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1. Introduction

The modeling of complex natural and engineered systems increasingly requires mathematical tools
capable of accurately reflecting their intricate behaviors. In this context, fractional partial differential
equations (FPDEs) have emerged as essential analytical instruments in contemporary science.
Compared to traditional integer-order models, which often fail to capture the inherent memory and
hereditary features of many real-world phenomena, fractional models provide a richer and more
faithful framework for describing both temporal and spatial dynamics.

From this perspective, fractional calculus has developed into a highly adaptable and sophisticated
mathematical field, bridging theoretical constructs and empirical observations. It enables the
systematic modeling of nonlocal interactions and long-range dependencies, phenomena commonly
observed in disciplines such as physics, biology, engineering, economics, and materials science.

Initially, the development of fractional calculus faced challenges due to the existence of multiple,
non-equivalent definitions of fractional derivatives, which posed significant conceptual and theoretical
hurdles. Nevertheless, over the last two decades, substantial progress has been achieved, leading to
the unification of several formulations and reinforcing the effectiveness of fractional order operators as
reliable tools for analyzing complex dynamical systems.

The past few decades have also witnessed the emergence of a wide range of advanced analytical
and numerical techniques designed to solve fractional differential equations (FDEs), meeting the
growing demand for accurate modeling of intricate dynamical behaviors across scientific disciplines.
Among the most prominent are the Adomian decomposition method (ADM) [3] compared with the
Elzaki-transform-based MTDEM, the Laplace transform is more naturally suited to the
Atangana—Baleanu—Caputo (ABC) operator because of its closed-form transform representation. This
enables a direct derivation of the LMTDM recursive scheme without requiring an intermediate
Elzaki-Laplace duality transformation, the homotopy perturbation method (HPM) [18, 41], and the
variational iteration method (VIM) [1], each providing a distinct computational framework to obtain
approximate analytical solutions for nonlinear fractional systems.

In recent years, data-driven and intelligent computational paradigms have also attracted
considerable attention for solving nonlinear partial differential equations. Physics-informed neural
networks (PINNs), reinforcement-learning-assisted PINNs, neural-symbolic reasoning, and
structure-preserving numerical schemes have demonstrated promising performance in nonlinear wave
propagation, soliton dynamics, parameter inversion, and inverse problems [25, 26, 35-37, 39].
Likewise, Riemann—Hilbert-based analytical techniques continue to provide powerful mathematical
tools for investigating integrable nonlinear wave equations and their exact solutions [34]. These
emerging approaches complement traditional semi-analytical decomposition methods and provide
additional perspectives for solving complex nonlinear systems.

To improve convergence rates and computational stability, these semi-analytical techniques are
frequently coupled with integral transform operators. Commonly used transforms include the Laplace
transform [14, 17, 19], Sumudu transform [1, 21, 28], Elzaki transform (ET) [12, 13, 15, 16], ZZ
transform [35, 22, 29], Aboodh transform [40], and ARA transform [27,30]. Such hybrid strategies
combine decomposition or perturbation techniques with transform methods. This combination
markedly enhances accuracy, robustness, and computational efficiency, and provides a solid
foundation for studying fractional-order systems in which memory-dependent and nonlocal effects are
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significant.

Driven by the need to address nonlinearities and memory effects efficiently, researchers have
developed hybrid analytical approaches that transform complex fractional models into sequences of
simpler subproblems. The telescoping decomposition method (TDM) [5] represents a fundamental
strategy, employing Taylor series expansions to construct polynomial approximations without the
computational burden of Adomian polynomials. This approach was extended to fractional systems as
the multistage telescoping decomposition method (MTDM) [7], enhancing flexibility, stability, and
convergence for a broader class of nonlinear equations [10].

Further advancement was achieved by integrating the MTDM with the Elzaki transform (ET),
producing the multistage telescoping decomposition Elzaki method (MTDEM) [11]. This fusion
harnesses the advantages of decomposition methods and the stability of integral transform theory,
significantly improving convergence, numerical reliability, and computational efficiency. Extensive
numerical experiments demonstrate that the MTDEM provides high accuracy, robustness, and ease of
implementation, making it well-suited for high-dimensional nonlinear fractional systems.

Meanwhile, recent advances have also explored artificial intelligence (Al)-assisted frameworks to
improve computational efficiency and numerical accuracy in nonlinear wave problems. These
developments  include  physics-informed neural networks  (PINNSs) [25, 26, 37],
reinforcement-learning-assisted PINNs, neural-symbolic reasoning, and Al-enhanced mathematical
derivation techniques for solving nonlinear evolution equations [36, 38, 39].  Although these
approaches are fundamentally different from the present semi-analytical decomposition framework,
they provide valuable complementary perspectives for future developments of fractional-order
numerical methods.

In [8], the authors applied these hybrid techniques to solve systems of nonlinear fractional
differential equations (SFDEs) governed by Caputo fractional derivatives (CFDs), achieving superior
computational efficiency and solution stability. The MTDEM framework successfully combined the
Elzaki transform with the MTDM, offering a versatile, robust, and precise approach for nonlinear
fractional systems across mathematical physics, engineering, and applied sciences. A notable
advancement in modern fractional calculus is the Atangana—Baleanu—Caputo (ABC) fractional
derivative, which addresses the limitations of classical derivatives like Caputo and
Riemann—Liouville. Its non-singular Mittag—Leffler kernel allows realistic modeling of systems with
long-term memory and nonlocal interactions, while providing a flexible framework applicable to both
linear and nonlinear models [6].

The ABC fractional Klein—Gordon equation has recently attracted considerable attention due to its
capability of describing nonlinear wave phenomena with memory effects. Several analytical and
numerical investigations have been reported for fractional Klein—Gordon-type models. Recent
contributions include analytical and optimization-based approaches [2], spectral polynomial
techniques [23], modified Atangana—Baleanu—Caputo formulations for nonlinear wave and diffusion
problems [32], and computational studies of wave propagation using modified ABC operators [20].
Furthermore, recent studies have investigated ABC-type fractional models combined with
Laplace-based decomposition techniques, demonstrating their effectiveness in stability analysis and
nonlinear dynamical systems [4,31]. However, despite these advances, comprehensive analytical
frameworks  combining ABC  fractional = Klein-Gordon  equations  with  efficient
decomposition-transform methods and rigorous convergence analysis remain limited.

AIMS Mathematics Volume 11, Issue 8, 24060-24089.



24063

The physical relevance of the ABC fractional derivative in the considered nonlinear
Klein—Gordon-type model is associated with memory and hereditary effects described through the
non-singular Mittag—Leffler kernel. In particular, the present evolution of the nonlinear field depends
not only on its current state, but also on its previous states, which allows the model to describe fading
memory phenomena in complex media. Consequently, the ABC fractional operator provides a more
realistic mathematical framework for describing nonlinear wave propagation involving relaxation
phenomena and nonlocal temporal effects.

In this work, we utilize a new method called the Laplace—multistage telescoping decomposition
method (LMTDM) as a refined semi-analytical framework to obtain precise solutions of the
Klein—Gordon equation (KGE) under well-defined initial conditions. The paper is structured to ensure
logical progression and facilitate a deep understanding of both theoretical formulation and practical
implementation of the methodology.

Section 2 elaborates on the principles of fractional calculus, describing the Atangana—Baleanu
(AB) derivative, associated integral operators, the Laplace transform, and the Laplace multistage
telescoping decomposition method (LMTDM), establishing the analytical groundwork. Section 3
proves the existence and uniqueness of the derived solutions, providing rigorous justification for the
mathematical validity and robustness of the approach.  Section 4 details the algorithmic
implementation, including error analysis and convergence studies for the fractional Klein—Gordon
equation with ABC derivatives. Section 5 presents extensive numerical experiments, demonstrating
the method’s precision, robustness, and computational efficiency across various fractional-order
models.

