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1. Introduction

The study of partial differential equations (PDEs) with damping mechanisms has attracted
significant attention in the mathematical and physical literature due to their critical role in modeling
energy dissipation in various dynamical systems, such as elastic structures, wave propagation, and
fluid dynamics; see, for instance, [1, 2]. One of the central objectives in this field is to understand the
existence, uniqueness, and long-time behavior of solutions under different types of damping effects.
These investigations not only provide theoretical insights into the stability and asymptotic properties
of the solutions but also contribute to the design of more effective control and stabilization strategies
in applied problems; see, for example, [3, 4].

Traditionally, many studies have focused on nonlinear frictional damping mechanisms of the form
h(ut), where h is a continuous monotone function that satisfies certain growth and coercivity conditions.
Such damping functions are often used to model classical dissipation phenomena and have been
instrumental in establishing global existence and decay properties of solutions to a variety of evolution
equations. For instance, for the following nonlinear damped wave equation

utt − ∆u + h(ut) = 0, (x, t) ∈ Ω × (0,∞), (1.1)

where h represents a nonlinear damping function, it is well known that the energy E(t) corresponding
to a solution u of Eq (1.1) decays at the rate (1+ t)−2/m as t → ∞, and exhibits exponential decay when
m = 0, assuming the damping term is given by g(ut) = ut|ut|

m for 0 ≤ m < m∗, where m∗ denotes the
critical Sobolev exponent; see [5–7] for details.

More generally, if the damping function h satisfies the growth condition

c1 min{|s|, |s|p} ≤ |h(s)| ≤ c2 max{|s|, |s|1/p}, ∀s ∈ R,

for some constants c1, c2 > 0 and p > 1, it has been shown that the energy decays at the rate

E(t) ≤ C(E(0)) t−
2

p−1 , ∀t > 0.

In the limiting case p = 1, the decay becomes exponential.
Significant progress in understanding the decay phenomenon for arbitrary nonlinear damping

functions was made by Lasiecka and Tataru [8], who considered the wave equation with boundary
feedback. They demonstrated that the energy decays at the same rate as the solution of an associated
differential equation, whose coefficients reflect the behavior of the damping function.

Further contributions were made by Martinez [9], who established general decay results under the
assumption that h ∈ C1(R) is an odd, strictly increasing function satisfying:

|s| ≤ |h(s)| ≤ C|s| for |s| ≥ 1, H(|s|) ≤ |h(s)| ≤ CH−1(|s|) for |s| ≤ 1,

where H−1 denotes the inverse of a given function H, and C is a positive constant. These results
provide a unified framework for analyzing the decay of energy in wave equations under a broad
class of nonlinear damping mechanisms. For additional results in this direction, we refer the reader
to [11–13]. Besides the extensive literature on dissipative wave equations, recent years have also
witnessed substantial advances in the qualitative analysis of nonlinear evolution equations, including
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the derivation of exact solutions, the study of nonlinear wave interactions, and the investigation
of complex dynamical behaviors; see, for example, [14, 15]. These developments demonstrate the
continued interest in nonlinear PDEs and further motivate the study of wave equations with novel
damping mechanisms, such as the logarithmic damping considered in the present work.

Recently, attention has shifted toward more complex and nonstandard damping mechanisms, among
which the logarithmic damping of the form ut ln(1 + u2

t ) stands out as a physically and mathematically
intriguing alternative. Unlike the classical nonlinear damping h(ut), the logarithmic damping captures a
weaker dissipation effect for small velocities while maintaining a strong growth rate for large velocities.
This dual behavior is particularly useful in applications where the system experiences mild dissipation
near equilibrium but requires enhanced damping in high-energy regimes. Moreover, the logarithmic
structure introduces additional analytical challenges due to its non-polynomial, non-Lipschitz nature,
making the study of the corresponding PDEs both rich and nontrivial.

