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1. Introduction

1.1. Motivation and statement of results

An important concept in finite group theory is that of strongly closed subgroups. A subgroup H of
a finite group G 1is said to be strongly closed in G if Ng(H) N H® < H for all g € G. Of particular
importance are strongly closed subgroups of prime power order.

Let p be a prime, S be a Sylow p-subgroup of a finite group G, and Q < S. Then, Q is strongly
closed in G if and only if it is strongly closed in S with respect to G, that is, for each subgroup R of
Q and each g € G, R® < § implies Ré < Q. Indeed, this can be seen as follows (see also [22, (2.1)]):
Assume that Q is strongly closed in G. For each x € Ng(Ng(Q)), we then have Q* < Ng(Q)* = Ng(Q) <
Ng(Q) and hence Q* = Ng(Q) N Q* < Q, which implies that x € Ng(Q). Thus, Ng(Ns(Q)) = Ns(Q)
so that Ng(Q) = S and Q € S. Now, if R < Qand g € G such that R¥ < §,then R¥ = S NRE <
Ne(Q)N Q% < Q. Consequently, Q is strongly closed in S with respect to G. Now, we assume that Q is
strongly closed in S with respect to G and we deduce that Q is strongly closed in G. Let g € G. Then,
O(Ng(Q) N Q%) is a p-subgroup of G. Therefore, there is some h € G with (Q(Ng(Q) N Q%)) < S.
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Then, Q" < S, and since Q is strongly closed in S with respect to G, it follows that Q" = Q so that
h € Ng(Q). Also, since No(Q5 )N Q < 0 and (Ng(Q%) N Q)" = (No(Q) N 08 < S, we have
(Ng(Q¢) N Q)" < Q. As h € Ng(Q), it follows that Ng(Q) N Q% = (Ng(Q¢ ) N Q)¢ < Q. Hence, Q is
strongly closed in G.

The preceding characterization of strongly closed p-subgroups of finite groups leads to a natural
definition of strong closure in fusion systems. Given a prime p and a fusion system J on a finite p-
group S, a subgroup Q of § is defined to be strongly F-closed if, for each subgroup R of Q and each
F-morphism ¢ : R — S, we have Ry < Q (see [14, Definition 4.55 (ii)]). With this definition, if S is a
Sylow p-subgroup of a finite group G, then a subgroup of S is strongly Fs(G)-closed if and only if it
is strongly closed in G.

The first major applications of strongly closed subgroups emerged in the context of the classification
of finite simple groups. Two important achievements on strong closure in this era were Glauberman’s
Z*-theorem [20] and Goldschmidt’s work on abelian strongly closed 2-subgroups [21]. Later, the
concept of strong closure found applications also in other areas of finite group theory. For example, it
was used by Bianchi et al. [12] to characterize the finite solvable T-groups, that is, the finite solvable
groups in which normality is a transitive relation. Namely, they proved that a finite group G is a solvable
T-group if and only if every primary subgroup of G is strongly closed in G (see [12, Theorem 10]).
In [12], strongly closed subgroups are called .77 -subgroups, and this terminology has been adopted by
several other authors.

The work of Bianchi et al. [12] opened a new direction of research: the structural study of a finite
group G under the assumption that some of its primary subgroups are strongly closed in G. To give a
flavor of this line of research, we mention a result of Guo and Wei [24]. Given an odd prime number
p and a finite group G with a non-cyclic Sylow p-subgroup §, they proved that G is p-nilpotent if and
only if Ng(S) is p-nilpotent and there is a proper non-trivial subgroup D of S such that any subgroup of
S with order | D] is strongly closed in G (see [24, Theorem 3.1]). Liao and Zhang [26] obtained a version
of this result for fusion systems (see [26, Theorem 3.19]). Other structural results about finite groups
with some primary subgroups being strongly closed were obtained, for example, in [2, 16,28,31].

Over the last 15 years, several authors have generalized and extended this line of research by
introducing various generalizations of strong closure, such as weakly .7-subgroups [4],
¢ C-subgroups [32], weakly .7-embedded subgroups [5], weakly .7#C-embedded subgroups [6],
S 7 -subgroups [1], and 7’ N-subgroups [10]. They studied the structure of finite groups under
the assumtion that some primary subgroups satisfy one of these generalized embedding conditions. In
particular, this led to many interesting criteria for p-nilpotence and supersolvability of finite groups.

Inspired by this line of research, one might ask whether similar ideas can be used to generalize
strong closure in fusion systems and whether such generalizations would be useful in establishing
criteria for nilpotence [26] or supersolvability [30] of fusion systems. In this paper, we explore this
question by introducing one such generalization and using it to provide new characterizations of
nilpotent fusion systems.

Our point of departure is the concept of weakly .77-embedded subgroups in finite groups. A
subgroup H of a finite group G is said to be weakly 77 -embedded in G if there is a normal subgroup
K of G with H® = HK such that H N K is an #-subgroup (or, in other words, a strongly closed
subgroup) of G, where HC is the normal closure of H in G (see [5, Definition 1.2]). Assume that such
a subgroup H is a p-subgroup of G for some prime p, let S be a Sylow p-subgroup of G containing H,
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and let K be as above. Note that, for each N < G, the subgroup S N N is strongly closed in G. Hence,
each of the subgroups P == S N K, HP = H(S N K) = S N HK = S n H and
HNP=HN(S NK)=HnNK is strongly closed in G. Motivated by this observation, we introduce
the following definition.

Definition 1.1. Letr p be a prime number, F be a fusion system on a finite p-group S, and Q be a
subgroup of S. Then, Q is said to be weakly 7€ -embedded in F if there is a strongly F-closed subgroup
P of S such that both QP and Q N P are strongly F-closed.

