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1. Introduction and contribution

Hirota’s direct method is one of the central algebraic tools in soliton theory. It transforms
nonlinear evolution equations into bilinear equations, usually through a tau function, and then
constructs solutions by finite exponential expansions [1, 2]. Together with inverse scattering and the
hierarchy viewpoint, this method forms part of the classical theory of integrable nonlinear
waves [3–6]. For the Korteweg–de Vries (KdV) equation and its descendants, the historical line
begins with the original long-wave model [7], the inverse-scattering solution of KdV [8], Lax’s
hierarchy formulation [9], and Miura’s survey of KdV-type transformations [10].

The bilinear method is not merely a convenient notation; it imposes strong algebraic restrictions
on the nonlinear equation. This is reflected in Hietarinta’s classification program based on Hirota’s
three-soliton condition [11–15]. In particular, a scalar equation of the form

P(D) f · f = 0

has a different algebraic structure from a coupled tau system. Consequently, a formula derived for
scalar one-tau equations cannot be applied automatically to systems such as modified KdV (mKdV),
nonlinear Schrödinger (NLS), Manakov, sine–Gordon, Gardner, or Kaup–Kupershmidt. This
distinction is one of the main organizing principles of the present work.

Several bilinear forms discussed in this paper are classical. We therefore state explicitly that the
purpose is not to claim originality for the known Hirota transformations of KdV,
Kadomtsev–Petviashvili (KP), NLS, sine–Gordon, Toda, Sawada–Kotera (SK), Lax, or
Kaup–Kupershmidt (KK) equations. The Sawada–Kotera equation and related higher-order KdV-type
flows were introduced in the early construction of N-soliton solutions [16], and the
Caudrey–Dodd–Gibbon hierarchy and related higher-order equations were developed in [17, 18]. The
Kaup–Kupershmidt equation arises from a distinct cubic spectral problem [19]. Modern symbolic
implementations of Hirota’s method are surveyed in [20]. The NLS and Manakov systems have
standard integrable origins in the inverse-scattering theory of nonlinear wave envelopes [21, 22]. The
KP, Toda, and hierarchy formulations are also classical parts of the tau-function theory [23–27].
Broader introductions to soliton concepts and applications are given in [28, 29].

The contribution of this paper is instead methodological, computational, and organizational. The
main objectives are as follows:

(i) to derive each bilinear form from explicit Hirota differential identities rather than listing it as a
formal transformation;

(ii) to separate scalar one-tau bilinear equations from coupled tau systems, hierarchy bilinearizations,
lattice forms, and potential equations;

(iii) to give a coefficient-matching derivation for the general fifth-order KdV family;

(iv) to clarify the different bilinear mechanisms behind the Sawada–Kotera/Caudrey–Dodd–Gibbon
(CDG), Kaup–Kupershmidt, and Lax fifth-order branches;

(v) to record the correct full spectral-vector two-soliton coefficient for scalar bilinear equations with
transverse variables;
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(vi) to distinguish fully integrable seventh-order KdV hierarchy members from scalar seventh-order
bilinear KdV-type equations that admit one- and two-soliton solutions but are not automatically
N-soliton integrable;

(vii) to add a clock-fractional extension of the one-soliton formulae by means of a natural time
reparametrization;

(viii) to provide a reproducible framework for symbolic verification.

The fifth-order KdV family illustrates why this careful separation is necessary. Starting from

ut + αu2ux + βuxuxx + γuuxxx + u5x = 0 (1.1)

and using the logarithmic substitution
u = c(ln f )xx (1.2)

one obtains three distinguished integrable branches. The Sawada–Kotera/Caudrey–Dodd–Gibbon
branch is represented by a single scalar tau equation. The Kaup–Kupershmidt branch is not; it
requires an auxiliary tau function g because the logarithmic form contains a q2

xxx term that cannot be
generated from the scalar identity for D6

x( f · f )/(2 f 2). The Lax branch belongs to the KdV hierarchy
and requires an auxiliary hierarchy time. Thus, all three branches are bilinearizable but not in the
same sense.

A second source of confusion concerns normalization. For example, the KP equation

(ut + 6uux + uxxx)x + 3σ2uyy = 0 (1.3)

corresponds to
(DxDt + D4

x + 3σ2D2
y) f · f = 0 (1.4)

under the convention used here. The alternative form containing −4DxDt belongs to a different time
normalization. Similarly, for multidimensional scalar bilinear equations, the two-soliton coefficient
must be computed using the full spectral vector, not only a reduced pair (k, ω). This point is essential
for KP-type and Fokas-type equations.

We also include a warning about seventh-order KdV equations. The phrase “seventh-order KdV”
does not identify a unique equation. Some seventh-order equations are genuine hierarchy members
with N-soliton solutions, whereas other scalar bilinear seventh-order KdV-type equations possess one-
and two-soliton solutions without necessarily passing the three-soliton test. This distinction is
consistent with the classification logic of Hirota’s method and with the study of seventh-order KdV
families [30–32].

Recent work continues to combine exact reductions, symbolic, semi-symbolic, and computational
methods for nonlinear dispersive waves [33], including machine-learning-assisted approaches in
engineering models [34]. In that context, a verified catalogue of Hirota identities is useful not as a
new integrability theorem but as a reproducible reference that helps avoid incorrect scalar reductions,
normalization errors, and unsupported soliton claims.

Finally, the paper closes with a clock-fractional variant. Instead of replacing the time derivative by
a nonlocal Caputo or Riemann–Liouville derivative [35–37], we use a local clock derivative associated
with the effective time

T = Θα(t) =
tα

Γ(1 + α)
. (1.5)
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This idea is related in spirit to local fractional or conformable-type differentiation [38], but here it
is used only as a clock reparametrization. The construction preserves the Hirota algebra exactly for the
corresponding clock-fractional models because differentiation with respect to the clock T satisfies the
ordinary chain rule. Thus, every classical one-soliton tau function yields a clock-fractional one-soliton
by the replacement

T 7→ Θα(t).

For genuinely nonlocal fractional equations, however, the same formulae must be treated only as
ansatz functions unless a direct residual verification is performed.

2. Hirota differential identities

Throughout the paper, we use a single notation: f denotes a tau function, g denotes an auxiliary tau
function when needed, and

q = ln f .

We avoid switching among f , F, and τ unless a lattice index is essential.

2.1. Definition of the D-operators

For functions f = f (x, y, z,w, s, t) and g = g(x, y, z,w, s, t), Hirota’s differential operators are defined
by

Dm1
x Dm2

y · · ·D
mr
t f · g =

∏
j

(∂x j − ∂x′j)
m j f (x)g(x′)

∣∣∣∣∣∣∣
x′=x

. (2.1)

For two variables, this reads

Dm
x Dn

t f · g = (∂x − ∂x′)m(∂t − ∂t′)n f (x, t)g(x′, t′)|x′=x,t′=t . (2.2)

Equivalently,

Dm
x Dn

t f · g =
m∑

i=0

n∑
j=0

(−1)i+ j

(
m
i

)(
n
j

)
∂m−i

x ∂
n− j
t f ∂i

x∂
j
t g. (2.3)

2.2. Low-order identities for one tau function

The following identities are used repeatedly. Direct expansion gives

DxDt( f · f ) = 2
(
f fxt − fx ft

)
, (2.4)

D2
x( f · f ) = 2

(
f fxx − f 2

x
)
, (2.5)

D4
x( f · f ) = 2

(
f f4x − 4 fx f3x + 3 f 2

xx
)
, (2.6)

D6
x( f · f ) = 2 f f6x − 12 fx f5x + 30 fxx f4x − 20 f 2

3x. (2.7)

Dividing by 2 f 2 and writing
q = ln f ,

one obtains
DxDt( f · f )

2 f 2 = qxt, (2.8)
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D2
x( f · f )
2 f 2 = qxx, (2.9)

D4
x( f · f )
2 f 2 = q4x + 6q2

xx, (2.10)

D6
x( f · f )
2 f 2 = q6x + 30qxxq4x + 60q3

xx. (2.11)

It is important that (2.11) contains no term of the form

q2
xxx.

This absence is precisely why the Kaup–Kupershmidt equation cannot be obtained from a single
bilinear expression (

DxDt + aD6
x
)

f · f = 0.

Mixed higher-order identities required for hierarchy flows are

D2
s( f · f )
2 f 2 = qss, (2.12)

DsD3
x( f · f )
2 f 2 = qxxxs + 6qxxqxs. (2.13)

For KP-type equations,

D2
y( f · f )

2 f 2 = qyy, (2.14)

DzDw( f · f )
2 f 2 = qzw. (2.15)

2.3. Auxiliary-tau identity

For a second tau function g, we shall use

D2
x( f · g) = fxxg − 2 fxgx + f gxx. (2.16)

In the Kaup–Kupershmidt derivation, g is not arbitrary. It is defined by

D4
x( f · f ) − 4 f g = 0. (2.17)

Using (2.10), this is equivalent to

g =
D4

x( f · f )
4 f

=
f
2

(
q4x + 6q2

xx

)
. (2.18)

Substituting (2.18) into (2.16) gives the identity

D2
x( f · g)

f 2 =
1
2

q6x + 7qxxq4x + 6q2
xxx + 6q3

xx. (2.19)

This formula is the source of the q2
xxx term in the Kaup–Kupershmidt equation.
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2.4. Exponential rule and sign convention

Let
ηi = kix + ℓiy + miz + niw − ωit + δi. (2.20)

Then,

Da
xDb

yDc
zDd

wDe
t eηi · eη j = (ki − k j)a(ℓi − ℓ j)b(mi − m j)c(ni − n j)d(−ωi + ω j)eeηi+η j . (2.21)

Thus, if P(D) is a scalar bilinear polynomial and pi = (ki, ℓi,mi, ni, ωi), then

P(D)eηi · eη j = P(pi − p j)eηi+η j (2.22)

with the convention that the time component enters through −ωi + ω j. To avoid ambiguity, we define
the dispersion polynomial P using the same phase convention as (2.21). If another convention η =

kx + ωt + δ is adopted, the sign of every odd Dt term changes accordingly.

3. Derivations from differential identities

3.1. KdV equation

Consider
ut + 6uux + uxxx = 0. (3.1)

Integrating once in x gives

∂t

(∫ x

u dx
)
+ 3u2 + uxx = 0. (3.2)

Set
u = 2qxx = 2(ln f )xx. (3.3)

Then,
2qxt + 12q2

xx + 2q4x = 0 (3.4)

or
qxt + q4x + 6q2

xx = 0. (3.5)

Using (2.8) and (2.10), this is
1

2 f 2

(
DxDt + D4

x

)
f · f = 0. (3.6)

Hence,
(DxDt + D4

x) f · f = 0. (3.7)

4. Modified KdV equation

We consider the modified KdV equation

ut + uxxx + 6σu2ux = 0, σ = ±1. (4.1)
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The modified KdV equation is not naturally represented by a single scalar one-tau equation of the form

P(D) f · f = 0. (4.2)

Instead, we introduce two tau functions f and g through

u =
g
f
, f , 0. (4.3)

Let
q = ln f . (4.4)

Then,
g = u f . (4.5)

4.1. Differential identities

The Hirota differential operator is defined by

Dm
x Dn

t a · b = (∂x − ∂x′)m(∂t − ∂t′)na(x, t)b(x′, t′)|x′=x, t′=t . (4.6)

First, for the time derivative,
Dtg · f = gt f − g ft. (4.7)

Because g = u f , one has
gt = ut f + u ft. (4.8)

Therefore,

Dtg · f = (ut f + u ft) f − u f ft

= f 2ut. (4.9)

Thus,
Dtg · f

f 2 = ut. (4.10)

Next, by the definition of D3
x,

D3
xg · f = gxxx f − 3gxx fx + 3gx fxx − g fxxx. (4.11)

Using g = u f , we compute

gx = ux f + u fx, (4.12)
gxx = uxx f + 2ux fx + u fxx, (4.13)

gxxx = uxxx f + 3uxx fx + 3ux fxx + u fxxx. (4.14)

Substituting (4.12)–(4.14) into (4.11), we obtain

D3
xg · f = (uxxx f + 3uxx fx + 3ux fxx + u fxxx) f
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− 3 (uxx f + 2ux fx + u fxx) fx

+ 3 (ux f + u fx) fxx − u f fxxx. (4.15)

We now collect terms carefully. The uxxx-term is

f 2uxxx. (4.16)

The uxx-terms cancel because
3uxx f fx − 3uxx f fx = 0. (4.17)

The u-terms cancel because

u f fxxx − 3u fxx fx + 3u fx fxx − u f fxxx = 0. (4.18)

The ux-terms are
3ux f fxx − 6ux f 2

x + 3ux f fxx = 6ux( f fxx − f 2
x ). (4.19)

Hence,
D3

xg · f = f 2uxxx + 6ux( f fxx − f 2
x ). (4.20)

Because
f fxx − f 2

x = f 2(ln f )xx = f 2qxx (4.21)

we get
D3

xg · f
f 2 = uxxx + 6qxxux. (4.22)

Finally,
D2

x f · f = fxx f − 2 fx fx + f fxx. (4.23)

Therefore,
D2

x f · f = 2( f fxx − f 2
x ). (4.24)

Dividing by 2 f 2, we obtain
D2

x f · f
2 f 2 = (ln f )xx = qxx. (4.25)

4.2. Derivation of the bilinear system

Using (4.10) and (4.22), we obtain

(Dt + D3
x)g · f

f 2 = ut + uxxx + 6qxxux. (4.26)

The modified KdV equation is
ut + uxxx + 6σu2ux = 0. (4.27)

Comparing this equation with (4.26), we need

qxx = σu2. (4.28)

AIMS Mathematics Volume 11, Issue 8, 24582–24649.



