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1. Introduction and contribution

Hirota’s direct method is one of the central algebraic tools in soliton theory. It transforms
nonlinear evolution equations into bilinear equations, usually through a tau function, and then
constructs solutions by finite exponential expansions [1,2]. Together with inverse scattering and the
hierarchy viewpoint, this method forms part of the classical theory of integrable nonlinear
waves [3-6]. For the Korteweg—de Vries (KdV) equation and its descendants, the historical line
begins with the original long-wave model [7], the inverse-scattering solution of KdV [8], Lax’s
hierarchy formulation [9], and Miura’s survey of KdV-type transformations [10].

The bilinear method is not merely a convenient notation; it imposes strong algebraic restrictions
on the nonlinear equation. This is reflected in Hietarinta’s classification program based on Hirota’s
three-soliton condition [11-15]. In particular, a scalar equation of the form

P(D)f - [ =0

has a different algebraic structure from a coupled tau system. Consequently, a formula derived for
scalar one-tau equations cannot be applied automatically to systems such as modified KAV (mKdV),
nonlinear Schrodinger (NLS), Manakov, sine-Gordon, Gardner, or Kaup—Kupershmidt. This
distinction is one of the main organizing principles of the present work.

Several bilinear forms discussed in this paper are classical. We therefore state explicitly that the
purpose is not to claim originality for the known Hirota transformations of KdV,
Kadomtsev—Petviashvili (KP), NLS, sine-Gordon, Toda, Sawada—Kotera (SK), Lax, or
Kaup—Kupershmidt (KK) equations. The Sawada—Kotera equation and related higher-order KdV-type
flows were introduced in the early construction of N-soliton solutions [16], and the
Caudrey—Dodd—-Gibbon hierarchy and related higher-order equations were developed in [17, 18]. The
Kaup—Kupershmidt equation arises from a distinct cubic spectral problem [19]. Modern symbolic
implementations of Hirota’s method are surveyed in [20]. The NLS and Manakov systems have
standard integrable origins in the inverse-scattering theory of nonlinear wave envelopes [21,22]. The
KP, Toda, and hierarchy formulations are also classical parts of the tau-function theory [23-27].
Broader introductions to soliton concepts and applications are given in [28,29].

The contribution of this paper is instead methodological, computational, and organizational. The
main objectives are as follows:

(1) to derive each bilinear form from explicit Hirota differential identities rather than listing it as a
formal transformation;

(i1) to separate scalar one-tau bilinear equations from coupled tau systems, hierarchy bilinearizations,
lattice forms, and potential equations;

(ii1) to give a coeflicient-matching derivation for the general fifth-order KdV family;

(iv) to clarify the different bilinear mechanisms behind the Sawada—Kotera/Caudrey—Dodd—Gibbon
(CDG), Kaup—Kupershmidt, and Lax fifth-order branches;

(v) to record the correct full spectral-vector two-soliton coefficient for scalar bilinear equations with
transverse variables;
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(vi) to distinguish fully integrable seventh-order KdV hierarchy members from scalar seventh-order
bilinear KdV-type equations that admit one- and two-soliton solutions but are not automatically
N-soliton integrable;

(vii) to add a clock-fractional extension of the one-soliton formulae by means of a natural time
reparametrization;

(viil) to provide a reproducible framework for symbolic verification.

The fifth-order KdV family illustrates why this careful separation is necessary. Starting from
Uy + Uty + Bitlhgy + YUlhger + Us, = 0 (1.1)

and using the logarithmic substitution

u=c(In f)yx (1.2)
one obtains three distinguished integrable branches. The Sawada—Kotera/Caudrey—Dodd-Gibbon
branch is represented by a single scalar tau equation. The Kaup—Kupershmidt branch is not; it
requires an auxiliary tau function g because the logarithmic form contains a g2, term that cannot be
generated from the scalar identity for Di( £+ )/ (2f?). The Lax branch belongs to the KdV hierarchy
and requires an auxiliary hierarchy time. Thus, all three branches are bilinearizable but not in the
same sense.

A second source of confusion concerns normalization. For example, the KP equation

(U + OuLy + Uyy) + 307Uy, = 0 (1.3)

corresponds to
(DD, + Dy +30”D))f - f =0 (1.4)

under the convention used here. The alternative form containing —4D,.D, belongs to a different time
normalization. Similarly, for multidimensional scalar bilinear equations, the two-soliton coefficient
must be computed using the full spectral vector, not only a reduced pair (k, w). This point is essential
for KP-type and Fokas-type equations.

We also include a warning about seventh-order KdV equations. The phrase “seventh-order KdV”
does not identify a unique equation. Some seventh-order equations are genuine hierarchy members
with N-soliton solutions, whereas other scalar bilinear seventh-order KdV-type equations possess one-
and two-soliton solutions without necessarily passing the three-soliton test. This distinction is
consistent with the classification logic of Hirota’s method and with the study of seventh-order KdV
families [30-32].

Recent work continues to combine exact reductions, symbolic, semi-symbolic, and computational
methods for nonlinear dispersive waves [33], including machine-learning-assisted approaches in
engineering models [34]. In that context, a verified catalogue of Hirota identities is useful not as a
new integrability theorem but as a reproducible reference that helps avoid incorrect scalar reductions,
normalization errors, and unsupported soliton claims.

Finally, the paper closes with a clock-fractional variant. Instead of replacing the time derivative by
a nonlocal Caputo or Riemann—Liouville derivative [35-37], we use a local clock derivative associated

with the effective time N

13
T = @a(l) = m (15)
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This idea is related in spirit to local fractional or conformable-type differentiation [38], but here it
is used only as a clock reparametrization. The construction preserves the Hirota algebra exactly for the
corresponding clock-fractional models because differentiation with respect to the clock 7 satisfies the
ordinary chain rule. Thus, every classical one-soliton tau function yields a clock-fractional one-soliton
by the replacement

T — 0,(1).

For genuinely nonlocal fractional equations, however, the same formulae must be treated only as

ansatz functions unless a direct residual verification is performed.

2. Hirota differential identities

Throughout the paper, we use a single notation: f denotes a tau function, g denotes an auxiliary tau
function when needed, and

g=Inf.
We avoid switching among f, F, and 7 unless a lattice index is essential.

2.1. Definition of the D-operators

For functions f = f(x,y,z,w, s,t) and g = g(x,y,z,w, s, 1), Hirota’s differential operators are defined

by
DrDy---Df g = [ @ - 00" Fx0gx) 2.1)
J X=X
For two variables, this reads
DD f - g = (0x—0x)"(0; = 8p)" f(x, DX, 1)y, - (2.2)
Equivalently,
mpyn ¢ _m n_i+jmnm—in—j i a
DIDif g = Z}] ;( D ( l.)(j)ax 3780 (2.3)
2.2. Low-order identities for one tau function
The following identities are used repeatedly. Direct expansion gives
D.D(f - ) = 2(f fu = fi]0) (2.4)
DX(f - f) = 2(f fur = £D). (2.5)
Di(f - ) = 2(f fax = 4fcfox + 312, (2.6)
Dg(f ' f) = 2ff6x - lzffox + 3Ofxxf4x - 20f3%;- (27)
Dividing by 22 and writing
q=Inf,
one obtains
D.D(f - f)
2—f2 =Y (2.8)
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Di(f-f)

T 2.9)
DA(f -

% = qux + 647, (2.10)
DO(f -

% = Gox + 30qxqax + 60q . (2.11)

It is important that (2.11) contains no term of the form

2
ixx:

This absence is precisely why the Kaup—Kupershmidt equation cannot be obtained from a single
bilinear expression
(DD, +aD?%) f- f =0.

Mixed higher-order identities required for hierarchy flows are

Di(f- f)
" = g 2.12
Te (2.12)
DSD3(f : f)
— = Grxxs T 0Gxxs. 2.13
2/ q qxxq (2.13)
For KP-type equations,
Dy (f- )
y2f2 = Gy (2.14)
D.D,(f - f)
Zz—fz = {zw- (215)
2.3. Auxiliary-tau identity
For a second tau function g, we shall use
Di(f : g) = fxxg - fogx + fgxx- (216)
In the Kaup—Kupershmidt derivation, g is not arbitrary. It is defined by
Di(f - f)-4fg=0. (2.17)
Using (2.10), this is equivalent to
Di(f ) f) f 2
g= Taf 2 (614x + 6qxx). (2.18)
Substituting (2.18) into (2.16) gives the identity
DA(f - 1
% = 54ox + Tuntlas + 60, + 6 (2.19)

This formula is the source of the ¢ . term in the Kaup—Kupershmidt equation.
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2.4. Exponential rule and sign convention

Let
n = kix + f,y + m;z + njw — w;t + 6. (220)

Then,
DSDIDEDLDS e - e = (ki — k) (€ — €)°(m; — m)(n; — nj) (—w; + w)) ™ (2.21)
Thus, if P(D) is a scalar bilinear polynomial and p; = (k;, {;, m;, n;, w;), then

P(D)e" - " = P(p; — p,)e" " (2.22)

with the convention that the time component enters through —w; + w;. To avoid ambiguity, we define
the dispersion polynomial P using the same phase convention as (2.21). If another convention =
kx + wt + ¢ 1s adopted, the sign of every odd D, term changes accordingly.

3. Derivations from differential identities

3.1. KdV equation

Consider
u; + 6uu, + u,,, = 0. (3.1
Integrating once in x gives
d, (f u dx) +3u* + uy, = 0. (3.2)
Set
u=2q, =2(n ). (3.3)
Then,
2qu + 1243, +2¢4, = 0 (34)
or
Gut T Qax + 66]ix = 0. (35)
Using (2.8) and (2.10), this is
1
e (DuDi+ DY) f- f =0. (3.6)
Hence,
(DD, +DHf-f=0. (3.7)

4. Modified KdV equation

We consider the modified KdV equation
Uy + Uy + 60U, = 0, o==l. 4.1)
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The modified KdV equation is not naturally represented by a single scalar one-tau equation of the form

P(D)f - f =0.
Instead, we introduce two tau functions f and g through

8

u==, f#0.

f
Let

g=Inf.
Then,

g =uf.

4.1. Differential identities

The Hirota differential operator is defined by

DiDla-b = (0; = 0x)"(0; — 0p)"a(x, )b(X', 1)y p—y -

First, for the time derivative,
Dig-f=gf -8

Because g = uf, one has

g =uf+uf.
Therefore,
Dg-f=f+uf)f —uff
= f’u,.
Thus,
Dyg-f _
7 = u,.

Next, by the definition of D?,

Dig : f = gxxxf - ngxfx + 3gxfxx - gfxxx~

Using g = uf, we compute

8x = uxf + ufm
8xx = uxxf + Zuxfx + u.fx;n
Exxx = uxxxf + 3uxxfx + 3uxfxx + ufxxx-

Substituting (4.12)—(4.14) into (4.11), we obtain

Dig : f = (uxxxf + 3uxxfx + 3uxfxx + ufxxx)f

(4.2)

4.3)

(4.4)

4.5)

(4.6)

4.7)

(4.8)

4.9)

(4.10)

(4.11)

(4.12)
(4.13)
(4.14)
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-3 (Mxxf + 2”xfx + ufxx) fx
+3 (uxf + ufx) fxx - uffxxx-

We now collect terms carefully. The u,,,-term is

2
f MXXX'
The u,,-terms cancel because
3uxxffx - 3uxxffx =0.
The u-terms cancel because

uffxxx - 3ufxxfx + 3ufxfxx - uffxxx =0.

