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Abstract: Let (H;(-,-)) be a complex Hilbert space. Denote by L(H) the Banach C*—algebra of
bounded linear operators on H. For A € L(H), we define the modulus of A by |A| := (A A We
say that the continuous function S : [aj, a;] — L(H) is square modulus convex on [ay, a,] if

1S (1 = &) u + Iv)?
<1 =PIS WP +3|S ()

in the operator order of L(H), for all u, v € [a;,a;] and & € [0, 1]. In this paper, we have showed,
among other things, that

1
0 <2min{d, 1 -9} x f IS ()P ds — ———— ”‘T dsd(r]
a — g a
l “ 2 2
< 1S ()] ds — —2 |S (1= 9) s + 9P dsdor
a —ap Jg, (p —ay)
1
< 2max {9, 1 — 9} x f IS ()2 ds — S al ” dsda]
QG —a; Jg,

for all ¥ € [0, 1]. Some integral inequalities for symmetric weights were obtained. Applications for
exponential functions and modulus quadratic functions were provided as well.
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1. Introduction

Let R be the set of real numbers and A C R be an interval. A function x : A € R — R is said to be
convex in the classical sense if it satisfies the following inequality

k(tu+A=-0o)<tf)+{ -1« (),

forallu,n e Aandr € [0, 1].
Letk: ACR — Rand a;,a, € A with a; < a,. Then the inequality

K(al+az)ﬁ ! fﬂzk(x)dxsw (1.1)

2 A — qp

holds if « is convex, and is known in the literature as Hermite—Hadamard inequality, after the name of
C. Hermite and J. Hadamard (see [10]). The inequalities in (1.1) hold in the reversed direction if « is a
concave function.

A vast literature related to (1.1) has been produced by a large number of mathematicians [7] since it
is considered to be one of the most famous inequalities for convex functions due to its usefulness and
many applications in various branches of pure and applied mathematics.

Let V be a vector space over the real or complex number field K and v,,1, € V, n; # 1,. Define the
segment

[v1,v2] :={(1 = )yy + 1, 7 € [0, 1]}
We consider the function « : [11, 12] — R and the associated function
g1, 02) 1 [0, 1] = R, g1, 02)(®) := «[(1 — O)ny + 2], 7 € [0, 1].

Note that « is convex on [py, 1,] if and only if g(»y, 1,) is convex on [0, 1].
For any convex function defined on a segment [1, 1,] C V, we have the Hermite—Hadamard integral
inequality:

1
K(I)1+1)2)Sf K[(1 = By, + my]dr < <O+ &02) (12)
2 ) 2

which can be derived from the classical Hermite—Hadamard inequality (1.1) for the convex function
g0,12): [0,1] > R.

In [8], some Hermite—Hadamard-type inequalities were discovered using the fractional operator,
which produces some interesting results. The authors A. Munir et al. established a general identity for
Caputo-Fabrizio integral operators and the second derivative function. Using this identity new error
bounds and estimates for strongly-convex functions were obtained.
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Since k(y;) = |[v1|f¥ (v, € Vand 1 < B < o) is a convex function, then for any 1,1, € V, we have
the following norm inequality from (1.2) (see [9]):

Denote by L(H) the Banach C*-algebra of bounded linear operators on the Hilbert space H. For
A € L(H), we define the modulus of A by |A| := (A*A)? . 1t is well-known that the modulus of
the operators does not satisfy, in general, the triangle inequality | A + B| < |A| + |B]|, so the classical
arguments using this inequality can not be used.

We use the following Cauchy—Bunyakowsky—Schwarz discrete operator inequality [6]:

n n n 2
2 2
Z Wi |zl Z Wi [Al” > ZWkaﬂk
=1 =1 =1

where z; € C, A, € L(H), wy > 0fork € {1,...,n},and };_, wy = 1.
Like in [6], we consider the following class of operator-valued functions:

il + 2l

) +t)
L fll(l—t)m+tn2||ﬂdt<f, (1.3)

, (1.4)

Definition 1.1. We say that the continuous function S : [ay, 0] — L(H) is square modulus convex
(concave) on [ay, ay] if

IS (1 =Hu+)> < ()(A-1)S W +1]S () (1.5)
in the operator order of L(H), for all u, v € [a;, 0] and t € [0,1].
Let A, B € L(H) and u € [0, 1]. Then by (1.4), we get
(1= ) A+ uBP = |(1 =)' (1 = )2 A+ P B
< (@ =)+ (@2 ||l - w12 AP + |

= (L =p+ |1 =@ AP + u|BF]
= (1= |AF +pIB.

Consider the function C : [0,1] - L(H),C(@) =|(1 =) A+1tB|. Lett, t, € [0,1] and u € [0, 1].
Then

IC((1 =ty + ) = (1= (1= )ty — ptx) A+ (1 = )ty + pt) B
=1 =) (1 =t) A+ 18) + u((1 - ) A+ 6L,B)
<A-wld-t)A+1BP +ul(l - 1) A+ 6B
=(1-wICt)F +ulC®)P,

which shows that C is square modulus convex on [0, 1].
Assume that « is nonnegative on A and operator convex, namely,

k(1= A+uB) < (1 - k(A +ux(B),

AIMS Mathematics Volume 11, Issue 9, 27766-27790.



27769

for all u € [0, 1] and selfadjoint operators A, B with spectra in A.
For such functions and A, B, we consider

D@ :=k((1=0DA+1B)]"?,te]0,1].

Then, using a similar proof as above for the modulus function, we conclude that D is square modulus
convex on [0, 1].

The function « (¢) = ¢* is operator convex on (0, 00) if either 1 <¢ <2 or —1 < ¢ < 0 and is operator
concave on (0, 00) if 0 < ¢ < 1. Therefore for A, B > 0, the function

S, () :=(1=-DA+tB), te[0,1],

is square modulus convex on [0, 1] for 1 <t <2or -1 <¢<0, [6].

