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1. Introduction  

The qualitative analysis of higher-order nonlinear differential equations is a highly active research 

area with broad applications in mechanics, control theory, and structural engineering [1,2]. One of the 

central tools in this field is Lyapunov's second method, including its extensions to systems with delay [3]. 

A closely related theme is identifying conditions that exclude nonconstant periodic solutions, thereby 

ensuring either long-term stability or predictable divergence; foundational results for scalar fourth-

order equations were established by Ezeilo and Tejumola [4–6], while Tiryaki [7,8] subsequently 

extended these investigations to more complex models. 
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Fourth-order dynamics in coupled elastic structures and feedback systems are often governed by 

matrix operators. Time delay is a crucial factor, often a primary source of instability. Refined 

oscillation and stability criteria for fourth-order delay equations have been established for various 

deviating-argument and delay settings [9–11], and more recently [12–14]. Other important related 

results have been provided [15–17]. While the vectorial case without delays was addressed by Tunç [18], 

introducing multiple delays poses additional difficulties, especially in constructing suitable LK 

functionals. Torres [19] demonstrated nonexistence of periodic solutions for the relativistic pendulum 

with friction. Several works have also established stability, boundedness, and nonexistence results for 

fourth-order vector equations with and without delays [20–22], with additional contributions on 

general framework for fourth and fifth-order systems [23,24]. Instability and multi-delay extensions 

have been developed [25–27]. More recently, LK-based techniques have produced delay-dependent 

stability and boundedness criteria for nonlinear vector delay systems and multi-delay models [28,29].  

Beyond the integer-order setting, the stability of fractional-order time-delay systems has also been 

examined through delay-dependent criteria based on covering sets and filters [30] and delay-

independent necessary and sufficient conditions [31]. Moreover, Razumikhin-based stability analyses 

for nonlinear multi-delay models [32–34], descriptor/linear-matrix-inequality (LMI) formulations for 

delay systems [35], and Popov-type frequency-domain criteria for robust stability of delayed vector 

systems [36–38] indicate that modern techniques are widely used in the qualitative study of time-delay 

dynamics. However, these contributions are predominantly stability-oriented. 

Such fourth-order multi-delay vector models arise in applications including elastic beam dynamics 

with delayed feedback, high-order mechanical and control systems, and coupled dynamical networks; 

in these settings, excluding sustained (nonconstant periodic) oscillations and characterizing the 

instability of equilibria are physically meaningful and practically important. 

Motivated by these developments, this study investigates a generalized class of fourth-order 

nonlinear vector differential equations with multiple delays. By constructing a single, suitable LK 

functional, sufficient conditions are obtained for the nonexistence of nonconstant periodic solutions 

and the instability of the trivial solution. 

To illustrate the motivating progression of this research, the gradual generalization of some models 

investigated in the literatüre is highlighted. In 2008, Tunç [22] obtained a nonexistence result for the 

following vector differential equation without delays: 

𝑋(4) + 𝛺(𝑋̈)𝑋 + 𝛷(𝑋, 𝑋̇, 𝑋̈, 𝑋)𝑋̈ + 𝛩(𝑋̇) + 𝐹(𝑋) = 0. 

In 2015, Tunç [27] established an instability result for a fourth-order vector differential equation with 

multiple constant deviating arguments for the following model: 

𝑋(4) + 𝐴𝑋 + 𝐻(𝑋̇)𝑋̈ + 𝐺(𝑋)𝑋̇ + 𝐹(𝑋) +∑𝐸𝑖(𝑋(𝑡 − 𝜏𝑖))

𝑛

𝑖=1

= 0. 

Building upon these foundational works, this study focuses on a more general class of fourth-

order vector differential equations with multiple constant delays to derive some nonexistence and 

instability criteria: 

𝑋(4) +𝛹(𝑋̈)𝑋 + 𝐺(𝑋, 𝑋̇, 𝑋̈, 𝑋)𝑋̈ + 𝐻(𝑋)𝑋̇ + 𝛩(𝑋̇) + ∑ 𝐹𝑖(𝑋(𝑡 − 𝜏𝑖))
𝑚
𝑖=1 = 0.  (1) 

Here ,nX R  i  are certain positive constants, 0.it −   , G  and  are continuous n n −

symmetric matrix functions for the components shown in (1) ; : ,n nR R →  : n n

iF R R→  and 

(0) (0) 0iF = =  for 1,2,..., ,i m=  and 
iF  and   are continuous for all 𝑋, 𝑋̇ ∈ 𝑅𝑛, respectively.  

H
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Remark 1. It is worth noting that Eq (1) serves as a direct generalization of the model in [22]. 

