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Abstract: Degree-based topological indices play an important role in chemical graph theory and
network analysis, where structural heterogeneity is encoded through vertex degrees and aggregated over
edges. In this paper, we introduce the elliptic Dharwad index (ED) of a simple graph I,

ED(I) =
∑

uv∈E(I)

(d(u) + d(v))
√

d(u)3 + d(v)3,

and investigate its behavior under several fundamental graph operations and extremal constraints. We
establish sharp lower and upper bounds for ED(I+J) and ED(I�J) in terms of the orders, sizes, and
extremal degrees of the factors, together with complete equality characterizations. We also derive exact
edge-decomposition formulas and degree-based bounds for the Cartesian product I�J and the tensor
product I ⊗ J , including an extension to k-fold Cartesian products. As further applications, we obtain
closed forms for several standard graph families arising from joins and corona products, including
paths, cycles, and complete graphs. On the extremal side, we prove that ED is strictly increasing
under edge addition, determine sharp girth-based lower bounds for unicyclic graphs and connected
graphs with a prescribed girth, and establish the best possible upper bound for connected graphs of
order s with exactly p pendant vertices, showing that the unique extremal graph is Ks,p. To complement
the theoretical results, we examine ED in an exploratory univariate Quantitative Structure Property
Relationship (QSPR) study on a dataset of 89 aromatic carboxylic acid, ester, and related benzenoid
compounds, where the descriptor shows its clearest standalone signal for volumetric and size-related
physicochemical properties. Overall, the results show that ED admits exact evaluation on important
graph classes, satisfies sharp extremal principles, and has meaningful descriptive utility in chemical
graph applications.
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(m3 kmol−1); ∆ f G◦, standard Gibbs energy of formation (kJ mol−1); ∆fusH◦, standard enthalpy of
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(K); log Poct/wat, octanol/water partition coefficient; ∆ f H◦gas, standard gas-phase enthalpy of formation
(kJ mol−1); ∆vapH◦, standard enthalpy of vaporization (kJ mol−1)

1. Introduction

Topological indices play a central role in chemical graph theory because they transform the structural
features of a molecular graph into numerical descriptors that can be analyzed mathematically and
used in structure–property studies. The early connection between graph invariants and molecular
characteristics was already visible in the graph-theoretic treatment of molecular orbital energy by
Gutman and Trinajstić [1]. A major milestone was the branching descriptor introduced by Randić [2],
which demonstrated that graph-based quantities can capture chemically meaningful aspects of molecular
structure.

Among the many classes of molecular descriptors, degree-based topological indices have attracted
special attention because of their simple definition, broad applicability, and strong interaction with
graph structure. Gutman [3] gave a systematic overview of degree-based indices and their mathematical
significance. Nikolić et al. [4] and Gutman and Das [5] revisited the Zagreb indices and clarified
their role within chemical graph theory. Xu et al. [6] later provided a detailed survey of Zagreb-type
quantities, while Das [7] and Borovićanin et al. [8] developed sharp bounds and extremal results for
these descriptors. Such studies show that degree-based invariants are not only chemically useful but
also mathematically rich.

The continuing development of degree-based indices has led to many new descriptors designed to
emphasize different aspects of local graph structure. Furtula and Gutman [9] revisited a neglected index
and illustrated how seemingly simple degree-based expressions can reveal new structural information.
Gagarin et al. [10] investigated generalized Zagreb indices, and Zhu et al. [11] studied further extensions
and their extremal behavior. Hyper-Zagreb-type quantities have also been investigated in several
graph-operation settings; for example, several authors [12–14] studied hyper-Zagreb indices and related
coindices under different constructions.

A particularly active recent direction concerns Sombor-type descriptors. Gutman [15] introduced
the geometric viewpoint behind Sombor indices, and Cruz et al. [16] studied the Sombor index of
chemical graphs in detail. Das et al. [17] developed further mathematical properties of the Sombor index.
Redžepović [18] examined its chemical applicability, while Wang et al. [19] investigated its relation
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to other degree-based descriptors. Extremal problems for Sombor-type indices have also received
considerable attention: Ghanbari and Alikhani [20] evaluated these indices on specific graph classes,
Chen et al. [21] studied trees with extremal Sombor values, Deng et al. [22] considered molecular trees
with extremal Sombor behavior, and Li et al. [23] analyzed trees with a prescribed diameter.

In parallel with the Sombor literature, Dharwad-type descriptors have also appeared as new members
of the degree-based family. Kulli [24] introduced Dharwad indices, and Kulli et al. [25] compared
Dharwad, Sombor, Nirmala, and F-Sombor type quantities. More recently, elliptic-type variants have
been proposed in order to strengthen the role of degree heterogeneity through nonlinear kernels. Gutman
et al. [26] studied the elliptic Sombor index from both theoretical and applied viewpoints, and Espinal
et al. [27] investigated the elliptic Sombor index of chemical graphs. These developments suggest that
elliptic-type degree kernels can produce descriptors with both mathematical tractability and enhanced
structural sensitivity.

Another important theme in the literature is the behavior of topological indices under graph operations.
De et al. [28] considered the F-coindex under several graph operations. Akhter et al. [29] studied
bounds for the general sum-connectivity index of composite graphs. Imran et al. [30] derived bounds
for degree-based indices on Cartesian-product-related constructions. Oğuz Ünal [31] examined Sombor
indices over tensor and Cartesian products. Alameri and Al-Sharafi [32] introduced topological-index
formulas for new graph operations, and Alameri et al. [33] analyzed topological indices and coindices
of disjunction and symmetric difference. These studies indicate that graph operations provide a natural
setting in which one can obtain exact formulas, comparison principles, and extremal bounds for degree-
based descriptors.

The chemical relevance of degree-based descriptors remains a major motivation for developing new
indices. Hosamani et al. [34] performed Quantitative Structure Property Relationship (QSPR) analyses
using degree-based topological indices, and Mondal et al. [35] showed that neighborhood-based degree
descriptors can be informative in QSPR settings. Alameri and Alsharafi [36] discussed several types of
topological indices and their applications, while Alsharafi et al. [37–39] explored the behavior of graph
descriptors on nanotube- and nanotorus-related structures.

Recent studies have increasingly combined graph-theoretical descriptors with computational
chemistry, external validation, and machine learning methods. Hakeem et al. [40] used degree-
based descriptors in QSPR models for bioactive polyphenols, Alzahrani and Hanif [41] developed a
machine learning QSPR framework based on graph invariants, and Song et al. [42] introduced cycle-
configuration descriptors for machine learning-assisted molecular inference. In a large multi-task setting,
Altairi et al. [43] further showed the value of testing newly designed graph descriptors together with
complementary physicochemical features. These developments support the view that a new graph
invariant should be examined both through rigorous structural analysis and through appropriately
validated chemical applications.

Motivated by these developments, in this paper we introduce the elliptic Dharwad index (ED) of a
simple graph I as follows:

ED(I) =
∑

uv∈E(I)

(
dI(u) + dI(v)

) √
dI(u)3 + dI(v)3. (1.1)

The construction combines two established ideas in a single edge kernel. Relative to the Dharwad
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index
D(I) =

∑
uv∈E(I)

√
d(u)3 + d(v)3,

it retains the cubic degree term and introduces the elliptic prefactor d(u) + d(v); relative to the elliptic
Sombor index

ES O(I) =
∑

uv∈E(I)

(d(u) + d(v))
√

d(u)2 + d(v)2,

it replaces the quadratic radial term by a cubic one [24,26]. For a fixed endpoint-degree sum, d(u)3+d(v)3

increases as the two degrees become more unequal, whereas on an edge of type (r, r), the contribution
of ED grows as 2

√
2 r5/2, compared with

√
2 r3/2 for the Dharwad index and 2

√
2 r2 for the elliptic

Sombor index. Thus, ED is designed to emphasize high-degree interactions while retaining sensitivity
to the local degree imbalance.

The aim of the present work is twofold. On the mathematical side, we study the behavior of ED under
several classical graph operations, including the join, corona product, Cartesian product, and tensor
product. We derive exact formulas, sharp bounds, and regular-case equalities for these constructions,
and we compute closed forms for several standard graph families. We also establish extremal results,
including monotonicity under edge addition, girth-based lower bounds for unicyclic and connected
graphs, and a sharp upper bound for graphs with a prescribed number of pendant vertices. On the
applied side, we examine the descriptor in an exploratory univariate QSPR setting for a Cheméo-based
dataset of aromatic carboxylic-acid, ester, and related benzenoid compounds. The results indicate that
the elliptic Dharwad index is mathematically tractable, structurally expressive, and potentially useful as
a compact screening descriptor in chemical graph applications.

