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1. Introduction

The interplay between spatial nonlocality and temporal memory is fundamental in the modeling of
complex viscoelastic materials. While the fractional Laplacian captures long-range interactions and
the memory kernel encodes the Boltzmann relaxation mechanism, their combined effect on long-time
dynamics remains largely unexplored. In this paper, we study the following initial-boundary value
problem for a fractional viscoelastic equation with infinite memory:

u; + (=A)’u — f gt —)(=A)’u(t)dr + (=A)’u, + f(u) = p(x), x€Q, t>0, (1.1)
u(x,t) =0, xe RM\Q, reR, (1.2)
u(x,t) = uy(x, 1), u(x,0)=u(x), xeQ, t<0, (1.3)

where Q ¢ RN (N > 1) is a bounded domain with the Lipschitz boundary. The fractional Laplacian
(—=A)? 1s defined by

u(x) — u(y)

(~A)’u(x) := 2 lim T

r=0" Jrmp, o X =


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2026994

24692

for any u € Cy° (RN ), where 0 < s < 1, and B,(x) is a ball with x € R" as the center and r > 0 as the
radius.

Problem (1.1)—(1.3) governs the small-amplitude vibrations of the viscoelastic string (see [1]). In
this problem, spatial nonlocality and temporal memory appear simultaneously, which can provide an
accurate characterization, in both space and time domains, for the nonlocal phenomena in the
small-amplitude vibrations of the viscoelastic string. The unknown function u := u(x, t) represents the
vertical displacement, — f_l 8 = D)(=A)*u(r)dr is the memory term, (—A)‘y, is the damping term,

Oug(x,f)
ot

nonlinear function f, and the external force ¢ will be specified later.

Fractional partial differential equations (PDEs) have been widely applied in many fields, such as
game theory [2], fractional quantum mechanics [3, 4], thin obstacle problems [5], and conformal
geometry [6]. Next, we review some work on fractional PDEs. Yang and Lii [7] studied the following
fractional equation:

uy : QX (—00,0] — R is a prescribed past history, and u;(x) = . The memory kernel g, the

t=0

(=A)'u = f(w). (1.4)

Under some assumptions on the nonlinear function f, they proved the radial symmetry, monotonicity,
and regularity of positive solutions by utilizing the method of moving planes in integral forms.
Moreover, they obtained the nonexistence of positive solutions. In the case where f(u) = u”, Eq (1.4)
becomes

(=A)’u = u’. (1.5)

Chen et al. [8] studied Eq (1.5), where p > 1 is a growth exponent satisfying certain assumptions.
They found the nonexistence of positive solutions by using the method of moving planes in integral
forms. Subsequently, Zhuo and Li [9] obtained the existence and nonexistence of nontrivial solutions
for Eq (1.5) with p > 0 satisfying some assumptions. In the case where f(u) = —u”, He et al. [10]
investigated Eq (1.4), where p > 1. Utilizing blow-up analysis and Liouville-type theorems, they
proved an optimal Holder regularity estimate for the solutions. In addition, they established a
convergence result of sequences of solutions with uniform Holder continuity. Du et al. [11]
considered a fractional Schrodinger equation with trapping potential,

(=A)’u+ V(x)u = wu + af(u),

where w € R and @ > 0 are two constants, and V is an external potential function satisfying some
assumptions. Applying the fractional Gagliardo-Nirenberg-Sobolev inequality and scaling techniques,
they proved the existence and nonexistence of minimizers. Moreover, they obtained the concentration
behavior of minimizers by utilizing the energy estimates. In the case where f(u) = |u|*u, Liu et al. [12]
investigated the following fractional Schrodinger equation with trapping potential:

(=A)’u + V(x)u = wu + alul*u, (1.6)

where % < s < 1 and V satisfies suitable assumptions. They derived the concentration behavior of each
minimizer by utilizing some energy estimates and analyzing decay properties of solution sequences.
In addition, by establishing a local PohoZaev identity and analyzing the blow-up estimates on the
fractional Laplacian (—A)°, they found the local uniqueness of the minimizers. Liu et al. [13] also
investigated Eq (1.6), where V is given by a specific form. Studying some estimates on the least energy
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of the mass critical fractional Schrodinger energy functional, they found the concentration behavior of
each minimizer. In recent years, qualitative properties of solutions for fractional evolution equations
have been extensively investigated. Younes et al. [14] studied a fractional evolution equation with a
logarithmic source term,

ty + (=0 + (=A) ', = |ul”uln |ul,

where 2 < p < % and N > 2s. By the potential well theory (see, e.g., [15, 16]) and the Galerkin
approximations, they derived the global existence of solutions with positive initial energy. Under the

effect of more general damping, Bui et al. [17] considered the following fractional evolution equation:
uy + (=A)’u + v(-A)%u, =0,

where s > 1,0 < @ < s, and v > 0 is a constant. By discussing the relationship between s, @, and
N, they not only obtained the asymptotic profile, optimal decay rate, and infinite time blow-up of the
solutions, but also found the global existence of solutions with sufficiently small initial data. In the
case where v = 1, Chen and Girardi [18] analyzed a fractional evolution equation with a nonlinear
source term:

Uy + (=A)'u+ (=A)"u; = ul’ $(|ul),

where s > 1,0 < a < s, p > 1, and ¢ is a modulus of continuity. They provided a threshold condition
on ¢, namely, the Dini condition [19, p. 101], which separates the global existence of small data
solutions from the finite time blow-up of local solutions. Additionally, they obtained the polynomial
decay of solutions, and gave the estimates on the upper and lower bounds for the blow-up time.
Boudjeriou [20] dealt with the following fractional g-Laplacian evolution equation with a logarithmic
source term:

gy + (=A)ju = |ul”>ulnul,

Ng
N-sq’

where 2 < g < 1%, Il<p< N > sq, and the fractional g-Laplacian (-A); is defined by

SN e ) Ju(x) = u)>(u(x) = u()

for any u € C? (RN ) When g = 2, the fractional g-Laplacian (-A); reduces to the fractional Laplacian
(—A)* considered in [14, 17, 18]. He found the local existence of solutions by utilizing the Galerkin
approximations. Based on the potential well theory, he proved the global existence and decay of
solutions with positive initial energy. Moreover, he derived the finite time blow-up of solutions with
negative initial energy. Considering the damping effect, Wu and You [21] studied

gy + (=A)u + (=A)uy = ul’uln ful,

where2 <g<p< NNTZq’ N > sq,and 0 < a < 1. They proved the local existence of solutions by using
the Galerkin approximations. By the potential well theory, they obtained the global existence and finite
time blow-up of solutions with positive initial energy. In addition, they derived the polynomial decay
of energy, and provided the estimates on the upper bound for the blow-up time.