Specifically, by considering a single delay ( 1)m = and setting the time-lag to zero 1( 0), =  the term 

( ( ))i iF X t −  reduces to ( )F X  in [22]. Furthermore, under the assumption ( ) 0,H X   our model 

fully encapsulates the structure of the delay-free system investigated by Tunç [22]. Additionally, my 

model enhances the framework of Tunç [27], which focuses primarily on instability results by 

introducing operators that depend on higher-order derivatives, thereby providing a more generalized 

structural setting.  

2. Materials and methods 

Now, (1) can be rearranged in the equivalent first-order vector form: 

𝑋̇ = 𝑌 

𝑌̇ = 𝑍 

𝑍̇ = 𝑊 

𝑊̇ = −𝛹(𝑍)𝑊 − 𝐺(𝑋, 𝑌, 𝑍,𝑊)𝑍 − 𝐻(𝑋)𝑌 − 𝛩(𝑌) 

1 1

( ) ( ( )) ( ) ,
i

i

tm m

i F

i i t

F X J X s Y s ds
= = −

− +           (2) 

where the fundamental theorem of calculus yields the following relation: 

1 1 1

( ( )) ( ) ( ( )) ( ) .
i

i

tm m m

i i i F

i i i t

F X t F X J X s Y s ds



= = = −

− = −     

Let ( )
iFJ X , ( )J Y

 denote the linear operators from the vectors ( )iF X , ( )Y  to the matrices  

( )
( )

i

i j

F

k

f
J X

x


=


, ( )

j

k

J Y
y





=


,  1,2,..., ,i m= , 1,2,..., ,j k n=  

respectively, where 
1 2( , ,..., ),nx x x  

1 2( , ,..., ),ny y y  
1 2( , ,..., ),nz z z  

1 2( , ,..., ),nw w w  ( )1 ( )2 ( )( , ,..., ),i i i nf f f  

1 2( , ,..., )n    are components of , , , , iX Y Z W F   Moreover, it is presumed that both ( )iF X  and 

( )Y  represent gradient vector fields. In other words, there exist scalar functions 
if  and   such that 

i iF f=  and  = , and the matrices ( )
iFJ X  and ( )J Y

 exist and are continuous. 

For any ,X Y in
nR , ,X Y  represents the standard inner product, that is, 

1

, ,
n

i i

i

X Y x y
=

=  

2
,X X X=  and ( ),j M  ( 1,2,..., ),j n=  denote the eigenvalues of the n n − matrix .M  

Furthermore, recall that the positive definiteness of a given quadratic form 
TX MX  is necessary and 

sufficient for the positivity of the real symmetric n n −matrix ( );jkM m=  here 
TX  defines the 

transpose of .X  

The next lemmas, which are necessary for the proofs of the main theorems, are presented below. 

Lemma 1. Let M  be a real symmetric n n -matrix and for all 1,2,...j n=   

( ) 0,jm M m     
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where mand m  are constants. Then  

, , ,m X X MX X m X X     

and 

2 2, , , .m X X MX MX m X X    

For the proof of the lemma, see [1]. 

Lemma 2. Assume (0) 0 =  and ( ) ( ),Z Z Z =  : ,n  →  then the following hold: 

1

0

( ), ( ), ,
d

Y Y d Y Z
dt

  =   

1

0

( ) , ( ) ,
d

Z Z Z d Z Z
dt

   =  W . 

Proof. It is clear that 

1 1 1

0 0 0

( ), ( ) , ( ),
d

Y Y d J Y Z Y d Y Z d
dt

       = +     

1 1

0 0

( ) , ( ),J Y Y Z d Y Z d    = +    

1 1

0 0

( ), ( ),Y Z d Y Z d    



=  + 

   

1

0

( ), |Y Z =   

( ), .Y Z=   

Since ( ) ( ),Z Z Z =  evaluating at Z  gives  

( ) ( )( ) ( ) .Z Z Z Z Z      =  =   

Hence, 

1 1 1 1

0
0 0 0

( ) , ( ), ( ) [ ( )] | ( ) (0).
d

Z Z Z d Z Z d Z d Z Z
d

            


 =  = = = −    

Using 𝑍̇ = 𝑊 and the symmetry of ,  

1

0

( ) , ( ) ( ), ( ) , ( ) , .
d d

Z Z Z d Z Z W Z Z W Z W Z
dt dt

     = =  =  =   

Lemma 3 (Krasovskii's instability theorem). Suppose there exists a continuous LK functional 

( ( ), ( ), ( ), ( ))V V X t Y t Z t t= W  which possesses the following Krasovskii properties: 
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1( )K  in every neighborhood of (0,0,0,0)  there exists a point 
1 2 3 4( , , , )     such that 

1 2 3 4( , , , ) 0;V       

2( )K  the derivative 
d

V
dt

 along the solutions of system (2) satisfies 0;
d

V
dt

  

3( )K   the only solution ( , , , ) ( ( ), ( ), ( ), ( ))X Y Z W X t Y t Z t t= W   of (2) for which 0 ( 0)
d

V t
dt

=    is 

the trivial solution (0,0,0,0). 