The u,-terms are

3uxffxx - 6fox2 + 3uxffxx = 6”x(ffxx - fxz)

Hence,
Dig : f = fzuxxx + 6”x(ffxx - fxz)
Because
ffxx - fx2 = fz(lnf)xx = fqux
we get
D3¢ -
fozf = Uppx T 6Qxxux-
Finally,
D)Zcf : f = fxxf - zfxfx + ffxx-
Therefore,

Dif - f = 2ffu= £
Dividing by 22, we obtain

Dif-f
2f2 = (ln f)xx = (xx-
4.2. Derivation of the bilinear system
Using (4.10) and (4.22), we obtain
D, + D?)g -
(tf#c = Uy + Uy + OG il

The modified KdV equation is
U + Uy, + 60uu, = 0.

Comparing this equation with (4.26), we need

Grx = ou’.

(4.15)

(4.16)

4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

AIMS Mathematics Volume 11, Issue 8, 24582-24649.



24590

Because u = g/ f, condition (4.28) becomes

Gxx = oS
12
Using (4.25), this is equivalent to
Dif-f _ &
=0=.
2f? f?
Multiplying by 22, we obtain
DXf - f = 208"

Therefore, the Hirota bilinear system for the modified KdV equation is

(Dl+Di)g'f:07
Dif - f =20¢".

Indeed, the first bilinear equation gives
U; + Uxxx + 661xxux = O

while the second gives

Gx = ou’.

Combining both equations gives
U + tyyy + 60uu, = 0.
4.3. Reverse verification

Conversely, assume f and g satisfy (4.32), and define

_ &
u==.

f
Dividing the first bilinear equation by f? and using (4.26), gives

U + Uyyx + 6ty = 0.

Dividing the second bilinear equation by 22 and using (4.25), gives
_ g 2
G =05 =0uU".

f
Substituting (4.38) into (4.37), we obtain

U + Uy + 60uu, = 0.

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

Thus, the bilinear system (4.32) is equivalent to the modified KdV equation (4.1), provided f # O.
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4.4. Sign convention

For the positive-sign modified KdV equation
U + Uy, + 6U°u, =0 (4.40)

we set o = 1, and the bilinear system is

D, +D)g-f=0,
(Dt Dog 1 =9, (4.41)
DXf - f =2
For the negative-sign modified KdV equation
Uy + Uy — 6U, = 0 (4.42)
we set o = —1, and the bilinear system is
D, +Dh)g- f=0,
D+ D7 =0, (4.43)
Dxf ) f = _2g .
4.5. Why the scalar one-tau formula is not applicable
The scalar two-soliton coefficient formula
P —
= — P = P) (4.44)
P(p: + p2)
applies to scalar one-tau bilinear equations of the form
P(D)f - f =0. (4.45)

The modified KdV equation derived above is not represented in that form. It is represented by the
coupled bilinear system
(D,+D)g-f=0, Dif-f=20g" (4.46)

Therefore, the interaction coeflicients for the mKdV equation must be derived from the coupled Hirota
expansion, not from a scalar P(D)f - f shortcut.
4.5.1. Breather solutions of the modified KdV equation

We now derive breather solutions of the modified KdV equation from the two-soliton tau functions.
We work with the positive-sign modified KdV equation

U + Uy + 6U%u, =0 (4.47)

whose Hirota bilinear system is

D, +Dh)g- f=0,
(Dt DJg -1 =0, (4.48)
D.f-f=2g.
The physical field is
8
u==. (4.49)
f
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4.6. Starting point: Two-soliton tau functions
From the two-soliton construction, the tau functions are

(ki — ky)? e (ki — ky)? )

g= Ei+E),+ ———— 2 12,
43 (ky + k)2 ! A3 (ky + ko)

2EE, B k)t o,
(ki + ko)?  4K2  16K23(ky + ko)t

2
29

2
f=1+—"L+
4k

where
E;=exp(n), mj=kx-kit+6;, =12

(4.50)

(4.51)

(4.52)

These tau functions satisfy the bilinear system (4.48). Hence, u = g/ f satisfies (4.47) whenever f # 0.

4.7. Complex-conjugate reduction

A breather is obtained by taking a complex-conjugate pair of wave numbers. Let

ki =K =a+ib, kr=K=a—-ib

where
a>0, b+0.
Also, take
01 = 0p + 00y, 0> = 01 = O — 0.
Then,

E2 = El.
For simplicity, write
E] = E, E2 = E

The basic algebraic quantities are

K + K =2a, K — K = 2ib, KK = a* + b*.

Define
S =a*+ b’
Then, .
(K-Ky? b’
(K+Kp a

4.8. Real phase variables

We now write E in real amplitude-phase form. Because
K’ =(a+iby =a - 3ab® +i3a’b - b)

the phase
n=Kx- Kt + 6,

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)
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can be written as

where

+i0

=
Il
[1]

E=ax—(a®-3ab*)t+6g = a [x — (@ - 3b2)t] + Og,

and

®=bx—Bab-b)t+6,=b [x ~3d® - bz)t] +6;

Therefore,

Set

Then,

E =

4.9. Derivation of the real numerator

E =¢" = ee®.

R = ¢~

Rel@, E = Re™™©,

Substituting k; = K, k, = K, E; = E, and E, = E into (4.50), we get

g:E+z__[

Because

E’E EE
442 '

R

E+E =2Rcos®

we only need to simplify the cubic terms. First,

EE = R%°, EE =R%e™.
Also,
1 K (@i &b -2iab
K> (KK) S2 S2 '
Therefore,
E’E EE’

K2

Substituting this into (4.69), we obtain

ei@
— + — = 2R3Re(—2)
K K

2R?

5 (@~ 1) cos® +2absin@).

g =2Rcos® —

2 p3

T3 |(@ = b)c0s © + 2absin©)].

AIMS Mathematics

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

4.71)

(4.72)

(4.73)

(4.74)
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4.10. Derivation of the real denominator

Now, substitute the same complex-conjugate reduction into (4.51). We obtain

E2  2EE E (K - K)* —
+ +

f=1+ - — — — —E’E". (4.75)
4K* (K+K»? 4K 16K°K (K + K)*

The middle term is .
2EE 2R? R?

= = —. 4.76
(K+K? Qay} 2d (70
The pair of quadratic terms gives
B2 B R ( 20 )
— 4+ —— = —Re|—
4K2 4?2 2 K2
R2
=55 |(@ - b?) cos(20) + 2ab sin(20)] . 4.77)
For the quartic term, we use
(K - K)* = (2ib)* = 16b* (4.78)
(K + K)* = 2a)* = 164" (4.79)
and )
K’K =5°. (4.80)
Thus, .
K=K o> PR (4.81)
16K°K (K + K)* 16ats? '
Therefore, the real denominator is
RZ R2 5 ) ) 4R4
fr=1+o5+5 |(@® = b) cos(20) + 2ab sin(20) | + Tets? (4.82)
4.11. Breather field
The mKdV breather generated by the complex-conjugate reduction is
gp(x, 1)
1) = , 4.83
up(x, 1) e D) (4.83)
where g and fp are given by (4.74) and (4.82). Explicitly,
2p3
2R cos O — EXE [(a2 —b*)cos® + 2ab sin@]
up(x, 1) = > > a R (4.84)
1+ 2_512 + E [(612 - b2) cos(20) + 2ab Sln(2®)] + m
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Here,
S =a*+ b2, R =% (4.85)
with
E = a|x - (a® = 3b")] + 6p (4.86)
and
@=b [x — (3% - b2)r] + 6. (4.87)

4.12. Interpretation

The variable Z controls the localization envelope. Because
R =¢" (4.88)

the solution decays as x — —oo because R — 0, and it also decays as x — +o0 because the denominator
grows as R*, whereas the numerator grows only as R*. Thus, the solution is spatially localized.

The variable ® controls the internal oscillation. Hence, the solution is a localized oscillatory bound
state, that is, a breather. The envelope velocity is

Ve = a° — 3b* (4.89)

and the carrier phase velocity is
Vear =3a> = b". (4.90)

4.13. Why the construction works

The original two-soliton tau functions (4.50) and (4.51) satisfy the bilinear system
(D;+D)g-f=0,  Dif-f=2¢" (4.91)

The replacement
ky = ki, 8 =08, (4.92)

is an algebraic reduction of the same tau functions. Therefore, the reduced real functions gg and f3
also satisfy the bilinear system. Consequently,

8B
Ug = — (4.93)
" s
satisfies
Uy + Uy + 671, = 0. (4.94)
The only required nondegeneracy condition is
fe(x, 1) #0 (4.95)

on the spacetime region under consideration.
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5. Gardner equation

We consider the Gardner-type equation
Ve + avwy + by v, + v = 0, a#0, b#0. (5.1)

The purpose of this section is twofold. First, we derive the normalized Gardner equation from a Hirota-
type mKdV bilinear structure. Second, we prove that the breather—brother solutions of the normalized
Gardner equation generate solutions of the general equation (5.1) by scaling.

5.1. Normalized Gardner equation

We start from the normalized Gardner equation

U + 0y (U + 60U + 2U°) = 0, (5.2)

where p # 0. Equivalently,

U + Uy + 120U0U, + 6UU, = 0. (5.3)

This is the form naturally connected with the focusing mKdV equation by a constant shift.

5.2. Connection with mKdV by a constant shift

Define
W=U+pu. 5.4

Then, U = W — u. Because U, = W, U, = W,, and U,,, = W,,,, Wwe compute
12uUU, + 6U*U, = 12u(W — )W, + 6(W — u)*W,
= 12uUWW, — 1212 W, + 6(W? = 2uW + 1®)W,
= 6W>W, — 61 W,. (5.5)

Therefore, (5.3) becomes

W, + Wy + 6W?*W, — 6° W, = 0. (5.6)

This is a focusing mKdV equation with a linear transport term.
Equivalently,
W, + 0 (Wae + 2W° — 617 W) = 0, (5.7)
5.3. Removing the linear transport term

Set
Y = x + 6u’t, W(x, 1) = M(Y,1). (5.8)

Then,
W, =M, + 6,U2MY, W, = My, Wier = Myyy. (5.9)

Substituting into (5.6) gives

0= M, + 6/.12My + Myyy + 6M2MY - 6/,[2MY
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= M[ + Myyy + 6M2My.

Thus, M satisfies the focusing mKdV equation

M, + M, + 6M*M, = 0.

Hence, the normalized Gardner equation is obtained from focusing mKdV by

U(x, 1) = M(x + 64°t, 1) — p.

5.4. Bilinear form through the mKdV arctangent representation

The focusing mKdV equation (5.11) admits the arctangent tau representation

M = 20, arctan (E) ,
F

where F = F(x,t) and G = G(x, t) are real tau functions. Equivalently, if

7=F+iG, T=F-iG

then
an(7) = 5;n(2)
arctan|(— )= —In|=
2i T
and hence,
1
M= —ﬁxln(;)
i T

A standard Hirota form for 7 and 7 is

(D, +D)7-7=0.

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

Writing 7 = F + iG, the real and imaginary parts of (5.17) give a coupled real bilinear system for F

and G. The arctangent field
M =29, arctan(G/F)

then satisfies
M, + M, +6M*M, =0.

Consequently, the Gardner field

G(x + 6u’t, t
U(x,t) =20, arctan( (x + bu )) —

F(x + 6ut, 1)

satisfies (5.3). This gives the bilinear origin of the normalized Gardner equation.

(5.18)
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5.5. Breather—brother solution of the normalized Gardner equation

We now record the explicit real breather—brother solution of (5.3). Let

A:a2+ﬁ2—4/42, a>0, >0, A>0.