Understanding the impact of such damping on the existence and asymptotic stability of solutions is
crucial, especially in bridging the gap between physically realistic modeling and rigorous mathematical
analysis. This motivates the current investigation into PDEs equipped with logarithmic damping terms,
where we aim to establish well-posedness and derive a polynomial decay rate of the associated energy
functional.
Motivated by the subsequent work of Li et al. [16], Messaoudi and Al-Mahdi [17] and Messaoudi et
al. [18] recently established the global existence of strong solutions and derived energy decay for the
Timoshenko system with logarithmic damping. Also, weak logarithmic damping has been investigated
in [19–21] for several one-dimensional systems.

From a physical and engineering viewpoint, logarithmic damping provides a realistic model for
dissipation mechanisms whose intensity increases slowly for small velocities while becoming more
effective as the velocity grows. Such behavior may arise in wave propagation through heterogeneous
media, structural vibration control, smart materials, and mechanical systems exhibiting nonlinear
frictional effects. Therefore, understanding the well-posedness and long-time behavior of wave
equations with logarithmic damping is essential for predicting the stability of these systems and
assessing the effectiveness of logarithmic feedback in suppressing unwanted oscillations.

From the stabilization viewpoint, logarithmic damping possesses a substantially different structure
from the classical linear or polynomial damping mechanisms that have been extensively studied in the
literature. Indeed, its growth is weaker than any power near the origin while increasing more slowly
than polynomial damping for large velocities. Consequently, the techniques commonly employed for
polynomial nonlinearities cannot be applied directly. In particular, the logarithmic term requires new
estimates that combine its different behaviors in the low- and high-velocity regimes. The polynomial
decay established in the present work therefore provides a rigorous stability result specifically adapted
to the logarithmic damping law rather than being a straightforward consequence of existing decay
theories.

Motivated by these considerations, we consider the following problem:
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
utt − ∆u + ut ln(1 + u2

t ) = 0, (x, t) ∈ Ω × (0,∞),
u(x, t) = 0, x ∈ ∂Ω, t > 0,
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,

(1.2)

where Ω is a bounded domain of RN (N ≥ 1) with a smooth boundary ∂Ω.
The main contributions of this paper are summarized as follows:

1) We establish the global existence and uniqueness of solutions to problem (1.2). The proof is based
on the Faedo–Galerkin approximation method together with the monotonicity properties of the
logarithmic damping term. This result fills an important gap in the existing literature, since the
existence and uniqueness of solutions were not addressed in [16].

2) We provide a complete and rigorous proof of the polynomial stability of solutions by developing
an approach that differs substantially from that employed in [16].

The paper is organized as follows. In Section 2, we present some preliminary material essential
for our analysis. In Section 3, we state and prove the existence results. Section 4 is devoted to the
discussion of the stability of the solution energy.

2. Preliminaries

In this section, we introduce essential mathematical tools and preliminary results that will be used
in the proofs of our main theorems. We consider the standard Lebesgue space L2(Ω) and the Sobolev
space H1

0(Ω), equipped with their usual norms and inner products. Throughout the paper, we use c and
C to denote generic positive constants.

Remark 1. [16] The following inequalities are essential for establishing the existence and the decay
results.

(i) For |s| ≤ 1, m ≥ 1, and 0 < n ≤ 2, there exist positive constants Cp and Cq such that

Cp|s|1+m ≤ |s| ln(1 + |s|) ≤ Cq|s|n. (2.1)

(ii) For |s| ≥ 1, 0 < k < 1, and ρ > 0, there exist positive constants Ck and Cρ such that

Ck|s|k ≤ |s| ln(1 + |s|) ≤ Cρ|s|1+ρ. (2.2)

Lemma 1. [22] (Aubin-Lions Theorem) Given three Banach spaces V, X,W such that

V ⊂ X ⊂ W,

V and W are reflexive and V ⊂ W is compact. If (um) is bounded in Lp(0,T ; V) and (u′m) is bounded in
Lq(0,T ; W), 1 < p, q < +∞, then there exists a subsequence (uℓ) such that

uℓ → u strongly in Lp(0,T ; X).
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Lemma 2. [22] (Lions Lemma) Let Ω ⊂ Rn be a measurable set and let (gn) be a sequence such that

gn → g a.e. in Ω,

and
(gn) is bounded in Lq(Ω), 1 < q < ∞.

