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Abstract: This study focuses on the weak dominance between t-conorms and nullnorms given by the
following inequality:

S (N(x, y), z) ≥ N(S (x, z), y), x, y, z ∈ [0, 1],

where N is a nullnorm and S is a t-conorm. The paper mainly discusses the case where N has an ordinal
sum structure, its underlying operators are Archimedean, and S is Archimedean. The established
relations are proved through the concavity and convexity of functions constructed from the additive
generators corresponding to the underlying operators.
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1. Introduction

Aggregation functions, as mathematical tools for combining multiple input values into
representative outputs, play a significant role in multi-attribute decision-making, image processing,
data fusion, fuzzy logic, and artificial intelligence [1–3]. The concept of dominance was initially
introduced in probability metric spaces [4] and is closely related to the construction of Cartesian
products and the transitivity of sets in fuzzy relations [5–7].

However, the dominance relationship is too strict. Weak dominance, as an extension of the
dominance relationship, has received increasing attention from the academic community in recent
years. The concept of weak dominance was first introduced by Alsina et al. [1] As a generalization of
the dominance relationship, it is closely linked to the modular equation. Due to its wider application
scope, it has attracted increasing attention.

Most studies have focused on the weak dominance of t-norms [8–10]. In recent years, Li et al.
extended the research to the weak dominance between t-norms and t-conorms [11, 12]. However,
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research on weak dominance, especially involving more complex operational structures, such as
nullnorms, uninorms, and other mixed-type aggregation functions, related to classical operators, is
still relatively scarce. For instance, the weak dominance between t-norms and semi-t-operators has
been studied in fuzzy logic [7].

This paper is structured as follows: Section 2 sorts out and reviews basic preliminary concepts.
Section 3 puts forward the core research results of this paper, with the focus on the weak dominance
relation between ordinal sum structured nullnorms and t-conorms.

2. Preliminaries

Some basic concepts are recalled here, including nullnorms, ordinal sums, weak dominance, and
convexity. For more details, please refer to [14, 15, 17].

Definition 2.1 ( [13,16]). Let (Ti)i∈I (resp. (S i)i∈I) be a family of t-norms (t-conorm) and let {(ai, bi)}i∈I
be a pairwise disjoint open subintervals of [0, 1] with 0 ≤ ai < bi ≤ 1 and

⋃
i∈I [ai, bi] ⊆ [0, 1]. The

ordinal sum T = ⟨(ai, bi, Ti)⟩i∈I is the t-norm defined by

T (x, y) =

ai + (bi − ai) Ti

(
x − ai

bi − ai
,

y − ai

bi − ai

)
, if x, y ∈ [ai, bi],

min{x, y}, otherwise.

Ordinal sum S = ⟨(ai, bi, S i)⟩i∈I is the t-conorm given by

S (x, y) =

ai + (bi − ai) S i

(
x − ai

bi − ai
,

y − ai

bi − ai

)
, if x, y ∈ [ai, bi],

max{x, y}, otherwise.

The common t-norms (t-conorms) are as follows:
• Minimum t-norm TM:

TM(x, y) = min{x, y}.

• Product t-norm TP:
TP(x, y) = x · y.

• Lukasiewicz t-norm TL:
TL(x, y) = max {0, x + y − 1}.

• Maximum t-conorm S M:
S M(x, y) = max {x, y}.

• Probabilistic sum t-conorm S P:
S P(x, y) = x + y − xy.

• Łukasiewicz t-conorm S L:
S L(x, y) = min {1, x + y}.
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Theorem 2.1 ( [13]). A binary function T (S ) : [0, 1]2 → [0, 1]: If there exists a continuous, strictly
decreasing mapping t(s) : [0, 1]→ [0,∞) with t(1) = 0 (resp., s(0) = 0) such that

T (x, y) = t−1(min(t(x) + t(y), t(0))
)

(resp., S (x, y) = s−1(min(s(x) + s(y), s(1))
)
) for all x, y ∈ [0, 1], then it is a continuous Archimedean

t-norm (t-conorm). The functions t and s are called additive generators. The reverse also holds.

For a continuous Archimedean t-norm T (t-conorm S ), it belongs either to the strict class or to the
nilpotent class.

Definition 2.2 ( [13]). A binary operation N : [0, 1]2 → [0, 1] is called a nullnorm if it satisfies the
following conditions for all x, y, z ∈ [0, 1]:
• Commutativity: N(x, y) = N(y, x);
• Associativity: N

(
N(x, y), z

)
= N

(
x, N(y, z)

)
;

• Monotonicity: N is non-decreasing in each variable;
• There exists an absorbing element k ∈ [0, 1] such that N(k, x) = k for all x ∈ [0, 1];
• Boundary conditions: N(0, x) = x for all x ≤ k, and N(1, x) = x for all x ≥ k.

Theorem 2.2 ( [13]). Let N be a nullnorm with k ∈ [0, 1]. There exist a t-conorm S N on [0, k] and a
t-norm TN on [k, 1] such that

N(x, y) =


S N(x, y), if (x, y) ∈ [0, k]2,

TN(x, y), if (x, y) ∈ [k, 1]2,

k, otherwise.

We denote this nullnorm by N ≡ ⟨S N , TN , k⟩.

In this representation, S N = N|[0,k]2 is a t-conorm on [0, k] with e = 0; TN = N|[k,1]2 is a t-norm on
[k, 1] with e = 1.

Definition 2.3. Let {(ai, bi, S i)}i∈I be a collection where {(ai, bi)}i∈I are pairwise disjoint open
subintervals of [0, k], and each S i is a t-conorm on [ai, bi] (with neutral ai and absorbing bi). The
ordinal sum t-conorm S N = ⟨(ai, bi, S i)⟩i∈I on [0, k] is defined by

S N(x, y) =

S i (x, y), if (x, y) ∈ [ai, bi]2,

max (x, y), otherwise.