2. Main results

In this section, we derive sharp lower and upper bounds for the elliptic Dharwad index under the
join operation. We also record the corona product notation for later use. Recall that for a graph I, the
elliptic Dharwad index is defined in Eq (1.1).

2.1. Graph operations

Throughout this section, all graphs are assumed to be vertex-disjoint whenever a graph operation is
applied.

Definition 2.1 (Join). Let I and J be vertex-disjoint graphs. Their join, denoted I +J , is the graph
with the vertex set V(I +J) = V(I) ∪ V(J) and edge set

E(I +J) = E(I) ∪ E(J) ∪ {uv : u ∈ V(I), v ∈ V(J)}.

We reserve I ∨ J for the disjunction operation.

Definition 2.2 (Corona product). Let I and J be graphs of orders s1 and s2, respectively. The corona
product I � J is obtained by taking one copy of I and, for each vertex u ∈ V(I), attaching a private
copy J (u) of J and joining u to every vertex of J (u).
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Remark 2.3. For u ∈ V(I) and v ∈ V(J), we have

dI+J (u) = dI(u) + s2, dI+J (v) = dJ (v) + s1.

For the corona product, if u ∈ V(I) and v ∈ V(J (u)), then

dI�J (u) = dI(u) + s2, dI�J (v) = dJ (v) + 1.

Moreover, |E(I � J)| = t1 + s1t2 + s1s2.

Theorem 2.4. Let I and J be graphs of orders s1, s2 and sizes t1, t2, respectively. Then α1 ≤ ED(I +

J) ≤ α2, where

α1 = 2
√

2 t1
(
δ(I) + s2

)5/2
+ 2
√

2 t2
(
δ(J) + s1

)5/2

+ s1s2
(
δ(I) + s2 + δ(J) + s1

)√(
δ(I) + s2

)3
+

(
δ(J) + s1

)3
,

α2 = 2
√

2 t1
(
∆(I) + s2

)5/2
+ 2
√

2 t2
(
∆(J) + s1

)5/2

+ s1s2
(
∆(I) + s2 + ∆(J) + s1

)√(
∆(I) + s2

)3
+

(
∆(J) + s1

)3
.

Moreover, equality in either bound holds if and only if both I and J are regular.

Proof. Set
Φ(x, y) = (x + y)

√
x3 + y3, x, y ≥ 0.

Since Φ is increasing in each variable on [0,∞), the degree identities in Remark 2.3 imply

ED(I +J) =
∑

uv∈E(I)

Φ
(
dI(u) + s2, dI(v) + s2

)
+

∑
uv∈E(J)

Φ
(
dJ (u) + s1, dJ (v) + s1

)
+

∑
u∈V(I)

∑
v∈V(J)

Φ
(
dI(u) + s2, dJ (v) + s1

)
.

For every edge uv ∈ E(I), δ(I) + s2 ≤ dI(u) + s2, dI(v) + s2 ≤ ∆(I) + s2. Hence

2
√

2
(
δ(I) + s2

)5/2
≤ Φ

(
dI(u) + s2, dI(v) + s2

)
≤ 2
√

2
(
∆(I) + s2

)5/2
.

After summing over the t1 edges of I, we obtain

2
√

2 t1
(
δ(I) + s2

)5/2
≤

∑
uv∈E(I)

Φ(· · · ) ≤ 2
√

2 t1
(
∆(I) + s2

)5/2
.

Similarly we have

2
√

2 t2
(
δ(J) + s1

)5/2
≤

∑
uv∈E(J)

Φ(· · · ) ≤ 2
√

2 t2
(
∆(J) + s1

)5/2
.

AIMS Mathematics Volume 11, Issue 8, 24839–24876.



24844

For each cross-edge uv with u ∈ V(I) and v ∈ V(J), monotonicity gives

(
δ(I) + s2 + δ(J) + s1

)√(
δ(I) + s2

)3
+

(
δ(J) + s1

)3

≤Φ
(
dI(u) + s2, dJ (v) + s1

)
≤
(
∆(I) + s2 + ∆(J) + s1

)√(
∆(I) + s2

)3
+

(
∆(J) + s1

)3
.

Since there are exactly s1s2 cross-edges, summing these bounds yields the desired inequality.
Finally, equality in either bound requires equality in every termwise estimate. That happens precisely

when every vertex of I has the same degree and every vertex of J has the same degree; that is, when
both I and J are regular. The converse is immediate. �

Corollary 2.5. Let I and J be r1- and r2-regular graphs, respectively. We then have

ED(I +J) = 2
√

2 t1(r1 + s2)5/2 + 2
√

2 t2(r2 + s1)5/2

+ s1s2(r1 + r2 + s1 + s2)
√

(r1 + s2)3 + (r2 + s1)3.

Theorem 2.6. Let I and J be graphs of orders s1, s2 and sizes t1, t2, respectively. Then

α1 ≤ ED(I � J) ≤ α2,

where

α1 = 2
√

2 t1
(
δ(I) + s2

)5/2
+ 2
√

2 s1t2
(
δ(J) + 1

)5/2

+ s1s2
(
δ(I) + s2 + δ(J) + 1

)√(
δ(I) + s2

)3
+

(
δ(J) + 1

)3
,

α2 = 2
√

2 t1
(
∆(I) + s2

)5/2
+ 2
√

2 s1t2
(
∆(J) + 1

)5/2

+ s1s2
(
∆(I) + s2 + ∆(J) + 1

)√(
∆(I) + s2

)3
+

(
∆(J) + 1

)3
.

Moreover, equality in either bound holds if and only if both I and J are regular.

Proof. Let
Φ(x, y) = (x + y)

√
x3 + y3, x, y ≥ 0.

Since Φ is increasing in each variable on [0,∞), the degree relations from Remark 2.3 imply

ED(I � J) =
∑

uv∈E(I)

Φ
(
dI(u) + s2, dI(v) + s2

)
+ s1

∑
xy∈E(J)

Φ
(
dJ (x) + 1, dJ (y) + 1

)
+

∑
u∈V(I)

∑
v∈V(J (u))

Φ
(
dI(u) + s2, dJ (v) + 1

)
.

For every edge uv ∈ E(I), we have

δ(I) + s2 ≤ dI(u) + s2, dI(v) + s2 ≤ ∆(I) + s2.
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Hence,

2
√

2
(
δ(I) + s2

)5/2
≤ Φ

(
dI(u) + s2, dI(v) + s2

)
≤ 2
√

2
(
∆(I) + s2

)5/2
.

Summing over the t1 edges of I gives

2
√

2 t1
(
δ(I) + s2

)5/2
≤

∑
uv∈E(I)

Φ(· · · ) ≤ 2
√

2 t1
(
∆(I) + s2

)5/2
.

Similarly, for each edge xy ∈ E(J), we have

2
√

2
(
δ(J) + 1

)5/2
≤ Φ

(
dJ (x) + 1, dJ (y) + 1

)
≤ 2
√

2
(
∆(J) + 1

)5/2
,

and therefore

2
√

2 s1t2
(
δ(J) + 1

)5/2
≤ s1

∑
xy∈E(J)

Φ(· · · ) ≤ 2
√

2 s1t2
(
∆(J) + 1

)5/2
.

For each linking edge joining u ∈ V(I) to v ∈ V(J (u)), monotonicity yields

(
δ(I) + s2 + δ(J) + 1

)√(
δ(I) + s2

)3
+

(
δ(J) + 1

)3

≤Φ
(
dI(u) + s2, dJ (v) + 1

)
≤
(
∆(I) + s2 + ∆(J) + 1

)√(
∆(I) + s2

)3
+

(
∆(J) + 1

)3
.

Since there are exactly s1s2 linking edges, summing these inequalities gives the required bounds.
Finally, equality in either bound holds precisely when equality occurs in every termwise estimate.

This happens if and only if all vertices of I have the same degree and all vertices of J have the same
degree, namely, if and only if both I and J are regular. �

Corollary 2.7. Let I and J be r1- and r2-regular graphs, respectively. We then have

ED(I � J) = 2
√

2 t1(r1 + s2)5/2 + 2
√

2 s1t2(r2 + 1)5/2

+ s1s2(r1 + s2 + r2 + 1)
√

(r1 + s2)3 + (r2 + 1)3.

