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Abstract: This article estimates the deviation of a function taking values in a real Banach space from
its Bochner integral mean by establishing new Ostrowski-type inequalities for three times differentiable
functions. A new integral identity involving a parameter and the third derivative is presented, proved
by means of the Bochner integration by parts formula. Based on this identity, three Ostrowski-type
inequalities are derived under convexity assumptions imposed on the norm of the third derivative, by
employing Holder’s inequality and the power mean inequality. Classical results from the literature are
recovered as particular cases of the inequalities obtained.
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1. Introduction

In [1], Ostrowski proved the following inequality for functions with bounded derivative:
Theorem 1.1. []] Let § : [¢,d] — R be differentiable on (¢, d) with |||l := SUP () |3 (S)] < o0.

Then b
§ [1 x-5)

1 D
TY(X)‘;I%(S‘)dS‘ i YR

](D = )15l

forall y € [¢,d]. The constant i is sharp.

The Ostrowski inequality has had a profound effect on several topics in mathematical analysis,
particularly in the estimation of error bounds in numerical integration and approximation theory,
attracting much attention in recent decades [10-13]. Banach spaces have proven to be a fruitful
framework for extending such inequalities. Working within a Banach space (X, || - ||x) allows the
resulting estimates to apply to a much wider class of functions, since the scalar absolute value is
replaced by the norm || - ||x, and the classical Riemann integral is replaced by the Bochner integral.
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In [6], an Ostrowski-type inequality for strongly differentiable functions with values in a Banach
space was obtained as follows:

Theorem 1.2 ( [6]). Suppose (X,|| - ||lx) is a real Banach space and & : [¢,d] — X is strongly
differentiable on (¢, d). Then for each w € [c, D],

b — ) b\
‘ < {( 4c) + (w— l)] sup [IF ($)llx.

2 ) Jgeren
In [7], an Ostrowski-type inequality for functions taking values in a Banach space was established
for the first derivative as follows:

D
f §(e) e — (0 — O Few)

X

Theorem 1.3. Suppose (X,|| - ||x) is a real Banach space and & € C'([¢,d], X), x € [c,d]. Then

(x—0*+(d—x)? , D—¢ ,
< sup [|F (©llx £ —— sup [|F ()llx.
x 20 -0 s*E[cg] ! 2 ce[cg] *

1 D
|lEI §($)ds — ()

The Ostrowski inequality has also been studied within the framework of Bochner integration and
convexity conditions on the norm of the derivative. Several contributions in this direction have
appeared in the literature [8, 13, 14]. We recall that a function § : [¢,d] — X is called strongly
measurable if it is the almost everywhere limit of a sequence of simple functions, and & is said to be
Bochner integrable if it is strongly measurable and ft ° 1§z ds < oo; in this case, its Bochner

integral f( ? &(s)ds € X 1s defined as the limit of the integrals of the approximating simple functions;
see [19] for details. A function ® : I C R — R is called convex if

Glsx + (1 = 9)w) < ¢ 6(x) + (1 - ¢) G(w)

holds for each y,w € I and ¢ € [0, 1]. Convexity has a long history in mathematical analysis, with
connections to optimization, mechanics, economics, and probability theory. In the context of Banach
space-valued functions, a natural convexity condition is to require that the real-valued function
s — |I3®(¢)llx be convex on [c,d], and many results in the literature rely on this assumption.
Ostrowski’s inequality for vector-valued functions was studied in [3]. Ostrowski-type inequalities for
functions of two variables taking values in Banach spaces were established in [8]. A sharper form of
the Ostrowski inequality for absolutely continuous functions was derived in [4]. The study of
Ostrowski-type inequalities remains an active area of research. In recent years, such inequalities have
been developed in several directions: for 3-convex functions [18], within multiplicative calculus [16],
on time scales [17], and via generalized fractional integral operators [15]. New Ostrowski type
integral inequalities via a new Montgomery identity were obtained in [5]. The results of [S] were
extended in [2] by introducing a parameter x € [0, 1] \ {%}, as follows:

Theorem 1.4. [2] Suppose & : I C R — R is twice differentiable on I° with §" € Li[c, ] for some
¢, D €1, c <. Provided |¥"| is convex on [c, d], then

