σβ (σ) dσ∫ 1

0
β (ϑ) dϑ

×

[∫ a2

a1

∫ a2

a1

w (s) w (t)
(
|S (s)|2 + |S (t)|2

2

)
dsdt −

∫ a2

a1

∫ a2

a1

w (s) w (t)
∣∣∣∣∣S ( s + t

2

)∣∣∣∣∣2 dsdt
]

≤

∫ 1

0
ϑβ (ϑ)∫ 1

0
β (ϑ) dϑ

∫ a2

a1

∫ a2

a1

w (s) w (t)
(
|S (s)|2 + |S (t)|2

)
dsdt

−
1∫ 1

0
β (ϑ) dϑ

∫ a2

a1

∫ a2

a1

(∫ 1

0
β (ϑ) w (s) w (t) |S ((1 − ϑ) s + ϑt)|2 dϑ

)
dsdt
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≤
4
∫ 1

1/2
ϑβ (ϑ) dϑ∫ 1

0
β (ϑ) dϑ

×

[∫ a2

a1

∫ a2

a1

w (s) w (t)
(
|S (s)|2 + |S (t)|2

2

)
dsdt −

∫ a2

a1

∫ a2

a1

w (s) w (t)
∣∣∣∣∣S ( s + t

2

)∣∣∣∣∣2 dsdt
]
. (4.4)

Since ∫ a2

a1

∫ a2

a1

w (s) w (t)
(
|S (s)|2 + |S (t)|2

2

)
dsdt =

∫ a2

a1

w (t) dt
∫ a2

a1

w (t) |S (t)|2 dt

and by Fubini’s theorem,∫ a2

a1

∫ a2

a1

(∫ 1

0
β (ϑ) w (s) w (t) |S ((1 − ϑ) s + ϑt)|2 dϑ

)
dsdt

=

∫ 1

0
β (ϑ)

∫ a2

a1

∫ a2

a1

w (s) w (t) |S ((1 − ϑ) s + ϑt)|2 dsdtdϑ.

Then by (4.4), by division with
(∫ a2
a1

w (t) dt
)2

, we get (4.2). �

Remark 4.1. If we take, for instance, β (ϑ) =
∣∣∣ϑ − 1

2

∣∣∣ , ϑ ∈ [0, 1], then from (4.1), we get

1
3

[
|S (s)|2 + |S (t)|2

2
−

∣∣∣∣∣S ( s + t
2

)∣∣∣∣∣2] ≤ 1
2

(
|S (s)|2 + |S (t)|2

)
− 4

∫ 1

0

∣∣∣∣∣ϑ − 1
2

∣∣∣∣∣ |S ((1 − ϑ) s + ϑt)|2 dϑ

≤
5
3

[
|S (s)|2 + |S (t)|2

2
−

∣∣∣∣∣S ( s + t
2

)∣∣∣∣∣2] ,
while from (4.2),

1
3


∫ a2
a1

w (t) |S (t)|2 dt∫ a2
a1

w (t) dt
−

1(∫ a2
a1

w (t) dt
)2

∫ a2

a1

∫ a2

a1

w (s) w (t)
∣∣∣∣∣S ( s + t

2

)∣∣∣∣∣2 dsdt


≤

∫ a2
a1

w (t) |S (t)|2 dt∫ a2
a1

w (t) dt
−

4(∫ a2
a1

w (t) dt
)2

∫ 1

0

∣∣∣∣∣ϑ − 1
2

∣∣∣∣∣ (∫ a2

a1

∫ a2

a1

w (s) w (t) |S ((1 − ϑ) s + ϑt)|2 dsdt
)

dϑ

≤
5
3


∫ a2
a1

w (t) |S (t)|2 dt∫ a2
a1

w (t) dt
−

1(∫ a2
a1

w (t) dt
)2

∫ a2

a1

∫ a2

a1

w (s) w (t)
∣∣∣∣∣S ( s + t

2

)∣∣∣∣∣2 dsdt

 .
In the case of twice differentiable functions, the bounds are simpler, as shown by the next result:

Theorem 4.2. Assume that S : [a1, a2] → L (H) is strongly twice differentiable on (a1, a2) and there
exist C, D ∈ L(H) with C, D ≥ 0 and the condition (2.19) is satisfied, s, t ∈ (a1, a2) and β : [0, 1] →
[0,∞), integrable and symmetrical on [0, 1] , then we trapezoid type inequalities

1∫ 1

0
β (ϑ) dϑ

∫ 1

0
ϑ (1 − ϑ) β (ϑ) dϑ (t − s)2

C
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≤
1∫ 1

0
β (ϑ) dϑ

∫ 1

0
ϑβ (ϑ) dϑ

(
|S (s)|2 + |S (t)|2

)
−

1∫ 1

0
β (ϑ) dϑ

∫ 1

0
β (ϑ) |S ((1 − ϑ) s + ϑt)|2 dϑ

≤
1∫ 1

0
β (ϑ) dϑ

∫ 1

0
ϑ (1 − ϑ) β (ϑ) dϑ (t − s)2

D. (4.5)

Moreover, if w : [a1, a2]→ [0,∞) is integrable, then also

2∫ 1

0
β (ϑ) dϑ

∫ 1

0
ϑ (1 − ϑ) β (ϑ) dϑ ×

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) t2dt −

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) tdt


2C

≤
2
∫ 1

0
ϑβ (ϑ)∫ 1

0
β (ϑ) dϑ

∫ a2
a1

w (t) |S (t)|2 dt∫ a2
a1

w (t) dt
−

1∫ 1

0
β (ϑ) dϑ

(∫ a2
a1

w (t) dt
)2

×

∫ 1

0
β (ϑ)

(∫ a2

a1

∫ a2

a1

w (s) w (t) |S ((1 − ϑ) s + ϑt)|2 dsdt
)

dϑ

≤
2∫ 1

0
β (ϑ) dϑ

∫ 1

0
ϑ (1 − ϑ) β (ϑ) dϑ ×

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) t2dt −

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) tdt


2C.
(4.6)

Also, we have the midpoint-type inequalities

1∫ 1

0
β (ϑ) dϑ

∫ 1

0

(
ϑ −

1
2

)2

β (ϑ) dϑ (t − s)2
C

≤
1∫ 1

0
β (ϑ) dϑ

∫ 1

0
β (ϑ) |S ((1 − ϑ) s + ϑt)|2 dϑ −

∣∣∣∣∣S ( s + t
2

)∣∣∣∣∣2
≤

1∫ 1

0
β (ϑ) dϑ

∫ 1

0

(
ϑ −

1
2

)2

β (ϑ) dϑ (t − s)2
D (4.7)

and

2∫ 1

0
β (ϑ) dϑ

∫ 1

0

(
ϑ −

1
2

)2

β (ϑ) dϑ ×

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) t2dt −

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) tdt


2C

≤
1∫ 1

0
β (ϑ) dϑ

(∫ a2
a1

w (t) dt
)2 ×

∫ 1

0
β (ϑ)

(∫ a2

a1

∫ a2

a1

w (s) w (t) |S ((1 − ϑ) s + ϑt)|2 dsdt
)

dϑ

−
1∫ a2

a1
w (s) ds

∫ a2

a1

w (s) w (t)
∣∣∣∣∣S ( s + t

2

)∣∣∣∣∣2 dsdt
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≤
2∫ 1

0
β (ϑ) dϑ

∫ 1

0

(
ϑ −

1
2

)2

β (ϑ) dϑ

×

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) t2dt −

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) tdt


2D. (4.8)

Proof. If we multiply (2.20) by β (ϑ) ≥ 0, integrate, and use the symmetry of β (·) , then we get∫ 1

0
ϑ (1 − ϑ) β (ϑ) dϑ (t − s)2

C

≤

∫ 1

0
ϑβ (ϑ) dϑ

(
|S (s)|2 + |S (t)|2

)
−

∫ 1

0
β (ϑ) |S ((1 − ϑ) s + ϑt)|2 dϑ

≤

∫ 1

0
ϑ (1 − ϑ) β (ϑ) dϑ (t − s)2

D,

which by division with
∫ 1

0
β (ϑ) dϑ > 0 gives (4.5).