2.2. Closed forms for standard graph constructions

We now derive explicit closed-form expressions for the elliptic Dharwad index for selected joins and
corona products of standard graph families. We begin with the join of two paths.

Let Ps1 and Ps2 be paths of orders s1 and s2, respectively, where s1, s2 ≥ 2. Then∣∣∣V(Ps1 + Ps2)
∣∣∣ = s1 + s2

and ∣∣∣E(Ps1 + Ps2)
∣∣∣ = (s1 − 1) + (s2 − 1) + s1s2 = s1 + s2 + s1s2 − 2.
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Theorem 2.8. For s1, s2 ≥ 2, the elliptic Dharwad index of Ps1 + Ps2 is given by

ED(Ps1+Ps2) =



108
√

6, s1 = s2 = 2,

2
√

2 (s2 + 1)5/2 + 14
√

91 + 64(s2 − 3)
√

2
+4(s2 + 4)

√
(s2 + 1)3 + 27 + 2(s2 − 2)(s2 + 5)

√
(s2 + 1)3 + 64, s1 = 2, s2 > 2,

2
√

2 (s1 + 1)5/2 + 14
√

91 + 64(s1 − 3)
√

2
+4(s1 + 4)

√
(s1 + 1)3 + 27 + 2(s1 − 2)(s1 + 5)

√
(s1 + 1)3 + 64, s2 = 2, s1 > 2,

2(2s2 + 3)
√

(s2 + 1)3 + (s2 + 2)3 + (s1 − 3)(2s2 + 4)
√

2(s2 + 2)3

+2(2s1 + 3)
√

(s1 + 1)3 + (s1 + 2)3 + (s2 − 3)(2s1 + 4)
√

2(s1 + 2)3

+4(s1 + s2 + 2)
√

(s1 + 1)3 + (s2 + 1)3

+2(s2 − 2)(s1 + s2 + 3)
√

(s2 + 1)3 + (s1 + 2)3

+2(s1 − 2)(s1 + s2 + 3)
√

(s2 + 2)3 + (s1 + 1)3

+(s1 − 2)(s2 − 2)(s1 + s2 + 4)
√

(s2 + 2)3 + (s1 + 2)3, s1, s2 > 2.

Proof. In the join Ps1 + Ps2 , the degrees satisfy

dPs1 +Ps2
(u) = dPs1

(u) + s2 (u ∈ V(Ps1)),

and
dPs1 +Ps2

(v) = dPs2
(v) + s1 (v ∈ V(Ps2)).

Since each path has two end vertices of degree 1 and all remaining vertices, when present are of
degree 2, the vertices of Ps1 in the join have degrees s2 + 1 and s2 + 2, while the vertices of Ps2 in the
join have degrees s1 + 1 and s1 + 2.

Accordingly, the edges of Ps1 + Ps2 are split into the degree classes listed in Table 1.

Table 1. Edge partition of Ps1 + Ps2 according to endpoint degrees.

Degree pair (a, b) Number of edges Condition
(s2 + 1, s2 + 1) 1 s1 = 2
(s2 + 1, s2 + 2) 2 s1 > 2
(s2 + 2, s2 + 2) s1 − 3 s1 > 2
(s1 + 1, s1 + 1) 1 s2 = 2
(s1 + 1, s1 + 2) 2 s2 > 2
(s1 + 2, s1 + 2) s2 − 3 s2 > 2
(s2 + 1, s1 + 1) 4 always
(s2 + 1, s1 + 2) 2(s2 − 2) s2 > 2
(s2 + 2, s1 + 1) 2(s1 − 2) s1 > 2
(s2 + 2, s1 + 2) (s1 − 2)(s2 − 2) s1, s2 > 2
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For an edge with endpoint degrees (a, b), its contribution to the elliptic Dharwad index is

(a + b)
√

a3 + b3.

Summing these contributions over all edge classes yields the required expression. Evaluating the
resulting sum in the four cases

(s1, s2) = (2, 2), s1 = 2 < s2, s2 = 2 < s1, s1, s2 > 2,

gives the stated formula. �

Theorem 2.9. Let s1, s2 ≥ 3. Then

ED(Cs1 + Cs2) = 2
√

2 s1(s2 + 2)5/2 + 2
√

2 s2(s1 + 2)5/2 + s1s2(s1 + s2 + 4)
√

(s1 + 2)3 + (s2 + 2)3.

Proof. In Cs1 + Cs2 , every vertex of Cs1 has degree s2 + 2, and every vertex of Cs2 has degree s1 + 2.
Hence the edges are split into the following three classes:

(s2 + 2, s2 + 2), (s1 + 2, s1 + 2), (s2 + 2, s1 + 2),

with the multiplicities s1, s2, and s1s2, respectively.
For an edge whose endpoint degrees are (a, b), the contribution to ED is (a + b)

√
a3 + b3. Thus each

edge of type (x, x) contributes
(2x)
√

2x3 = 2
√

2 x5/2,

while each cross-edge contributes

(s1 + s2 + 4)
√

(s1 + 2)3 + (s2 + 2)3.

Summing over all three edge classes gives the required formula. �

Theorem 2.10. Let s1, s2 ≥ 1. Since
Ks1 + Ks2 � Ks1+s2 ,

we have
ED(Ks1 + Ks2) =

√
2 (s1 + s2)(s1 + s2 − 1)7/2.

Proof. In Ks1+s2 , every vertex has a degree

d = s1 + s2 − 1,

and the number of edges is ∣∣∣E(Ks1+s2)
∣∣∣ =

(s1 + s2)(s1 + s2 − 1)
2

.

Each edge contributes
(2d)
√

2d3 = 2
√

2 d5/2.

Therefore, we have

ED(Ks1+s2) =
(s1 + s2)(s1 + s2 − 1)

2
· 2
√

2 d5/2 =
√

2 (s1 + s2)d7/2,

which proves the claim. �
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Theorem 2.11. Let s1 ≥ 3 and s2 ≥ 1. We then have

ED(Cs1 + Ks2) = 2
√

2 s1(s2 + 2)5/2 + s1s2(s1 + 2s2 + 1)
√

(s2 + 2)3 + (s1 + s2 − 1)3

+ 2
√

2
(
s2

2

)
(s1 + s2 − 1)5/2.

Proof. In Cs1 + Ks2 , each vertex of Cs1 has degree s2 + 2, while each vertex of Ks2 has degree s1 + s2 − 1.
Hence the edges are split into the following three classes:

(s2 + 2, s2 + 2), (s2 + 2, s1 + s2 − 1), (s1 + s2 − 1, s1 + s2 − 1),

with multiplicities s1, s1s2, and
(
s2
2

)
, respectively. Summing the corresponding contributions (a +

b)
√

a3 + b3 over these three classes yields the stated formula. �

Corollary 2.12. Let I = Cs1 and J = Ks2 by Theorem 2.4. Then the value obtained in Theorem 2.11
agrees with the general regular-case expression from Theorem 2.4. In particular, since both Cs1 and Ks2
are regular, we have

α1 = α2 = ED(Cs1 + Ks2).

2.3. Closed forms for corona products of standard graphs

Theorem 2.13. If we let s1, s2 ≥ 2, then

ED(Ps1 � Ps2) =



32 + 18
√

6 + 20
√

35, s1 = s2 = 2,

2
√

2 (s2 + 1)5/2 + 20
√

35 + 36(s2 − 3)
√

6
+4(s2 + 3)

√
(s2 + 1)3 + 8 + 2(s2 − 2)(s2 + 4)

√
(s2 + 1)3 + 27, s1 = 2, s2 > 2,

16s1 + 14
√

91 + 20
√

35 + (136s1 − 336)
√

2, s2 = 2, s1 > 2,

2(2s2 + 3)
√

(s2 + 1)3 + (s2 + 2)3 + 2
√

2 (s1 − 3)(s2 + 2)5/2

+10s1
√

35 + 18s1(s2 − 3)
√

6 + 4(s2 + 3)
√

(s2 + 1)3 + 8
+2(s2 − 2)(s2 + 4)

√
(s2 + 1)3 + 27 + 2(s1 − 2)(s2 + 4)

√
(s2 + 2)3 + 8

+(s1 − 2)(s2 − 2)(s2 + 5)
√

(s2 + 2)3 + 27, s1, s2 > 2.