2 c+(1—2%)d
f F(w)dw

xd+(1—2x)¢

1
‘@—oa—2m3

oy + (1= )(c+d =) = Flae(e +d = y) + (1 = )x)|

1
20-2@J
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1 3d
0= 2%) (C +4 ‘X) |8 Gox + (1 =20)(c+ D= ) = F(elc +d—x) + (1 - %)X)]‘
1 \ 4+ 0\ ]I Gec + (1= 3000 + 1§70 + (1 = 2)0)|
Sﬁl(b—)() +(X— > ) g

for each y € [%,b] and » € [0,1]\ {%}.

Even though the Ostrowski inequality has been extended in many directions [2, 3, 5-7],
Ostrowski-type inequalities for three times differentiable Banach space-valued functions are still
lacking. Therefore, this paper derives new Ostrowski-type inequalities for functions & : [¢,d] — X
taking values in a real Banach space X, that are three times differentiable, involving the parameter
x € [0,1]\ {%} and a convexity condition on ||F"’(:)||x. The significance of extending these results to
the Banach space setting lies in the fact that the obtained inequalities provide computable error
bounds for the approximation of Bochner integrals of vector-valued functions, for which the classical
scalar inequalities cannot be used. Moreover, the parameter x is significant because it unifies several
known configurations, and at the endpoints ¥ = 0 and » = 1 the results reduce to the standard
statements on the whole interval [¢,d]. Our results extend the results of Set and Ekinci [2] to the
Banach space setting and to the third derivative, and in turn generalize many of the classical results
mentioned above, for instance [1, 5-7] and the references cited therein. The main difficulty in this
extension is that a Banach space carries no order structure, so the arguments based on the absolute
value and pointwise comparison of real numbers are replaced by norm estimates for the Bochner
integral, and the integral identity has to be established through a triple application of the Bochner
integration by parts formula with a suitably constructed three-piece cubic kernel. When X = R, all
results reduce to their scalar counterparts. The results of this study have applications in numerical
integration and approximation theory, particularly in the estimation of error bounds for quadrature
rules involving Banach space-valued integrands.

2. Main results

Throughout this section, (X,]| - ||x) denotes a real Banach space, and all integrals of X-valued
functions are taken in the Bochner sense [9]. Moreover, § : [¢,d] — X denotes a three times
differentiable function and » a parameter; the points ¥, and {Q, defined below are convex
combinations of the endpoints ¢ and d, and ¢ = B, — Q, is the signed length of the integration
interval. We set

B, :=xc+(1—3)d, Q, :=xd+(—x)c,

AN) =y +( —2)(c+Dd—x), E,(x):=x(c+d—x)+ (1 —-x)y,
_ o

9= (-0l —2m), 1= X X7

D—¢

for x € [0, 1]\ {3} and y € [£2,d].
Note that with these definitions,

2.1
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a relation that will be used repeatedly in the proofs below. Before stating the main results, we present
the following lemma, which provides an integral identity for three times differentiable functions with
values in X.

Lemma 2.1. Suppose (X, || - ||x) is a real Banach space and & : [¢,d] — X is three times differentiable
on (¢,d) with " € Li([¢,d], X), ¢ <. Then for x € [0,1]\ {%} and y € [izb, d|, the following identity
holds in X:

1 B 1
‘Ef B(@)do + 5 [FA00) + BEW))

Q

?
+ 57 = AF M) - § E0)]
192
=@+ PIFAl0) + F Eelr)]

ﬂ3 1 17
:?;j‘%ﬁﬂﬁlg%wwl—oﬁddg 22)
0
where N
&, 0<e<—X,
D—¢
H5(6) = g_l3 b—_)(<g<)(—c
2/ bd=—¢ "> d=¢
-1 Y<ce<u,
D—¢

for each y € [%, d] and » € [0, 1] \ {%}.
Proof. Let ¢(¢) =¢¥,, + (1 —¢)Q, for ¢ € [0, 1]. Then ¢’'(s) = & and

%‘&(")(qﬁ(c)) =9 FV(@(6), k=012,
with ¢(1) = A, (y) and (1 — 1) = Z,(x). We write
1= fol H5(6) T (d(s)) ds = 31 + 32 + 33,
where
3, = fo l S (dNds, I, = f H(g - %)3 " (p()Nds, I3 = 1lt(§ - 1)’ §"(¢(s)) ds.