24590

Because u = g/ f , condition (4.28) becomes

qxx = σ
g2

f 2 . (4.29)

Using (4.25), this is equivalent to
D2

x f · f
2 f 2 = σ

g2

f 2 . (4.30)

Multiplying by 2 f 2, we obtain
D2

x f · f = 2σg2. (4.31)

Therefore, the Hirota bilinear system for the modified KdV equation is

(Dt + D3
x)g · f = 0,

D2
x f · f = 2σg2.

(4.32)

Indeed, the first bilinear equation gives

ut + uxxx + 6qxxux = 0 (4.33)

while the second gives
qxx = σu2. (4.34)

Combining both equations gives
ut + uxxx + 6σu2ux = 0. (4.35)

4.3. Reverse verification

Conversely, assume f and g satisfy (4.32), and define

u =
g
f
. (4.36)

Dividing the first bilinear equation by f 2 and using (4.26), gives

ut + uxxx + 6qxxux = 0. (4.37)

Dividing the second bilinear equation by 2 f 2 and using (4.25), gives

qxx = σ
g2

f 2 = σu2. (4.38)

Substituting (4.38) into (4.37), we obtain

ut + uxxx + 6σu2ux = 0. (4.39)

Thus, the bilinear system (4.32) is equivalent to the modified KdV equation (4.1), provided f , 0.
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4.4. Sign convention

For the positive-sign modified KdV equation

ut + uxxx + 6u2ux = 0 (4.40)

we set σ = 1, and the bilinear system is

(Dt + D3
x)g · f = 0,

D2
x f · f = 2g2.

(4.41)

For the negative-sign modified KdV equation

ut + uxxx − 6u2ux = 0 (4.42)

we set σ = −1, and the bilinear system is

(Dt + D3
x)g · f = 0,

D2
x f · f = −2g2.

(4.43)

4.5. Why the scalar one-tau formula is not applicable

The scalar two-soliton coefficient formula

A12 = −
P(p1 − p2)
P(p1 + p2)

(4.44)

applies to scalar one-tau bilinear equations of the form

P(D) f · f = 0. (4.45)

The modified KdV equation derived above is not represented in that form. It is represented by the
coupled bilinear system

(Dt + D3
x)g · f = 0, D2

x f · f = 2σg2. (4.46)

Therefore, the interaction coefficients for the mKdV equation must be derived from the coupled Hirota
expansion, not from a scalar P(D) f · f shortcut.

4.5.1. Breather solutions of the modified KdV equation

We now derive breather solutions of the modified KdV equation from the two-soliton tau functions.
We work with the positive-sign modified KdV equation

ut + uxxx + 6u2ux = 0 (4.47)

whose Hirota bilinear system is
(Dt + D3

x)g · f = 0,
D2

x f · f = 2g2.
(4.48)

The physical field is
u =

g
f
. (4.49)
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4.6. Starting point: Two-soliton tau functions

From the two-soliton construction, the tau functions are

g = E1 + E2 +
(k1 − k2)2

4k2
1(k1 + k2)2

E2
1E2 +

(k1 − k2)2

4k2
2(k1 + k2)2

E1E2
2, (4.50)

f = 1 +
E2

1

4k2
1

+
2E1E2

(k1 + k2)2 +
E2

2

4k2
2

+
(k1 − k2)4

16k2
1k2

2(k1 + k2)4
E2

1E2
2, (4.51)

where
E j = exp(η j), η j = k jx − k3

j t + δ j, j = 1, 2. (4.52)

These tau functions satisfy the bilinear system (4.48). Hence, u = g/ f satisfies (4.47) whenever f , 0.

4.7. Complex-conjugate reduction

A breather is obtained by taking a complex-conjugate pair of wave numbers. Let

k1 = K = a + ib, k2 = K = a − ib (4.53)

where
a > 0, b , 0. (4.54)

Also, take
δ1 = δR + iδI , δ2 = δ1 = δR − iδI . (4.55)

Then,
E2 = E1. (4.56)

For simplicity, write
E1 = E, E2 = E. (4.57)

The basic algebraic quantities are

K + K = 2a, K − K = 2ib, KK = a2 + b2. (4.58)

Define
S = a2 + b2. (4.59)

Then,
(K − K)2

(K + K)2
= −

b2

a2 . (4.60)

4.8. Real phase variables

We now write E in real amplitude-phase form. Because

K3 = (a + ib)3 = a3 − 3ab2 + i(3a2b − b3) (4.61)

the phase
η = Kx − K3t + δ1 (4.62)
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can be written as
η = Ξ + iΘ (4.63)

where
Ξ = ax − (a3 − 3ab2)t + δR = a

[
x − (a2 − 3b2)t

]
+ δR, (4.64)

and
Θ = bx − (3a2b − b3)t + δI = b

[
x − (3a2 − b2)t

]
+ δI . (4.65)

Therefore,
E = eη = eΞeiΘ. (4.66)

Set
R = eΞ. (4.67)

Then,
E = ReiΘ, E = Re−iΘ. (4.68)

4.9. Derivation of the real numerator

Substituting k1 = K, k2 = K, E1 = E, and E2 = E into (4.50), we get

g = E + E −
b2

4a2

E2E
K2 +

EE
2

K
2

 . (4.69)

Because
E + E = 2R cosΘ (4.70)

we only need to simplify the cubic terms. First,

E2E = R3eiΘ, EE
2
= R3e−iΘ. (4.71)

Also,
1

K2 =
K

2

(KK)2
=

(a − ib)2

S 2 =
a2 − b2 − 2iab

S 2 . (4.72)

Therefore,

E2E
K2 +

EE
2

K
2 = 2R3 Re

(
eiΘ

K2

)
=

2R3

S 2

[
(a2 − b2) cosΘ + 2ab sinΘ

]
. (4.73)

Substituting this into (4.69), we obtain

gB = 2R cosΘ −
b2R3

2a2S 2

[
(a2 − b2) cosΘ + 2ab sinΘ

]
. (4.74)
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4.10. Derivation of the real denominator

Now, substitute the same complex-conjugate reduction into (4.51). We obtain

f = 1 +
E2

4K2 +
2EE

(K + K)2
+

E
2

4K
2 +

(K − K)4

16K2K
2
(K + K)4

E2E
2
. (4.75)

The middle term is
2EE

(K + K)2
=

2R2

(2a)2 =
R2

2a2 . (4.76)

The pair of quadratic terms gives

E2

4K2 +
E

2

4K
2 =

R2

2
Re

(
e2iΘ

K2

)
=

R2

2S 2

[
(a2 − b2) cos(2Θ) + 2ab sin(2Θ)

]
. (4.77)

For the quartic term, we use
(K − K)4 = (2ib)4 = 16b4 (4.78)

(K + K)4 = (2a)4 = 16a4 (4.79)

and
K2K

2
= S 2. (4.80)

Thus,
(K − K)4

16K2K
2
(K + K)4

E2E
2
=

b4R4

16a4S 2 . (4.81)

Therefore, the real denominator is

fB = 1 +
R2

2a2 +
R2

2S 2

[
(a2 − b2) cos(2Θ) + 2ab sin(2Θ)

]
+

b4R4

16a4S 2 .
(4.82)

4.11. Breather field

The mKdV breather generated by the complex-conjugate reduction is

uB(x, t) =
gB(x, t)
fB(x, t)

, (4.83)

where gB and fB are given by (4.74) and (4.82). Explicitly,

uB(x, t) =
2R cosΘ −

b2R3

2a2S 2

[
(a2 − b2) cosΘ + 2ab sinΘ

]
1 +

R2

2a2 +
R2

2S 2

[
(a2 − b2) cos(2Θ) + 2ab sin(2Θ)

]
+

b4R4

16a4S 2

. (4.84)
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Here,
S = a2 + b2, R = eΞ (4.85)

with
Ξ = a

[
x − (a2 − 3b2)t

]
+ δR (4.86)

and
Θ = b

[
x − (3a2 − b2)t

]
+ δI . (4.87)

4.12. Interpretation

The variable Ξ controls the localization envelope. Because

R = eΞ (4.88)

the solution decays as x→ −∞ because R→ 0, and it also decays as x→ +∞ because the denominator
grows as R4, whereas the numerator grows only as R3. Thus, the solution is spatially localized.

The variable Θ controls the internal oscillation. Hence, the solution is a localized oscillatory bound
state, that is, a breather. The envelope velocity is

Venv = a2 − 3b2 (4.89)

and the carrier phase velocity is
Vcar = 3a2 − b2. (4.90)

4.13. Why the construction works

The original two-soliton tau functions (4.50) and (4.51) satisfy the bilinear system

(Dt + D3
x)g · f = 0, D2

x f · f = 2g2. (4.91)

The replacement
k2 = k1, δ2 = δ1 (4.92)

is an algebraic reduction of the same tau functions. Therefore, the reduced real functions gB and fB

also satisfy the bilinear system. Consequently,

uB =
gB

fB
(4.93)

satisfies
ut + uxxx + 6u2ux = 0. (4.94)

The only required nondegeneracy condition is

fB(x, t) , 0 (4.95)

on the spacetime region under consideration.
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5. Gardner equation

We consider the Gardner-type equation

vt + avvx + bv2vx + vxxx = 0, a , 0, b , 0. (5.1)

The purpose of this section is twofold. First, we derive the normalized Gardner equation from a Hirota-
type mKdV bilinear structure. Second, we prove that the breather–brother solutions of the normalized
Gardner equation generate solutions of the general equation (5.1) by scaling.

5.1. Normalized Gardner equation

We start from the normalized Gardner equation

Ut + ∂x

(
Uxx + 6µU2 + 2U3

)
= 0, (5.2)

where µ , 0. Equivalently,
Ut + Uxxx + 12µUUx + 6U2Ux = 0. (5.3)

This is the form naturally connected with the focusing mKdV equation by a constant shift.

5.2. Connection with mKdV by a constant shift

Define
W = U + µ. (5.4)

Then, U = W − µ. Because Ux = Wx, Ut = Wt, and Uxxx = Wxxx, we compute

12µUUx + 6U2Ux = 12µ(W − µ)Wx + 6(W − µ)2Wx

= 12µWWx − 12µ2Wx + 6(W2 − 2µW + µ2)Wx

= 6W2Wx − 6µ2Wx. (5.5)

Therefore, (5.3) becomes
Wt +Wxxx + 6W2Wx − 6µ2Wx = 0. (5.6)

This is a focusing mKdV equation with a linear transport term.
Equivalently,

Wt + ∂x

(
Wxx + 2W3 − 6µ2W

)
= 0. (5.7)

5.3. Removing the linear transport term

Set
Y = x + 6µ2t, W(x, t) = M(Y, t). (5.8)

Then,
Wt = Mt + 6µ2MY , Wx = MY , Wxxx = MYYY . (5.9)

Substituting into (5.6) gives

0 = Mt + 6µ2MY + MYYY + 6M2MY − 6µ2MY
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= Mt + MYYY + 6M2MY . (5.10)

Thus, M satisfies the focusing mKdV equation

Mt + Mxxx + 6M2Mx = 0. (5.11)

Hence, the normalized Gardner equation is obtained from focusing mKdV by

U(x, t) = M(x + 6µ2t, t) − µ. (5.12)

5.4. Bilinear form through the mKdV arctangent representation

The focusing mKdV equation (5.11) admits the arctangent tau representation

M = 2∂x arctan
(G

F

)
, (5.13)

where F = F(x, t) and G = G(x, t) are real tau functions. Equivalently, if

τ = F + iG, τ = F − iG (5.14)

then

arctan
(G

F

)
=

1
2i

ln
(
τ

τ

)
(5.15)

and hence,

M =
1
i
∂x ln

(
τ

τ

)
. (5.16)

A standard Hirota form for τ and τ is

(Dt + D3
x)τ · τ = 0. (5.17)

Writing τ = F + iG, the real and imaginary parts of (5.17) give a coupled real bilinear system for F
and G. The arctangent field

M = 2∂x arctan(G/F)

then satisfies
Mt + Mxxx + 6M2Mx = 0.

Consequently, the Gardner field

U(x, t) = 2∂x arctan
(
G(x + 6µ2t, t)
F(x + 6µ2t, t)

)
− µ (5.18)

satisfies (5.3). This gives the bilinear origin of the normalized Gardner equation.
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5.5. Breather–brother solution of the normalized Gardner equation

We now record the explicit real breather–brother solution of (5.3). Let

∆ = α2 + β2 − 4µ2, α > 0, β > 0, ∆ > 0. (5.19)

Define
y1 = x + x1 + t(α2 − 3β2), y2 = x + x2 + t(3α2 − β2). (5.20)

Let

N =
β
√
α2 + β2 sin(αy1)

α
√
∆

−
2βµ (cosh(βy2) + sinh(βy2))

∆
(5.21)

and

D = cosh(βy2) −
2βµ

[
α cos(αy1) − β sin(αy1)

]
α
√
α2 + β2

√
∆

. (5.22)

Define

Φ = arctan
(
N

D

)
. (5.23)

Then, the breather–brother field is
U(x, t) = 2∂xΦ(x, t). (5.24)

Equivalently,

U(x, t) = 2∂x arctan


β
√
α2 + β2 sin(αy1)

α
√
∆

−
2βµ (cosh(βy2) + sinh(βy2))

∆

cosh(βy2) −
2βµ

[
α cos(αy1) − β sin(αy1)

]
α
√
α2 + β2

√
∆

 . (5.25)

5.6. Scaling from the normalized Gardner equation to the general Gardner equation

We now prove that any solution of the normalized Gardner equation generates a solution of the
general Gardner equation

vt + avvx + bv2vx + vxxx = 0.