Nonlinear wave phenomena arise in a wide range of physical contexts, from coastal
hydrodynamics [22] to the dynamics of viscoelastic materials. Viscoelastic materials possess the
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mechanical properties of both elastic solids and viscous fluids. Boltzmann theory shows that the stress
depends not only on the present values of strain or the velocity gradient, but also on the entire
temporal history of motion. This phenomenon is commonly called the memory effect. We observe
that the past history uy accounts for all deformations the material has undergone before the initial time
t = 0. Viscoelastic problems with past history are significant, as they offer a framework for
characterizing materials with historical memory and revealing the essence of the memory effect.
Accordingly, the study of vibrations of the viscoelastic string has important physical significance. In
the past, under appropriate assumptions on the memory kernel g (and the nonlinear function f), the
qualitative properties of solutions for many viscoelastic equations with infinite memory were
investigated. Pata [23] considered an abstract viscoelastic equation:

u (1) + Au(t) — f°° gAu(t —17)dr =0, t>0, (L.7)
0

where A is a self-adjoint linear operator satisfying certain assumptions. He obtained the exponential
decay of the solution semigroup. Guesmia and Messaoudi [24] derived the general decay of solutions
for Eq (1.7). Pata [25] studied an abstract viscoelastic equation with a weak damping term:

(1) + i Au(t) — f i g(MAu(t — 1) d7 + pou(t) = 0,
0

where 1; > 0 and p, > 0 are two constants. He found the exponential decay of the solution semigroup.
Guesmia [26] dealt with an abstract viscoelastic equation with a time delay term:

u (1) + Au(t) — fm g(mAu(t — 7)dr + psu,(t — s) = 0,
0

where p3 € R is a constant. By semigroup theory, he derived the global well-posedness of solutions.
Under a smallness condition on |u3|, he established the exponential decay of the solutions. In the
case where A = —A, Guo et al. [27] studied the following viscoelastic equation with nonlinear weak
damping and nonlinear source terms:

Uy — W Au + foo g@Au(t — v)ydr + h(u,) = f(u), (1.8)
0

where 1y > 1, and 4 is a continuous and monotone increasing function satisfying certain assumptions.
Based on the theory of monotone operators and nonlinear semigroups, combined with the energy
method, they obtained the local well-posedness of the solutions. Moreover, they found the global
existence of the solutions. In the case where A (i) = |u,|™ " u, and f@) = |ulP~'u, Guo et al. [28]
derived the finite time blow-up of solutions for Eq (1.8), where y; > 1,1 < p < 6,andm > lisa
growth exponent satisfying suitable assumptions. Subsequently, Guo et al. [29] studied Eq (1.8)
again, where % (1,) and f(u) are given by the same specific forms as in [28]. By the potential well
theory, they obtained the global existence of solutions. In addition, they found the exponential and
polynomial decay of the energy.

It is well-known that the attractors can effectively characterize the long-time dynamics of nonlinear

evolution equations. To date, global attractors for viscoelastic equations with infinite memory have
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been investigated by several authors. Zhang et al. [30] handled a viscoelastic equation with dispersion,
weak damping, nonlinear source, and external force terms:

Uy — Aty — 1 Au + fm OAu(t = 7)d7 + pou; + f(u) = (), (1.9)
0

where 4y > 1 and 0 < w, < 1. They proved the existence of global attractors by verifying the
existence of a bounded absorbing set and the asymptotic compactness of the semigroup. In addition,
they obtained the upper semicontinuity of global attractors when u, — 0. In fact, through a direct
calculation, the memory term fooo g(t)Au(t — t)dr in Eq (1.9) can be rewritten as f . 8t — 1) Au(r)dr.
Oliveira Aratjo et al. [31] studied the following viscoelastic equation with dispersion, strong damping,
nonlinear source, and external force terms:

t

el wie — Autyy — pry Au + f 8(t = DAu(T) d7 — paAuy + fu) = (x), (1.10)
where y; > 1, p > 0 is an exponent satisfying certain assumptions, and p4 > 0 is a constant. They
obtained the global well-posedness of solutions and the exponential decay of the energy. Moreover,
they derived the existence of global attractors by verifying the existence of a bounded absorbing set and
the asymptotic smoothness. In the case where y; = 1 and py = 0, Conti et al. [32] studied Eq (1.10)
with 0 < p < 4. They proved the exponential decay of the energy. In addition, they obtained the
existence of global attractors by verifying the gradient property and the asymptotic compactness, and
found the optimal regularity of global attractors by using a bootstrap result.
In the case where p = 0, u; = 1, and uy = 1, and neglecting the dispersion effect, Eq (1.10) reduces
to .
Uy — Au + f g(t — DAu(r)dr — Au, + f(u) = ¢o(x). (1.11)