Finally, the conclusion summarizes the key findings, emphasizing the method’s effectiveness,
computational advantages, and broad applicability, while outlining future research directions for
enhancing the accuracy, stability, and efficiency of hybrid analytical-numerical techniques in
fractional calculus.

2. Preliminaries

In this section, we discuss several important definitions, notations, and basic results regarding
fractional derivatives.

Definition 2.1. The Caputo fractional derivative is defined as follows [24]:

S 11
o ), 60 G e oty
- 0
(D). w)(s) = 2.1)
0"w () -
agm D) 7 )

where m € N*,

Definition 2.2. Let s € Ny and ©® be an open subset of R. The Sobolev space (H*(®)) is defined as

H'(®) = {w € [X®) : D'w e [X(®), forall 0 < k < s}.
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Definition 2.3. The Atangana—Baleanu—Caputo derivative is expressed as [6]: Let @ € H'(£),&,),
& > & . The ABC sense is

A DYar(e) = - (7) f V(ny”)y)w'(%)dx,po, 2.2)

such that 0 < y < 1, M(y) is a normalizing function that ensures M(0) = M(1) = 1, @ is the derivative
of @, and E, represents the Mittag—Leffler function in Eq (2.2).
The properties of (2.2) are specified as follows:

1) #5¢Dlc = 0, c is a constant.
YL YL (0
2) {ABCDZW(S,)} _ V6w  pTw0) .
pd=-y+y pd-y+y
Definition 2.4. The fractional integral corresponding to the Atangana—Baleanu fractional operator is
defined as [6]:

AB 1- 1
L@ () = M() @(¢) + M(y)l"(y) f (¢ —»)"" w(x)dx, (2.3)

where 0 < v < 1 and M(y) is a normalization function with M(0) = M(1) = 1.
Some properties of (2.3) are given by:

) YA Dl (s) = w(s) — @(0).

Y
2) AB[c = L(l—w ) )

Q) )
AB71Y yI'(k + 1)
3 s’ = M()( +r(y+k+1>)'

Definition 2.5. The Laplace transform of a given function @w(x, <) is defined as follows [24]:

Ll 9} = Tt p) = fo 5 T, 6) d, 2.4)

where p is a complex variable and R(p) > 0 ensures the convergence of the integral.

Theorem 2.6. For the convolution theorem of the Laplace transform, the following equality holds [9]:
Liw v} = L{w} L{v}, (2.5)

where (@ % v)(§) = [ @(s — %) v(x) dx.

Definition 2.7. The Laplace transform of the Caputo fractional derivative of order y (0 < y < 1) is
given by [24]

L Dm0} = p'Bx, p) - P’ @ (,0), (2.6)

where CDZ denotes the Caputo fractional derivative with respect to ¢, @(x, p) is the Laplace transform
of w(x,¢), and w(x, 0) is the initial value at ¢ = 0.
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Theorem 2.8. The Laplace transform of the Atangana—Baleanu—Caputo (ABC) fractional derivative
of order y € (0, 1) is defined as

M) p'F(p) - p~'@(0)
-y

LMD (6)} (p) =

(2.7)

where F(p) = L{w(s)}(p) is the Laplace transform of w(s), M(y) is the normalization constant
satisfying M(0) = M(1) = 1, and **Dlw(s) denotes the Atangana—Baleanu—Caputo fractional
derivative. This formulation originates from the work of Atangana and Baleanu [6].

3. Fractional mathematical model

Consider the Klein—Gordon equations involving the Atangana—Baleanu operator in the Caputo
sense:

ABEDYw (%, §) = W (2, 6) + LT (%, 6) + Lw (%,6) + 1w (x,5), ¢>0, 3.1
subject to the initial conditions:
'ZD'(%, 0) = Kl(%)’ wg’(%’ 0) = KZ(%)’ VRS R, (32)

where 45D is the Atangana-Baleanu derivative in the Caputo sense and 4; are constants.

Taking the ABC integral operator, we obtain:

1 -
@(%,§) — @(x,0) — cw(x%,0) = (M—(yy))(wm(%, §) + L@, §) + L’ (%,6) + L@ (%,6))
1 S
+ ﬁw o fo (6 = & (@u(,) + L@, 6) + L, ) O

+ 3@ (%, §))dE,
and we let
Yt 6, @) = W%, 6) + L1T(%, §) + L@’ (%, 6) + L@ (%, 6). (3.4)
Then, Eq (3.3) becomes

1 _
@w(%,¢) = w(x,0)+cw(x,0) + —y‘Y‘(%, S, @) +

LLf eyl v s
M(y) M) T ), 9 Y& muds, (35)

forall ¢ € [0, T].

3.1. Physical motivation of the ABC fractional Klein—Gordon model

The considered equation is a nonlinear Klein—Gordon-type equation with polynomial
nonlinearities. The terms A, @, L,@w?, 3@ represent linear and nonlinear restoring forces or
self-interaction effects of the field. In classical models, the time evolution of the field is assumed to be
local, meaning that the future state depends only on the present state. However, in complex media,
nonlinear wave propagation may exhibit memory effects due to relaxation, damping, hereditary
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behavior, or interactions with the internal structure of the medium. To incorporate these effects, the
classical time derivative is replaced by the Atangana—Baleanu derivative in the Caputo sense. The
Mittag—Leftler kernel associated with the ABC derivative introduces a fading memory effect, where
the past states of @(x,¢) contribute to its current evolution. Moreover, unlike classical singular
kernels, the ABC kernel is non-singular at the initial time, which provides a smoother and more
physically realistic description of the transition from the initial state K(x) to the subsequent nonlinear
wave evolution. The use of the Atangana—Baleanu—Caputo (ABC) fractional derivative in the present
study is motivated by several mathematical and computational advantages compared with the classical
Caputo operator. The ABC operator is characterized by a non-singular and non-local Mittag—Leffler
kernel, which remains smooth and bounded over the entire integration domain. In particular, when the
integration variable approaches the present time, the Mittag—Lefller function satisfies E,(0) = 1,
showing that the kernel does not exhibit singular behavior near the present time. Consequently, the
ABC operator provides a smooth fading memory effect and a more physically realistic description of
memory-dependent nonlinear wave propagation phenomena associated with the Klein—Gordon
equation.

Moreover, within the framework of the Laplace multistage telescoping decomposition method
(LMTDM), the Laplace transform of the ABC operator introduces a Mittag—Lefller memory structure
into the analytical formulation of the problem. After applying the inverse Laplace transform, the
obtained solution components naturally involve Mittag—Lefller functions, which allows the proposed
framework to capture nonlocal memory effects more effectively during the iterative decomposition
procedure.

In addition, the smoothness and boundedness of the ABC kernel improve the numerical stability of
the recursive integrations associated with the nonlinear terms of the considered Klein—-Gordon model.
The absence of singularity also reduces the accumulation of numerical errors and enhances the
convergence behavior of the obtained solution series. Consequently, the proposed LMTDM generates
highly accurate approximate solutions with rapid convergence while requiring only a limited number
of iterative terms, thereby reducing computational complexity and improving computational
efficiency.