We give now an example of a complex-valued function for which the real and imaginary parts are
not convex, however the square of the modulus is.

Let § : [a;,a] — C be defined by S (t) := u(¢) + ()i, t € [a;,a]. Observe that |S )P =
12 (£) + 9% (1), t € [ay, ay] . Notice that, if u?, 9? are convex on [aj, a,], then obviously u? +9? is convex
on [a;, a,]. However, if we take u (f) = tsint, 9 () = tcost, t € [0, 27r], then neither u? nor 92 is convex
on [0, 27r] but u? + 92 is still convex on [0, 27] .

2. Preliminary facts
Following Roberts and Varberg [11], we recall that if k : A — R is a convex function, then for any

So € A (the interior of the interval A), the limits

k_ (s0) := lim *(8) ~Ks0) g K. (s0) := lim K (s) = k(s0)

S50~ S — 5o s—s0+ S — S

exist and «” (s9) < &’ (so). The functions . and «/ are monotonic nondecreasing on A and this
property can be extended to the whole interval A (see [11]).
From the monotonicity of the lateral derivatives «” and «’,, we also have the gradient inequality

K (s)(s—0)=2k(s)—k(0) =K () (s —0)

for any s, o € A.
If A = [ay, a;], then at the end points, we also have the inequalities

k(8) =k (ay) > &, (a)) (s —qy),

for any s € (ay, ay], and
k(o) = k(az) > K (a3) (00 — @),

for any o € [ay, ay).
For the operator G € L(H), we define the selfadjoint operator

Re (G) = %(G*+G).

We have the following fundamental fact providing a characterization of square modulus convex
functions [6]:
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Proposition 2.1. Assume that function S : [a;, ] — L(H) is continuous on [ay, ay]. The function
S : lay, aa] = L(H) is square modulus convex on [ay, ;] if and only if for all x € H\ {0}, the auxiliary
Sfunction s . : [ay, a3] — [0, 00), g (1) = [|S (1) x||2 is convex on [ay, ay] .

Proof. For the sake of completeness, we give here a simple proof.
The condition (1.5) is equivalent to

(IS (1= yu+ )P x,x) < (1= (JS WP x.x) + (IS @ x. %),
namely,
(IS (1 =Du+)]*S (1= Du+r0)x, x) < (1= DS IS W x,x) + (S ]S (9 x, x)

or
IS (1 = u+ )l < (1 =0)lIS ) x* +£1IS (0) 1l

forallt € [0, 1] and u, v € [a, a]. O
Observe that, see also [6],
z,{/;s’x (1) =S W) x, S ) x)), =(SL W) x, S )x)+ (S ) xS, (u)x)
={(S ()" ST W x, x) +{(S, ()" S (u) x, x)

= (S (W)* S (W) x, x) + (((S (W) S, ()" x, x)
= (2Re ((S ()" S, () x, x)

and

Wes . (@) =2(Re ((S (a))" S, (a)) x, x),
Yg  (a2) = 2{Re ((S (12))" S (@) x, x),

for all x € H \ {0}.
We have for ¢ € (a;, ap) and small & # O such that t + & € (a;, ay),

<|S t+mP-IS OF >
h X, X) =

(IS (¢ + W) x.x) = (IS () x. x)|

S| = =

[1IS 2+ ) P = IS (1) 2P

for all x € H \ {0}.
By taking the lateral limits, we get

lim

h—+0

<|S (t+nP-1S 0P

1 1 2 2
p x, x> = lim IS (¢t + 1) = 1IS (1) 2P

= (2Re ((S ()" S’ (1) x, x),
for all x € H \ {0}.
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Therefore for the function ¥ () := |S ()%, 1 € (a;, ay), we have

W, () = 2Re ((S ()" S, (1)) 2.1)
and
W' (a1) = 2Re (S (01))" S+ (1)), ¢L (a2) = 2Re ((S (02))" S (a2)).
We also have the operator gradient inequality
2(s =) Re((S () S (5) 2 IS () = IS (o) (2.2)
>2(s = 0o)Re((S (0))" S’ (),

for any s, 0 € (a1, a3).
Moreover, at the end points of the interval, we have the operator inequalities

IS ()P =18 (apl =2 (s — ar) Re ((S (a))* S, (a1)), (2.3)
for any s € (a1, ay], and
2(a — ) Re ((S (1))" S” (1)) > IS (@)l = IS (@), (2.4)

for any o € [ay, ay).
Finally, we notice that for a; < #; < £, < a,, we have

Re ((S (a1))" S’ (ar)) < Re ((S (11))" % (1)) (2.5)
< Re((S (1)) S’ (1)) < Re ((S (a2))" S (a2)),

in the operator order of L(H).
The following characterization of strongly differentiable square modulus convex functions may be
stated as well:

Proposition 2.2. Assume that function S : [ay, aa] = L (H) is strongly differentiable on (a;, ay). The
function S : [ay, a;] = L(H) is square modulus convex on [ay, ay] if and only if

Re ((S (11)"S" (1)) < Re ((S (12))" S' (1)), (2.6)
fOV alla; £ H <t £ .