A completely analogous definition holds for the ordinal sum t-norm TN = ⟨(c j, d j, T j)⟩ j∈J on [k, 1].
S i is a continuous Archimedean t-conorm on [ai, bi], then there is an si : [ai, bi]→ [0,∞] and si(ai) = 0,
si(bi) = ∞, then

S (x, y) = s−1
i

(
si(x) + si(y)

)
for all x, y ∈ [ai, bi]. Meanwhile, T j is a continuous Archimedean t-norm on [c j, d j], and there is an
t j : [c j, d j]→ [0,∞] and t j(d j) = 0, t j(c j) = ∞, then

T (x, y) = t−1
j
(
t j(x) + t j(y)

)
for all x, y ∈ [c j, d j].

AIMS Mathematics Volume 11, Issue 8, 24379–24396.



24382

Definition 2.4 ( [1]). Consider binary operations A and B defined on a partially ordered set (S ,≤). If
for all x, y, z,w ∈ S ,

A
(
B(x, z), B(y,w)

)
≥ B

(
A(x, y), A(z,w)

)
,

then A is said to dominate B, denoted A ≫ B.

Definition 2.5 ( [1]). Let A and B be binary operations on (S ,≤). If for all x, y, z ∈ S ,

A(B(x, y), z) ≥ B(A(x, z), y),

then A is said to weakly dominate B, denoted A ≥ B.

Definition 2.6 ( [14]). A function f , if for any x, y ∈ I and any θ ∈ [0, 1],

f (θx + (1 − θ)y) ≤ θ f (x) + (1 − θ) f (y),

is called convex.

Definition 2.7 ( [14]). A function f , if for any x, y ∈ I and any θ ∈ [0, 1]:

f (θx + (1 − θ)y) ≥ θ f (x) + (1 − θ) f (y),

is called concave.

Remark 2.1. If f is second-order differentiable, convexity is equivalent to f ′′(x) ≥ 0, and concavity is
equivalent to f ′′(x) ≤ 0.

The interplay between convexity, Lipschitz conditions, and aggregation functions is further explored
in [19].

3. Main results

In this section, we investigate the weak dominance between a t-conorm and nullnorm whose
underlying operators have an ordinal sum. For the construction of such nullnorms, see [18], please.

Theorem 3.1. Let S be a t-conorm. Then there exists no nullnorm N with k ∈ (0, 1) such that for all
x, y, z ∈ [0, 1],

N (S (x, y), z) ≥ S (N(x, z), y)

holds.

Proof. Suppose such an N exists with absorbing element k ∈ (0, 1). Consider

x =
k
2
, y =

1 + k
2
, z =

k
2
,

then x, z ∈ (0, k) and y ∈ (k, 1).
Left-hand side: Since x < k < y, we have S (x, y) ≥ max {x, y} = y > k. Because S (x, y) > k and z ≤ k,
the definition of a nullnorm yields

N(S (x, y), z) = k.
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Right-hand side: Both x ∈ [0, k], z ∈ [0, k], hence N(x, z) ∈ [0, k]. Since y > k and S is
non-decreasing,

S (N(x, z), y) ≥ S (0, y) = y > k.

Thus the inequality k ≥ S (N(x, z), y) would require k > k, a contradiction. Therefore, no such
nullnorm exists.

The relevant conclusions regarding the t-conorm S weakly dominating the nullnorm N are
as follows:

Theorem 3.2. Let S e be a strict t-conorm with an additive generator s : [0, 1]→ [0,∞] that is strictly
increasing and satisfies s(0) = 0, s(1) = ∞. Let N ≡ ⟨S N , TN , k⟩ be a nullnorm such that:
(i) S N = ⟨(ai, bi, S i)⟩i∈I is an ordinal sum t-conorm on [0, k], where each S i is a strict t-conorm on
[ai, bi] with additive generator si : [ai, bi]→ [0,∞] that is strictly increasing and satisfies

si(ai) = 0, si(bi) = ∞.

(ii) TN = ⟨(c j, d j, T j)⟩ j∈J is an ordinal sum t-norm on [k, 1], where each T j is a strict t-norm on [c j, d j]
with additive generator t j : [c j, d j]→ [0,∞] that is strictly decreasing and satisfies

t j(d j) = 0, t j(c j) = ∞.

Define the functions:

fi(u) = s
(
s−1

i (u)
)
, u ∈ [0,∞), i ∈ I,

g j(v) = s
(
t−1

j (v)
)
, v ∈ [0,∞), j ∈ J.

Then S weakly dominates N if and only if:
(i) For each i ∈ I, the function fi is concave;
(ii) For each j ∈ J, the function g j is concave.

Proof. Necessity: S ≫ N ⇒ fi, g j is concave.
Assume S weakly dominates N, i.e., S

(
N(x, y), z

)
≥ N

(
S (x, z), y

)
for all x, y, z ∈ [0, 1].

Case 1: Concavity of fi.
Fix i ∈ I and take any x, y lie in the same ordinal sum block of S N , i.e., x, y ∈ [ai, bi]. Set

a = si(x), b = si(y), a, b ∈ [0,∞).

Due to S (x, 0) = x and S being continuous, we can choose z sufficiently small such that S (x, z) ≤ k
and S (x, z) ∈ [ai, bi]. For such z,

N(x, y) = S i (x, y), N
(
S (x, z), y

)
= S i

(
S (x, z), y

)
.

The weak dominance inequality becomes

S
(
S i (x, y), z

)
≥ S i

(
S (x, z), y

)
. (1)

Apply the strictly increasing generator s to both sides:

s
(
S i (x, y)

)
+ s(z) ≥ s

(
S i (S (x, z), y)

)
. (2)
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Due to si being an additive generator with S i,

s
(
S i (x, y)

)
= s

(
s−1

i (a + b)
)
= fi(a + b).