Let U = U(X,T ) be any solution of

UT + UXXX + 12µUUX + 6U2UX = 0. (5.26)

Define
v(x, t) = p U(qx, rt). (5.27)

Then,
vt = pr UT , vx = pq UX, vxxx = pq3 UXXX. (5.28)

Also,
avvx = ap2q UUX, bv2vx = bp3q U2UX. (5.29)
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Therefore, the residual of the general Gardner equation is

vt + avvx + bv2vx + vxxx = pr UT + pq3UXXX + ap2q UUX + bp3q U2UX. (5.30)

Using (5.26),
UT = −UXXX − 12µUUX − 6U2UX. (5.31)

Substitution into (5.30) gives

vt + avvx + bv2vx + vxxx = p(q3 − r)UXXX +
(
ap2q − 12µpr

)
UUX

+
(
bp3q − 6pr

)
U2UX. (5.32)

Hence, the residual vanishes for every solution U if

q3 − r = 0 (5.33)

ap2q − 12µpr = 0 (5.34)

and
bp3q − 6pr = 0. (5.35)

Assuming pqr , 0, the first condition gives

r = q3. (5.36)

The second condition gives
ap = 12µq2. (5.37)

The third condition gives
bp2 = 6q2. (5.38)

Solving (5.37) and (5.38), we obtain

q2 =
a2

24bµ2 , p =
a

2bµ
. (5.39)

Choosing the branch

q = −
a

2
√

6
√

b µ
, (5.40)

we have

r = q3 = −
a3

48
√

6 b3/2µ3
. (5.41)

Thus,

p =
a

2bµ
, q = −

a

2
√

6
√

b µ
, r = −

a3

48
√

6 b3/2µ3
. (5.42)

Therefore, if U(X,T ) solves the normalized Gardner equation (5.26), then

v(x, t) =
a

2bµ
U

− ax

2
√

6
√

b µ
,−

a3t

48
√

6 b3/2µ3

 (5.43)

solves
vt + avvx + bv2vx + vxxx = 0. (5.44)
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5.7. Brother solutions of the general Gardner equation

Combining the breather–brother U in (5.25) with the scaling (5.43), we obtain the corresponding
brother solution of the general Gardner equation:

v(x, t) =
a

2bµ
U

− ax

2
√

6
√

b µ
,−

a3t

48
√

6 b3/2µ3

 , (5.45)

where U is given by

U(X,T ) = 2∂X arctan


β
√
α2 + β2 sin(αY1)

α
√
∆

−
2βµ (cosh(βY2) + sinh(βY2))

∆

cosh(βY2) −
2βµ

[
α cos(αY1) − β sin(αY1)

]
α
√
α2 + β2

√
∆

 (5.46)

with
Y1 = X + x1 + T (α2 − 3β2), Y2 = X + x2 + T (3α2 − β2) (5.47)

and
∆ = α2 + β2 − 4µ2. (5.48)

The parameter restrictions are

α > 0, β > 0, µ , 0, ∆ > 0, b , 0. (5.49)

If one wants all scalings to remain real with the chosen square root
√

b, one assumes b > 0. Otherwise,
a complex branch of the square root must be specified.

5.8. Summary of the proof

The proof has two independent parts.
First, the field U in (5.25) satisfies the normalized Gardner equation

UT + UXXX + 12µUUX + 6U2UX = 0. (5.50)

This follows by direct substitution after rewriting the trigonometric and hyperbolic functions through

w = eiαY1 , z = eβY2 ,

which reduces the residual to a rational function whose numerator is identically zero.
Second, the scaling

v(x, t) = pU(qx, rt)

maps the normalized equation to the general Gardner equation exactly when

r = q3, ap = 12µq2, bp2 = 6q2.

The choice

p =
a

2bµ
, q = −

a

2
√

6
√

b µ
, r = −

a3

48
√

6 b3/2µ3
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satisfies these identities. Therefore, the scaled field

v(x, t) =
a

2bµ
U

− ax

2
√

6
√

b µ
,−

a3t

48
√

6 b3/2µ3


solves

vt + avvx + bv2vx + vxxx = 0.

5.9. KP equation

Consider the KP equation in the normalization

(ut + 6uux + uxxx)x + 3σ2uyy = 0, (5.51)

where σ2 = ±1. Introduce the logarithmic tau transformation

u = 2(ln f )xx = 2qxx, q = ln f . (5.52)

We derive the bilinear form directly from the differential identities, without guessing the Hirota
operator.

The required identities are
DxDt( f · f )

2 f 2 = qxt (5.53)

D4
x( f · f )
2 f 2 = q4x + 6q2

xx (5.54)

and
D2

y( f · f )

2 f 2 = qyy. (5.55)

Therefore, the bilinear expression (
DxDt + D4

x + 3σ2D2
y

)
f · f (5.56)

satisfies (
DxDt + D4

x + 3σ2D2
y

)
f · f

2 f 2 = qxt + q4x + 6q2
xx + 3σ2qyy. (5.57)

Thus, the bilinear equation (
DxDt + D4

x + 3σ2D2
y

)
f · f = 0 (5.58)

is equivalent to
qxt + q4x + 6q2

xx + 3σ2qyy = 0. (5.59)

Differentiating (5.59) with respect to x gives

qxxt + q5x + 12qxxqxxx + 3σ2qxyy = 0. (5.60)

Using
u = 2qxx, ut = 2qxxt, uxxx = 2q5x, uyy = 2qxxyy,
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and observing that
6uux = 6(2qxx)(2qxxx) = 24qxxqxxx,

equation (5.60), after multiplication by 2 and one x-differentiation in the y-term, gives exactly

(ut + 6uux + uxxx)x + 3σ2uyy = 0.

Hence, (5.58) is the correct bilinear form for the KP normalization (5.51).

Remark on the common −4DxDt convention. The frequently used bilinear form(
D4

x + 3σ2D2
y − 4DxDt

)
f · f = 0

corresponds instead to the normalization

(−4ut + 6uux + uxxx)x + 3σ2uyy = 0,

or to an equivalent rescaling/reversal of the time variable. It should not be written together with (5.51)
unless the time normalization is explicitly changed.

One-soliton condition

Let
f = 1 + eη1 , η1 = k1x + ℓ1y − ω1t + δ1. (5.61)

For the bilinear operator
P(Dx,Dy,Dt) = DxDt + D4

x + 3σ2D2
y ,

we have
P(Dx,Dy,Dt)eηi · eη j = P(pi − p j)eηi+η j (5.62)

where the full spectral vector is
pi = (ki, ℓi, ωi) (5.63)

and, because the phase contains −ωit, the scalar polynomial is

P(k, ℓ, ω) = k4 − kω + 3σ2ℓ2. (5.64)

Substitution of f = 1 + eη1 into (5.58) gives

2P(k1, ℓ1, ω1)eη1 = 0. (5.65)

Therefore, the one-soliton dispersion relation is

P(k1, ℓ1, ω1) = k4
1 − k1ω1 + 3σ2ℓ2

1 = 0. (5.66)

Equivalently,

ω1 = k3
1 +

3σ2ℓ2
1

k1
, k1 , 0. (5.67)

The corresponding one-soliton solution is

u1 = 2∂2
x ln(1 + eη1) =

k2
1

2
sech2

(
η1

2

)
. (5.68)
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Two-soliton condition and interaction coefficient

For the two-soliton tau function, we take

f = 1 + eη1 + eη2 + A12eη1+η2 (5.69)

where
ηi = kix + ℓiy − ωit + δi, i = 1, 2. (5.70)

For the bilinear KP equation (
DxDt + D4

x + 3σ2D2
y

)
f · f = 0 (5.71)

the Hirota polynomial associated with the phase convention η = kx + ℓy − ωt + δ is

P(k, ℓ, ω) = k4 − kω + 3σ2ℓ2. (5.72)

Therefore, the coefficients of eηi give the dispersion relations

P(ki, ℓi, ωi) = 0, i = 1, 2 (5.73)

or, equivalently,

ωi = k3
i +

3σ2ℓ2
i

ki
, i = 1, 2. (5.74)

We now collect the coefficient of eη1+η2 . There are two types of contributions:

eη1 · eη2 , 1 · A12eη1+η2 .

Introduce the spectral vectors
pi = (ki, ℓi, ωi), i = 1, 2. (5.75)

Because the Hirota polynomial is even under simultaneous reversal of the full spectral vector,

P(−k,−ℓ,−ω) = P(k, ℓ, ω),

the coefficient of eη1+η2 is proportional to

P(p1 − p2) + A12P(p1 + p2). (5.76)

Thus, the two-soliton condition is

P(p1 − p2) + A12P(p1 + p2) = 0. (5.77)

Solving for A12 gives

A12 = −
P(p1 − p2)
P(p1 + p2)

. (5.78)

In explicit KP variables, this becomes

A12 = −
(k1 − k2)4 − (k1 − k2)(ω1 − ω2) + 3σ2(ℓ1 − ℓ2)2

(k1 + k2)4 − (k1 + k2)(ω1 + ω2) + 3σ2(ℓ1 + ℓ2)2 . (5.79)
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Using the dispersion relations (5.74), the same coefficient can be written in the factorized form

A12 =
k2

1k2
2(k1 − k2)2 − σ2(k1ℓ2 − k2ℓ1)2

k2
1k2

2(k1 + k2)2 − σ2(k1ℓ2 − k2ℓ1)2
. (5.80)

This is the form used in the direct symbolic verification.
The remaining exponential coefficients vanish as follows. The terms e2ηi vanish because P(0) = 0.

The terms e2η1+η2 and eη1+2η2 are proportional to P(p2) and P(p1), respectively, and therefore, vanish by
the dispersion relations. Hence, (5.69), together with (5.79) or equivalently (5.80), satisfies the bilinear
KP equation.

Finally, the KP field

u(2) = 2(ln f )xx (5.81)

with f given by (5.69) is the two-soliton solution of (5.51). In particular, direct substitution gives[
(ut + 6uux + uxxx)x + 3σ2uyy

]
u=u(2)

= 0. (5.82)

6. The general fifth-order KdV family

Consider
ut + αu2ux + βuxuxx + γuuxxx + u5x = 0. (6.1)

The normalized integrable branches in this family include Lax,
Sawada–Kotera/Caudrey–Dodd–Gibbon, and Kaup–Kupershmidt. We now derive the coefficient
conditions from the logarithmic substitution.

6.1. Integrated form and logarithmic substitution

Integrating (6.1) once with respect to x gives

∂t

(∫ x

u dx
)
+
α

3
u3 +

β − γ

2
u2

x + γuuxx + u4x = 0. (6.2)

Set
u = cqxx = c(ln f )xx. (6.3)

Then, (6.2) becomes

cqxt +
αc3

3
q3

xx +
(β − γ)c2

2
q2

xxx + γc2qxxq4x + cq6x = 0. (6.4)

Dividing by c , 0,

qxt + q6x + γc qxxq4x +
β − γ

2
c q2

xxx +
αc2

3
q3

xx = 0. (6.5)

This is the master identity for the classification below.
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6.2. Single scalar bilinear case: Sawada–Kotera/CDG

Assume the transformed equation is generated by a single scalar equation

(DxDt + D6
x) f · f = 0. (6.6)

Dividing by 2 f 2 and using (2.8) and (2.11) gives

qxt + q6x + 30qxxq4x + 60q3
xx = 0. (6.7)

Comparing with (6.5) gives

γc = 30, (6.8)
β − γ

2
c = 0, (6.9)

αc2

3
= 60. (6.10)

Therefore,

α =
1
5
γ2, β = γ, c =

30
γ
. (6.11)

Thus, the Sawada–Kotera/CDG branch is

ut +
1
5
γ2u2ux + γuxuxx + γuuxxx + u5x = 0 (6.12)

with
u =

30
γ

(ln f )xx (6.13)

and bilinear form
(DxDt + D6

x) f · f = 0. (6.14)

For γ = 15 one obtains the common normalization

ut + 45u2ux + 15uxuxx + 15uuxxx + u5x = 0. (6.15)

The two-soliton coefficient follows from the scalar Hirota formula

A12 = −
P(k1 − k2, ω1 − ω2)
P(k1 + k2, ω1 + ω2)

with
P(k, ω) = k6 − kω (6.16)

and the convention η = kx − ωt + δ. The dispersion relation is ω = k5, and

A12 =
(k1 − k2)2(k2

1 − k1k2 + k2
2)

(k1 + k2)2(k2
1 + k1k2 + k2

2)
. (6.17)
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6.3. Kaup–Kupershmidt branch: Why an auxiliary function is necessary

For the Kaup–Kupershmidt branch, the coefficient conditions are

α =
1
5
γ2, β =

5
2
γ, c =

15
γ
. (6.18)

Thus, the potential equation (6.5) becomes

qxt + q6x + 15qxxq4x +
45
4

q2
xxx + 15q3

xx = 0. (6.19)

This is the decisive difference with the scalar Sawada–Kotera/CDG case: the identity (2.11) contains
no q2

xxx term. Hence, (6.19) cannot be produced from a single scalar bilinear equation of the form

(DxDt + aD6
x) f · f = 0.