Define

Vi =x+x +6e? =360, yr=x+x+13d? -
Let

N = BAa? + B2 sin(ay;) _ 2pBu (cosh(By») + sinh(By»))

a VA A
e 2Bu [ cos(ayy) — Bsin(ay)]
u [ cos(ayy) — Bsin(ay;
D = cosh(By,) — )
’ a~Jo? + B2 VA

Define

N
® = arctan| — |.
arcan(@)

Then, the breather—brother field is

|Ux, 1) = 20,D(x,1).

Equivalently,

BAa? + B% sin(ay;) _ 2Bu (cosh(By,) + sinh(By,))

@ VA A

U(x,t) = 20, arctan

2Bu [a cos(ay,) — Bsin(ay;)]

cosh(By») -

aya? + VA

5.6. Scaling from the normalized Gardner equation to the general Gardner equation

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

We now prove that any solution of the normalized Gardner equation generates a solution of the

general Gardner equation
Ve + avvy + by vy + vy = 0.

Let U = U(X, T) be any solution of

Ur + Uxxx + 12uUUx + 6U*Uy = 0.

Define
[v(x,1) = p U(gx, ri). |
Then,
vi=prUr,  vi=pqUx,  Veu=pq Uxxx.
Also,

avv, = ap’q UUy, v, = bp*q U Uy.

(5.26)

(5.27)

(5.28)

(5.29)
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Therefore, the residual of the general Gardner equation is

Vi +av, + bV, + v, = prUr + pq3UXXX + apzq UUy + bp3q U?Uy.

Using (5.26),
UT = _UXXX - 12,LlUUX - 6U2Ux.

Substitution into (5.30) gives
Vi av, + by, + v, = p(q@° — NUxxx + (apzq - 12,“19”) UUx
+ (bp3q - 6pr) U?Uy.
Hence, the residual vanishes for every solution U if
@ -r=0
ap*q — 12upr =0
and
bpiq—6pr=0.
Assuming pqr # 0, the first condition gives

r=gq
The second condition gives

ap = 12uq’.
The third condition gives

bp* = 64°.
Solving (5.37) and (5.38), we obtain
. @ _
T =2 P72
Choosing the branch
a
9=——""F=7=">
2V6 Vb

we have

3 a

r=q = -——.
48 V6 b3/
Thus,
a a a’
P== q=- ’ r=- '
2bu 2V6 Vb u 48 V6 b33

Therefore, if U(X, T') solves the normalized Gardner equation (5.26), then

- a_, ( ax a’t )
VX, = - s
2bu 2V6Vbu 486 b3S

solves

v+ avw, + bv*v, + v, = 0.

(5.30)

(5.31)

(5.32)

(5.33)
(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)
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5.7. Brother solutions of the general Gardner equation

Combining the breather—brother U in (5.25) with the scaling (5.43), we obtain the corresponding

brother solution of the general Gardner equation:

Vo 1) = a U(— ax ~ a’t )
" 2bu 2V6Vbhu 48V6b3ys)

where U i1s given by

B+a? + B2 sin(aY) B 2Bu (cosh(BY>) + sinh(BY>))

A
U(X,T) = 20y arctan a VA

2Bu | cos(aY;) — Bsin(aY))]

cosh(B8Y;) —
a~a? + VA
with
Yy =X +x +T(@*-38%, Yo=X+x+T3Ba” -5
and

A=a?+ B -4

The parameter restrictions are

a >0, B >0, u#0, A>0, b+0.

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

If one wants all scalings to remain real with the chosen square root Vb, one assumes b > 0. Otherwise,

a complex branch of the square root must be specified.

5.8. Summary of the proof

The proof has two independent parts.
First, the field U in (5.25) satisfies the normalized Gardner equation

Ur + Uxxx + 12uUUy + 6U*Uy = 0.

(5.50)

This follows by direct substitution after rewriting the trigonometric and hyperbolic functions through

w = ela/Y], 7= €BY2,

which reduces the residual to a rational function whose numerator is identically zero.

Second, the scaling
v(x, 1) = pU(gx, rt)

maps the normalized equation to the general Gardner equation exactly when

r=q’, ap = 12uq?, bp* = 64°.

The choice

a3

a
g=—-———, r=-—————
2V6 Vb 48 V6 b33
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satisfies these identities. Therefore, the scaled field

v(x l‘)— a U(— ax _ Cl3t )
T 2p \ 2v6vVbu 486 DbYR

solves
v, +avv, + bvzvx + Ve = 0.

5.9. KP equation

Consider the KP equation in the normalization

(U + 6uny, + tyry), + 30'214yy =0,

where o> = +1. Introduce the logarithmic tau transformation

(u=2(0nf)e=2qu,  g=Inf|

(5.51)

(5.52)

We derive the bilinear form directly from the differential identities, without guessing the Hirota

operator.
The required identities are
Dth(f ) f ) _
2—]‘2 = qxu
Di(f - f)
Z—fz = Qar + 645,
and )
DXf - f)

Therefore, the bilinear expression
(DiDi + D} +30°D) f - f

satisfies
(DuDy + D+ 302 D2) f - f

212

=qut qax + 6Q§x + 302%’%

Thus, the bilinear equation

(D«Dy + DY +30°D}) f- f =0

is equivalent to
Gt + Gax + 6q%, + 307y, = 0.

Differentiating (5.59) with respect to x gives
q xxt + qdsx + 12qquxxx + 30'2qu), = O

Using
u= 2qxx’ U = 2qxxt’ Uxxx = 2q5xa Uyy = 2qxxyy’

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)
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and observing that
buu, = 6(2QXx)(ZQXxx) = 24qquxxx,

equation (5.60), after multiplication by 2 and one x-differentiation in the y-term, gives exactly

(u; + 6uny, + uyyy), + 30'214yy =0.
Hence, (5.58) is the correct bilinear form for the KP normalization (5.51).
Remark on the common —4D,D, convention. The frequently used bilinear form

(Di+30°D} -4D.D,) f - f =0
corresponds instead to the normalization

(—4u, + 6un, + Uyyy), + 30'2uyy =0,

or to an equivalent rescaling/reversal of the time variable. It should not be written together with (5.51)

unless the time normalization is explicitly changed.

One-soliton condition

Let
f: 1+, m :k1x+€1y—w1t+51. (5.61)

For the bilinear operator
P(D,,D,,D,) = DD, + Dy + 30°D;,

we have
P(Dy,Dy,Dy)e" - e" = P(p; — p;)e™" (5.62)

where the full spectral vector is
pi = (ki, {i, w;) (5.63)

and, because the phase contains —w;t, the scalar polynomial is

Pk, l,w) = k* — kw + 3022 (5.64)

Substitution of f = 1 + €™ into (5.58) gives
2P(k1,£1,a)1)e’7' =0. (565)

Therefore, the one-soliton dispersion relation is

P(ky, b1, w)) = k} — kyw, + 30203 = 0. (5.66)
Equivalently,
, 30t
w) = ki + P ki # 0. (5.67)
1
The corresponding one-soliton solution is
k2
w =202 In(1 +¢") = 2 sech? (%) (5.68)
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Two-soliton condition and interaction coeflicient

For the two-soliton tau function, we take
f =1+e"+e™+ A128771+772

where
ni:kix+{’iy—wit+5i, i=1,2.

For the bilinear KP equation
(DiDi + Dy +30°D2) f- =0

the Hirota polynomial associated with the phase convention 7 = kx + €y — wt + ¢ is
Pk, t,w) = k* — ko + 3022

Therefore, the coeflicients of e give the dispersion relations
P(k;, €;, w;) = 0, i=1,2

or, equivalently,

3 30’2€i2
w; = k7l +

b
1 kl

We now collect the coefficient of e”*”2. There are two types of contributions:

i=1,2.

en . 6772, 1 _Alzemﬂ]z'

Introduce the spectral vectors
pi = (kia €i7 a)l')7 l = 1’2

Because the Hirota polynomial is even under simultaneous reversal of the full spectral vector,
P(—k,—{,—w) = P(k,{, w),
the coeflicient of e”*" is proportional to
P(p1 — p2) + A P(p1 + p2).
Thus, the two-soliton condition is
P(p1 — p2) + ApP(p1 +p2) = 0.

Solving for A;, gives

_P(p1 —p2)
P(p; +p2)

12 —

In explicit KP variables, this becomes

_ (ki = k) = (ki = k) (w1 = wy) + 3076 = &)
2Tk + k)t = (ky + k) (@) + wo) + 302l + 6)F

(5.69)

(5.70)

(5.71)

(5.72)

(5.73)

(5.74)

(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

AIMS Mathematics Volume 11, Issue 8, 24582-24649.



24604

Using the dispersion relations (5.74), the same coefficient can be written in the factorized form

3 kil (ky — ko)? — o (ky by — kot))?
KBk + ko)? — 02k by — ko))

12 (5.80)

This is the form used in the direct symbolic verification.

The remaining exponential coefficients vanish as follows. The terms ¢*" vanish because P(0) = 0.
The terms e*”'*72 and €™ " are proportional to P(p,) and P(p,), respectively, and therefore, vanish by
the dispersion relations. Hence, (5.69), together with (5.79) or equivalently (5.80), satisfies the bilinear
KP equation.

Finally, the KP field

u® =2(In ) (5.81)

with f given by (5.69) is the two-soliton solution of (5.51). In particular, direct substitution gives

| + 6uty + ), + 307y, | =0, (5.82)

u=u®

6. The general fifth-order KdV family

Consider

u, + av’u, + iyl + YUl + Us,e = 0. (6.1)

The normalized integrable branches in this family include Lax,
Sawada—Kotera/Caudrey—Dodd—Gibbon, and Kaup—Kupershmidt. We now derive the coeflicient
conditions from the logarithmic substitution.

6.1. Integrated form and logarithmic substitution

Integrating (6.1) once with respect to x gives

0, (f u dx) + %zf + 'B%ui + YU, + ugy = 0. (6.2)
Set
U= cqe = c(n f). (6.3)
Then, (6.2) becomes
ac? - )2
cqu + Tqix + (ﬁquim + ycquxq4x + cqex = 0. (6.4)
Dividing by ¢ # 0,
2
- ac
qxt + dex + YC qxxq4x + 2 ycq;zcxx + qu’m = 0 (65)

This is the master identity for the classification below.
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6.2. Single scalar bilinear case: Sawada—Kotera/CDG

Assume the transformed equation is generated by a single scalar equation

(DD, +D%f - f=0.
Dividing by 22 and using (2.8) and (2.11) gives
G+ gox + 30G,xqax + 6Oq)3cx = 0.

Comparing with (6.5) gives

ve = 30,
B ; Y= 0.
2
ac
— =60.
3
Therefore,
1 30
azg'yz’ ﬁ:y’ c=—.
Y

Thus, the Sawada—Kotera/CDG branch is
1

u; + gyzuzux + YUyl + YUl + Us, =0

with 30
u= —(11’1 f)xx
Y

and bilinear form

(DD, + D% f - f =0.

For y = 15 one obtains the common normalization

u; + 45u%u, + 150, + 15uut,,, + usy, = 0.

The two-soliton coefficient follows from the scalar Hirota formula

_Pky = ka, ) — wy)
P(k; + ky, wy + wy)

12

with
Pk, w) = k® — kw

(6.6)

(6.7)

(6.8)
(6.9)

(6.10)

6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

and the convention 17 = kx — wt + ¢. The dispersion relation is w = k°, and

(b — k)0 — ki, + )
(kl + kz)z(k% + kiky + k%)

12

AIMS Mathematics

(6.17)

Volume 11, Issue 8, 24582-24649.