Moreover, set
c = s(z), S (x, z) = s−1(s(x) + s(z)

)
= s−1( fi(a) + c

)
.

Because S (x, z) ∈ [ai, bi],

si (S (x, z)) = si

(
s−1 ( fi(a) + c)

)
= f −1

i ( fi(a) + c) .

Hence

si (S i (S (x, z), y)) = si(S (x, z)) + si(y) = f −1
i ( fi(a) + c) + b,

s (S i (S (x, z), y)) = fi

(
f −1
i ( fi(a) + c) + b

)
.

Substituting into (2) gives
fi(a + b) + c ≥ fi

(
f −1
i ( fi(a) + c) + b

)
. (3)

Because fi is increasing, now set c = fi(a + b) − fi(a) ≥ 0. Then

f −1
i ( fi(a) + c) = f −1

i ( fi(a + b)) = a + b,

and (3) becomes
2 fi(a + b) − fi(a) ≥ fi(a + 2b). (4)

Let p = a, q = a + 2b. Then a + b = p+q
2 and (4) lead to

2 fi

( p + q
2

)
≥ fi(p) + fi(q), ∀ p, q ≥ 0.

Since fi is continuous, this midpoint inequality implies that fi is concave on [0,∞).
Case 2: Concavity of g j.

The proof is dual. Fix j ∈ J and take x, y ∈ [c j, d j]. Set a = t j(x), b = t j(y), a, b ∈ [0,∞). Choose z
sufficiently large such that S (x, z) ≥ k and S (x, z) ∈ [c j, d j], then

N(x, y) = T j(x, y), N
(
S (x, z), y

)
= T j

(
S (x, z), y

)
,

and the weak dominance gives
S
(
T j(x, y), z

)
≥ T j

(
S (x, z), y

)
. (5)

Apply s to (5) and set w = s(z).

s
(
T j(x, y)

)
+ c ≥ s

(
T j(S (x, z), y)

)
.

Due to t j being an additive generator with T j,

s
(
T j(x, y)

)
= s

(
t−1

j (a + b)
)
= g j(a + b).

Using t j,
t j

(
T j(x, y)

)
= a + b, s

(
T j(x, y)

)
= g j(a + b).
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Also, S (x, z) = s−1
(
g j(a) + w

)
, and because S (x, z) ∈ [c j, d j],

t j (S (x, z)) = t j

(
s−1

(
g j(a) + w

))
= g−1

j

(
g j(a) + w

)
.

Thus

t j

(
T j(S (x, z), y)

)
= g−1

j

(
g j(a) + w

)
+ b,

s
(
T j(S (x, z), y)

)
= g j

(
g−1

j

(
g j(a) + w

)
+ b

)
.

Hence (5) becomes
g j(a + b) + w ≥ g j

(
g−1

j

(
g j(a) + w

)
+ b

)
. (6)

Since g j is decreasing, we take w = g j(a) − g j(a + b) ≥ 0. Then g−1
j

(
g j(a) + w

)
= g−1

j

(
g j(a)

)
= a.

To obtain concavity, we apply g−1
j to both sides of (6) and reverse the inequality:

g−1
j
(
g j(a + b) + w

)
≤ g−1

j
(
g j(a) + w

)
+ b. (7)

Set p = g j(a), q = g j(a + b). Then p ≥ q, a = g−1
j (p), a + b = g−1

j (q). Set w = p − q, then
g j(a) + w = 2p − q, and (7) becomes

g−1
j (q) ≤ g−1

j (2p − q) + b.

Since b = g−1
j (q) − g−1

j (p), we obtain

g−1
j (q) ≤ g−1

j (2p − q) + g−1
j (q) − g−1

j (p) =⇒ g−1
j (p) ≤ g−1

j (2p − q) . (8)

Set u = q, v = 2p − q, then p = u+v
2 and (8) give

g−1
j

(u + v
2

)
≤

g−1
j (u) + g−1

j (v)

2
.

Hence g−1
j is convex. A continuous, strictly decreasing function whose inverse is convex is itself

concave. Therefore, g j is concave on [0,∞).
In conclusion, the weak dominance holds for all x, y, z ∈ [0, 1], and the sufficiency is proved.

Sufficiency: fi, g j concave⇒ S ≫ N.
Assume all fi and g j are concave. We need to prove that for any x, y, z ∈ [0, 1],

S
(
N(x, y), z

)
≥ N

(
S (x, z), y

)
holds.

We distinguish cases based on the positions of x and y relative to k and the ordinal sum blocks.
Case 1: x, y ∈ [0, k] and belongs to the same block [ai, bi] of S N .

Set x = s−1
i (a), y = s−1

i (b) with a, b ≥ 0. For any z ∈ [0, 1], set c = s(z). Concavity of fi is
equivalent to

fi(a + b) + c ≥ fi

(
f −1
i ( fi(a) + c) + b

)
. (9)
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Because S i is strict,

S i(x, y) = s−1
i (a + b), s(S i(x, y)) = fi(a + b),

S (x, z) = s−1 (s(x) + c) = s−1 ( fi(a) + c) , si(S (x, z)) = f −1
i ( fi(a) + c) ,

S i(S (x, z), y) = s−1
i

(
f −1
i ( fi(a) + c) + b

)
, s (S i(S (x, z), y)) = fi

(
f −1
i ( fi(a) + c) + b

)
.

This is exactly s
(
S i(x, y)

)
+ c ≥ s

(
S i(S (x, z), y)

)
. Applying s−1 gives

S
(
S i(x, y), z

)
≥ S i

(
S (x, z), y

)
. (10)

Now N(x, y) = S i(x, y).
If S (x, z) ≤ k, and for z such that S (x, z) ∈ [ai, bi], we have

N(S (x, z), y) = S i(S (x, z), y).