Further, if we multiply (4.5) with w (s) w (t) ≥ 0 and take the double integral on [a1, a2] , then we
get

1∫ 1

0
β (ϑ) dϑ

∫ 1

0
ϑ (1 − ϑ) β (ϑ) dϑ

∫ a2

a1

∫ a2

a1

w (s) w (t) (t − s)2 dsdtC

≤
1∫ 1

0
β (ϑ) dϑ

∫ 1

0
ϑβ (ϑ) dϑ

∫ a2

a1

∫ a2

a1

w (s) w (t)
(
|S (s)|2 + |S (t)|2

)
dsdt

−
1∫ 1

0
β (ϑ) dϑ

∫ a2

a1

∫ a2

a1

w (s) w (t)
(∫ 1

0
β (ϑ) |S ((1 − ϑ) s + ϑt)|2 dϑ

)
dsdt

≤
1∫ 1

0
β (ϑ) dϑ

∫ 1

0
ϑ (1 − ϑ) β (ϑ) dϑ

∫ a2

a1

∫ a2

a1

w (s) w (t) (t − s)2 dsdtD. (4.9)

Since ∫ a2

a1

∫ a2

a1

w (s) w (t) (t − s)2 dsdt

=

∫ a2

a1

∫ a2

a1

w (s) w (t)
(
t2 − 2ts + s2

)
dsdt

=

∫ a2

a1

∫ a2

a1

w (s) w (t) t2dsdt − 2
∫ a2

a1

∫ a2

a1

w (s) w (t) tsdsdt +

∫ a2

a1

∫ a2

a1

w (s) w (t) s2dsdt

= 2
∫ a2

a1

w (s) ds
∫ a2

a1

w (t) t2dt − 2
(∫ a2

a1

w (t) tdt
)2

,

then by (4.9) and dividing with
(∫ a2
a1

w (t) dt
)2
, we get (4.6).
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Further, by (2.21), we have, like in the proof of Corollary 2.7, that(
1
2
− ϑ

)2

(t − s)2
C ≤

|S ((1 − ϑ) s + ϑt)|2 + |S ((1 − ϑ) t + ϑs)|2

2
−

∣∣∣∣∣S ( s + t
2

)∣∣∣∣∣2
≤

(
1
2
− ϑ

)2

(t − s)2
D,

for s, t ∈ (a1, a2) and ϑ ∈ [0, 1] .
If we multiply by β (ϑ) ≥ 0 and integrate, then we get∫ 1

0

(
ϑ −

1
2

)2

β (ϑ) dϑ (t − s)2
C

≤
1
2

∫ 1

0
β (ϑ) |S ((1 − ϑ) s + ϑt)|2 dϑ +

1
2

∫ 1

0
|S ((1 − ϑ) t + ϑs)|2 β (ϑ) dϑ −

∫ 1

0
β (ϑ) dϑ

∣∣∣∣∣S ( s + t
2

)∣∣∣∣∣2
≤

∫ 1

0

(
ϑ −

1
2

)2

β (ϑ) dϑ (t − s)2
D. (4.10)

Since β (1 − ϑ) = β (ϑ) , ϑ ∈ [0, 1] , then∫ 1

0
β (ϑ) |S ((1 − ϑ) s + ϑt)|2 dϑ =

∫ 1

0
β (1 − ϑ) |S ((1 − ϑ) s + ϑt)|2 dϑ

=

∫ 1

0
β (λ) |S (λs + (1 − λ) t)|2 dλ

and by (4.10), we derive (4.7).
Finally, if we multiply (4.7) with w (s) w (t) ≥ 0 and take the double integral on [a1, a2] , then we

get (4.8). �

Remark 4.2. If we take the symmetric function β (ϑ) = ϑ (1 − ϑ) , t ∈ [0, 1] , then by (4.5), we get that