Note that since 1 + j = 1 by (2.1), we have 1 —1 = 1 + , so the upper limit of 3, equals 1 + , and the
boundary values used below satisfy:

60 = A0, ¢(1-0=E00. (-3)=-/ (1-1-3)’=/.

Computation of 3,. By the Bochner integration by parts formula,

3
m:%www)

l 3 l 2 13 ’” 3fl 2~
- = d¢ = — ” - = dg,
) ﬁfo ¢ ' (9(s)) ds 3 8 (Ax(x)) ), ¢ F(P(s)ds
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since ¢° 0= 0. Integrating by parts a second time,

1 2 2 /
f & (¢(s) ds = 15 &' (M) — 9 f s & (#(s) ds.
0 0
Integrating by parts a third time,
L 1 L
f ST (#(s)ds = é%(/\%()()) ~ 3 f 5((s) ds.
0 0
Substituting back,
~ 13 ” 312 ’ 6l 6 '
S1= 5§ (A)) — o7 T (A00) + 55 S(A00)) — =5 fo 5(9(s)) dg. (2.3)

Computation of 3,. By the Bochner integration by parts formula, using (1 — 1 — %)3 = and(1-1) =
3
_] R

3 3 1-:
3, = %[3"@9@) + G -5 f (s 1) 5" @snds.

Integrating by parts a second time, using (1 — 1 — %)2 =7 and (1 - %)2 =7,

1— o) 2 1-1
f (¢ 1) & (@(c) ds = %[%’(EM)) - F A0 - 5 f (s-3)F @) ds.

Integrating by parts a third time, using 1 — 1 — % =jandi1— % = -],

1-1

1-1
f (s - 1) B @eNds = Z[BE00) + FAL - 5 | BN ds.

Substituting back,

3 3 2
3 = %[3"(1\%(/@) +F7(E.(0))] + ﬂ—Jz[?f'(A%(X)) - ¥ (E ()]

6 1—1
P

(2.4)

6
+ 22 [BAL00) + BELO)] - B((s) ds.

Computation of 3. By the Bochner integration by parts formula, using (¢— 1)3|g:1 =0and (1-1—-1)° =
3

-1,
13 3 5
S= §(Ex(x) — 3 1_I(S‘ - 7§ (¢(5) ds.

Integrating by parts a second time, using (¢ — l)2| =0and (1 —1-1)> =7,

s=1

2 2 1
’5 FEw -5 | 6= DF @) ds.

1
(¢ =1 F"(¢(s) ds = — 3

1-1
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Integrating by parts a third time, using (¢ — 1)| ,=0and(l-1-1)=-

1 1
(§ - DF (PN ds = < i?(uu(x)) -5 | &) ds.

1-1 1-1

Substituting back,

2 6 6 1
. fs”ww)) ’2 ¥ (Z.00) + 0—2 BEW) - 55 | B s 2.5)

Combining I = 31 + 3, + J3. Adding Eqs (2.3)—(2.5), and using 1 + j = % from (2.1), we observe that
the interior boundary terms arising at ¢ = 1 and ¢ = 1 — 7 combine in pairs, so that

(J—)

l+]

T = ——[3" (M) + &7 E0)] + ———[F (Aul0) — & E.0)]

[TS(A ) + FE.00))] - f 5(9(s)) dg.

Applying the substitution w = ¢*B,, + (1 — ¢) Q,,, so that dw = ¥ dg,

1 1 B
f %(¢(§))d§=5 f §(w) dw.

Multiplying both sides by y1elds (2.2). O
Remark 2.2. We record the following special cases of Lemma 2.1.

(1) When X =R, Lemma 2.1 reduces to a scalar identity for the third derivative with parameter x.

(i) Choosing » = 0 or » = 1 and setting X = R, we have ¥ = d — ¢ and the identity reduces to a
scalar integral identity for the third derivative; see also [2] for related scalar identities involving
the second derivative.