Then,
gn ⇀ g weakly in Lq(Ω).

The energy functional associated with problem (1.2) is

E(t) =
1
2

(
∥ut∥

2
2 + ∥∇u∥22

)
. (2.3)

Direct differentiation of (2.3), using (1.2), leads to

E′(t) = −
∫
Ω

u2
t ln(1 + u2

t )dx ≤ 0. (2.4)

3. Existence

In this section, we state and prove an existence result for problem (1.2).

Theorem 1. Let (u0, u1) ∈
(
H2(Ω) ∩ H1

0(Ω)
)
× H1

0(Ω). Then, problem (1.2) has a unique ”strong”
solution satisfying

u ∈ L∞(0,T ; H2(Ω) ∩ H1
0(Ω)), ut ∈ L∞(0,T ; H1

0(Ω)), utt ∈ L∞(0,T ; L2(Ω)), (3.1)

for any T > 0.

Proof. To establish the well-posedness of problem (1.2), we use the standard Faedo-Galerkin method.
Let {w j}

∞
j=1 be an orthogonal basis of the ”separable” space H1

0(Ω) satisfying

−∆w j = λ jw j

and let Vm = span{w1,w2, ...,wm}. We search for an approximate solution of the form

um(x, t) =
m∑

j=1

hm
j (t)w j(x)

in Vm for the following approximate problem:
∫
Ω

(
um

tt w + ∇um.∇w + wum
t ln(1 + (um

t )2)
)

dx = 0, ∀w ∈ Vm

um(0) = um
0

um
t (0) = um

1 ,

(3.2)

such that
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um
0 → u0 in H2(Ω) ∩ H1

0(Ω) and um
1 → u1 in H1

0(Ω), as m→ ∞. (3.3)

This leads to a system of ordinary differential equations for unknown functions hm
j (t). Based on

standard existence theory for ODE, one can obtain C2-functions

h j : [0, tm)→ R, j = 1, 2, ...,m,

which satisfy (3.2) in a maximal interval [0, tm), tm ∈ (0,T ]. Next, we show that tm = T and that the
local solution is uniformly bounded independently of m and t. For this purpose, let us replace w by um

t

in (3.2) and integrate by parts to get

d
dt

Em(t) = −
∫
Ω

(um
t )2 ln(1 + (um

t )2)dx ≤ 0, (3.4)

where

Em(t) =
1
2

(
∥um

t ∥
2
2 + ∥∇um∥22

)
. (3.5)

From (3.4), we have
Em(t) ≤ Em(0).

Integrate (3.4) over (0, t) and use (3.3) to obtain

1
2

(
∥um

t ∥
2
2 + ∥∇um∥22

)
+

∫ t

0

∫
Ω

(um
t )2 ln(1 + (um

t )2)dxds =
1
2

(
∥um

1 ∥
2
2 + ∥∇um

0 ∥
2
2

)
≤

1
2

(
∥u1∥

2
2 + ∥∇u0∥

2
2

)
= C0.

(3.6)

This implies that, for some positive constant C1,

sup
t∈(0,tm)

∥um
t ∥

2
2 + sup

t∈(0,tm)
∥∇um∥22 + 2

∫ tm

0

∫
Ω

(um
t )2 ln(1 + (um

t )2)dxds ≤ C1. (3.7)

Substituting w = ∆um
t in (3.2), we have

1
2

d
dt

(
∥∇um

t ∥
2
2 + ∥∆um∥22

)
−

∫
Ω

∆um
t um

t ln (1 + (um
t )2) dx = 0, (3.8)

which gives

1
2

d
dt

(
∥∇um

t ∥
2
2 + ∥∆um∥22

)
+

∫
Ω

|∇um
t |

2 ln (1 + (um
t )2) dx +

∫
Ω

2|∇um
t |

2(um
t )2

1 + (um
t )2 dx = 0. (3.9)

Integrate (3.9) over (0, t) and use (3.3), to get

∥∇um
t ∥

2
2 + ∥∆um∥22 + 2

∫ t

0

∫
Ω

|∇um
t |

2 ln (1 + (um
t )2) dxds

+ 2
∫ t

0

∫
Ω

2|∇um
t |

2(um
t )2

1 + (um
t )2 dxds ≤ ∥∇um

1 ∥
2
2 + ∥∆um

0 ∥
2
2

≤ ∥∇u1∥
2
2 + ∥∆u0∥

2
2 = C2.