1
5

(t − s)2
C ≤

1
2

(
|S (s)|2 + |S (t)|2

)
− 6

∫ 1

0
ϑ (1 − ϑ) |S ((1 − ϑ) s + ϑt)|2 dϑ

≤
1
5

(t − s)2
D

and by (4.6),

2
5

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) t2dt −

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) tdt


2C

≤

∫ a2
a1

w (t) |S (t)|2 dt∫ a2
a1

w (t) dt
−

6(∫ a2
a1

w (t) dt
)2

∫ 1

0
ϑ (1 − ϑ)

(∫ a2

a1

∫ a2

a1

w (s) w (t) |S ((1 − ϑ) s + ϑt)|2 dsdt
)

dϑ

≤
2
5

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) t2dt −

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) tdt


2C.
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Also, if we take β (ϑ) =
∣∣∣ϑ − 1

2

∣∣∣ in (4.7), then we get

1
8

(t − s)2
C ≤ 4

∫ 1

0

∣∣∣∣∣ϑ − 1
2

∣∣∣∣∣ |S ((1 − ϑ) s + ϑt)|2 dϑ −
∣∣∣∣∣S ( s + t

2

)∣∣∣∣∣2
≤

1
8

(t − s)2
D

and by (4.8), that

1
4

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) t2dt −

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) tdt


2C

≤
4(∫ a2

a1
w (t) dt

)2

∫ 1

0

∣∣∣∣∣ϑ − 1
2

∣∣∣∣∣ (∫ a2

a1

∫ a2

a1

w (s) w (t) |S ((1 − ϑ) s + ϑt)|2 dsdt
)

dϑ

−
1∫ a2

a1
w (s) ds

∫ a2

a1

w (s) w (t)
∣∣∣∣∣S ( s + t

2

)∣∣∣∣∣2 dsdt

≤
1
4

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) t2dt −

 1∫ a2
a1

w (s) ds

∫ a2

a1

w (t) tdt


2D.

5. Some examples

In this section, let A be a normal operator in L (H), i.e., A∗A = AA∗. Consider the function
ψA (t) :=

∣∣∣etA
∣∣∣2 , with t ∈ R. Observe that, sinceA is normal, then

ψA (t) :=
∣∣∣etA

∣∣∣2 =
(
etA

)∗
etA = etA∗etA = et(A∗+A) = e2tRe(A),

for all t ∈ R.
Observe that, by utilising the results from [1], where the strong differentiability is proved, we have

that
ψ′A (t) = 2Re (A) e2t(A), t ∈ R,

and
ψ′′A (t) = 4 [Re (A)]2 e2tRe(A), t ∈ R.

For a selfadjoint operator P, by utilising the continuous functional calculus for selfadjoint operators,
we have that

P2etP ≥ 0 for all t ∈ R,

which shows that, for P = 2 [Re (A)] ,

ψ′′A (t) = 4 [Re (A)]2 e2tRe(A), t ∈ R.

We conclude that the function S (t) := etA is square modulus convex on any subinterval [a1, a2] of R.
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If we use Proposition 2.4 for S (t) := etA, then for s, σ ∈ R and ϑ ∈ [0, 1] , we have the following
operator inequality:

0 ≤ 2 min {ϑ, 1 − ϑ}
[
e2sRe(A) + e2σRe(A)

2
− e(s+σ)Re(A)

]
≤ (1 − ϑ) e2sRe(A) + ϑe2σRe(A)

− e2((1−ϑ)s+ϑσ)Re(A)

≤ 2 max {ϑ, 1 − ϑ}
[
e2sRe(A) + e2σRe(A)

2
− e(s+σ)Re(A)

]
.