(ii1)) Choosing y = % gives 1 = % and j =0, so that j* — 1> = —}L, P+ = %, and the identity reduces
to
1 gl‘ ﬁ 174 174
Q.

P !
= Ffo H56) F s B + (1 —¢) Q] ds

Theorem 2.3. Suppose (X,||-||x) is a real Banach space and § : [¢,d] — X is three times differentiable
on (¢,d) with " € Li([¢,D], X), ¢ <. When ||F"”(-)||x is convex on [, d],
1 %V
H—1—9 Sw)dw + = [ (Ax(0) + FEL0))]
Q

12 1 =
I

9
+—<J2 = D)[F (M) - F (E))] + g@ + )|

ﬂS 4
—(’2+ D1l + 157 (] 26)

for each y € [chb d] and x € [0, 1]\ {%}.
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Proof. An application of Lemma 2.1 together with the triangle inequality for the Bochner integral
yields,

1 By 1
H_5 f Bw) o + B + FHE)

9 92
+5<f = D)[F (M) - F (E))] + g@ + DI (A (x) + §' (E.(0))]

ﬂS 1
<< f A5 |
0

; 1-1
3= fo & @) ds. 3= f 4[|

1
3s =f (1-¢)
1—1

To estimate the three integrals, we observe that ¢(¢) traverses the segment joining Q, and 3, so by
the convexity of ||F"(-)||lx on [¢, d],

5@ < sIF" Bl + (1 =) IF”(Q)llx
for all ¢ € [0, 1]. Using this inequality and computing each integral,

X

193
56| ds = @1+ 32+ 3),

where

5 (@) ds-

5 (@), ds-

RY SII‘&"’(‘B%)IIxf§4d§+||%"'(9%)lle93(1—§)d§
0 0

4 lS

15 " l 2z
= 5 IF7Fllx + (Z - E) 1" (Qollx-

1

2 d], wehavels — 3| =3 —¢on[;,3]and=¢—1on[5,1—1]. Setting s =¢—1

Sincezs%for/\/e[

27 2
and j = % -1,
1-1 ] 4
3
f ls -1 sds = f IsP(s + 1) ds = JZ’
1 -J
and similarly [ |¢ — 1P(1 - ) ds = £, so that
]4
32 = Z[IITS”'(%;{)H;; + IITS”’(QZ)IIx]-
In the same way, for the third integral, we obtain
1 1
J<NF" Bolly | A -9 cds+IF"(Qlx | (1-9¢)'ds
1— 1-1
l4 l5 l5
N 7" w% L+ — N’,Q% .
(4 5)II‘Cﬂf PFoll + 2 157 (Rl
Collecting terms,
l4 + 4 244 4
3430+ 3 € L [IF Bl + 15 (Rl
Multiplying by £ yields (2.6). O

AIMS Mathematics Volume 11, Issue 8, 24179-24193.



24186
Corollary 2.4. Under the assumptions of Theorem 2.3, choosing x = 0 gives & = d—c¢, Ag(y) = ¢+d—y,

Zo(x) = x, and

H f Bw)dw + 3[F(e+d—1) + F] + (P = AIF+ v =) - F0]
LEL R ,
—— @+ PIF (c+d-x) +F' (W]
D — 3 4
< ”2(; D @)l + 15Ol

for any x € [, 0].

X

Corollary 2.5. In the setting of Theorem 2.3, setting y = ‘;—b yields 1 = %, 7=0, =1 = —%, P+ = é,
l4+]4 — 116’ A (c+b) P, = (c+b) Q,, and

‘—‘}{

1 ) 9?
H__ f %(w) dw + _[%(%%) + %(D%)] - g[%’(iB%) - 8;,(8%)] + E[gu(%%) + g/,(ax)]

X

19 1244 1244
< 27118 Bl + 13" (Rl
for each x € [0, 1] \ {%}.

