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Abstract: This paper investigates global polynomial synchronization (GPS) of discrete-time inertial
neural networks with proportional delays (PD-DTINNs). A discrete-time model is formulated on the
sampling grid 7k, where the proportional-delay state is directly represented by x;(|p;k|%), thereby
avoiding the continuous-time logarithmic transformation commonly used for proportional delays.
A simple feedback controller is designed for the corresponding drive-response PD-DTINNs. By
constructing appropriate auxiliary functions and combining difference relations with norm estimates,
a direct analytical approach is developed without constructing Lyapunov functionals or employing the
matrix-measure technique. Based on this approach, delay-dependent and delay-independent criteria
are established to guarantee GPS, from which the corresponding global asymptotic synchronization
(GAS) results are obtained. The developed framework is further extended to the stability analysis of a
single discrete-time inertial neural network with proportional delays, thus yielding criteria for global
polynomial stability and global asymptotic stability. Finally, one numerical example is provided to
verify the proposed results, and the obtained synchronization behavior is applied to image encryption
and decryption, thus illustrating its potential application in image security.
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1. Introduction

In various scientific and engineering domains, neural network models are now indispensable
tools to tackle complex problems. Their applications span associative memory [l], secure
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communication [2], and environmental science [3]. Different applications are usually associated
with different dynamical requirements. For example, stability and convergence are fundamental
to optimization and associative memory, while synchronization plays an important role in secure
communication and image encryption. As these dynamical requirements become more refined, neural
network models with richer structures have been developed. Babcock and Westervelt [4] proposed
inertial neural networks (INNs) by augmenting traditional first-order networks with an inertial term,
which represents an inductive effect. The second-order structure of INNs may induce complex
phenomena such as oscillation, bifurcation, and chaos. This increased dynamical complexity has
motivated extensive investigations into the synchronization of INNs. Specifically, global asymptotic
synchronization (GAS) [5], exponential synchronization [6], finite-time synchronization [7], and fixed-
time synchronization [8] have been established for different classes of INNs. However, most of these
studies focus on continuous-time INNs, whereas synchronization of discrete-time INNs has been much
less investigated. As pointed out in [9], in practical applications, most digital devices and numerical
algorithms work in a discrete-time manner. Although continuous-time neural networks (NNs) can
be discretized for implementation, the discretization process may change or even fail to preserve the
original dynamical behavior of the continuous-time models. Therefore, it is meaningful to directly
investigate INNSs in the discrete-time framework.

Time delays are often encountered in NNs and may affect their dynamical behaviors. In existing NN
models, constant delays [10], time-varying delays [11], distributed delays [12], leakage delays [13],
and mixed delays [14] have been widely considered. Among various types of delays, the proportional
delay is a special time-dependent delay, where the delayed argument is proportional to the current time.
It is usually described by x;(¢g?),0 < g < 1, where gt = t — (1 — g)t and 7(¢) = (1 — ¢)t denotes the
corresponding delay function. Since 7(f) — oo as t — oo, proportional delays are essentially different
from constant delays and bounded time-varying delays. For continuous-time systems, a common way
to handle such delays is to use the logarithmic transformation y;(s) = x;(e’), under which

xi(gh) = xi(ge’) = xi(e"") = yi(s + Ing) = y; (S - Tq) ,Tq = —Ing > 0.

Therefore, the proportional delay term can be converted into a constant delay term 7,. Based on
this idea, many studies have transformed proportional-delay NNs into equivalent NNs with constant
delays and time-varying coeflicients, and then analyzed their dynamical properties using Lyapunov
functionals, differential inequalities, or matrix methods. For example, Zhou first investigated the global
asymptotic stability of cellular NNs with a single proportional delay [15] and later studied the global
exponential dissipativity of impulsive NNs with multiple proportional delays via Lyapunov functionals
and matrix norm methods [16].

Owing to the unbounded nature of proportional delays, the convergence behavior of proportional-
delay systems may not always be adequately characterized by exponential estimates, and imposing
exponential decay may sometimes be overly restrictive. Against this background, global polynomial
synchronization (GPS), originating from the concept of polynomial stability [17], has recently attracted
increasing attention. The concept of GPS was introduced by Zhou and Zhao [18] in the study of
recurrent NNs with proportional delays, where the synchronization error was characterized by an
explicit algebraic decay rate. Unlike GAS, which merely guarantees that the synchronization error
eventually converges to zero, GPS provides quantitative information on the convergence behavior.
Although polynomial convergence is generally slower than exponential convergence, it offers a
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meaningful complementary framework for systems whose decay behavior cannot be effectively
described by exponential bounds. Recently, Wan et al. [19] investigated GPS for parameter-uncertain
memristive NNs with proportional delays. Guo and Zhou [20] further extended the analysis to a
complex-valued memristive NNs incorporating spatial diffusion and fuzzy dynamics, and derived GPS
criteria under an adaptive event-triggered scheme. Zhang et al. [21] extended the GPS analysis to a
quaternion-valued INNs incorporating fuzzy rules and polynomial gains. Nevertheless, these results
were developed for continuous-time systems, and GPS of discrete-time INNs with proportional delays
(PD-DTINNSs) has not been fully investigated.