Also, from the inequality (2.14) for S (t) := etA, we also get

0 ≤ (1 − ϑ) e2sRe(A) + ϑe2σRe(A)
− e2((1−ϑ)s+ϑσ)Re(A)

≤ 4ϑ (1 − ϑ) (σ − s)
[
Re (A) e2σRe(A)

− Re (A) e2sRe(A)
]
,

for s, σ ∈ R and ϑ ∈ [0, 1]. If we take in this inequality ϑ = 1/2, then we obtain

0 ≤
e2sRe(A) + e2σRe(A)

2
− e(s+σ)Re(A)

≤ (σ − s)
[
Re (A) e2σ(A)

− Re (A) e2sRe(A)
]
,

for s, σ ∈ R.
Also, if 0 < m ≤ Re (A) ≤ M, then for t ∈ [a1, a2] ⊂ (0,∞) ,

4m2e2ma1 ≤ 4m2e2mt ≤ ψ′′A (t) = 4 [Re (A)]2 e2tRe(A)
≤ 4M2e2tM ≤ 4M2e2a2 M.

If we make use of the inequality (2.20), then we get

(0 ≤) 4m2e2ma1ϑ (1 − ϑ) (σ − s)2

≤ (1 − ϑ) e2sRe(A) + ϑe2σRe(A)
− e2((1−ϑ)s+ϑσ)Re(A)

≤ 4M2e2a2 Mϑ (1 − ϑ) (σ − s) ,

for s, σ ∈ [a1, a2] . In particular, we have

(0 ≤) m2e2ma1 (σ − s)2
≤

e2sRe(A) + e2σRe(A)

2
− e(s+σ)Re(A)

≤ M2e2a2 M (σ − s)2 .

If G is an invertible operator in L(H), then it is known, see, for instance, [1], that∫ a2

a1

exp (tG) dt = G−1 [
exp (a2G) − exp (a1G)

]
(5.1)

for any a1 < a2.
This implies that for invertible Re (A), we have∫ a2

a1

exp (2tRe (A)) dt =
1
2

(Re (A))−1 [
exp (2a2Re (A)) − exp (2a1Re (A))

]
.

AIMS Mathematics Volume 11, Issue 9, 27766–27790.



27787

By Corollary 2.2, we then obtain

0 ≤
2
3

(a2 − a1)2 m2e2ma1

≤
e2a1Re(A) + e2a2Re(A)

2
−

1
2

(Re (A))−1
[
exp (2a2Re (A)) − exp (2a1Re (A))

a2 − a1

]
≤

2
3

(a2 − a1)2 M2e2a2 M

and

0 ≤
1
3

(a2 − a1)2 m2e2ma1

≤
1
2

(Re (A))−1
[
exp (2a2Re (A)) − exp (2a1Re (A))

a2 − a1

]
− e(a2+a1)Re(A)

≤
1
3

(a2 − a1)2 M2e2a2 M.

Moreover, we have for ϑ ∈ (0, 1) that∫ a2

a1

∫ a2

a1

exp (2 ((1 − ϑ) s + ϑσ) Re (A)) dsdσ

=

∫ a2

a1

∫ a2

a1

exp (2 (1 − ϑ) sRe (A)) exp (2ϑσRe (A)) dsdσ

=

∫ a2

a1

exp (2 (1 − ϑ) sRe (A)) ds
∫ a2

a
exp (2ϑσRe (A)) dσ

=
1

2 (1 − ϑ)
(Re (A))−1 [

exp (2a2 (1 − ϑ) Re (A)) − exp (2a1 (1 − ϑ) Re (A))
]

×
1

2ϑ
(Re (A))−1 [

exp (2a2ϑRe (A)) − exp (2a1ϑ (A))
]

and, for ϑ = 1/2,∫ a2

a1

∫ a2

a1

exp ((s + σ) Re (A)) dsdσ = (Re (A))−2 [
exp (a2Re (A)) − exp (a1Re (A))

]2 .