(3.10)

AIMS Mathematics Volume 11, Issue 8, 24137–24151.



24143

Next, substituting w = um
tt in (3.2) and using Young’s inequality, we arrive at

∥um
tt ∥

2
2 =

∫
Ω

∆umum
tt −

∫
Ω

um
tt u

m
t ln(1 + (um

t )2)dx

≤
1
4
∥um

tt ∥
2
2 + ∥∆um∥22 +

1
4
∥um

tt ∥
2
2 +

∫
Ω

(um
t )2 ln2(1 + (um

t )2)dx.
(3.11)

Now, we want to show that the last term of (3.11) is bounded. For this purpose, we define as in [7], the
partition

Ω1 = {x ∈ Ω | |um
t (x)| > 1} and Ω2 = {x ∈ Ω | |um

t (x)| ≤ 1}.

On Ω2, we have ∫
Ω2

(um
t )2 ln2(1 + (um

t )2)dx ≤ |Ω| ln2 2 < ∞. (3.12)

By the algebraic inequality (2.1) with s = u2
t , by choosing ρ > 0 such that

2(1 + ρ) ≤
2N

N − 2
, if N ≥ 3, and ρ > 0, if N = 1, 2,

and using the Sobolev embedding theorem, we obtain, by (3.10),∫
Ω1

(
(um

t ) ln(1 + (um
t )2)

)2
dx ≤ c

∫
Ω1

|um
t |

2(1+ρ)dx ≤ c∥∇um
t ∥

2(1+ρ)
2 < ∞. (3.13)

Combining (3.12) and (3.13), we deduce that∫
Ω

(um
t )2 ln2(1 + (um

t )2)dx < ∞. (3.14)

Therefore, (3.11), (3.10), and (3.14) yield

∥um
tt ∥

2
2 ≤ 2∥∆um∥22 + 2C3 ≤ C4, (3.15)

for some positive constant C4.

Recalling (3.7), (3.10), (3.14), and (3.15), we conclude that the approximate solution is uniformly
bounded independently of m and t. Therefore, we can extend tm to T . Moreover, there exists a
subsequence of (um) (still denoted by (um)) such that

um⇀u weakly * in L∞(0,T ; H2(Ω) ∩ H1
0(Ω)),

um
t ⇀ut weakly * in L∞(0,T ; H1

0(Ω)),
um⇀u weakly in L2(0,T ; H2(Ω) ∩ H1

0(Ω)),
um

t ⇀ut weakly in L2(0,T ; H1
0(Ω)),

um
tt⇀utt weakly * in L∞(0,T ; L2(Ω)),

um
tt⇀utt weakly in L2(Ω × (0,T )),

(um
t ) ln(1 + (um

t )2)⇀χ weakly * in L∞(0,T ; L2(Ω)),
(um

t ) ln(1 + (um
t )2)⇀χ weakly in L2(Ω × (0,T )).

(3.16)
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An application of the Aubin–Lions lemma (Lemma 1) yields

um → u, strongly in L2(0,T ; H1
0(Ω)), (3.17)

and
um

t → ut, strongly in L2(Ω × (0,T )). (3.18)

Consequently,
um → u, a.e. in Ω × (0,T ), (3.19)

and
um

t → ut, a.e. in Ω × (0,T ). (3.20)

Using (3.20) and the continuity of the map s 7→ s ln(1 + s2), we obtain

um
t ln(1 + (um

t )2)→ ut ln(1 + (ut)2) a.e. in Ω × (0,T ). (3.21)