An auxiliary tau function is therefore necessary.
Introduce g by

D4
x( f · f ) − 4 f g = 0. (6.20)

Equivalently,

g =
D4

x( f · f )
4 f

. (6.21)

Using q = ln f , this gives the identity

D2
x( f · g)

f 2 =
1
2

q6x + 7qxxq4x + 6q2
xxx + 6q3

xx. (6.22)

Now, assume the coupled bilinear equation(
DxDt + aD6

x

)
f · f + bD2

x( f · g) = 0. (6.23)

Dividing (6.23) by f 2, and using the one-tau identities together with (6.22), gives

0 = 2qxt + a
(
2q6x + 60qxxq4x + 120q3

xx

)
+ b

(
1
2

q6x + 7qxxq4x + 6q2
xxx + 6q3

xx

)
. (6.24)

To match twice (6.19), namely

2qxt + 2q6x + 30qxxq4x +
45
2

q2
xxx + 30q3

xx = 0 (6.25)

we require

6b =
45
2
, 2a +

b
2
= 2. (6.26)

Therefore,

b =
15
4
, a =

1
16
. (6.27)
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The verified Kaup–Kupershmidt bilinear system is(
DxDt +

1
16

D6
x

)
f · f +

15
4

D2
x( f · g) = 0, (6.28)

together with
D4

x( f · f ) − 4 f g = 0. (6.29)

Eliminating g from (6.28) and (6.29) gives the quartic homogeneous equation

0 = 4 f 3( fxt + f6x) − f 2
(
4 ft fx − 5 f 2

3x + 24 fx f5x

)
− 30 f fx ( fxx f3x − 2 fx f4x) + 15 f 2

x

(
3 f 2

xx − 4 fx f3x

)
. (6.30)

For the dependent-variable transformation

u =
15
γ

(ln f )xx, (6.31)

the corresponding partial differential equation (PDE) is

ut +
γ2

5
u2ux +

5γ
2

uxuxx + γuuxxx + u5x = 0. (6.32)

For γ = 10, this becomes

ut + 20u2ux + 25uxuxx + 10uuxxx + u5x = 0, u =
3
2

(ln f )xx. (6.33)

The alternative scalar-looking expression

(D6
x + 5D3

xDt ± 5D2
t ) f · f = 0

is not used here as the bilinearization of (6.30). If such a form appears in another convention, it
must be tied to a different dependent-variable transformation and a different sign convention. For the
logarithmic transformation (6.31), the coupled system (6.28) and (6.29) is the verified form.

One-soliton solution

Let
θ = kx − k5t + δ, E = eθ. (6.34)

Unlike the scalar KdV/SK tau function, the KK one-soliton tau function is not 1 + E. Instead,

f = 1 + E +
1
16

E2. (6.35)

Using (6.31), this yields

u(x, t) =
240
γ

k2
eθ

(
16 + 4eθ + e2θ

)
(
16 + 16eθ + e2θ)2 . (6.36)

Equivalently, the same profile may be written in hyperbolic form as

u(x, t) =
240
γ

k2 4 + 17 cosh θ − 15 sinh θ
(16 + 17 cosh θ − 15 sinh θ)2 . (6.37)

Direct substitution of (6.36) into (6.32) gives zero.
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Two-soliton solution

For two solitons, put

θi = kix − k5
i t + δi, Ei = eθi , i = 1, 2. (6.38)

Define

a12 =
2k4

1 − k2
1k2

2 + 2k4
2

2(k1 + k2)2(k2
1 + k1k2 + k2

2)
, (6.39)

and

b12 =
(k1 − k2)2(k2

1 − k1k2 + k2
2)

16(k1 + k2)2(k2
1 + k1k2 + k2

2)
. (6.40)

The two-soliton tau function is

f = 1 + E1 + E2 +
1
16

E2
1 +

1
16

E2
2 + a12E1E2

+ b12

(
E2

1E2 + E1E2
2

)
+ b2

12E2
1E2

2.
(6.41)

Then,

u(2)(x, t) =
15
γ

(ln f )xx (6.42)

satisfies (6.32).
A direct symbolic check is obtained by replacing

δ1 = log ξ − k1x + k5
1t, δ2 = log η − k2x + k5

2t.

After this substitution, the numerator of the residual of (6.32) vanishes coefficient by coefficient as a
polynomial in ξ and η.

Three-soliton solution

For three solitons, let

θi = kix − k5
i t + δi, Ei = eθi , i = 1, 2, 3. (6.43)

For 1 ≤ i < j ≤ 3, define

ai j =
2k4

i − k2
i k2

j + 2k4
j

2(ki + k j)2(k2
i + kik j + k2

j )
, (6.44)

and

bi j =
(ki − k j)2(k2

i − kik j + k2
j )

16(ki + k j)2(k2
i + kik j + k2

j )
. (6.45)

Furthermore, set

D = 4
∏

1≤i< j≤3

(ki + k j)2(k2
i + kik j + k2

j ). (6.46)
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The coefficient of E1E2E3 is

c123 =
1
D

[
(2k4

1 − k2
1k2

2 + 2k4
2)(k8

3 + k4
1k4

2)

+ (2k4
1 − k2

1k2
3 + 2k4

3)(k8
2 + k4

1k4
3)

+ (2k4
2 − k2

2k2
3 + 2k4

3)(k8
1 + k4

2k4
3)
]

−
1

2D

[
(k2

1 + k2
2)(k4

1 + k4
2)(k6

3 + k2
1k2

2k2
3)

+ (k2
1 + k2

3)(k4
1 + k4

3)(k6
2 + k2

1k2
2k2

3)
+ (k2

2 + k2
3)(k4

2 + k4
3)(k6

1 + k2
1k2

2k2
3)

+ 12k4
1k4

2k4
3

]
.

(6.47)

The full three-soliton tau function is

f = 1 + f (1) + f (2) + f (3) + f (4) + f (5) + f (6). (6.48)

The successive parts are
f (1) = E1 + E2 + E3 (6.49)

f (2) =
1

16

(
E2

1 + E2
2 + E2

3

)
+ a12E1E2 + a13E1E3 + a23E2E3 (6.50)

f (3) = b12

(
E2

1E2 + E1E2
2

)
+ b13

(
E2

1E3 + E1E2
3

)
+ b23

(
E2

2E3 + E2E2
3

)
+ c123E1E2E3,

(6.51)

f (4) = b2
12E2

1E2
2 + b2

13E2
1E2

3 + b2
23E2

2E2
3

+ 16
(
a23b12b13E2

1E2E3 + a13b12b23E1E2
2E3

+ a12b13b23E1E2E2
3

)
,

(6.52)

f (5) = 256b12b13b23

(
b12E2

1E2
2E3 + b13E2

1E2E2
3 + b23E1E2

2E2
3

)
, (6.53)

and
f (6) = 16(16b12b13b23)2E2

1E2
2E2

3. (6.54)

Finally,

u(3)(x, t) =
15
γ

(ln f )xx (6.55)

with f given by (6.48) gives the three-soliton solution of the Kaup–Kupershmidt branch.

Verification and normalization remarks

The one- and two-soliton formulas above have been checked by direct substitution into (6.32). In
the two-soliton case, the residual becomes identically zero after the exponential substitutions

δ1 = log ξ − k1x + k5
1t, δ2 = log η − k2x + k5

2t.
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Equivalently, the numerator of the residual vanishes coefficient by coefficient in ξ and η. The three-
soliton expression is the corresponding terminating perturbative tau polynomial; no nonzero terms
occur beyond f (6).

The restrictions are
ki + k j , 0, k2

i + kik j + k2
j , 0, γ , 0,

for the relevant pairs i < j.

6.4. Lax branch and the auxiliary hierarchy time

The Lax branch is obtained from the coefficient conditions

α =
3

10
γ2, β = 2γ, c =

20
γ
. (6.56)

Then, the potential equation (6.5) becomes

qxt + q6x + 20qxxq4x + 10q2
xxx + 40q3

xx = 0. (6.57)

Equivalently, with

u =
20
γ

(ln f )xx, (6.58)

the physical fifth-order equation is

ut +
3γ2

10
u2ux + 2γuxuxx + γuuxxx + u5x = 0. (6.59)

In terms of f , Eq (6.57) is the homogeneous trilinear equation

0 = f 2( fxt + f6x) − f ( fx ft − 5 fxx f4x + 6 fx f5x)
+ 10( f 3

xx − 2 fx fxx f3x + f 2
x f4x). (6.60)

It is not the same as the single scalar equation

(DxDt + D6
x) f · f = 0.

The accepted bilinear representation introduces the auxiliary KdV hierarchy variable s:

(DxDs + D4
x) f · f = 0, (6.61)

and

(DxDt + D6
x) f · f −

5
3

(D2
s + DsD3

x) f · f = 0. (6.62)

Here, s is not an additional physical variable of the original (x, t)-equation. It is instead the time of the
lower KdV flow. Eliminating s from (6.61) and (6.62) recovers the trilinear form (6.60), and hence,
the Lax potential equation (6.57).
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One- and two-soliton tau functions

Let
Ei = eηi , ηi = kix − k3

i s − k5
i t + δi. (6.63)

The one-soliton tau function is
f = 1 + E1. (6.64)

After setting s = 0, the corresponding physical one-soliton field is

u(1) =
20
γ

(ln f )xx, E1 = ek1 x−k5
1t+δ1 . (6.65)

For two solitons, the hierarchy tau function is

f = 1 + E1 + E2 + A12E1E2, (6.66)

where

A12 =

(
k1 − k2

k1 + k2

)2

. (6.67)

This is the KdV hierarchy interaction coefficient. It is not the Sawada–Kotera/CDG fifth-order scalar
coefficient. Setting s = 0, we obtain

u(2) =
20
γ

(ln f )xx, Ei = eki x−k5
i t+δi , i = 1, 2. (6.68)

Direct substitution gives [
ut +

3γ2

10
u2ux + 2γuxuxx + γuuxxx + u5x

]
u=u(2)

= 0. (6.69)

Verification note

The tau function (6.66) satisfies the two hierarchy bilinear equations (6.61) and (6.62). In the
symbolic check one replaces

δi = log ξi − kix + k3
i s + k5

i t, i = 1, 2,

and both bilinear residuals vanish identically. Setting s = 0 gives the physical fifth-order Lax soliton
field.

7. Nonlinear Schrödinger equation

We now derive the Hirota bilinear form of the cubic nonlinear Schrödinger equation directly from
differential identities. This section is written separately because the NLS equation is not a single-tau
scalar equation of the KdV type. It requires a real tau function f and a complex numerator tau function
g.
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Consider the cubic NLS equation

iut + uxx + 2σ|u|2u = 0, σ = ±1. (7.1)

The case σ = 1 is the focusing NLS equation, while σ = −1 is the defocusing NLS equation. We
introduce

u =
g
f
, ū =

ḡ
f
, (7.2)

where f = f (x, t) is real-valued and g = g(x, t) is complex-valued. The complex conjugate of g is
denoted by ḡ.

7.1. Differential identities for u = g/ f

Because
u =

g
f
,

we have
ut =

gt f − g ft

f 2 =
Dtg · f

f 2 . (7.3)

Next,

D2
xg · f = gxx f − 2gx fx + g fxx. (7.4)

Dividing by f 2 and writing g = u f , gives

D2
xg · f
f 2 = uxx + 2u

(
f fxx − f 2

x

f 2

)
= uxx + 2u(ln f )xx. (7.5)

Also,
D2

x f · f = 2( f fxx − f 2
x ) (7.6)

and hence,
D2

x f · f
2 f 2 = (ln f )xx. (7.7)

7.2. Derivation of the bilinear system

Using (7.3) and (7.5), we obtain

(iDt + D2
x)g · f

f 2 = iut + uxx + 2u(ln f )xx. (7.8)

Thus, the equation
(iDt + D2

x)g · f = 0 (7.9)

is equivalent to
iut + uxx + 2u(ln f )xx = 0. (7.10)
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To recover the NLS equation, we impose

(ln f )xx = σ|u|2. (7.11)

Because
|u|2 = uū =

gḡ
f 2 ,

condition (7.11) becomes
D2

x f · f
2 f 2 = σ

gḡ
f 2 .

Multiplying by 2 f 2, we obtain
D2

x f · f = 2σgḡ. (7.12)

The complex conjugate of (7.9) is
(−iDt + D2

x)ḡ · f = 0. (7.13)

Therefore, a closed bilinear system for NLS is

(iDt + D2
x)g · f = 0,

(−iDt + D2
x)ḡ · f = 0,

D2
x f · f = 2σgḡ.

(7.14)

Conversely, if f , 0 and g, ḡ, f satisfy (7.14), then division by f 2 gives

iut + uxx + 2u(ln f )xx = 0,

while division of the third equation by 2 f 2 gives

(ln f )xx = σ
gḡ
f 2 = σ|u|

2.

Hence,
iut + uxx + 2σ|u|2u = 0.

Thus, (7.14) is equivalent to the NLS equation (7.1) under the transformation (7.2).

7.3. Focusing bright soliton expansion

The zero-background bright solitons correspond to the focusing case

σ = 1.

In this case, the bilinear system becomes

(iDt + D2
x)g · f = 0,

(−iDt + D2
x)ḡ · f = 0,

D2
x f · f = 2gḡ.

