AIMS Mathematics, 11(8): 24007-24032.
DOI: 10.3934/math.2026968
ATMS Mathematics Received: 24 February 2026

Revised: 30 May 2026

Accepted: 09 June 2026
https://www.aimspress.com/journal/Math Published: 05 August 2026

Analytical solutions for the third extended fifth-order nonlinear equation
and the nonlinear electrical transmission line model using the Sardar
subequation method

Osama Alkhazaleh!”, Osama Ala’yed? and Abeer M. M. Jaradat®

! Department of Mathematics, Embry-Riddle Aeronautical University—Prescott Campus, Arizona
86301, USA

2 Department of Mathematics, Jadara University, Jordan

3 Department of Basic Sciences, Princess Sumaya University for Technology, Jordan

* Correspondence: Email: alkhazao@erau.edu.

Abstract: Nonlinear evolution equations (NLEEs) are widely used to model wave propagation and
many other phenomena in physics and engineering. Obtaining exact analytical solutions of these
equations remains important for understanding their mathematical structure and physical behavior. In
this paper, the Sardar subequation method (SSM) is applied to derive new traveling-wave solutions
for the third extended fifth-order nonlinear equation and the nonlinear electrical transmission-line
model. By introducing a traveling-wave transformation, the governing partial differential equations are
reduced to nonlinear ordinary differential equations, which are then solved using the proposed method.
Several families of exact solutions are obtained in hyperbolic, trigonometric, and rational forms. To
illustrate their physical characteristics, selected solutions are presented through three-dimensional (3D)
surface and contour plots. The results show that the derived solutions exhibit different wave structures
and provide additional analytical solutions for the models under consideration. Compared with many
existing methods, the SSM offers a straightforward approach for constructing exact solutions without
requiring restrictive assumptions. The findings presented in this work extend the known solution sets
for these nonlinear models and provide useful analytical results for future studies on nonlinear wave
propagation and related problems in mathematical physics.
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1. Introduction

Nonlinear evolution equations (NLEEs) play a fundamental role in modeling complex phenomena
in various scientific disciplines, including fluid dynamics, optics, and electrical engineering. These
equations often describe essential physical processes such as wave propagation, soliton interactions,
and energy transport in nonlinear media. Due to their mathematical richness and physical relevance,
obtaining exact analytical solutions of NLEEs remains a central pursuit in applied mathematics and
mathematical physics. Over the past decades, numerous analytical and semi-analytical techniques
have been proposed to investigate the solution structures of NLEESs, including the hyperbolic tangent-
cotangent method [1-3], the sine-Gordon expansion method [4-6], the %—expansion method [7-9], the
Darboux transformation [10-12], the Hirota bilinear method [13—15], the generalized Kudryashov
technique [16, 17], the modified F-expansion method, the modified generalized Riccati equation
technique, the modified generalized exponential rational function technique [18], the é, the modified
g—;, and the extended direct algebraic methods [19], and the Bernoulli sub-equation neural network
method [20].

Among these methods, the Sardar subequation method (SSM) has recently emerged as an efficient
and accessible approach for constructing exact traveling-wave solutions of nonlinear differential
equations [21]. The SSM is based on the formulation of simpler auxiliary subequations, which
significantly reduces the analytical complexity of the solution procedure. Its notable strengths include
flexibility, simplicity, and computational efficiency, particularly in comparison with methods such as
the generalized Kudryashov technique and the Hirota bilinear approach, which often involve more
elaborate balancing procedures or complex symbolic computations. Moreover, the SSM is applicable
to a broad class of partial differential equations, including problems where some conventional methods
may not be readily applicable. In particular, it does not require strict integrability conditions or the
prior existence of soliton structures, significantly broadening its applicability. The method is further
distinguished by its ability to generate a diverse range of exact solutions, including soliton, solitary
wave, periodic, and rational forms. In addition, it yields bright, dark, and singular soliton solutions
that effectively capture the characteristic behaviors of nonlinear dispersive systems [22-24]. Despite
these advantages, the SSM, like other subequation-based approaches, depends on appropriate balance
conditions and parameter constraints. Consequently, it may not capture all possible solution structures,
particularly for equations involving non-polynomial nonlinearities or cases where the homogeneous
balance yields non-integer values. Nevertheless, its simplicity, flexibility, and computational efficiency
make it a valuable tool for exploring nonlinear dynamical systems.