Theorem 3.1. Let ® C R be a bounded open interval, let y € (1,2], and let 1,, A, A3 € R. Consider
the Atangana—Baleanu—Caputo fractional Klein—Gordon problem

DY@ (%, 6) = (2, §) + iw(%,§) + L@’ (x,6) + Lw (x,5), x€0,¢€(0,6"], (3.6)

subject to the initial conditions

@(%,0) = K(%), w.(x,0) = K'(x), % €O, (3.7)
where
K € HX (@), K’ € H(O). (3.8)
Equip H*(®) with the norm
2 2 2 172 2

lelliroy = (Iull ) + Mtelia) + b))~ + € HY(O), (3.9)

and let
Y (@) := @y + L@ + Lw” + o (3.10)
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denote the nonlinear operator associated with the right-hand side of the equation above. Since O is
bounded, there exists a finite constant Cr, = Cg(®) > 0 such that

l|ullz=@) < CE||M||H2(®) Jor every u € H2(®)- (3.11)
Then
T : H (@) — L*(®) (3.12)
is well-defined. Moreover, for every M, M’ > 0 and every @, o € H*(®) satisfying

l@llpe) < M, lloll @) < M, (3.13)
there exists a constant
Ly = Le(M,M', 11, 22,23, Cg) = 1 + || + || Ce(M + M) + |A3| C2(M?* + MM’ + (M')*)  (3.14)

such that
IC(@) — Y(©ll2@) < Ly T - ollmze)- (3.15)

In particular, Y is locally Lipschitz continuous from H*(®) into L*(©).

Proof. For u € H*(®), we use the standard norm

) 2 2 2 \1/?
lllzo) = (Ilall22 ) + 2y + el o)) (3.16)

where u,, and u,, denote the first and second weak derivatives of u with respect to ». From (3.16), it
follows immediately, since each summand under the square root is nonnegative, that

2
llull 20y < llullp2o) and ltllr20) < Nl o) for every u € H°(0). (3.17)

H?*(0), being a Sobolev space, is a vector space over R; hence if u,v € H*(®), then u + v € H*(®), a
fact used repeatedly below without further comment.

By hypothesis, 4, 4;,4;3 € R. The absolute value | - | : R — [0, 00) is, by construction of the real
number field, a well-defined, finite-valued map on all of R (the extended value +co is not an element
of R). Hence

0 <Al < oo, i=1,2,3, (3.18)

and each 4; is in particular independent of @, o, M, M’ and of the domain O; this is what allows |4;| to
appear as fixed, finite multiplicative constants in every estimate below.
Since ® C R is a bounded open interval, the Sobolev embedding theorem applies. and we obtain
the continuous embedding
H*(®) — L™(0). (3.19)

Continuity of the embedding (3.19) means precisely that there exists a finite constant Cg = Cg(0®) >
0, such that
lullz=@) < Ckllullp2 o) for every u € H*(O). (3.20)

Define
Y(u) = ty, + u + u® + 3, u € H*(©). (3.21)
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Let u € H*(®) be arbitrary. By the definition of H*(®), u,, € L*(®). By (3.20), u € L¥(0®) with
llullz=@) < CEllullp2@) < o0. Since O is bounded, |@] < oo, and for each k = 1,2, 3,

16172 = flu(%)ly‘ dn < ||ull7% ) 1O < oo, (3.22)
(©]

so u,u*,u’ € L*(®). By Step 2, A;, A, A3 are finite real numbers, so A,u, Lu?, L;u® € L*(®) (scalar
multiples of L*(®) functions by finite scalars remain in L*(®), since L?*(®) is a vector space).
Consequently Y(u), being a finite sum of elements of L*(®), satisfies Y(u) € L*>(®). This proves that
T : HX(®) — L*(®) is well-defined. Let @, 0 € H*(O) satisfy

lollme < M, ol < M’ (3.23)
for some M, M’ > 0. By the linearity of d,, and direct subtraction in (3.21),
T(@) = T(0) = (@ux = 0) + (@ = 0) + (@ = ") + 13(@” - ). (3.24)
By the triangle inequality in L*(®) applied to (3.24),

1T (@) = T(0)llr2@) < N@x = Oullize) + il ll@ = 0llr2e)

(3.25)
+ |4, ||W2 - QZHLZ(@) + |43] ||7F3 - Q3||L2(®)-
Since H*(®) is a vector space, @ — 0 € H*(®), and by (3.17) applied to u = @ — o,
| — Qm”LZ(@) = (@ - Q)m||L2(®) <@ - Q||H2(®)- (3.26)
By (3.17) applied to u = w — o,
lo — Q||L2(®) <l|lw - Q”HZ(O)’ (3.27)
hence
|4l = olli2e) < |l llT = ollme)- (3.28)
The algebraic identity
@’ -0’ = (@ - 0)(w +0) (3.29)

holds pointwise almost everywhere on @, since for a.e. x € 0, w(x)> — 0(%)* = (w(x%) — o(%))(w(%) +
o(»)) is an identity of real numbers. We now invoke Holder’s inequality explicitly: For f € L*(®) and
g € L*(0),

12

1/2
I/ gllr2e) = (L 1fG0)gCo) d%) < l1gll=@) (j(; lf GOl d%) = I/ llz2@lIgll= @) (3.30)

which is the case where p = 2,q = co,r = 2 (with 1/r = 1/p + 1/q) of the general Holder inequality
1£8lle < Ifll@lgllie)- Applying (3.29) and (3.30) with f = w—o € L*(®)and g = w+p € LV(O)
(the latter by (3.20), since @ + o € H*(Q)),

l@* - 0llize) = (@ — 0)(@ + 0)lli2e) < I — ollie) Il + oll=e)- (3.31)
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By the Sobolev embedding (3.20) applied to u = @ + 0 € H*(®),
lw + oll~@©) < Cellw + olln2@)- (3.32)
By the triangle inequality in the normed space H*(®),
I + ollme) < ll@llpze) + llollne < M + M, (3.33)
where the last step is determined by (3.23). Substituting (3.27), (3.32), and (3.33) into (3.31) in turn,

lw® = 0%ll20) < llo = ollze) ll@ + ol
<|lw - ol - Cellm + ol o) (3.34)
< Ce(M + M) |lo - ollre)-

Setd; := Cx(M + M’) > 0 and then ||@? — 0*[|;29) < dill@ — ollg2e)- The algebraic identity

@ -0 = (@ - 0)w* +wo +0°) (3.35)
holds pointwise a.e. on ®, by the factorization of the difference of cubes of real numbers. Applying

Holder’s inequality (3.30) with f = @ — o € L*(®) and g = @? + wo + 0> € L™(0) (the latter since, by
(3.20), @, 0 € L*(O) and L*(0) is closed under products and sums),

||7U3 - Q3||L2(®) = |(@ - Q)(Wz +wo + QZ)”LZ(@) < |l - ollz2e) ||7U2 + o + Q2||L°°(®)- (3.36)
By the triangle inequality in L*(0),
lo* + wo + Q2||L°°(®) < ”wzllL""(@) + [lwollz=@) + ||QZ||L°°(®)~ (3.37)
By the submultiplicativity of the L*(®)-norm,

lluvllz@) = ess sup u(e)v(z0)] < (ess sup Ju(e)l)(ess sup v()l) = llullzso)IVllz=(o) (3.38)
%€® #€® #€®

for all u,v € L*(®). Applying (3.38) to each term in (3.37) (with (u,v) = (@, @), (@, 0), (0,0)),
| + wo + QZHLM(@) < ||w||%oo(@) + [l@llz=@lloll-w) + ||Q||ieo(@)- (3.39)
By the Sobolev embedding (3.20) applied separately to @ and p, together with (3.23),
l@ll~@©) < Cell@llpe) < CeM, llollz=@) < Cellollmey < CeM'. (3.40)
Substituting (3.40) into (3.39),
lo* + @o + 0*llL~©) < CaM? + CaMM' + C2(M')* = C2(M* + MM’ + (M')?). (3.41)
Combining (3.27), (3.36), and (3.41),
17* = 0*lli2e) < CE(M? + MM’ + (M')) 1@ ~ ¢llieo). (3.42)
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Set d, := C2(M* + MM’ + (M’)*) > 0 and then ||@” — 0°|l;20) < dall@ — olli2@). Substituting (3.26),
(3.28), (3.34), and (3.42) into (3.25),
IC(@) — Y2 < o = ollme) + il — ollme)
+ |l d |lo = ollgze) + 143l dz |l — olln2e) (3.43)
= (1+ 10l + |Aaldy + | bslda )l = ollree.
Define
Ly := 1+ |24 + || Ce(M + M) + | 23] Co(M?* + MM’ + (M")?). (3.44)