Proof. In Ps1 � Ps2 , each vertex of the base path Ps1 has degree s2 + 1 or s2 + 2, while each vertex in a
copy of Ps2 has degree 2 or 3. Accordingly, the edge set splits into three groups: The edges of the base
path, the edges inside the s1 attached copies of Ps2 , and the linking edges between each base vertex and
its private copy.

For an edge with endpoint degrees (a, b), the contribution to ED is

(a + b)
√

a3 + b3.

Summing these contributions over all edge classes and simplifying in the four cases

(s1, s2) = (2, 2), s1 = 2 < s2, s2 = 2 < s1, s1, s2 > 2,

gives the stated expression. �
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Corollary 2.14. If we let I = Ps1 and J = Ps2 in Theorem 2.6, then

α1 ≤ ED(Ps1 � Ps2) ≤ α2.

Theorem 2.15. If we let s1, s2 ≥ 3, then

ED(Cs1 �Cs2) = 18s1s2
√

6 + s1s2(s2 + 5)
√

(s2 + 2)3 + 27 + 2
√

2 s1(s2 + 2)5/2.

Proof. In Cs1 �Cs2 , each vertex of the base cycle Cs1 has degree s2 + 2, while each vertex in an attached
copy of Cs2 has degree 3. Thus the edges are split into three classes as follows:

(3, 3), (3, s2 + 2), (s2 + 2, s2 + 2),

with the multiplicities s1s2, s1s2, and s1, respectively. Summing the corresponding contributions
(a + b)

√
a3 + b3 yields the stated formula. �

Corollary 2.16. Let I = Cs1 and J = Cs2 in Theorem 2.6. In this case the value in Theorem 2.15
agrees with the regular case equality in Theorem 2.6. In particular,

α1 = α2 = ED(Cs1 �Cs2).

Theorem 2.17. If we let s1, s2 ≥ 1, then,

ED(Ks1 � Ks2) = 2
√

2
(
s1

2

)
(s1 + s2 − 1)5/2

+ 2
√

2 s1

(
s2

2

)
s

5/2
2 + s1s2(s1 + 2s2 − 1)

√
(s1 + s2 − 1)3 + s32.

Proof. In Ks1 � Ks2 , each vertex of Ks1 has degree (s1 − 1) + s2 = s1 + s2 − 1, while each vertex in a copy
of Ks2 has degree (s2 − 1) + 1 = s2. Hence the edges are split into three classes: The edges of Ks1 , the
edges inside the s1 copies of Ks2 , and the s1s2 linking edges. Summing the contributions (a + b)

√
a3 + b3

over these three classes gives the required expression. �

2.4. Elliptic Dharwad index of the Cartesian product

For (u, v) ∈ V(I�J), the vertex degree satisfies

dI�J (u, v) = dI(u) + dJ (v).

Theorem 2.18. If we let I and J be graphs, then

ED(I�J) =
∑

v∈V(J)

∑
u1u2∈E(I)

(
dI(u1) + dI(u2) + 2dJ (v)

)
×

√(
dI(u1) + dJ (v)

)3
+

(
dI(u2) + dJ (v)

)3

+
∑

u∈V(I)

∑
v1v2∈E(J)

(
2dI(u) + dJ (v1) + dJ (v2)

)
×

√(
dI(u) + dJ (v1)

)3
+

(
dI(u) + dJ (v2)

)3
.
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Proof. The edges of I�J are split into two disjoint classes as follows:

(u1, v)(u2, v) for v ∈ V(J), u1u2 ∈ E(I),

and
(u, v1)(u, v2) for u ∈ V(I), v1v2 ∈ E(J).

Using
dI�J (u, v) = dI(u) + dJ (v),

together with the definition

ED(G) =
∑

xy∈E(G)

(
dG(x) + dG(y)

) √
dG(x)3 + dG(y)3,

the contribution from the first class of edges gives the first double sum, while the contribution from the
second class gives the second double sum. Summing both parts yields the result. �

Theorem 2.19. Let I and J be graphs of orders s1, s2 and sizes t1, t2, respectively. Then

α1 ≤ ED(I�J) ≤ α2,

where

α1 = 2
√

2 (t1s2 + t2s1)
(
δ(I) + δ(J)

)5/2
,

α2 = 2
√

2 (t1s2 + t2s1)
(
∆(I) + ∆(J)

)5/2
.

Moreover, equality in either bound holds if and only if both I and J are regular.

Proof. Set
Φ(x, y) = (x + y)

√
x3 + y3, x, y ≥ 0.

Since Φ is increasing in each variable on [0,∞), and since every vertex (u, v) ∈ V(I�J) satisfies

δ(I) + δ(J) ≤ dI�J (u, v) ≤ ∆(I) + ∆(J),

each edge of I�J contributes at least 2
√

2
(
δ(I) + δ(J)

)5/2 and at most 2
√

2
(
∆(I) + ∆(J)

)5/2
.

Now |E(I�J)| = t1s2 + t2s1. Multiplying the termwise lower and upper bounds by the number of
edges gives α1 ≤ ED(I�J) ≤ α2.

If both I and J are regular, then I�J is regular, and every edge contributes the same value, so
equality holds in both bounds.

Conversely, equality in either bound forces every edge of I�J to attain the corresponding extremal
value, and hence every vertex of I�J must have the same degree. Therefore, I�J is regular. Fixing
v ∈ V(J), the identity dI�J(u, v) = dI(u) + dJ(v) shows that dI(u) is constant on V(I), and so I is
regular. Similarly, J is regular. �

Corollary 2.20. If I and J are r1- and r2-regular graphs, respectively, then

ED(I�J) = 2
√

2 (t1s2 + t2s1)(r1 + r2)5/2.
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Remark 2.21. Let G1, . . . ,Gk be graphs of orders s1, . . . , sk and sizes t1, . . . , tk. For the Cartesian product
G1� · · ·�Gk, we have

dG1�···�Gk(v1, . . . , vk) =

k∑
i=1

dGi(vi),

and

|E(G1� · · ·�Gk)| =
k∑

i=1

ti

k∏
j=1
j,i

s j.

Consequently, we have

2
√

2 |E(G1� · · ·�Gk)|
( k∑

i=1

δ(Gi)
)5/2
≤ ED(G1� · · ·�Gk)

and

ED(G1� · · ·�Gk) ≤ 2
√

2 |E(G1� · · ·�Gk)|
( k∑

i=1

∆(Gi)
)5/2

.

2.5. Elliptic Dharwad index of the tensor product

For (a, b) ∈ V(I ⊗ J), the vertex degree satisfies dI⊗J (a, b) = dI(a) dJ (b). Moreover, |E(I ⊗ J)| =
2t1t2, since each pair of edges u1u2 ∈ E(I) and v1v2 ∈ E(J) generates the two edges (u1, v1)(u2, v2) and
(u1, v2)(u2, v1) in I ⊗ J .

Figure 1 illustrates the structure of the tensor product P5 ⊗C5.

G
1

P
5=

a b c ed

G
2

= 5
C

1

2

3

5

4

(a, 1)

(a, 2)

(a, 3)

(b, 1)

(b, 2)

(b, 3)

(c, 1)

(c, 2)

(c, 3)

(a, 5)

(a, 4)

(b, 5)

(b, 4)

(c, 5)

(c, 4)

(e, 1)(d, 1)

(e, 2)

(e, 3)

(e, 5)

(e, 4)

(d, 2)

(d, 3)

(d, 5)

(d, 4)

Figure 1. Tensor product P5 ⊗C5.
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Theorem 2.22. If we let I and J be graphs, then

ED(I ⊗ J) =
∑

u1u2∈E(I)

∑
v1v2∈E(J)

(
dI(u1)dJ (v1) + dI(u2)dJ (v2)

)
×

√(
dI(u1)dJ (v1)

)3
+

(
dI(u2)dJ (v2)

)3

+
∑

u1u2∈E(I)

∑
v1v2∈E(J)

(
dI(u1)dJ (v2) + dI(u2)dJ (v1)

)
×

√(
dI(u1)dJ (v2)

)3
+

(
dI(u2)dJ (v1)

)3
.