In this work, we employ the SSM to investigate two significant nonlinear models. The first model
is the third extended fifth-order nonlinear equation given by

Vezz = Voyyyy = Vaxx — 4(Vy Vyz)y =0, (1.1)

where v = v(x, y, z) represents the wave field. This equation arises in nonlinear wave theory and plays
an important role in describing the interaction between nonlinearity and higher-order dispersion effects,
particularly in fluid mechanics and shallow-water dynamics [25, 26].

The second model considered in this study is the nonlinear electrical transmission line equation,
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expressed as

u2s* K254
Voo = 0 + B0 = 1263 vy — k26 vy — % T % Vyysy = O, (1.2)

where v = v(x,y, z) denotes the voltage in an electrical transmission line. This model also describes
wave propagation in network structures and nonlinear signal transmission systems. The parameters
o and S represent the strengths of quadratic and cubic nonlinearities, respectively. The constants
uy = rlco and kg = Tlco determine the propagation speeds in the longitudinal and transverse directions,
where L, and L, are inductances and Cj is the linear capacitance per unit length. The parameters ¢, and
0, denote the spatial discretization in the longitudinal and transverse directions, introducing anisotropy
and higher-order dispersion effects associated with the lattice structure of the transmission line. This
equation is fundamental in modeling nonlinear voltage propagation in electrical and electromagnetic

systems [27,28].

Although a variety of analytical methods have been applied to these models, such as Hirota’s
direct method [29], the Riccati equation rational expansion method [30], the sine-Gordon expansion
method [13], the exponential function method [21], the first and second simple methods [31], and
the Jacobi elliptic function expansion method [32], the SSM has not yet been systematically applied
to these models, and its potential to uncover additional exact solutions remains largely untapped.
Motivated by this, the present study applies the SSM to derive exact soliton solutions for both
models, which are of significant interest across various scientific domains. The main contribution
of this study lies in the systematic application of the SSM to the aforementioned models to derive
previously unreported families of exact traveling-wave solutions. These solutions include a variety
of functional forms, such as hyperbolic, trigonometric, and rational expressions, as well as different
types of soliton structures. The obtained results not only enrich the theoretical understanding of
the underlying nonlinear systems but also provide insights into their physical behavior in relevant
applications. Furthermore, symbolic computations are supported by graphical visualizations generated
using Maple, including three-dimensional (3D) and contour plots, which illustrate the dynamical
features of the obtained solutions.

The primary objectives of this study are summarized as follows:

(1) To construct new exact traveling-wave solutions of the considered nonlinear models using the
SSM.

(2) To analyze the structural and physical characteristics of the obtained solutions.

(3) To demonstrate the effectiveness and versatility of the SSM in solving complex nonlinear
evolution equations.

The remainder of this paper is organized as follows. Section 2 provides an overview of the SSM
and outlines its fundamental principles. Section 3 applies the method to the considered nonlinear
models and derives exact solutions. Section 4 discusses the analysis of the derived solutions and their
physical interpretations. Finally, Section 5 concludes the article by summarizing the main findings and
describing potential future research directions.
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2. Preliminaries and method description

2.1. Overview of the SSM

The SSM is a systematic analytical technique for deriving exact traveling-wave solutions of
nonlinear differential equations. By reducing the original nonlinear partial differential equation
(NPDE) to a solvable nonlinear ordinary differential equation (NODE), the method enables the
construction of soliton, periodic, and rational function solutions. Due to its flexibility and efficiency, the
SSM has been successfully applied in mathematical physics, fluid dynamics, optical communications,
and electrical engineering, where nonlinear wave behavior is of central importance.

To describe the method, consider a general NPDE of the form

P(V, Vx, Vy, VZ, Vxx, vyy’ VZZ’ . ') = O’ (2‘1)

where v(x,y, z) is the dependent variable and P is a nonlinear operator. The first step is to apply the
traveling-wave transformation

v(x,y,2) = V(s), s=r(x+y-c2), (2.2)

where ¢ represents the wave speed, r is a scaling parameter, and s represents a moving coordinate
frame. This transformation reduces the multidimensional problem to a single-variable equation,
thereby simplifying the analysis. Using the chain rule, the derivatives of v with respect to the original
variables are expressed in terms of s as follows:

2 2 22
ve=rV', vw=rV, v,=-rcV, vo=rV’' v,=rV’', v, =rcV’. .., (2.3)

where the prime denotes differentiation with respect to s. Substituting (2.2) and (2.3) into the original
NPDE reduces it to a NODE of the form

P VvV, V', ..)=0. (2.4)

The SSM assumes that the solution V(i) can be expressed as a finite polynomial expansion in terms
of an auxiliary function ¥(s), namely