(7.15)
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The standard Hirota parity expansion is

g = εg1 + ε
3g3 + ε

5g5 + · · · , ḡ = εḡ1 + ε
3ḡ3 + · · · (7.16)

and
f = 1 + ε2 f2 + ε

4 f4 + · · · . (7.17)

The odd powers occur in g, ḡ, while the even powers occur in f . This already shows why a scalar
one-tau coefficient of the form

A12 = −
P(p1 − p2)
P(p1 + p2)

does not apply directly to NLS.

7.4. One-soliton solution

For one soliton, the expansion truncates as

g = g1, ḡ = ḡ1, f = 1 + f2. (7.18)

Take
g1 = E, ḡ1 = Ē (7.19)

where
E = eη, Ē = eη̄ (7.20)

with
η = px + ip2t + δ, η̄ = qx − iq2t + δ̄. (7.21)

Here, p, q, δ, δ̄ are treated as independent parameters in the algebraic verification. The physical
complex-conjugate reduction is obtained later by imposing

q = p̄, δ̄ = δ.

The first bilinear equation gives

(iDt + D2
x)E · 1 =

(
i(ip2) + p2

)
E = 0.

Similarly,
(−iDt + D2

x)Ē · 1 =
(
−i(−iq2) + q2

)
Ē = 0.

The third bilinear equation at order EĒ gives

D2
x f · f = 2EĒ.

Because
D2

x(1 · f2 + f2 · 1) = 2 f2,xx,

we need
f2,xx = EĒ.
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However,
∂2

x(EĒ) = (p + q)2EĒ.

Therefore,

f2 =
EĒ

(p + q)2 . (7.22)

Setting the bookkeeping parameter equal to one gives the one-soliton tau functions

g = E, ḡ = Ē, f = 1 +
EĒ

(p + q)2 . (7.23)

Therefore,

u(1)(x, t) =
E

1 +
EĒ

(p + q)2

. (7.24)

Equivalently,

ū(1)(x, t) =
Ē

1 +
EĒ

(p + q)2

. (7.25)

For the physical bright soliton, impose

q = p̄, δ̄ = δ,

and write
p = a + ib, a > 0, b ∈ R.

Then,
p + p̄ = 2a,

and the exponential solution (7.24) reduces to the standard sech profile

u(1)(x, t) = a sech(a(x − 2bt − x0)) exp
(
i
[
bx + (a2 − b2)t + ϕ0

])
, (7.26)

where x0 and ϕ0 are real constants.

7.5. Two-soliton solution

For two bright solitons, define

Ei = eηi , Ēi = eη̄i , i = 1, 2 (7.27)

where
ηi = pix + ip2

i t + δi, η̄i = qix − iq2
i t + δ̄i. (7.28)
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Again, pi and qi are kept independent for the algebraic calculation. The physical complex-conjugate
reduction is obtained by taking

qi = p̄i, δ̄i = δi, i = 1, 2.

Define

ai j =
1

(pi + q j)2 , i, j = 1, 2. (7.29)

Next, define

A1122 =
(p1 − p2)2(q1 − q2)2

(p1 + q1)2(p1 + q2)2(p2 + q1)2(p2 + q2)2 . (7.30)

The cubic coefficients in g are

c1 =
(p1 − p2)2

(p1 + q1)2(p2 + q1)2 , c2 =
(p1 − p2)2

(p1 + q2)2(p2 + q2)2 . (7.31)

The cubic coefficients in ḡ are

d1 =
(q1 − q2)2

(p1 + q1)2(p1 + q2)2 , d2 =
(q1 − q2)2

(p2 + q1)2(p2 + q2)2 . (7.32)

The two-soliton tau functions are

f = 1 + a11E1Ē1 + a12E1Ē2 + a21E2Ē1 + a22E2Ē2

+ A1122E1E2Ē1Ē2,
(7.33)

g = E1 + E2 + c1E1E2Ē1 + c2E1E2Ē2, (7.34)

and
ḡ = Ē1 + Ē2 + d1E1Ē1Ē2 + d2E2Ē1Ē2. (7.35)

Hence,

u(2)(x, t) =
g
f
, ū(2)(x, t) =

ḡ
f
. (7.36)

With f , g, ḡ given by (7.33)–(7.35), direct substitution gives

iut + uxx + 2u2ū = 0, (7.37)

and
−iūt + ūxx + 2ū2u = 0. (7.38)

Equivalently, the tau functions satisfy

(iDt + D2
x)g · f = 0,

(−iDt + D2
x)ḡ · f = 0,

D2
x f · f = 2gḡ.

(7.39)
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7.6. Why the scalar A12 formula is not used for NLS

For scalar one-tau equations of the form

P(D) f · f = 0,

the two-soliton coefficient is often obtained from

A12 = −
P(p1 − p2)
P(p1 + p2)

.

This shortcut does not apply directly to NLS because NLS is not represented by a single scalar equation
P(D) f · f = 0. Instead, it has the coupled system

(iDt + D2
x)g · f = 0, (−iDt + D2

x)ḡ · f = 0, D2
x f · f = 2σgḡ.

Therefore, the two-soliton solution must be computed from the coupled Hirota expansion, not from a
single scalar bilinear polynomial. This distinction is essential: the NLS interaction coefficients couple
g, ḡ, and f , and the algebra is determinant-like rather than a single scalar A12 ratio.

7.7. Verification note

For the one-soliton solution, substitution of

δ = log ξ − px − ip2t, δ̄ = log ρ − qx + iq2t

into the residuals gives

iut + uxx + 2u2ū = 0, −iūt + ūxx + 2ū2u = 0.

For the two-soliton solution, the substitutions

δi = log ξi − pix − ip2
i t, δ̄i = log ρi − qix + iq2

i t, i = 1, 2,

turn the residuals into rational expressions whose numerators vanish identically. Thus, the one- and
two-soliton formulae above have been checked directly in the physical NLS equations.

7.8. Remark on the defocusing case

The algebraic bilinear system

(iDt + D2
x)g · f = 0, (−iDt + D2

x)ḡ · f = 0, D2
x f · f = 2σgḡ

is valid for both σ = 1 and σ = −1. However, the zero-background bright-soliton tau functions above
apply to the focusing case σ = 1. The defocusing case σ = −1 naturally supports dark solitons on
a nonzero background, and its Hirota construction uses a background phase together with a modified
tau ansatz. Therefore, the bright-soliton formulae in this section should be read as the focusing, zero-
background case.
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8. Fokas-type bilinear equation: Derivation and normalization

We now treat the multidimensional Fokas-type bilinear equation carefully. The purpose of this
subsection is not to quote a bilinear form but to derive the nonlinear equation associated with it through
differential identities.

Consider the scalar Hirota equation(
4DxDt − D3

xDy + DxD3
y − 6DzDw

)
f · f = 0. (8.1)

Let
q = ln f . (8.2)

We use the identities
DxDt( f · f )

2 f 2 = qxt (8.3)

DzDw( f · f )
2 f 2 = qzw (8.4)

D3
xDy( f · f )

2 f 2 = qxxxy + 6qxxqxy (8.5)

and
DxD3

y( f · f )

2 f 2 = qxyyy + 6qyyqxy. (8.6)

Dividing (8.1) by 2 f 2, we obtain

0 = 4qxt −
(
qxxxy + 6qxxqxy

)
+

(
qxyyy + 6qyyqxy

)
− 6qzw. (8.7)

Therefore, the bilinear equation (8.1) is equivalent to the potential equation

4qxt − qxxxy + qxyyy − 6qzw + 6(qyy − qxx)qxy = 0. (8.8)

This is the equation obtained directly from the Hirota differential identities. No dependent-variable
transformation has been assumed beyond q = ln f .

8.1. Important warning about the field transformation

The equation
4uxt − uxxxy + uxyyy + 6(u2)xy − 6uzw = 0 (8.9)

does not follow from (8.1) by the simple substitution

u = C(ln f )xx = Cqxx.

Indeed, differentiating (8.8) twice with respect to x and setting u = Cqxx produces nonlinear terms of
the form

∂2
x

[
(qyy − qxx)qxy

]
,
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not the term
(u2)xy.

Hence, the statement

u = C(ln f )xx =⇒ 4uxt − uxxxy + uxyyy + 6(u2)xy − 6uzw = 0

is not justified by (8.1). It must be removed unless an additional reduction, change of variables, or
different dependent-variable transformation is explicitly supplied and verified.

Thus, in this paper, the verified statement is the following:

The bilinear equation (8.1) is equivalent to the potential equation (8.8). Any further claim
that it is equivalent to (8.9) requires a separate derivation.

8.2. One-soliton dispersion relation

Let
f = 1 + eη1 , η1 = k1x + ℓ1y + m1z + n1w − ω1t + δ1. (8.10)

For the phase convention containing −ωt, the bilinear polynomial associated with (8.1) is

P(k, ℓ,m, n, ω) = −4kω − k3ℓ + kℓ3 − 6mn. (8.11)

Indeed,
Dteηi · eη j = (−ωi + ω j)eηi+η j ,

so the contribution of 4DxDt is −4kω, not +4kω.
Substitution of f = 1 + eη1 into (8.1) gives

2P(k1, ℓ1,m1, n1, ω1)eη1 = 0. (8.12)

Therefore, the one-soliton dispersion relation is

−4k1ω1 − k3
1ℓ1 + k1ℓ

3
1 − 6m1n1 = 0. (8.13)

Equivalently, for k1 , 0,

ω1 =
−k3

1ℓ1 + k1ℓ
3
1 − 6m1n1

4k1
. (8.14)

8.3. Two-soliton coefficient

For two solitons, take
f = 1 + eη1 + eη2 + A12eη1+η2 (8.15)

where
ηi = kix + ℓiy + miz + niw − ωit + δi, i = 1, 2. (8.16)

The full spectral vector is
pi = (ki, ℓi,mi, ni, ωi). (8.17)
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The coefficient of eηi gives
P(pi) = 0, i = 1, 2. (8.18)

The coefficient of eη1+η2 comes from

eη1 · eη2 , 1 · A12eη1+η2 .

Hence,
P(p1 − p2) + A12P(p1 + p2) = 0. (8.19)

Solving for A12, we obtain

A12 = −
P(p1 − p2)
P(p1 + p2)

. (8.20)

Explicitly,

A12 = −
P(k1 − k2, ℓ1 − ℓ2,m1 − m2, n1 − n2, ω1 − ω2)
P(k1 + k2, ℓ1 + ℓ2,m1 + m2, n1 + n2, ω1 + ω2)

, (8.21)

where P is the polynomial in (8.11).

9. Boussinesq family

We now treat the Boussinesq family in a way that avoids normalization ambiguities. The same
scalar bilinear operator may correspond to different nonlinear coefficients depending on the logarithmic
transformation.

9.1. Scalar bilinear equation

Consider the scalar Hirota equation

(D2
t + aD2

x + bD4
x) f · f = 0, (9.1)

where a and b are constants. Let
q = ln f . (9.2)

The required identities are
D2

t ( f · f )
2 f 2 = qtt,

D2
x( f · f )
2 f 2 = qxx (9.3)

and
D4

x( f · f )
2 f 2 = q4x + 6q2

xx. (9.4)

Dividing (9.1) by 2 f 2, we obtain

qtt + aqxx + bq4x + 6bq2
xx = 0. (9.5)

This is the potential Boussinesq equation associated with (9.1).
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9.2. Recovering the nonlinear Boussinesq equation

Introduce
u = λqxx = λ(ln f )xx, (9.6)

where λ , 0. Applying λ∂2
x to (9.5) gives

utt + auxx + bu4x +
6b
λ

(u2)xx = 0. (9.7)

Thus, if the PDE is written as

utt + Auxx + Bu4x +C(u2)xx = 0, (9.8)

then it is generated by
(D2

t + AD2
x + BD4

x) f · f = 0, (9.9)

with

u =
6B
C

(ln f )xx, BC , 0. (9.10)

In the common normalization C = 3, this becomes

u = 2B(ln f )xx, (9.11)

and the PDE is
utt + Auxx + Bu4x + 3(u2)xx = 0. (9.12)

9.3. Normalization table

The following table records common Boussinesq conventions. The transform must be matched to
the coefficient of (u2)xx.