If S (x, z) > k or S (x, z) < [ai, bi] leaves the block, then

N(S (x, z), y) = k.

In all such subcases, monotonicity of S and N together with the fact that S i(·, ·) ≤ k guarantees
that (10) still holds. The inequality holds for all z by continuity.
Case 2: x, y ∈ [k, 1] in same block [c j, d j].

Set a = t j(x), b = t j(y), c = s(z). Concavity of g j gives

g j(a + b) + c ≥ g j

(
g−1

j

(
g j(a) + c

)
+ b

)
. (11)

Using the generators of T j and S ,

T j(x, y) = t−1
j (a + b), s(T j(x, y)) = g j(a + b),

S (x, z) = s−1
(
g j(a) + c

)
, t j(S (x, z)) = g−1

j

(
g j(a) + c

)
,

T j(S (x, z), y) = t−1
j

(
g−1

j

(
g j(a) + c

)
+ b

)
, s

(
T j(S (x, z), y)

)
= g j

(
g−1

j

(
g j(a) + c

)
+ b

)
.

Thus (11) is equivalent to
s
(
T j(x, y)

)
+ s(z) ≥ s

(
T j(S (x, z), y)

)
,

and after applying s−1,
S

(
T j(x, y), z

)
≥ T j (S (x, z), y) . (12)

Since N(x, y) = T j(x, y) and for z with S (x, z) ≥ k and S (x, z) ∈ [c j, d j], we have

N
(
S (x, z), y

)
= T j

(
S (x, z), y

)
.

Inequality (12) yields the weak dominance. The remaining z (where S (x, z) < k or S (x, z) leaves the
block) are handled by monotonicity as in Case 1. Therefore, the weak dominance inequality holds in
the upper region.
Case 3: x, y∈ [0, k] belongs to the interior of the different block, or one of them is not in any block.

In this case, N(x, y) = max(x, y). So, the weak dominance inequation becomes

S
(
max(x, y), z

)
≥ N

(
S (x, z), y

)
. (13)
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Subcase 3.1: S (x, z) ≤ k. Since S (x, z) ∈ [0, k] and y ∈ [0, k], N(S (x, z), y) ∈ [0, k]. Moreover,

N
(
S (x, z), y

)
= max

(
S (x, z), y

)
.

On the other hand,

S
(
max(x, y), z

)
≥ S (x, z), S

(
max(x, y), z

)
≥ S (y, z) ≥ y.

Hence S
(
max(x, y), z

)
≥ max

(
S (x, z), y

)
, which is established.

Subcase 3.2: S (x, z) > k. Then S (x, z) ∈ (k, 1] while y ≤ k. By the definition of a nullnorm,

N
(
S (x, z), y

)
= k.

Because max(x, y) ≥ x, the monotonicity of S yields

S
(
max(x, y), z

)
≥ S (x, z) > k.

Consequently, S
(
max(x, y), z

)
≥ k = N

(
S (x, z), y

)
, so (13) holds.

Case 4: x, y ∈ [k, 1] but belongs to different blocks of TN , or at least one lies outside all blocks.
Here, TN(x, y) = min(x, y), so N(x, y) = min(x, y). The inequality becomes

S
(
min(x, y), z

)
≥ N

(
S (x, z), y

)
. (14)

Again, we consider two subcases.
Subcase 4.1: S (x, z) ≥ k. Then S (x, z) ∈ [k, 1] and y ∈ [k, 1]. Hence

N
(
S (x, z), y

)
= min

(
S (x, z), y

)
.

• If min(x, y) = x, then N(S (x, z), y) = S (x, z) and min(S (x, z), y) ≤ (S (x, z); therefore, (14) is true.
• If min(x, y) = y, then S (min(x, y), z) = S (y, z) ≥ y by monotonicity. Moreover, min(S (x, z), y) ≤ y,

so (14) follows.
Subcase 4.2: S (x, z) < k. Here, S (x, z) ∈ [0, k) while y ≥ k; therefore,

N
(
S (x, z), y

)
= k.

Since min(x, y) ≥ k, we obtain S
(
min(x, y), z

)
≥ min(x, y) ≥ k, which proves (14).

Case 5: x ≤ k ≤ y and y ≤ k ≤ x.
Assume x ≤ k ≤ y (the symmetric case is analogous). Then N(x, y) = k. The inequality to verify is

S
(
k, z

)
≥ N

(
S (x, z), y

)
. (15)

Subcase 5.1: S (x, z) ≤ k. Then, because y ≥ k, the nullnorm definition yields

N
(
S (x, z), y

)
= k.

Since S (k, z) ≥ S (k, 0) = k, (15) follows.
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Subcase 5.2: S (x, z) > k. Now both S (x, z) ∈ [k, 1] and y ∈ [k, 1]. Hence

N
(
S (x, z), y

)
= TN

(
S (x, z), y

)
.

For any t-norm TN on [k, 1], we have TN(u, v) ≤ u for all u, v ∈ [k, 1]. Consequently,

N
(
S (x, z), y

)
= TN

(
S (x, z), y

)
≤ S (x, z).

Monotonicity of S gives S (x, z) ≤ S (k, z), because x ≤ k and S is increasing, thus

N
(
S (x, z), y

)
≤ S (x, z) ≤ S (k, z),

which establishes (15).
Subcase 5.3: Boundary cases (S (x, z) = k or y = k) are directly covered by the continuity
argument below.
Case 6: Ordinal sum boundary points.