Vis)= ) wi(s) (2.5)
i=0

where w; are constants to be determined. The function ¥ (s) satisfies the nonlinear subequation

W) =a+by* +y", (2.6)

where a and b are real constants. The positive integer n in (2.5) is determined using the homogeneous
balance principle between the highest-order derivative terms and the nonlinear terms in (2.4). If the
degree of V(s) is defined as D[V(s)] = n, then the degree of a general term is given by

d’v

D[VQ(W) ] =nqg +m(j + n),
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which follows from the definition of the degree of V(s) and its derivatives. Balancing the dominant
terms in the reduced equation determines the appropriate value of n. Substituting the trial solution (2.5)
along with (2.6) into (2.4) yields a system of algebraic equations in terms of the unknown parameters
wi, a, b, r, and c. Solving this system provides explicit forms of the traveling-wave solutions. This
procedure offers a systematic framework for deriving a wide range of exact solutions and facilitates the
analysis of diverse nonlinear wave behaviors.

The admissible forms of (s) arising from different parameter choices in (2.6) are summarized
below.

Case 1: If a = 0 and b > 0, then

Wi (s) = = —pgb sech,y (Vb 5),
Y3 (s) = = pgb cschy (Vb s),

where

2 2
sech,,(s) = ———, csch,,(s) = ———.
a(5) pe’ +qe”* ra(5) pe’ —qe™*

Case 2: If a = 0 and b < 0, then

Wi (s) = £~/=pgbsec,y(V=b s),
Wi (s) = £ +/=pgbcscp,( V=bs),

where
2i

secpq(s) =0, CSCpq(S) = W

pelS + qe—lS

Case3: Ifb<0Oanda = %, then

S

2

;//;(s)zi\f tanh, (
\/7

W) = [ cothy, (|
Yi(s) =+ \/? (tanhpq ( V-2b s) + i4/pg sech,, ( V-2b s)) ,
Jis) = + \/? (cothyy (V255) + PG eschyy (VE25 ).

w9<s>—+\/7 (anh,,q NE s)+coth,,q(\/’ ))

)
)

where

pe’ —qe™’ pe’ +qge™*
tanh,,(s) = ——, coth,,(s) = ——.
pq( ) pe’ + qge™* pq( ) pe’ —qe™*
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Case4: If b>0and a = ”742, then

where

Uiy(s) = + \/gtanpq( %’ s) ,

Y (s) = + gcotpq( 2 s),

Yip(s) =+ \@(tanpq ( V2b S) \Pg sec,, ( V2b s))
Yis(s) =+ \/E(C()tpq ( @s> VP €Sy, ( @s))
Y (s) = £ \/é(tanpq( 25| — coty, ( \/és)),
tany(s) = - % Oty (s) = z%

These solution forms will be employed in the subsequent sections to construct exact traveling-wave

solutions for the considered models, demonstrating the versatility and effectiveness of the SSM in
analyzing nonlinear physical systems.

2.2. Model assumptions

To ensure clarity in the formulation and interpretation of the mathematical models considered in

this study, we summarize the main assumptions underlying the analysis:

e Continuum approximation: The physical systems are modeled as continuous media, where the

dependent variable v(x,y, z) represents a smooth field (e.g., wave elevation or voltage) varying
continuously in space and time.

Traveling-wave structure: The solutions are assumed to admit a traveling-wave form v(x, y, z) =
V(s), where s = r(x+y —cz). This reduces the governing partial differential equations to ordinary
differential equations.

Nonlinearity and dispersion balance: The models incorporate both nonlinear and dispersive
effects, and it is assumed that these effects interact to produce stable wave structures such as
solitons or periodic waves.

Parameter constancy: All physical parameters (e.g., b, r, o, B, ko, 01, 0,) are assumed to be
constant, representing homogeneous media.

Negligible dissipation: The models do not include dissipative effects such as resistance or
damping, implying that energy is conserved within the system.

Small perturbation framework: In the stability analysis, perturbations are assumed to be
sufficiently small (0 < € < 1), allowing linearization of the governing equations.

e Well-posed boundary behavior: For localized solutions, it is assumed that v(x,y,z) — 0 as

|s| — oo, ensuring finite energy and physical admissibility.