Example 1.2. Let p be a prime, F be a fusion system on a finite p-group S, and Q be a strongly F-
closed subgroup of S. Then, since S = QS and Q NS = Q are strongly F-closed, we have that Q is
weakly F€-embedded in .

Example 1.3. Let p be a prime, G be a finite group, and S be a Sylow p-subgroup of G. By our
observations preceding Definition 1.1, any weakly 7 -embedded subgroup of G contained in S is
weakly 7 -embedded in Fs(G).

Given a prime p and a Sylow p-subgroup S of a finite group G, it may happen that a subgroup of S
is weakly .7Z-embedded in F(G), but not in G. Here is an example:

Example 1.4. Let G denote the Janko group Js, and let S be a Sylow 3-subgroup of G. Then, |S| = 3°,
and Q(S) = C3 X C3 X C3 and Z(S) = C3 X Cs are the only non-trivial proper subgroups of S which
are strongly closed in G (see [18, Proposition 2.7 (5)]). Pick some x € Q(S) \ Z(S), and let Q := {(x).
Since each of the subgroups Z(S), QZ(S) = Q(S) and Q N Z(S) = 1 is strongly closed in G, we have
that Q is weakly 7€ -embedded in Fs(G). On the other hand, since Q is not strongly closed in G and
G is simple, Q cannot be weakly 7€ -embedded in G.

Our main results in this paper are the following characterizations of nilpotent fusion systems by
means of weakly .7Z-embedded subgroups.

Theorem 1.5. Let p be a prime and F be a saturated fusion system on a non-trivial finite p-group S.
Then, the following are equivalent:

(1) JF is nilpotent.

(2) We have (|Auty,s)(Q)l, p— 1) = 1 for each subgroup Q of S, and there is a subgroup D of S with
1 < D < S such that every subgroup of S with order |D| or p|D| (and every cyclic subgroup of S
with order 4 if D = 1 and S is a non-abelian 2-group) is weakly € -embedded in .

(3) N5(S) is nilpotent, and there is a subgroup D of S with 1 < D < S such that every subgroup
of S with order |D| or p|D| (and every cyclic subgroup of S with order 4 if D = 1 and S is a
non-abelian 2-group) is weakly 77 -embedded in F.

Theorem 1.6. Let p be a prime and F be a saturated fusion system on a finite p-group S with |S| > p>.
Then, T is nilpotent if and only if there is a subgroup D of S with 1 < D < S such that every subgroup
of S with order |D| is weakly 7 -embedded in F and such that, for each fully F-normalized subgroup
H of S with |H| = |D|, the normalizer Ny(H) is nilpotent.
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In the final section of this paper, we will deduce several previously known results about weakly
J¢-embedded subgroups of finite groups from our results. As another application of our work, we will
prove the nilpotency of saturated fusion systems on certain metacyclic 2-groups.

Our work may be viewed as a continuation of recent studies of saturated fusion systems J in which
certain subgroups are required to satisfy specific conditions with respect to I [11,27,29].

1.2. Notation and terminology

Our notation and terminology are fairly standard and can largely be found in [8] or [14]. In what
follows, we introduce some notation and terminology that do not seem to appear in the aforementioned
references.

We begin by recalling the definitions of nilpotent and supersolvable fusion systems. Let p be a
prime and J be a saturated fusion system on a finite p-group S. Following [26], we say that J is
nilpotent if F = Fg(S). Following [30], we say that F is supersolvable if there is a subgroup series
1=8¢0<8,<---<8,, =8 such that §; is strongly F-closed for all 0 < i < m and such that §;,,/S;
is cyclic forall 0 <i < m.

Given a prime p and a fusion system J on a finite p-group S, we say that a subgroup 7 of § is
minimal strongly F-closed if T is non-trivial and strongly F-closed, but no proper non-trivial subgroup
of T is strongly F-closed. Note that any non-trivial strongly F-closed subgroup of § contains a minimal
strongly F-closed subgroup. In particular, since S is strongly F-closed, there exists a minimal strongly
JF-closed subgroup of S whenever S # 1.

Let G and H be groups and ¢ : G — H be a group homomorphism. For an element g € G, we
denote the image of g under ¢ by gy. Similarly, for a subgroup X of G, we write X¢ for the image of
X under ¢. If Y is a subgroup of H containing X¢, we use ¢|xy to denote the group homomorphism
X — Y, x = x¢. Finally, if L is another group and  : H — L is a group homomorphism, then ¢y
denotes the group homomorphism G — L, g — (gp)y.

2. Preliminaries

In this section, we prove some lemmas needed for the proofs of our main results.

Lemma 2.1. Let p be a prime, JF be a fusion system on a finite p-group S, € be a subsystem of F on a
subgroup T of S and R be a strongly F-closed subgroup of S. Then, T N R is strongly E-closed.

Proof. Let P be a subgroup of T "R and ¢ : P — T be an &-morphism. We have to show that
Py < T NR. Since € is a subsystem of J, ¢ is an F-morphism. Hence, § : P — S,x — x¢p is an
J-morphism. Since R is strongly F-closed and P < T N R < R, it follows that P = Pp < R. As we
also have Py < T, we obtain that Pp < T N R, as required. O

Lemma 2.2. Let p be a prime, F be a fusion system on a finite p-group S, € be a subsystem of F on a
subgroup T of S, and Q be a subgroup of T. Suppose that Q is weakly 77 -embedded in F. Then Q is
weakly € -embedded in E.