The proof follows by Proposition 2.1 and the fact that a scalar-valued differentiable function is
convex on (a;, ay) if and only if its derivative is nondecreasing on (a;, ay) .
We notice that if  (¢) :=|S ()%, 1 € (a;, ay), then we have from (2.1)

W () =2Re((S @) S" (1) =(S @) S @)+ (S 1) S (). (2.7)
IfS : [a,a] = L(H) is strongly twice differentiable on (ay, a;), then
()= (S @S @) + (S ®)S @)
= (8" @) S" M)+ (S @) S” @+ ((S” ®)S @)+ (S ®) S ()
= 218" (O +2Re[(S (1) S” (O] = 2{IS" ()F + Re [(S (1)) S” 0]},

forall 7 € (a;, ).
We can state then the following result for strongly twice differentiable functions on (a;, ay) as well:
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Proposition 2.3. Assume that function S : [ay, a;] — L (H) is strongly twice differentiable on (a;, ay).
The function S : (a1, ay] = L(H) is square modulus convex on [ay, ay] if and only if

IS (OF + Re[(S (1)) S” (1)] = 0,
forallt € (a1, a;).

We also have the following scalar inequality of interest:

(2.8)

0< 2min{t,1—t}[K(s)+K(u) —K(”u)

2 2
< -0k(s)+tk(u)—k((1 —=1)s+tu)

K(S)-|2-K(u) _K(s-;u)

2

< Zmax{t,l—t}[

where « : [a;, a,] — R is a convex function on [a;, ax] and ¢ € [0, 1].

The proof follows, for instance, by Corollary 1 from [3] forn =2,8, =1-1t,6, =t,t € [0, 1], and
X1 =8, X =1,

By making use of (2.8) for the s, : [a;, az] — [0, ), Y5 (1) = ||S (1) x|, x € H \ {0}, we can
state the following result:

Proposition 2.4. Assume that the continuous function S : [ay, a;] = L(H) is square modulus convex
onla;, a], s, o€ (a,a)and? €[0,1], then

2 2
0<2min(g,1—g)| >+ @) —‘S(”U)

2
3 > ] (2.9)

<A =DISGOP+3S (@) =S (1 =) s+ o))
IS ()I* + 1S (o) _ ‘S (s + a) 2]'

2 2
Remark 2.1. If we take the integral over ¥ € [0, 1] in (2.9) and observe that fol min{%, 1 — ¢} dd =
and fol max {3, 1 — 3} dd = %, then we get

< 2max {4, 1 —ﬂ}[

1
4°

LIS () +1S (o) s+ o\
OSE[ 2 _S( 2 )]
2 2 1
< 1S ()| J;IS (0)] _f 1S (1= 9) s + 9o do
0
3[1S () + S (o)) s+ o\
=3 2 _'S( 2 )]

forall s, o € (ay, ay).

We have the following result for general convex functions [5]:
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Lemma 2.1. Let ¢ : [a;,a;] € R — R be a convex function on the interval [a;, ay], s, o € (a1, ;) and
9 €[0,1], then

0<9U-PD (-9, ([(A-NHs+do)—y¢" (1 -9)s+do)] (2.10)
<A-Dy )+ (@0)—y((1-73)s+ o)
<G =) (o - ) [y () - ¢, (9)].

In particular, we have

03}l(a—s)[w;(”sz)—w_(szo)] @.11)
< Y (s)+ (o) —t//(ﬂ)
- 2 2

1
< 7(0=9) [ (o) =y (9)].

The constant i is best possible in both inequalities from (2.11).

Remark 2.2. [f the function ¥ : [a;, a;] C R — R is a differentiable convex function on (ay, a;), then
forany s, o € (a1, ay) and ¥ € [0, 1], we have

0<A-DyY )+ (o)-yY((1-73)s+J0) (2.12)
<HA =N (-9 (0)-y¢ (s)].
The following inequalities in terms of the first derivative may be stated as well:

Proposition 2.5. Assume that the continuous function S : [ay, a;] = L(H) is square modulus convex
onlay, a], s, o€ (a,a) and? € [0,1], then
0<20(1 - (o—s5)x[Re((S((1 =) s+I0) S, (1 -1I)s+J0))
—Re((S (1 =) s+90)"S" (1 =9 s+ d0))]
<1 =S () +2S () = 1S (1 —P) s+ do)?
<20(1 =) (o - $) [Re (S ()" S () = Re (S ()" S', ()] (2.13)
If S : a1, a2] = L(H) is strongly differentiable on (a;, ay), then

0<(1=DIS P +3IS @) =15 (1 =19)s+ o)

<20(1 - 9) (0 — ) [Re (S ()" S (0) = Re ((S ()" S” ()], (2.14)
for s, o € (a,a) and ¥ € [0, 1].
In particular,
IS ()I* +1S (o)I* s+ 0\
0= 2 - 'S ( 2 )
1
< 3@ =9[Re((S @) S (@)= Re (S (5)"S" ()] (2.15)

fors, o € (a,a).
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Proof. Let x € H \ {0}, s, 0 € (a;,0;), and & € [0, 1]. Then by the inequality (2.10) for the function
l/’S,x : [ala (12] - [0’ OO)’ (//S,x (ll) = ||S (u) X||2, we get

20(1 =9) (o —s) X [{(Re ((S (1 =F) s +90)" S’ (1 =F) s + J0)) x, x)
—(Re((S (1= s+30)"S” (1 =) s+ I0)) x, x)]
< (1= (S P x.x)+ (IS (@) x.x) = (IS (1 = ) s + I x, x)
<201 =) (o —5) X [{(Re((S (@) S”(0)) x,x) = (Re ((S (5))" S, (5)) x,x)],

which is equivalent to (2.13). i

Remark 2.3. If we integrate the inequality (2.14) over ¥ € [0, 1], then we obtain

2 2 1
Osw(”|25Qﬂl—j‘B«l—ms+ﬁaﬁdﬂ
0
1
< 3 (o —=s)[Re((S (o))" S" (7)) —Re ((S (s))" S ()],

forall s, o € (ay, ay).