Motivated by the above discussions, this paper investigates the GPS problem for a class of PD-
DTINNSs. Different from continuous-time approaches based on logarithmic transformations, the
proportional delay terms are directly handled in the discrete-time framework. To handle the inertial
dynamics of the considered network, the drive-response PD-DTINNSs are constructed, and the reduced-
order method is applied to transform the synchronization error system into an equivalent first-order
form. Instead of constructing Lyapunov functionals or using matrix-measure methods, the difference
definition, auxiliary functions, and properties of matrix and vector norms are employed to analyze the
system. As a result, some delay-dependent and delay-independent criteria are derived to guarantee
GPS. Finally, the obtained theoretical results are applied to image encryption, which illustrates their
effectiveness and potential application value.

The main contributions are summarized as follows:

(i) A discrete-time inertial neural network with proportional delays is formulated on the sampling
grid %k, where the delayed state is directly represented by x;(|p;k]f). This work addresses the
relatively unexplored problem of GPS for proportional-delay INNs directly formulated in a discrete-
time framework.

(i) A direct analytical approach is developed by combining auxiliary-function construction,
difference relations, and norm estimates, without constructing Lyapunov functionals. Based on a
simple feedback controller, delay-dependent and delay-independent criteria for GPS are established,
together with the corresponding GAS results. The obtained conditions are concise and readily
verifiable.

(ii1)) The proposed framework is further extended to the stability analysis of a single discrete-
time proportional-delay INN, yielding criteria for global polynomial stability and global asymptotic
stability. Moreover, the synchronization results are applied to image encryption and decryption, thus
illustrating their potential value in image security.

Notations. Throughout this paper, R, Z are the real number set and the integer set, respectively. 7, :=
{1,2,---,n}. 9, :=1{0,1,2,--- ,n}. diag{g;}, denotes the diagonal matrix with its diagonal elements
q1,92,** »qn. I denotes the n X n identity matrix. For symmetrical matrix @, Q > 0 means that Q is
a positive definite matrix, and Q? represents Q X Q. For symmetric matrices Q;, Q,, Q) < Q, means
Q1 — O, is a semidefinite matrix, ||O||, denotes the p norm of matrix O, |-| denotes the floor function,
the greatest integer less than or equal to its argument. ¢,,;,(Q) denote the minimum eigenvalues of Q.
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2. Preliminaries and model description

Consider the following PD-DTINNSs:

A3 xi(k) = —a; AnxiChk) = B xihk) + " ciigi(xj(ik)) + > dijg (x(LkIm) + R, k> ko, (2.1)

j=1 j=1

where n is the number of neurons, i, j € 1,, k € J,, i > 0 is the sampling step size, x;(fik) € R is the
state of the ith neuron at time 7k, and %k is the initial instant of System (2.1). Ayx;(fik) and A%x,-(hk)
denote the forward difference and inertial term of PD-DTINNSs (2.1), respectively, and are defined as
follows:
xi(A(k + 1)) — x;(fik)

W ,
Ak + 1) = Apxihk) 22

W ,
¢;; and dj; represent the connection weights, a; > 0 and b; > 0 are self-feedback coefficients, g;(-) is
the activation function, and R; is the external input. p; € (0, 1] is the proportional delay factor with
p = ming, {p;}. Here, | p;k|h denotes the proportional delay term, in which | p;k] is the greatest integer
less than or equal to pjk .
With the initial conditions,

{Xi(o'h) = Qir» O € [Pkol, ko + 1]z,

o+ -gl0) , -
7 W A bics 0 € [LPkol, kolz.
Remark 1. In the proposed Model (2.1), the step size i > 0 is introduced to describe the actual
sampling time scale. Compared with discrete-time INNs usually defined only at integer instants [9,22],
the introduction of h makes the model more consistent with the implementation of practical sampled-
data systems.

Ahxl-(hk) =

A7 xi(hk) =

Ahx,-(O'h) =

Remark 2. The delay term | p k| is called a proportional delay, where 0 < p; < 1 is the proportional
delay factor. The term means that, at the current step k, the state of the jth neuron is evaluated at the
proportional historical instant | pk]h. Moreover, when p; < 1, the corresponding delay step number
can be written as tj(k) = k — |p;k], and the actual delay length is v (k)h, which is a time-varying
and unbounded delay. This construction is motivated by the proportional delays in continuous-time
NNs [15,16,19-21,23], where pjt =t — (1 — pj)t and (1 — pj)t is an unbounded delay function.

Let
x(hk) = (x1(k), xo(k), -+, x, (1)),
g(x(k)) = (81(x1(AK)), &2(xa(BK)), -+, u(xa(BK))T,
g(Lpklf) = (g1 (Lpiklh)), ga(a(Lak)h)), -+, gu(xa(LPak i),
A" =diagla;],, B® =diag[b;l,, C* = [¢]luxn, D" = [dj;]axn, and R* = (Ry, Ry, - -, R,)". Then, the

vector form of PD-DTINNSs (2.1) can be written as follows:

A2x(hk) = —A* Apx(hk) — B*x(Bik) + C*g(x(hk)) + D" g(x(LpkJh)) + R*. (2.3)
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Here, PD-DTINNSs (2.3) serves as the drive system, and its corresponding response system is given as
follows:

Am(Tik) = —A*Awn(ik) — B (k) + C*g((ik)) + D*g((Lpk]i) + R* + K (#k), (2.4)

where K(#ik) denotes the proportional- delay-dependent control input, which will be specified later.