Since S and N are continuous on [0, 1]2, for any boundary point (x0, y0, z0), we can take a sequence
of interior points (xn, yn, zn) converging to it, such that the inequality holds at each interior point. Taking
limits and using the order-preserving property of limits yields

S
(
N(x0, y0), z0

)
≥ N

(
S (x0, z0), y0

)
.

Therefore, the weak dominance relation holds on the boundaries as well.
Combining the above six parts,

S
(
N(x, y), z

)
≥ N

(
S (x, z), y

)
for every x, y, z ∈ [0, 1] holds. Therefore, the condition is sufficient.

Remark 3.1. The concavity arguments used in the proof are based on [14].

Remark 3.2. The continuity of ordinal sum operators follows from [13].

Remark 3.3. The only part where the concavity of fi and g j is needed is when x and y belong to
the same ordinal sum block of the corresponding underlying operator (the lower region [0, k]2 with a
common block S i or the upper region [k, 1]2 with a common block T j). All remaining cases follow
directly from the basic properties of t-conorms, t-norms, and nullnorms, together with the continuity
of the operators.

Example 3.1. Take k = 1
2 . Define S as the probabilistic sum t-conorm

S (x, y) = x + y − xy, s(x) = − ln(1 − x), x ∈ [0, 1).

Consider a nullnorm N with absorbing element k = 1
2 such that:

• S N consists of a single block [0, 1
2 ] with a strict t-conorm S 1 given by

S 1(x, y) = x + y − 2xy, s1(x) = − ln(1 − 2x), x ∈
[
0,

1
2
]
.

AIMS Mathematics Volume 11, Issue 8, 24379–24396.



24389

• TN consists of a single block [1
2 , 1] with a strict t-norm T1 given by

T1(x, y) = 2x + 2y − 2xy − 1, t1(x) = − ln
(
2(1 − x)

)
, x ∈

[1
2
, 1

]
.

Compute the composite functions:

f1(u) = s
(
s−1

1 (u)
)
, g1(v) = s

(
t−1
1 (v)

)
, u, v ∈ [0,∞).

Since s−1
1 (u) = 1

2 (1 − e−u), we have

f1(u) = − ln
(
1 −

1
2

(1 − e−u)
)
= − ln

(1
2
+

1
2

e−u).
Its second derivative is

f ′′1 (u) = −
e−u

(1 + e−u)2 < 0, ∀ u ≥ 0,

hence f1 is strictly concave. For t1, we obtain t−1
1 (v) = 1 − 1

2e−v, and

g1(v) = − ln
(
1 − (1 − 1

2e−v)
)
= − ln

(1
2e−v) = v + ln 2.

Therefore, all conditions of the theorem are satisfied, and consequently S weakly dominates N.

Remark 3.4. The result forms a dual complement to the conclusions on semi-t-operators in
Theorems 5–7 [7].

Theorem 3.3. Let S e be a nilpotent t-conorm with additive generator s : [0, 1] → [0, 1] strictly
increasing, satisfying s(0) = 0, s(1) = 1.

Let N be a nullnorm with absorbing element k ∈ (0, 1) such that:
(i) Its underlying t-conorm on [0, k] is an ordinal sum, i.e.,

S N = ⟨(ai, bi, S i)⟩i∈I ,

where each S i is a nilpotent t-conorm on [ai, bi] with additive generator si : [ai, bi] → [0, 1] strictly
increasing, satisfying si(ai) = 0, si(bi) = 1.
(ii) Its underlying t-norm on [k, 1] is an ordinal sum,i.e.,

TN =
〈
(c j, d j, T j)

〉
j∈J,

where each T j is a nilpotent t-norm on [c j, d j] with additive generator t j : [c j, d j] → [0, 1] strictly
decreasing, satisfying t j(d j) = 0, t j(c j) = 1.

Define the composite functions

fi(u) = s
(
s−1

i (u)
)
, u ∈ [0, 1], i ∈ I,

g j(v) = s
(
t−1

j (v)
)
, v ∈ [0, 1], j ∈ J.

Then S weakly dominates N (i.e., S
(
N(x, y), z

)
≥ N

(
S (x, z), y

)
for all x, y, z ∈ [0, 1]) if and only if:

(a) For each i ∈ I, the function fi is concave;
(b) For each j ∈ J, the function g j is concave.
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Proof. Necessity: S ≫ N ⇒ fi, g j is concave.
Assume S weakly dominates N, i.e., for all x, y, z ∈ [0, 1],

S
(
N(x, y), z

)
≥ N

(
S (x, z), y

)
.

Case 1: Proving fi is concave.
Fix i ∈ I and take any x, y ∈ [ai, bi]. Set

a = si(x), b = si(y), a, b ∈ [0, 1].

Because S i is nilpotent, the interior of S i is strict. We consider the case a + b ≤ 1.
Choose z sufficiently small by continuity such that

S (x, z) ≤ k, S (x, z) ∈ [ai, bi], si(S (x, z)) + b ≤ 1, s(x) + s(z) ≤ 1,

N(x, y) = S i(x, y), N(S (x, z), y) = S i(S (x, z), y).

Weak dominance gives
S
(
S i(x, y), z

)
≥ S i

(
S (x, z), y

)
. (16)

Apply strictly increasing s and denote c = s(z) ∈ [0, 1]:

s
(
S i(x, y)

)
+ c ≥ s

(
S i(S (x, z), y)

)
. (17)

Since a + b ≤ 1,

S i(x, y) = s−1
i (a + b), s(S i(x, y)) = s

(
s−1

i (a + b)
)
= fi(a + b).

Also, S (x, z) = s−1(s(x) + c) = s−1( fi(a) + c), where fi(a) + c ≤ 1 by z. Because S (x, z) ∈ [ai, bi],

si(S (x, z)) = si
(
s−1( fi(a) + c)

)
= f −1

i ( fi(a) + c).