The following bounds in terms of the second derivative holds, see for instance [4] for a detailed
proof:

Lemma 2.2. Let k : [a;, a;] C R — R be a twice differentiable function on the interval (ay, ay). If there
exists the constants d, D such that

d <K' (t) < Dforanyt € (a1,0), (2.16)
then
%ﬁa—ﬁyua—sfg(l—mkuymw«ﬂ—K«1—ms+ﬁU) (2.17)
s%ﬂa—ﬁﬂxa—@%

forany s, o € (ay,ay) and 9 € [0,1].
In particular, we have

l(v—s)zds k(s) + k(o) _K(s+0'

1 2
: 3 2)s§w—90, (2.18)

forany s, o € (ay, ay).
The constant % is best possible in both inequalities in (2.18).

Indeed if we take « (f) = 2, then ” (f) = 2 and we obtain in all terms of (2.18) the same quantity
‘—1‘ (o —5)°.

For strongly twice differentiable square modulus convex functions, we have the following upper
and lower bounds:
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Proposition 2.6. Assume that S : [ay, a;] — L (H) is strongly twice differentiable on (ay, ay) and there
exist C, D € L(H) withC, D > 0 and

0<)C<I|S’ () +Re [(S () S”" ()] < Dforallte (a,a,). (2.19)
Then for any s, o € [a, ax] and 9 € [0, 1], we have

FA =N =9C<U=DIS P +2IS (@) =S (1 =) s + Io)]?
<9 -9 (0 -9)D. (2.20)

In particular,

2

4 = 2 2
1
<o 5’ D. (2.21)

2 2
Lo spc<SO+IS@) _'S(HU)

The proof follows by Lemma 2.2 for the function ¢, : [a1, a2] = [0, 00), Yg, (1) = [IS () X,
x € H \ {0}, and by observing that

ws . () = 2({IS" OF + Re [(S (1) S” 1]} x, x),

fort € (a;,ay).

Corollary 2.7. With the assumptions of Proposition 2.6, we have the trapezoid-type inequality

2 2 1
é(a— gtc< BVl ;'S Col fo 1S (1 =) 5 + 90) dd (2.22)
< é(a —5)’D

and the midpoint-type inequality

2

1 1
—(O'—S)ZC’Sf IS ((1—ﬁ)s+ﬂa)|2dﬂ—’S(s+o-) (2.23)
12 0 2
1 2
< — —
=1 (c—-5"D
forany s, o € [aj,ay].
Proof. The inequality (2.22) follows by (2.20) on integrating over ¥ € [0, 1].
From (2.21), we get
1
Z((l —Ns+dc—-1 -9 o —19s)°C
- IS (1 =®) s+ +|S (1 =F) o+ 9s)] ~ 'S (s+0')2
= 2 2
1
sZ((l—ﬁ)s+ﬂo-—(1—z9)a—19s)21), (2.24)
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namely,

2

1 5 s o IS =) s+ ) +1S (1 =)o + Ds)| s+o
Z(1=207 (=57 C < —‘S(—)

2 2
(1 =29 (o - 5)*D. (2.25)

<

ENT

Taking the integral over ¢} € [0, 1] and observing that

1
I
f (1-20)dt) = ~
0 3

1 1
f IS (1 =) o+ 9s)[>dd = f IS (1 =) s + do)* do,
0 0
then by (2.25), we derive (2.23). |

and

3. Double-integral inequalities

As outlined in the seminal paper [2], the consideration of double integrals can provide more insights
on improving some known results. In this spirit, we can state the following double-integral inequalities
for operator square modulus convex functions:

Theorem 3.1. Assume that the continuous function S : [ay, a;] — L(H) is square modulus convex on
[ay, az]. Then for all 9 € [0, 1],

1
0 < 2min {9, 1 — 9} x f IS (s)]2 a’s— HU dst']
ay —q aj
1 “ 2 2
< IS ()] ds — —2 |S (1 =) s + 9)] dsdo
MG —a; Jg a —ap)
< 2max {9,1 -9 f IS (s)]2 ds— ”“ dsda]. 3.1)
a2 —ay Jq
Proof. If we take the double integral in (2.9), then we get
a
2 min {9, 1 -9 U f ('S(S)l +IS (@ )dd ”‘T dsda]
az
<(1-9 f 1S (s)]> dsdo + O f f N (0')|2dsd0'
aéz a ap
f f IS (1 =) s + do)|> dsdo
<2max{d 1 -
a2
f f (IS () +|S (o) ) S+<f dst'], 32)

for all & € [0, 1].
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Observe that

an o ap ap a2
f f 1S () dsdo = f f IS (o)|> dsdo = (a; — a;) f IS (s)* ds

and by (3.2), we get

2 min {9, 1 — [(az—al) f IS ()] ds — ”“ dsda]
<(a2—a1)f IS (5)P ds—f f IS (1 = 9) s + 90 dsdo
< 2max{9,1 -9 [(az—al)f 1S (s)]2 ds—f f ”‘T dsd(f],

which is equivalent to (3.1).

For functions that are strongly differentiable, we have the following upper bounds:

Theorem 3.2. Assume that S : [a}, 0] = L(H) is square modulus convex on [ay, ay] and strongly

differentiable on (ay, ay), then for all ¢ € [0, 1],

1 15} 1 an an
0< f 1S ()P ds — ———— f f IS (1 =) s + I’ dsdo
a2 =4y Jq (2 —a)” Joy Jy

f N (s _ & ; °2)Re ((S () S’ (5)) ds.

<49(1 -19)

a —ap

In particular,

S+O'

dsda

0< 1 f S (5)P b —
a — I ag 2—(11
! f (s— il +°2)R ((S ()" S” () ds.