Theorem 2.6. Suppose (X, ||-||x) is a real Banach space and § : [¢,d] — X is three times differentiable

on (¢,d) with §"”" € Li([¢,d],X), c<Dd. Let s > 1 and % +% = 1. When ||F" ()ll; is convex on [¢, d], then
for each y € [%, d] and » € [0, 1] \ {%},

1 B
H_5 L Bw)dor + 5[FAM) + FE00)]

+5 (7 - A[F (A() — F E.00)] + g<z3 + DI (A (0) + §' (E. ()]

x
3 3r+1 341y \t "B " ( QI3 :
Sﬁ_ 2+ PO (I (Bl + I1F7 QI ‘ 2.7)
6 3r+1 2

Proof. From Lemma 2.1 and the Bochner integral triangle inequality,

1 B
H_5 swdot; B0 + FE ()]

)
+507 = OIF A0) = §F G0 +

193 1
< f |
0

Applying Holder’s inequality,

1 1 i 1 :
fo |%(g)||%"'(¢(g))||xdgs( fo %(g)rdg) ( fo ||?y"’<¢<g>)||;dg).

AIMS Mathematics Volume 11, Issue 8, 24179-24193.
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Since [ #5(s)" = ¢* on [0,1], [ — 1P  on [1,1 — ], and (1 = ¢)* on [1 — 1, 1],

! ! - 1 3r4l . Brel
r r 3r . 2(1 + )
fL%fs(gn dg=fg3 dc+f s -4["ds+ | (1 -9ds = = —.
0 0 1 1-1 r+1

Since [|F"”’(-)Il5 is convex on [¢, D],

1244

[

Combining these estimates yields (2.7). m|

¢ SSIF Bl + 1= IF” (RN

for all ¢ € [0, 1], hence

4

_ IE7 I + 15 (Rl
5 :

Corollary 2.7. In the setting of Theorem 2.6, taking » = 0 gives 9 = d—¢, Ao(x) = c+d—x, Zo(x) = x,
and

1 1 b—
H_T f Fl@ do+ S[Fe+2—x) +F] + TC(f ~A[FC+d-x) - F ]

_ 2
L8 ) —— @+ PIF (c+d- )+ F ()]
X
- (b— C)3 2(l3t+1 +J3t+1) 7 ||$’"'(b)||; + Hg,,,(c)”i l
-6 3r+1 2

for each x € [£2,b].

Corollary 2.8. In the setting of Theorem 2.6, taking y = ‘“’ yields 1 = 2, 7 =0, so that > + ! =
ﬁ, and
1 813% 19 144 144
~3 f Sw)dw + [8(‘13%) + F(Q)] - —[8 (B) — F(Q)] + —[3 (B) + ()]
" X
- o 1 IF (Bl + 1T (RIS
Br+1)-2% 2

for each x € [0, 1]\ {%}.

Theorem 2.9. Suppose (X, ||-||x) is a real Banach space and & : [c,d] — X is three times differentiable
on (¢,d) with §" € Li([¢,d],X), c <. Let 5 > 1. If |IF"(Il; is convex on [¢, D], then

1

B
H_5 f Bw)dos + 5[FALD) + FE00)]

9
+§<f = D)[F (M) - F (E0))] + 303 + DI (M) + ' (E ()]

192 4
< PO ol + 15 @1 28)

X

forany y € [‘JrD d] and x € [0, 1] \ {%}.
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Proof. From Lemma 2.1 and the triangle inequality for the Bochner integral,
I 1 _
~3 Sw)dw + E[YS(AxW)) + F(E. )]
Q,

4 9
+§(J2 = )[F (A0) — F E0))] + g(f + PIF (A 00) + F7(E.0)]

9 (!
<% [l
0

By the power mean inequality,

X

5 (@), ds.

s

1 1 -1/ A1
fo I%(§)|||8”’(¢(§))||xdgs( fo |%<g>|dg) ( fo I%(g)lll‘&”’(rﬁ(g))llidg)-

For the first integral, we have

1 : i 3 11 3 1 4+
f|Jif3<g>|dg=fg3dc+f(%—g)dﬁf (g—%)dwf(l—gfdg: =
0 0 ! 3 1—1

2

Since [|F"”(+)Il5 1s convex on [¢, D],

157 (¢ < sIF" Bz + (1= DIF" QI s €[0,1],

hence

1
f FAG
0

. 1 1
%”’(¢(g))||;dgsII‘&”’(%)I& fo I 5(9) s dg + 1T (Qully fo 5Nl - ¢)dg

4 4
= ! ZJ UIF" (B + 1T (QIL).

where we used fol |#5()| s dg = fol |51 —¢)dg = #. Substituting and using

_1 1
z4+]41514+]4‘3_l4+]4
2 4 _21+%

yields (2.8). O

Remark 2.10. When s = 1 in (2.8), one obtains 21+ = 4, so inequality (2.8) reduces to inequality
(2.6). Hence inequality (2.6) is a particular case of inequality (2.8), corresponding to the endpoint
s = 1 of the power mean inequality.