Proof. Fix u1u2 ∈ E(I) and v1v2 ∈ E(J). By definition of the tensor product, (u1, v1) is adjacent to
(u2, v2), and (u1, v2) is adjacent to (u2, v1). Using dI⊗J (a, b) = dI(a)dJ (b) together with

ED(G) =
∑

xy∈E(G)

(
dG(x) + dG(y)

) √
dG(x)3 + dG(y)3,

and summing over all choices of u1u2 and v1v2, we obtain the required expression. �

Theorem 2.23. Let I and J be graphs of sizes t1, t2, respectively. In this case

α1 ≤ ED(I ⊗ J) ≤ α2,

where

α1 = 4
√

2 t1t2
(
δ(I)δ(J)

)5/2
,

α2 = 4
√

2 t1t2
(
∆(I)∆(J)

)5/2
.

Moreover, equality in either bound holds if and only if both I and J are regular.

Proof. For any (a, b) ∈ V(I ⊗ J), we have

δ(I)δ(J) ≤ dI⊗J (a, b) ≤ ∆(I)∆(J).

Since
Φ(x, y) = (x + y)

√
x3 + y3

is increasing in each variable on [0,∞), every edge of I ⊗J contributes at least 2
√

2
(
δ(I)δ(J)

)5/2 and
at most 2

√
2
(
∆(I)∆(J)

)5/2
. Because

|E(I ⊗ J)| = 2t1t2,

multiplying these termwise bounds by the number of edges yields the stated inequalities.
If I and J are regular, then I ⊗ J is regular, so equality holds. Conversely, equality in either bound

forces every vertex of I ⊗ J to have the same degree, which implies that both factors are regular. �

Corollary 2.24. If I and J are r1- and r2-regular graphs, respectively, then

ED(I ⊗ J) = 4
√

2 t1t2 (r1r2)5/2.
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2.6. A unicyclic family and its elliptic Dharwad index

We next compute the elliptic Dharwad index of a unicyclic family parameterized by α and β, as
illustrated in Figure 2.

Cg

· · ·

· · ·
...

β

... α

Γ1

Figure 2. The unicyclic graph Γ1 containing a cycle Cg.

Lemma 2.25. Let Γ1 be a unicyclic graph of order s and girth g, where g ≤ s − 2. Assume that Γ1 is
obtained from the cycle Cg by attaching pendant edges and β pendant paths of length at least 2 to a
fixed vertex α, where α, β ≥ 0. Set

K := α + β + 2.

Then
ED(Γ1) = (β + 2)(K + 2)

√
K3 + 8 + 9β + α(K + 1)

√
K3 + 1 + 16(s − α − 2β − 2).

Proof. Let
Φ(a, b) = (a + b)

√
a3 + b3.

The edges of Γ1 fall into four classes according to the degrees of their endpoints.
First, the two cycle edges incident with the distinguished vertex, together with the first edges of the β

long pendant paths, are all of type (K, 2). Hence there are exactly β + 2 such edges.
Second, each pendant path of length at least 2 contributes exactly one terminal edge of type (2, 1), so

there are β edges of this type.
Third, each pendant edge contributes one edge of type (K, 1), so there are α such edges.
Finally, all remaining edges are of type (2, 2). The cycle contributes g − 2 such edges, and if the

lengths of the β long pendant paths are l1, . . . , lβ ≥ 2, then these paths contribute (l1 − 2) + · · · + (lβ − 2)
additional (2, 2) edges. Since

s = g + α +

β∑
i=1

li,

the total number of (2, 2) edges is

(g − 2) +

β∑
i=1

(li − 2) = s − α − 2β − 2.

For each edge type, the contribution to ED is:

Φ(K, 2) = (K + 2)
√

K3 + 8, Φ(2, 1) = 9, Φ(K, 1) = (K + 1)
√

K3 + 1, Φ(2, 2) = 16.
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Multiplying by the corresponding multiplicities and summing gives the stated formula. �

For 3 ≤ g ≤ s, let Cs,g denote the unicyclic graph of order s and girth g obtained by attaching a
pendant path of length s − g to a fixed vertex of the cycle Cg. In the boundary case g = s, we set

Cs,g � Cs.

Corollary 2.26. Let Γ1 be as in Lemma 2.25, with g ≤ s − 2. In this case

ED(Γ1) ≥ 16(s − 4) + 15
√

35 + 9,

with equality if and only if Γ1 � Cs,g, or equivalently, if and only if α = 0 and β = 1.

Proof. Since g ≤ s − 2, we have s − g ≥ 2. Therefore, at least one nontrivial pendant attachment is
present, so α + β ≥ 1. Hence K = α + β + 2 ≥ 3.

If α + β = 1, then the condition g ≤ s − 2 forces the unique attachment to have a length of at least 2.
Thus

(α, β) = (0, 1), K = 3.

By Lemma 2.25, we have

ED(Γ1) = 3 · 5
√

33 + 23 + 9 + 16(s − 4) = 16(s − 4) + 15
√

35 + 9.

Now assume that α + β ≥ 2. Then K ≥ 4, so the distinguished vertex has a larger degree than in
the case (α, β) = (0, 1). Any additional attachment replaces at least one edge of type (2, 2), whose
contribution is 16, by one or more edges incident with a vertex of degree at least 3. Since Φ(a, b) =

(a + b)
√

a3 + b3 is strictly increasing in each variable for a, b ≥ 1, every such replacement strictly
increases the total value of ED. Therefore, we have

ED(Γ1) > 16(s − 4) + 15
√

35 + 9.

Hence the minimum is achieved uniquely for (α, β) = (0, 1); that is, precisely when Γ1 � Cs,g. �

2.7. Girth-based minimum of ED for unicyclic graphs

Theorem 2.27. Let I be a unicyclic graph of order s ≥ 3 and a girth g. Then

ED(I) ≥


16s, g = s,

16(s − 3) + 10
√

35 + 8
√

7, g = s − 1,

16(s − 4) + 15
√

35 + 9, g ≤ s − 2.

Equality holds if and only if
I � Cs when g = s,

I � Cs,s−1 when g = s − 1,

and
I � Cs,g when g ≤ s − 2.
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Proof. If g = s, then I � Cs, and every edge has the endpoint degrees (2, 2). Hence

ED(I) = s · 16 = 16s.

If g = s−1, then I � Cs,s−1. In this graph, there are s−3 edges of type (2, 2), two edges of type (3, 2),
and one edge of type (3, 1). Therefore

ED(I) = 16(s − 3) + 2 · 5
√

35 + 8
√

7 = 16(s − 3) + 10
√

35 + 8
√

7.

Now suppose g ≤ s − 2. Let q be the number of vertices of degree at least 3.
If q = 1, then I � Γ1, and Corollary 2.26 gives

ED(I) ≥ 16(s − 4) + 15
√

35 + 9,

with equality if and only if I � Cs,g.
If q ≥ 2, then one needs the additional structural fact that such a graph contains enough edges

incident with branching vertices to force a strictly larger total than the case q = 1. In particular, every
extra branching attachment increases the total contribution beyond that of the extremal graph Cs,g,
because the function

Φ(a, b) = (a + b)
√

a3 + b3

is strictly increasing in each variable for a, b ≥ 1. Hence

ED(I) > 16(s − 4) + 15
√

35 + 9.

Therefore, the minimum in the case g ≤ s − 2 is achieved uniquely by Cs,g. �

Lemma 2.28. Let I be a graph, and let uv < E(I). If I + uv denotes the graph obtained from I by
adding the edge uv, then

ED(I) < ED(I + uv).

Proof. Adding the edge uv creates a new positive contribution

(dI(u) + 1 + dI(v) + 1)
√

(dI(u) + 1)3 + (dI(v) + 1)3,

and every existing edge incident to u or v also contributes more, since

Φ(a, b) = (a + b)
√

a3 + b3

is strictly increasing in each variable for a, b ≥ 1. Hence

ED(I + uv) > ED(I).

�

Theorem 2.29. Let I be a connected graph of order s ≥ 3 and a girth g. Then

ED(I) ≥


16s, g = s,

16(s − 3) + 10
√

35 + 8
√

7, g = s − 1,

16(s − 4) + 15
√

35 + 9, g ≤ s − 2.
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Equality holds if and only if
I � Cs when g = s,

I � Cs,s−1 when g = s − 1,

and
I � Cs,g when g ≤ s − 2.

Proof. Choose a cycle of length g in I. Since I is connected, there is a spanning tree T of I containing
all vertices of I and all but one edge of that chosen cycle. Let e be the missing edge of the chosen cycle,
and set J := T + e. Then J is a spanning connected subgraph of I with

|V(J)| = s, |E(J)| = s,

so J is unicyclic. Moreover, J contains the chosen cycle of length g, and since a unicyclic graph has
exactly one cycle, its girth is also g.