_(12—(11 2

Proof. If we take the double integral in (2.14), then we get

ap ap a2 a2

(1—19)[ f N (s)|2dsd0'+z‘}f f IS (o)|> dsdo
© 0.&2 ap ap ap

—f f IS (1 =) s + do)|> dsdo
ap ap

<29(1 -9 x faz fﬂz (o= 9)[Re((S (0)) S" (7)) — Re ((S (5))" S’ (5))] dsdo,

for all & € [0, 1].
Observe that

f f (o= 9)[Re((S (0)"S" (7)) —Re ((S (5))" S’ (5))] dsdo

(3.3)

(3.4)

(3.5)
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_ f i f " [Re (S (@) S’ () + sRe (S ()" S (s))] dsdor

_ faz fﬂz [sRe ((S ()" S’ (o)) + oRe (S (5))* S’ (5))] dsdo

2 2

=2 (- ay) f " SRe((S () S’ () ds — 22 - all f " Re((S ()" ' () ds

ay

a + ap

f " Re((S () S (5) ds] ,

aj

=2(ap —ay) [f“z sRe ((S ()" S’ (s))ds —
and by (3.5), we get

(a2—a1)f2|S (s)|2ds—f2f2|s (1 =) s +d0)* dsdo

<40 (1 =9 (ar — ay) U (s _a ; C(Z)Re((s (S))*Sr(s))ds],

which is equivalent to (3.3). i
For functions that are strongly twice differentiable, we have some simple lower and upper bounds:

Theorem 3.3. Assume that S : [a;, ax] — L (H) is strongly twice differentiable on (a,, ay) and there
exist C, D € L(H) with C, D > 0 and the condition (2.19) is satisfied, then for all 9 € [0, 1],

1 (1) 1 an an
f S ()P ds — ——— f f IS (1 = 9) s + 9o dsdo
QG — ap Jy (a2 —a)” Joy Ja

éﬂ(l — (e, —a)’C<

1
< 619(1 -9 (ay —a;)* D. (3.6)
In particular,
1 s + 0'
77 (@ —a)yCs —f S () ds ~
< ﬁ (a2 — a)* D. (3.7

Proof. By taking the double integral in (2.20), we get

ﬁ(l—ﬂ)(ff(a’—s)zdsd(r)C
s(l—ﬁ)f f |S(s)|2dsd0'+ﬂf f IS (o)|> dsdo

1) a
- f IS (1 =) s + do)|> dsdo

<91 -9 (f f (o — s)zdst') (3.8)
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Since o .
f f (0 - s)*dsdo = c (0 — ap)*,
hence by (3.8), we get (3.6).

The inequality (3.7) follows from (3.6) by taking J = 1/2. O
4. Some weighted integral inequalities

In this section, we provide some weighted integral inequalities for square modulus convex functions
and give some examples for simple symmetrical weights. We note that the adoption of weighted
integrals is of interest, with prospective applications in quantum information theory or numerical
analysis, fields where operator inequalities enjoy extensive applications. However the details are not
provided in this paper.

Theorem 4.1. Assume that the continuous function S : [ay, a;] — L(H) is square modulus convex on
[a}, 2], s, € (a1, a0) and B : [0,1] — [0, 00), integrable and symmetrical on [0, 1], i.e., B(1 =) =
B @) for ¥ € [0, 1], then

4 [\ op (o) do [|S GE+IS OF 'S (s_+t)2
B as 2 2

1
95 (9)
s%%@;rmﬁﬂ+wmﬂ ng;gfﬂ%%BM—msﬂwhw
0

1
< 4 1/2ﬁﬁ(ﬁ)dﬁ|:|s (S)|2+|S (t)l _‘S (S__i_t)Z
k@ as 2

2
Moreover, if w : [ay, az] — [0, 00) is integrable, then also
4 fol/z oB(o)do

Jow@Is oF dr
; x| = f\fwmwm‘ sy
I, B dv Jo w@adr w (1) d)

.2 [ oB@ [ w @IS o) dt
i Bwas  [Twwnd (g dﬁ( [ war)

1 a2 a2
xf B(ﬁ)(f f w(s)w (@) |S ((1 —ﬁ)s+z9t)|2dsdt)dz9

' 98 (@) do [Fw®dls 0F d
W ftfwwwm‘ )
Jy wodi S w @ ar)

Proof. We multiply inequality (2.9) by B (¢}) > 0 and integrate over ¢ € [0, 1] to get

4.1)

dsdt

1/2

fO B ) do

dsdt|.

(4.2)

1S (I +1S 0P
2

S+l‘

1
2f min {¢, 1 — 3} B () dﬂ[ ‘S 4.3)
0
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1 1 1
sf (1 -NBW)ddI|S (s)|2+f 9B () d|S (a)lz—fﬁ(ﬁ)dﬁlS (1 =) s + 9
0 0 0

1S ()’ ; 1S (1) _ ‘S (S;—l’)z

1
< 2f max{ﬁ,l—ﬁ}ﬁ(ﬁ)dﬁ[
0

Since B (1 — ) = B(F) for ¥ € [0, 1], then we get

1 1 1
f(l—ﬂ)ﬁ(ﬁ)dﬂ:f (1—19)ﬂ(1—19)d19:f0',8(0')d0',
0 0 0
1

1 1/2
f min{ﬂ,l—ﬂ}ﬁ(ﬁ)dﬂ:f 9B (F) dv + 1 -PHp)dy
0 0 1/2
1

1/2
:f IB (9 df + A=A -9 dy
O1/2 1/12/2 1/2
:f ﬁﬁ(ﬁ)dﬁ+f O',B(O')dO'ZZf oB(o)do
0 0 0
and, similarly,
1 1/2 1
fmax{ﬂ,l—ﬁ}ﬁ(ﬁ)dﬂ:f (1—ﬁ)ﬁ(ﬁ)dﬂ+f IB () d
0 0 1/2
1
:2f 9B () dv.
1/2