Proof. Since Q is weakly 77-embedded in F, there is a strongly F-closed subgroup P of S such that
both QP and Q N P are strongly F-closed. Set Py := T N P. By Lemma 2.1, each of Py, QPy = T N QP
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and QN Py=0NTNP=Q0nN Pis strongly E-closed. Consequently, Q is weakly .77-embedded in
€. o

Lemma 2.3. Let p be a prime, & be a saturated fusion system on a finite p-group S and T < Q < S
such that T is strongly F-closed and Q is weakly F€-embedded in F. Then, Q/T is weakly -
embedded in F|T.

Proof. Since Q is weakly Z-embedded in JF, there is a strongly F-closed subgroup P of S such that
both QP and Q N P are strongly F-closed. By [13, Theorem 6.1 (4)], each of PT/T, (Q/T)(PT/T) =
QP/T and (Q/T)N(PT/T)=(QNPT)]T =(QN P)T/T is strongly F/T-closed. Consequently, Q/T
is weakly .77-embedded in F/T. O

Lemma 2.4. Let p be a prime, I be a fusion system on a finite p-group S, and Q be a subgroup of S .
Suppose that Q < F and that there is a subgroup D of Q with 1 < D < Q such that all subgroups of Q
with order |D| or p|D| (and all cyclic subgroups of Q with order 4 if D = 1 and Q is a non-abelian 2-
group) are weakly 7 -embedded in F. Then, there is a subgroup series 1 = Qo < Q1 <--- <0, =0
such that Q; is normal in F for all 0 < i < m and such that Q;./Q; is cyclic for all 0 < i < m. In
particular, if F is saturated and Q = S, then JF is supersolvable.

Proof. Let A := Aut5(Q), and G := Q > A be the outer semidirect product of Q and A with respect to
the action
OxA - Q,(x,a) - xa.

of A on Q. Hence, G is the group consisting of all pairs (a, x), where @ € A and x € Q, together with
the multiplication defined by

(a1, x1)(a2, x2) := (@12, (X122)X2)

for all such pairs (@, x;), (a2,x2). The maps A —- G, — (@,1) and Q — G,x — (idgy, x) are
monomorphisms, and we identify A and Q with their images in G under these monomorphisms. Then,
0<2G,0NA=1,and G = QA. Also, for all x € Q and « € A, the product o' xa taken in G is equal
to the image xa of x under the automorphism a. See [25, pp. 33-34] for more details.

To begin, we argue that a subgroup R of Q is weakly .7#-embedded in G if it is weakly .77’-embedded
in . Thus, assume that R < Q is weakly -embedded in JF. Then, there is a strongly F-closed
subgroup P of S such that both RP and R N P are strongly F-closed. Set Py := Q N P, and note that
RPy = QNRPand RN Py = RN P. Then, by [14, Proposition 5.27 (1)], each of Py, RPy, and RN Py is
normal in F. Hence, by [19, Lemma 4.3], each of Py, RP,, and RN Py is normal in G. Set K := PyNRC.
Then, K < G, R° = R N RPy = RK, and RN K = RN Py is normal in G and thus an .7#-subgroup of
G. Consequently, R is weakly .7#-embedded in G.

Now, by hypothesis and the preceding paragraph, all subgroups of Q with order |D| or p|D| (and
all cyclic subgroups of Q with order 4 if D = 1 and Q is a non-abelian 2-group) are weakly .77-
embedded in G. Applying [33, Proposition 1], we conclude that Q is contained in Zy(G), that is, in the
supersolvable hypercenter of G. Hence, there is a subgroup series 1 = Qyp < Q; <--- < Q,, = Q such
that Q; < G for all 0 < i < m and such that Q;,,/Q; is cyclic for all 0 < i < m. By [19, Lemma 4.3], Q;
is normal in J for all 0 < i < m. This proves the first statement of the lemma.

The second statement follows immediately from the first one and the definition of a supersolvable
fusion system. O
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Lemma 2.5. Let p be a prime, F be a fusion system on a finite p-group S and 1 < Q < T < S such
that T is minimal strongly F-closed. Then, Q is not weakly ¢ -embedded in F.

Proof. Assume that Q is weakly Z-embedded in J. Then, there is a strongly F-closed subgroup
P of § such that both QP and Q N P are strongly F-closed. By [14, Lemma 4.59 (ii)], T N QP is
strongly F-closed. Since T is minimal strongly F-closed and 1 < Q < T N QP < T, it follows that
T=TnNnQP=0QPnNnT)andhence PNT # 1. As PN T is strongly F-closed by [14, Lemma 4.59 (ii)]
and T is minimal strongly J-closed, it follows that 7 = PN T < P. Consequently, Q = Q N P, and so
Q is strongly J-closed. This is a contradiction as 7 is minimal strongly F-closed, and so the proof is
complete. O

Lemma 2.6. Let p be a prime, F be a saturated fusion system on a finite p-group S, and T be a strongly
F-closed subgroup of ©(S) such that F|T is nilpotent. Then, F is nilpotent.

Proof. By [14, Proposition 7.46 (ii)], we have hyp(F) < T. Then, ®(S)hyp(F) = O(S) = D(S) -1 =
O(S)hyp(TFs(S)). Applying [17, Theorem T], we conclude that hyp(F) = hyp(Fs(S)) = 1. Then, [14,
Proposition 7.46 (i)] yields that J is nilpotent, as required. O

3. Proofs of the main results

To establish our main results, we first prove a number of propositions.

Proposition 3.1. Let p be a prime and F be a saturated fusion system on a finite p-group S such that
N#(S) is nilpotent and every maximal subgroup of S is weakly 7 -embedded in F. Then, JF is nilpotent.