Now I is obtained from J by adding edges. By repeated application of Lemma 2.28, we have

ED(I) ≥ ED(J),

with equality if and only if I � J .
Applying Theorem 2.27 to J yields the required lower bound and the equality characterization. �

Corollary 2.30. Among all unicyclic graphs of order s ≥ 3, the unique graph minimizing ED is the
cycle Cs, and the minimum value is 16s.

Proof. This follows immediately from Theorem 2.27 by comparing the three girth cases. �

2.8. Graphs with a fixed number of pendant vertices: extremal setup

We next study the maximum value of the elliptic Dharwad index among connected graphs of fixed
order and with a fixed number of pendant vertices.

Lemma 2.31 ([44, 45]). If f is convex and a, b ≥ 0, then

f (y) − f (y − a) ≥ f (y − b) − f (y − b − a),

with equality if and only if ab = 0.

Let s and p be integers with s > p ≥ 0. Define Ks,p to be the graph of order s obtained by attaching p
pendant vertices to a single vertex of the complete graph Ks−p. In particular,

Ks,0 � Ks, Ks,s−1 � S s,

where S s denotes the star graph of order s.
Now let 0 ≤ p ≤ s − 2, and let a1, a2, . . . , as−p be non-negative integers satisfying

s−p∑
i=1

ai = p.

We write S (a1, a2, . . . , as−p) for the graph obtained from the complete graph Ks−p by attaching ai pendant
vertices to its ith vertex, for each i = 1, 2, . . . , s − p.

The next theorem gives an upper bound for the elliptic Dharwad index among connected graphs of
order s with exactly p pendant vertices, together with the extremal graph.
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Theorem 2.32. Let I be a connected graph of order s with exactly p pendant vertices. Then

ED(I) ≤
(
s − p − 1

2

)
2
√

2 (s − p − 1)5/2

+ (s − p − 1)(2s − p − 2)
√

(s − 1)3 + (s − p − 1)3

+ p s
√

(s − 1)3 + 1, (2.1)

with equality if and only if I � Ks,p.

Proof. If p = s − 1, then I � S s � Ks,s−1, so the statement is immediate. Thus we may assume
0 ≤ p ≤ s − 2.

Let U be the set of non-pendant vertices of I. Since I is connected and has exactly p pendant
vertices, every pendant vertex is adjacent to a vertex of U, and |U | = s − p. By repeatedly adding all
missing edges among vertices of U, Lemma 2.28 yields

ED(I) ≤ ED
(
S (a1, a2, . . . , as−p)

)
, (2.2)

for some non-negative integers a1, . . . , as−p satisfying

s−p∑
i=1

ai = p.

Moreover, the equality in (2.2) holds if and only if I � S (a1, a2, . . . , as−p).
Without loss of generality, relabel the vertices so that

a1 = max{a j : 1 ≤ j ≤ s − p}.

If a1 = p and a2 = · · · = as−p = 0, then

S (a1, a2, . . . , as−p) � Ks,p.

We now compute the elliptic Dharwad index of Ks,p. Its edges fall into the following three classes
according to the endpoint degrees:

(s − p − 1, s − p − 1) with multiplicity
(
s − p − 1

2

)
,

(s − 1, s − p − 1) with multiplicity s − p − 1,

and
(s − 1, 1) with multiplicity p.

Hence

ED(Ks,p) =

(
s − p − 1

2

)(
2(s − p − 1)

) √
2(s − p − 1)3

+ (s − p − 1)(2s − p − 2)
√

(s − 1)3 + (s − p − 1)3 + p s
√

(s − 1)3 + 1
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=

(
s − p − 1

2

)
2
√

2 (s − p − 1)5/2

+ (s − p − 1)(2s − p − 2)
√

(s − 1)3 + (s − p − 1)3 + p s
√

(s − 1)3 + 1.

Combining this identity with (2.2), we obtain the bound (2.1) whenever S (a1, a2, . . . , as−p) � Ks,p.
It remains to show that if a1 < p, then the value of ED

(
S (a1, . . . , as−p)

)
can be strictly increased by

transferring one pendant edge from some vertex with ai ≥ 1 to the vertex carrying a1 pendant edges.
Repeating this transfer step eventually yields Ks,p.

Assume that a1 < p. Choose an index i ≥ 2 such that ai ≥ 1, and let Γ � S (a1, a2, . . . , as−p) and

Γ′ � S (a1 + 1, a2, . . . , ai−1, ai − 1, ai+1, . . . , as−p).

Set
t := s − p − 1, A := t + a1, B := t + ai, C j := t + a j ( j , 1, i).

Thus, in Γ, the relevant clique-vertex degrees are A, B,C j, whereas in Γ′, they become A + 1, B − 1,C j.
A direct comparison of all edge contributions that change gives

ED(Γ′) − ED(Γ) =
[
(A + B)

√
(A + 1)3 + (B − 1)3 − (A + B)

√
A3 + B3

]
+

[
h(a1 + 1) − h(a1)

]
−

[
h(ai) − h(ai − 1)

]
+

s−p∑
j=2
j,i

[
gC j(a1 + 1) − gC j(a1)

]

−

s−p∑
j=2
j,i

[
gC j(ai) − gC j(ai − 1)

]
, (2.3)

where

h(x) := x(t + x + 1)
√

(t + x)3 + 1, x ≥ 0.

For each fixed C > 0,

gC(x) := (t + x + C)
√

(t + x)3 + C3, x ≥ 0.

We now show that every grouped contribution in (2.3) is positive.

Claim 2.33. (A + 1)3 + (B − 1)3 > A3 + B3. Consequently, we have

(A + B)
√

(A + 1)3 + (B − 1)3 > (A + B)
√

A3 + B3.

Proof. Since a1 ≥ ai, we have A ≥ B. Therefore

(A + 1)3 + (B − 1)3 − (A3 + B3) = 3A2 + 3A + 1 − (3B2 − 3B + 1)
= 3(A2 − B2) + 3(A + B) > 0.

Because A + B > 0, the second inequality follows immediately. �
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Claim 2.34. h(a1 + 1) − h(a1) > h(ai) − h(ai − 1). Equivalently, we have[
h(a1 + 1) − h(a1)

]
−

[
h(ai) − h(ai − 1)

]
> 0.

Proof. A direct differentiation shows that h is strictly convex on [0,∞). Apply Lemma 2.31 to h with

y = a1 + 1, a = 1, b = a1 − ai + 1 > 0.

Then h(a1 + 1)− h(a1) ≥ h(ai)− h(ai − 1). Since a = 1 and b > 0, equality is impossible by Lemma 2.31.
Hence h(a1 + 1) − h(a1) > h(ai) − h(ai − 1). �

Claim 2.35. For every fixed C > 0, gC(a1 + 1) − gC(a1) > gC(ai) − gC(ai − 1). Consequently,

s−p∑
j=2
j,i

[
gC j(a1 + 1) − gC j(a1)

]
−

s−p∑
j=2
j,i

[
gC j(ai) − gC j(ai − 1)

]
> 0.

Proof. For each fixed C > 0, a direct differentiation shows that gC is strictly convex on [0,∞). Applying
Lemma 2.31 to gC with y = a1 + 1, a = 1, b = a1 − ai + 1 > 0, we obtain

gC(a1 + 1) − gC(a1) ≥ gC(ai) − gC(ai − 1).

Again, equality is impossible because a = 1 and b > 0. Thus

gC(a1 + 1) − gC(a1) > gC(ai) − gC(ai − 1).

Taking C = C j and summing over all j , 1, i proves the claim. �

Using Claims 2.33–2.35 in (2.3), we conclude that ED(Γ′) − ED(Γ) > 0. Hence ED(Γ′) > ED(Γ).
Therefore, whenever a1 < p, transferring one pendant edge from a vertex with ai ≥ 1 to the vertex

carrying a1 pendant edges strictly increases the elliptic Dharwad index. Repeating this transfer finitely
many times yields

ED
(
S (a1, a2, . . . , as−p)

)
< ED

(
S (p, 0, . . . , 0)

)
= ED(Ks,p),

unless a1 = p already.
Combining this with (2.2), we obtain ED(I) ≤ ED(Ks,p), and equality holds if and only if I �

Ks,p. �

3. Quantitative structure–property relationship models via the elliptic Dharwad index

3.1. Dataset and physicochemical properties

Dataset composition and identifiers. The QSPR analysis was carried out on a Cheméo-derived dataset
of aromatic carboxylic acids, esters, and closely related benzenoid derivatives. The original spreadsheet
contained 90 entries. After checking structural identity through International Chemical Identifier Key
(InChIKey) matching, one duplicated structure was removed, leaving a final dataset of n = 89 unique
compounds. For each compound, the spreadsheet records the compound name, molecular formula,
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canonical Simplified Molecular Input Line Entry System (SMILES), InChI, InChIKey, and the basic
graph-size quantities natoms and nbonds. The curated compound-level dataset used in the present analysis
is provided in Supplementary 1.