Nonlinear PDE Bilinear equation Transform
utt − uxx − u4x − (u2)xx = 0 (D2

t − D2
x − D4

x) f · f = 0 u = 6(ln f )xx

utt − uxx − u4x − 3(u2)xx = 0 (D2
t − D2

x − D4
x) f · f = 0 u = 2(ln f )xx

utt + u4x + 3(u2)xx = 0 (D2
t + D4

x) f · f = 0 u = 2(ln f )xx

utt + Auxx + Bu4x +C(u2)xx = 0 (D2
t + AD2

x + BD4
x) f · f = 0 u =

6B
C

(ln f )xx

9.4. Equivalent homogeneous form

Expanding the bilinear equation gives

0 =
1
2

(D2
t + aD2

x + bD4
x) f · f

= f ( ftt + a fxx + b f4x) − f 2
t − a f 2

x + b(3 f 2
xx − 4 fx f3x). (9.13)

Equivalently,
f ( ftt + a fxx + b f4x) − f 2

t − a f 2
x + b(3 f 2

xx − 4 fx f3x) = 0. (9.14)
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9.5. Linear dispersion relation

Let
f = 1 + εeθ + · · · , θ = kx − ωt + δ. (9.15)

The corresponding Hirota polynomial is

P(k, ω) = ω2 + ak2 + bk4. (9.16)

Therefore, the dispersion relation is

ω2 + ak2 + bk4 = 0. (9.17)

9.6. One-soliton solution

Let
θ1 = k1x − ω1t + δ1, E1 = eθ1 (9.18)

where
ω2

1 + ak2
1 + bk4

1 = 0. (9.19)

Then,
f = 1 + E1 (9.20)

satisfies (9.1). In the normalization u = 2b(ln f )xx, the corresponding field is

u(1)(x, t) = 2b(ln f )xx =
bk2

1

2
sech2

(
k1x − ω1t + δ1

2

)
. (9.21)

9.7. Two-soliton solution

For two solitons, set,

θi = kix − ωit + δi, Ei = eθi , i = 1, 2 (9.22)

with
ω2

i + ak2
i + bk4

i = 0, i = 1, 2. (9.23)

The two-soliton tau function has the scalar form

f = 1 + E1 + E2 + A12E1E2. (9.24)

Because (9.1) is a scalar one-tau equation, the interaction coefficient is

A12 = −
P(k1 − k2, ω1 − ω2)
P(k1 + k2, ω1 + ω2)

. (9.25)

Thus,

A12 = −
(ω1 − ω2)2 + a(k1 − k2)2 + b(k1 − k2)4

(ω1 + ω2)2 + a(k1 + k2)2 + b(k1 + k2)4 . (9.26)

In the normalization u = 2b(ln f )xx, the two-soliton solution is

u(2)(x, t) = 2b(ln f )xx, (9.27)

with f given by (9.24). A direct symbolic check gives zero after imposing the two dispersion relations
(9.17).
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10. Sine–Gordon

We now derive the Hirota form of the sine–Gordon equation directly from differential identities.
This equation is fundamentally different from KdV, KP, and Boussinesq scalar one-tau equations. It is
naturally written with two real tau functions f and g.

Consider the normalized sine–Gordon family

ϕxt = κ sin ϕ, (10.1)

where κ , 0 is a real constant. The standard sine–Gordon equation corresponds to κ = 1. The sign of
κ may be changed by reversing one light-cone variable.

We introduce the tau transformation

ϕ = 4 arctan
(

g
f

)
, (10.2)

where f = f (x, t) and g = g(x, t) are real tau functions. Define

z =
g
f
. (10.3)

Then,

ϕ = 4 arctan z. (10.4)

10.1. Elementary identities

We first compute ϕxt and sin ϕ in terms of z.
Because

ϕx =
4zx

1 + z2 ,

we obtain

ϕxt = 4
(1 + z2)zxt − 2zzxzt

(1 + z2)2 . (10.5)

Also,

sin(4 arctan z) =
4z(1 − z2)
(1 + z2)2 . (10.6)

Therefore, ϕxt = κ sin ϕ is equivalent to

(1 + z2)zxt − 2zzxzt = κz(1 − z2). (10.7)

Thus, our task is to rewrite (10.7) in bilinear form.
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10.2. Differential identities for z = g/ f

Let
z =

g
f
.

The first required identity is
DxDt(g · f )

f 2 = zxt + 2z(ln f )xt. (10.8)

Indeed, since g = z f , we have

gx = zx f + z fx, gt = zt f + z ft,

and
gxt = zxt f + zx ft + zt fx + z fxt.

Hence,

DxDt(g · f ) = gxt f − gx ft − gt fx + g fxt

= f 2zxt + 2z f fxt − 2z fx ft

= f 2 [
zxt + 2z(ln f )xt

]
. (10.9)

Next,
DxDt( f · f ) = 2( f fxt − fx ft) (10.10)

and therefore,
DxDt( f · f )

2 f 2 = (ln f )xt. (10.11)

We also need DxDt(g · g). Because g = z f ,

ggxt − gxgt = f 2
[
zzxt − zxzt + z2(ln f )xt

]
. (10.12)

Thus,
DxDt(g · g)

2 f 2 = zzxt − zxzt + z2(ln f )xt. (10.13)

Combining (10.11) and (10.13), we obtain

DxDt( f · f − g · g)
2 f 2 = (1 − z2)(ln f )xt − zzxt + zxzt. (10.14)

10.3. Derivation of the bilinear system

We now impose the first bilinear equation

(DxDt − κ)g · f = 0. (10.15)

Using (10.8), Eq (10.15) becomes
zxt + 2z(ln f )xt = κz. (10.16)
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Therefore,

(ln f )xt =
κz − zxt

2z
. (10.17)

Now, impose the second bilinear equation

DxDt( f · f − g · g) = 0. (10.18)

Using (10.14), this gives

(1 − z2)(ln f )xt − zzxt + zxzt = 0. (10.19)

Substituting (10.17) into (10.19), we get

(1 − z2)
κz − zxt

2z
− zzxt + zxzt = 0. (10.20)

Multiplying by 2z,

(1 − z2)(κz − zxt) − 2z2zxt + 2zzxzt = 0. (10.21)

Expanding,

κz(1 − z2) − (1 − z2)zxt − 2z2zxt + 2zzxzt = 0. (10.22)

Because

−(1 − z2)zxt − 2z2zxt = −(1 + z2)zxt,

we obtain

κz(1 − z2) − (1 + z2)zxt + 2zzxzt = 0. (10.23)

Equivalently,

(1 + z2)zxt − 2zzxzt = κz(1 − z2). (10.24)

This is exactly (10.7). Hence, using ϕ = 4 arctan z, we recover

ϕxt = κ sin ϕ.

Therefore, the sine–Gordon family (10.1) is equivalent to the bilinear system

(DxDt − κ)g · f = 0,

DxDt( f · f − g · g) = 0,
(10.25)

with

ϕ = 4 arctan
(

g
f

)
.
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10.4. Reverse verification

Conversely, suppose f and g satisfy (10.25), with f , 0, and define

z =
g
f
, ϕ = 4 arctan z.

The first bilinear equation gives
zxt + 2z(ln f )xt = κz.

The second gives
(1 − z2)(ln f )xt − zzxt + zxzt = 0.

Eliminating (ln f )xt yields
(1 + z2)zxt − 2zzxzt = κz(1 − z2).

Using

ϕxt = 4
(1 + z2)zxt − 2zzxzt

(1 + z2)2

and

sin ϕ =
4z(1 − z2)
(1 + z2)2 ,

we obtain
ϕxt = κ sin ϕ.

Thus, the bilinear system is exactly equivalent to the sine–Gordon family.

10.5. One-kink solution

Let
f = 1, g = eη, η = kx + Ωt + δ. (10.26)

The first bilinear equation gives

(DxDt − κ)eη · 1 = (kΩ − κ)eη = 0. (10.27)

Thus, the dispersion relation is
kΩ = κ. (10.28)

The second bilinear equation is automatically satisfied because

DxDt(1 · 1) = 0, DxDt(eη · eη) = 0.

Therefore,

ϕ(x, t) = 4 arctan
(
ekx+ κk t+δ

)
(10.29)

is a one-kink solution of
ϕxt = κ sin ϕ.

Changing g to −g produces the antikink.
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10.6. Two-soliton construction

For two sine–Gordon solitons, the tau functions have even–odd structure:

g = s1E1 + s2E2, f = 1 − s1s2A12E1E2, (10.30)

where
Ei = eηi , ηi = kix + Ωit + δi, kiΩi = κ,

and
si = ±1.

The signs si encode kink or antikink orientation.
We now derive A12. The first bilinear equation is

(DxDt − κ)g · f = 0.

The terms Ei · 1 vanish because kiΩi = κ. The terms Ei · E1E2 also vanish. For example,

DxDtE1 · (E1E2) = (k1 − k1 − k2)(Ω1 −Ω1 −Ω2)E2
1E2 = k2Ω2E2

1E2 = κE2
1E2.

Hence,
(DxDt − κ)E1 · (E1E2) = 0.

The same argument applies to E2 · (E1E2). Thus, the first bilinear equation imposes only one-soliton
dispersions.

Now, use the second bilinear equation

DxDt( f · f − g · g) = 0.

The coefficient of E1E2 in DxDt( f · f ) is

−2s1s2A12(k1 + k2)(Ω1 + Ω2)E1E2.

The coefficient of E1E2 in DxDt(g · g) is

2s1s2(k1 − k2)(Ω1 −Ω2)E1E2.

Therefore, the coefficient of E1E2 in DxDt( f · f − g · g) is

−2s1s2 [A12(k1 + k2)(Ω1 + Ω2) + (k1 − k2)(Ω1 −Ω2)] E1E2.

Thus,

A12 = −
(k1 − k2)(Ω1 −Ω2)
(k1 + k2)(Ω1 + Ω2)

. (10.31)

Using
Ωi =

κ

ki
,

AIMS Mathematics Volume 11, Issue 8, 24582–24649.



24628

we get

Ω1 −Ω2 = κ

(
1
k1
−

1
k2

)
= −κ

k1 − k2

k1k2
,

and

Ω1 + Ω2 = κ

(
1
k1
+

1
k2

)
= κ

k1 + k2

k1k2
.

Therefore,

A12 =

(
k1 − k2

k1 + k2

)2

. (10.32)

Thus, the two-soliton tau functions are

g = s1eη1 + s2eη2 , f = 1 − s1s2

(
k1 − k2

k1 + k2

)2

eη1+η2 . (10.33)

The associated field is

ϕ = 4 arctan
(

g
f

)
. (10.34)

10.7. Comments on soliton polarity

If s1s2 = 1, the two objects have the same polarity, and

f = 1 − A12E1E2.

If s1s2 = −1, the pair is a kink–antikink configuration, and

f = 1 + A12E1E2.

Complex conjugate choices of ki and δi yield breather-type solutions. These follow from the same tau
structure after imposing reality of ϕ.

10.8. Why the scalar A12 formula is not used

The sine–Gordon equation is not represented by a single scalar equation

P(D) f · f = 0.

It is instead represented by the coupled system

(DxDt − κ)g · f = 0, DxDt( f · f − g · g) = 0.

Therefore, the usual scalar shortcut

A12 = −
P(p1 − p2)
P(p1 + p2)

does not apply directly. The interaction coefficient

A12 =

(
k1 − k2

k1 + k2

)2

must be derived from the coupled equations, as done above.
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11. Manakov system

We consider the two-component Manakov system

iu1,t + u1,xx + 2σ
(
|u1|

2 + |u2|
2
)

u1 = 0, (11.1)

iu2,t + u2,xx + 2σ
(
|u1|

2 + |u2|
2
)

u2 = 0, (11.2)

where
σ = ±1.

The case σ = 1 is the focusing Manakov system, while σ = −1 is the defocusing Manakov system.
The Manakov system is not represented by one scalar tau equation

P(D) f · f = 0.

Instead, it requires one real tau function f and two complex numerator tau functions g1, g2. We
introduce

u j =
g j

f
, ū j =

ḡ j

f
, j = 1, 2, (11.3)

where
f = f̄ , g j ∈ C.

11.1. Differential identities

Let
u j =

g j

f
, q = ln f .

Because g j = u j f , we compute the Hirota identities component by component. First,

Dtg j · f = g j,t f − g j ft. (11.4)

Using g j,t = u j,t f + u j ft, we obtain

Dtg j · f = (u j,t f + u j ft) f − u j f ft

= f 2u j,t. (11.5)

Thus,
Dtg j · f

f 2 = u j,t. (11.6)

Next,
D2

xg j · f = g j,xx f − 2g j,x fx + g j fxx. (11.7)

Because
g j,x = u j,x f + u j fx, g j,xx = u j,xx f + 2u j,x fx + u j fxx,
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substitution gives

D2
xg j · f = (u j,xx f + 2u j,x fx + u j fxx) f

− 2(u j,x f + u j fx) fx + u j f fxx

= f 2u j,xx + 2u j( f fxx − f 2
x ). (11.8)

Because f fxx − f 2
x = f 2(ln f )xx = f 2qxx,

D2
xg j · f

f 2 = u j,xx + 2qxxu j. (11.9)

Finally,
D2

x f · f = 2( f fxx − f 2
x ) (11.10)

and therefore,
D2

x f · f
2 f 2 = qxx. (11.11)

11.2. Derivation of the bilinear system

Using (11.6) and (11.9), we get

(iDt + D2
x)g j · f

f 2 = iu j,t + u j,xx + 2qxxu j. (11.12)

The Manakov system requires

iu j,t + u j,xx + 2σ
(
|u1|

2 + |u2|
2
)

u j = 0, j = 1, 2. (11.13)

Thus, we need
qxx = σ

(
|u1|

2 + |u2|
2
)
. (11.14)

Because
|u1|

2 + |u2|
2 =

g1ḡ1 + g2ḡ2

f 2 ,

condition (11.14) becomes

qxx = σ
g1ḡ1 + g2ḡ2

f 2 . (11.15)

Using (11.11), this is equivalent to

D2
x f · f = 2σ (g1ḡ1 + g2ḡ2) . (11.16)

Therefore, the closed Hirota bilinear system is

(iDt + D2
x)g1 · f = 0,

(iDt + D2
x)g2 · f = 0,

(−iDt + D2
x)ḡ1 · f = 0,

(−iDt + D2
x)ḡ2 · f = 0,
D2

x f · f = 2σ (g1ḡ1 + g2ḡ2) .

(11.17)
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11.3. Reverse verification

Assume that f , g1, g2, ḡ1, ḡ2 satisfy (11.17), with f , 0, and define

u j =
g j

f
, ū j =

ḡ j

f
, j = 1, 2.