Equation (1.1) can be regarded as a fractional version of Eq (1.11). The fractional Laplacian (-A)* is
nonlocal, which can provide a more accurate characterization for the nonlocal phenomena in the
small-amplitude vibrations of the viscoelastic string. Thus, a natural question is whether the
dynamical system corresponding to problem (1.1)—(1.3) possesses global attractors like [31, 32].
However, to the best of our knowledge, much less effort has been devoted to the study of the existence
of global attractors of the dynamical system corresponding to problem (1.1)—(1.3). In the present
paper, we would like to conduct this study. The nonlocality of the fractional Laplacian prevents us
from investigating the long-time dynamics of problem (1.1)—(1.3) within the conventional
integer-order Sobolev spaces adopted in [31,32]. To address this issue, we introduce a dedicated
function space where the nonlocal fractional derivative acts as a well-defined bounded operator,
establishing a rigorous framework for the subsequent energy estimates. Nevertheless, this brings
about a defect: the associated space embeddings lack sufficient compactness. As a consequence, the
regularity of solutions is weaker than that of the solutions considered in [31,32]. The regularity loss
raises the difficulty in the proof of the existence of global attractors. To overcome this difficulty, we
carry out the proof of the existence of global attractors by verifying the gradient property and
quasi-stability of the dynamical system discussed by Chueshov and Lasiecka [33], which is the
technical framework of this paper. This technical framework does not strongly rely on the regularity
of solutions. Compared with [32], the regularity loss renders the operator decomposition technique
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adopted in [32] no longer applicable to the present work, which further makes the verification of the
asymptotic compactness infeasible within our framework. In contrast to the approach in [31], a
practical advantage of the technical framework used in this paper lies in its exemption from the
requirement of demonstrating the existence of a bounded absorbing set. Therefore, our methodology
exhibits excellent targeted adaptability to problem (1.1)—(1.3).

The rest of this paper is organized as follows. In Section 2, we display some preliminary
knowledge on function space, notations, and assumptions on the memory kernel g and the nonlinear
function f. Moreover, we transform problem (1.1)—(1.3) into an equivalent form in the history space
framework [27, 34, 35]. In Section 3, we prove the global well-posedness of the solutions. In
Section 4, we obtain the existence of global attractors with finite fractal dimension. Lastly, we
summarize our work in Section 5.

2. Preliminaries

2.1. Function space

According to [36,37], we define by Y the linear space of Lebesgue measurable functions from RY
to R such that the restriction to Q of any function u in Y belongs to L?(Q) and

R
f ) = Oy < oo, 2.1)
G |lx—yN+as
where G := R?M\(CQ x CQ) and CQ := RM\Q. According to (2.1), the space Y is equipped with the
norm

1

|u(x) — u(y)P? ’
lleelly == llull 2 + f —Ny2 dxdy| . (2.2)

G lx—yV*

It can be easily shown that (2.2) is a norm on Y. Moreover, we introduce the space
Yo:={ueY|u=0ae. in CQ}, (2.3)

the inner product

o = [[[ SO =000 04

|X _ y|N+25

PRI
HW,(UM@ﬁ%d®» @5)

By virtue of (2.4) and (2.5), we deduce that (2.3) is a Hilbert space. In fact, (2.5) is equivalent to (2.2).

and the norm

Theorem 2.1 ( [36,37]). The embedding Y, — L4(Q) is continuous for any 1 < g < 2} and compact

forany 1 < q <2, where
2N
o { it N > 2s,

N —=2s
00 if N < 2s.
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2.2. Notations and assumptions

Throughout the paper, for simplicity, we denote

- llg := 1 zays M- 10e= 112y Gy 1) i=fm)dX-
Q

Moreover, C > 0 represents a generic constant whose value may differ at each occurrence even within
the same formula, and C(-) > O stands for a constant depending on the quantity appearing in the
parentheses.

As in [32,38,39], we make the following assumptions on the memory kernel g.

(A) ge C'RYHNL'(RY), g(t) >0, and g’(r) < 0 for all 7 € [0, c0).

m:=1- foo g der > 0. (2.6)
0

We see from (A;) that the memory kernel g is nonnegative and nonincreasing, which is consistent
with the feature of the stress relaxation of viscoelastic strings. Moreover, (A;) is the fundamental
assumption under which the memory effect produces energy dissipation.

Inspired by [39-41], we adopt the following assumptions on the nonlinear function f.

(Ay) f € C'(R), and there exists a constant a > 0 such that

IF @l <a(jul?+1), YueR, 2.7)
where IN =
2<p<coif N<2s, and2 < p < YN > 2s.
— 45
In addition, there exist constants 0 < k < ;’—’2 and A > 0 such that
uf(u) > —ku* — A (2.8)
and p
F(u) > —Euz -2, (2.9)

where S is the best Sobolev constant for the embedding Y, — L*(Q) and F(u) := fou f(s)ds.

2.3. Reformulation of the problem

Following [27,34,35], we introduce the auxiliary variable
vi=vVt) =ub ) —uxt-1), x€Q, >0, t>0. (2.10)

It follows from (2.6) in (A;) and (2.10) that the memory term in Eq (1.1) can be rewritten as

- f gt —1)(=A)u(r)dr = - f i g (=A)'u(t — ) dr
- 0

(o8]

— (m = 1)(=A)u + f (A () dr.
0
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Hence, problem (1.1)—(1.3) is transformed into the following equivalent problem:

uy; + m(—A)°u + foo gAY V() dT + (A ’u; + f(u) = o(x), x€Q, t>0,
0

Vizu—v, xX€Q, v>0,1>0,

ulx,t) =0, xeRN\Q, t> 0,

Vix,T) =0, xeR"\Q, 7>0, t> 0,
u(x,0) = up(x), u(x,0)=u(x), x€Q,
V(x, 1) =v(x,7), xeQ, 7>0,

where
up(x) := up(x,0), xe€Q,

vo(x, T) 1= up(x,0) — up(x, —7), x€Q, T>0.

f g@Iv(@)lly, dr < 00},
0

which is a Hilbert space equipped with the inner product

We introduce the weighted L>-space

L, :=L; (R*; Yp) := {v ‘RY 5 Y,

(v,1)g = 'E g@(), n(7))y, dr

and the norm

I = fo d@IV@IE, dr.

(2.11)

(2.12)

(2.13)

Definition 2.2 (Weak solutions). For given T > 0, a triple of functions (u,u,,v) is called a weak
solution of problem (2.11)—=(2.13), if u € C([0,T];Yy), u; € C([O, T];Lz(Q)) NL*0,T;Yy), v €

C (10, T1; L), u(0) = ug in Yo, u,(0) = uy in LX(Q), v° = vy in Ly, and

(uz(t),m)+mf (u(s), m)y, dS+f (', m), ds
0 0

!