Then the trivial solution of system (2) is unstable in the sense of Lyapunov. For the proof of Lemma 3, 

see [3]. 

3. Results 

Theorem 1 (Nonexistence of periodic solutions). Let , , ,G H   and 
iF , mentioned in system (2), 

be continuous and continuously differentiable functions, and there exist constants ,Ha  ,ia  
ia  and 

0 ,a  (with 
0 0,a   0Ha  ), independent of the state variables ( , , , )X Y Z W  and of the eigenvalue 

index j  , such that the following sufficient conditions hold uniformly for all 

1,2,..., , 1,2,..., :i m j n= =  

(i) there exist scalar functions ,if    and : n  →   such that ,i iF f=   , =

( ) ( )Z Z Z =  and , ,G H  are symmetric, 

(ii) (0) 0,iF =  ( ) 0iF X   if 0X  ,   

(iii) 
0( )j G a  , for all 

4( , , , ) nX Y Z W  , 

(iv) ( ( )) ,
ii j F ia J X a    ( ( ))j HH X a   for all nX  , for , ,i j   

(v) 

2

1 0

0 1
* * *

2( )
2

min{ , },

m

i H

H i

a a a
a a

ma ma





−

=

− −
−




 * max | |,| | ,i i
i

a a a=  max ,i
i

  =   *1
,

2
a =

2 2

0 0

1

4 ( ),
m

H i

i

a a a a
=

 −    
2

0

1

,
m

i

i

a a
=

   

2

0

1

0

2( )

( , ),
2

m

i

H i

H

a a
a

a a
 =

−




 0, ,    

in which ( ( )),
ij FJ X   ( ( , , , ))j G X Y Z W   and ( ( ))j H X   indicate the eigenvalues of ( ),

iFJ X  

( , , , )G X Y ZW  and ( ),H X  respectively. Then, equation (1) has no periodic solution other than the 

trivial solution 0.X   

Remark 2. The trivial solution refers to the zero equilibrium ( ) 0X t   (equivalently, 

( , , , ) (0,0,0,0)X Y Z =W   for system (2)). Constant solutions are regarded as trivial (degenerate) 

periodic orbits; in fact, by assumption (ii) together with the strict monotonicity of 
1

m

i

i

F
=

 established in 

the proof of Theorem 1, 0X   is the only constant solution of (1). Accordingly, the terms “nontrivial” 

and “nonconstant” periodic solution are used synonymously, and Theorem 1 asserts that (1) admits no 

such solution. 

Proof. Assume that ( , , , ) ( ( ), ( ), ( ), ( ))X Y Z X t Y t Z t t=W W  is a nontrivial 𝜔-periodic solution of the 

given system (2) ( 0).   To analyze its behavior, the LK functional is introduced as in the 

following definition:  
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( ) ( ( ), ( ), ( ), ( ))V V t V X t Y t Z t t= = W  

  
1

0

1 0

, 2 , ( ), ( ),
m

i

i

Y a Z Z F X Y Y Y d 
=

= + + +  W  

1 0
2

10

( ) , ( ) ,

i

tm

i t s

Z Z Z d Y d ds


     
= − +

+  −                  (3) 

where 0,    which will be chosen later. 

The functional combines two ingredients: Cross-product terms that capture the coupling among 

the state variables induced by the fourth-order vector structure, and integral terms that account for the 

past states and compensate for the delayed nonlinearities. Upon differentiation, these absorb the delay 

contributions and yield a tractable estimate suitable for both the nonexistence and the instability results. 

In particular, each delay 
i  is matched by its own weighted integral term, with *(1 2)a =  chosen 

so that the history contributions of all m delays cancel in 𝑉̇. 
The differentiation of the functional (3) throughout the system (2) results in the following: 

𝑉̇ =
𝑑

𝑑𝑡
𝑉(𝑡) 

= ⟨𝑍, 2𝑎0𝑍⟩ + ⟨𝑌, 2𝑎0𝑊⟩ + ⟨𝑊,𝑊⟩ + ⟨𝑊̇, 𝑍⟩ +∑⟨𝐽𝐹𝑖(𝑋)𝑌, 𝑌⟩

𝑚

𝑖=1

+∑⟨𝐹𝑖(𝑋), 𝑍⟩

𝑚

𝑖=1

 

1 1 0
2

10 0

( ), ( ) , ( ) .

i

tm

i t s

d d d
Y Y d Z Z Z d Y d ds

dt dt dt


       
= − +

+  +  −    
      (4) 

where 

⟨𝑊̇, 𝑍⟩ = −⟨𝛹(𝑍)𝑊, 𝑍⟩ − ⟨𝐺(𝑋, 𝑌, 𝑍,𝑊)𝑍, 𝑍⟩ − ⟨𝐻(𝑋)𝑌, 𝑍⟩ − ⟨𝛩(𝑌), 𝑍⟩ 

1 1

( ), ( ( )) ( ) , .
i

i

tm m

i F

i i t

F X Z J X s Y s ds Z
= = −

− +    
 

From condition (i) and Lemma 2, recall that 

1

0

( ), ( ), ,
d

Y Y d Y Z
dt

  =             (5) 