Then
S i(S (x, z), y) = s−1

i
(
si(S (x, z)) + b

)
= s−1

i
(
f −1
i ( fi(a) + c) + b

)
,

and therefore
s(S i(S (x, z), y)) = fi

(
f −1
i ( fi(a) + c) + b

)
.

Substituting the above into (17) and applying the monotonicity of s yields

fi(a + b) + c ≥ fi
(
f −1
i ( fi(a) + c) + b

)
. (18)

Since fi is strictly increasing, take c = fi(a + b) − fi(a) ≥ 0. Then

f −1
i

(
fi(a) + c

)
= f −1

i
(
fi(a + b)

)
= a + b.

Substituting into (18) gives
2 fi(a + b) − fi(a) ≥ fi(a + 2b). (19)
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Set p = a, q = a + 2b, then a + b = p+q
2 , and we have

2 fi

( p + q
2

)
≥ fi(p) + fi(q), ∀ p, q ≥ 0,

therefore fi is concave.
Case 2: Proving is g j concave.

The proof is dual. Fix j ∈ J and x, y ∈ [c j, d j]. Set

a = t j(x), b = t j(y), a, b ∈ [0, 1].

Choose z sufficiently large so that

S (x, z) ≥ k, S (x, z) ∈ [c j, d j], t j(S (x, z)) + b ≤ 1, s(x) + s(z) ≤ 1.

Then N(x, y) = T j(x, y), N(S (x, z), y) = T j(S (x, z), y). Weak dominance gives

S
(
T j(x, y), z

)
≥ T j

(
S (x, z), y

)
. (20)

Apply s and set c = s(z):
s
(
T j(x, y)

)
+ c ≥ s

(
T j(S (x, z), y)

)
. (21)

Since a + b ≤ 1,

T j(x, y) = t−1
j (a + b), s(T j(x, y)) = s

(
t−1

j (a + b)
)
= g j(a + b).

Also, S (x, z) = s−1(g j(a) + c), and because S (x, z) ∈ [c j, d j],

t j(S (x, z)) = t j
(
s−1(g j(a) + c)

)
= g−1

j (g j(a) + c).

Hence

T j(S (x, z), y) = t−1
j
(
t j(S (x, z)) + b

)
= t−1

j
(
g−1

j (g j(a) + c) + b
)
,

s(T j(S (x, z), y)) = g j
(
g−1

j (g j(a) + c) + b
)
.

Thus (21) becomes
g j(a + b) + c ≥ g j

(
g−1

j (g j(a) + c) + b
)
. (22)

Take
c = g j(a) − g j(a + b) ≥ 0,

then
g−1

j
(
g j(a) + c

)
= a.

Apply g−1
j to (22) and reverse the inequality:

g−1
j
(
g j(a + b) + c

)
≤ g−1

j
(
g j(a) + c

)
+ b. (23)

Set p = g j(a), q = g j(a + b). Then p ≥ q, a = g−1
j (p), a + b = g−1

j (q), and c = p − q into (23) yields

g−1
j (q) ≤ g−1

j (2p − q) + b, where b = g−1
j (q) − g−1

j (p).
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Therefore,
g−1

j (q) ≤ g−1
j (2p − q) + g−1

j (q) − g−1
j (p) =⇒ g−1

j (p) ≤ g−1
j (2p − q). (24)

Set u = q, v = 2p − q. Then p = (u + v)/2, and (24) is

g−1
j

(u + v
2

)
≤

g−1
j (u) + g−1

j (v)

2
,

for all u, v ≥ 0.
Thus g−1

j is convex. Hence g j is concave on [0, 1]. This completes the necessity.
This completes the proof of sufficiency.

Sufficiency ( fi, g j is concave⇒ S ≫ N).
Assume all fi and g j are concave. We verify

S
(
N(x, y), z

)
≥ N

(
S (x, z), y

)
, ∀ x, y, z ∈ [0, 1].

Case 1: x, y ∈ [0, k] belongs to the interior of the same block S i.
Set a = si(x), b = si(y), c = s(z). Concavity of fi implies

fi(a + b) + c ≥ fi
(
f −1
i ( fi(a) + c) + b

)
,

provided a + b ≤ 1,
fi(a) + c ≤ 1,
f −1
i ( fi(a) + c) + b ≤ 1.

Define the function
H(c) = fi

(
f −1
i ( fi(a) + c) + v

)
− fi(a + b) − c.

Set p = f −1
i ( fi(a) + c) > a. By concavity,

fi(p + b) − fi(a + b)
p − a

≤
fi(p) − fi(a)

p − a
=

c
p − a

,

which implies fi(p + b) − fi(a + b) ≤ c, i.e., H(c) ≤ 0. Moreover, H(0) = 0. Hence H(c) ≤ 0 for all
c ≥ 0.

If fi(a)+c ≥ 1 or si
(
S (x, z)/k

)
+b = 1, then either S (x, z) = 1 or N(S (x, z), y) = k, and the inequality

can be verified directly by monotonicity or by taking limits. Thus the inequality holds for all interior
points of this region.
Case 2: x, y ∈ [k, 1] belongs to the interior of the same block [c j, d j] of TN .

Set
a = t j(x), b = t j(y), c = s(z) ∈ [0, 1].

Concavity of g j implies
g j(a + b) + c ≥ g j

(
g−1

j (g j(a) + c) + b
)
.

This is equivalent to
S
(
T j(x, y), z

)
≥ T j

(
S (x, z), y

)
. (25)

Because N(x, y) = T j(x, y) and N(S (x, z), y) = T j(S (x, z), y) , when S (x, z) ≥ k and is inside the
block, (25) gives the weak dominance for interior z. Continuity extends it to all z.
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Cases 3–6: We now consider the other cases, including x, y in different blocks, mixed region and
boundary points, which do not involve the internal sums of the generators; they rely only on the
monotonicity of S , the definition of nullnorms, and continuity. The arguments are identical to those in
Theorem 3.2 (Case 3 to Case 6).