+(u(t),771)yo+f (f(u(s)),m) ds
0

!
=f(80,771) ds + (u1,m1) + (o, M)y, »
0

!
o, M), = (u(t), M), — (o, M2), — f (vis 772)g ds + (vo, m2),
0
foranyn, € Yo, my € L, andt € (0,T].
Remark 2.3. System (2.14) implies that

(ua(®),m) + m @), m)y, + (V'smi), + @0, )y, + (F@@®),m) = (g, m),
Vi), = (), m2)g = (Vi m2),

fora.e. t € (0,T], where -, -) represents the duality pairing between Y, and its dual space.

(2.14)

(2.15)
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For the convenience of the reader, we summarize in Table 1 the main symbols and notations used
in the paper.

Table 1. List of main symbols.

Symbol Description

g Memory kernel

f Nonlinear function

® External force term

C Positive generic constant whose value may differ at each

occurrence even within the same formula
C() Positive generic constant depending on the quantity
appearing in the parentheses

m Positive constant m := 1 — fooo g(rdr

D Growth exponent

S Best Sobolev constant for the embedding Y, — L*(Q)
F Primitive of f, i.e., F(u) := fou f(s)ds

v Auxiliary variable v := v/(x, 7) := u(x, 1) — u(x,t — 7)
L, L, := {v ‘Rt = Y, |f0°° g@Iv@Ily, dr < 00}

3. Global well-posedness

The aim of this section is to establish the global well-posedness of solutions for problem (2.11)-
(2.13), namely, the global existence, uniqueness, and continuous dependence on initial data.
To handle the nonlinearity in problem (2.11)—(2.13), we have the following lemma.

Lemma 3.1. Let f satisfy (A,). Then, for any u(x,t) and v(x, t) with (x,t) € Q X [0, T), it holds that
£ @) = FO < a((ul + )P+ 1)l = v,
Proof. We write it := u — v. Then, by the property of the Gateaux differential, we have
1
S0~ 0 = 0+~ f0) = [ DF G+ s s
0
where Df (v + sit; it) is the Gateaux differential of f at v + sii in the direction ii. By virtue of

S+ si+Ti) - fv+si) _ %f(v+sﬁ+ﬁt)

2

=0

Df (v + sii; 1) = lim
70 T

we further infer from (2.7) that

ds

=0

1
d
lf(w) — f(v)| = ‘f d—f(V+ st + Tit)
0 T
1
< af (Iv + sl 2 + l)lu —v|ds
0

1
- af (|su + (1= s 2+ 1) lu —v|ds
0

< a((ul + W) + 1) fu—vl.
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Next, we give the global well-posedness of solutions for problem (2.11)—(2.13).

Theorem 3.2 (Global well-posedness). Let (A;) and (A,) be fulfilled. Assume that ¢ € L*(Q) and
(g, u1,vo) € H = Yy x LX(Q) X L,. Then, for any T > 0, problem (2.11)~(2.13) admits a unique
solution (u, u,,v) depending continuously on the initial data.

Proof. We divide the proof of this theorem into four steps.
Step 1. Galerkin approximations.

Let {e f}j:1 be an orthogonal basis of ¥, and an orthonormal basis of L>(Q) given by eigenfunctions
of (—A)* with (2.12) (see [36, Proposition 9] for details). As in [42,43], we select {w j};; of the form
{lkéj}zoj_l, where {[,}2, is an orthonormal basis of L; (R*) N C* (R*) and &; = ||:'lj| . Then, {Wj}o.o is

= (0

an orthonormal basis of L,.
We construct the approximate solutions of problem (2.11)—(2.13):

(1) = Y En(Dej, V(D) = ) Lu@wi(@), n=1,2,-

Jj=1 J=1

which satisfy

<um,(t), ej> +m (un(t), ej)YO + (vil, e‘,)g + (um(t), ej)YO + (f(un(t)), e.,-) = (go, ej) , 3.0)
(v;t, Wj)g = (um(t), Wf)g - (v;T, wj)g , j=1,2,---,n, '
with i
1,(0) = ¥ £n(0)e; — ug in Yo,
=1
U (0) = Z &,(0)e; — uy in L*(Q), (3.2)

j=1

V= GuOwi(r) > voin Ly
j=1

as n — oco. The approximate problem (3.1)—(3.2) can be transformed into an ordinary differential
system with respect to the variables &;,(f) and {;,(f). According to the standard theory for ordinary
differential equations (ODEs), there exists a solution (u,(?), u,(f),V,) on some interval [0, T,) with
T,<T.

Step 2. A priori estimates.

Multiplying f}n(t) in (3.1); and {;,(¢) in (3.1),, summing j, and adding the two results, we have

d
d—tEn(l) + (DI, = = (Vi V', g (3.3)
where
1 , m Ly 2
E,(0) := < O + 5 luaDlly, + 5 |[Vall, + | F @a(®)) dx — (@, un(9)) - 3.4)
2 2 2 8 o
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In view of (2.10), we obtain
lir% Vi (x,7) = 0. (3.5)

From the assumptions g’(#) < 0 and g(¢) > 0 in (A,), we have
lim g(¢) = 0. (3.6)
—00

Hence, from (3.5), (3.6), and the assumption g’(¢) < 0 in (A,), we arrive at

! 14 1 " a 1 1 ~ ’
~ (Vi) = =5 fo — (g sl ) dar + 5 fo g

Consequently, by integrating (3.3) with respect to ¢, we obtain

V;(T)”?,O dr <0.

!
E, (1) +f s ()17, ds < E,(0) (3.7)
0
forallt € [0,T),).