1

0

( ) , ( ) ,
d

Z Z Z d Z Z
dt

   =  W         (6) 

and by Young’s inequality 

2 21( ) , ( ).
2

H
H

a
H X Y Z a Y Z Y Z  −−  −  − +        (7) 

Substituting equalities (5), (6) into (4) to eliminate some terms involving matrix operators, the 

following is obtained: 

𝑉̇ = ⟨𝑍, 2𝑎0𝑍⟩ + ⟨𝑌, 2𝑎0𝑊⟩ + ⟨𝑊,𝑊⟩ − ⟨𝐺(𝑋, 𝑌, 𝑍,𝑊)𝑍, 𝑍⟩ − ⟨𝐻(𝑋)𝑌, 𝑍⟩ 
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0

2

1 1 1

( ) , ( ( )) ( ) , ( ) .
i i

i i

t tm m m

F F

i i it t s

d
J X Y Y J X s Y s ds Z Y d ds

dt
 

  
= = =− − +

+ +   −         (8) 

Now, examine the term: 

0, 2 ( , , , ) ,Z a IZ G X Y Z Z Z− W  

included in (8). In consideration of the aforementioned assumption (iii) of Theorem 1 and from the 

Lemma 1, the following holds: 

0 0 0 0, 2 ( , , , ) , 2 , , ,Z a Z G X Y Z Z Z a Z Z a Z Z a Z Z−  − =W .     (9) 

By replacing (7) and (9) in (8), it results in 

𝑉̇ ≥ 𝑎0⟨𝑍, 𝑍⟩ + ‖𝑊 + 𝑎0𝑌‖
2 − 𝑎0

2⟨𝑌, 𝑌⟩ −
𝑎𝐻
2
(𝜀‖𝑌‖2 + 𝜀−1‖𝑍‖2) +∑⟨𝐽𝐹𝑖(𝑋)𝑌, 𝑌⟩

𝑚

𝑖=1

 

0
2

1 1

( ( )) ( ) , ( ) .
i

i i

t tm m

F

i it t s

d
J X s Y s ds Z Y d ds

dt
 

  
= =− − +

+   −   
 

Hence, it follows: 

𝑉̇ ≥ 𝑎0⟨𝑍, 𝑍⟩ − 𝑎0
2⟨𝑌, 𝑌⟩ −

𝑎𝐻
2
(𝜀‖𝑌‖2 + 𝜀−1‖𝑍‖2) +∑⟨𝐽𝐹𝑖(𝑋)𝑌, 𝑌⟩

𝑚

𝑖=1

 

0
2

1 1

( ( )) ( ) , ( ) .
i

i i

t tm m

F

i it t s

d
J X s Y s ds Z Y d ds

dt
 

  
= =− − +

+   −   
      (10) 

Recall that  

0
2 2 2

( ) ( )

t t

t s t

d
Y d ds Y Y s ds

dt
 

  
− + −

= −    

and 

( ( )) ( ) , ( ( )) ( ) .
i i

i i

t t

F F

t t

J X s Y s ds Z Z J X s Y s ds
 − −

   −   

By the Cauchy-Schwarz inequality in n  and condition (iv), the following inequality holds: 

*

1 1

( ( )) ( ) , ( )
i

i i

t tm m

F

i it t

J X s Y s ds Z Z a Y s ds
 = =− −

   −    

      
2 2* *

1 1

1 1
( ) ,

2 2
i

tm m

i

i i t

a Z a Y s ds



= = −

 − −         (11) 

where  * max | |,| | .i i
i

a a a=  Applying (11) and assumption (iv) in (10), it follows  
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𝑉̇ ≥ 𝑎0⟨𝑍, 𝑍⟩ − 𝑎0
2⟨𝑌, 𝑌⟩ +∑𝑎𝑖⟨𝑌, 𝑌⟩

𝑚

𝑖=1

−
𝑎𝐻
2
(𝜀‖𝑌‖2 + 𝜀−1‖𝑍‖2) 

2 2 2 2* *

1 1 1 1

1 1
( ) ( ) .