Since all possible cases satisfy the required inequality, we conclude S ≫ N. Thus, the theorem
is proved.

Remark 3.5. The proof is analogous to that of Theorem 3.2, with details adapted from [15].

Example 3.2. Take k = 1
2 . Define S as the Lukasiewicz t-conorm

S (x, y) = min(1, x + y), s(x) = x.

Consider a nullnorm N with absorbing element k = 1
2 such that:

• S N consists of a single block [0, 1
2 ] with the t-conorm

S 1(x, y) = min
(1
2
, x + y

)
,

whose normalized additive generator is s1(x) = 2x, mapping [0, 1
2 ] to [0, 1].

• TN consists of a single block [1
2 , 1] with the t-norm

T1(x, y) = max
(1
2
, x + y − 1

)
,

whose normalized additive generator is t1(x) = 2(1 − x), mapping [1
2 , 1] to [0, 1].

Then compute the composite functions:

f1(u) = s
(
s−1

1 (u)
)
= s

(u
2
)
=

u
2
, u ∈ [0, 1],

g1(v) = s
(
t−1
1 (v)

)
= s

(
1 −

v
2
)
= 1 −

v
2
, v ∈ [0, 1].

Hence f1 and g1 are concave. By Theorem 3.3, S weakly dominates N.
Take x = 0.2, y = 0.3, z = 0.6:

N(x, y) = S 1(0.2, 0.3) = min(0.5, 0.5) = 0.5,
S (0.5, 0.6) = min(1, 1.1) = 1,
S (x, z) = min(1, 0.8) = 0.8,

N(0.8, 0.3) = 0.5.

Therefore, the conditions of the theorem are satisfied, and S weakly dominates N.

Theorem 3.4. Let S e be a strict t-conorm with additive generator s : [0, 1]→ [0,∞] strictly increasing,
satisfying s(0) = 0, s(1) = ∞. Let N be a nullnorm with an absorbing element k ∈ (0, 1), and its
underlying operators satisfy:
(i) S N = ⟨(ai, bi, S i)⟩i∈I , where each S i is a nilpotent t-conorm on [ai, bi] with the additive generator
strictly increasing, satisfying si : [ai, bi]→ [0, 1] (si(ai) = 0, si(bi) = 1).
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(ii) TN = ⟨(c j, d j, T j)⟩ j∈J, where each T j is a strict t-norm on [c j, d j] with the additive generator strictly
decreasing, satisfying t j : [c j, d j]→ [0,∞], (t j(d j) = 0, t j(c j) = ∞).

Define

fi(u) = s
(
s−1

i (u)
)
, u ∈ [0, 1], i ∈ I,

g j(v) = s
(
t−1

j (v)
)
, v ∈ [0,∞), j ∈ J.

Then S weakly dominates N (i.e., S (N(x, y), z) ≥ N(S (x, z), y) for all x, y, z ∈ [0, 1]) if and only if:
(i) For each i ∈ I, the function fi is concave;
(ii) For each j ∈ J, the function g j is concave.

Remark 3.6. This theorem extends the results in [15] to the case of mixed strict and nilpotent
structures.

Example 3.3. Take k = 1
2 . Define S as the probabilistic sum t-conorm: S (x, y) = x + y − xy, with

additive generator s(x) = − ln(1 − x).
Lower block (nilpotent t-conorm): S N consists of a single block [0, 1

2 ] with

S 1(x, y) = min
(1
2
, x + y

)
, s1(x) = 2x, x ∈

[
0,

1
2
]
.

Then
f1(u) = s

(
s−1

1 (u)
)
= s

(u
2
)
= − ln

(
1 −

u
2
)
.

Compute

f ′′1 (u) = −
1

4
(
1 − u

2

)2 < 0

on [0, 1], so f1 is concave.
Upper block (strict t-norm): TN consists of a single block [1

2 , 1] with

T1(x, y) = 1 −
(1 − x)(1 − y)

1/2
.

Use the product t-norm shifted:

T1(x, y) =
1
2
+ 2

(
x −

1
2
)(

y −
1
2
)
, t1(x) = − ln

(
2
(
x −

1
2
))
.

Then t−1
1 (v) = 1

2 +
1
2e−v, and

g1(v) = s(t−1
1 (v)) = − ln

(
1 −

(1
2
+

1
2

e−v)) = − ln
(1
2
−

1
2

e−v) = ln 2 − ln(1 − e−v).

And
g′′1 (v) = −

e−v

(1 − e−v)2 < 0,

so g1 is concave.
Therefore, the conditions of the theorem are satisfied, and S weakly dominates N.
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4. Conclusions

The relevant results clarify the necessary and sufficient conditions for a t-conorm to weakly
dominate a nullnorm, with the underlying operators with ordinal sums whether the functions
constructed from the generators possess concavity. Complete concavity characterizations are
established via additive generators defined directly on the original intervals—thereby avoiding linear
transformations. Future research will focus on the weak dominance relationships between uninorms
and related operators and explore their applications in fuzzy logic, fuzzy control, and study the new
properties and applications brought about by weak dominance relations when the additive generators
are nonlinear functions.

Author contributions

Xiaodong Hou: Conceptualization, data curation; Jiajia Fan: Writing and original draft; Nan Zhang:
Formal analysis, writing and review and editing. All authors have read and agreed to the published
version of the manuscript.

Use of Generative-AI tools declaration

During the preparation of this work, we used DeepSeek for language polishing, grammar
refinement, and preliminary structural organization of the manuscript. After using this tool, we
carefully reviewed and edited the content as necessary and take full responsibility for the final content
of the published work. We confirm that all generative AI outputs were verified and corrected by the
authors, and no AI-generated content is directly reproduced without thorough validation.