By (4.3), we then get

1/2

4 ofB(o)do [

0

1S (o)1 ; S OF _ ‘ g (ST-H‘) 2

1 1
< f 9B (1S (I + a1 (@) - f B@)IS (1 =) s+ 90 di
0 0

‘ IS (P +1S ()P s+ 1\
§4f1/2ﬂﬁ(ﬁ)dﬂ[ . —'S( - )

which is equivalent to (4.1).
Now, if we multiply (4.1) by w (s) w () > 0 and take the double integral, then we get

d
fa/m) - U f o (t)('S(S)'”S(’)')ddt ffw(s)w(t)‘ ety
B(®)dd

9B (9 © o
S% f f w(Sw@) (IS ()P +1S ()F) dsdt
0 o

_Wf f (fﬁ(“")W(”W“)'S«l—ﬂ>s+ﬂr>| dﬂ)dsdt
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' 98(9) do

1/2

jo B () d

ffw(s) (z)('S(S)I +IS (0 )ddt ffw(s)w(t)'
a) a 2 2 a a2
f f w(s)w(t)(lS ) ;-lS(f)l )dsdt:f w(t)dtf w(t)|S (t)|2dt

and by Fubini’s theorem,

ap o 1
f f (f B@Hw(s)w @S (1 -3 s+ dﬁ) dsdt
aj a 0

1 an an
= f L) f f w(s)w (@S (1 = 9) s + 9 dsdtd?.
0 aj aj

] 4.4)

Since

Then by (4.4), by division with ([ w () dt)z, we get (4.2). O

Remark 4.1. If we take, for instance, 5 () = |19 -1,

1
(IS ()P +1S 0F) - f

[0, 1], then from (4.1), we get

%[IS S +IS OF _ iS (s+ t)

1
9 - 5‘ IS (1 =) s + I)|* dd

<1
2 2 =2
501 (P +1S @O A
Sg[ > “S St
while from (4.2),
WS tzdt
1k Waf)l vl f f w(s)w(t)‘ ) dsd
3 [Twwar 12w ar)

L woIs oFdi 4 f
< i

= 3 ﬂ—l‘(fzfzw(s)w(t)lS((l—ﬁ)s+ﬁt)|2dsdt)dﬁ
Joy wde (fa‘fw(t)dt 2l\Ue Uy

IGING dr
ik - f f wwols (S
fa1 w(t)dt QIZW(t)dt

In the case of twice differentiable functions, the bounds are simpler, as shown by the next result:

5

-3

d sdt}

Theorem 4.2. Assume that S : [a;, ax] — L (H) is strongly twice differentiable on (a,, ay) and there
exist C, D € L(H) with C, D > 0 and the condition (2.19) is satisfied, s, t € (a;,0a,) and 8 : [0, 1] —
[0, 00), integrable and symmetrical on [0, 1], then we trapezoid type inequalities

1

1
1—f d(1-HBW)dI(t—s)’C
Iy B@)dd Jo
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<

 fB@as
B 1

Iy B as

1
= mfo (1= HB@) dd (1 - 5)* D. (4.5)
0

1
f%mMW®hwW)
0

1
f BIS (1 =) s+ 90) do
0

Moreover, if w: [ay, ap] — [0, o) is integrable, then also

2
1 a2 a2
%f 91— 9B W) dI x ;f w(t)tzdt—[az;f w(t)tdt) C
foﬁ(ﬁ)dﬁ 0 X w(s)ds Ju fal w(s)ds Ja

_2h 9B@) [ w®IS @F di 1

fp@yas  [Tw@ad _f()lﬁ(ﬁ)dﬂ(f:zw(t)dt)z

1 a a2
X f B () (f f wSw®IS (1 =9) s+ dsdt) dd
0 aj aj

2
1 an a2
S%f 3 (1 =) (@) di x ;f w(t)tzdt—[%f w(t)tdt] C.
Jy B@)as Jo [ w(s)ds Ju P w(s)ds Jo
(4.6)
Also, we have the midpoint-type inequalities
1 1 1 2
1—f (19—5) B dd(1—s)°C
i B@)d9 Jo
L 2
3‘T—L——Jﬁﬁ@ﬂS«Lﬂ%S+mﬁdﬁ—h(iiq
b B@ a9 Jo 2
1 1 1 2 ,
< l—f (ﬂ——) B@)dd(t—s)"D 4.7)
Jy B@ds Jo 2
and
2 1 1 2 1 ap 1 © 2
1—f (ﬂ——)ﬁ(ﬂ)dﬁx —f w(@) Pdt — | ———— f w(t)tdt| |C
i B@)do Jo 2 P w(ds Ju [Ew(s)ds Ja

1 (1) an
Sfl #d (lfaz ()d)zxfoﬁ(ﬁ)(f f W(S)w(t)|S((1—ﬁ)s+z9z)|2dsdt)dﬁ
o B@)dd( | ~w(o)dt o Jau

" Tron wl(s) — f S ©w ‘S (57)
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<—2 11912 P do
_ﬂﬁwwﬂi:(_Z)ﬁ()

2
1 @ 1 @
x[a—f w(f) £2dt — a—f w(¢) tdt
falzw(s)ds a (falzw(s)ds ay ]

Proof. If we multiply (2.20) by B () > 0, integrate, and use the symmetry of 8 (-), then we get

D. (4.8)

1
f I (1 - B dI (- s)*C
0

1 1
< f 9B (9) dﬂ(lS () +1S (t)lz) —f B@)IS (1 =) s + I di
0 0
1

< f (1 = 9B dd(t — s)* D,
0

which by division with fol B () dd > 0 gives (4.5).
Further, if we multiply (4.5) with w(s) w(#) > 0 and take the double integral on [ay, a,], then we
get