24606

6.3. Kaup—Kupershmidt branch: Why an auxiliary function is necessary

For the Kaup—Kupershmidt branch, the coefficient conditions are

Thus, the potential equation (6.5) becomes

45
G + Gox + 15G.xqax + Zcﬁxx + 15q)3cx = 0.

(6.18)

(6.19)

This is the decisive difference with the scalar Sawada—Kotera/CDG case: the identity (2.11) contains
no g2, term. Hence, (6.19) cannot be produced from a single scalar bilinear equation of the form

(DD, +aD®f - f = 0.

An auxiliary tau function is therefore necessary.

Introduce g by
Di(f- ) -4fg=0.
Equivalently,
_ DY)
g 4f *
Using g = In f, this gives the identity
Di(f-9 1
— 20 = —Gex + Tqxxux + 64 + 64
f2 2Q6 q q4 qxxx qxx

Now, assume the coupled bilinear equation
(D«D; +aDS) f - f + bDX(f - g) = 0.
Dividing (6.23) by f2, and using the one-tau identities together with (6.22), gives

0= Zth +a (z%x + 6061qu4x + 120q,3rx)
1
+b (Eq&c + 76]XX‘]4x + 6q§xx + 6q)3cx) :
To match twice (6.19), namely

45
2th + 2q6x + 3OQqu4x + _CIicx + SOq?cx =0

2
we require
45
6b = —, 20+ —=2
> a
Therefore,
b= 15 1
B T

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)
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The verified Kaup—Kupershmidt bilinear system is

Ao\ re Bprr. o=
(Dth + 16Dx)f f + 4 Dx(f g) - 0’ (628)
together with

Di(f - f)-4fg=0. (6.29)

Eliminating g from (6.28) and (6.29) gives the quartic homogeneous equation
0 =4 fu+ fo) = f* (4fife = 513+ 241 f5)
= 30f f (Funfsr = 2fufsr) + 1512 (312 = Afufis) (6.30)

For the dependent-variable transformation

15
u= —(ll'l f)xxa (631)
Y
the corresponding partial differential equation (PDE) is
2
5
U, + %uzux + %uxuxx + YUl + Us, = 0. (6.32)
For y = 10, this becomes
3
Uy + 2001, + 25Uty + 10Uty + s, = 0, U= z(1n Fx- (6.33)

The alternative scalar-looking expression
(DS +5D’D, +5D))f - f=0

is not used here as the bilinearization of (6.30). If such a form appears in another convention, it
must be tied to a different dependent-variable transformation and a different sign convention. For the
logarithmic transformation (6.31), the coupled system (6.28) and (6.29) is the verified form.

One-soliton solution

Let
O=kx-kt+5, E=¢ (6.34)
Unlike the scalar KdV/SK tau function, the KK one-soliton tau function is not 1 + E. Instead,
1
f=1+E+—E~ (6.35)
16
Using (6.31), this yields
0 0, ,20
240 .€ (16 +4e” +e
u(x,t) = —K* ( 2) (6.36)
Y (16 + 16€? + 2?)
Equivalently, the same profile may be written in hyperbolic form as
240 4+ 17coshf —15sinh 8
ux, 1) = — = — (6.37)

Y (16 + 17 cosh 6 — 15 sinh 6)*
Direct substitution of (6.36) into (6.32) gives zero.
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Two-soliton solution

For two solitons, put

0 =kx-Ikt+6,  E=eé", i=1,2. (6.38)
Define
2kt — k33 + 2Kk;
apn = 2712 NG (6.39)
2(ky + ko)*(ky + kiky + k)
and
(k1 — ka)? (k2 — kyky + K2)
2= — N (6.40)
16(ky + ko)? (k7 + kiks + k)

The two-soliton tau function is

1 1
=1+E +E +—E+ —FE>+apE\E
f e T B T e it (6.41)

+byy (EE> + E\E3) + b, EE3.

Then,

u?(x,1) = 1}/—5(ln Fxx (6.42)

satisfies (6.32).
A direct symbolic check is obtained by replacing

61 =logé —kix +kit, 8, = logn — kyx + kot.

After this substitution, the numerator of the residual of (6.32) vanishes coefficient by coefficient as a
polynomial in & and 7.

Three-soliton solution
For three solitons, let
6; = kix — It + 6, E =é", i=1,2,3. (6.43)

For1 <i < j <3, define

Zk;‘ - kfk? + ij
aj; = 3 N (644)
2(k; + kj)2(ki + kikj + kj)
and
(ki - k])z(klz - kikj + k?)
b,’j = . (645)
16(](1 + kj)z(klz + kl‘kj + k?)
Furthermore, set
D=4 || tki+kp*&F +kik; + 3. (6.46)
1<i<j<3
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The coefficient of E{E,E5 is

1

Ci23 = z—)[(Zkil — kik3 + 205) (kS + kik3)
+(2kE = K32 + 2k (kS + K
+ (2 = 13K3 + 2k + K3k |

1
- E[(k% + KK + K)KS + KK (6.47)
+ (I3 + KD (K} + k)RS + IIGK3)
+ (k3 + k)(k + k3)(k) + ki kok3)
+ 12k$K3K3).
The full three-soliton tau function is
F=1+fD+ O+ O+ D4 O 4 O (6.43)
The successive parts are
fV =E| +E; + E; (6.49)
1
o= (EY + E3 + E3) + anE\E; + asE\ Es + an E Es (6.50)
fO = b1y (EYE> + E(E3) + by (E1Es + EyE2) 651
+ b23 (E%E} + E2E§) + C123E1E2E3, '
£ = BLENES + DTS + DS
+ 16(6123b12b13E%E2E3 + ay3biobyE ESE; (6.52)
+ a12b13b23E1E2E§),
f = 256b12b13bs(b12ET ESEs + bis TS E3 + by BV E3E3), (6.53)
and
£© = 16(16b12b13b2 Y E{ ESES. (6.54)
Finally,
u (X, t) = _(lnf)xx (655)
Y

with f given by (6.48) gives the three-soliton solution of the Kaup—Kupershmidt branch.

Verification and normalization remarks

The one- and two-soliton formulas above have been checked by direct substitution into (6.32). In
the two-soliton case, the residual becomes identically zero after the exponential substitutions

6 =logé—kix+kt, 6 =logn—kyx+kt.
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Equivalently, the numerator of the residual vanishes coefficient by coefficient in £ and 5. The three-
soliton expression is the corresponding terminating perturbative tau polynomial; no nonzero terms
occur beyond f©.
The restrictions are
ki+k;#0, ki +kkj+k;#0,  y#0,

for the relevant pairs i < j.

6.4. Lax branch and the auxiliary hierarchy time

The Lax branch is obtained from the coefficient conditions

2
@ = iyz, B =2y, c= —O. (6.56)
10 Yy

Then, the potential equation (6.5) becomes

Gt + Gox + 20qxqax + 10g% , + 404>, = 0. (6.57)

Equivalently, with

u= i/ﬁ(ln Pxs (6.58)

the physical fifth-order equation is

2
u; + %uzux + 2Vl Uy + VUl + Us, = 0. (6.59)

In terms of f, Eq (6.57) is the homogeneous trilinear equation

0= f2(fu+ for) = f(fufi = 5Sfecfor + 6fcf50)
+ 10(f2 = 2fofurfox + frfun): (6.60)

It is not the same as the single scalar equation
(DD, + D% f - f=0.

The accepted bilinear representation introduces the auxiliary KdV hierarchy variable s:

(DxDs + Di)f : f = O’ (661)

and

<ma+@v¢—%@+m@v¢=a (6.62)

Here, s is not an additional physical variable of the original (x, f)-equation. It is instead the time of the
lower KdV flow. Eliminating s from (6.61) and (6.62) recovers the trilinear form (6.60), and hence,
the Lax potential equation (6.57).
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One- and two-soliton tau functions

Let
E; =e", ni=kx—ks—kt+4 (6.63)

6

After setting s = 0, the corresponding physical one-soliton field is

The one-soliton tau function is

20
UV = Z(n fy  Ep = R0 (6.65)
y

For two solitons, the hierarchy tau function is

|f=1+E +E +ApEE,, (6.66)
where
ki — ko \
A, = . 6.67
12 (kl " kz) (6.67)

This is the KdV hierarchy interaction coefficient. It is not the Sawada—Kotera/CDG fifth-order scalar
coeflicient. Setting s = 0, we obtain

20 5
u? = =(nf)y,  E=enRe =12, (6.68)
Y
Direct substitution gives
y?
u; + l—ouzux + 2VU Uy + YUU L + Usy =0. (6.69)
u=u®

Verification note

The tau function (6.66) satisfies the two hierarchy bilinear equations (6.61) and (6.62). In the
symbolic check one replaces

6, =logéi—kix +k's +k't, i=1,2,

and both bilinear residuals vanish identically. Setting s = O gives the physical fifth-order Lax soliton
field.

7. Nonlinear Schrodinger equation

We now derive the Hirota bilinear form of the cubic nonlinear Schrodinger equation directly from
differential identities. This section is written separately because the NLS equation is not a single-tau
scalar equation of the KdV type. It requires a real tau function f and a complex numerator tau function

g.

AIMS Mathematics Volume 11, Issue 8, 24582-24649.
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Consider the cubic NLS equation

iU, + Uy + 20 ulPu = 0,

(7.1)

o= =#l1.

The case o = 1 is the focusing NLS equation, while o
introduce

—1 is the defocusing NLS equation. We

u= u=

b

~ | ox1

8
7

(7.2)

where f = f(x,1) is real-valued and g = g(x,7) is complex-valued. The complex conjugate of g is

denoted by g.

7.1. Differential identities for u = g/ f

Because
u=2
f
we have Foof Dg-f
thy = 81 f28 r_ t;i . (1.3)
Next,
D)ch f = g = 28:fc + 8 (7.4)
Dividing by f? and writing g = uf, gives
D2 . - 2
x;’z f_ uxx+2u(fff2 fx)
= Uy + 2u(ln [, (7.5)
Also,
Dif f=2(ffu~ 1) (7.6)
and hence,
Dif - f
s = (0 e (7.7)
7.2. Derivation of the bilinear system
Using (7.3) and (7.5), we obtain
D, + D?)g -
(l’f#c = ity + by + 2u(In [y (7.8)
Thus, the equation
(iD;+D3g- f=0 (7.9)
is equivalent to
i, + ty + 2u(ln f),, = 0. (7.10)

AIMS Mathematics
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To recover the NLS equation, we impose

(lnf)xx = O'|Lt|2.

Because _

juf? = ui = 5,

f

condition (7.11) becomes

Dif-f _ s&

217 s

Multiplying by 22, we obtain

Df - f =20¢8.

The complex conjugate of (7.9) is

(=iD, + DY) - f = 0.

Therefore, a closed bilinear system for NLS is

(iD; + D2)g - f =0,
(—iD,+ D})g - f =0,
Dif - f =20gg.

Conversely, if f # 0 and g, g, f satisfy (7.14), then division by f? gives
i, + Uy + 2u(ln f),, =0,
while division of the third equation by 2f? gives

88
(lnf)xx = O-F = 0-|M|2
Hence,
i, + e + 20 ulPu = 0.

Thus, (7.14) is equivalent to the NLS equation (7.1) under the transformation (7.2).

7.3. Focusing bright soliton expansion

The zero-background bright solitons correspond to the focusing case
o=1.

In this case, the bilinear system becomes

(iD; + D2)g - f =0,
(=iD, + D)z - f =0,
Dif - f = 2gg.