Physicochemical endpoints. The final dataset contains 12 continuous physicochemical responses:
McGowan characteristic volume (McVol), critical volume (Vc), the standard Gibbs energy of formation
(∆ f G◦), the standard enthalpy of fusion (∆fusH◦), water solubility (log10(WS )), critical pressure (Pc),
normal boiling temperature (Tboil), critical temperature (Tc), fusion temperature (Tfus), octanol/water
partition coefficient (log Poct/wat), standard gas-phase enthalpy of formation (∆ f H◦gas), and standard
enthalpy of vaporization (∆vapH◦). The resulting modeling matrix is complete, with no missing values
for the predictor or for any of the 12 responses.

Predictor descriptor. For each molecular graph I, the sole predictor used in this section is the elliptic
Dharwad index

ED(I) =
∑

uv∈E(I)

(d(u) + d(v))
√

d(u)3 + d(v)3,

where d(u) and d(v) denote the degrees of the end-vertices of the edge uv. This scalar degree-based
descriptor aggregates weighted edge contributions across the molecular graph. For the present dataset,
the computed ED values range from 258.84 to 1142.85, with a mean of 484.56 and a standard deviation
of 165.05, indicating a broad spread in structural complexity.

Worked example: Aspirin. To make the descriptor construction explicit, consider aspirin (see Figure 3),
whose canonical SMILES is CC(=O)Oc1ccccc1C(=O)O.

Figure 3. Aspirin structure and its hydrogen-suppressed molecular graph.

Its hydrogen-suppressed molecular graph has the edge-degree pattern (1, 3)4, (2, 3)4, (2, 2)3, (3, 3)2.

Therefore, we have

ED = 4(1 + 3)
√

13 + 33 + 4(2 + 3)
√

23 + 33 + 3(2 + 2)
√

23 + 23 + 2(3 + 3)
√

33 + 33

= 4(4)
√

28 + 4(5)
√

35 + 3(4)
√

16 + 2(6)
√

54 ≈ 339.17.

This agrees with the value reported for aspirin in Table 2.
The full compound-level values of ED and the 12 physicochemical endpoints are listed in Tables 2

and 3. A complete panel of the molecular structures of all studied compounds is available from:
https://www.chemeo.com/similar?smiles=CC%28%3dO%29Oc1ccccc1C%28%3dO%29O.

AIMS Mathematics Volume 11, Issue 8, 24839–24876.
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3.2. Pairwise correlation of ED with the physicochemical properties

Before fitting predictive models, we examined the pairwise Pearson correlation between the elliptic
Dharwad index and each physicochemical response; see Table 4. The strongest positive associations
were observed for the volumetric descriptors Vc (r = 0.789) and McVol (r = 0.736), indicating that ED
tracks molecular size and bulk-related structural variation rather well. A comparatively strong positive
correlation was also found for ∆fusH◦ (r = 0.671), while Tfus, log Poct/wat, Tboil, and Tc showed moderate
positive associations.

On the negative side, the largest inverse correlations were found for log10(WS ) (r = −0.714), ∆ f H◦gas
(r = −0.709), ∆ f G◦ (r = −0.658), and Pc (r = −0.640). These patterns suggest that larger ED values
tend to be associated with lower water solubility, more negative formation energies, and lower critical
pressure within the present chemical family. By contrast, ∆vapH◦ displayed only a weak positive
association (r = 0.285), indicating that this endpoint is only weakly aligned with ED at the pairwise
level.

Table 4. Pearson correlation coefficients between the elliptic Dharwad index and the
physicochemical endpoints (n = 89).

Endpoint r Direction

Vc 0.789 Positive
McVol 0.736 Positive
log10(WS ) -0.714 Negative
∆ f H◦gas -0.709 Negative
∆fusH◦ 0.671 Positive
∆ f G◦ -0.658 Negative
Pc -0.640 Negative
Tfus 0.622 Positive
log Poct/wat 0.594 Positive
Tboil 0.592 Positive
Tc 0.531 Positive
∆vapH◦ 0.285 Positive

Overall, these correlations suggest that ED is most informative for volumetric and size-related
properties, while its relationship with some thermodynamic responses is weaker or more indirect. This
supports the use of ED as a compact exploratory descriptor, while also indicating that not all endpoints
should be expected to show equally strong univariate predictive behavior. A full correlation heatmap for
ED and all physicochemical endpoints is provided in Figure 4.
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Figure 4. Correlation heatmap for the elliptic Dharwad index and the physicochemical
endpoints considered in the present QSPR study.

3.3. Modeling strategy

The predictive utility of ED was evaluated in a deliberately low-dimensional QSPR setting in
which each endpoint was modeled using ED as the sole descriptor. Alongside interpretable baseline
regressions, namely linear ordinary least squares (OLS), quadratic OLS, and log-linear OLS based on
log(1 + ED), we also screened several more flexible nonlinear learners, including K-nearest neighbors,
support vector regression with a Radial Basis Function (RBF) kernel, tree-based ensemble methods, and
gradient boosting models when the relevant libraries were available in the computational environment.
The complete computational workflow used for descriptor calculation, model screening, cross-validation,
external test evaluation, and diagnostic analyses is provided in Supplementary 2.

The compounds were divided into training and external test subsets by a Kennard–Stone split
performed in the one-dimensional ED space, using an approximate 80:20 partition. Internal robustness
was assessed on the training set by repeated five-fold cross-validation. The model’s quality was
summarized by the Q2

CV, R2
test, root mean square error (RMSE), and mean absolute error (MAE). Since

the analysis is based on a single topological descriptor and a relatively small dataset, the resulting models
are interpreted as exploratory screening models rather than final predictive tools. A single scalar degree
descriptor cannot encode all size-independent electronic, functional-group, stereochemical, or three-
dimensional effects. Future models should therefore combine ED with complementary constitutional,
electronic, and physicochemical descriptors and evaluate the resulting feature sets on larger, scaffold-
diverse datasets.
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3.4. Predictive behavior of ED

Across the expanded ED-only model screen, the most balanced predictive behavior was observed
for Vc, McVol, and log10(WS ). The endpoint-wise results of the expanded ED-only screening are
summarized in Table 5. The strongest overall compromise between internal and external validation
was obtained for Vc, for which a log-linear model based on log(1 + ED) achieved Q2

CV = 0.548
and R2

test = 0.636. A similar but slightly weaker pattern was found for McVol, with Q2
CV = 0.499

and R2
test = 0.514. Water solubility also displayed a meaningful ED-dependent signal, yielding the

highest cross-validated robustness among all endpoints (Q2
CV = 0.568), together with moderate external

predictive performance (R2
test = 0.450).

A moderate exploratory signal was further observed for ∆fusH◦, Tboil, and Tfus, whereas Tc and
log Poct/wat remained weaker. By contrast, ∆ f G◦, ∆ f H◦gas, Pc, and ∆vapH◦ showed negative Q2

CV values
despite moderate or, in some cases, relatively high external test R2 values. This mismatch points to
substantial split sensitivity and possible overfitting, so these endpoints should not be interpreted as
reliable standalone predictive successes of the elliptic Dharwad index.

Overall, the expanded screening supports the elliptic Dharwad index as a compact exploratory
descriptor with its clearest utility for volumetric and related bulk physicochemical properties. At the
same time, the results indicate that more demanding thermodynamic responses are likely to require
richer multidescriptor representations.

Representative observed-versus-predicted plots for the two most balanced ED-based models, namely
Vc and McVol, are presented in Figure 5. The corresponding supplementary plots are provided in
Figure 6. Additional observed-versus-predicted plots for other endpoints are provided in Figures 7 and 8,
while repeated cross-validation stability plots, residual diagnostics, permutation tests, and Williams
plots are collected in Figures 9–19. The distribution of ED values and the descriptor space coverage
induced by the Kennard–Stone split are shown in Figure 20.