1

1 a2 a2
1—f ﬁ(l—ﬂ)ﬁ(ﬂ)dﬂf f w () w (@) (t — 5) dsdiC
y B dd Jo a Ja

1 a a
< Wf B () dﬁf f w(s)w (1) (IS S +1S (t)|2) dsdt
o 0 a ap

() 15} 1
- %f f w(s)w (1) (f B@IS (1 -9)s +19t)|2d19)dsdt
|y B@)dd o Ja 0

31;
Jy B@) a9

f b f " w(s)w (@) (t — 5)* dsdt

_ f " f azw(s)w(t) (tz — 2ts + sz) dsdt

- f : f azw(s)w 1) dsdt -2 f N f azw(s)w(t)tsdsdt+ f : f azw(s)w(t) s*dsdt
1 N aj N ap aZI ) aj aj

:2f w(s)dsf w(t)tzdt—Z(f w(t)tdt) ,

then by (4.9) and dividing with ([ w () dt)2 , we get (4.6).

1 a a2
f d(1 =3B dﬁf f w(S)w (@) (t — 5)* dsdtD. 4.9)
0 aj ap

Since
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Further, by (2.21), we have, like in the proof of Corollary 2.7, that

2

1\ s IS A =D s+ )P +IS (A -1 +9s)P S +1
(5‘1"‘) (t-syCs 2 _‘S(T)

< l—zaz(z— ¥ D
= 2 S ,

for s, t € (a;,ap) and & € [0, 1].
If we multiply by 8 (¢}) > 0 and integrate, then we get

1 1 2
f(ﬂ——)ﬁ(ﬂ)dﬂ(t—s)zc
0 2

1 : 2 1 ! 2 ! s+t 2
g—fﬁ(ﬁ)lS((l—ﬁ)sﬂ%N dﬂ+—f 1S (1 = 9)t+Is)| ﬁ(ﬂ)dﬁ—fﬂ(ﬁ)dﬂ‘S( )
2 0 2 0 0 2
1 2
sf (ﬁ—%) B@)dI(t - s)* D. (4.10)
0

Since B(1 —9) =B (), ¢ € [0, 1], then
1 1
fﬁ(ﬂ)lS((l—ﬂ)s+ﬂt)|2dﬁ:f,8(1—19)|S((1—19)s+19t)|2d19
0 0

1
= f BWIS (As+ (1 =)D dA
0

and by (4.10), we derive (4.7).
Finally, if we multiply (4.7) with w(s) w(¢) > O and take the double integral on [a;, a,], then we
get (4.8). O

Remark 4.2. If we take the symmetric function S () =9 (1 — 1), t € [0, 1], then by (4.5), we get that

%(t—s)zC

IA

1

%(lS P +1S (t)|2)—6f 91 =D|S (1= s+ I do
0

1

5

and by (4.6),

2

2
[—az 1 f w(t)lzdt—(% f w(t)tdt]
ST werds Ju " w(s)ds Ju

[Fw®IS 0 at 6 ! w o
< = - - 2f 9 —ﬂ)(f f w(s)w()|S ((1 —ﬂ)s+ﬁt)|2dsdt)dt9
fal w(t)dt (fal? w (1) dt) 0 o Ja

2
ﬁf w(t) dr — [az;()df w(t) ldl)
wis)das Ja a wis)das Ja
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Also, if we take B () = |19 - %| in (4.7), then we get

1 1
—(t—s)ZCS4f
8 0

1
Sg(t—s)ZZ)

2

|
9 — 5'|S (1= 9) s+ 90 di) — ‘S (ST”)

and by (4.8), that

2
1[%f w(t)tzdt—[az;f W(l)fdf)
H[Tw e ds Ja W) ds Ju

0 - %'(faz fﬂzw(s)w(t) 1S ((1 —ﬂ)s+z9t)|2dsdt)d19

C

<4 f
- (fa(:zw(t)dt)2 0

1 “ s+t
Wf wovols(57)

2
sl[%f w(t)tzdt—(%f w(t)tdt]
4 fal w(s)ds Jaq N w(s)ds Jaq

5. Some examples

2
dsdt

D.

In this section, let A be a normal operator in L (H), i.e., A*A = AA*. Consider the function
Ual(t) = |e’“¢‘|2 , with # € R. Observe that, since ‘A is normal, then

2 * * *
W (t) = | etﬂ| — ( etﬂ) e = o g = I ATA) _ URAA)

forall r € R.

Observe that, by utilising the results from [1], where the strong differentiability is proved, we have
that

Win (t) = 2Re (A) 7, t € R,

and
Wn (1) = 4[Re (A Y, 1 e R,

For a selfadjoint operator P, by utilising the continuous functional calculus for selfadjoint operators,
we have that

P2’ > 0forallt e R,

which shows that, for P = 2 [Re (A)],
W (1) = 4[Re (A)]) ¥R e R.
We conclude that the function S (7) := " is square modulus convex on any subinterval [a;, a,] of R.
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If we use Proposition 2.4 for S (7) := ¢, then for s, o € R and ¥ € [0, 1], we have the following
operator inequality:
eZsRe(.ﬂ) + eZO'Re(.?I)

2
< (1 _ 19) eZsRe(ﬂ) + ﬂeZU'Re(.?l) _ eZ((l—ﬂ)sﬂ?a’)Re(?{)

0 <2min{d,1 -9} [ - e(S+cr)Re(5‘1)]

2sRe(A) + eZa’Re(.?()

2

<2max{d. 1 -9}

_ e(s+0')Re(ﬂ)] )