Let e(fik) = n(hk)—x(hk), g(e(fik)) = g(n(hk))—g(x(7ik)) and g(e(Lpk 7)) = g(n(Lpk1h))—g(x(Lpk]h)).
Then, the synchronization error system can be described as follows:

A%e(hk) = —A"Ape(fik) — B e(fik) + C*g(e(hk)) + D*g(e(Lvk|h)) + K(fik). (2.5)
Then, introduce the variable y(fik) = Ane(fik) + Ee(fik) with E > 0 and design the following controller:
K(hk) = —ae(tik) — By(fik) — Je(Lpk]h). (2.6)

The error System (2.5) can be written as follows:

{Ahe(hk) = —Ee(hk) + y(hik), (2.7)

Any(hik) = —Ay(fik) — Be(fik) + C"g(e(fik)) + D" g(e(Lpk]h)) — Le(Lpkh),

where A = A* —E+,B=-EA*+ 2%+ B* + a.

Remark 3. The state feedback controller (2.6) consists of three parts: the current synchronization
error term e(hk), the auxiliary error term y(hk), and the proportional-delay synchronization error
term e(|pklh), with the corresponding control gains «, B, and (, respectively. Among them, y(hk)
originates from the reduced-order method of INNs and reflects the first-order difference dynamics of
the error system. The term e(|pklh) can be regarded as a delay-error compensation. Compared with
simple controllers which only involve the current error or the error difference [5, 24, 25], the proposed
controller uses both the dynamic error information and the delayed error information, which helps
improve the synchronization control performance. Moreover, the controller in this paper is directly
imposed on the original response system, rather than on the transformed system [2,6,26]. This avoids
the difficulty of restoring the transformed system with the controller to the original response system.

Assumption 1. The activation function g;(-) is bounded and there exist holds for all a,b € R, a # b,
j € 1,. Then,

|2(@) - g;(b)| < wjla—bl,
where r; > 0, and we denote ¥ = diag{y, Y, ..., ¥, }.

Assumption 2. Deﬁne thefollowmg
(p’\ = max ()D_ sh) — (% sh .
s€[|Pkol.kolz {” ( ) ( )”}

¢= max ({llg(sh) — ¢(shll},

s€([LPko].kolz

(2.8)

where (sh), and $(sh) is the initial value of the response System (2.4), either ¢ or ¢ is positive. For
example, if p > 0, then we can make ¢ = 0, i.e., d(sh) = ¢(sh). Since (ko + 1)h) = @(koh) + hp(koh),
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we have ||@((ky + 1K) — o((ko + DA)|| < ¢ + hid. Therefore, the value at s = ko + 1 can be controlled by
the above two initial bounds.
Denote ® = max{®, ¢}. Since y(#ik) = Ane(tik) + Ze(hik), we obtain the following inequality:

max mll < (I + IEIHD < @
‘Ye[LﬁkOJ’kO]ZIIy(S < A+ 112D (2.9)

where ® = max{®, (|lI|| + [|E])D}.

Definition 1. [/9] The drive System (2.3) and response System (2.4) are said to be globally
polynomially synchronized under the controller if there exist the positive constants M > 0 and A > 0

such that
-2

k+1
T, k2 ke > Likol, (2.10)

k()+1

Inhk) — x(ik) < M [

where A is referred to as the polynomial synchronous decay rate, and M depends on the initial
conditions ;(sh), ¢;(sh), p;(sh), and ¢;(sh),i € 1.

3. Main result

In this section, delay-dependent and delay-independent criteria are first derived to guarantee GPS
of the drive-response PD-DTINNSs. Then, the obtained results are extended to establish the global
polynomial stability and global asymptotic stability criteria for a single PD-DTINN.

Theorem 1. Suppose Assumptions 1 and 2 hold; for a given ¥ = diag{ys1,¥», ..., ¥}, the drive-
response PD-DTINNs (2.3) and (2.4) achieve GPS under controller (2.6) with decay rate A for some
A > 0, provided that

) (3.1)

|
{1 <l (5)<1+-,
Cnin(A) > ||BIl + 1IC7 - 1P+ 11D7)] - [1¥P]] + 1IZ])-

Proof. It follows from (2.2) that the error System (2.7) can be described as follows:

{e(h(k + 1)) =(I — hE)e(hik) + hy(fik), (32)

y(hi(k + 1)) =(I — hA)y(hik) — hBe(fik) + hC* g(e(fik)) + hD”g(e(| pk|h)) — K - e(L pk]h).
By Assumption 1 and applying the 2—norm to both sides of (3.2) yield the following:

lle(a(k + D) <[l = hiZ|llle(Rbl| + Ally(Rk)l,
ly(ak + DIl < = RA[|lly#I + AIBI + I1CI|- [Pkl (3.3)
+ A(ID1- 11+ NISID- lle(Lpk -

Note that / — A% > 0 and I — #A > 0; if 7 is sufficiently small, then we have the following:

I -hE|=1-#,,,(2),
{n [ =) )

I = 7All = 1 = hlyin(A).
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Then, System (3.3) can be rewritten as follows:

lle(a(k + D)l <(1 = Alyin(E)le@R|| + Ally@L),
ly(atk + DI <(1 = Alin ANy @I + AIBI + ICN1- ¥ IDNle RNl (3.5
+AD(- Y1+ N1Z1D- lle(Lpk ).