2 2
i i

t tm m m m

i i

i i i it t

a Z a Y s ds Y Y s ds
 

   
= = = =− −

− − − +      

Therefore, by choosing,  max ,i
i

  =  it yields: 

𝑉̇ ≥ (𝑎0 −
1

2
𝑚𝑎∗𝜏∗ −

𝑎𝐻𝜀
−1

2
) ‖𝑍‖2 + (∑𝑎𝑖 −

𝑚

𝑖=1

𝛾𝑚𝜏∗ − 𝑎0
2 −

𝑎𝐻𝜀

2
) ‖𝑌‖2 

+(𝛾 −
1

2
𝑎∗)∑ ∫ ‖𝑌(𝑠)‖2𝑑𝑠

𝑡

𝑡−𝜏𝑖

𝑚
𝑖=1 .        (12) 

Taking *1

2
a = , the coefficient *1

( )
2

a −  of the history integral terms vanishes; hence these terms 

drop out of the estimate and (12) reduces to  

𝑉̇ ≥ (𝑎0 −
1

2
𝑚𝑎∗𝜏∗ −

𝑎𝐻𝜀
−1

2
)‖𝑍‖2 + (∑ 𝑎𝑖 −

𝑚
𝑖=1

1

2
𝑚𝑎∗𝜏∗ − 𝑎0

2 −
𝑎𝐻𝜀

2
)‖𝑌‖2.   (13) 

By condition (v), the constants   and   are chosen so that both coefficients on the right-hand side 

are positive; indeed, 
1

*

0

1
0

2 2

Ha
a ma




−

− −   and 
* 2

0

1

1
0

2 2

m
H

i

i

a
a ma a




=

− − −   are equivalent to 
1

0
* *

2 Ha a

ma




−−
  and 

2

0

1
* *

2( )

,

m

i H

i

a a a

ma



 =

− −




 respectively, which together constitute condition (v). Consequently, 

𝑉̇ ≥ 0 for all t,  

with equality only when 0Y Z= = . 

It can be deduced from the evidence presented that ( )V t  is monotone in t . Given the continuity 

of V  and the periodicity of the solution ( , , , )X Y ZW  in t , it can be concluded that ( )V t  is bounded. 

Therefore, there exists a constant 
0V  such that 

𝑙𝑖𝑚
𝑡→∞

𝑉(𝑡) = 𝑉0 .         (14) 

From (14) and the equality ( ) ( )V t V t s= +  arising from periodicity for any integer ,s  it can be 

demonstrated that 

0 ,( )  V t V  t .         (15) 

Evidently, from (15): 

𝑉̇(𝑡) = 0 , .t                (16) 

 

From (13) and (16) together, it is concluded that 0Y =  for 0t  , and hence also that X =  (a 

constant vector). That is: 
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X = ,     𝑌 = 𝑋̇ = 0,     𝑍 = 𝑌̇ = 0,     𝑊 = 𝑍̇ = 0,   (17) 

for 0.t   Replacing the estimate (17) in (2) leads to the result 
1

( ) 0.
m

i

i

F 
=

=  Since 
1

0,
m

i

i

a
=

  it holds: 

min min

1 1 1

( ( )) ( ( )) 0.
i i

m m m

F F i

i i i

J X J X a 
= = =

      

So 
1

( ) 0
m

i

i

F 
=

=  is strictly monotone, hence injective. Together with 
1

( ) 0
m

i

i

F 
=

=  (from (0) 0iF = ), 

1

( ) 0
m

i

i

F 
=

=  yields 0. =  Consequently, the preceding argument on 𝑉̇ = 0 , 𝑡 ≥ 0 results in the 

following conclusion: 

0,X Y Z W= = = =          (18) 

for 0.t   Because of this result, the proof is complete.                             □ 

Theorem 2 (Instability). Assume that all assumptions and hypotheses (i)–(v) of Theorem 1 hold. Then 

the trivial solution of system (2) is unstable in the sense of Lyapunov. 

Proof. Consider the functional V in (3); Krasovskii's instability conditions are verified. 

(0,0,0,0) 0,V =  and V  assumes positive values in every neighborhood of the origin: At 

0, , ,X Y Z W c = = = =  0, ,n    

1
2

0

( ) ,V c d     = +   

which is positive for c   sufficiently large and attained arbitrarily close to the origin as 0 →  

(condition 
1( )K  of Lemma 3 is satisfied).  

Let  be an arbitrary nontrivial solution of system (2). From 

inequality (13) and condition (v) of Theorem 1, there exist 
1 0,k   

2 0k   with  

𝑉̇ ≥ 𝑘1‖𝑌‖
2 + 𝑘2‖𝑍‖

2 > 0 for all ( , ) (0,0),Y Z   

and 𝑉̇ = 0  only when 0;Y Z= =  as in (17)–(18) of Theorem 1; this forces 0.X Y Z W= = = =  

Hence 𝑉̇ is positive along every nontrivial solution. Since (0) 0V = , V  is positive arbitrarily near 

the origin (
1K ), and 𝑉̇ is positive along nontrivial solutions (conditions 

2( )K and 
3( )K  of Lemma 3 

are satisfied). By Lemma 3 [Krasovskii's instability theorem], the trivial solution of (2) is unstable in 

the sense of Lyapunov; that is, trajectories starting arbitrarily near the origin cannot remain in any 

fixed neighborhood of it. This completes the proof.  