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)
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The standard Hirota parity expansion is
g=8gI +EG+EG + -, g=eg +8g+ (7.16)

and
f:1+82f2+84f4+"‘. (717)

The odd powers occur in g, g, while the even powers occur in f. This already shows why a scalar
one-tau coefficient of the form

o= PP —p2)
P(p; +p2)
does not apply directly to NLS.
7.4. One-soliton solution
For one soliton, the expansion truncates as
g =g g§=281 f=1+f. (7.18)
Take
g1 = E, gl =F (719)
where
E=¢", E =¢" (7.20)
with
n=px+ip*t+6, =qx—ig’t+9. (7.21)

Here, p,q,0,0 are treated as independent parameters in the algebraic verification. The physical
complex-conjugate reduction is obtained later by imposing

q=p, 0=0.
The first bilinear equation gives
(iD, + D)E - 1 = (i(ip®) + p*) E = 0.

Similarly,
(=iD, + D)E - 1 = (~i(~ig®) + ¢*) E = 0.

The third bilinear equation at order EE gives
Df - f =2EE.

Because
D)2C(1 : f2 + f2 : 1) = 2f2,xm
we need
fZ,xx = EE

AIMS Mathematics Volume 11, Issue 8, 24582-24649.
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However,
O*(EE) = (p + q)°EE.
Therefore,
EE
fr=—.
T (p+q?

Setting the bookkeeping parameter equal to one gives the one-soliton tau functions

E g=FE f=1+ EE
g = N g = s = _—
(p+9)7
Therefore,
(1) —
u’(x,t) = =
(x,1) o £
(p+ 97
Equivalently,
=(1) —
nw’(x,t) = =
(x, 1) o B
(p+ 97

For the physical bright soliton, impose

and write

Then,
p+p=2a,

and the exponential solution (7.24) reduces to the standard sech profile

uV(x, 1) = @ sech(a(x — 2bt - xo)) exp(i [bx + (@® = b))t + ¢ ).

where xy and ¢, are real constants.

7.5. Two-soliton solution

For two bright solitons, define

where

n = pix +ipit + 0, i = qix — ig’t + 6.

AIMS Mathematics Volume 11, Issue 8,

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

(7.27)

(7.28)
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Again, p; and g; are kept independent for the algebraic calculation. The physical complex-conjugate

reduction is obtained by taking

qi = Pi, 5 =6, i=1,2.

Define

1

= L i=1,2.
(pi +q;)° okl

Clij

Next, define

(p1— P2)2(611 - Q2)2
(p1+ 90)*(P1 + @)X (P2 + q1)* (P2 + ¢2)*

Ay =

The cubic coefficients in g are

B (p1—p2)° : (p1 — p2)°
€= 2 2° 2= 2 2"
(P1+q)*(p2+ q1) (p1+ @) (P2 + q2)
The cubic coeflicients in g are
o __@-—q) g - @ —a)
(p1+ q)*(p1 + )% (P2 + q)* (P2 + @)%

The two-soliton tau functions are

f =1+ anElEl + a12E1E2 + 6121E2E1 + 6122E2E2
+ AnnE E>E\E,,

g = E] + Ez + C1E1E2E1 + CzE]EzEz,

and

g = El + Ez + d1E1E1E2 + dzEzElEz.

Hence,

~ o

With f, g, g given by (7.33)—(7.35), direct substitution gives

i, + u,, + 20’ =0,

and

—ifl; + fyy + 20°u = 0.

Equivalently, the tau functions satisfy

(iD; + D2)g - f =0,
(=iD, + D)z - f =0,
Dif - f = 2gg.

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

(7.39)
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7.6. Why the scalar A, formula is not used for NLS

For scalar one-tau equations of the form

PD)f - f =0,
the two-soliton coefficient is often obtained from
. P(p; — p2)
1 - _..
P(p; +p2)

This shortcut does not apply directly to NLS because NLS is not represented by a single scalar equation
P(D)f - f = 0. Instead, it has the coupled system

(iD;+D»g-f=0, (=iD,+DYg-f=0, Df-f=20gz.

Therefore, the two-soliton solution must be computed from the coupled Hirota expansion, not from a
single scalar bilinear polynomial. This distinction is essential: the NLS interaction coefficients couple
g, &, and f, and the algebra is determinant-like rather than a single scalar A, ratio.

7.7. Verification note

For the one-soliton solution, substitution of
§ =logé — px —ip’t, 6 =logp — gx + ig*t
into the residuals gives
i, + uy, + 20’ =0, —ifl, + Bl + 20°u = 0.
For the two-soliton solution, the substitutions
§; = logé&; — pix — ip’t, 6; = logp; — qix + iq’t, i=1,2,

turn the residuals into rational expressions whose numerators vanish identically. Thus, the one- and
two-soliton formulae above have been checked directly in the physical NLS equations.

7.8. Remark on the defocusing case

The algebraic bilinear system
(D, +DYg-f=0,  (=iD,+D)g-f=0,  Dif-f=20g

is valid for both o = 1 and o = —1. However, the zero-background bright-soliton tau functions above
apply to the focusing case o0 = 1. The defocusing case o0 = —1 naturally supports dark solitons on
a nonzero background, and its Hirota construction uses a background phase together with a modified
tau ansatz. Therefore, the bright-soliton formulae in this section should be read as the focusing, zero-
background case.
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8. Fokas-type bilinear equation: Derivation and normalization

We now treat the multidimensional Fokas-type bilinear equation carefully. The purpose of this
subsection is not to quote a bilinear form but to derive the nonlinear equation associated with it through
differential identities.

Consider the scalar Hirota equation

(4D.D, - DD, + D.D} - 6D.D,,) f - f = 0. (8.1)
Let
qg=Inf. (8.2)
We use the identities D.D(F - f)
% = G (8.3)
D ,Dw(f ' f)
Zz—fz = G (8.4)
DiDy(f - f)
2)]—f2 = {Gxxxy + 66[xexy (85)
and X
D,.D;(f - f)
Zy—fz = (axyyy + 6(]yyqu' (86)

Dividing (8.1) by 22, we obtain

0= 4(]xt - (qxxxy + 661quycy) + (Qxyyy + 661nyxy) - 6sz- (8.7)

Therefore, the bilinear equation (8.1) is equivalent to the potential equation

4th - Qxxxy + quyy - 6gZW + 6(ny - CIxx)QXy =0. (88)

This is the equation obtained directly from the Hirota differential identities. No dependent-variable
transformation has been assumed beyond ¢ = In f.

8.1. Important warning about the field transformation

The equation
Mhyy = Uy + Uy + 6(U?) = 6, = 0 (8.9)

does not follow from (8.1) by the simple substitution
u=C(n f)xx = Cqx-

Indeed, differentiating (8.8) twice with respect to x and setting u = Cg,, produces nonlinear terms of
the form

8i [(qyy - Cbcx)‘]xy] s

AIMS Mathematics Volume 11, Issue 8, 24582-24649.
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not the term
2
() xy-

Hence, the statement
u=Cnf)y =  duy — gy + Uy + 6?)y — 61y, =0

is not justified by (8.1). It must be removed unless an additional reduction, change of variables, or
different dependent-variable transformation is explicitly supplied and verified.
Thus, in this paper, the verified statement is the following:

The bilinear equation (8.1) is equivalent to the potential equation (8.8). Any further claim
that it is equivalent to (8.9) requires a separate derivation.

8.2. One-soliton dispersion relation

Let
f=1+¢€", m =kix+ 6y +mz+nmw—wt+9d. (8.10)

For the phase convention containing —wt, the bilinear polynomial associated with (8.1) is

Pk, t,m,n,w) = —4kw — kK> + k> — 6mn. (8.11)

Indeed,
D" - e = (—w; + w;)e" M,

so the contribution of 4D, D, is —4kw, not +4kcw.
Substitution of f = 1 + €™ into (8.1) gives

2P(k1,£1,m1,n1,(1)1)em = 0~ (8.12)

Therefore, the one-soliton dispersion relation is

~4kyw, - kit + k63 — 6myn; = 0. (8.13)

Equivalently, for k; # 0,

_ —k?€1 + klf';’ — 6m1n1

8.14
w1 4k, ( )
8.3. Two-soliton coefficient
For two solitons, take
f=1+e"+e"+Ape”™ (8.15)
where
n; = kix + €y + miz + niw — w;t + 0;, i=1,2. (8.16)
The full spectral vector is
pi = (ki, €, mj, n;, w;). (8.17)
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The coefficient of e gives
P(p;) =0, i=1,2.

The coeflicient of €™*"2 comes from
en . 6”72, 1 ,Alzem+772_

Hence,
P(p; — p2) + Ao P(p1 + p2) = 0.

Solving for A;,, we obtain

Explicitly,

(8.18)

(8.19)

(8.20)

Pky — ky, €y — toymy —my,ny — np, Wy — wy)

12 =

Pky + ky, € + Co,my +ma,ny + np, wy +w2)’

(8.21)

where P is the polynomial in (8.11).

9. Boussinesq family

We now treat the Boussinesq family in a way that avoids normalization ambiguities. The same
scalar bilinear operator may correspond to different nonlinear coeflicients depending on the logarithmic

transformation.

9.1. Scalar bilinear equation

Consider the scalar Hirota equation

(D? +aD> +bDY)f - f =0,

where a and b are constants. Let

qg=Inf.
The required identities are
Dif-f) _ Di(f-f) _
Z—fZ = 4u, 2—f2 = qxx
and ,
Dx(f : f) 2
———— = qu, + 6q,.
2f2 q4 Q.)CX

Dividing (9.1) by 22, we obtain

G + aqyx + bqa, + 6bqix =0.

This is the potential Boussinesq equation associated with (9.1).

AIMS Mathematics

9.1

9.2)

9.3)

9.4)

9.5)
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9.2. Recovering the nonlinear Boussinesq equation

Introduce
1 = Aqyy = A(In £y, 9.6)
where A # 0. Applying 19 to (9.5) gives
6b
Uy + ally, + bug, + 7(u2)xx =0. 9.7)
Thus, if the PDE is written as
Uy + Aty + Bugy + C?) e = 0, 9.8)
then it is generated by
(D? + AD> + BDYf - f =0, 9.9)
with
6B
u= F(lnf)xx, BC # 0. (9.10)
In the common normalization C = 3, this becomes
lu=2B(In f),., (9.11)
and the PDE is
Uy + Aty + Butgy + 3 = 0. 9.12)

9.3. Normalization table

The following table records common Boussinesq conventions. The transform must be matched to
the coefficient of (u?),,.

Nonlinear PDE Bilinear equation Transform

Uy — Uxx — Ugy — (uz)xx = 0 (th - Di - Di)f . f = 0 u= 6(lnf)xx
Uy = Uy — gy = 3(U?) . = 0 (D] =D =D)f-f=0 u=2(In f)
Uyt + Ugx + 3(u2)xx = O (Dzz + Di)f ' f = 0 u= 2(lnf)xx

6B
Uy + Atty + Buge + C(u),, =0 (D> + AD* +BDHYf - f=0 u= F(ln Fax

9.4. Equivalent homogeneous form

Expanding the bilinear equation gives

0= %(D,2+aD§+bDj‘c)f~f
= f(fu+ afec +bfiy) — 7 —af? + b3f2 — 4f.fs). (9.13)

Equivalently,

F(fu+ afe+bfi) — 2 —af> + b3f2 - 4f.fax) = 0. (9.14)
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9.5. Linear dispersion relation

Let
f=1+ge’+---, 0 = kx — wt + 6.

The corresponding Hirota polynomial is

Pk, w) = w* + ak® + bk*.

Therefore, the dispersion relation is

W+ al® + bk = 0.