We have |4], [1;],]43] < 00; Cg < 003 and M, M’ < oo by hypothesis (3.23). Hence 0 < Ly < oo, and Ly
depends only on M, M’, Ay, A,, A3, C; — and not on @ or o individually, nor on vy, K, or K’, since none
of these appear in (3.44). Substituting (3.44) into (3.43) gives

(@) = T(0)llr2@) < L | = ollr2e)- (3.45)

Since (3.45) holds for every pair @, o € H*(®) satisfying (3.23), and since T was shown to be well-
defined from H*(®) to L*(®), we conclude that Y is Lipschitz continuous, with Lipschitz constant Ly
given explicitly by (3.44), on the bounded subset {u € H?*(®) : lull 2@y < max(M, M)} of H?*(0).

As M, M’ > 0 were arbitrary, T is Lipschitz continuous on every bounded subset of H*(®), i.e., T is
locally Lipschitz from H?*(®) to L*(®). |

3.2. Existence and uniqueness results

Theorem 3.2. Let 1 <y <2, let ® C R be a bounded open interval, let A, A;, A3 € R, and let

K, (%) € H(0©), K>(x) € H'(©). (3.46)
Define the nonlinear operator
V(@ (%, 6)) = T, ) + MW (%, ) + Lw(%,6) + Lw(%,§)’. (3.47)
Then the following hold.

() Y : HX(®) — L*(0) is well-defined. Moreover, there exists a constant Cp = Cg(®) > 0, depending
only on ©, such that for every M > 0 and every w(x,s) € H*(®) with ||@(x, e <M,

1T (@, )2y < CM) = (1 + [41DM + | L|CeM? + | 5|CE M. (3.48)
(11) For all w,0 € H2(®) with ”'ZD'”HZ(@) < M] and ”Q”HZ(@) < Mz,

V(@) — T2 < Lyll@ — ollm2e), (3.49)
where
Ly = 1+ 4] + || Ce(My + My) + |A3] Ca(M? + MM, + M3). (3.50)
(1) If, in addition, there exists T > 0 such that
11—y T
— + Iy + 1))L <1, (3.51)
(M()’) M(y) !

then the fractional Klein—-Gordon problem (3.1) and (3.2) admits a unique solution
@ € CY([0, T]; H*(®)) satisfying w(x,0) = K (%), @ (%,0) = Ky(%).
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Proof. Since ® C R is a bounded interval, the Sobolev embedding theorem yields
H*(©) — L(0), (3.52)
i.e., there exists Cr = Cg(0) > 0 such that
@, Ollis@) < Cello(*, §)llme  for every w(x, s) € H*(®). (3.53)

Let w(x,5) € H*(®). By the definition of H*(®), w@,, € L*(®). Since |®| < co and @ € L*(®) by
(3.53), the powers @, @w*, @> are bounded measurable functions on a finite-measure set, hence

@, W, @ € L*(0), (3.54)
with ||@*]| 2@ < |®|1/2”w”m(®) <102 ck ||w||H2(®) As a finite linear combination of @,,, @, @>, @° €
L*(®) with real coefficients 1, A, A5, A3,

V(@) = Wy + 1w + Lw” + o € LX(0), (3.55)

so T : H*(®) — L*(®) is well-defined, proving (i) up to the quantitative bound. For ||w|| e < M, the
triangle inequality together with ||@,.|l;2e) < l@llm2e), @20 < l|@llH2e), and Holder’s inequalities

@Il < ll@llellulls < Cellall,, @l < l@llalloli. < Cliol,, give

1T (@)llr20) < (1 + 14 DM + | LICeEM? + | 4|CEM° = C(M), (3.56)
which proves (i). For (ii), let @, 0 € H*(®) with @2 < M, llolln2@e) < M>. Using the algebraic
identities

-0 =(@-)@+), @ -0 =(@-@ +wo+0) (3.57)
Holder’s inequality || fgll2) < I fll22)llgll.~©), and the embedding (3.53) applied to @, o, one obtains
llo” — Q2||L2(®) < |l - ollize)ll@ + olli=@) < Ce(M; + M)l — olln2e), (3.58)

||1U3 - Q3”L2(®) <|lw - Q”LZ(@)(HWHiW(@) + @@ lloll- @) + ||Q||%oo(@))

< CE(M} + MM, + M))||w - Ollm2@)- (3.59)

Since also [|@,, — Owxllize) < ll@ — ollpe) and ||o — oll2e) < @ — olln2e), the triangle inequality
applied to

T(@) = T(0) = (Wux — 0u) + W(@ — 0) + L(w@” — 0°) + 13(@ — 0°) (3.60)
together with (3.58) and (3.59) yields
V(@) — T2 < Lyll@ — ollm2e) (3.61)
with
L‘r =1+ |/11| + |/12|CE(M1 + Mz) + |/13|C (M2 + M1M2 + MZ) (362)

the term 1 from @,,, |4,| from the linear term, |1,|Cg(M; + M;) from the quadratic term via (3.58), and
|3|CE(M? + MM, + M32) from the cubic term via (3.59); this proves (ii). For (iii), problem (3.1) and
(3.2) is equivalent to the fixed-point equation @ = 7 @, where the solution operator 7 is defined by

(T@)(x%,6) := Ki(%) + ¢K(%) + jle)T(w %,6) + mr(y)f (¢ =0 " M(@,x,1)dr  (3.63)
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on the complete metric space C([0,T]; H*(®)). By (ii), together with fOT(g - 1) ldr < T?/y and
Ly+ 1D =vyI(y),

7@ = T ollcqo.r:m20) < ) Ly|lw - ollcqo,r:m20))- (3.64)

( 1- Y, T”

M (7) M(y)
By hypothesis, the coefficient on the right is strictly less than 1, so 7 is a contraction. By the Banach
fixed-point theorem, 7 has a unique fixed point @ € C([0,T]; H*(®)). Differentiating the mild

equation in ¢ (using y > 1 and (i)) shows @ € C!([0, T]; H*(®)) with @w(x,0) = K|, w(x%,0) = Kj,
which is the unique solution of (3.1) and (3.2). |

4. Investigation of the Laplace multistage telescoping decomposition method

In this study, the following fractional-order 1 < y < 2 PDEs are considered:

ABC DY r(x, ¢) + Rw(x,¢) + N w(x, ¢) = P(x, ). 4.1)

The initial conditions are

w(x,0) = K (%), w(x%,0) = K>(x), % € R. 4.2)

Here R and N denote, respectively, the linear and nonlinear parts of the spatial differential operator
acting on @, and P(x,¢) is a known (source) function. For the Klein—Gordon problem (3.1), Rw =
-w,, — o, No = -Lw’ - 3w, and P = 0.