Example 1. Let 2n =  and 2m =  in equation (1). The matrices , ,G H  and vectors 
1 2, ,F F  are 

chosen as follows: 

( , , , ) ( ( ), ( ), ( ), ( ))X Y Z X t Y t Z t t=W W
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2
1

2

1

2 2

2 2

0
1

( , , , ) ,
1

0
1

xe

y
G X Y Z

z w

− 
 
+ =

 
 

+ +  

W

 

2

1

2

2

1 0
( ) ,

0 1

z
Z

z

 +
 =  

+   

2
1

2
2

0.2 0.1 0
( ) ,

0 0.2 0.1

x

x

e
H X

e

−

−

 +
=  
 +   

5

1

5

2

( ) .
y

Y
y

 
 =  

   

1 1 1 1

1 1

2 1 2 1

2.5 ( ) arctan( ( ))
( ( )) ,

2.5 ( ) arctan( ( ))

x t x t
F X t

x t x t

 


 

− + − 
− =  

− + −   

1 2 1 2

2 2

2 2 2 2

0.8 ( ) 0.2sin( ( ))
( ( )) .

0.8 ( ) 0.2sin( ( ))

x t x t
F X t

x t x t

 


 

− − − − 
− =  

− − − −    

It can be verified that 
0( ) 1j G a  =  for all states, so condition (iii) holds. Moreover, ,i iF f=

 =  with 6 6

1 2

1
( )

6
y y = +  and ( )Z Z  =  with 2 2 4 4

1 2 1 2

1 1
( ) ( );

2 4
z z z z = + + +  , ,G H  are 

symmetric, and (0) 0,iF = ( ) 0iF X   for 0,X   so (i) and (ii) hold. From  

1 2

1
( ( )) 2.5 ,

1
j F

j

J X
x

 = +
+

 
1

2.5 ( ( )) 3.5,j FJ X   
1 2.5,a =  1 3.5,a  =

 

2
( ( )) 0.8 0.2cos ,j F jJ X x = − −

 2
1 ( ( )) 0.6,j FJ X−   −

 2 1,a = −
 2 0.6,a  = −

  

and H  is symmetric with  

2
1

1( ( )) 0.2 0.1 ,xH X e −= +  
2

2

2 ( ( )) 0.2 0.1 ,xH X e −= +  ( ( )) 0.3 ;j HH X a  =  

hence (iv) holds. Therefore, 
2

2

0

1

2.5 ( 1) 1.5 1,i

i

a a
=

= + − =  =   max | |,| | 3.5,i i
i

a a a = =  

2 2

0 0

1

0.09 4 ( ) 2,
m

H i

i

a a a a
=

=  − =  and 

2

0

1

0

2( )

0.3 ( , ) (0.15, 3.33).
2

m

i

iH

H

a a
a

a a
 =

−

=  =


  

Using condition (v), 

2

1 0

0 1
* * *

2( )
2 1 0.91

min{ , } min{ , } 0.13.
7 7

m

i H

H i

a a a
a a

ma ma





−

=

− −
−

 = =


 

If 1 2max{ , } 0.13,   =   all hypotheses of Theorem 1 hold, then the equation has no nonconstant 

periodic solution. Furthermore, taking 1 20.10, 0.08 = =  (so 
* 0.10 = ), 
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* 2 2

1 0

1

1
1.5 0.35 1 0.045 0.105 0,

2 2

m
H

i

i

a
k a ma a




=

= − − − = − − − = 
1

*

2 0

1
1 (3.5)(0.1) 0.5 0.15 0,

2 2

Ha
k a ma




−

= − − = − − = 
 

such that  

𝑉̇ ≥ 0.105‖𝑌‖2 + 0.15‖𝑍‖2 > 0 

for all ( , ) (0,0).Y Z   Therefore, the conditions of Theorem 2 are satisfied, and the trivial solution is 

unstable in the sense of Lyapunov. 

For the numerical simulation, the initial functions were taken as the constant histories 

( ) (0.1, 0.1)TX s =  and 𝑋̇(𝑠) = 𝑋̈(𝑠) = 𝑋(𝑠) = (0,0)𝑇  for [ 0.10, 0].s −  The corresponding 

trajectories, computed by a fourth-order Runge–Kutta scheme (implemented in Python, using NumPy 

and Matplotlib) with fixed step size 45 10 ,h −=   the delay terms being handled by the method of steps 

with linear interpolation of the history, are displayed in Figures 1 and 2: Both the first component 

1( )x t  and the norm ( )X t  grow away from the origin, in agreement with the instability established 

in Theorem 2. 

 

Figure 1. The time response of the first component 
1( )x t  of the solution vector. 
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Figure 2. Growth of ( )X t  along the nontrivial solution. 