Corollary 2.11. In the setting of Theorem 2.9, taking x = 0 gives ¥ = d — ¢, Ag(y) = ¢+ D — y,
Zo(x) = x, and

1 ° 1 b—
H—; f Fl@ do+ S[Fe+2—x) +F] + Tc(f —A)F(c+d-x) - F W]

AIMS Mathematics Volume 11, Issue 8, 24179-24193.
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Y
( ) ———@C+ PD[F (c+d-x)+F ()]

- C)*(l +7°)
621+

X

UIF” O + 1T Oll)*

forany y € [%D, d].
Corollary 2.12. Under the assumptions of Theorem 2.9, choosing y = ‘;D gives 1 = 2, J =0, so that

4+ ]4 = 16, and
1 B ﬁZ
H_E Sw)dw + = [3(33%) + Q)] - —[3: (P,) = F'(Q)] + E[%"(%) +&7(Q)]
Q, x
ﬂ3

(II‘&"’(‘B%)H% + II‘&"’(D%)II%)
forany x € [0,1]\ {%}.
3. Applications

Beyond numerical quadrature, the inequalities proved above admit further practical uses. Solutions
of abstract differential equations in a Banach space constitute a natural class of vector-valued functions,
and for such solutions, our bounds estimate the difference between the time average of a solution
over an interval and its value at a given point; in approximation theory, they give error estimates for
the approximation of vector-valued functions by their values at finitely many points. Three concrete
applications are developed below: an error estimate for a composite quadrature rule, inequalities for
special means, and a numerical example illustrating the obtained bounds.

3.1. Error bounds for a composite quadrature rule

Let & : [¢,d] — X be three times differentiable with &' € Ll([c b] X). Divide [c ] into v equal
subintervals by setting x; = ¢+ k=< for k = 0,1,...,v, let p, = set py = 42 for k =
0,1,...,v—1. Consider the composite quadrature approximation

v—1

2
<mm:miﬂmm+%wm4.

k=0
Proposition 3.1. Let (X, ||-||x) be a real Banach space and let §§ : [¢, D] — X be three times differentiable
on (¢,d) with """ € Li([¢,d], X), ¢ <. If||F"()|lx is convex on [¢,d], then

4
< d-0)
o 384y}

IS (Ol + I D)l |-

D
f &) ds — Q)

Proof Applying Theorem 2.3 on each subinterval Dvies Xee1] with 2 = 0 and X = Mk, So that ¥ = p,,
1=12,7=0, Ao = Bo) = - =12 = =1, + P = §, and 1* + j* = &, the identity (2.2) reduces

to
k+1

1 p2 ,03 1
-— F($) ds + F) + == F' () = = f H3($) F" ($r($)) ds,
o 24 6 J

Xk
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where ¢(¢) = ¢ xxs1 + (1 — ) xi. Taking norms and applying Theorem 2.3 with i* + j* = i ¢ gives

S5 4[||‘&”'m>||} FIIF” Ol

Nk+1 p2
H—— 8() ds + T + ﬁ 33”(#19

Multiplying both sides by p, and summing over k = 0,1,...,v — 1,

4 v-1
Py

<3 k:0[||z‘s“'m)||x FIF” Ol

D
f ¥s)ds - Q

Since ||F"”(+)||x 1S convex on [c, D],

15 (eollx < (1——)|Ii§”’(6)llx+ 13 ()llx

foreachk =0,1,...,v, and thus

y—1 -1
n’ n’ 2k + 1 244 2k + 1 "’
Z I Orllx + 11 (Xk+1)||3¢ Z [(2 - )||i§ Ollx + 15" )l
k=0
=v [||i§"'(c)||x + I ®)llx],
where we used Y;_y(2k + 1) = v*. Substituting p, = == gives the resul. m

Remark 3.2. When X = R, Proposition 3.1 gives a corrected midpoint quadrature rule for three times
2
differentiable functions. The correction term % 8" (uy) yields an error of order O(v=) as v — oo.