Proof. Assume that the proposition is false, and let F be a counterexample for which ||, that is, the
number of morphisms in J, is minimal. We will derive a contradiction in three steps.

(1) There is a unique minimal strongly F-closed subgroup T of S, and F|T is nilpotent.

Pick a minimal strongly J-closed subgroup T of S. By [14, Proposition 5.11], F/T is saturated.
By [14, Exercise 5.11], Ng/7(S/T) = N4(S)/T. Hence, by hypothesis, Ny 7(S/T) = Fs(S)/T.
Invoking [14, Theorem 5.20], we obtain that Ng,7(S/T) = Fs/r(S/T), and so N3,7(S/T) is nilpotent.
By Lemma 2.3, any maximal subgroup of S/7T is weakly .7Z-embedded in F/T. Consequently, F/T
satisfies the hypothesis of the proposition, and the minimality of JF implies that F/T is nilpotent.

Suppose that there is a minimal strongly F-closed subgroup T of S with T # T,. Then JF/Tj is
nilpotent as well. Hence, by [14, Proposition 7.46 (ii)], byp(F) < T N Ty. Since T N T is strongly
F-closed by [14, Lemma 4.59] and T, T\, are minimal strongly F-closed, we have T N T, = 1. Then,
hyp(F) = 1, and so T is nilpotent by [14, Proposition 7.46 (i)]. This contradiction shows that 7" is the
unique minimal strongly F-closed subgroup of S.

)T £ O(S).
If T < ®(S), then J is nilpotent by (1) and Lemma 2.6, a contradiction. Thus, 7" £ ©(S).

(3) The final contradiction.

By (2), there is a maximal subgroup Q of S such that T £ Q. By hypothesis, Q is weakly .77-
embedded in J. Hence, there is a strongly J-closed subgroup P of S such that both QP and Q N P are
strongly F-closed.

Note that |S| > p; otherwise S < J so that F = N4(S') would be nilpotent. Hence, Q # 1.
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Assume that P = 1. Then, Q is strongly F-closed, and since T is the unique minimal strongly
F-closed subgroup of S, it follows that T < Q, a contradiction. Thus, P # 1. Then, again because T is
the unique minimal strongly J-closed subgroup of S, 7 < P.

Assume now that QNP # 1. Then, since QNP is strongly F-closed, T < QNP < Q, a contradiction.
Thus, QNP =1.

We now have ONT < QNP = 1. Since Q is maximal in S, it follows that |7'| = p. In particular, by [8,
Part I, Corollary 4.7 (a)], T < J. Since F/T is nilpotent, we certainly have that F/T is supersolvable.
Applying [9, Lemma 2.7], we conclude that J is supersolvable. So, by [30, Proposition 2.3], § < J.
Consequently, F = N#(S) is nilpotent. This contradiction completes the proof. m|

Proposition 3.2. Let p be a prime and F be a saturated fusion system on a finite p-group S. Suppose
that N+(S) is nilpotent and that there is a subgroup D of S with 1 < D < S such that all subgroups of
S with order |D| or p\D| (and all cyclic subgroups of S with order 4 if D = 1 and S is a non-abelian
2-group) are weakly ¢ -embedded in F. Then, F is nilpotent.

Proof. Assume that the proposition is false, and let F be a counterexample for which |F| is minimal.
Let T be a minimal strongly F-closed subgroup of S. We will derive a contradiction in several steps.

(1) We have \T| < |D|if D # 1, and |T| = pif D = 1.
This follows from Lemma 2.5.

(2) D is not maximal in S'.
If D is maximal in S, then any maximal subgroup of S is weakly .7Z-embedded in J, and so J is
nilpotent by Proposition 3.1, a contradiction. Thus, D is not maximal in S.

(3) byp(F) = S.

Assume that hyp(J) is a proper subgroup of S, and let Q be a maximal subgroup of S containing
byp(F).  Let JF,p denote the unique saturated subsystem of F on Q of p-power index
(see [14, Theorem 7.51 (i)]). By (2), |D| < |Q|. By hypothesis, all subgroups of Q with order |D| or
p|D| (and all cyclic subgroups of Q with order 4 if D = 1 and Q is a non-abelian 2-group) are weakly
¢ -embedded in F, and Lemma 2.2 guarantees that all of them are still weakly .7Z-embedded in J.

Likewise, all subgroups of S with order |D| or p|D| (and all cyclic subgroups of S with order 4 if
D =1 and S is a non-abelian 2-group) are weakly 7Z-embedded in € := N5(Q). Also, N¢(S) is a
saturated subsystem of N5(S) = Fs(S), and so we have Ne(S) = Fs(S).

Assume that & # F. Then, the minimality of F implies that ¢ is nilpotent. Since Ng,(Q) is a
saturated subsystem of &, it follows that Ns,(Q) is nilpotent. Hence, together with our above
observations concerning J, we see that F satisfies the hypothesis of the proposition. So, by the
minimality of J, we have that JF, is nilpotent. Then, by [14, Theorem 7.53 (iv)],
OP(F) = 0°(Fp) = OP(Fp(Q)) = F1(1). Thus, hyp(F) = 1, and [14, Proposition 7.46 (i)] implies that
J is nilpotent. This contradiction shows that £ = F, whence Q < J.

Now, by Lemma 2.4, there is a subgroup series 1 = Qg < Q; < --- < O, = Q such that Q; is
normal in J for all 0 < i < m and such that Q;,,/Q; is cyclic for all 0 < i < m. Since Q is maximal in
S, it follows that J is supersolvable. So, by [30, Proposition 2.3], we have F = N4(S) = Fs(S). This
contradiction shows that hyp(F) = §.

4)IfD # 1, then |T| = |D|.