(a) Vc (b) McVol

Figure 5. Observed-versus-predicted plots for the two most balanced ED-based univariate
QSPR models: (a) Critical volume (Vc) and (b) McGowan characteristic volume (McVol).
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(a) Critical volume, Vc. (b) McGowan characteristic volume, McVol.

Figure 6. Observed-versus-predicted plots for the two most balanced ED-based QSPR models.

(a) Water solubility, log10(WS ). (b) Standard enthalpy of fusion, ∆fusH◦.

Figure 7. Observed-versus-predicted plots for additional endpoints showing moderate ED-
based signals.

(a) Standard Gibbs energy of formation, ∆ f G◦. (b) Critical pressure, Pc.

Figure 8. Observed-versus-predicted plots for endpoints whose external test performance is
accompanied by unstable cross-validation behavior.
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(a) Vc. (b) McVol.

Figure 9. Repeated cross-validation stability plots for the strongest ED-based QSPR models.

(a) log10(WS ). (b) ∆fusH◦.

Figure 10. Repeated cross-validation stability plots for additional endpoints with moderate
ED-based signals.

(a) ∆ f G◦. (b) Pc.

Figure 11. Repeated cross-validation stability plots for endpoints exhibiting marked split
sensitivity.
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(a) Vc. (b) McVol.

Figure 12. Residual plots for the strongest ED-based QSPR models.

(a) log10(WS ). (b) ∆fusH◦.

Figure 13. Residual plots for additional endpoints with moderate ED-based predictive signals.

(a) ∆ f G◦. (b) Pc.

Figure 14. Residual plots for endpoints with unstable validation behavior.
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(a) Vc. (b) McVol.

Figure 15. Permutation test diagnostics for the strongest ED-based QSPR models.

(a) log10(WS ). (b) ∆fusH◦.

Figure 16. Permutation test diagnostics for additional endpoints with moderate ED-based
signal.

Figure 17. Permutation test diagnostic for ∆ f G◦, illustrating the gap between nominal external
performance and validation stability.
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(a) Vc. (b) McVol.

Figure 18. Williams plots for the two most balanced ED-based QSPR models.

Figure 19. Williams plot for ∆ f G◦.

Figure 20. Distribution and coverage of the elliptic Dharwad index across the 89-compound
dataset used for the exploratory QSPR analysis.
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Table 5. Expanded univariate QSPR screening results for the elliptic Dharwad index. Here, r
is the Pearson correlation between ED and the endpoint, Q2

CV is the mean repeated five-fold
cross-validated coefficient of determination on the training set, and R2

test is the coefficient of
determination on the external test set.

Endpoint r Best model Q2
CV R2

test RMSEtest MAEtest

McVol 0.736 Log-linear log(1 + ED)+OLS 0.499 0.514 29.653 24.907
Vc 0.789 Log-linear log(1 + ED)+OLS 0.548 0.636 0.106 0.085
∆ f G◦ -0.658 Quadratic OLS -0.676 0.748 352.930 278.030
∆fusH◦ 0.671 K-nearest neighbors 0.387 0.446 4.968 4.089
log10(WS ) -0.714 LightGBM 0.568 0.450 0.739 0.586
Pc -0.640 ExtraTrees -0.117 0.503 774.197 582.916
Tboil 0.592 K-nearest neighbors 0.392 0.419 93.661 71.217
Tc 0.531 K-nearest neighbors 0.389 0.297 114.403 90.832
Tfus 0.622 K-nearest neighbors 0.352 0.379 66.333 54.504
log Poct/wat 0.594 LightGBM 0.398 0.250 0.739 0.616
∆ f H◦gas -0.709 Quadratic OLS -0.456 0.779 351.331 266.321
∆vapH◦ 0.285 SVR (RBF) -0.097 0.322 11.523 9.215

4. Conclusions

In this paper, we introduced and investigated the elliptic Dharwad index

ED(I) =
∑

uv∈E(I)

(d(u) + d(v))
√

d(u)3 + d(v)3,

as a new degree-based edge invariant that strengthens the effect of degree heterogeneity through a
cubic degree kernel. The study shows that this index is both mathematically tractable and structurally
informative, with a behavior that is well suited to graph operations, extremal analysis, and exploratory
chemical applications.

More specifically, ED preserves the cubic Dharwad kernel while adding the elliptic degree-sum
prefactor; compared with the elliptic Sombor index, it replaces the quadratic radial term by a cubic one.
This combined weighting produces faster growth on high-degree edges and stronger discrimination of
unequal endpoint degrees at a fixed degree sum.

On the theoretical side, we established sharp two-sided bounds for the join I+J , the corona product
I � J , the Cartesian product I�J , and the tensor product I ⊗ J , together with explicit equality
characterizations. In the regular case, these results reduce to compact closed formulas, showing that
the general bounds are exact on broad and important graph classes. We also derived explicit closed
forms for several standard constructions, including the joins and coronas of paths, cycles, and complete
graphs, thereby illustrating how degree-based edge partitions can be used to compute ED effectively.

We further addressed extremal aspects of the index. In particular, we proved that ED is strictly
increasing under edge addition, which makes it suitable for extremal comparisons through graph
densification. Using this monotonicity together with structural decomposition arguments, we obtained
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girth-based sharp lower bounds for unicyclic graphs and extended these results to connected graphs
with a prescribed girth, with complete characterization of the extremal cases. We also established a
best possible upper bound for graphs of fixed order with a prescribed number of pendant vertices, and
showed that the unique extremal graph is Ks,p.

To complement the theoretical development, we examined the descriptor in a univariate QSPR
setting on a Cheméo-based dataset of 89 unique aromatic carboxylic acid, ester, and related benzenoid
compounds. This application indicates that the elliptic Dharwad index carries its clearest standalone
signal for volumetric and size-related properties, especially Vc, McVol, and, to a lesser extent, log10(WS ).
At the same time, the results show that several thermodynamic endpoints are only moderately captured
or remain unstable under validation. Accordingly, the present QSPR analysis should be viewed as
an exploratory screening study that demonstrates the descriptive value of ED, rather than as a final
predictive modeling framework.

Overall, the results show that the elliptic Dharwad index combines three desirable features: It admits
exact evaluation on many structured graph families, it satisfies sharp extremal principles under classical
graph constraints, and it displays meaningful structure property signals in chemical graph applications.
These features support ED as a useful addition to the family of degree-based topological indices.

Several natural directions remain open. It would be worthwhile to compute ED for further
graph classes, develop Nordhaus–Gaddum type relations and sharper inequalities linking ED with
classical indices, study efficient algorithms for evaluating ED on large-scale graphs, and investigate
multidescriptor QSPR or Quantitative Structure Activity Relationship (QSAR) frameworks in which
ED is combined with complementary topological or physicochemical descriptors.
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4. S. Nikolić, G. Kovačević, A. Miličević, N. Trinajstić, The Zagreb indices 30 years after, Croat.
Chem. Acta, 76 (2003), 113–124.

5. I. Gutman, K. C. Das, The first Zagreb index 30 years after, MATCH Commun. Math. Comput.
Chem., 50 (2004), 83–92.

6. K. Xu, M. Liu, K. C. Das, I. Gutman, B. Furtula, A survey on Zagreb indices, MATCH Commun.
Math. Comput. Chem., 78 (2017), 17–56.

7. K. C. Das, Sharp bounds for Zagreb indices, Chem. Phys. Lett., 511 (2011), 452–454.
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The Cheméo-based dataset used in this study contains 89 unique compounds after duplicate removal.
Physicochemical property values were compiled from Cheméo (https://www.chemeo.com/) using
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the units reported by the source. All data and materials required to reproduce the descriptor calculations
and the exploratory QSPR analyses are provided as attached Supplementary materials.

Supplementary 1

Supplementary1.xlsx. A curated dataset containing the investigated compounds together with
their molecular identifiers, molecular formulas, structural representations, elliptic Dharwad index values,
and the compiled physicochemical endpoints used in the QSPR analysis.

Supplementary 2

Supplementary2.ipynb. A Jupyter notebook containing the Python workflow used for elliptic
Dharwad index computation, dataset processing, model screening, repeated cross-validation, external
test evaluation, and validation diagnostics for the ED-based QSPR study.
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