Since l <y <2,setB=7y—-1¢€(0,1]. For 0 < 8 < 1, the Laplace transform of the ABC-Caputo
derivative of a function g is

M®B) PPLIgC, o)) p) = PP el )
-B B
p’*+1_ﬁ

{“%fgxﬁkm— (4.3)

The ABC-Caputo derivative of order 1 < ¥y < 2 is defined by order reduction,
ABCprw = ABCDNw,), so (4.3) applies with B = y — 1 and ¢ = w.  Using
Liw (%, 9)}(p) = pLiw(x, ¢)}(p) — w(x, 0) together with w.(x,0) = K,(x), Eq (4.3) yields

M@y -1) pL@ONp) — p o™, 0) - pP oz 0)
2—-vy v—1
Pt S 5

LI*D @ (%, o)} (p) =

4.4)

Equation (4.4) is the correct Laplace transform of the ABC-Caputo derivative for 1 < y < 2; it
replaces the formula valid only for 0 < y < 1 used previously, and it correctly incorporates both initial
data @w(x,0) and w.(x, 0).

Applying the Laplace transform to Eq (4.1), we obtain

LD w(x, )} + LIR@(x%,¢) + Nw(x,¢) — P(x,¢)} =0, 1<y<2. 4.5)
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Substituting (4.4) into (4.5), we have:

My -1 pLwt.olp) My-1) p~'KiG)+p" > Ka(x)
2-y y-1 2-y b1 Y™
2—vy P 2—vy

P+

M(y - 1)(P7L{W(%,§)}(P)) MGy - 1)(177‘11(1(%) + P Ko (%)

2_7 y-1 7_1 Z_V y—1 ’y_l
P 2—vy P 2-vy
Q-(p'+ ;:i)
P L@, 9))(p) = p'~ Ki(e) = pY 2 Ka() + M) LR + N g) = Pl 9} = 0.

C-NP+E)
" LiP(x, 6))

P'LI@C )p) = P K1) + P Ka) + ——e

Q-9+ ;%;)L . N
Mg ST LR®es) + Nwlo))

1 1 1 - +5)
L{?D'(%, g)}(P) = _Kl(%) + —sz(%) + _y
p p p

1 Q=P+ %)L . N
- Mo =D {Rw(x,¢) + Nw(x,¢)}.

e The telescoping decomposition method (TDM) yields the infinite series:

@(x,6) = ) @ (,6).
r=0

e The nonlinear term N is defined as

NGt 6) = ) Noaw(x,6).

r=0

The nonlinear operators N, are determined for » = 0 by the relation:

NO w(%’ S‘) = NW()(%, g)

N, @, 6) = Nw,(x,6) - Nw,1(,6), with @,(t,6) = > mi(x,6).
k=0

+ L{Rw(x,¢) + Nw(x,¢) — P(x,¢)} = 0.

(4.6)

) + L{R@(x,6) + Nw(x,¢) - P, g)} =0. (4.7

(4.8)

4.9)

(4.10)

4.11)

(4.12)

(4.13)
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Substituting (4.11) and (4.12) into (4.10) gives:

Q-yp +(y- h,

MG — 1) {PCx, )}

LY @ x,¢) = Lkieo+ S K00 +
r=0 p p

4.14)
C-pp'+y-D (., < N
_ MG — 1) L{R rzz(; @, (%,¢)+ rzz(; N, w(x, g)}.
Applying the inverse Laplace transform to (4.14) yields:
C oyl 1 (y-D+Q2-yp!
ZO @,(0:5) = L KiG0) + 5 KaGe) + = LP 5l s
=D+ C-ppt N '
-L 1{ MG =D L{R(; w, (%, g)) + ; N, @w(x, g‘)}}.
Since L™'{1/p} = 1 and L™'{1/p?} = ¢, define the terms as follows:
D+ 2=pp!
@00, §) = K1) + 5K + L LD CZIPT iy oy

p7A4(y-— 1) (4.16)

=D+ -yp!
1{ MG = D) L{R wy(x%,¢) + Ny w(x, g)}}.

In general, for r > 1, it is defined as:

@ (%,¢) =L

_1{(y -D+Q2-yp! L

PYM(y — 1) R@,(%,¢) +N,w(%,g)}}, 4.17)

@ 41(%,6) = —L

4.1. Theoretical investigation of convergence properties

Writing Y(x,¢,w) = Rw + Nw with Rw = @,, + 4y@ (linear part) and Nw = Lw? + Lo
(nonlinear part), the proof of Theorem 3.1 bounds each piece separately, giving /; := 1 + |4;] and
L= |LICe(M + M) + | 3|CE(M? + MM’ + (M’)?), so that [; + I, = Ly exactly (Eq (3.14)).

Theorem 4.1. Let 1 < vy < 2. The series solution of the KGE subject to the initial conditions (3.2),
obtained by means of the LMTDM approach, converges in X = C([0, T]; H'(®)) provided that 0 < & <

1, where
_ h +'b ’YTW

&= y-1)+=——"777-7-,
M(y) Iy +1)
and 1,1, denote the Lipschitz constants of the linear operator R and of the nonlinear operator N,
respectively.

Proof. Let X = C([0, T]; H'(®)), endowed with the norm

(4.18)

l@llx = sup ll@(, S)llmie)- (4.19)

0<¢<T

Since H'(®) is a Banach space, X is a complete metric space. Because K|, K, € H'(®), the map ¢
Ki(%) + ¢K,(x) belongs to X, so X remains the correct functional setting after the introduction of the
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second initial condition; no change of space is required. By the LMTDM approach applied to problem
(3.1) and (3.2) with 1 < y < 2, the solution is represented by the series @w(x,¢) = >, @,(%, ), and
the equivalent Volterra (mild) form of the LMTDM recursive scheme reads

@o(%,¢) = K1(x) + K> (x) + (term generated by P), (4.20)

w1 (2, ¢) = —jlw—()(Rw, + N,w)(x%,¢) — M(y’})/l"(y) j:(g - T)V_I(Rw, + N,w)(x, 1) dr, r>0, 4.21)

where, with S, (%, ¢) := >;_, @k(%, ¢), the nonlinear increments are N, = NS,—NS,_;and S ,—S,_; =
@,. We now derive the estimate ||@,+1||x < €l|@,||x directly from (4.21), rather than assuming it. Since
R is a bounded linear operator on H'(®) with (operator-norm) Lipschitz constant /;,

IR (-, Dl < Lll@ (¢, Dllae) < Ll llx, T€[0,T]. (4.22)

Since N is Lipschitz continuous on H'(®) with constant ,, and N, = NS, — NS,_; with S, - §,_| =
Wy,

INw(, Dllme) = INS (. 7) = NS -1, Doy < LIS A1) = Sr1CDllme)y = Lllwr(, Dllme) < bllo:llx.  (4.23)
By the triangle inequality,
I(R@, + N,@)(, Dllae) < (h + b)llw,llx, 7€[0,T]. (4.24)

Taking the H'(®)-norm of (4.21), applying the triangle inequality, and using |1 —y| = y—1 since y > 1,
together with (4.24),

@1 G5 Ollae) < L( )(11 + b)llwlx + MGy )F( )(11 +12)||wr||Xf (¢ -7y 'dr. (4.25)

G g T
Since | (¢—7)"'dr=2> < —andyI'(y) =I(y+1),
0 Y Y

-1 yT?
, < +1 + rllx. 4.26
l@ 1 C, S')||H1(®) (h 2) M(y) . M)y + 1)] ll@|lx ( )
Taking the supremum over ¢ € [0, T'] on the left-hand side yields
Il < el e e 427)
Wrelllx = ElTTYx, &€= M( ) ( 1) ) .

which is the estimate derived explicitly from the recursive scheme (4.21). By repeated application of
(4.27),
@il < € el n=>0. (4.28)

Letm > n. Then S,, — S, = D" | @; and the triangle inequality together with the previous estimate
i=n+1 g q y g p

gives
m

1S = Salle < D willy < llwolly Y &' (4.29)

i=n+1 i=n+1
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n+1

Since 0 < & < 1, the geometric sum satisfies Y7 ., &' < %
— &
n+1
1Sm = Sully < T—ll@ollx ~—— 0. (4.30)