AIMS Mathematics Volume 11, Issue 8, 24717-24732.



24724

Assume that D # 1 and |T| < |D|. By [14, Exercise 5.11] and [14, Theorem 5.20], N3/7(S/T) =
Ny(S)/T = Fs(S)/T = Fs;7(S/T). By Lemma 2.3, all subgroups of S/T with order % or p%
are weakly .77-embedded in F/T. The minimality of F implies that F/T is nilpotent. Then, by (3)
and [14, Proposition 7.46 (ii)], S = bhyp(F) < T, a contradiction. Together with (1), it follows that

|T| = |D|if D # 1, as claimed.

(5) For any subgroup H of S with |H| > |D| and H £ O,(F), Auty(H) is a p-group.

Assume that this is not true. Pick a subgroup H of § satisfying |[H| > |D| and H £ O,(JF) with
Auty(H) not being a p-group such that H has maximal possible order. If L € H”, then we clearly have
IL| = |H| > |D|, L £ 0,(F), and since Auty(L) = Auty(H) by [14, Proposition 4.6], Auts(L) is not a
p-group. Therefore, upon replacing H with a fully F-normalized member of H”, we may (and will)
assume that H is fully F-normalized.

Since Auts(S) = Auty,(s)(S) = Autgs)(S) = Inn(S), we have H < S and hence H < Ng(H). So,
by the maximal choice of H, Auty(Ng(H)) is a p-group.

Since H is fully F-normalized, Ny(H) is saturated. As Auty(Ns(H)) is a p-group, we have that
Auty,m(Ns(H)) is a p-group, and since Ng(H) 1is saturated, it follows that
Auty, ) (Ns(H)) = Inn(Ns(H)). Note that any morphism in Ny.,u)(Ns(H)) is induced by an
automorphism in Auty,.)(Ns(H)) = Inn(Ng(H)). Hence, we have Ny, ) (Ns(H)) = Fygm(Ns(H)),
and so Ny, ) (Ns(H)) is nilpotent. By hypothesis and Lemma 2.2, all subgroups of Ng(H) with order
|D| or p|D| (and all cyclic subgroups of Ng(H) with order 4 if D = 1 and Ng(H) is a non-abelian
2-group) are weakly .7Z-embedded in Ny(H). Since H £ 0,(F), we have N5(H) # J. So, the
minimality of F implies that N+(H) is nilpotent.

Consequently, Auty(H) = Auty,x)(H) = Autg(H) is a p-group. This contradiction shows that (5)
holds.

6) T < 0,(F).

Assume that T £ O,(F). Let T < H < S. AsT £ 0,(F), we have H £ O,(F). By (4), |H| > |T| >
|D|. So, by (5), Auts(H) is a p-group. This implies that Auty/r(H/T) is a p-group. Applying [8, Part
I, Corollary 3.7], we conclude that /T is nilpotent. Thus, by (3) and [14, Proposition 7.46 (ii)],
S =byp(F) < T, which contradicts (1). Thus, T < O,(F).

(7) The final contradiction.

Let 0,(F) < H < §. By (4) and (6), |H| > |0,(F)| > |T| = |D|. So, by (5), Autg(H) is a p-group.
Arguing as in (6), we see that 3/0,(J) is nilpotent and that this implies 0,(F) = S. Consequently,
F = N5(S) = Fs(S). This final contradiction completes the proof. |

Proposition 3.3. Let p be a prime and J be a saturated fusion system on a finite p-group S with
IS| > p?. Suppose that there is a subgroup D of S with 1 < D < S such that every subgroup of S with
order |D| is weakly ¢ -embedded in F and such that, for each fully F-normalized subgroup H of S
with |H| = |D|, the normalizer N5(H) is nilpotent. Then, J is nilpotent.

Proof. Assume that the proposition is false, and let  be a counterexample for which |JF] is minimal.
Let T be a minimal strongly F-closed subgroup of §. We will derive a contradiction in several steps.

(1) Let € be a proper saturated subsystem of F on a subgroup E of S with |E| > |D|. Then, € is
nilpotent.
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By hypothesis and Lemma 2.2, any subgroup of E with order |D]| is weakly .7#-embedded in €.
Now, let H be a fully &-normalized subgroup of E with |H| = |D|. Choose some P € H” such that P is
fully F-normalized. By [8, Part I, Lemma 2.6 (c)], there is a morphism ¢ € Hom4(Ng(H), Ns(P)) with
Hyp = P. Let X := Ng(H), Y := X¢, and @ := ¢|yy. For A, B < Y and ¢ € Homy, i) (A@~", Bg™"), let
:,@ = (g7 4,45 )W (@lgg1 ), with the notation introduced in Section 1.2. Hence, tﬁ is the F-morphism
A — B sending each a € A to ((ap~")¢)@. Now, let G be the fusion system on Y such that, for all
A,B<Y,

Homg(A, B) = {{ | ¢ € Homy, i (A@~", B}

By construction, G is a subsystem of F isomorphic to N¢(H). Since H is fully E-normalized and € is
saturated, N¢(H) is saturated by [14, Corollary 4.38]. As G = N¢(H), this implies that G is saturated.
Because H < N¢(H) and P = Hp, we have P < G. It follows that G is a saturated subsystem of N5(P).
Since P is fully F-normalized and |P| = |H| = |D|, we have by hypothesis that N+(P) is nilpotent. As
saturated subsystems of nilpotent fusion systems are nilpotent, it follows that G is nilpotent, and so
N¢(H) is nilpotent.

Consequently, € satisfies the hypothesis of the proposition, and the minimality of J implies that £
is nilpotent, as wanted.

) IT| < |DI.
This follows from Lemma 2.5.