Also, from the inequality (2.14) for S (¢) := €', we also get

0<(1-9 eZSRe(ﬂ) + Pe2oReA) _ e2((1—19)s+190')Re(31()
<491 =) (o —s) [Re (A) RN _ Re (A) ezsRe(ﬂ)] ’

for s, 0 € R and ¢ € [0, 1]. If we take in this inequality = 1/2, then we obtain

2sRe(A) 20 Re(A)
0<$ +e _ SSHOIRAA)

- 2
< (O’ _ S) [Re (..7() eZa(ﬂ) — Re (ﬂ) e2sRe(§{)] ’

for s, o € R.
Also, if 0 < m < Re (A) < M, then for ¢ € [a;, a;] C (0, 00),

4m* e < Am*e®™ <y (1) = 4 [Re (A 7 < amPe™M < AN,
If we make use of the inequality (2.20), then we get
0 <) dm*e™™ 9 (1 - 9) (o — s)°
< (1 _ ﬁ) eZsRe(ﬂ) + ﬂeZ(TRe(ﬂ) _ eZ((l—ﬁ)sH’?o‘)Re(ﬂ)

<AM* MY (1 - 9) (o - ),

for s, o € [ay, ap] . In particular, we have

) p25Re(A) 4 p20Re(A)
(0 S) m2€2ma1 (0. _ S) < 5 _ e(s+a-)Re(ﬂ)
< M*&* M (g — 5)? .

If G is an invertible operator in .L(#), then it is known, see, for instance, [1], that
f exp (tG) dt = G™' [exp (0,G) — exp (0,G)] (5.1)

for any a; < a,.
This implies that for invertible Re (A), we have

f " exp (2tRe (A)) dt = % (Re (A)) ™" [exp (2ayRe (A)) — exp (2a;Re (A))] .

a
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By Corollary 2.2, we then obtain

2
0< g ((12 - (11)2 mzezma‘
2a;Re(A) + 2ayRe(A) 1 20,Re (A)) — 2a;Re (A
2 2 A — ap
2
< g ((12 - (11)2 M2e2a2M
and
1 2 2 2ma
0S§(a2—a1)me !
< 1 (Re ()" [exp (2a2Re (A)) — exp 2aiRe (A) | (e aRe(D)
2 ay — ag
1
< § (a2 _ a1)2 M2€2a2M

Moreover, we have for ¢ € (0, 1) that
an (15
f f exp (2 ((1 =) s + 90)Re (A)) dsdo
a1a2 a1a2
= f f exp (2(1 —3) sRe (A)) exp %o Re (A)) dsdo
ap ap

= faz exp (2(1 — 1) sRe (A))ds fﬂz exp 2o Re (A)) do

= 0= (Re (A)) " [exp 2a, (1 — 9) Re (A)) — exp (2a; (1 — F) Re (A))]

x % (Re (7)™ [exp (2a0Re (A) - exp (2ay8 (A))]

and, for ¢ = 1/2,

f 2 f 2exp ((s + ) Re (A)) dsdo = (Re (A)) 2 [exp (axRe (A)) — exp (a;Re (A))]*.

If0 <m < Re(A) < M, fort € [a,a;] C (0, 0), then by Theorem 3.3, we get

2
0< gf}(l — P (ay — ay)* m>e?m

exp (2aaRe (A)) — exp (2a;Re (A))
a — o ]
exp (2a; (1 — 9) Re (A)) — exp 2a; (1 —F) Re (A))
Gy —q
exp (2a,9Re (A)) — exp (2a;9Re (A))
ay — I ]

<

(Re (A))™! [

N =

B 1
2(1-9)

1 .

(Re (A))™! [
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<29 =9 (0 — a))* M?&*M,

W o

In particular, for ¢ = 1/2, we get

(az _ (11)2 m262mal

exp 2QayRe (A)) — exp (2a;Re (A))
a — qq

maﬁﬂ[

exp (aRe (A)) — exp (a;Re (A)) 2
a —

4&mvﬂ

< ((12 - (11)2 M262a2M-

N[ =

For distinct operators A, B € L(H), we consider the function S (r) = (1 - ) A+ tB and Y45 :
[0, 1] = L(H) defined by Y75 (1) = |S OPF =11 -)A+ tBI2 . Observe that

Yas@®) =1 - A* +t(1 - 1) (A B+ B A) + *|8,

Vg =21 = DA + (1 - 20) (A'B + B A) + 2t |8
= 2t|lAP - (A B+ B'A) +|B| + A'B+ B A - 2| A"
=2 A-B + A B+ B A—- A - |8 + |8 - | A
=2t|A-BP - |A- B +|8 - |AP
=Q2t-1)|A-B+|8* - |A*

and
Wng () =2|A- B},

forallr €[0,1].
Assume that there exist m, M > 0 such that 0 < m < [A—B| < M in the operator order. Then
2m* < Y} 5 (t) < 2M*. By using Theorem 4.2 for s = 0 and 7 = 1, we get from (4.5) that

2m?

i B@dy
1
NACYY
oo
[ B@dd

and from (4.7) that

1
f I (1 =3B ) dd
0

1 1
f 9B (9) d9 (| A +|8) - %f B (1 -9 A+ IB dd
0 @) d9 Jo

N
1
f T —9)B ) dd
0

2 1 2
1Lf (ﬂ—%) B do
I, B@)aw Jo
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1 2

S
Jy B@ dd

2M? Loy
<— - = ?) di.
< folﬁ(ﬁ)dﬂf()( 2) B )

1
f B (1 - 9) A+ 9B d - 'ﬂ;B
0

6. Conclusions

In this paper, we established some Hermite—Hadamard-type inequalities for operator square
modulus convex functions on an interval of real numbers. Some integral inequalities for symmetric
weights are obtained. Applications for exponential functions and modulus quadratic functions were
provided as well.
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