Hence, for every ¢ > 0, there exists N € N such that ||S,, — S,|lx < d forallm > n > N, i.e., {S,}is
a Cauchy sequence in the complete space X. Consequently there exists @ € X with §,, — @, and the
series )., @,(%, ¢) converges in X to the solution obtained by the LMTDM approach. This completes
the proof. O

Theorem 4.2. Let 1 < v < 2. The truncation error of the series solution of problem (3.1) and (3.2),
obtained by the LMTDM approach, satisfies

@, 6) - Z o, 9)| < T (431)
where € is given in Theorem 4.1.
Proof. Let S ,,(%,¢) = Yo @i(%,¢) and @w(x,¢) = Yoy @i(%, ), so the truncation error is
En(4,6) = @(%,6) = Sut,6) = )| wi(tt,6). (4.32)

k=m+1

By the triangle inequality and the bound ||@;||x < &*||@yllx established in the proof of Theorem 4.1,

(o)

IEnllx < Z ol < llwolly . & (4.33)

k=m+1 k=m+1

+1

Since 0 < € < 1, the geometric series satisfies >, . & = %
-
m+1
Enlly < T ll@olly- (4.34)
In particular, for every (x%,¢) € ® x [0, T],
e, 6) - Zm(% o) < = (4.35)
which completes the proof. O

5. Analytical development and approximate solution

In this section, all numerical computations have been carried out utilizing the capabilities of Maple
software, which provides a robust environment for both symbolic and numerical analysis of fractional
differential equations. The solutions for the problems under study have been systematically constructed
through the iterative schemes illustrated in Examples 1-3. This iterative framework allows for the
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progressive refinement of the approximate solutions, providing a rigorous mechanism to assess both
the convergence behavior and the accuracy of the proposed method. The accompanying numerical
experiments validate the effectiveness and reliability of this approach, offering detailed insights into
the dynamic characteristics and nonlinear behavior of the fractional-order Klein—-Gordon equation.

Example 5.1. Consider the linear time—fractional Klein—Gordon equation of (ABC) type defined as
[33]
EDIw(%,6) = o, 6) + w(x,6), >0, 1<y<2, (5.1)

subject to the two initial conditions
w(x,0) = K{(») = 1 + sin(x), w(x%,0) = Kr(%) = 0. (5.2)

Since 1 <y <2,setB=7vy—1 € (0,1] and recall *5 D@ := A5 D¥(w ). Applying the Laplace
transform with respect to ¢ to (5.1) and using the Laplace transform of the order-8 ABC derivative with
g = o, Llw}(p) = pL{w}(p) — w(x,0). One obtains, after clearing denominators,

MGy = ) p'Liw(e, )p) My = D07 KiGo) + p2Ka()
C-ypptriy-1) Q-+ (y—1) = L{w,, (%, ¢) + w(x,¢)}.  (5.3)

My)p Liw)(p)  p'~a(x,00M(y)
(I=y)p”+y A =»p”+y

This replaces the formula , which is valid only for 0 < y <1

and does not involve K.
Rearranging (5.3) yields

Q-ypt+@y-1 L

P'LIw ) p) = P K1) = T Kae) = e

@y, 6) + @(x, §)}.

Hence, the Laplace transform of @(x, ¢) is

C-yp '+ -1 I
pYM(y - 1)
Since K;(%) = 0 in this example, the last term vanishes identically, but it is retained symbolically

above to display the correct general two-initial-condition structure.
Taking the inverse Laplace transform of (5.4), and using L™{p~!} = 1, L"Y{p~2}(s) =,

L{w(x,¢)}(p) = @y (%, 6) + W0, )} + p K () + p Ko (). (5.4)

C-»p '+ -1 I
pYM(y - 1)

Following the LMTDM, the iterative procedure leads to the functional representation

= 2-p'+(y-1 | N
; @, (%,¢) = Ki(%) + ¢Ka(%) + L™ {( 17\4)6 — Bgy ) L{;(wr(%, e + ; @ (%, g)}} ;

@(%,6) = Ki (%) + §Ky() + L™ { @y (%,6) + w(x, §)}} :

with

Q-yp+y-1 L
My - DpY

@o(%,6) = Ki(%) + ¢K(x%) = 1 + sin(x), @41(2,6) = L7 { (T )on + wr}}, r=0. (5.5)
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For brevity, write
2—-vy b v—1

a:= ———, = (5.6)
M(y-1) M(y-1)
so that the recursion operator in the Laplace domain reads a p~! + b p™”.
Successive computation of the approximated terms. Since (@),, = — sin(x), we have (@), + @y =
—sin(%) + 1 + sin(x) = 1, so L{(@).. + @o}(p) = p~'. Hence
@ (%,6) = L {(ap™ +bp)p~'} = L {ap™ + bp™"),
and using L™H{p2}(¢) = ¢, LH{p7"" '} (¢) = ¢7/T(y + 1),
w(%,6) =ag+ 7 (5.7)

Ty+ D)

In particular, @, is independent of x, so

62
(@ 1), 6) = ﬁwl(%ag) =0,
%

which is verified directly from (5.7) and remains correct after the revised derivation: it holds because
@), being generated from the x-independent quantity (@y),, + @y = 1, inherits no x-dependence, not
because of any special feature of the case where 0 <y < 1.

Consequently, (@)),, + @, = @, and since L{w}(p) = ap™> + bp™~!,

@y (%,6) = L {(ap™ + bp™)ap™ +bp7 "} = L™ a?p™ + 2ab p™ 2 + bPp771Y,
so that, using L™ {p~*}(¢) = ¢%/2, L™ {p™2}(¢) = ¢"*! /T (y +2), and L™ {p™7'}(s) = ¢* /T2y + 1),

a? 2ab b>
@y (%,6) = — ¢ 7+l

- 72
7S "To+nS ttayens (58)

Again @, is independent of x, S0 (@), + @> = >, and since L{w,}(p) = a*p~> +2abp™? 2 +b*p~271,

@3(2,6) = L™ {(ap™ + bp")a’p™ + 2abp™" ™ + b?p )
= L—l {a3p—4 + 3a2b p—y—3 + 3ab2p—2y—2 + b3p_3y_1 }

Using L™ {p~™*}(s) = ¢°/6, L {p7 K s) = /Ty + 3), LH{p™2}(¢) = ¢”*!/T(2y + 2), and
L{p™ ") ¢) = ¢7/TGBy + 1),

3 2
a 3a°b
@3(%,6) = — ¢ +

y+2 3Clb2 2y+1 b3 3y (59)
6

Th+3)° "T2y+2° "TGy+D°

More generally, an induction on r using (@,),, + @, = @, for r > 1 shows that every term is x-
independent for r > 1 and satisfies the closed form

r+k(y—1)

_ ~ (r kg k S
wr(%,g)—Z(k)a b koD r>1, (5.10)

k=0
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which reduces to (5.7)—(5.9) forr = 1,2, 3.
Approximate analytical solution. Consequently, the approximate analytical representation of the
solution to the fractional Klein—Gordon equation (5.1) takes the form

2 !

w(%,g‘):1+sin(%)+ag+3g2+gg3

b 2ab

2
Y y+1 ﬂ y+2

To+D° "Th+2° "Th+3°
P A R A e S A
T2y + 1) T2y +2) TGy + 1)

+

g37+...’