3.2. Illustrative examples involving special means

For two positive real numbers ¢ < d, we recall the following means:

c+D

1) A(c,d) := —

v+l_cv+1 1/v
2) L,(¢,d) i =|———m—| , Z, -1,0,
) BA6D) ((v+1)(b—c)) veLvE

—¢
3) L(¢,d) := ——.
) L&) Ind—1Inc

Setting % = 0 and y = % in Corollary 2.4 with X = R, so that: = 1, y = 0, AO(%) = Eo(ﬂ’) =
A(c, d), we obtain

) 2

[r&"’( Ol+IF"OI @D

1 D
‘—E f 3(e)ds + FAE ) + O e

for any § : [¢,d] — R with |F"”| convex on [c, d].

Proposition 3.3. Letve N, v>1,and 0 < ¢ <d. Then

v+ 3)v+2)d - )
24

[¢" + 0]

A" (¢, 0) = L73(c,d) +

AV+] ((, b)‘

(v +3)v+2)(v+ 1)(d - ¢)?
384
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Proof. Apply (3.1) with F(s) = ¢"*3. Then |F"(s)] = (v + 3)(v + 2)(v + 1)g" is convex on [c, D] since
y>1land ¢ >0, and

1 D

N ¢ ds = LE(e,0),  F(A(,d) = A(,0), F'(A(,D) = (v +3)(v +2) A (¢, D).

Substituting into (3.1) gives the result. O

Proposition 3.4. For 0 < ¢ <D,

L0’

T [ef +e"]. (3.2)

D — 2
‘(1 + ®-9 24c) )eA((’D) — L(€', e

Proof. Apply (3.1) with ¥(¢) = €°. Then | (5)| = e* is convex on [c, ], and

D
E eC dg = L(e(, eb)’ %(A(C, b)) — g/,(A(C, b)) — eA((,D).

Substituting into (3.1) and rearranging gives (3.2). O

3.3. A numerical example
We illustrate the obtained inequalities by the following numerical example.

Example 3.5. Let X = R? endowed with the maximum norm ||(u,v)|l = max{|ul, |v|}, and consider
F 1 [0, 1] — R? given by F(s) = (¢5,6*), s0 that F"'(s) = (¢°,24¢) and || (s)llw = max{es, 24¢} is
convex on [0, 1] as the maximum of two convex functions. Applying Proposition 3.1 with v = 1, so that
p1=1and uy = %, the left-hand side equals

1
|[ 36as-3)-50)

=[(e-1-e" - Le L - L - 1| =max{0.000864..., 0.0125} = 0.0125,

while the right-hand side equals ﬁ[ll%’”(o)llw + 1T (D)]oo] l;ﬁ = 0.065104 ..., so the inequality

holds. Similarly, in the scalar case with §(g) = e° on [0, 1], inequality (3.1) reads 0.000864 ... <
0.009683 ..., which is again valid.

4. Conclusions

In this paper, we established a new parameterized integral identity for three times differentiable
Banach space-valued functions. The identity was obtained by applying the Bochner integration by
parts formula three successive times. Using this identity, we derived three Ostrowski-type inequalities
under the assumption that either || (-)||x or its s-th power is convex. The proofs rely on the triangle
inequality for the Bochner integral, Holder’s inequality, and the power mean inequality.

The obtained results extend the scalar second-derivative inequalities of Set and Ekinci [2] to
Banach space-valued functions involving third-order derivatives. = Moreover, several known
inequalities are recovered as special cases of the main results. As applications, we derived an error
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estimate for a composite quadrature rule for Banach space-valued integrands and obtained inequalities
for certain special means. A numerical example was also provided to illustrate the validity of the
derived estimates. Future research may consider extensions to derivatives of order higher than three,
broader classes of generalized convexity for the norm of the derivative, and multivariable functions
taking values in Banach spaces.
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