Example 2: Let 2n =  and 2m =  in equation (1). The matrices , ,G H  and vectors 
1 2, ,F F  are 

chosen as follows: 

2

1 1 2

2

1 2 2

0.5 0.3tanh( ) 0.2cos( )
( , , , ) ,

0.2cos( ) 0.5 0.3tanh( )

z w x
G X Y Z

w x z

 + +
=  

+ + 
W 1 1 2

1 2 2

0.2 tanh 0.1sin( )
( ) ,

0.1sin( ) 0.2 tanh

x x x
H X

x x x

+ 
=  

+ 
2 2

1 2

2 2
1 2

( )

( )

1.3 0.5 0.1
( ) ,

0.1 1.3 0.5

z z

z z

e
Z

e

− +

− +

 +
 =  

 + 

1 1 2

2 1 2

0.1sin( )
( ) .

0.1sin( )

y y y
Y

y y y

+ + 
 =  

+ +   

1 1 2 1 1 1 2 1

1 1

2 1 1 1 1 1 2 1

2.4 ( ) 0.2 ( ) 0.1sin( ( ) ( ))
( ( )) ,

2.4 ( ) 0.2 ( ) 0.1sin( ( ) ( ))

x t x t x t x t
F X t

x t x t x t x t

   


   

− + − + − + − 
− =  

− + − + − + −   

1 2 2 2 1 2 2 2

2 2

2 2 1 2 1 2 2 2

1.875 ( ) 0.125 ( ) 0.125sin( ( ) ( ))
( ( )) .

1.875 ( ) 0.125 ( ) 0.125sin( ( ) ( ))

x t x t x t x t
F X t

x t x t x t x t

   


   

− + − + − − − 
− =  

− + − − − − −   

It can be verified that 
0( ) 1j G a  =  for all states, so condition (iii) holds. Moreover, ,i iF f=

 =  with 2 2

1 2 1 2

1
( ) ( ) 0.1cos( ),

2
Y y y y y = + − +  2 2

1 1 2 1 2 1 2( ) 1.2( ) 0.2 0.1cos( ),f X x x x x x x= + + − +  

2 2

2 1 2 1 2 1 2( ) 0.9375( ) 0.125 0.125cos( ),f X x x x x x x= + + − −  and ( )Z Z  =  with 

2 2
1 2( )2 2

1 2

1 1 1
( ) ( ) ,

2 2 4

z zTZ Z MZ z z e − += + + −
0.3 0.1

,
0.1 0.3

M
 

=  
 

 , ,G H  are symmetric and (0) 0,iF =

( ) 0iF X   for 0,X   so (i) - (ii) hold. Writing 
1 1 20.1cos( ),c x x= +  and 2 1 20.125cos( ),c x x= −  

the Jacobians 
1

1 1

1 1

2.4 0.2
( ) ,

0.2 2.4
F

c c
J X

c c

+ + 
=  

+ + 
 

2

2 2

2 2

1.875 0.125
( )

0.125 1.875
F

c c
J X

c c

+ − 
=  

− + 
 have eigenvalues 

1 1 2( ( )) {2.2, 2.6 0.2cos( )}j FJ X x x  + +  
1

2.2 ( ( )) 2.8,j FJ X   
1 2.2,a =  1 2.8,a  =  

2 1 2( ( )) {2.0, 1.75 0.25cos( )}j FJ X x x  + −  
2

1.5 ( ( )) 2.0,j FJ X   
2 1.5,a =  2 2.0,a  =  
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and H  is symmetric with  

2 2

1 2 1 2 1 2( ( )) 0.1(tanh tanh ) 0.1 (tanh tanh ) sin ( ),j H X x x x x x x = + − + +m  

( ( )) 0.3 ;j HH X a  =  hence (iv) holds. Therefore,  

2
2

0

1

2.2 1.5 3.7 1,i

i

a a
=

= + =  =   max | |,| | 2.8,i i
i

a a a = =  2 2

0 0

1

0.09 4 ( ) 10.8,
m

H i

i

a a a a
=

=  − =   

and 

2

0

1

0

2( )

1.0 ( , ) (0.15, 18.0).
2

m

i

iH

H

a a
a

a a
 =

−

=  =


 Using condition (v), 

2

1 0

0 1
* * *

2( )
2

min{ , } min{0.3036, 0.9107} 0.3036.

m

i H

H i

a a a
a a

ma ma





−

=

− −
−

 = =


 

If 
1 2max{ , } 0.3036,   =   all hypotheses of Theorem 1 hold, then the equation has no nonconstant 

periodic solution. Furthermore, taking 
1 20.20, 0.25 = =  (so 

* 0.25, =  and *(1 2) 1.4a = = ), 

* 2 2

1 0

1

1
3.7 0.7 1 0.15 1.85 0,

2 2

m
H

i

i

a
k a ma a




=

= − − − = − − − = 
1

*

2 0

1
1 0.7 0.15 0.15 0,

2 2

Ha
k a ma




−

= − − = − − = 
 

such that 𝑉̇ ≥ 1.85‖𝑌‖2 + 0.15‖𝑍‖2 > 0  for all ( , ) (0,0).Y Z   Therefore, the conditions of 

Theorem 2 are satisfied, and the trivial solution is unstable in the sense of Lyapunov. 