————and b = —/——
My -1) M(y-1) '
v—1¢€(0,1], botha > 0 and b > 0 are well-defined without any absolute value, so no occurrence of
1 — y (which would be negative on this range) remains in the coeflicients: every coeflicient above is
expressed through the nonnegative quantities 2 —y and y — 1, and through M(y — 1) and I'(-) evaluated

at arguments that stay positive for 1 <y < 2.

where a = as in (5.6). Since 1 < y < 2 gives 2 —y € [0,1) and

Numerical experiments. According to the LMTDM, we take the value of y, the number of iterations
n, N as the number of subintervals, and the initial condition @][i], by taking the interval [0, 7] and Ag
as follows:

v:=2, n:=5, o@[0]:=1+sin(x), w@][0]:=0,
f = W2, 6) + @ (%, 9).

We obtain the solution in each subinterval ®;.

Discussion of numerical results of Example 5.1

Table 1 shows that the absolute error vanishes exactly at t+ = 0, confirming that the approximate
solution satisfies the initial condition exactly. As t increases, the error gradually increases while
remaining numerically small throughout the computational domain, reaching a maximum value of
2.909291788696 x 10™* at + = 2.000000. The reported error norms, maximum absolute error
L., = 2.909291788696 x 10~*, mean absolute error MAE = 3.934552725924 x 107>, and root mean
square error RMSE = 9.333897008696 x 107, indicate that both the maximum and average
deviations between the exact and approximate solutions remain very small. These numerical results
demonstrate the high accuracy and reliability of the proposed method over the computational domain
considered.
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Table 1. Absolute errors of the LMTDM for Example 5.1.

% S Exact solution Approximate solution Absolute error
0.000000 0.000000 1.00000000000000 1.00000000000000 0.000000000000e+00
0.000000 0.666667 1.23057558004363 1.23057557524864 4.794990563254e-09
0.000000 1.333333 2.02863251639945 2.02862755629102 4.960108430027e-06
0.000000 2.000000 3.76219569108363 3.76190476190476 2.909291788696e-04
2.094395 0.000000 1.86602540378444 1.86602540378444 0.000000000000e+00
2.094395 0.666667 2.09660098382807 2.09660097903308 4.794990563254e-09
2.094395 1.333333 2.89465792018389 2.89465296007546 4.960108430027e-06
2.094395 2.000000 4.62822109486807 4.62793016568920 2.909291788696e-04
4.188790 0.000000 0.13397459621556 0.13397459621556 0.000000000000e+00
4.188790 0.666667 0.36455017625920 0.36455017146420 4.794990563254e-09
4.188790 1.333333 1.16260711261501 1.16260215250658 4.960108430027e-06
4.188790 2.000000 2.89617028729919 2.89587935812032 2.909291788696e-04
6.283185 0.000000 1.00000000000000 1.00000000000000 0.000000000000e+00
6.283185 0.666667 1.23057558004363 1.23057557524864 4.794990563254e-09
6.283185 1.333333 2.02863251639945 2.02862755629102 4.960108430027e-06
6.283185 2.000000 3.76219569108363 3.76190476190476 2.909291788696e-04

The surface plot demonstrates that the absolute error remains uniformly small over the
computational domain, increasing only slightly as ¢ approaches its upper bound while remaining on
the order of 10™*. The smooth and uniform error distribution confirms the excellent agreement
between the approximate and exact solutions, demonstrating the accuracy, stability, and robustness of
the proposed method (see Figure 1).

Approximate*Solution Exact Solution 3D Surface Plot of the Absolute Error

4
3
2
1

Figure 1. The far-left image shows the approximate solution of Example 5.1 for y = 2, while
the middle image corresponds to the exact solution y = 2. The far-right image presents the
absolute error.

From a physical standpoint, the fractional order y controls the strength of the memory (hereditary)
effect encoded in the Atangana—Baleanu—Caputo kernel. The classical case y = 2 corresponds to the
memoryless, non-dissipative Klein—-Gordon wave equation, in which the field evolves solely from its
present state. As y decreases away from 2, the non-singular Mittag-Lefller kernel assigns increasing
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weight to the field’s past history, which manifests as an effective damping-like correction to the wave
response: the solution no longer depends only on instantaneous curvature and self-interaction, but also
relaxes gradually according to its own history, analogous to wave propagation in a viscoelastic or lossy
medium. This is visible in Figure 2, where decreasing y visibly increases the amplitude of the response
relative to the classical case. Physically, this suggests that the ABC fractional Klein—-Gordon model
is well-suited to describing wave phenomena in media exhibiting relaxation, hysteresis, or long-range
temporal correlations, where the classical integer-order model (y = 2) would predict purely oscillatory,
non-attenuating propagation (Figure 3).

Influence of gamma on phicx 1) versus x Influsnce of gamma on phiPit) versus ¢ Comparison of Approximate Solutions for Different gamma $1.10,1.30,1.50,1.70,1.90$

phiFLty

—— gamma=110""""" gamma = 1.30 - - gamma = 1.50 —— gamma=110"""-- gamma = 1.30 - - gamma = 1.50
—:— gamma= 170 — - garmma = 1.90 — = gamma = 1.70 — = garma = 1.90

Figure 2. The far-left image shows the influence of gamma on phi(x, 1) versus x of
Example 5.1, while the middle image corresponds to the influence of gamma on phi(Pi, 1)
versus . The far-right image presents a comparison of approximate solutions for different
gamma values: 1.10, 1.30, 1.50, 1.70, 1.90.

Convergence history of the LMTDM approximations (log Absolute error versus t for successive LMTDM orders
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Figure 3. The left image shows the convergence history of the LMTDM approximations
(log scale), while the right image corresponds to absolute error versus for LMTDM orders of
Example 5.1.
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Example 5.2. Let us consider the nonlinear fractional-order Klein—Gordon equation defined as [33]

P,
VD) = ST o) 44, 620, (5.11)
%
subject to the initial conditions
@(x%,0) = 0,w(%,0) = x. (5.12)

Numerical experiments. According to the LMTDM, we take the value of y, the number of iterations

n, and the initial condition w[i], by taking the interval [0, T'] as follows:

vy:=2, n:=5,

@[0] := 0, @ [0] := x,

f = @, §) + @ (%, 6) + 1767

We obtain the numerical solution in Table 2.

Table 2. Comparison between the exact solution, approximate solution, and absolute error
of Example 5.2.

% S Exact solution Approximate solution Absolute error

0.000000  0.000000 0.00000000000000  0.00000000000000 0.000000000000e+00
0.000000 0.666667 0.00000000000000  0.00000000000000 0.000000000000e+00
0.000000 1.333333  0.00000000000000  0.00000000000000 0.000000000000e+00
0.000000 2.000000 0.00000000000000  0.00000000000000 0.000000000000e+00
2.094395 0.000000 0.00000000000000  0.00000000000000 0.000000000000e+00
2.094395 0.666667 1.39626340159546  1.39626340159546 0.000000000000e+00
2.094395 1.333333 2.79252680319093  2.79252680319093 0.000000000000e+00
2.094395 2.000000 4.18879020478639  4.18879020478639 0.000000000000e+00
4.188790 0.000000 0.00000000000000  0.00000000000000 0.000000000000e+00
4.188790 0.666667 2.79252680319093  2.79252680319093 0.000000000000e+00
4.188790 1.333333 5.58505360638185  5.58505360638185 0.000000000000e+00
4.188790 2.000000 8.37758040957278  8.37758040957278 0.000000000000e+00
6.283185 0.000000 0.00000000000000  0.00000000000000 0.000000000000e+00
6.283185 0.666667 4.18879020478639  4.18879020478639 0.000000000000e+00
6.283185 1.333333 8.37758040957278  8.37758040957278 0.000000000000e+00
6.283185 2.000000 12.56637061435917 12.56637061435917  0.000000000000e+00

Discussion of numerical results of Example 5.2

The numerical results presented in Table 2 show that the approximate solution obtained by the
proposed method coincides exactly with the analytical solution at all selected spatial and temporal
grid points. Consequently, the computed absolute error is zero throughout the computational domain
within the reported numerical precision. This exact agreement confirms the correctness of the recursive
formulation and the accuracy of its computational implementation for the present benchmark problem.