(3) F/T is nilpotent.

Suppose that |T| < |D|. By [14, Proposition 5.11], F/T is saturated, and by Lemma 2.3, any
subgroup of § /T with order % is weakly 77-embedded in F/T. Now, let T < Q < S with |Q/T| = %
such that Q/T is fully F/T-normalized. Then, |Q| = |D|, and by [14, Proposition 5.58 (iii)], Q is
fully F-normalized. So, by hypothesis, N+(Q) is nilpotent. Applying [14, Exercise 5.11] and [14,
Theorem 520], we conclude that N:}“/T(Q/T) = Ng(Q)/T = ?NS(Q)(NS(Q))/T = ?NS(Q)/T(NS (Q)/T) =
Fnsr0m(Nsyr(Q/T)), and so Ng/7(Q/T) is nilpotent. Consequently, F/T satisfies the hypothesis of
the proposition, and the minimality of J implies that /7 is nilpotent.

In view of (2), it remains to consider the case |T| = |D|. Let T < Q < S. By [14, Proposition 5.11]
and [8, Part I, Corollary 3.7], it is enough to show that Auty/r(Q/T) is a p-group.
By [14, Proposition 4.6], we may (and will) assume without loss of generality that Q/T 1is fully
F/T-normalized. Then, by [14, Proposition 5.58 (iii)], Q is fully F-normalized. Therefore, N+(Q) is a
saturated subsystem of F. If Q < &, then T < J by [14, Proposition 5.27 (i)], and since |T| = |D], it
follows that 3 = Ng(T) is nilpotent; this contradiction shows Q ¢ JF. Hence, N4(Q) is a proper
saturated subsystem of F on Ng(Q), and since [Ns(Q)| = |Q| > |T| = |D|, it follows from (1) that
N5(Q) is nilpotent. Consequently, Auty(Q) = Auty,)(Q) is a p-group. This implies that
Autg/r(Q/T) is a p-group, as required.

(4) D is not maximal in S.

Assume that D is maximal in §. Hence, every maximal subgroup of § is weakly .7”-embedded
inF. If Ny(S) # T, then N4(S) is nilpotent by (1), and Proposition 3.1 implies that JF is nilpotent,
a contradiction. Consequently, we have S < J. Clearly, S is weakly #-embedded in J, and so we
see from Lemma 2.4 that J is supersolvable. Using [30, Lemma 2.1], we see that there is a strongly
F-closed subgroup Q of S such that |Q| = |D|. By [14, Proposition 5.27 (i)], Q is normal in J. In
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particular, Q is fully F-normalized, and so it follows that I = N5(Q) is nilpotent. This contradiction
shows that D is not maximal in §.

(5) The final contradiction.

By (3) and [14, Proposition 7.46 (ii)], we have hyp(F) < T. In particular, by (2), hyp(F) is a proper
subgroup of S. Pick a maximal subgroup Q of S containing hyp(F), and let F, be the unique saturated
subsystem of F on Q of p-power index (see [14, Theorem 7.51 (i)]). By (4), |Q| > |D|, and so (1)
implies that J, is nilpotent. Applying [14, Theorem 7.53 (iv)], we conclude that O”(F) = O?(Fy) =
O7(Fp(Q)) = F1(1). Hence, hyp(F) = 1. Then, [14, Proposition 7.46 (i)] yields that J is nilpotent.
This contradiction completes the proof. O

We are now in a position to prove our main results.

Proof of Theorem 1.5. (1) = (2): Suppose that F is nilpotent so that F = Fg(S). Then, N5(S) = Fs(S).
So, for each subgroup Q of S, we have (|Auty,(s)(Q)l, p — 1) = (|Autyys(Q)l, p — 1) = (Auts (Q)l, p -
1) = (INs(Q)/Cs(Q)|, p — 1) = 1. Also, any maximal subgroup of S and S itself are strongly F-closed
and hence weakly .7#-embedded in &F. Thus, (2) holds.

(2) = (3): Suppose that (2) holds. Set € := N5(S). By Lemma 2.2, every subgroup of S with order
|D| or p|D| (and every cyclic subgroup of § with order 4 if D = 1 and S is a non-abelian 2-group) is
weakly J7-embedded in €. Lemma 2.4 implies that € is supersolvable.

Let QO < §. Since € is supersolvable, by [30, Proposition 1.3], Aute(Q) is p-closed, and a Hall
p’-subgroup of Aute(Q) is abelian with exponent dividing p — 1. Then, as (|Aute(Q),p —1) =1, a
Hall p’-subgroup of Aute(Q) must be trivial. It follows that Aute(Q) is a p-group. Invoking [8, Part I,
Corollary 3.7], we obtain that € is nilpotent. Consequently, (3) holds.

(3) = (1): This follows from Proposition 3.2. ]

Proof of Theorem 1.6. Assume that J is nilpotent so that § = JFg(S). Then, each maximal subgroup
of S is strongly J-closed and hence weakly .7#-embedded in F. Also, for each maximal subgroup Q
of S, Ny(Q) = F5(S) is nilpotent. This proves the necessity.

The suffiency follows from Proposition 3.3. O

4. Applications

As an application of Theorem 1.5, we obtain the following characterization of p-nilpotent finite
groups.

Corollary 4.1. Let p be a prime dividing the order of a finite group G and S be a Sylow p-subgroup
of G. Then, the following statements are equivalent:

(1) G is p-nilpotent.

(2) We have (|Auty,s)(Q)l, p— 1) = 1 for each subgroup Q of S, and there is a subgroup D of S with
1 < D < S such that every subgroup of S with order |D| or p|D| (and every cyclic subgroup of S
with order 4 if D = 1 and S is a non-abelian 2-group) is weakly 7€ -embedded in Fs(G).