For the fourth term on the right-hand side of (3.4), we deduce from (2.9) in (A,) and Theorem 2.1
that

f F (uy()) dx > —=% f ()P dx — QY
Q 2 Q

kS?2
2 -—- (DIl — AL (3.8)

Concerning the last term on the right-hand side of (3.4), it follows from Schwarz’s inequality,
Theorem 2.1, and Cauchy’s inequality with € > O that

— (@, un (1) 2 =llepl e (D]
1 2 2 2
2 = llell” = eS7 lun(Dlly, - (3.9)

Inserting (3.8) and (3.9) into (3.4), we obtain

1 , (m «S? 5 , 1 2 | .
E, (1) > 3 e (OII” + (5 -5~ €S )Ilun(t)llyo +3 v, , Al - EIIS@II
for all # € [0, T},). Choosing € small enough such that
SZ
M1 Izg—%—652>0
and |
M, = Q| + 4—||s0||2 >0,
€
we obtain . |
2
E,(1) 2 3 s (DI + My (DI, + 5 [l = M (3.10)
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for all t € [0, T},). Consequently, from (3.7), (3.10), and (3.2), we have

t
2
e (DI + it + ||V, . +f luns()ly, ds < C (3.11)
0

for all + € [0,T,), where C is independent of n and 7. It follows from (3.11) that the approximate
solution (u,(t), u,(1), V') can be extended to the interval [0, 7] for any 7 > 0.

Step 3. Passage to the limit.

From estimate (3.11), there exist subsequences of {u,}, {v,} (always relabeled as the same notation)
and functions u, v such that, for any 7" > 0,

u, — u weakly starin L (0, T; Yp),

u,, — u, weakly star in L™ (O, T: LZ(Q)) NL*0,T;Y,),

and
v, — v weakly star in L (O, T; Lg)

as n — oo. Applying the Aubin-Lions lemma [44, Chapter 1, Theorem 5.1], we obtain
u, > uin L*(0,T; Yp) . (3.12)

We now claim that, for all ¢ € [0, T'] and fixed j,

| (F ) ) ds - | (futshe) ds G.13)
as n — oo. Indeed, from Lemma 3.1, Holder’s inequality, Theorem 2.1, and (3.11), we obtain
(f G0 - fratoyy. )|
<C fg (lta(OF + @7 + 1) [, (1) — u(2)| [e] dx
<C (||un<t>||§,:32 + luoll5 %, + |Q|*) () = u(@®)llsp—s ||e | (3.14)

<C (a0l + ol + 1920 ) 6) = w0l e | (3.15)
<C llun(t) — u(@)ly,

Thus,

| fo (f (ua(s) = fu(s)).e)) ds| < € fo () = u($)lly, ds.

which together with (3.12) yields assertion (3.13).
For fixed j, we infer from (3.5) and (3.6) that

(Vfw Wf)g - _ jom g'(7) (V;(T), wj(T))YO dr - j:o 2(1) (VZ(T), er(T))YO dr.

Further,

: t — t
lim (vnT, wj) = (VT, wj) .
n—oo 8 8
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Consequently, by integrating (3.1) with respect to ¢ and taking n — oo, we have

(uz(t),ej) + m[}t (u(s),ej)yo ds + j: (V‘Y,ej)g ds

+ (u(t),ej)yo + ﬁt (f(u(s)), ej) ds
= f(; (cp, ej) ds + (ul,ej) + (uo,ej)Yo ,
(vt’ Wf)g = (u(t), Wf)g - (uo, Wf)g - ‘fo (vj, Wf)g ds + (vo, Wf)g

for all t € [0,T]. By virtue of u € L*(0,T;Y,) and u, € L™ (O, T;LZ(Q)) N L*(0,T;Y,), we derive
ue C(0,T];Yy) and u, € C([O, T];LZ(Q)) N L?(0,T;Y,). In view of [45, Theorem 3.2], we have
v € C ([0, T]; L,). In addition, we infer from (3.2) that u(0) = ug in ¥, 1,(0) = u; in LA(Q), and v* = vy
in L,. Thus, (u, u;,v) is a global solution of problem (2.11)—(2.13).

Step 4. Continuous dependence and uniqueness.

Suppose that (u,u,,v) and (i, it,, V) are two solutions of problem (2.11)—(2.13) with initial data
(uo, u1,vo) and (itg, it1, Vo), respectively. Denote ii(¢) := a(t) — u(t) and V' := v —V'. Then, (i, i, V)
satisfies

{(ﬁn(t), ) +m @), my, + (V' m), + @(0), m)y, + (f @) — f®),m) =0, (3.16)

(‘7;’ nZ)g = (ﬁt(t)a nl)g - (‘75—5 nZ)g 5

{a(x, 0) = fig(x), (x,0) =it (x), x€Q, (3.17)

P(x, 1) =P(x,7), xeQ, 7>0.

Taking n; = it,(t) in (3.16), and i, = V" in (3.16),, and adding the two results, we obtain

1dy . ~ . i
S < (IO + mlaoiR, + [7[7) + s,

1 [o6)
~2 fo g@ [Py, dr = (f @) - ), o).

(3.18)

Concerning the first term on the right-hand side of (3.18), it follows from the assumption g’(¢) < 0 in
(A) that

j; g@ @, dr=<o. (3.19)

For the last term on the right-hand side of (3.18), we conclude from the arguments similar to the proof
of (3.15) that

— (f @) = fu@)), @) < C (||a<z)||‘;;2 + (Il + |Q|*) @)y, Nl O

From Cauchy’s inequality, we further derive
1
= (f @) = fu(0), @(0) < Clla@)lly, + 5 1O (3.20)
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Substituting (3.19) and (3.20) into (3.18), we infer from (2.6) in (A;) that
d
dr

It follows from Gronwall’s inequality and (3.17) that

(1P + mliacon, + []7) < € (Waon? + miaig, + [#[7).

SNy ~ 2 ~1||2 CT (115 112 ~ 2 =12
I OIF + m a5, + [#]], < e (@l + mlliolly, + 1%l7)

forallr € [0,T].
In particular, by taking (ug, uy,vo) = (io, i1, v9), we know that (u, u,,v) is the unique solution of
problem (2.11)—(2.13). O

Define the operator S (¢) : H — H by

S)yo = (@), u,(1),v'), yo := (uo, u1,vo).

Then, we deduce from Theorem 3.2 that {S(f)};s0 is a C°-semigroup generated by problem (2.11)—
(2.13).

4. Global attractors

4.1. Preliminaries on global attractors

We will prove the existence of global attractors for problem (1.1)—(1.3) by verifying the gradient
property and quasi-stability of the corresponding dynamical system (#, S (¢)). For the convenience of
the reader, we give several definitions and properties of a gradient dynamical system and the quasi-
stability from [33].