For A > 0, by multiplying both sides of (3.5) by [M]A > 0, we obtain the following:

+
ko+1
2\* k+2\*
+ i||y(fik ,
k0+1) [Iy( )”(ko+1)

k+2\' k
lle(A(k + 1))||(k01 1) <(1 —hfmm(E))lle(ﬁk)ll( *

A k+2\'
ko + 1) <(1 = Ay (A) Iy (K| (m)

k+2
me+1mw *

N (3.6)
+ h(|B + ICT I IDlle(fk)|] k2
ko + 1
» k+2\
+ ad|D7|- [P + [1Z1) - lle(LpklA)l| (ko " 1) :
Define two auxiliary functions as follows:
k+1\'
Q(hk) =|le(nk)|| (k " 1) ,
;+1A k € [ ko, +00)z. (3.7)
R(hik) =|[y(fk)l| (ko - 1) ,
For any k) <k, ’,%f < ’;‘;—ﬁ holds, and we have
k+2\' (k+2\' [(k+1)\' k+1\"
= 3.8
(k0+1) (k+1) ><(1<0+1) SN(/D(kO+1)’ (38)
where |
_ k() +2
N = (ko + 1)
1S a constant.
By combining (3.6)—(3.8), we have the following:
Ok + 1)) N1 = htin(E)) Q(hik) + AN (D)R(Hik)
R(fi(k + 1)) SN — #il,;,(A))R(#ik)
+ AN ()(IB| + (ICHIIIIPID) Q(hk) (3.9)
k+1 \* .
+ﬁN(/l)(kaJ " 1) (DI + 111D - O(Lwk )

From (2.2) and | pk| > pk — 1, we have ] ;‘kj i T < '%kl, and it follows that
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N = 1lyin(E)) - 1

where

- s+1\!
hk) = max fi) = max fi ,
Q( ) s€[|Pkol.k]z Q(s ) s€[|Pkol.klz les)l (k() + 1)

s+1)/l

R(hk) = max R(sh) = max ||y(hs)||(

s€[Pkol.k]z s€[Pkol.k]z ko + 1

From (3.7) and (3.11), together with ® = max{®, (||/|| + ||Z|))®}, we have the following:

i} ko + 1\
O(tik) s@(k +1) = O,
k € [|Pko], kolz.

Prove that Inequality (3.12) holds in the following conditions:

Q(hk) <O,
{R(hk) <o, k € (kg, +0)7.

Let 8 > 1 be an arbitrary constant. First, we prove the following inequality:

{Q(hk) <d,

_ k € (kgy, + )
R(hk) <5, (ko +e0)z

According to the definition of Q(#ik), Q(fik) = max e ik, 141, Q(sh), we have the following:

Ok + 1)) = max{Q(7ik), Q(h(k + 1))} > O(Fik).

A, Q(hk) < . O(hk) + N(D)R(hk)
ANd - h;’""”(a)) =L ok) + NGORGK),
sk <P LI OV = L gty 4 o181+ IC Q)
+ N ( = )A QDI + 121D - Ok )
DO D= L reny 4 NCAIBI + I IO
+ N (k‘;,;l)A QDI + 1) - Q(Lok )
SDC= R ) = L Rty + W) (1BI + 1D Ok
+ N Q) (k%,;l)A QDI + 121D - O,

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Therefore, Q(fik) is nondecreasing with respect to the integer index k. Moreover, under the
contradiction assumption, there exists at least one integer k > ky such that Q(%ik) > 8®. Therefore, the
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set of such integer indices is nonempty, and we may define k. as its smallest element. Then, it follows
that

- k € [|Pkol, k. — 1]7. (3.15)

O(#ik) <5,
O(hk,)=0®,

Hence, we have A, Q(%ik,) > 0.
Next, we introduce two continuous functions defined by the following:

N 1 -k, (2) -1 1 N 1 = Al (B
= Ny MA@ =1Ly, M= &)
N = hlyin(A)) — 1 ) ko+ 1\
Ty = — X . W= Ny B+ Iic ||||‘P||)—N<n>( ‘;,':0 ) D" INP1 + 111D
1 NGO = (A : o+ 1\
= - ) . D) _ N 181 + 1 ||||\P||+( o )(IID ||||\P||+||§||>],
Pko

(3.16)
where @ € [0, +0), 7 € [0, +00), N(0) = 1, and N(4+00) = +0c0. If the inequalities in (3.1) hold, then
we have the following:

lim F(w) = —o0, F(0)>0,

{”f*‘” (3.17)
lim T(7) = —co0, T(0) > 0.

T—+00

It follows that there exist two constants @, € (0, +00) such that
N@){A ~ 1ilyin(2)) _

1
F(@) =2 -N@) - p 0, .
L N@A = hlyin(A)) R ] ko +1\" . '
T = - = N@ |IBIl + I + | == (ID7NIN + 111D ] = 0.
h h ko
It is easy to choose a constant A with 0 < A < min{@, 7t} satisfying the following:
1 (1 =l (E
F() :%—N(/l)—N( X - ( ))>O,
1 N = 71lin(A)) +1 (3.19)

> 0.