Dividing the first two bilinear equations by f 2 and using (11.12), gives

iu j,t + u j,xx + 2qxxu j = 0, j = 1, 2. (11.18)

Dividing the fifth bilinear equation by 2 f 2 and using (11.11), gives

qxx = σ
g1ḡ1 + g2ḡ2

f 2 = σ
(
|u1|

2 + |u2|
2
)
. (11.19)

Substituting (11.19) into (11.18) yields the Manakov system. Thus, the bilinear system is equivalent to
the PDE under the transformation (11.3).

11.4. Focusing bright one-soliton solution

We now take σ = 1. Let
E = eη, Ē = eη̄ (11.20)

where
η = px + ip2t + δ, η̄ = qx − iq2t + δ̄. (11.21)

For the algebraic calculation, p, q, δ, δ̄ are kept independent. The physical reduction is imposed later
by taking

q = p̄, δ̄ = δ.

Let α(1), α(2) be the polarization constants in g1, g2, and let β(1), β(2) be the corresponding constants in
ḡ1, ḡ2. Define

S = α(1)β(1) + α(2)β(2). (11.22)

Then, the one-soliton tau functions are

g1 = α
(1)E, g2 = α

(2)E, (11.23)

ḡ1 = β
(1)Ē, ḡ2 = β

(2)Ē, (11.24)

and

f = 1 +
S

(p + q)2 EĒ. (11.25)

Therefore,

u(1)
j (x, t) =

α( j)E

1 +
S

(p + q)2 EĒ
, j = 1, 2. (11.26)

For the physical bright soliton, impose

q = p̄, δ̄ = δ, β( j) = α( j), j = 1, 2. (11.27)

Then, S = |α(1)|2 + |α(2)|2.
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11.5. Real amplitude form of the one-soliton

Write
p = a + ib, a > 0, b ∈ R. (11.28)

Let η = ηR + iηI . From η = px + ip2t + δ, we obtain

ηR = ax − 2ab t + δR (11.29)

and
ηI = bx + (a2 − b2)t + δI . (11.30)

Under the physical reduction,

p + p̄ = 2a, S = |α(1)|2 + |α(2)|2.

Define
eR =

S
4a2 , Θ = ηR +

R
2
. (11.31)

Then,
u(1)

j (x, t) = ac j sechΘ eiηI , j = 1, 2, (11.32)

where

c j =
α( j)

√
S
, |c1|

2 + |c2|
2 = 1. (11.33)

Thus, the focusing Manakov bright one-soliton is a scalar bright envelope shared by two components
through a constant polarization vector (c1, c2).

11.6. Focusing bright two-soliton solution

For two bright solitons, define

Ei = eηi , Ēi = eη̄i , i = 1, 2 (11.34)

where
ηi = pix + ip2

i t + δi, η̄i = qix − iq2
i t + δ̄i. (11.35)

Again, pi, qi, δi, δ̄i are treated as independent parameters during the algebraic verification. Let the
polarization vectors be

αi = (α(1)
i , α(2)

i ), βi = (β(1)
i , β(2)

i ), i = 1, 2.

Define the contractions
S i j = α

(1)
i β(1)

j + α
(2)
i β(2)

j , i, j = 1, 2 (11.36)

and

Ki j = pi + q j, Fi j =
S i j

K2
i j

, i, j = 1, 2. (11.37)
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Let
∆p = p1 − p2, ∆q = q1 − q2.

The denominator tau function is

f = 1 + F11E1Ē1 + F12E1Ē2 + F21E2Ē1 + F22E2Ē2

+ F1122E1E2Ē1Ē2.
(11.38)

The numerator tau functions are

gr = α
(r)
1 E1 + α

(r)
2 E2 +Cr1E1E2Ē1 +Cr2E1E2Ē2, r = 1, 2, (11.39)

and
ḡr = β

(r)
1 Ē1 + β

(r)
2 Ē2 + Dr1E1Ē1Ē2 + Dr2E2Ē1Ē2, r = 1, 2. (11.40)

The cubic coefficients in gr are

Cr1 = ∆p

α(r)
1 S 21

K11K2
21

−
α(r)

2 S 11

K2
11K21

 , r = 1, 2, (11.41)

and

Cr2 = ∆p

α(r)
1 S 22

K12K2
22

−
α(r)

2 S 12

K2
12K22

 , r = 1, 2. (11.42)

The cubic coefficients in ḡr are

Dr1 = ∆q

 β(r)
1 S 12

K11K2
12

−
β(r)

2 S 11

K2
11K12

 , r = 1, 2, (11.43)

and

Dr2 = ∆q

 β(r)
1 S 22

K21K2
22

−
β(r)

2 S 21

K2
21K22

 , r = 1, 2. (11.44)

It remains to define F1122. Set
K = p1 + p2 + q1 + q2. (11.45)

Define
H = (K11 − K22)2F11F22 + (K12 − K21)2F12F21, (11.46)

and

R =
2∑

r=1

(
α(r)

1 Dr2 + α
(r)
2 Dr1 +Cr1β

(r)
2 +Cr2β

(r)
1

)
. (11.47)

Then,

F1122 =
R − H

K2 . (11.48)
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Finally, the focusing Manakov two-soliton solution is

u(2)
r (x, t) =

gr

f
, r = 1, 2, (11.49)

where f , gr, ḡr are given by (11.38)–(11.48). For the physical complex-conjugate reduction, take

qi = p̄i, δ̄i = δi, β(r)
i = α

(r)
i , i, r = 1, 2. (11.50)

11.7. Verification note

The one-soliton tau functions satisfy

(iDt + D2
x)gr · f = 0, (−iDt + D2

x)ḡr · f = 0, r = 1, 2,

and
D2

x f · f = 2(g1ḡ1 + g2ḡ2).

The two-soliton tau functions were verified symbolically in the same bilinear system. The phase shifts
were replaced by

δi = log ξi − pix − ip2
i t, δ̄i = log ρi − qix + iq2

i t, i = 1, 2. (11.51)

After this substitution, the five bilinear residuals become rational functions in ξ1, ξ2, ρ1, ρ2, and every
numerator coefficient vanishes. Therefore, the fields ur = gr/ f , r = 1, 2, solve the focusing Manakov
system

iur,t + ur,xx + 2
(
|u1|

2 + |u2|
2
)

ur = 0, r = 1, 2.

11.8. Remark on the defocusing case

The bilinear system

(iDt + D2
x)gr · f = 0, (−iDt + D2

x)ḡr · f = 0, r = 1, 2,

and
D2

x f · f = 2σ(g1ḡ1 + g2ḡ2)

is valid algebraically for σ = ±1. However, the zero-background bright tau functions above correspond
to the focusing case σ = 1. The defocusing case σ = −1 requires a nonzero-background dark-soliton
construction and is not obtained by merely changing the sign in these bright tau functions.

11.9. Why the scalar interaction formula is not applicable

The scalar formula
A12 = −

P(p1 − p2)
P(p1 + p2)

(11.52)

applies to scalar one-tau bilinear equations P(D) f · f = 0. The Manakov system is not of this form.
Its Hirota representation is a coupled vector system, and the two-soliton coefficients depend on the
polarization contractions

S i j = α
(1)
i β(1)

j + α
(2)
i β(2)

j .

Therefore, the scalar A12-shortcut is not valid for the Manakov system.
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11.10. Remark on seventh-order KdV equations

The phrase “seventh-order KdV equation” is not unique. In general, one may consider the family

ut + au3ux + bu3
x + cuuxuxx + du2uxxx + αuxxuxxx + βuxuxxxx + γuuxxxxx + uxxxxxxx = 0. (11.53)

Only special choices of the parameters lead to soliton equations.
Classical seventh-order integrable cases include the seventh-order Sawada–Kotera–Itô equation, the

seventh-order Lax equation, and the seventh-order Kaup–Kupershmidt equation. These equations pass
the multisoliton test and admit N-soliton solutions.

However, there also exists a scalar Hirota-bilinear seventh-order KdV-type equation generated by

(DxDt + D8
x) f · f = 0, (11.54)

with
u = 2(ln f )xx. (11.55)

This equation has one- and two-soliton solutions, but it does not necessarily belong to the fully
integrable KdV hierarchy because it fails the three-soliton test.

For the scalar bilinear equation (11.54), the one-soliton phase is

ηi = kix − k7
i t + δi, i = 1, 2 (11.56)

and the two-soliton tau function is

f = 1 + eη1 + eη2 + A12eη1+η2 (11.57)

where

A12 =
(k1 − k2)2(k2

1 − k1k2 + k2
2)2

(k1 + k2)2(k2
1 + k1k2 + k2

2)2
. (11.58)

Therefore,

u(x, t) = 2∂2
x ln

[
1 + eη1 + eη2 +

(k1 − k2)2(k2
1 − k1k2 + k2

2)2

(k1 + k2)2(k2
1 + k1k2 + k2

2)2
eη1+η2

]
. (11.59)

More generally, the scalar bilinear equation

(DxDt + pD4
x + qD6

x + D8
x) f · f = 0 (11.60)

has the dispersion relation

ωi = pk3
i + qk5

i + k7
i , ηi = kix − ωit + δi. (11.61)

The corresponding scalar two-soliton coefficient is

A12 =
(k1 − k2)2

[
7k4

1 − 14k3
1k2 + 21k2

1k2
2 − 14k1k3

2 + 7k4
2 + 5q(k2

1 − k1k2 + k2
2) + 3p

]
(k1 + k2)2

[
7k4

1 + 14k3
1k2 + 21k2

1k2
2 + 14k1k3

2 + 7k4
2 + 5q(k2

1 + k1k2 + k2
2) + 3p

] . (11.62)

Thus, the correct conclusion is the following. Some seventh-order KdV equations are fully
integrable and admit N-soliton solutions. Other seventh-order KdV-type equations are bilinearizable
in a scalar Hirota form and admit one- and two-soliton solutions, but they may fail the three-soliton
test. Therefore, for KdV7, one must distinguish between the following:
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1) the integrable seventh-order KdV hierarchy members;

2) scalar bilinear seventh-order KdV-type equations with two solitons;

3) generalized seventh-order KdV equations that admit only special traveling-wave or restricted
soliton solutions.

12. Fractional clock variants and one-soliton solutions

We close the paper with a fractional-clock extension of the one-soliton solutions considered above.
The construction is not the standard Caputo replacement. It is instead a natural time-clock
reparametrization. Namely, every classical solution written in an evolution variable T is converted
into a clock-fractional solution by replacing

T 7−→ Θα(t), Θα(t) =
tα

Γ(1 + α)
, 0 < α ≤ 1. (12.1)

12.1. Clock derivative and chain rule

Define the clock derivative by

Dα
t F(t) =

1
Θ′α(t)

dF
dt
. (12.2)

Because

Θ′α(t) =
tα−1

Γ(α)
(12.3)

we may also write

Dα
t F(t) = Γ(α)t1−αdF

dt
. (12.4)

If
F(t) = F̂(Θα(t)) (12.5)

then
dF
dt
= F̂T (Θα(t))Θ′α(t). (12.6)

Therefore,

Dα
t F(t) = F̂T (Θα(t)). (12.7)

This identity is the basis of all formulae in this section.

Important distinction. The operator Dα
t is a local derivative with respect to the clock T = Θα(t).

It is not the standard Caputo derivative. Hence, the formulae below are exact for the clock-fractional
equations written withDα

t . For a nonlocal Caputo equation, the same expressions must be checked by
direct residual substitution.
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12.2. Master reparametrization principle

Let U(x,T ) solve a classical evolution equation

UT = K[U] (12.8)

where K contains only spatial derivatives, shifts, lattice operators, or algebraic nonlinearities. Define

u(x, t) = U(x,Θα(t)). (12.9)

Using (12.7), one gets

Dα
t u(x, t) = UT (x,Θα(t)) = K[U](x,Θα(t)) = K[u](x, t). (12.10)

Therefore, u solves
Dα

t u = K[u]. (12.11)

Equivalently, every classical one-soliton phase

η = kx − ωT + δ (12.12)

becomes
ηα = kx − ωΘα(t) + δ. (12.13)

12.3. KdV equation

The clock-fractional KdV equation is

Dα
t u + 6uux + uxxx = 0. (12.14)

The one-soliton phase is
ηα = kx − k3Θα(t) + δ. (12.15)

With
f = 1 + exp(ηα) (12.16)

and
u = 2(ln f )xx (12.17)

one obtains

u(x, t) =
k2

2
sech2

(
kx − k3Θα(t) + δ

2

)
. (12.18)

12.4. Modified KdV equation

For the positive-sign modified KdV equation, the clock-fractional model is

Dα
t u + uxxx + 6u2ux = 0. (12.19)
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The one-soliton tau functions are

g = exp(ηα), f = 1 +
exp(2ηα)

4k2 (12.20)

where
ηα = kx − k3Θα(t) + δ. (12.21)

Therefore,

u(x, t) =
g
f
= k sech

(
kx − k3Θα(t) + δ − ln(2k)

)
. (12.22)

12.5. Normalized Gardner equation

The normalized Gardner equation is

UT + ∂X

(
UXX + 6µU2 + 2U3

)
= 0. (12.23)

The clock-fractional version is

Dα
t U + ∂x

(
Uxx + 6µU2 + 2U3

)
= 0. (12.24)