According to [33, Definition 7.5.3], we have the following definition of a gradient dynamical
system.

Definition 4.1 ( [33]). A dynamical system (H,S (1)) is said to be a gradient if there exists a strict
Lyapunov function L for (H, S (t)) on the whole phase space H, that is,

(i) the function t — L (S (t)yo) is nonincreasing for any y, € H;
(ii) the equation L (S (t)yy) = L (yo) for all t € (0, c0) and some y, € H means that S (t)yy = yo for all
t € (0, ).

Under suitable conditions, we give the existence and structure of global attractors for a gradient and
asymptotically smooth dynamical system from [33, Corollary 7.5.7].

Theorem 4.2 ([33]). Assume that (H, S (t)) is a gradient and asymptotically smooth dynamical system,
and its Lyapunov function L(y) is bounded from above on any bounded subset of H. Moreover, assume
that the set Ly := {y € H | L(x) < R} is bounded for every R. If the set N of stationary points of
(H, S (1)), that is,

N ={veH|SEt)yv=vforallte[0,o0)},

is bounded, then (H, S (t)) has a compact global attractor A = MY(N), where M:(N) is an unstable
manifold emanating from the set N as a set of all yo € H such that there exists a full trajectory
{z(?) | t € R} with the properties z(0) = yy and lim distg(z(¢), N) = 0.

——00
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For the purpose of introducing the quasi-stability of a dynamical system, we provide the following
assumptions.

(H) Let U, V, and W be three reflexive Banach spaces with U compactly embedded in V. We
endow the space H := U X V x W with the norm

1G(2), (), VO lg = NI, + N DI, + VDI, (@), (D), (1) € H.

We suppose that (H, S (¢)) is a dynamical system on H with an evolution operator of the form

S (Oyo := (@), u (), v(¥)), yo := (uo, u1,vo) € H,

where
ue C(R;U)NCH R V), veC(RT;W).

According to [33, Definition 7.9.2], we state the definition of the quasi-stability for a dynamical
system.

Definition 4.3 ( [33]). A dynamical system (H,S(t)) fulfilling (H) is said to be quasi-stable on a
set B C ‘H if there exist a compact seminorm ny(-) on the space U and nonnegative functions y,(t)
(i =1,2,3) such that

(i) ¥1(t) and y5(t) are locally bounded on [0, 0);
(ii) Y, € L' (R*) and tlim Uo(t) =0;

(iii) the relations

IS (t)F0 — S (E)yollz, < w1 (D) IIFo — Yolla, 4.1)
and
IS ()30 — S (Dol < wa() 150 — yollg; + w3() OSUP ng, (i(s) — u(s)) 4.2)

hold for every y,yo € B and t € (0, 00), where S (t)y, := (u(t), it,(1), (1)) and y, := (i, it1, Vo).

For a quasi-stable dynamical system, we give two properties from [33, Proposition 7.9.4 and
Theorem 7.9.6], namely, Proposition 4.4 and Theorem 4.5.

Proposition 4.4 ( [33]). Let (H) be fulfilled. Assume that a dynamical system (H, S (t)) is quasi-stable
on every bounded positively invariant set B of H. Then, (H, S (t)) is asymptotically smooth.

Theorem 4.5 ( [33]). Let (H) be fulfilled. Assume that a dynamical system (H,S (t)) has a compact
global attractor A and is quasi-stable on A. Then, A has finite fractal dimension.

By Theorem 4.2, it can be seen that Proposition 4.4 plays a crucial role in in the proof of the
existence of global attractors. We emphasize that the stringency of assumption (H) restricts the scope
of application of Proposition 4.4, so this proposition cannot be applied to a large class of other
evolution equations. Besides the viscoelastic equations considered in this paper, this proposition is
also available for hyperbolic-hyperbolic coupled systems with infinite memory, as well as
hyperbolic-parabolic coupled systems (either with or without infinite memory).
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4.2. Existence of global attractors

We define the total energy functional
E(1) := E (u(t), ui(1), V')

1 1
= 3 P + S, + 5 VI + [ Famy s o, r>o 3
Q

The following lemma shows that E(#) is nonincreasing.

Lemma 4.6. Under the assumptions of Theorem 3.2, E(t) is nonincreasing, and

1 (o]
E'0) = = lu®lf, + 5 fo g@@f dr. (4.4)

Proof. Taking n; = u,(t) in (2.15), and 1, = V' in (2.15),, and adding the two results, we derive (4.4).
In view of the assumption g’(#) < 0 in (A;), we have

j; g@ @, dr<o. (4.5)

Consequently, E’(t) < 0, that is, E(¢) is nonincreasing. O

Next, under the additional assumption that the memory kernel g decays exponentially, we
demonstrate that the dynamical system (H, S (¢)) corresponding to problem (2.11)—(2.13) is gradient.

Lemma 4.7 (Gradient property). In addition to the assumptions of Theorem 3.2, assume that there
exists a constant « > 0 such that g'(t) + ag(t) < 0 for all t € [0,00). Then, the dynamical system
(H, S (1)) corresponding to problem (2.11)—(2.13) is gradient.

Proof. For any y, € H, we take L (S (t)yy) as E(t). Then, we infer from Lemma 4.6 that L (S (¢)yy) is
nonincreasing.

Let L(S(¢)yo) = L(yo) for all ¢t € (0, ) and some y, € H. Then, by integrating (4.4) with respect
to ¢, we derive

! 1 ! 00 '
E@) + fo ey ()3, ds — 5 fo j; g@ IV @IE, drds = E(0) (4.6)

’ L s
[ i, as=3 [ [ g@ i, s o
0 0 Jo

which together with the assumption g’(f) < 0 in (A) yields

!
\me@Wids:O
0

1 t 00
—zf f g () ||vs(‘r)||§0 drds = 0. 4.7)
0 Jo

for all # € [0, 00). Hence,

and
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From the assumption g’(#) + ag(t) < 0, we obtain

L 2 a (" 2
_Ef f g'(T)”VS(T)“YO drds > Ef ||VS||g ds,
0 JO 0

which combined with (4.7) yields v' = 0 for all 7 € [0, o). From (2.10), we further derive u(t) = u, for
all ¢ € [0, 00). Consequently, (u(t), u,(¢),v") = (up,0,0), i.e., S(¢)yo = yo for all ¢ € [0, o0). By virtue of
Definition 4.1, we know that (H, S (¢)) is gradient. O

For problem (2.11)—(2.13), we denote

2
IS @yollz = lueIF + mlu@Ilz, + V]| -
Next, we establish a stabilizability estimate by using the perturbed energy method [39,41,46].