It is worth noting that, for this particular example, the initial approximation already satisfies the
governing equation, causing all subsequent correction terms generated by the decomposition procedure
to vanish identically. As a result, the proposed method reproduces the analytical solution exactly,
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leading to zero absolute error (see Figure 4). Therefore, this example should be regarded primarily as
a verification test of the proposed algorithm rather than a comprehensive assessment of its numerical
performance. A more complete evaluation of the method should be supported by additional nonlinear
benchmark problems, convergence studies, and comparisons with existing numerical methods.

Approximate*Solutions*LMTDM Exact solution 3D Surface Plot of the Absolute Error

Absdtwe Error

Figure 4. The far-left image shows the approximate solution of Example 5.2 for y = 2, while
the middle image corresponds to the exact solution. The far-right image presents the absolute
error.

As in Example 5.1 (Figure 2), decreasing y in Figure 5 produces the same memory-induced
damping-like effect on the wave response, confirming that this behavior is not specific to the linear
case but persists for the nonlinear Klein—-Gordon model considered here.

Inflaence of gamma on phicx 1) versus x Influsnce of gamma on phiPit) versus ¢ Comparison of Approximate Solutions for Different gamma $1.10,1.30,1.50,1.70,1.90$

15 Es
phicel) 6] phiFL) A
P
10 . e
a ';,";/»//
7 -
3 o
24 o
s

x
—— gamma=110""""" gamma = 1.30 — — gamma = 1.50 —— gamma=110"""-- gamma = 1.30 — — gamma = 1.50
—:— gamma= 170 — - garmma = 1.90 — = gamma = 1.70 — = garma = 1.90

Figure 5. The far-left image shows the influence of gamma on phi(x, 1) versus x of
Example 5.2, while the upper-right image corresponds to Influence of gamma on phi(Pi,t)
versus . The far-right image presents a comparison of approximate solutions for different
gamma values: 1.10, 1.30, 1.50, 1.70, 1.90.

Example 5.3. Consider the nonlinear fractional-order KGE of the form

P,
DY (x, ) = %g) —sin(@(x,¢)), 1<y<2, ¢>0, (5.13)
H
subject to the two initial conditions
o
@(x,0) = 0, a—w(x, 0) = dsech(x). (5.14)
S

AIMS Mathematics Volume 11, Issue 8, 24060-24089.



24084

The exact solution of Eq (5.13) for y = 2 is w(x,¢) = 4.arctan(g.sech(x)). The 3-term LMTDM
solution is

w(x,¢) =4 sech(x)¢ — % sech(x) ¢*

1
+ (i}ﬁ sech3(%) + 30 sech(%)) gs

15
44 5 3 64 5 8 3 7
—_—— —_—— — h
+( 31574 sech’(x) 315% sech (%)+l 5sec ()]s (5.13)

6 s 5
[— h [—
+( 7 5% sech’(x)

8

3 3 7 7 1 13
h - h + .
55% sech”(x) 1925:4 sec (%))g O@™)

Discussion of numerical results of Example 5.3

Figure 6 demonstrates that the fractional order y has a pronounced effect on the solution behavior.
As 7y increases, the temporal growth of @ decreases noticeably, while the spatial oscillations become
progressively damped, resulting in a smoother and more stable solution.

Influence of gamma on Farpi(Pit) versus t Influsnce of ganma on varpics 1) versus x Comparison of Approximate Solutions for Different gamma $1.10,1.30,1.50,1.70,1.908
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Figure 6. The far-left image shows the influence of gamma on @w(x, 1) versus x» of
Example 5.3, while the middle image corresponds to influence of gamma on w(Pi, ¢) versus
¢. The far-right image presents a comparison of approximate solutions for different gamma
values: 1.10, 1.30, 1.50, 1.70, 1.90.

6. Comparison with existing methods

Example 6.1. We finally close our analysis by studying the fractional Klein—Gordon equation
ABC 3 3 3
Diw(,6) = @u(x.6) = ywx.¢) + sw(x.6),  ¢>0, l<y<2, (6.1)
subject to the two initial conditions
1
w(x,0) = —sech(x), w(%,0) = Esech(%) tanh(x). (6.2)

The exact solution of Eq (6.1) for y = 2 is w(x, ) = —sech(x + %g).
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Comment. As shown in Table 3, the proposed LMTDM provides highly accurate numerical results
and consistently outperforms the ADM. Within the considered time interval, the LMTDM and VIM
solutions are nearly identical. However, for larger time intervals (¢ > 1), the implementation of the
VIM approximation becomes increasingly difficult, since the approximation is constructed over the
entire time domain, leading to a rapid growth in the complexity of successive correction terms. In
contrast, the proposed LMTDM remains applicable because the time interval is partitioned into a
sequence of smaller subintervals. The approximate solution obtained at the end of each subinterval is
used as the initial condition for the next one, allowing the method to preserve its accuracy and
computational efficiency over a long time simulation.

Table 3. Comparison between the absolute errors of ADM, VIM, and LMTDM for

Example 6.1.

x ¢ ADM VIM LMTDM

1 0.1 5201x107" 4.809x107"* 4.809 x 1072
1 03 4427x10°% 3177x10% 3.177x 1078
1 05 2325x107°  1.904x107° 1904 x107°
2 0.1 3362x1071 2.607x1078°  2.605%x 10713
2 03 6.142x107° 1.651x107° 1.641x 107
2 05 7.570x107% 9.522x107%  9.365x 1078
3 0.1 2379x107'" 4.985x107*  4.985x 1071
3 03 3.528x1071% 3210x 1071 3.208 x 10710
3 05 4958x107 1.877x10°* 1.872x 1078
4 0.1 1.509%x107'" 2774x 10715 2774 x 1071
4 03 2774x1071" 1787 x 107" 1.786 x 107!
4 05 1.545x10°% 1.0456x 10™° 1.043 x 10~
5 01 1.496x 107" 1.291x107'® 1.291x 107'°
5 03 8.682x107'? 8318x1071* 8313x 10713
5 0.5 3.039x107° 4.862x 107! 4.854x 107!
6 0.1 2471x107'2 2315x107"® 2315x 1078
6 03 1430x107"° 1.741x107* 1.468 x 10714
6 0.5 1.554x107 8485x1071% 8.442x 10713

7. Conclusions

A computationally efficient solution for the fractional Klein—Gordon equation (KGE) has been
successfully derived using the LMTDM, which represents one of the most effective semi-analytical
strategies for addressing nonlinear fractional differential equations. The resulting three-dimensional
(3D) graphical visualizations, generated via the Maple software environment, provide a detailed
examination of the dynamic evolution of solutions across different orders of the fractional derivative.

In addition, the convergence behavior and singularity properties of the LMTDM solutions for a
general fractional partial differential equation (FPDE) have been rigorously investigated using
Banach’s fixed-point theorem. This analysis highlights the mathematical validity, analytical
robustness, and computational reliability of the proposed methodology, confirming both its stability
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and high accuracy in producing approximate solutions for complex fractional-order systems.

Future research will focus on extending the proposed method to practical engineering applications
using real measured data, particularly in viscoelastic media and other fractional dynamic systems, in
order to further evaluate its applicability and performance under realistic conditions.

Furthermore, a systematic comparison of the proposed LMTDM with other modern approaches,
such as physics-informed neural networks (PINNs), Lie-group structure-preserving schemes, and
Riemann—Hilbert-based methods, in terms of computational cost, long-term stability, and
applicability to multidimensional problems, will also be considered in future work.
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