Applications

In this section, the SSM is employed to derive new exact solutions for the third extended fifth-order

nonlinear model and the (2+1)-dimensional nonlinear electrical transmission line model.
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3.1. The third extended fifth-order nonlinear model

In this subsection, we apply the SSM to derive new exact traveling-wave solutions of the
third extended fifth-order nonlinear model given in (1.1). By applying the traveling-wave
transformation (2.2) and its corresponding derivatives (2.3), Eq (1.1) is reduced to the following
NODE:

(= + VD + eV + der(V'V'Y = 0. (3.1)

Integrating once with respect to s gives
(= + )V +7eV® +4erV'V” = C, (3.2)
where C is an integration constant. A second integration yields
(= + )WV + 7V + 2er(V')* = Cys + C, (3.3)

where C, is another constant of integration. Assuming localized soliton solutions, the integration
constants can be set to zero for simplicity [33]. Accordingly, Eq (3.3) reduces to

PV 1 2r (VY2 + (1 =)V = 0. (3.4)
To simplify the analysis, we introduce the substitution
F=V,
which transforms Eq (3.4) into
PF” +2rF? + (1 - ¢*)F = 0. (3.5)

Applying the homogeneous balance principle and balancing F” and F? yields 2 + n = 2n, from
which n = 2 is obtained. Consequently, substituting n = 2 into the trial form (2.5) gives the following
expression for the solution function:

F = wy + w1y + wp*. (3.6)
Substituting (3.6) into (3.5) leads to the algebraic system

2ar*w, + 2rwy + (1 — cHwy = 0,

br*w; + 4rwyw; + (1 — cHw, =0,

4br*w, + 4rwow, + Zra)% +(1=-cAw, =0, 3.7
217w, + 4rwyw, = 0,

6r*w, + 2rw; = 0.

Solving this system symbolically using Mathematica yields several sets of parameter values, which can
be classified as follows:
For Cases 1 and 2:

wo=-2br,w; =0, w, =-3r,c=+V1-4br?,

(3.8)
wo=0,w; =0, w, =-3r,c=+V1+4br2.

AIMS Mathematics Volume 11, Issue 8, 24007-24032.
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For Cases 3 and 4:
3b
wo = _Tr’wl =0, w, =-3r,c=+V1-2br?,
(3.9
b N raaee—y
a)():—?r,(l)]:(),wzz_3r,czi 1+2br2.

Substituting these parameter sets, together with the corresponding solutions of the auxiliary Eq (2.6),
into (3.6), and then integrating with respect to s, yields explicit exact traveling-wave solutions of
the original nonlinear model. To illustrate the physical characteristics of the obtained solutions,
representative 3D surface and contour plots corresponding to selected solutions are presented in
Figures 1-4.

Case 1: If a = 0 and b > 0, then

viy.2) = =207 (x+y+ VI —4br2z) + 3r Vb tanh,, (Vbr(x+y+ VI-4br7z)),  (3.10)
vi(oy,2) = =207 (x+y+ VI —4br22) + 3rVb cothy, (Vbr(x+yx VI-4br2z)),  (3.11)

vi(x,y,2) = 3r Vb tanh,, (Vo r(x+y+ VI+4br2z)), (3.12)
vi(x,,2) = 3r Vb cothy, (Vbor(x+y+ V1+4br22)). (3.13)

3D Real part R{v] } 3D Imag part S{v} }

Figure 1. 3D surface and contour plots of the real and imaginary parts of v{ in (3.10).

AIMS Mathematics Volume 11, Issue 8, 24007-24032.
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Case 2: If a = 0 and b < 0, then

Vi y.2) = =207 (x+y+ VI—4br2z) = 3rV=-b tan,, (V-br(x+y= VI -4b17z)), (3.14)
V(. y,2) = =207 (x+y+ VI —4br22) + 3rV=b cotpy (V=br(x+y= V1 -4br7z)). (3.15)

vE(xy,2) = =37 V=b tan,, (V=br(x+y= V1 +4br2z)), (3.16)
VE(x,y,2) = 3r V=b cotyy (V=br(x+yx VI +4brz)). (3.17)
3D Real part R{v]} 3D Imag part S{v}

/

-400 -300 -200 -100 0 100 200 300 400 -200 -150 -100 -50 0 50 100 150 200
color)

2D Real part contour R{v{ } 2D Imag part contour 3{vy}

0.05 0.05

-0.05
-3

Figure 2. 3D and contour plots of the real and imaginary parts of v in (3.17).

b2
Case3: If a = i and b < 0, then

v§(x,y,z)=3rﬂ_7b tanhpq(w/%br(x+yi V1—2br2z)), (3.18)
. —b —b
Violx.y,2) =37/ =~ cothy, 7r(x+yi Vi-2br2)], (3.19)