9.6. One-soliton solution

Let
6 = kix — wit + 1, E, = ¢
where
w? + al? + bk = 0.
Then,

satisfies (9.1). In the normalization u = 2b(In f),,, the corresponding field is

uV(x, 1) = 2b(In f)y = 71 sech? 5

bk? (klx—a)lt+61)

9.7. Two-soliton solution
For two solitons, set,
0; = kix — w;t + 6;, Ei:egi, i=1,2

with

w? + ak? + bk} = 0, i=1,2.
The two-soliton tau function has the scalar form

\f=1+E +E+ApEE,.|

Because (9.1) is a scalar one-tau equation, the interaction coeflicient is

_P(kl —ky, w1 — wy)
P(ky + kp, w1 + wy)’

Ap =

Thus,

(w1 — w2)* + alky — kx)* + bk — ky)*
((1)1 + (1)2)2 + a(lq + k2)2 + b(kl + k2)4.

In the normalization u = 2b(In f),,, the two-soliton solution is

u?(x,1) = 2b(In f),

A =

(9.15)

(9.16)

(9.17)

(9.18)

(9.19)

(9.20)

(9.21)

(9.22)

(9.23)

(9.24)

(9.25)

(9.26)

(9.27)

with f given by (9.24). A direct symbolic check gives zero after imposing the two dispersion relations

9.17).
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10. Sine-Gordon

We now derive the Hirota form of the sine—Gordon equation directly from differential identities.
This equation is fundamentally different from KdV, KP, and Boussinesq scalar one-tau equations. It is
naturally written with two real tau functions f and g.

Consider the normalized sine—Gordon family

(0.1

where k # 0 is a real constant. The standard sine—-Gordon equation corresponds to k = 1. The sign of
k may be changed by reversing one light-cone variable.
We introduce the tau transformation

¢ = 4 arctan (?), (10.2)

where f = f(x, 1) and g = g(x, ) are real tau functions. Define

7= J% (10.3)
Then,
¢ = 4arctan z. (10.4)
10.1. Elementary identities
We first compute ¢,, and sin ¢ in terms of z.
Because
4z,
¢x - TZZ’
we obtain
(1 + 22w — 222:%
Also,
. 4z(1 - 2%)
sin(4 arctan z) = m (10.6)
Therefore, ¢,, = k sin ¢ is equivalent to
(1 + 2z — 222, = k2(1 = 20). (10.7)

Thus, our task is to rewrite (10.7) in bilinear form.
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10.2. Differential identities for z = g/ f

Let

The first required identity is

Indeed, since g = zf, we have

and

Hence,

Next,

and therefore,

We also need D,D,(g - g). Because g = zf,

Thus,

Combining (10.11) and (10.13), we obtain

10.3. Derivation of the bilinear system

We now impose the first bilinear equation

Using (10.8), Eq (10.15) becomes

AIMS Mathematics

=
f
%f'f) = 24 + 22(In ). (10.8)
g =) + 2fw g =zuf+zfi,
xt = thf + fot + thx + fot-
Dth(g : f) = gxtf - gxﬁ - gtfx + gfxt
= Pz + 22f fu - 22fif;
= 2z + 22(In )] . (10.9)
D.D/(f - ) =2(ffu— fif0) (10.10)
Dth .
—2% 1) (In £ (10.11)
88w — 8x8: = f*|22u — 22 + 20 f|. (10.12)
PO - o2+ 00 P (10.13)
DXDt(féj{;_ 88 _ (1 =20y — 22 + 222 (10.14)
(DD, —x)g- f=0.] (10.15)
2y + 2z(In f)y = kz. (10.16)
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Therefore,
KZ — 2t

(n f)y = P

Now, impose the second bilinear equation

D.D(f - f~g-8)=0.]

Using (10.14), this gives

(1 =2)(n fy — 22 + 242 = 0.
Substituting (10.17) into (10.19), we get

KT = Zxt

(1- Zz)— — 2%+ 2:2 = 0.
2z
Multiplying by 2z,
(1 = 2)(KZ = Zas) — 2272 + 22252 = 0.
Expanding,
kz(1 = 2%) = (1 = 29z — 22°20 + 222,27 = 0.

Because

_(1 - Zz)th - 2Z2th = _(1 + Zz)zxta
we obtain

kz(1 = 2%) = (1 + 2%z + 222:2, = 0.
Equivalently,

(1 + )z — 222,27 = k2(1 = 2%).

This is exactly (10.7). Hence, using ¢ = 4 arctan z, we recover

¢y = KSIN .

Therefore, the sine-Gordon family (10.1) is equivalent to the bilinear system

(Dth_K)g'fZO,
DDi(f-f-g-8 =0,

with

8
=4 2.
arctan (f)

AIMS Mathematics

(10.17)

(10.18)

(10.19)

(10.20)

(10.21)

(10.22)

(10.23)

(10.24)

(10.25)
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10.4. Reverse verification

Conversely, suppose f and g satisfy (10.25), with f # 0, and define

7= 5, ¢ = 4arctan z.

f

The first bilinear equation gives
Tyt T 22(11’1 f)xt = KZ.

The second gives
(1 =2)(n f)y = 22 + 22 = 0.

Eliminating (In f),, yields
(1 + Zz)zxt - ZZZXZ[ = KZ(l - Zz),

Using ,
(1 +27)z — 222,:%
bu= 4o
and
sing = —4Z(1 _ ZZ),
(1+2%)?
we obtain
¢y = KSIN .

Thus, the bilinear system is exactly equivalent to the sine—-Gordon family.

10.5. One-kink solution

Let
f=1, g=¢", n=kx+Qt+9.

The first bilinear equation gives
(DD, — k)e" -1 = (kQ — k)e" = 0.

Thus, the dispersion relation is

The second bilinear equation is automatically satisfied because
D.D,(1-1) =0, D.D,(e"-€") = 0.

Therefore,

&(x, 1) = 4 arctan (ek“%”‘s)

is a one-kink solution of
by =k sin &.

Changing g to —g produces the antikink.

(10.26)

(10.27)

(10.28)

(10.29)

AIMS Mathematics Volume 11, Issue 8, 24582-24649.



24627

10.6. Two-soliton construction

For two sine—~Gordon solitons, the tau functions have even—odd structure:

g=s1E + E,, f=1-s1ApEE,, (10.30)
where
Ei = e’”, n = k,’X + Ql’f + 61', kiQi = K,
and
s; = =1.

The signs s; encode kink or antikink orientation.
We now derive Ay,. The first bilinear equation is

(DD, —x)g- f =0.
The terms E; - 1 vanish because k;Q; = . The terms E; - E| E; also vanish. For example,
D.DE, - (E\Ey) = (ky — ki — k) Q1 — Q) ~ Q)EE, = oy EXE, = kEEs.

Hence,
(DD, — K)E; - (E\E3) = 0.

The same argument applies to E, - (E;E,). Thus, the first bilinear equation imposes only one-soliton
dispersions.
Now, use the second bilinear equation

D.D(f-f~-g-8)=0.
The coefficient of E|E, in D, D,(f - f) is
—2515A12(k1 + k2)(Q1 + Q)E Es.
The coefficient of EE, in D, D,(g - g) is
2s182(k1 — ka)(€21 — )E L E.
Therefore, the coefficient of E1E, in D,.D,(f - f —g-g)is

=25152 [Aa(ky + ko)(Q + €)) + (k1 — ko)(2) — Q)] EL E>.

Thus,
(k1 — k2)(Q2) — )
A =— } 10.31
2T T )@+ ) (1631)
Using
K
Qi =
ki
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we get
1 1 ki —ky
Q- =k|l———]=- ,
1 K(kl kz) Tk,
and 1 1 ki + k
+ K2
Q +Q =k|—+—| = k= .
1 ? K(kl kz) “ kiky
Therefore,
ki — ko)’
App = . 10.32
T a0
Thus, the two-soliton tau functions are
k- k)
g = s1e" + s,e™, f=1=-s15 (ki m kz) entmn, (10.33)
The associated field is
b = 4arctan(§). (10.34)

10.7. Comments on soliton polarity
If 515, = 1, the two objects have the same polarity, and
f=1-ApEE,.
If 515, = —1, the pair is a kink—antikink configuration, and
f=1+ApEE,.
Complex conjugate choices of k; and 9; yield breather-type solutions. These follow from the same tau
structure after imposing reality of ¢.
10.8. Why the scalar Ay, formula is not used
The sine—Gordon equation is not represented by a single scalar equation
PD)f-f=0.
It is instead represented by the coupled system
(D:D: = K)g- f=0, D.D(f-f-g-8=0.

Therefore, the usual scalar shortcut

_P(pi —p2)
P(p: +p2)

does not apply directly. The interaction coeflicient

ki —ky\
Au:(l 2)

must be derived from the coupled equations, as done above.

A =
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11. Manakov system

We consider the two-component Manakov system

itty + 1. + 20 (Jur P + o)y = 0, (11.1)
itty, + . + 20 (Jur | + o) uz = 0, (11.2)
where
o=+l

The case o = 1 is the focusing Manakov system, while o = —1 is the defocusing Manakov system.
The Manakov system is not represented by one scalar tau equation

P(D)f- f=0.

Instead, it requires one real tau function f and two complex numerator tau functions g, g,. We
introduce

w==2 == j=1,2 (11.3)

where

11.1. Differential identities

Let
1)

uj_f

Because g; = u;f, we compute the Hirota identities component by component. First,

qg=Inf.

Digi-f=gf—8if (11.4)

Using g;, = uj, f + u;f;, we obtain

Digj-f=upf +uf)f —uiffi

= flu;,. (11.5)
Thus,
Dg;-f
fffz = u,. (11.6)
Next,
D)chj : f = gj,xxf - 2gj,xfx + gjfxx- (11.7)
Because
8jx = uj,xf + ujfx’ 8jxx = uj,xxf + 2uj,xfx + ujfxxa
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substitution gives

Dg; - f = (Wjnf + 2ujufo + uifod) f
=2 f +uiffs +uif f
= FPujx + 2ui(f frx = [
Because ffo = f7 = f2(I0 flex = f7 G
Dig;-f
f2

= Uj e + 2q .l

Finally,
1nally. Diffzz(ffxx_fxz)

and therefore,

Dif-f _
2f2 - QJCX'

11.2. Derivation of the bilinear system

Using (11.6) and (11.9), we get

(iD,+ DY)g; - f
72

=0Ujy + Ujoy + 2q U

The Manakov system requires

Ujy + Ujye + 20'(|u1|2 + |u2|2) u; =0, j=1,2.

Thus, we need
2 2
s = o (Il + o).

Because .
8181 T 8282
il + o = S5
condition (11.14) becomes B B
_ 81811 8282
Gux = O'—fz .

Using (11.11), this is equivalent to

D*f - f =20 (2181 + £282) -

Therefore, the closed Hirota bilinear system is

(D, + D})g: -
(iD; + D})g, -
(=iD, + D)3, -
(—iD; + D)8, -
Df -

b

9

2

S O O O

B

20(g181 + 8282) -

-
I

(11.8)

(11.9)

(11.10)

(11.11)

(11.12)

(11.13)

(11.14)

(11.15)

(11.16)

(11.17)
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11.3. Reverse verification
Assume that f, g1, g2, 81, §» satisfy (11.17), with f # 0, and define

u; = &1 u; = &

J f ’ J f ’

Dividing the first two bilinear equations by f? and using (11.12), gives

j=1,2.

iuj,t+uj,xx+2q,rxuj =0, Jj=12. (11.18)

Dividing the fifth bilinear equation by 22 and using (11.11), gives
8181 T &8
0'—

Qxx - f2
Substituting (11.19) into (11.18) yields the Manakov system. Thus, the bilinear system is equivalent to
the PDE under the transformation (11.3).