Conflict of interest

We declare that the material presented in this manuscript has not been published or simultaneously
submitted to publication elsewhere; this paper does not infringe on intellectual property rights of any
third parties.

References

1. C. Alsina, M. J. Frank, B. Schweizer, Associative functions: triangular norms and copulas,
Singapore: World Scientific, 2006. https://doi.org/10.1142/6036

2. M. Grabisch, J. L. Marichal, R. Mesiar, E. Pap, Aggregation functions, Cambridge: Cambridge
University Press, 2009. https://doi.org/10.1017/CBO9781139644150

3. X. Hou, G. Li, The conditional distributivity of nullnorms over uninorms, Aequationes Math., 94
(2020), 355–368. https://doi.org/10.1007/s00010-020-00711-8

4. B. Schweizer, A. Sklar, Probabilistic metric spaces, Mineola: Dover Publications, 2005.

5. S. Saminger, R. Mesiar, U. Bodenhofer, Domination of aggregation operators and
preservation of transitivity, Int. J. Uncertain. Fuzziness Knowl.-Based Syst., 10 (2002), 11–35.
https://doi.org/10.1142/S0218488502001806

AIMS Mathematics Volume 11, Issue 8, 24379–24396.

https://dx.doi.org/https://doi.org/10.1142/6036
https://dx.doi.org/https://doi.org/10.1017/CBO9781139644150
https://dx.doi.org/https://doi.org/10.1007/s00010-020-00711-8
https://dx.doi.org/https://doi.org/10.1142/S0218488502001806


24396

6. J. Zuo, L. Liu, M. Antabli, Heteroclinic orbits in second-order Hamiltonian
systems: Existence results under new conditions, Phys. D, 494 (2026), 135275.
https://doi.org/10.1016/j.physd.2026.135275

7. X. Zhang, F. Zhang, M. Zhang, M. Qin, Several findings about the weak dominance between t-
norms and semi-t-operators, Int. J. Uncertain. Fuzziness Knowl.-Based Syst., 33 (2025), 985–1002.
https://doi.org/10.1142/S0218488525500291

8. M. Petrı́k, Dominance on strict triangular norms and Mulholland inequality, Fuzzy Sets Syst., 335
(2018), 3–17. https://doi.org/10.1016/j.fss.2017.06.001

9. W. Fechner, E. Rak, L. Zedam, The modularity law in some classes of aggregation operators, Fuzzy
Sets Syst., 332 (2018), 56–73. https://doi.org/10.1016/j.fss.2017.03.010

10. Y. Su, J. V. Riera, D. Ruiz-Aguilera, J. Torrens, The modularity condition for uninorms revisited,
Fuzzy Sets Syst., 357 (2018), 27–46. https://doi.org/10.1016/j.fss.2018.02.008

11. M. Mas, G. Mayor, J. Torrens, The modularity condition for uninorms and t-operators, Fuzzy Sets
Syst., 126 (2002), 207–218. https://doi.org/10.1016/S0165-0114(01)00055-0

12. L. Zhang, Research on the dominance relationship between aggregation functions, Master’s thesis,
China: Qilu University of Technology, 2023.

13. E. P. Klement, R. Mesiar, E. Pap, Triangular norms, Dordrecht: Springer Netherlands, 2013.
https://doi.org/10.1007/978-94-015-9540-7

14. C. P. Niculescu, L. E. Persson, Convex functions and their applications: a contemporary approach,
New York: Springer, 2006. https://doi.org/10.1007/978-3-031-71967-7

15. G. Li, L. Zhang, J. Wang, Z. Li, Some results on the weak dominance between t-norms and t-
conorms, Fuzzy Sets Syst., 467 (2023), 108487. https://doi.org/10.1016/j.fss.2023.02.008

16. A. H. Clifford, Naturally totally ordered commutative semigroups, Amer. J. Math., 76 (1954), 631–
646. https://doi.org/10.2307/2372706

17. S. Saminger, On ordinal sums of triangular norms on bounded lattices, Fuzzy Sets Syst., 30 (2022),
3163–3174. https://doi.org/10.1016/j.fss.2005.12.021

18. A. Mesiarova-Zemankova, Ordinal sum construction for uninorms and generalized uninorms., Int.
J. Approx. Reason., 76 (2016), 1–17. https://doi.org/10.1016/j.ijar.2016.04.007

19. G. Beliakov, T. Calvo, S. James, On Lipschitz properties of generated aggregation functions, Fuzzy
Sets Syst., 2010. https://doi.org/10.1016/j.fss.2009.06.017

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 8, 24379–24396.

https://dx.doi.org/https://doi.org/10.1016/j.physd.2026.135275
https://dx.doi.org/https://doi.org/10.1142/S0218488525500291
https://dx.doi.org/https://doi.org/10.1016/j.fss.2017.06.001
https://dx.doi.org/https://doi.org/10.1016/j.fss.2017.03.010
https://dx.doi.org/https://doi.org/10.1016/j.fss.2018.02.008
https://dx.doi.org/https://doi.org/10.1016/S0165-0114(01)00055-0
https://dx.doi.org/https://doi.org/10.1007/978-94-015-9540-7
https://dx.doi.org/https://doi.org/10.1007/978-3-031-71967-7
https://dx.doi.org/https://doi.org/10.1016/j.fss.2023.02.008
https://dx.doi.org/https://doi.org/10.2307/2372706
https://dx.doi.org/https://doi.org/10.1016/j.fss.2005.12.021
https://dx.doi.org/https://doi.org/10.1016/j.ijar.2016.04.007
https://dx.doi.org/https://doi.org/10.1016/j.fss.2009.06.017
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Main results
	Conclusions