AIMS Mathematics Volume 11, Issue 8, 24007-24032.
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vfl(x,y,z)=3r\/§[tanhpq(‘\/—2br(x+yi V1—2br2z)) (3.20)
+i pqsechpq(\/—_Zbr(x+yi V1—2br2z))], |

vfz(x,y,z):—?)r\/%[cothpq(V—2br(x+yi V1—2br22)) (321)
+ pqcschpq(\/—_%r(x+yi ‘V1—2br2Z))], |

3D Imag part S{v),}

3D Real part ®{v},}

Im(vi2)

Re(vi2)

2D Imag contour S{v);}

2D Real contour R{vj;}
200 05

Figure 3. 3D and contour plots of the real and imaginary parts of v}, in (3.21).

Vis(x,y,2) = 3r\/%b[tanhpq(w/%b r(x +y+ mz)]
(3.22)
+ COthpq[ ‘\/ %b r(x ty=+ mz))],

[-b [-b
vi(xy.2) = b (x+y= V1 +2br22) +3r ~ tanhpq( ~ r(x+y= V1+2b2 z)] . (3.23)

Volume 11, Issue 8, 24007-24032.
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[-b /—b
vis(x,y,2) = br? (x +y+ VI +2br? z) + 3r > Cothpq( > r(x +y+ VI +2br? z) . (3249

-b
V(e = b (x by s VTT2b72) 430y 2

tanh,,, ( \/jbr(x +y+ mz))

(3.25)
+i pqsechpq(\/—Zbr(x+yi \/1+2b”2z))]’
vE(x,y,2) = br? (x+yi V1+2br2z)—3rw/_7b[cothpq(V—2br(x+y-l_- Vl+2br2z))
(3.26)
+ pqcschpq(\/—Zbr(x+yw_L \/1+2br2Z))]’
-b -b
Vig(x,y,2) = br’ (X+yt Vl+2br2z)+3rw/?[tanhpq(w/?r(x+yi\/1+2br2z))
(3.27)
|-b
+Cothpq( §r(x+yi V1+2br2z))].
b2
Cased: If a = Zandb>0, then
b b
vfg(x,y,z):3r\/;tanpq[\/;r(x+yi V1—2br2z)), (3.28)
b b
vjo(x,y,z):3r\/; cotpq[\/;r(x+yi V1—2br2z)), (3.29)
V3 (x,y,2) = =37 \g[tanpq(\/zbr(ﬁyi Vi-2brz)) 330
+ pqsecpq(‘VZbr(x+yJ_r v1—2b’”zz))]’
b
sz(X,y,Z)=—3V\/;[—cotpq(‘v2br(x+yi V1—2br2z)) (3.31)
+ pqcscpq(@r(x+yi Vl—2b’”zz))]’
. b b
Va(x,y,2) =37 3 tan,,, gr(x+yi V1—2br2z)
(3.32)

b
—cotpq[\/gr(x+yi Vi —2brzz))],
vi(x,y,2) = br? (x+yi V1+2br22)—3r = tan,, —r(x+yi V1+2br2z)], (3.33)

COtpq

NS &\
—_—~
>

&‘N

vy, ) =br (x+y£ VI+2b122) =37 Sr(x+yx VI +2br2z)], (3.34)

AIMS Mathematics Volume 11, Issue 8, 24007-24032.
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Vfé(x’y,2)=br2(x+y+ 1+2br2 \/7[tanpq br(x+y+ V1+2br? ))

(3.35)
pqsecpq(\/Z_br(x+yi V1+2br2Z))]’
vE(x,y,2) = br? (x+yJ_r Vl+2br2z)+3r\/g[cotpq(\/Z_br(x+yi V1+2br21)) (336
pqcscpq(\/Z_br(x+yi ‘V1+2b”2z))]’ |
vfg(x,y,z):br2 (x+yw_L ‘V1+2br2z)—3r\/g tanpq(\/gr(x+yi V1+2br2z)]
(3.37)

. Cotpq(\/gr(mi mz))].

3D Real part R{vi} 3D Imag part ${ul}

2D Real part contour R{vi} 2D Imag part contour S{vk}

200

100

o
R (color)
S (color)

-100

-200

Figure 4. 3D and contour plots of the real and imaginary parts of vi; in (3.37).

These exact solutions provide insights into the structural properties of the underlying model and
may serve as benchmark solutions for evaluating the accuracy and reliability of future numerical and
approximate analytical methods. In addition, they further confirm the effectiveness of the SSM in
constructing exact solutions for higher-order nonlinear evolution equations.