Combining (3.21) and (3.14)
(
um

t ln(1 + (um
t )2) is uniformly bounded in L2(0,T ; L2(Ω))

)
and applying

Lions lemma (Lemma 2), we obtain

um
t ln(1 + (um

t )2)⇀ut ln(1 + (ut)2) weakly in L2(Ω × (0,T )). (3.22)

Convergences (3.3), (3.16), and (3.22) are sufficient to pass to the limit in (3.2), as m → +∞, and
get, for any w ∈ Vm,∫

Ω

utt(x, t)w(x)dx +
∫
Ω

∇u(x, t).∇w(x)dx +
∫
Ω

ut ln(1 + (ut)2)wdx = 0. (3.23)

This remains true for any w in H1
0(Ω), and, consequently, integration by parts leads to

utt − ∆u + ut ln(1 + (ut)2) = 0, in L2(Ω). (3.24)

To recover the initial data, we first note that, by the above convergences together with the uniform
estimates (3.10)–(3.15),

(um) is bounded in L∞(0,T ; H2(Ω) ∩ H1
0(Ω)),

while
(um

t ) is bounded in L∞(0,T ; H1
0(Ω)).

Since
H2(Ω) ∩ H1

0(Ω) ↪→↪→ H1
0(Ω) ↪→ L2(Ω),

where the first embedding is compact and the second one is continuous, Simon’s compactness theorem
(or the Aubin–Lions lemma in its continuous version) yields, up to a subsequence,

um −→ u strongly in C([0,T ]; H1
0(Ω)).

Consequently,
um(·, 0)→ u(·, 0) strongly in H1

0(Ω). (3.25)
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Also, using (3.3), we have

um(x, 0) = um
0 (x)→ u0(x) strongly in H2(Ω) ∩ H1

0(Ω). (3.26)

Combining (3.25) and (3.26) and using the uniqueness of limit, we have u(x, 0) = u0(x).
Similarly, by exploiting the convergenceum

t ⇀ut weakly * in L∞(0,T ; H1
0(Ω)),

um
tt⇀utt weakly * in L∞(0,T ; L2(Ω)),

we get

um
t → ut strongly in C([0,T ]; L2(Ω)),

thus,
um

t (x, 0)→ ut(x, 0) strongly in L2(Ω).

From (3.3), we have

um
t (x, 0) = um

1 (x)→ u1(x) strongly in H1
0(Ω),

which implies that ut(x, 0) = u1(x).
For uniqueness, we suppose that problem (1.2) has two solutions (u, v). So, z = u − v, satisfies the
following problem

ztt − ∆z + ut ln(1 + u2
t ) − vt ln(1 + v2

t ) = 0, (x, t) ∈ Ω × (0,T ),
z(x, t) = 0, x ∈ ∂Ω, t ≥ 0
z(x, 0) = 0, zt(x, 0) = 0, x ∈ Ω,

(3.27)

Multiplying (3.27) by zt and integrating over Ω × (0, t), we obtain

1
2

∫
Ω

z2
t dx +

1
2

∫
Ω

|∇z|2 dx +
∫ t

0

∫
Ω

(A(ut) − A(vt)) (ut − vt) dx ds = 0, (3.28)

where A(s) = s ln(1 + s2). Using the monotonicity of A, we infer

∥zt||
2
2 + ∥∇z∥22 = 0, (3.29)

which gives z = 0 in Ω, using (3.27); hence u = v. This completes the proof of Theorem 1. □

4. Stability

In this section, we prove a decay estimate for the energy associated with problem (1.2). For this
purpose, first we establish the following result:

Lemma 3. The solution of (1.2) satisfies, for a positive constant C,

∥ut∥
2
2 ≤ C(−E′(t))

1
2 +C(−E′(t)). (4.1)
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Proof. We define the following partition of Ω

Ω+ = {x ∈ Ω | |ut(x)| > 1} and Ω− = {x ∈ Ω | |ut(x)| ≤ 1}.