Lemma 4.8 (Stabilizability estimate). Under the assumptions of Lemma 4.7, for a given bounded set
B C ‘H, there exist constants 8,7y > 0 and 0 > 0 depending on B such that

!
IS (150 = S @yollz, < Be™" 5o = yollz + 6 f e Ja(s) — u(s)ll5,—, ds (4.8)
0

for every yo, %o € B and t € (0, ), where S (t)yy := (a(2), (1), V') and yo := (o, i1, Vo).

Proof. Setii:=u—u,v:=v—v,and
D) := E@t) + £¢(0), (4.9)

where N
E@®) := a0l + m a3, + |||

P(1) == (@), (1)) ,

and € > 0 is a constant to be determined later.
We first claim that there exist two constants o, 0, > 0, depending on &, such that

2
. (4.10)

o E(t) < O@F) < »E®). 4.11)
To demonstrate this, we infer from Schwarz’s inequality, Theorem 2.1, and Cauchy’s inequality that

lp(0) < lla@®l @ (ol
< S il + ! i ()1
) Yo & WAV

From this inequality and (4.10), we deduce that there exists a constant Q > 0 such that |¢(7)| < QE(I),
which combined with (4.9) gives

(1 - eQ)E(r) < O(t) < (1 + Q)E(®).
Consequently, assertion (4.11) is proved and o; > 0 will be guaranteed by the selection of ¢ later.
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Next, we claim that there exist constants o3 > 0 and o4 > 0 depending on B such that
Q' (1) < —03E(f) + 07 ||L~t(l‘)||§1772 . (4.12)

Indeed, by taking n; = i,(¢) in (3.16), and 17, = ¥ in (3.16),, and adding the two results, we have

%d% (namnz +mlaolR, + ||v’||§) a2, = % fo g @ [P @5, dr = (f @) — fu). ).

1.e.,
E'(1) = =2l 0y, + fo g @ [F@|f,, dr =2 @) - fue). w®). (4.13)

For the second term on the right-hand side of (4.13), we conclude from the assumption g’(¢) +ag(¢) < 0
that

[ @l ar< el (4.14)

Concerning the last term on the right-hand side of (4.13), it follows from the arguments similar to the
proof of (3.14) that

=2.(f @) = fe), w0 < C (1N, + Iy + 19052 )|l ol

By virtue of Theorem 2.1 and Cauchy’s inequality, we further have

1
=2 (f (@(0) = f(u(@), (1)) < C(B) a0, + ) D)l - (4.15)

Substituting (4.14) and (4.15) into (4.13), we have
-~ 3 12 -
E'(1) < =3 Iy, - e[|, + CBNamIZ, (4.16)

Since
&' (1) = Nl (DI + (2, (1)),
we infer from (2.15), that
&' (1) = @I = m a5, — (7, @), = @), @(0))y, = (f @) = f(u@), @) .
Hence, there exists a constant 0 < ¢ < 1 such that
¢/(1) == OE(t) + (1 + &) ()| — m(1 = &) la(olf}, + 6 |[#[] @1
= (v, (1)), — (@,(t), w(t))y, — (f @) — f (), @(?)) .

For the fifth and sixth terms on the right-hand side of (4.17), we deduce from Schwarz’s inequality and
Cauchy’s inequalities with €, €, > 0 that

-0, < [ el o,
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1
< 7o P+ e o, (4.18)

and

= (D), @(®))y, < it Dy, &)y,
1
<ie i (D3, + & i@, - (4.19)

Concerning the last term on the right-hand side of (4.17), it follows from the arguments similar to the
proof of (3.14) that

p=2 - -
— (f (@®) = fu@®), u(1)) < C(Ilu(t)llzp )+ IIM(t)Ilzl, o IQIW)IIM(I)Ilzp_z (oIl
By Theorem 2.1 and Cauchy’s inequality with €3, we further obtain

— (f @) - F@(®), (1) < C (B, &) @R, + & @D, - (4.20)
Consequently, by plugging (4.18)—(4.20) into (4.17), we deduce from Theorem 2.1 that
— 1
¢'(1) < = SE(1) = (m(1 = &) — & — & — &) [la(®)lly, + ((1 +6)S% + E) (Gl
o+ 3o W+ c be o, -

Choosing € (i = 1,2, 3) small enough such that
m(1—5)—€1—62—63>0,
we arrive at
’ o 2 1 ~ 2 1 ~1||? ~ N2
¢' () < =6E@®) + (1 +6)S” + — a0l + (6 + — | |[F'|[, + CB @3, - (4.21)
462 461 8

Therefore, we conclude from (4.9), (4.16), and (4.21) that

'(1) < — &SE(t) — (% - s((l +06)S* + —)) 2 (D)I[5,
(4.22)

[a=efo+ 1))V + o+ ecampao, .

For fixed ¢, and &, we choose

1 66 deja
0 46(1+06)S2+1" 46+1

8<m1n{

which combined with (4.22) gives assertion (4.12), where o3 := €6 and o4 := C(B) + C(B).
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It follows from (4.12) and (4.11) that
’ 03 ~ 2
(1) < —U—ZQ(I) + oy [la@llz,—, -

Hence,
!
D(f) < e " D(0) + 0y f e 7 ja(s)|l3,, ds, (4.23)
0
where y := (‘77; Again by (4.11), we derive ®(0) < 0'25(0), which together with (4.23) and (4.11)
yields
!
E(t) < Be™E(0) + 6 f e 7 la(s)|l3,_ ds,
0
where B8 := g—f and 0 := Z—‘I‘ Therefore, (4.8) follows from (4.10) immediately. O

The following lemma shows that the dynamical system (H, S (7)) corresponding to problem (2.11)—
(2.13) is quasi-stable.