If 0 < m ≤ Re (A) ≤ M, for t ∈ [a1, a2] ⊂ (0,∞) , then by Theorem 3.3, we get

0 ≤
2
3
ϑ (1 − ϑ) (a2 − a1)2 m2e2ma1

≤
1
2

(Re (A))−1
[
exp (2a2Re (A)) − exp (2a1Re (A))

a2 − a1

]
−

1
2 (1 − ϑ)

(Re (A))−1
[
exp (2a2 (1 − ϑ) Re (A)) − exp (2a1 (1 − ϑ) Re (A))

a2 − a1

]
×

1
2ϑ

(Re (A))−1
[
exp (2a2ϑRe (A)) − exp (2a1ϑRe (A))

a2 − a1

]
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≤
2
3
ϑ (1 − ϑ) (a2 − a1)2 M2e2a2 M.

In particular, for ϑ = 1/2, we get

0 ≤
1
6

(a2 − a1)2 m2e2ma1

≤
1
2

(Re (A))−1
[
exp (2a2Re (A)) − exp (2a1Re (A))

a2 − a1

]
− (Re (A))−2

[
exp (a2Re (A)) − exp (a1Re (A))

a2 − a1

]2

≤
1
6

(a2 − a1)2 M2e2a2 M.

For distinct operators A, B ∈ L(H), we consider the function S (t) = (1 − t)A + tB and ψA,B :
[0, 1]→ L(H) defined by ψA,B (t) = |S (t)|2 = |(1 − t)A + tB|2 . Observe that

ψA,B (t) = (1 − t) |A|2 + t (1 − t) (A∗B + B∗A) + t2 |B|
2 ,

ψ′A,B (t) = −2 (1 − t) |A|2 + (1 − 2t) (A∗B + B∗A) + 2t |B|2

= 2t
[
|A|

2
− (A∗B + B∗A) + |B|2

]
+A∗B + B∗A− 2 |A|2

= 2t |A − B|2 +A∗B + B∗A− |A|2 − |B|2 + |B|2 − |A|2

= 2t |A − B|2 − |A − B|2 + |B|2 − |A|2

= (2t − 1) |A − B|2 + |B|2 − |A|2

and
ψ′′A,B (t) = 2 |A − B|2 ,

for all t ∈ [0, 1] .
Assume that there exist m,M > 0 such that 0 < m ≤ |A − B| ≤ M in the operator order. Then

2m2 ≤ ψ′′
A,B

(t) ≤ 2M2. By using Theorem 4.2 for s = 0 and t = 1, we get from (4.5) that

2m2∫ 1

0
β (ϑ) dϑ

∫ 1

0
ϑ (1 − ϑ) β (ϑ) dϑ

≤
1∫ 1

0
β (ϑ) dϑ

∫ 1

0
ϑβ (ϑ) dϑ

(
|A|

2 + |B|2
)
−

1∫ 1

0
β (ϑ) dϑ

∫ 1

0
β (ϑ) |(1 − ϑ)A + ϑB|2 dϑ

≤
2M2∫ 1

0
β (ϑ) dϑ

∫ 1

0
ϑ (1 − ϑ) β (ϑ) dϑ

and from (4.7) that

2m2∫ 1

0
β (ϑ) dϑ

∫ 1

0

(
ϑ −

1
2

)2

β (ϑ) dϑ
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≤
1∫ 1

0
β (ϑ) dϑ

∫ 1

0
β (ϑ) |(1 − ϑ)A + ϑB|2 dϑ −

∣∣∣∣∣A + B

2

∣∣∣∣∣2
≤

2M2∫ 1

0
β (ϑ) dϑ

∫ 1

0

(
ϑ −

1
2

)2

β (ϑ) dϑ.

6. Conclusions

In this paper, we established some Hermite–Hadamard-type inequalities for operator square
modulus convex functions on an interval of real numbers. Some integral inequalities for symmetric
weights are obtained. Applications for exponential functions and modulus quadratic functions were
provided as well.
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