AIMS Mathematics Volume 11, Issue 8, 24007-24032.
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3.2. The (2+1)-dimensional nonlinear electrical transmission line model

In this subsection, we derive new solutions for the (2+1)-dimensional nonlinear electrical
transmission line model given in (1.2). By applying the transformation (2.2), Eq (1.2) is reduced
to the following NODE:

;1
- —r* koot +uge3) v =0, (3.38)

r (c2 — k§oT — u%é%) V" =2r* o (VV') + 3’8 (VZV') B

Integrating once with respect to s gives
1
P (c? = k267 — 282\ V' = 2r2aVV + 328V — — 4 (K26t + u2st) v® = ¢, (3.39)
001 ~ U0 12 001 T U0y
where C is an integration constant. A second integration yields

1
—r* (k561 +ugo3) V' = Cis + G, (3.40)

r (C2 - kgéf - uéd%) V- oV + BV - B

where C, is another constant of integration. Assuming localized soliton solutions, the integration

constants can be set to zero for simplicity [33]. Accordingly, Eq (3.40) reduces to

1
(¢ = K6} = ugs3) V = o VP + PV - =7 (5ot + ugo3) v = 0. (3.41)

Applying the homogeneous balance principle and balancing V" and V? yields 3n = 2 + n, from which
n = 1 is obtained. Consequently, substituting n = 1 into the trial form (2.5) gives the following
expression for the solution function

V =wy+ w. (3.42)

Substituting (3.42) into (3.41) leads to the algebraic system
(c2 — k3o — u%d%) wy — CCowj + *Pwy = 0,
(02 — k3o — u%é%) w) — 11—2br2 (k(z)é‘f + u(z)c?‘z‘) w; — 2T wow; + 3 Pwiw; =0, (3.43)
— ow + 3 Bwywt =0, —érQ (k(z)c‘i‘l1 + u%éé) w; + *Bw; = 0.

Solving this system symbolically using Mathematica yields several sets of parameter values, which
can be classified as follows.

o ir 202 — 9B \Jk26T + uls;
+ b

Wy = —, W) = x
3b 5482 (8267 + 1263 a0
1202 (262 + 1352) 3886 + i)
= =+ .
(207 - 9) (K35t + u3o}) ‘ 202 - 9B

Substituting these parameter sets, together with the corresponding solutions of the auxiliary
equation (2.6) into (3.42) yields explicit exact traveling-wave solutions of the original nonlinear

AIMS Mathematics Volume 11, Issue 8, 24007-24032.
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model. To further illustrate the physical characteristics of the obtained solutions for the nonlinear
electrical transmission line model, representative 3D surface and contour plots corresponding to
selected solutions are presented in Figures 5-8.

Case 1: If a = 0 and b > 0, then

. o V207 = 9B (ko) + ugd, 1202(k367 + 1363)
viry.0) =35t NP R0 —9B)ias + ulsl)
\JS4BGS, + 54B2353 0%+ Ho%
(3.45)
1202(k26% + u262) 3 -BUES +u6))
x sech,, A E rix+y=+ <
r2(20? = 9B (k35 + uls3) 202 - 98
. o irN20% = 9B \[kiSY + ugd) 1202 (k367 + ugd3)
V5(X,y,2) =35 — 5 NP 200 Zop)ist + i2oh
\/54,82k051 T 5452126 001 T U2
(3.46)
1202(k26% + u262) 3 \-BUES +u6))
X cschy,, A E rix+y=+ <
r2(20? = 9B (k35 + uls3) 202 - 9B

3D Real part R{v/} 3D Imag part 3{v}}

2D Imag part contour ${v/}

0.1
3
7
0.05
T 28
8 =~ 0 3
65 &
0.05] 1
0.1
6 0
=3/ -2 =1 0 1 3 3
z

Figure 5. 3D and contour plots of the real and imaginary parts of v} in (3.45).

)
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Case 2: If a = 0and b < 0, then

. o 17 N2 = 9B \[k56Y + ugs; —pq 120%(k56% + u363)
V3 (xa Y, Z) zﬁi > > X r2(20_2 _ 9ﬁ)(k264 A u264)
\JSABGE, + 54B2553 001 + ugd3
(3.47)
—1202(k26° + u262) 3 \J-B0GS? +1263)
X S€C g rlx+y=+ Z
r2(20 — 9B) (k367 + u3s3) 202 - 98
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Figure 6. 3D and contour plots of the real and imaginary parts of v} in (3.47).
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Case3: If b<0Qanda = ”742, then