By the algebraic inequality (2.1), with m = 1 and s = u2
t , we obtain∫

Ω−
u2

t dx ≤ C
(∫
Ω−

u4
t dx

) 1
2

= C
(∫
Ω−

(u2
t )2dx

) 1
2

≤ C
(∫
Ω−

u2
t ln(1 + u2

t )dx
) 1

2

≤ C
(
−E′(t)

) 1
2 .

(4.2)

Also, we have ∫
Ω+

u2
t dx =

∫
Ω+

u2
t ·

ln(1 + u2
t )

ln(1 + u2
t )

dx

≤
1

ln 2

∫
Ω+

u2
t ln(1 + u2

t ) dx ≤ C(−E′(t)).
(4.3)

Then, (4.1) is established by putting together (4.2) and (4.3).
□

Theorem 2. Let (u0, u1) ∈
(
H2(Ω) ∩ H1

0(Ω)
)
× H1

0(Ω). Then, there exists a positive constant c, such
that the energy functional satisfies, for all t > 0,

E(t) ≤
c
t
. (4.4)

Proof. Define the functional

L(t) = NE(t) +
∫
Ω

uut dx,

where N > 0 is a constant to be determined. A standard argument shows that, for N sufficiently large,
L(t) is equivalent to the energy E(t), namely,

α1E(t) ≤ L(t) ≤ α2E(t), (4.5)

for some positive constants α1 and α2.
Indeed, by Young’s inequality and Poincaré’s inequality,∣∣∣∣∣∫

Ω

uut dx
∣∣∣∣∣ ≤ ε1

2
∥ut∥

2
2 +

cp

2ε1
∥∇u∥22,

where cp > 0 denotes the Poincaré constant. Consequently,

L(t) ≤ NE(t) +
ε1

2
∥ut∥

2
2 +

cp

2ε1
∥∇u∥22 ≤ α2E(t),

and
L(t) ≥ NE(t) −

ε1

2
∥ut∥

2
2 −

cp

2ε1
∥∇u∥22 ≥ α1E(t),

provided that N is chosen sufficiently large. Now, we differentiate L(t) and use (1.2), to obtain
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L′(t) = NE′(t) + ∥ut∥
2
2 − ∥∇u∥22 −

∫
Ω

uut ln(1 + (ut)2)dx

= NE′(t) − 2E(t) + 2∥ut∥
2
2 −

∫
Ω

uut ln(1 + (ut)2)dx.
(4.6)

To estimate the last term of (4.6), we use Young’s and Poincaré’s inequalities, to arrive at∫
Ω−

uut ln(1 + u2
t )dx ≤ ϵcp∥∇u∥2 +C(ϵ)

∫
Ω−

u2
t ln2(1 + u2

t )dx

= ϵcp∥∇u∥2 +C(ϵ)
∫
Ω−

[
u2

t ln(1 + u2
t )
]

ln(1 + u2
t )dx

≤ ϵcp∥∇u∥2 +C(ϵ)
∫
Ω−

u2
t ln(1 + u2

t )dx

= ϵcp∥∇u∥2 +C(ϵ)(−E′(t))
≤ 2ϵcpE(t) +C(ϵ)(−E′(t)).

(4.7)

Next, let γ be such that 2 < γ ≤ 2N
N−2 if N ≥ 3, and γ > 2 if N = 1, 2. So, by means of Hölder’s

inequality and (2.2), with s = u2
t and ρ = γ2 − 1, we have∫

Ω+
uut ln(1 + u2

t ) dx ≤
(∫
Ω+

uγ dx
) 1
γ
(∫
Ω+

(|ut| ln(1 + u2
t ))

γ
γ−1 dx

) γ−1
γ

=

(∫
Ω+

uγ dx
) 1
γ
(∫
Ω+

(|ut|)
γ−2
γ−1 (|ut|

2 ln(1 + u2
t ))

1
γ−1 ln(1 + u2

t ) dx
) γ−1
γ

≤ C
(∫
Ω+

uγ dx
) 1
γ
(∫
Ω+

(|ut|)
γ−2
γ−1

(
(u2

t )1+ρ
) 1
γ−1 ln(1 + u2

t ) dx
) γ−1
γ

.