(3) Ng(S) is p-nilpotent, and there is a subgroup D of S with 1 < D < S such that every subgroup
of S with order |D| or p|D| (and every cyclic subgroup of S with order 4 if D = 1 and S is a
non-abelian 2-group) is weakly 7 -embedded in Fs(G).
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Proof. Let I := J4(G). By [14, Theorem 4.27 ()], Auty,s)(Q) = Autg, v, s)(Q) = Auty,s)(Q) for
each subgroup Q of §.

(1) = (2): Suppose that G is p-nilpotent. Then, by [14, Theorem 1.12], F is nilpotent. So, it follows
from Theorem 1.5 that (2) holds.

(2) = (3): Suppose that (2) holds. Then, by Theorem 1.5, N4(S) is nilpotent. Invoking [14,
Theorem 1.12] and [14, Theorem 4.27 (i)], we obtain that N;(S) is p-nilpotent. Hence, (3) holds.

(3) = (1): Suppose that (3) holds. Then, by [14, Theorem 1.12] and [14, Theorem 4.27 (i)],
N#(S) = Fs(Ns(S)) is nilpotent. Theorem 1.5 implies that J is nilpotent. Applying [14, Theorem 1.12]
again, we conclude that G is p-nilpotent, and so (1) holds. O

From Corollary 4.1, we now deduce some previously known results on weakly .7’-embedded
subgroups of finite groups.

Corollary 4.2. ( [5, Theorem 1.6]) Let p be a prime,G be a finite group, and S be a Sylow p-subgroup
of G. Then, G is p-nilpotent if and only if Ng(S) is p-nilpotent and every maximal subgroup of S is
weakly 7 -embedded in G.

Proof. Suppose that G is p-nilpotent. Then, Ng(S) is p-nilpotent as well. Also, Fs(G) = Fs(S) by [14,
Theorem 1.12]. This implies that any maximal subgroup of S is strongly Fs(G)-closed. Consequently,
any maximal subgroup of S is strongly closed in G and hence weakly .7#-embedded in G. This proves
the necessity.

Suppose now that Ng(S) is p-nilpotent and that every maximal subgroup of S is weakly
J¢-embedded in G. By Example 1.3, every maximal subgroup of § is weakly .7#-embedded in
Fs(G). Clearly, S is weakly 77-embedded in Fs(G) as well. Corollary 4.1 implies that G is
p-nilpotent. This proves the sufficiency. O

Corollary 4.3. ( [5, Theorem 1.8]) Let p be the smallest prime dividing the order of a finite group G
and S be a Sylow p-subgroup of G. Suppose that every cyclic subgroup of S with order p or 4 (if S is
a non-abelian 2-group) is weakly 7€ -embedded in G. Then, G is p-nilpotent.

Proof. For each Q < S, we have (|Auty,s)(Q), p = 1) = (INnys)(Q)/Cnyis)(Q)l, p — 1) = 1 because p
is the smallest prime dividing |G|. By hypothesis and Example 1.3, every subgroup of S with order p
(and every cyclic subgroup of S with order 4 if S is a non-abelian 2-group) is weakly .7#’-embedded in
Z5(G). Hence, Corollary 4.1 implies that G is p-nilpotent. O

Corollary 4.4. ( [7, Theorem A]) Let p be the smallest prime dividing the order of a finite group G and
S be a non-cyclic Sylow p-subgroup of G. Then, G is p-nilpotent if and only if there is a subgroup D
of S with 1 < D < S such that every subgroup of S with order |D| or p|D| is weakly 7€ -embedded in
G.

Proof. The necessity can be obtained similarly as in the proof of Corollary 4.2, and the sufficiency can
be obtained as in the proof of Corollary 4.3. O

As an application of Theorem 1.6, we obtain the following characterization of p-nilpotent finite
groups.
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Corollary 4.5. Let p be a prime, G be a finite group and S be a Sylow p-subgroup of G such that
IS| > p?. Then, G is p-nilpotent if and only if there is a subgroup D of S with 1 < D < S such that
every subgroup H of S with order |H| = |D| is weakly ¢ -embedded in Fs(G) and Ng(H) is p-nilpotent.

Proof. Assume that G is p-nilpotent. Then, by Corollary 4.2 and Example 1.3, any maximal subgroup
of S is weakly .7Z-embedded in F5(G). Moreover, for any maximal subgroup H of S, Ng(H) is p-
nilpotent. This proves the necessity.

Suppose now that there is a subgroup D of § with 1 < D < § such that every subgroup H of S
with order |[H| = |D| is weakly 7Z-embedded in F5(G) and Ng(H) is p-nilpotent. Let H be a fully
Fs(G)-normalized subgroup H of S with |H| = |D|. By [14, Proposition 1.38], Ng(H) € Sylp(NG(H)).
Then, since Ng(H) is p-nilpotent, it follows from [14, Theorem 1.12] and [14, Theorem 4.27 (i)] that
Ns,)(H) = Fngan(No(H)) = Fngan(Ns(H)). Applying Theorem 1.6, we conclude that Fg(G) is
nilpotent. So, G is p-nilpotent by [14, Theorem 1.12]. This proves the sufficiency. O

As an immediate consequence of Corollary 4.5 and Example 1.3, we obtain the following result of
Asaad [3] about weakly .7#-embedded subgroups of finite groups.

Corollary 4.6. ( [3, Theorem 1.1]) Let p be a prime and S be a Sylow p-subgroup of a finite group G.
Suppose that there exists a subgroup D of S with 1 < D < S such that every subgroup H of S with
|H| = |D| is weakly 7 -embedded in G and Ng(H) is p-nilpotent. Then, G is p-nilpotent.