-NQ)

k A
||B||+||C*||II‘1’||+( %k ) (DN + 121D

T(A) =—
()h )

h
By (3.10) and (3.19), we have A;Q(fik.) < 0, which contradicts A;Q(hk,) > 0O established

above. Similarly, the inequality related to R(#k) can also be proven by contradiction. Therefore,
Inequality (3.13) holds; then, we have the following:

k+1\ -
Q(hk) =|le(mk)|l (—) < Q(fik) < @,

ko + 1
;:1 . k € [Lnko ). +00)z. (3.20)
R(hk) =|[y(fik)| (m) < R(hik) < @,
Then, .
k+1\
lle(hk)| S‘D(k%) :
0 | k € [Lpko), +00)z. (3.21)

k+1\"
hk)|| <D ,
lly(7k)|| < (k0+1)
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From Definition 1 and (3.1), it follows that the drive-response Systems (2.3) and (2.4) achieve GPS.
This completes the proof. O

Remark 4. The unboundedness of proportional delays has long been a major challenge in the analysis
of such systems. Most existing results on proportional-delay NNs are obtained for continuous-time
systems, where logarithmic transformations are often used to transform proportional delays into
constant delays [27-29]. Recently, Li and Chen [30] investigated the discrete-time analogues of
continuous-time quaternion-valued NNs with proportional delays using the semi-discretization method.
In their approach, the continuous delay length (1 —q;)t is discretized as T; = [(1 —q)t/h], thus leading
to the delayed term Zj(k — T;). In contrast, Model (2.1) is directly established on the sampling time
scale kh, and the proportional delay is represented by x;(|pk]h). To the best of our knowledge, few
results have directly treated proportional delays in the discrete-time neural network framework.

From (3.19), we establish the following delay-dependent criterion for GPS.

Theorem 2. Suppose Assumptions I and 2 hold; for a given ky > 0, N(1) = (%)A, ® = max{®, (||| +
IZIND), and ¥ = diag{y1, ¥, ..., ¥}, the drive-response PD-DTINNs (2.3) and (2.4) achieve GPS

under Controller (2.6) if there is a constant A > 0 such that

N1 - 1lin(2)) - 1
h h’
h

N +

ko +1)" (3.22)
Bl -+ I +( e ) (DN + IIéIII)l <z

+ N

For any A = 0, the following GAS result is an immediate consequence of Theorem 2.

Corollary 1. Suppose Assumptions 1 and 2 hold; for a given ¥ = diag{y\, ¥, ..., .}, the drive-
response PD-DTINNSs (2.3) and (2.4) achieve GAS under Controller (2.6) if the following conditions
hold:

(3.23)

[mm(E) > L
Conin(A) > [IBIl + [|C{IPI] + D[N+ 111

Remark 5. Theorem 1 presents a delay-independent criterion for GPS. Although neither the
proportional-delay factors nor the decay rate explicitly appears in its conditions, and the strict
inequalities guarantee the existence of an admissible A > 0. Theorem 2, by contrast, explicitly
involves both A and the proportional-delay factors and therefore gives a more direct description of the
admissible polynomial decay rate. Corollary 1 establishes a GAS criterion under different sufficient
conditions. As mentioned in the Introduction, the existing results on GPS have mainly been developed
for continuous-time systems [17,19,20]. The present results extend this type of synchronization analysis
to discrete-time INNs with proportional delays. Moreover, polynomial decay is naturally compatible
with the increasing-lag feature of proportional delays, which facilitates their direct treatment in the
discrete-time framework.

To further investigate the stability of the considered system, we next consider the corresponding
single System (2.3). By following the proof strategy of Theorem 1 with some necessary modifications,
the global polynomial stability and global asymptotic stability criteria can be established. The details
are given as follows.

AIMS Mathematics Volume 11, Issue 8, 24282-24303.
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By applying the reduced-order method to PD-DTINNSs (2.3) and using the variable transformation
r(hk) = Ayx(hk) + Ex(hik), we obtain the following:

(3.24)

Apx(hik) = —=Ex(hk) + r(hk),
Apr(hk) = —Ar(hk) — Bx(hk) + C* f(x(hk)) + D" f(x(Lvk]h)) + R,

where A = A* — 2, B = —ZA" + E% + B*. Let (X, 7) be the equilibrium point of PD-DTINNSs (3.24),
with X = (¥, %, ..., X,)1, F = (7|, 2, ..., 7,)T . Then, we have the following:

ApX(hk) = —EX(hk) + i(hk), 3.25)
Api(tik) = —AF(hk) — Bi(hk) + C* f(X(hk)) + D* f(Z(Lrklh)), ©.
where
X(hk) = x(hk) — x, i(hk) = r(hk) — 7,
f(x(fik)) = g(x(ik)) — g(%),
J(x(Lpkh)) = g(x(Lpk1h)) — g(%).
Define the following:
s? = max oGl 56)

¢ = nax llgCst)ll
where ¢(s#), and ¢(sh) is the initial value of PD-DTINNSs (2.3), either ¢ or qvb is positive. For example,
if ¢ > 0, then we can make ¢ = 0. Denote ® = max{®, #}. According to r(fik) = Apx(hik) + Zx(#ik), it
is easy to obtain max ey, 141 7SI < (1] + [|IE])O < O, with ® = max{®, (||| + [|Z[)®}.
According to the above analysis and the proof strategy of Theorem 1, the following Corollaries 2
and 3 were established.