= O'(|u1|2 n |u2|2). (11.19)

11.4. Focusing bright one-soliton solution

We now take o = 1. Let

E=¢" E=¢ (11.20)

where
n=px+ip’t+§, 7=qx—ig’t+0. (11.21)

For the algebraic calculation, p, g, 6,6 are kept independent. The physical reduction is imposed later
by taking

q=p, o =06.
Let o'V, ® be the polarization constants in g, g, and let 8V, @ be the corresponding constants in
g1, &>. Define

S =aVpY + @B, (11.22)
Then, the one-soliton tau functions are
gi=aVE, g =aYE, (11.23)
& =B"E, % =p"E, (11.24)
and
S _
=1+ . (11.25)
/ (p+q)7
Therefore,
WE
W, 1) = “S . =12 (11.26)
1+ SEE
(p+9)
For the physical bright soliton, impose
q=p, 5=0, BY =, j=1,2. (11.27)

Then, S = @V + |a?|%.
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11.5. Real amplitude form of the one-soliton

Write
p=a+ib, a>0, DbeR. (11.28)

Let 1 = ng + in;. From n = px + ip*t + 6, we obtain

ng = ax —2abt+ og (11.29)
and
n = bx + (a* = b))t + 6. (11.30)
Under the physical reduction,
p+p=2a, S =1a"P+a?P
Define S R
e = 1 ®:nR+§. (11.31)
Then,
uP(x,1) = ac; sech®@e™,  j=1,2, (11.32)
where
@ Pl =1 (1133)
Ci = ——, c|l” + e = 1. .
J \/§

Thus, the focusing Manakov bright one-soliton is a scalar bright envelope shared by two components
through a constant polarization vector (cy, ¢3).

11.6. Focusing bright two-soliton solution

For two bright solitons, define
E =¢", E =€", i=1,2 (11.34)

where

N = pix +ip’t + &;, i = qix — iqit + 9. (11.35)

Again, p;,q;,6;,0; are treated as independent parameters during the algebraic verification. Let the
polarization vectors be

@ =" a?),  B=@"A) i=12

i [

Define the contractions

Sy=aV+dBY,  ij=1.2 (11.36)
and
Sij .
Kij = pi+q;, Fij= ek iLj=12. (11.37)
ij
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Let
Ap:pl_pZ’ Aq:Ch—C]z-

The denominator tau function is

f: 1 +F11E1E1 +F12E1E2+F21E2E1 +F22E2E2 (11 38)
+ FimE E>E\E,. .
The numerator tau functions are
g&r = a(lr)El + a’(zr)Ez + CrlElEZEl + CrZElEZEZ, r=1,2, (1139)
and
g :ﬂ(lr)El +ﬁ(2r)E2 + Dr]ElElEz + DrzEzElEz, r=1,2. (1140)
The cubic coeflicients in g, are
[ (r) ]
a’S a,’S
Ch=A, |2 - 2201 0 =12 (11.41)
| Kuk3, KK |
and
PG (r) ]
a;’S a,’S
Co=A, |22 - 221 r=12 (11.42)
EK12K22 K12K22_
The cubic coefficients in g, are
(r) (r)
S S
D, = A, Ai 122_[322 . (11.43)
KKy, Ki K2
and
(V)S (V)S
D, :Aq ﬂl 222 _:822 21 , r=1,2. (11'44)
K21K22 K21K22
It remains to define Fy;5,. Set
K=pi+p+aq1+q.| (11.45)
Define
H = (Ki; — K») F11Fxn + (K12 = K21)*F12Fa1, (11.46)
and
2
R=> ("D + Dy + Cupy’ + Cop)). (11.47)
r=1
Then,
R-H
Fiin = i (11.48)
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Finally, the focusing Manakov two-soliton solution is

u®(x, 1) = r=1,2, (11.49)

&
f b
where f, g,, g, are given by (11.38)—(11.48). For the physical complex-conjugate reduction, take

Gi=p. 6=6. p=a’. ir=12 (11.50)

11.7. Verification note

The one-soliton tau functions satisfy
(iD, + D*)g, - f =0, (=iD, + D*)g, - f =0, r=1,2,

and

Dif - f = 28181 + 282).
The two-soliton tau functions were verified symbolically in the same bilinear system. The phase shifts
were replaced by

§; = logé&; — pix — ip’t, 6; = logp; — qix + iq’t, i=1,2. (11.51)

After this substitution, the five bilinear residuals become rational functions in &, &, p1, 02, and every
numerator coefficient vanishes. Therefore, the fields u, = g,/ f, r = 1,2, solve the focusing Manakov
system

. 2 2y, _ _

ity + Uy + 2 (1 + o), =0, r=1,2.

11.8. Remark on the defocusing case

The bilinear system
(iD, + D*)g, - f =0, (=iD, + D*)g, - f = 0, r=1,2,

and
Dif - f =20(2181 + £282)
is valid algebraically for o = +1. However, the zero-background bright tau functions above correspond

to the focusing case o = 1. The defocusing case o = —1 requires a nonzero-background dark-soliton
construction and is not obtained by merely changing the sign in these bright tau functions.

11.9. Why the scalar interaction formula is not applicable

The scalar formula
_P(p1 —p2)

P(p; +p2)
applies to scalar one-tau bilinear equations P(D)f - f = 0. The Manakov system is not of this form.
Its Hirota representation is a coupled vector system, and the two-soliton coefficients depend on the
polarization contractions

Ap = (11.52)

—_ M) (2)x(2)
S,j—ozl. ﬁj +a/l. ﬂj .

Therefore, the scalar A,-shortcut is not valid for the Manakov system.
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11.10. Remark on seventh-order KdV equations
The phrase “seventh-order KdV equation” is not unique. In general, one may consider the family
3 3 2
U, + awuy + buy + cunt e + du Uy + QU + By + YUty + Upxorcx = 0. (11.53)

Only special choices of the parameters lead to soliton equations.

Classical seventh-order integrable cases include the seventh-order Sawada—Kotera—Itd equation, the
seventh-order Lax equation, and the seventh-order Kaup—Kupershmidt equation. These equations pass
the multisoliton test and admit N-soliton solutions.

However, there also exists a scalar Hirota-bilinear seventh-order KdV-type equation generated by

(DD, +D¥f - f=0, (11.54)

1159

This equation has one- and two-soliton solutions, but it does not necessarily belong to the fully
integrable KdV hierarchy because it fails the three-soliton test.
For the scalar bilinear equation (11.54), the one-soliton phase is

with

ni =kix —kl't +6;, i=1,2 (11.56)
and the two-soliton tau function is
f=1+e"+eP + Ape™ (11.57)
where — —
- - +
2= EZ + Z;ZE; + ]I:Z + 212 (11.58)
Therefore,
u(x,t) =20%In |1 +e" + ™ + EZ ; Z;zg:j ; ZZ : 2;2 entn . (11.59)
More generally, the scalar bilinear equation
(DD, + pDy + gD+ DY) f - f =0 (11.60)
has the dispersion relation
w; = p/’ci3 +qki5 +kl-7, n; = kix — w;it + 0;. (11.61)
The corresponding scalar two-soliton coeflicient is
~ (ki — ky)? [7k? — 145k, + 21k3ks — 14k k3 + Tk + S5q(kt — kiky + k3) + 3p] 11.62)
Uk + ko) [THE + 14K + 21RIE + 14K + TS + 5q(6 + kiks + k) +3p| '

Thus, the correct conclusion is the following. Some seventh-order KdV equations are fully
integrable and admit N-soliton solutions. Other seventh-order KdV-type equations are bilinearizable
in a scalar Hirota form and admit one- and two-soliton solutions, but they may fail the three-soliton
test. Therefore, for KdV7, one must distinguish between the following:
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1) the integrable seventh-order KdV hierarchy members;
2) scalar bilinear seventh-order KdV-type equations with two solitons;

3) generalized seventh-order KdV equations that admit only special traveling-wave or restricted
soliton solutions.

12. Fractional clock variants and one-soliton solutions

We close the paper with a fractional-clock extension of the one-soliton solutions considered above.
The construction is not the standard Caputo replacement. It is instead a natural time-clock
reparametrization. Namely, every classical solution written in an evolution variable 7' is converted
into a clock-fractional solution by replacing

a

T — 0,(0), ®a(t):m, 0O<a<l. 12.1)

12.1. Clock derivative and chain rule

Define the clock derivative by

epey_ 1 dF
DIF(r) = o) i (12.2)
Because
a—1
Q1) = T (12.3)
we may also write
DYF(t) = F(a)tl_“d—F. (12.4)
dt
If
F(t) = F(0,(1) (12.5)
then
dF =
— = Fr(@u(1)0,(). (12.6)
t
Therefore,
DIF(t) = Fr(@,(1)). (12.7)

This identity is the basis of all formulae in this section.

Important distinction. The operator D¢ is a local derivative with respect to the clock 7 = ©,(¢).
It is not the standard Caputo derivative. Hence, the formulae below are exact for the clock-fractional
equations written with O¢. For a nonlocal Caputo equation, the same expressions must be checked by
direct residual substitution.
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12.2. Master reparametrization principle

Let U(x, T) solve a classical evolution equation

UT = W[U]

(12.8)

where K contains only spatial derivatives, shifts, lattice operators, or algebraic nonlinearities. Define

u(x,t) = U(x, 0,(1)).

Using (12.7), one gets

Diux, 1) = Ur(x, 04(1) = K[UIX, O (1) = Klul(x, 1).

Therefore, u solves

Diu = Klu].

Equivalently, every classical one-soliton phase
n=kx—-wl +06

becomes

Mo = kx — wO,(t) + 0. ‘

12.3. KdV equation

The clock-fractional KdV equation is

Diu+ 6uuy, + uyy, = 0.

The one-soliton phase is
o = kx — 2Oy (1) + 6.

With
f=1+exp(.)

and
u=2(n f)

one obtains

k? kx — kK3O,(f) + 6
u(x,t):isechz( al 5 ® )

12.4. Modified KdV equation

For the positive-sign modified KdV equation, the clock-fractional model is

Diu+ Uy + 6ulu, = 0.

(12.9)

(12.10)

(12.11)

(12.12)

(12.13)

(12.14)

(12.15)

(12.16)

(12.17)

(12.18)

(12.19)
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The one-soliton tau functions are
exp(2nq)

= o), =1 12.20
g = exp(7a) f=1+ 2 ( )
where
e = kx — K°O,(t) + 6. (12.21)
Therefore,
u(x, ) = ;% = ksech (kx — K°0,(1) + 6 — In(2k)). (12.22)
12.5. Normalized Gardner equation
The normalized Gardner equation is
Ur + 0x (Uxx + 6uU” + 2U%) = 0. (12.23)
The clock-fractional version is
DU + 0, (U + 6uU” +2U°) = 0. (12.24)
Using the shift relation
W=U-+u (12.25)
and the transport variable
Y = x+6u°T (12.26)

a one-soliton solution is obtained from the mKdV one-soliton. After replacing T by ®,(f), we obtain

U(x, 1) = ksech (kx + (6ki” — k) ©4(t) + & — In(2K)) — p. (12.27)

12.6. General Gardner equation

Consider the clock-fractional Gardner equation

D+ avv, + bv*v, + vy, = 0. (12.28)

Let U(X, T) solve the normalized Gardner equation. Define

v(x, 1) = pU(gx, rO4(1)). (12.29)
Then, v solves (12.28) provided
r=q’, ap = 12uq?, bp* = 64°. (12.30)
One convenient branch is
3
a a a
P=5 q=——"—""F7——"F"> r=————. (12.31)
2bu 2V6 Vb 48 V6 b3/

Therefore,

a ax a*®,(1)
v(x,t) = Ul- ,—
2bp \ 2V6Vbu 48 V6 b2y
solves (12.28). Inserting (12.27) gives the corresponding one-soliton member of the general Gardner
family.