Vi(x,y,2) =

ir20? — kot + u(z)d“ 602(k26% + u262)
Sﬁ \/54,32](252 + 54ﬁ2 r’(20? - 9:8)(k(2)64 + u054)
(3.49)
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M\ 2o - 926" + u2oh) o0
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Figure 7. 3D and contour plots of the real and imaginary parts of v¢ in (3.52).
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Case4: If b>0and a = ”742, then

Vlo(x ¥,2) =

ir20? - k361 + u3s; \/ 602(k26% + u262)
33 \/54321%5% + 545226 r*(207 = 9B)(k3o} + ugd)
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Figure 8. 3D and contour plots of the real and imaginary parts of v}, in (3.56)

These exact solutions provide insights into the structural properties of the underlying model and
may serve as benchmark solutions for evaluating the accuracy and reliability of future numerical and
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approximate analytical methods. In addition, they further confirm the effectiveness of the SSM in
constructing exact solutions for higher-order nonlinear evolution equations.

4. Results and discussion

The analytical expressions obtained through the SSM reveal a rich variety of traveling-wave
behaviors for both nonlinear models considered. To illustrate these behaviors, representative solutions
are presented in Figures 1-8 using 3D surface and contour plots. These visualizations demonstrate the
influence of model parameters on key wave characteristics such as amplitude, symmetry, and spatial
variation.

As a representative example, the solution v, is illustrated in Figure 1. The parameter values used for
generating all figures are summarized in Table 1. The plots are generated over the domains -3 < x < 3
and -1 <z<1.

Table 1. Parameter values used for the graphical illustrations in Figures 1-8.

,8 k() Uy 0 ) r pP=d9
1.0 0.05 1.0 1.0 0.8 1.0 1 1

The 3D representations show that both the real and imaginary parts exhibit smooth wave-like
structures, with periodic variation along the spatial direction x and gradual modulation along z. The
real part displays alternating ridges and troughs with relatively symmetric amplitude distribution, while
the imaginary part exhibits a similar structure with a noticeable phase shift.

The corresponding contour plots provide additional insight into the spatial structure of the solutions.
In particular, the real part exhibits elongated and nearly parallel contour lines, indicating consistent
wave propagation. In contrast, the imaginary part shows more curved and interacting contour levels,
suggesting a more complex spatial behavior. Together, these plots confirm that the solutions maintain
coherent wave structures with both periodic and modulated characteristics.

4.1. Wave structures obtained through the SSM

Across both nonlinear models, the SSM produces three principal classes of traveling-wave
solutions:

e Hyperbolic solutions: These correspond to localized solitary waves characterized by smooth,
non-periodic profiles. They arise when nonlinear and dispersive effects are balanced, allowing
coherent propagation.

e Trigonometric solutions: These represent spatially periodic wave structures and describe
oscillatory dynamics within the medium.

e Rational solutions: These solutions exhibit sharp gradients or localized peaks and capture
transient or highly nonlinear wave behavior.

The obtained solutions clearly demonstrate the diversity of wave structures supported by the
governing equations, reflecting the complex interplay between nonlinearity and dispersion.

AIMS Mathematics Volume 11, Issue 8, 24007-24032.
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4.2. Parameter sensitivity and regime analysis

To further understand the behavior of the obtained solutions, we analyze their sensitivity with
respect to key parameters such as b, r, and the wave speed c.

For hyperbolic-type solutions, the parameter b governs the amplitude and steepness of the wave
profile. Increasing b results in higher amplitudes and sharper transitions. The parameter r controls the
spatial scaling of the traveling coordinate s = r(x + y — cz), and larger values of r lead to narrower and
more localized structures.

The wave speed c influences both the propagation direction and the phase structure of the solutions.
Variations in c shift the wave profile and modify its spatial evolution.

A critical transition occurs when the parameter b changes sign. For b > 0, the solutions are
hyperbolic and exhibit localized or kink-type structures. In contrast, for b < 0, the solutions become
trigonometric, leading to periodic wave behavior. This transition represents a regime shift between
localized and oscillatory dynamics.

Furthermore, conditions such as 1 +4br? = 0 define critical boundaries where the qualitative nature
of the solution changes significantly. Near such regimes, the wave profile becomes highly sensitive to
parameter variations, leading to noticeable structural deformation.

4.3. Physical interpretation

For the third extended fifth-order nonlinear equation, the hyperbolic solutions correspond to solitary
waves commonly observed in dispersive media such as shallow water systems. Their ability to preserve
shape during propagation is consistent with classical soliton dynamics. Trigonometric solutions
represent periodic wave modes, while rational solutions describe localized transient phenomena.