Corollary 2. Suppose Assumption 1 holds; for a given ky > 0, N(1) = (1;2_:?)1 O = max{0, (||| +

IZI)®), and ¥ = diag{y1, Yo, ..., ¥,}), PD-DTINNs (2.3) are globally polynomial stable if there is a
constant A > 0 such that

NAOA - #lwin(E) _ 1

h h
N = #lyin(A))
h

N +

41 (3.27)

0

+ N1

<.
h

A
) D" [[I[]

. k
18Il + IC ||||‘I’||+( -

Corollary 3. Suppose Assumption 1 holds; for a given ¥ = diag{y1, ¥, ..., ¥,}, PD-DTINNs(2.3) are
globally asymptotic stable if the following conditions hold:

fmin =) > 1’
{ (=) (3.28)

Cnin(FD) > B+ [ICTIMI+ D7
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4. Numerical examples

Example 1. The following PD-DTINNs are considered, with System (4.1) as the drive system and
System (4.2) as the response system:
A xi (k) = — 0.44A;x,(Fik) — 1.6x,(hik) + 0.2g, (x; (fik)) + 0.1g2(x,(Fik))
—0.1g1(x1(10.5k]h)) + 0.1g2(x2(10.6k |A)) + 0.4 sin(#ik),

A%Xz(hk) = - O45AhX2(hk) - 18X2(hk) - 01g1(x1(hk)) + 02g2(x2(hk)) (41)
— 0.1g1(x1(10.5kA)) + 0.1g2(x2(10.6k]h)) + 0.4 cos(#ik),
Am(Bik) = = 0.44A,1, (k) = 1671 (1K) + 0.2, (171 (7ik)) + 0.182(72(Fik))
—0.1g1(7:(10.5k]h)) + 0.1g2(12(10.6kR)) + 0.4 sin(fik) + K (fik), 42)
Aima(fik) = = 0.45Amma (k) — 1.8172(Fik) — 0.1, (7 (7)) + 0.282(172(Fik)) '
—0.1g1(71(10.5k]h)) + 0.1g,(172(10.6k A)) + 0.4 cos(hik) + K (hk).
Then, we can have the error system as follows:
Af,,el(hk) = — 0.44Ae,(hk) — 1.6e, (k) + 0.2g,(e1(hik)) + 0.1g2(ex(fik))
—0.1g1(e1(10.5kh)) + 0.1g2(e2(10.6kR)) + K (fik), 43)

Ajer(tik) = — 0.45Ae5(Tik) — 1.8e,(fik) — 0.1g (e (fik)) + 0.2g2(ex(fik))
—0.1g1(e1(10.5kh)) + 0.1g2(e2(10.6k |R)) + K, (hik).

Let Z =diag{1.34,1.44}, set i = 0.25, ky = 1, g1(k) = g2(k) = 0.1 tanh(#ik), and the initial values
@(sh) = {—1.1, 1.3} of the drive system and @(s#) = {3.4, 4.4} of the response system. Figure 1 shows
the phase diagram of the uncontrolled drive System (4.1), from which complex and irregular dynamical
behaviors can be observed. Furthermore, Figure 2 presents the state responses of the drive-response
PD-DTINNSs (4.1) and (4.2) without control, while Figure 3 shows the corresponding error responses.
The state responses of the two systems do not coincide, and the synchronization errors fail to converge
to zero.

Then, we choose the control gains in Controller (2.6) as follows:

201 O 0.02 0.01
e ) el

0 -3.63

[-319 0
= 0 198 0.02 0.01

Under the controller and A = A* — Z + 8, B = —-ZA* + 22 + B* + a, System (4.3) can be expressed in
the form of (2.7) with the corresponding matrices given as follows:

1110 0374 0 ., [02 01] . [-01 01
A‘[ 0 0.99]’ B‘[ 0 0.4044]’ C‘[—0.1 0.2]’D‘[—0.1 0.1}'

After calculation, we have ® = max{®, (/|| + |E])®} > max{4.5,3.1}, £,n(B) = 134, 1 + ; =
5, Cnin(A) = 0.9900, and ||B|| + [|C*||- || + ID*||- [Pl + |I£]] = 0.4784. Clearly, Condition (3.1) of
Theorem 1 is satisfied, and the drive—response PD-DTINNs can achieve GPS. Furthermore, as shown
in Figures 4 and 5, the response System (4.2) successfully tracks the drive System (4.1) under the

designed controller.
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Subsequently, by § = min{0.5, 0.6} = 0.5 and let A = 0.14, we can obtain that

N + NOA = 1lnin(E)) _ 5 grae % 4

h
N1 = lyin(A))
h

. ko +1\' . 1
+ N [IIBII + [Tl +( Of’ko ) (D71l + IICII)] =3.7038 < 7= 4.

According to Theorem 2, Condition (3.22) is satisfied, which indicates the drive-response PD-
DTINNS (4.1) and (4.2) can achieve GPS with a guaranteed decay rate of 1 = 0.14 .