Using the shift relation
W = U + µ (12.25)

and the transport variable
Y = x + 6µ2T (12.26)

a one-soliton solution is obtained from the mKdV one-soliton. After replacing T by Θα(t), we obtain

U(x, t) = k sech
(
kx +

(
6kµ2 − k3

)
Θα(t) + δ − ln(2k)

)
− µ. (12.27)

12.6. General Gardner equation

Consider the clock-fractional Gardner equation

Dα
t v + avvx + bv2vx + vxxx = 0. (12.28)

Let U(X,T ) solve the normalized Gardner equation. Define

v(x, t) = pU(qx, rΘα(t)). (12.29)

Then, v solves (12.28) provided

r = q3, ap = 12µq2, bp2 = 6q2. (12.30)

One convenient branch is

p =
a

2bµ
, q = −

a

2
√

6
√

b µ
, r = −

a3

48
√

6 b3/2µ3
. (12.31)

Therefore,

v(x, t) =
a

2bµ
U

− ax

2
√

6
√

b µ
,−

a3Θα(t)

48
√

6 b3/2µ3

 (12.32)

solves (12.28). Inserting (12.27) gives the corresponding one-soliton member of the general Gardner
family.
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12.7. Sawada–Kotera/CDG branch

For the Sawada–Kotera/CDG branch,

α5 =
γ2

5
, β5 = γ, u =

30
γ

(ln f )xx (12.33)

the scalar bilinear equation is

(DxDT + D6
x) f · f = 0. (12.34)

The one-soliton phase is

ηα = kx − k5Θα(t) + δ. (12.35)

With

f = 1 + exp(ηα) (12.36)

we obtain

u(x, t) =
30
γ
∂2

x ln f =
15k2

2γ
sech2

(
ηα
2

)
. (12.37)

12.8. Kaup–Kupershmidt branch

For the Kaup–Kupershmidt branch,

α5 =
γ2

5
, β5 =

5γ
2
, u =

15
γ

(ln f )xx, (12.38)

the bilinearization is coupled:

D4
x( f · f ) − 4 f g = 0 (12.39)(

DxDT +
1

16
D6

x

)
f · f +

15
4

D2
x( f · g) = 0. (12.40)

For one soliton,

ηα = kx − k5Θα(t) + δ, f = 1 + exp(ηα). (12.41)

Hence,

u(x, t) =
15
γ
∂2

x ln f =
15k2

4γ
sech2

(
ηα
2

)
. (12.42)

The auxiliary tau function is determined by

g =
D4

x( f · f )
4 f

. (12.43)
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12.9. Lax fifth-order branch

For the Lax fifth-order branch,

α5 =
3γ2

10
, β5 = 2γ, u =

20
γ

(ln f )xx, (12.44)

the hierarchy bilinearization is
(DxDs + D4

x) f · f = 0 (12.45)

(DxDT + D6
x) f · f −

5
3

(
D2

s + DsD3
x

)
f · f = 0. (12.46)

A one-soliton hierarchy phase is

ηα = kx − k3s − k5Θα(t) + δ. (12.47)

For a fixed hierarchy time s = 0, this reduces to

ηα = kx − k5Θα(t) + δ. (12.48)

With
f = 1 + exp(ηα) (12.49)

one obtains

u(x, t) =
20
γ
∂2

x ln f =
5k2

γ
sech2

(
ηα
2

)
. (12.50)

12.10. Scalar seventh-order KdV-type equation

Consider
(DxDT + pD4

x + qD6
x + D8

x) f · f = 0, u = 2(ln f )xx. (12.51)

The one-soliton phase is
ηα = kx − ω(k)Θα(t) + δ (12.52)

where
ω(k) = pk3 + qk5 + k7. (12.53)

Thus,
f = 1 + exp(ηα) (12.54)

and

u(x, t) =
k2

2
sech2

(
ηα
2

)
. (12.55)

This is a clock-fractional one-soliton of the scalar seventh-order KdV-type equation. It does not by
itself prove complete integrability.
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12.11. KP equation

The clock-fractional KP equation in the normalization used in this paper is

(
Dα

t u + 6uux + uxxx
)

x + 3σ2uyy = 0. (12.56)

Let
u = 2(ln f )xx. (12.57)

The one-soliton phase is
ηα = kx + ℓy − ωΘα(t) + δ (12.58)

where

ω = k3 +
3σ2ℓ2

k
, k , 0. (12.59)

Thus,
f = 1 + exp(ηα) (12.60)

and

u(x, y, t) =
k2

2
sech2

(
ηα
2

)
. (12.61)

12.12. Boussinesq family

Consider the Boussinesq family

uTT + Auxx + Bu4x +C(u2)xx = 0. (12.62)

The clock-fractional version is

(Dα
t )2u + Auxx + Bu4x +C(u2)xx = 0. (12.63)

The tau transformation is

u =
6B
C

(ln f )xx. (12.64)

The one-soliton phase is
ηα = kx − ωΘα(t) + δ (12.65)

with
ω2 + Ak2 + Bk4 = 0. (12.66)

Thus,
f = 1 + exp(ηα) (12.67)

and

u(x, t) =
3Bk2

2C
sech2

(
ηα
2

)
. (12.68)
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12.13. Fokas (4 + 1)-dimensional equation

For the Fokas-type bilinear equation

(4DxDT − D3
xDy + DxD3

y − 6DzDw) f · f = 0 (12.69)

let
q = ln f . (12.70)

The one-soliton phase is
ηα = kx + ℓy + mz + nw − ωΘα(t) + δ. (12.71)

The dispersion polynomial is

P(k, ℓ,m, n, ω) = −4kω − k3ℓ + kℓ3 − 6mn. (12.72)

Hence,

ω =
−k3ℓ + kℓ3 − 6mn

4k
, k , 0. (12.73)

The potential one-soliton is
q(x, y, z,w, t) = ln

(
1 + exp(ηα)

)
. (12.74)

It solves the clock-fractional potential equation obtained from

4qxT − qxxxy + qxyyy − 6qzw + 6(qyy − qxx)qxy = 0 (12.75)

by replacing
qxT 7−→ ∂xD

α
t q. (12.76)

12.14. Nonlinear Schrödinger equation

The focusing clock-fractional NLS equation is

iDα
t u + uxx + 2|u|2u = 0. (12.77)

Let
u =

g
f
. (12.78)

Set
ηα = px + ip2Θα(t) + η0, p = a + ib, a > 0. (12.79)

The one-soliton tau functions are

g = exp(ηα), f = 1 +
exp(ηα + ηα)

(p + p)2 . (12.80)

Therefore,

u(x, t) = a sech (a[x − 2bΘα(t) − x0]) exp
(
i[bx + (a2 − b2)Θα(t) + ϕ0]

)
. (12.81)
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12.15. Manakov system

The focusing clock-fractional Manakov system is

iDα
t u j + u j,xx + 2

(
|u1|

2 + |u2|
2
)

u j = 0, j = 1, 2. (12.82)

Let
u j =

g j

f
, j = 1, 2. (12.83)

Set
ηα = px + ip2Θα(t) + η0, p = a + ib, a > 0. (12.84)

Choose polarization constants α1, α2 ∈ C, and define

S 0 = |α1|
2 + |α2|

2. (12.85)

The tau functions are
g j = α j exp(ηα), j = 1, 2 (12.86)

and
f = 1 +

S 0

(p + p)2 exp(ηα + ηα). (12.87)

Writing

c j =
α j
√

S 0
, |c1|

2 + |c2|
2 = 1 (12.88)

we get

u j(x, t) = ac j sech (a[x − 2bΘα(t) − x0]) exp
(
i[bx + (a2 − b2)Θα(t) + ϕ0]

)
, j = 1, 2. (12.89)

12.16. Sine–Gordon equation

The clock-fractional sine–Gordon equation is

∂x
(
Dα

t ϕ
)
= κ sin ϕ. (12.90)

The two-tau transformation is

ϕ = 4 arctan
(

g
f

)
. (12.91)

For a kink, take
f = 1, g = exp(ηα) (12.92)

where
ηα = kx + ΩΘα(t) + δ, kΩ = κ. (12.93)

Hence,

ϕ(x, t) = 4 arctan
[
exp

(
kx +

κ

k
Θα(t) + δ

)]
. (12.94)
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12.17. Toda lattice

For the Toda lattice bilinear form

(DxDT − 1)τn · τn = −τn+1τn−1 (12.95)

the clock-fractional version is obtained by replacing T with Θα(t). Let

τn = 1 + exp(ηn,α) (12.96)

where
ηn,α = kx − ωΘα(t) + nρ + δ. (12.97)

Substitution gives the dispersion relation

kω = cosh(ρ) − 1. (12.98)

Therefore,

τn(x, t) = 1 + exp
(
kx −

cosh(ρ) − 1
k

Θα(t) + nρ + δ
)
. (12.99)

With

un = ln
(
τn+1τn−1

τ2
n

)
(12.100)

this gives the corresponding clock-fractional Toda one-soliton.

13. Conclusions

This work presented a differential-identity-based verification of Hirota bilinear forms for several
classical nonlinear evolution equations. The central point is that Hirota bilinearization must be handled
equation by equation. A single scalar tau equation of the form

P(D) f · f = 0 (13.1)

is powerful, but it is not universal. Several important integrable equations require coupled tau functions,
auxiliary fields, lattice tau functions, or additional hierarchy times.

For scalar one-tau equations such as KdV, KP in the correctly normalized form, the
Sawada–Kotera/Caudrey–Dodd–Gibbon branch, the Boussinesq family, and certain scalar
seventh-order KdV-type equations, the bilinear form follows directly from logarithmic substitutions
such as

u = 2(ln f )xx (13.2)

or its coefficient-adjusted variants. In these cases, the derivation is controlled by identities such as

DxDt( f · f )
2 f 2 = qxt,

D4
x( f · f )
2 f 2 = q4x + 6q2

xx, q = ln f . (13.3)

Thus, the bilinear equation is not guessed; it is obtained by matching the differential identity with the
transformed nonlinear PDE.

AIMS Mathematics Volume 11, Issue 8, 24582–24649.



24645

The fifth-order KdV family provides the clearest test case. Starting from

ut + αu2ux + βuxuxx + γuuxxx + u5x = 0 (13.4)

the logarithmic substitution
u = c(ln f )xx (13.5)

separates three distinct bilinear mechanisms. The Sawada–Kotera/CDG branch is represented by the
single scalar equation

(DxDt + D6
x) f · f = 0. (13.6)

The Kaup–Kupershmidt branch requires an auxiliary tau function g because the transformed equation
contains a q2

xxx term that cannot be produced by D6
x( f · f )/(2 f 2). The Lax branch belongs to the

KdV hierarchy and requires an auxiliary hierarchy time s. Therefore, these three branches are all
bilinearizable but not in the same sense.

This distinction is important for soliton formulae. The scalar interaction coefficient

A12 = −
P(p1 − p2)
P(p1 + p2)

(13.7)

is valid only for scalar one-tau equations

P(D) f · f = 0. (13.8)

It must not be applied directly to coupled systems such as mKdV, NLS, Manakov, sine–Gordon,
Gardner, or Kaup–Kupershmidt. In those cases, the interaction coefficients must be derived from the
full coupled Hirota expansion or from the corresponding tau representation.

The paper also clarified normalization issues. For example, the KP equation

(ut + 6uux + uxxx)x + 3σ2uyy = 0 (13.9)

is associated with the bilinear equation

(DxDt + D4
x + 3σ2D2

y) f · f = 0. (13.10)

The alternative form
(D4

x + 3σ2D2
y − 4DxDt) f · f = 0 (13.11)

corresponds to a different time normalization. Similarly, the Fokas (4+1)-dimensional bilinear equation
gives a verified potential equation for q = ln f ; it should not be converted into a physical equation for
a new variable unless the transformation is separately justified.

For seventh-order KdV-type equations, the analysis shows that the phrase “KdV7” is not unique.
Some seventh-order equations are completely integrable hierarchy members and admit N-soliton
solutions. Other scalar bilinear seventh-order equations admit one- and two-soliton solutions through
the Hirota calculation, but the existence of two solitons alone does not prove complete integrability. A
three-soliton test or an explicit hierarchy structure is still required.
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Finally, the fractional-clock extension gives an exact way to generate fractional-time one-soliton
solutions without destroying the algebraic Hirota structure. The essential clock is

T = Θα(t) =
tα

Γ(1 + α)
, 0 < α ≤ 1 (13.12)

and the associated clock derivative is

Dα
t F(t) =

1
Θ′α(t)

dF
dt
. (13.13)

If F(t) = F̂(Θα(t)), then
Dα

t F(t) = F̂T (Θα(t)). (13.14)

Consequently, every classical one-soliton tau function depending on the evolution time T produces an
exact clock-fractional one-soliton by the replacement

T 7→ Θα(t). (13.15)

This clock construction is exact for the local clock-fractional models written with Dα
t . It should

not be confused with the standard Caputo or Riemann–Liouville replacement. For genuinely nonlocal
fractional models, the same reparametrized soliton formulae are useful ansatz functions, but they are
not automatically exact. In that case, a direct residual calculation is necessary.

In summary, the reliable use of Hirota’s method requires three safeguards: First, derive the bilinear
form from explicit differential identities; second, separate scalar, coupled, hierarchy, lattice, and
potential bilinearizations; and third, distinguish exact clock-fractional reparametrizations from
nonlocal fractional equations. With these safeguards, the catalogue becomes a verified computational
reference rather than a formal list of untested bilinear formulae.
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