For the nonlinear electrical transmission line model, the solutions represent voltage propagation
along the network. The amplitude corresponds to the voltage magnitude, while the wave speed
determines the signal transmission velocity. Localized solutions correspond to stable voltage pulses,
whereas periodic solutions describe oscillatory signals observed in resonant circuits.

In this context, the dependent variable v(x,y,z) represents the voltage distribution along the
transmission line. The use of complex-valued solutions does not contradict the physical interpretation
of the model. In many nonlinear wave systems, complex representations are employed to capture both
amplitude and phase information. Observable physical quantities can be obtained from the real part,
imaginary part, or magnitude of the solution.

Furthermore, the finite-energy condition

0= fle(S)l2 ds (4.1)

represents the total signal power carried by the wave. Finite-energy solutions correspond to stable
signal transmission, whereas non-decaying solutions represent background or continuous wave states.

4.4. Quantitative physical measures and stability analysis

To quantitatively characterize the obtained solutions, we introduce two integral measures for the
reduced wave profile V(s):

M = f oolV(s)lds, 0= f OOIV(s)Izds. 4.2)
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Finite values of M and Q indicate localization and physical admissibility.
For solutions involving sech,,(s), the wave profile satisfies

|llim V(s) =0, 4.3)
and decays exponentially. Therefore, both M and Q are finite, confirming that these solutions
correspond to localized finite-energy waves.

In contrast, for solutions of the form

V(s) = 3r Vb tanh,,( Vbs), (4.4)
the asymptotic behavior
|llim V(s)#0 4.5)
implies that
M =00, Q — oo (4.6)

For the first model, this non-decaying behavior is primarily attributed to the presence of linear terms
arising from the integration process. These terms grow linearly with the traveling variable s and prevent
the solution from satisfying the decay conditions required for localization, resulting in infinite energy.

Accordingly, the obtained solutions can be classified into localized finite-energy waves and non-
decaying wave structures.

To examine stability, we consider perturbations of the form

v(x,y,2) = V(s) + en(x,y,2), 4.7)

with € <« 1. Assuming normal-mode perturbations

n(x,y,z) = e“g(x,y), (4.8)

the stability is determined by the sign of Re(4). If Re(d) < 0, the solution is stable; otherwise, it is
unstable.

Localized solutions yield bounded coefficients in the linearized problem and thus exhibit stable
behavior. In contrast, non-decaying solutions may allow perturbation growth and are therefore more
sensitive to disturbances.

Although explicit numerical simulations are not included, the analytical solutions satisfy the
governing equations exactly and exhibit behavior consistent with known numerical results. In
particular, localized solutions preserve their structure under perturbations and serve as benchmark
solutions for validating numerical methods.

All reported solutions have been verified to satisfy the governing equations upon direct substitution.

5. Conclusions
In this study, we applied the SSM to derive analytical solutions for two important nonlinear
models: the third extended fifth-order nonlinear equation and the nonlinear electrical transmission

line model. These models play a crucial role in describing wave propagation in fluid dynamics

AIMS Mathematics Volume 11, Issue 8, 24007-24032.



24029

and electrical networks, where the interplay between dispersion and nonlinearity produces complex
behaviors. Using the SSM, we derived a variety of traveling-wave solutions—including hyperbolic,
trigonometric, and rational function forms, which provide deeper insight into the dynamics of the
studied models. All obtained solutions were verified through direct substitution into the original
governing equations to ensure their correctness and validity. The flexibility of the method in handling
complex nonlinear structures underscores its potential as a robust tool for solving higher-order
differential equations. Graphical representations of the solutions reveal important features, including
wave stability, amplitude variations, and periodic behavior, thereby further validating the method’s
accuracy. Compared with conventional approaches, the SSM emerges as an efficient and systematic
technique for obtaining exact solutions to nonlinear differential equations. Despite these advantages,
the method has certain limitations. Its applicability is generally restricted to equations with specific
structural forms and depends on the appropriate selection of balance conditions and parameter
values. Consequently, while it can generate a wide spectrum of analytical solutions, it may not
capture all possible wave structures that can be obtained using alternative approaches, such as
transformation or perturbation techniques. In light of these observations, future research may focus on
extending and enhancing the SSM to address more complex problems, including coupled systems and
higher-dimensional nonlinear models, thereby broadening its applicability in mathematical physics,
engineering, and computational sciences. Additionally, integrating analytical results with numerical
simulations may provide further validation and improve the practical relevance of the obtained
solutions.
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