(12.32)
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12.7. Sawada—Kotera/CDG branch
For the Sawada—Kotera/CDG branch,

_r
a/5—?

30

s ﬁS =7, u= _(lnf)xx
Y

the scalar bilinear equation is

(DD + D%)f - f = 0.

The one-soliton phase is
o = kx — KO (t) + 6.

With
f=1+exp(.)

we obtain

30 1542 .
W) = 28 n f = % sech? ('7—)
14 2y 2

12.8. Kaup—Kupershmidt branch

For the Kaup—Kupershmidt branch,

75

15
k) ﬁS = = u= _(lnf)x)ﬁ
Y

the bilinearization is coupled:

Dif-f)-4fg=0

oo\ rre Bprs. o=
(DxDT+16Dx)f f+ 4Dx(f g)_()

For one soliton,

No = kx — kS@a(t) + 6’ f =1+ eXP(Ua)

Hence,

15 1542 .
W) = =& 1n f = 5 sech? (”—)
14 4y 2

The auxiliary tau function is determined by

DS
g_—4f .

(12.33)

(12.34)

(12.35)

(12.36)

(12.37)

(12.38)

(12.39)

(12.40)

(12.41)

(12.42)

(12.43)
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12.9. Lax fifth-order branch
For the Lax fifth-order branch,

_¥

20
as = ’ ﬁS = 2)/3 u= _(lnf)xx’
10 Y

the hierarchy bilinearization is
(DXDS + Di)f ’ f =0

(DXDT+D§)f-f—g(D§+DSD§C)f-f:0.

A one-soliton hierarchy phase is
Mo = kx = ks — O (1) + 6.
For a fixed hierarchy time s = 0, this reduces to
e = kx — K°O,(t) + 6.

With
f=1+exp(.)

one obtains

2 2
u(x,t) = —Oﬁi Inf = & sech? (@)
4 4 2

12.10. Scalar seventh-order KdV-type equation

Consider

(DD + pD?t + gD + D®)f - f =0, u=2(In )y

The one-soliton phase is
Ne = kx — w(k)Oy(t) + 0

where
wk) = pk> + gk + k.
Thus,
f=1+exp(.)
and

k2 o
u(x,t) = > sech? (%)

(12.44)

(12.45)

(12.46)

(12.47)

(12.48)

(12.49)

(12.50)

(12.51)

(12.52)

(12.53)

(12.54)

(12.55)

This is a clock-fractional one-soliton of the scalar seventh-order KdV-type equation. It does not by

itself prove complete integrability.
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12.11. KP equation

The clock-fractional KP equation in the normalization used in this paper is

Let

The one-soliton phase is

where

Thus,

and

12.12. Boussinesq family

(Dfu + 6unty + tyyy), + 30'2uyy =0.

u=2(In f) .

Ne = kx + L€y — wO, (1) + 6

3022
k b

f=1+exp(.)

k? o
u(x,y,t) = 5 sech? (%)

Consider the Boussinesq family

The clock-fractional version is

The tau transformation is

The one-soliton phase is

with

Thus,

and

AIMS Mathematics

urr + Au,, + Bugy, + C(uz)xx =0.

(DY u + Aty + Bug, + C*) = 0.

w= 20 )

Ne = kx — wOL(t) + 0

(W + AR + BK* = 0.

f=1+exp(n,)

2

k o
sech? (77_) .

u(x,t) = °C >

(12.56)

(12.57)

(12.58)

(12.59)

(12.60)

(12.61)

(12.62)

(12.63)

(12.64)

(12.65)

(12.66)

(12.67)

(12.68)
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12.13. Fokas (4 + 1)-dimensional equation
For the Fokas-type bilinear equation
(4D.D7 — DDy + DD} — 6D.D,)f - f =0

let
qg=Inf.

The one-soliton phase is
Ny = kx + €y + mz + nw — w®, (1) + 6.

The dispersion polynomial is
Pk, t,m,n,w) = —~4kw — kK€ + k€ — 6mn.

Hence,

—I3C + k{® — 6mn
= , k+0.
@ 1% *

The potential one-soliton is

q(x,y,z,w, 1) = In(1 + exp(n,)) .

It solves the clock-fractional potential equation obtained from

4qu - q“txy + QJnyy - 6qzw + 6(ny - Qxx)CIxy =0

by replacing
qur > 0.D/q.

12.14. Nonlinear Schrodinger equation

The focusing clock-fractional NLS equation is

iDYU + e, + 2Jul*u = 0.

Let
u="2.
f
Set
Ne = PX+ip*O,(t) + 10,  p=a+ib,  a>0.
The one-soliton tau functions are

exp(n. +1,)

g=epin),  f=l+ =l

Therefore,

u(x, 1) = asech (alx — 260,(t) - xo]) exp (ilbx + (a* = b")Ou (1) + o).

(12.69)

(12.70)

(12.71)

(12.72)

(12.73)

(12.74)

(12.75)

(12.76)

(12.77)

(12.78)

(12.79)

(12.80)

(12.81)
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12.15. Manakov system

The focusing clock-fractional Manakov system is

i@ﬁﬁ+wm+20mf+mﬁﬁq:0, j=1,2.
Let .
J .
u=—, j=172.
Tf
Set
Ne = pX+ip*@u() +1m9, p=a+ib, a>0.

Choose polarization constants ay, @, € C, and define
2 2
So = lag|” + |asl”.

The tau functions are
gj = a;exp(na), j=12

and S

f=1+——exp(, +7,).
(p +Dp)*
Writing
a; 2 2
ci= , le1]” +en]” =1
J \/AS'_O 1 2
we get

u;(x,1) = ac;sech (alx — 260, (1) - x]) exp (i[bx + (a* - b)O,

() +¢l), j=

1,2.

12.16. Sine—Gordon equation

The clock-fractional sine-Gordon equation is

0y (D ¢) = ksin ¢.

The two-tau transformation is
8
¢ = 4 arctan (—) .
f
For a kink, take
=1 g = exp(1a)

where

Ne = kx + QO (1) + 6, kQ = k.

Hence,

¢(x, t) = 4 arctan

exp (kx + g@a(t) + 6)] .

AIMS Mathematics

(12.82)

(12.83)

(12.84)

(12.85)

(12.86)

(12.87)

(12.88)

(12.89)

(12.90)

(12.91)

(12.92)

(12.93)

(12.94)
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12.17. Toda lattice

For the Toda lattice bilinear form
(D:Dr — 1)ty Ty = —Tp1Tnt (12.95)

the clock-fractional version is obtained by replacing T with ®,(¢). Let

T, = 1 +exp(na) (12.96)
where
Mo = kx — wOy(f) + np + 0. (12.97)
Substitution gives the dispersion relation
| kew = cosh(p) — 1.| (12.98)
Therefore,
h(p) — 1
(6, 1) = 1 +exp (kx _ %@a(t) +np + 5) . (12.99)
With
Uy = 1n(T”“§”‘1) (12.100)
Tl’l

this gives the corresponding clock-fractional Toda one-soliton.
13. Conclusions

This work presented a differential-identity-based verification of Hirota bilinear forms for several
classical nonlinear evolution equations. The central point is that Hirota bilinearization must be handled
equation by equation. A single scalar tau equation of the form

P(D)f-f=0 (13.1)

is powerful, but it is not universal. Several important integrable equations require coupled tau functions,
auxiliary fields, lattice tau functions, or additional hierarchy times.

For scalar one-tau equations such as KdV, KP in the correctly normalized form, the
Sawada—Kotera/Caudrey—Dodd—Gibbon branch, the Boussinesq family, and certain scalar
seventh-order KdV-type equations, the bilinear form follows directly from logarithmic substitutions
such as

u="2(1nf) (13.2)
or its coefficient-adjusted variants. In these cases, the derivation is controlled by identities such as
D.D/(f - f) Dy(f-f) 2
2—]‘2 = 4 2—f2 = quax + 04, q=Inf. (13.3)

Thus, the bilinear equation is not guessed; it is obtained by matching the differential identity with the
transformed nonlinear PDE.
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The fifth-order KdV family provides the clearest test case. Starting from
Uy + ity + Bit gy + YUy + Usy = 0 (13.4)

the logarithmic substitution
u=c(n f), (13.5)

separates three distinct bilinear mechanisms. The Sawada—Kotera/CDG branch is represented by the
single scalar equation

(DD, +D%f - f=0. (13.6)

The Kaup—Kupershmidt branch requires an auxiliary tau function g because the transformed equation
contains a g term that cannot be produced by DS(f - f)/(2f?). The Lax branch belongs to the
KdV hierarchy and requires an auxiliary hierarchy time s. Therefore, these three branches are all
bilinearizable but not in the same sense.

This distinction is important for soliton formulae. The scalar interaction coefficient

_P(p1 —p2)
P(p; +p2)

12 —

(13.7)

is valid only for scalar one-tau equations
P(D)f-f=0. (13.8)

It must not be applied directly to coupled systems such as mKdV, NLS, Manakov, sine-Gordon,
Gardner, or Kaup—Kupershmidt. In those cases, the interaction coefficients must be derived from the
full coupled Hirota expansion or from the corresponding tau representation.

The paper also clarified normalization issues. For example, the KP equation

(uy + OULL, + ), + 3071y, = 0 (13.9)
is associated with the bilinear equation
(DyD; + Dy +30°D))f - f = 0. (13.10)

The alternative form
(D} +30°D; —4D.D)f - f =0 (13.11)

corresponds to a different time normalization. Similarly, the Fokas (4+1)-dimensional bilinear equation
gives a verified potential equation for ¢ = In f; it should not be converted into a physical equation for
a new variable unless the transformation is separately justified.

For seventh-order KdV-type equations, the analysis shows that the phrase “KdV7” is not unique.
Some seventh-order equations are completely integrable hierarchy members and admit N-soliton
solutions. Other scalar bilinear seventh-order equations admit one- and two-soliton solutions through
the Hirota calculation, but the existence of two solitons alone does not prove complete integrability. A
three-soliton test or an explicit hierarchy structure is still required.
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Finally, the fractional-clock extension gives an exact way to generate fractional-time one-soliton
solutions without destroying the algebraic Hirota structure. The essential clock is

a

t
T =0, = —, 0 <1 13.12
D= Fiva =@ (13.12)
and the associated clock derivative is
1 dF

DYF(t) = —_ 13.13
E@) Q. (1) dt ( )

If F(f) = F(®,(t)), then N
DYF(t) = Fr(0,(2)). (13.14)

Consequently, every classical one-soliton tau function depending on the evolution time 7" produces an
exact clock-fractional one-soliton by the replacement

T — 0O,(1). (13.15)

This clock construction is exact for the local clock-fractional models written with Df. It should
not be confused with the standard Caputo or Riemann-Liouville replacement. For genuinely nonlocal
fractional models, the same reparametrized soliton formulae are useful ansatz functions, but they are
not automatically exact. In that case, a direct residual calculation is necessary.

In summary, the reliable use of Hirota’s method requires three safeguards: First, derive the bilinear
form from explicit differential identities; second, separate scalar, coupled, hierarchy, lattice, and
potential bilinearizations; and third, distinguish exact clock-fractional reparametrizations from
nonlocal fractional equations. With these safeguards, the catalogue becomes a verified computational
reference rather than a formal list of untested bilinear formulae.
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