%, ()
o

X, 1)} |

—o—n,()

Neurons

I I I I I I I ! I
0 2 4 6 8 10 12 14 16 18 20

time t=hk(sec)

Neurons
o

L 1 ® 1 1 OS¢ 1 L 0 | L
2 4 6 8 10 12 14 16 18 20
time t=hk(sec)

Figure 2. Unsynchronized state responses of drive System (4.1) and response System (4.2)
without control.
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Error estimations

Error estimations

time t=hk(sec)

Figure 3. State responses of the error System (4.3) without control, i = 1, 2.

Neurons

2 4 6 8 10 12 14 16 18 20
time t=hk(sec)

Figure 4. Synchronized state responses of x;(#ik) and n;(k) under Controller (2.6), i = 1, 2.
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Figure 5. State responses of the error System (4.3) under Controller (2.6),i = 1, 2.
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Example 2. In this example, the synchronization criterion obtained in Theorem 1 is applied to image
encryption. The state sequences generated by Systems (4.1) and (4.2) are used to encrypt and decrypt
image Q (‘Cat.png’), and the corresponding process is described as follows.

P1 (Initial image preprocessing): Input a color image Q € R?2¢3_ The pixel values of the original
image are read and decomposed into three color channels, namely red, green, and blue. These three
channels are represented by matrices R = (7;j)uxim» G = (&ij)nxm» and B = (b;j),xm, respectively, where
n,m € [1,256].

P2 (Chaotic sequence generation): After discarding the transient iterations before k, where the
synchronization error is sufficiently small (|le(fik)|| < 107*) , the state sequences x;(#ik) and x,(fik)
for k > k, are extracted to generate the following chaotic sequence:

w (i) = {xi (k)Y kg < ki,

. 4.4)
() = (k)™ Ky <k

P3 (Generation of three encryption matrices): The chaotic sequence is preprocessed to generate
three encryption matrices Kz, K¢, Kp according to the following operations:

Ky = mod (round (ju; — 2us| x 10%),256),
Ks = mod (round (|2u1 — Up| X 108) , 256),
Kz = mod (round (|u1 + 2up| X 108) , 256) .

These different operations help generate independent keys for the three color channels.

P4 (Encryption): The encryption procedure is split into pixel scrambling, cross-channel diffusion,
and final XOR masking three stages. The pixel matrices of three channels are reshaped into one-
dimensional sequences:

r = reshape(R, 1, L), g = reshape(G,1,L), b = reshape(B, 1, L), L =nm,

where £ denotes the total pixel quantity of a single channel.

S1. Scrambling: Sort the chaotic sequence u; to get the sorting index array idXo:
idxg, = sort(u;).

Perform index permutation for three channels: r, = r(idx), g, = 8(idX o), b, = b(idxor).

S2. Cross-channel coupled diffusion: Set initial boundary r;; = r,1, a1 = &p1> bag = bp1. For
t=2,3,..., L, iterative diffusion is performed as follows:

rap =mod (rp; + 2rg1 + 28a-1 + 2bg—1 + Tua(1), 1),
8ay =mod (g, + 28441 + 2rgs—1 + 2bgyy + Ty (9], 1),
bay =mod (b, +2bgs-1 + 2rgs-1 + 2841 + Tlur (t) + ux(2)], 1).

Map normalized diffused values back into the integer interval [0, 255].
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S3. XOR masking: The final encrypted pixel matrices R = (7;))uxm> G = (@ij)usm» B = (Z;ij)nxm are
obtained by the following XOR operations:

Fij = Rq(i, j)bitxor Kr(i, j), &ij = Ga(i, j) bitxor Kg(i, j), Eij = B,(i, j) bitxor K;(i, j).

Then, R, G and B are combined to reconstruct the encrypted color image Q.

PS5 (Decryption): Regenerate the identical chaotic sequences u;, u, and key matrices K, K¢, Kp from
the synchronized response System (4.2). The decryption strictly follows the reverse order of P4:inverse
XOR operation, backward iterative diffusion, and inverse index scrambling. The relevant derivation is
omitted here for brevity.

Key space is the full collection of all valid keys supported by a encryption algorithm. The encryption
matrices K, Kg, Kp are generated by the PD-DTINNs in Example 1, where the system parameters
A*, B*, C*, D", delay factor p;, sampling step size #, initial conditions ¢, ¢, synchronization instant
ks, and control gain «,f, { belong to completely independent and adjustable parameters, which can
be treated as the secret keys. In contrast to the first-order system in [19], the second-order PD-
DTINNSs framework investigated in this work exhibits richer dynamical complexity. That means that
the proposed encryption scheme has a larger key space and is easier to defend the brute-force attacks.

Figure 6 gives the visual results of the original, encrypted, and decrypted images, while Figure 7
presents the RGB-channel histograms. It can be seen from Figure 6(b) that the encrypted image
becomes noise-like, and the main visual contents of the original image are no longer recognizable.
In addition, the histograms of the encrypted image in Figure 7(b),(e),(h) are much flatter than those of
the original image, thus indicating that the pixel values are more evenly distributed after encryption.
Therefore, the proposed encryption scheme can effectively mask the statistical characteristics of the
original image and improve the resistance to statistical analyses.