Lemma 4.9 (Quasi-stability). Under the assumptions of Lemma 4.7, the dynamical system (H, S (1))
corresponding to problem (2.11)—(2.13) is quasi-stable on any bounded positively invariant set B C H.

Proof. Let U :=Y,, V := L*(Q), and W := L,. Then, Theorem 3.2 shows that the dynamical system
(H, S (2)) fulfills (H). Since the solution depends continuously on initial data, we have (4.1). In
addition, by taking

t

ng (@) = |lall5,_,, Yot) :=Be™, Ya(t) =06 f e 79 g,
0

we infer from Lemma 4.8 that (4.2) holds. Consequently, in view of Definition 4.3, the proof of
Lemma 4.9 is complete. m|

Now, we complete the proof of the existence of global attractors.

Theorem 4.10 (Existence of global attractors). Under the assumptions of Lemma 4.7, the dynamical
system (H, S () corresponding to problem (2.11)—(2.13) has a compact global attractor A = M:(N)
with finite fractal dimension, where

N ={u,0,0) | m(=A)'u + f(u) = ¢}.

Proof. Denote y(t) := (u(t), u,(f),v'). Since L is defined as E given by (4.3), we know that L(y) is
bounded from above on any bounded subset of H. Concerning the solution (u, u,, v) of problem (2.11)—
(2.13) such that L (yg) < R, we deduce from (4.6) and (4.5) that

t
E@) + f llus (I3, ds < E(O). (4.24)
0
By the arguments similar to the proof of (3.10), we obtain
E@®) > 2 OIF + My ol + 5 | - M
= 2 t 1 Yo 2 g 2
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Substituting this inequality into (4.24), we have

eI + o)1, + V]| < €,

. 2 .
ie., ||(u(t), u, (1), v’)”ﬂ < C. Hence, Ly is bounded.

Now, we show that the stationary set N is non-empty. Indeed, it can be demonstrated that the
functional

H@:%M&ﬁﬁﬂwm—ww

is coercive and weakly lower semicontinuous. Hence, /(z) admits a minimizer on Y, which implies
that the equation m(—A)°u + f(u) = ¢ has a solution. Next, we prove that N is bounded. In fact,
regarding the stationary solution (u, 0, 0) of problem (2.11)—(2.13), we have

mllully, = =(f (), u) + (¢, u). (4.25)
For the first term on the right-hand side of (4.25), we deduce from (2.8) in (A,) and Theorem 2.1 that

~(f(w),u) < wllull* + 21Q
< &S [ullF, + Q. (4.26)

Concerning the last term on the right-hand side of (4.25), it follows from Schwarz’s inequality,
Theorem 2.1, and Cauchy’s inequality with € > O that

(¢, u) < lepl|[fuall
1
< E||go||2 + €S lully,. (4.27)

Inserting (426) and (427) into (425), we derive
Yo Q| + ol

Choosing € small enough such that
m—«kS*—eS? >0,

we further have ||u||§,O < C. Consequently, N is bounded. We conclude from Lemma 4.9 and
Proposition 4.4 that (H, S(?)) is asymptotically smooth. By virtue of Lemma 4.7 and Theorem 4.2,
we know that (H, S(¢)) possesses a compact global attractor A = M(N). Finally, we infer from
Lemma 4.9 and Theorem 4.5 that ‘A has finite fractal dimension. O

From a physical perspective, Theorem 4.10 illustrates that if the memory kernel g (reflecting the
viscoelasticity of the string), nonlinear function f, external force ¢, initial displacement u, initial
velocity u;, and relative displacement v, satisfy appropriate assumptions, then the long-time motion
of the viscoelastic string exhibits the dynamical features characterized by the global attractor A =
MEN).
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5. Conclusions

In the present paper, we investigated the initial-boundary value problem for a fractional viscoelastic
equation with infinite memory, namely, problem (1.1)-(1.3). For the purpose of dealing with the
long-time dynamics of problem (1.1)—(1.3), we transformed problem (1.1)—(1.3) into the equivalent
problem (2.11)—(2.13) in the history space framework. We first used the Galerkin approximations
to derive the global well-posedness of problem (2.11)—(2.13), namely, Theorem 3.2. Moreover, by
utilizing the properties of the total energy functional, we found the gradient property of the dynamical
system (H, S (7)) corresponding to problem (2.11)—(2.13). Subsequently, by virtue of the perturbed
energy method, we derived a stabilizability estimate, which enabled us to verify the quasi-stability
of the dynamical system (H, S (f)) corresponding to problem (2.11)—(2.13). Finally, according to the
gradient property and quasi-stability of the dynamical system (H, S (¢)), we found the existence of
global attractors with finite fractal dimension, namely, Theorem 4.10.

In contrast to the viscoelastic equations studied in [31, 32] (which involve the standard Laplacian
—A), although the regularity of solutions for our fractional model is lower due to spatial nonlocality,
the corresponding dynamical system still admits a global attractor. This shows that spatial nonlocality
does not prevent problem (1.1)—(1.3) from exhibiting well-behaved long-time dynamics.

The main theoretical contribution of this paper is that we lay a theoretical framework for the
existence of global attractors for problem (1.1)—(1.3), and provide a reference for the qualitative study
on the long-time dynamics of fractional viscoelastic equations with infinite memory. In addition, we
point out several limitations of the present work. First, the main results of this paper are only
applicable to Eq (1.1) with the special fractional damping term (—A)°u, rather than the more general
fractional damping term (—A)?u, (0 < @ < s). Second, the analysis is entirely theoretical without
numerical simulations. Third, although we prove the existence of global attractors, we do not
investigate further properties such as the upper semicontinuity and regularity.

Motivated by the above limitations, possible directions for future research are outlined as follows.

e One may attempt to consider the existence of global attractors for the modified equation obtained

by replacing the fractional damping term (—A)*u, in Eq (1.1) with the more general term (—A)%u,.
Some energy estimates from [17, 18] may inspire the theoretical exploration.

e It is meaningful to perform numerical simulations on the attractor structure.

e We will devote ourselves to the upper semicontinuity and regularity of global attractors, as well

as the existence of exponential attractors.
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