= C
(∫
Ω+

uγ dx
) 1
γ
(∫
Ω+

u2
t ln(1 + u2

t ) dx
) γ−1
γ

≤ C∥u∥γ(−E′(t))
γ−1
γ

≤ C∥∇u∥2(−E′(t))
γ−1
γ

≤ CE
1
2 (0)(−E′(t))

γ−1
γ .

(4.8)

Combining (4.1), (4.6), (4.7), and (4.8) leads to

L′(t) ≤ (N −C(ϵ) −C)E′(t) − 2(1 − cpϵ)E(t) +C(−E′(t))
1
2 +C(−E′(t))

γ−1
γ . (4.9)

We choose ϵ > 0 so small that m := 1− ϵcp > 0, then N large enough so that N −C(ϵ) ≥ 0 and (4.5)
remains valid. Therefore, we get

L′(t) ≤ −2mE(t) +C(−E′(t))
1
2 +C(−E′(t))

γ−1
γ . (4.10)

Multiply (4.10) by E(t) and apply Young’s inequality to get

E(t)L′(t) ≤ −2mE2(t) + δE2(t) + cδ(−E′(t)) + δEγ(t) + cδ(−E′(t))

≤ −
(
2m − δ − δEγ−2(0)

)
E2(t) + c(−E′(t)).

(4.11)
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Choosing δ small enough and letting L = EL + cE ∼ E, we have, for some positive constant m0,

L′(t) ≤ −m0L
2(t). (4.12)

Simple integration gives, for some positive constant m1,

L(t) ≤
m1

t
,

then, recalling the equivalence L ∼ E, (4.4) is established. □

Remark 2. The polynomial decay established in Theorem 2 shows that the logarithmic damping
mechanism is sufficiently strong to dissipate the total energy of the system over time. From an
engineering perspective, this guarantees that oscillations are progressively attenuated and that the
underlying structure approaches its equilibrium configuration. Although the decay is slower than
the exponential decay obtained for stronger damping mechanisms, it accurately reflects the weaker
nature of logarithmic dissipation and is consistent with systems in which moderate energy absorption
is desired while preserving the dynamic response.

Remark 3. Theorem 2 establishes the polynomial decay estimate

E(t) ≤
c
t
, t > 0.

Although the present analysis does not provide a rigorous proof of the optimality of this decay rate,
we conjecture that it is optimal for the logarithmically damped wave equation considered in this work.
Proving that no faster uniform decay can occur under the present assumptions, remains an interesting
and challenging open problem that deserves further investigation.

Remark 4. Although the present work is purely theoretical and does not include experimental
validation, the obtained results are qualitatively consistent with the behavior observed in many
dissipative mechanical and structural systems, where nonlinear damping gradually suppresses
vibrations and drives the system toward equilibrium. The polynomial decay established in this work
provides a mathematical characterization of this stabilization process.

5. Conclusions

In this work, we investigated a nonlinear wave equation with logarithmic damping. We established,
for the first time, the global existence and uniqueness of strong solutions using the Faedo–Galerkin
approximation method together with monotonicity arguments adapted to the logarithmic damping term.
We also derived a polynomial decay estimate for the associated energy by developing a multiplier
technique specifically suited to the non-polynomial structure of the logarithmic dissipation. These
results provide a rigorous analytical foundation for the study of wave equations with logarithmic
damping and contribute to a better understanding of their long-time behavior.

From an engineering perspective, the obtained results provide theoretical support for the use
of logarithmic damping as an effective stabilization mechanism in vibrating structures and wave
propagation models. The global well-posedness guarantees the mathematical reliability of the model,
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while the polynomial decay confirms that the system dissipates energy and asymptotically approaches
equilibrium.

Future research will focus on extending the present analysis to more general hyperbolic systems
involving logarithmic damping, including models with memory effects, thermoelasticity, nonlinear
source terms, boundary feedback, and time delays. It would also be of interest to investigate optimal
decay rates and to develop numerical methods capable of validating the theoretical predictions obtained
in this work.
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