Figures 8 and 9 present the adjacent-pixel correlation plots of the original and encrypted images,
respectively, in the horizontal, vertical, and diagonal directions. In Figure 8, the data points are
concentrated around a linear pattern, thus indicating strong adjacent-pixel correlation in the original
image. After encryption, as shown in Figure 9, the data points become randomly scattered and
the correlation coefficients are close to zero. This shows that the proposed encryption scheme can
effectively reduce the adjacent-pixel correlation.

(a) (b) (©

Figure 6. (a) Initial image; (b) Encryption image; (c) Decryption image.
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Figure 7. Histograms of the RGB channels: (a,d,g) original image; (b,e,h) encrypted image;
(c,f,1) decrypted image.

As shown in Figures 8 and 9, Table 1 gives the Pearson correlation coeflicients of adjacent pixels
in the horizontal, vertical, and diagonal directions for the RGB channels of the original and encrypted
images. The coeflicients of the original image are close to 1, whereas those of the encrypted image
are close to 0. Moreover, the scatter plots change from a concentrated near-linear pattern to a more
uniformly scattered distribution. This confirms that the proposed encryption algorithm effectively
weakens adjacent-pixel correlations and improves resistance to statistical analysis attacks.

Horizontal

Diagonal

Figure 8. Scatter plots of adjacent pixels in the horizontal, vertical, and diagonal directions
for the R, G, and B channels of the plain image.
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Figure 9. Scatter plots of adjacent pixels in the horizontal, vertical, and diagonal directions
for the R, G, and B channels of the encrypted image.

Table 1. Correlation coefficients of adjacent pixels.

Image Channel Horizontal Vertical Diagonal
R 0.9463 0.9315  0.8992
G 0.9534 0.9401 09123
B 0.9451 0.9267  0.8937
R -0.0044  0.0045 -0.0036
G
B

The original image

0.0042  -0.0024 -0.0011
0.0056 0.0019  -0.0008

The encryption image

Information entropy is used here to measure the randomness of pixel values after encryption. For
an 8-bit image, it is defined as follows:

255

G = ) pli)log, p(l),
i=0

where p(l;) denotes the probability of gray level /;. The theoretical maximum is 8; hence, a value close
to 8 suggests that the encrypted image has a nearly random gray-level distribution.

Table 2 shows that the entropy value of the encrypted image is very close to 8. This result suggests
that the pixel distribution after encryption is nearly random. Combined with the previous visual
and histogram results, the proposed scheme can effectively hide the original image information and
provides a feasible encryption strategy.

As two important indicators for resisting differential attacks in cryptographic algorithms, the
Number of Pixels Change Rate (NPCR) and the Unified Average Changing Intensity (UACI) can be
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mathematically obtained as

"oy i,]
NPCR:Z'_IZ"_I 0, j) « 100%,
nxm
"oy i, ) — ia, J
UACI:Z’_IZ"‘I (011, J) — Oa( J)lxIOO%,
nxmx 255

where, m and n represent the dimensions of the image, while Q;(i, j) and Q,(i, j) denote the pixel
values at the location (i, j) in the encrypted images Q; and Q,, respectively. One is derived from the
original image, and the other is derived from a modified version with a single pixel change. When
013, )) # O, )), 0@, j) = 1; otherwise, Q(i, j) = 0. For 256 x 256 images, effective encryption
is characterized by an expected NPCR value not below 99.5693 and the UACI target value is range
between 33.2823 and 33.6447.

Table 2. Information entropy of the original and encrypted images.

image R-channel G-channel B-channel
The original image 7.7678 7.7674 7.5035
The encryption image 7.9974 7.9973 7.9976

The NPCR and UACI values of this paper are presented in Table 3, which demonstrates that
changing a pixel value in each channel yields NPCR and UACI values near the optimal level. This
verifies that our encryption algorithm has excellent plaintext sensitivity, and highlights the strong
robustness and reliable differential resistance of the proposed method.

Table 3. NPCR and UACI values.

NPCR(%) UACI(%)

R G B R G B
Cat  99.6340 99.6032 99.6278 33.4358 33.4652 33.3836

Image

5. Conclusions

In this paper, the GPS problem was studied for PD-DTINNs. The proportional-delay term was
directly handled on the discrete sampling grid, which provides a natural framework to describe
proportional delays in discrete-time systems. A simple feedback controller was introduced, and a
direct analytical method based on auxiliary functions, difference relations, and norm estimates was
developed. Within the proposed framework, both delay-dependent and delay-independent criteria
for GPS were established, and the corresponding GAS conclusions were obtained. Additionally, the
analytical results were extended to the global polynomial and asymptotic stability of a single discrete-
time proportional-delay inertial neural network.

The numerical simulation confirmed the validity of the derived criteria.  Moreover, the
synchronization results were used to construct an image encryption and decryption scheme. The
visual results and security analyses, including the key space, histograms, adjacent-pixel correlations,
information entropy, and differential attack analysis, demonstrated that the proposed scheme can
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effectively hide the image information and has potential value in image security. Future research
may extend the present framework to more general PD-DTINNS involving parameter uncertainties,
switching structures or stochastic disturbances, as well as their synchronization under event-triggered
or sampled-data control.
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