As another application, we now give a new proof of a result of Craven and Glesser [15] concerning
the nilpotency of saturated fusion systems on certain metacyclic 2-groups.
For each natural number n > 4, let

Mn(2) = <a,b | aZ"*' — 1 — bz’ah — a1+2n—2>.

By [15, Proposition 3.1], every saturated fusion system on one of the groups M,(2), where n > 4,
is nilpotent. Roughly speaking, this is proved in [15] by observing that Aut(M,(2)) is a 2-group and
applying Alperin’s fusion theorem.

Based on Theorem 1.5 we provide here a very different proof that does not rely on the structure of
the automorphism group of M,,(2).

Corollary 4.7. Let n > 4 be a natural number and F be a saturated fusion system on M,(2). Then, F
is nilpotent.

Proof. Let S := M,(2) = (a,b), where a and b satisfy the appropriate relations. Set x := 4" and
z:= x* = a®". Then, ord(x) = 4 and ord(z) = 2. Notice that

(aZ)b — b—1a2b — b—labb—lab — (Clb)2 — (a1+2n—2)2 _ a2

so that a*> € Z(S). In particular, we have x,z € Z(S). Using this, we see that {(z){(b) = C, X C, and
(xXb) = Cy4 X C,.

Clearly, (z){b) and (x){b) are contained in Q;(S) and Q,(S), respectively. By [23, Chapter 5,
Theorem 4.3(1)(c)], 2;(S) = C, X C; and Q,(S) = C4 X C,. So it follows that Q(S) = (z){(b) and
Qy(S) = (x){b).

We claim that Q(S) and €,(S) are strongly F-closed. Indeed, let R be a subgroup of Q;(S) =
CoxCrorQyS)=CyxCyand ¢ : R — S be an F-morphism. If R < Q,(S), then R is generated
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by elements of order at most 2, and so the same is true for Ry = R, whence Ry < Q(S). Similarly,
if R < Q,(S), then R is generated by elements of order at most 4, and so the same is true for Ry,
whence Ry < Q,(S). Consequently, Q,(S) and Q,(S) are strongly F-closed, as claimed. Since they
are abelian, we see from [8, Part I, Corollary 4.7 (a)] that they are in fact normal in J. Then, by [8, Part
L, Proposition 4.4], ®((S)) = O((x){b)) = (x*) = {(z) is also normal in F.

We show now that J satisfies Condition (2) from Theorem 1.5. First of all, for each subgroup Q of
S, we have (|Auty,s)(Q)I,2 — 1) = (JAuty,s)(Q)], 1) = 1. Next, we proceed to show that every cyclic
subgroup of S with order 2 or 4 is weakly .7#-embedded in &. Thus, let Q be a cyclic subgroup of
S with |Q] = 2 or 4. If Q = (2), then Q is normal and hence strongly closed in J by the preceding
paragraph, and Example 1.2 implies that Q is weakly .7-embedded in J. If |Q| = 2 and Q # (z), then
Q is weakly Z-embedded in F because each of (z), Q(z) = Q(S) and Q N (z) = 1 is strongly F-
closed. Finally, if |Q| = 4, then Q must be one of (x) or (xb) since these are the only cyclic subgroups
of order 4 of Q,(S) = (x){b) = C4 X C,. In either case, we see that each of Q(S), 0Q;(S) = Q,(S)
and Q N Q(S) = (z) is strongly F-closed so that Q is weakly .7Z-embedded in JF.

Applying Theorem 1.5, we conclude that J is nilpotent, and so the proof is complete. O

5. Conclusions

In this paper, we generalized the concept of strong closure in fusion systems by introducing the
concept of weak .77-embedding in fusion systems. Given a prime p and a fusion system J on a finite
p-group S, we say that a subgroup Q of S is weakly 7#-embedded in F if there is a strongly F-closed
subgroup P of S such that both QP and QN P are strongly F-closed. Using this concept, we established
new characterizations of nilpotent fusion systems.

Our work is motivated by a current line of research in finite group theory, which investigates the
structure of finite groups by means of generalized strongly closed subgroups. In this context, Asaad
and Ramadan defined a subgroup H of a finite group G to be weakly .77-embedded in G if there is
a normal subgroup K of G with H® = HK such that H N K is strongly closed in G. Our definition
of weakly .77-embedded subgroups of fusion systems is motivated by this concept. It turns out that,
given a prime p and a Sylow p-subgroup S of finite group G, any weakly .7#-embedded subgroup of
G contained in S is weakly .7-embedded in Fs(G). It may happen, however, that a subgroup of S is
weakly .77-embedded in F5(G), but not in G.

As is well-known, if p is a prime and S is a Sylow p-subgroup of a finite group G, then G is p-
nilpotent if and only if F5(G) is nilpotent. Combining this fact and our main results, we obtained new
characterizations of p-nilpotent finite groups. From these characterizations, we deduced a number of
previously known p-nilpotency criteria in terms of weakly .7#-embedded subgroups of finite groups.

The proofs of our main results are based on key concepts from the theory of fusion systems, such as
hyperfocal subgroups, subsystems of p-power index, and supersolvable fusion systems. While many
nilpotency criteria for fusion systems depend on the model theorem for constrained fusion systems, we
did not need to use this quite deep result.

Our paper follows a line of research that investigates saturated fusion systems J in which certain
subgroups are required to satisfy specific conditions with respect to . We are confident that the ideas
and methods developed in our paper will be widely applicable in this area, particularly in establishing
nilpotency criteria in a similar spirit to ours.
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