4. Conclusions 

In this study, a class of nonlinear fourth-order vector differential systems has been investigated 

qualitatively. The proposed model incorporates multiple nonlinear terms that act on different 

derivatives of the state variable, enabling a unified treatment of a wide range of higher-order dynamical 

behaviors. By constructing an LK functional tailored to the fourth-order structure of the model under 

consideration and exploiting the structural properties of symmetric matrix operators and gradient-type 

nonlinearities, sufficient conditions have been established that govern the long-term behavior of solutions. 

First, sufficient conditions ensuring the nonexistence of nonconstant periodic solutions have been 

derived. By showing that the LK functional is nondecreasing along every solution, any periodic 

solution is forced to reduce to the trivial equilibrium, thereby excluding nonconstant periodic orbits 

and sustained oscillations. Second, under the same structural hypotheses, complementary conditions 

guaranteeing the instability of the trivial solution have been obtained: The time derivative of the LK 

functional is nonnegative and is positive along every nontrivial solution, while the functional attains 

positive values arbitrarily close to the origin, so that, by Krasovskii’s instability theorem, the trivial 

solution is unstable in the sense of Lyapunov. Additionally, two illustrative examples are included to 

demonstrate the feasibility and effectiveness of the obtained results. 

The results highlight the effectiveness of Lyapunov-based methods for higher-order differential 

systems and contribute to the qualitative theory of fourth-order nonlinear equations. The analyzed 
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equation class can model elastic beam dynamics, high-order mechanical systems, and coupled 

dynamical networks. From this perspective, the nonexistence of periodic solutions corresponds to the 

exclusion of sustained oscillatory or resonant behavior, a property that is highly desirable in 

mechanical design and control applications. Unlike many existing studies that focus on stability or 

boundedness, the present analysis emphasizes the exclusion of periodic behavior and the instability of 

the trivial equilibrium, thereby enriching the understanding of fourth-order systems and providing a 

framework for further investigations into more complex nonlinear models. 

A natural further direction is the fractional-order setting, which generalizes the integer-order case 

considered here. Extending the present results (the nonexistence of nonconstant periodic solutions and 

the instability of the trivial solution) to fractional-order multi-delay systems, by adapting the LK 

approach within the Mittag–Leffler stability framework and drawing on recent techniques for 

fractional-order time-delay systems such as covering-set and filter-based methods [30] and delay-

independent criteria [31], is left as an interesting problem for future work. 
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    X  ( 4 ) + 𝛺 (   X ¨ )   X ⃛ + 𝛷 ( X ,   X . ,   X ¨ ,   X ⃛ )   X ¨ + 𝛩 (   X . ) + F ( X ) = 0 .


    X  ( 4 ) + A   X ⃛ + H (   X . )   X ¨ + G ( X )   X . + F ( X ) +   ∑  i = 1  n    E  i ( X ( t −   𝜏  i ) ) = 0 .


    X  ( 4 ) + 𝛹 (   X ¨ )   X ⃛ + G ( X ,   X . ,   X ¨ ,   X ⃛ )   X ¨ + H ( X )   X . + 𝛩 (   X . ) +   ∑  i = 1  m    F  i ( X ( t −   𝜏  i ) ) = 0 .


  X ,   X . ∈   R  n ,


    X . = Y


    Y . = Z


    Y . = Z


    Z . = W


    Z . = W


    W . = − 𝛹 ( Z ) W − G ( X , Y , Z , W ) Z − H ( X ) Y − 𝛩 ( Y )


    W . = − 𝛹 ( Z ) W − G ( X , Y , Z , W ) Z − H ( X ) Y − 𝛩 ( Y )


    Z . = W


  𝜔


    V . .


    V . =   d  d t V ( t )


  =  ⟨ Z , 2   a 0 Z ⟩ +  ⟨ Y , 2   a 0 W ⟩ +  ⟨ W , W ⟩ +  ⟨   W . , Z ⟩ +   ∑  i = 1  m   ⟨   J    F  i ( X ) Y , Y ⟩ +   ∑  i = 1  m   ⟨   F  i ( X ) , Z ⟩


  =  ⟨ Z , 2   a 0 Z ⟩ +  ⟨ Y , 2   a 0 W ⟩ +  ⟨ W , W ⟩ +  ⟨   W . , Z ⟩ +   ∑  i = 1  m   ⟨   J    F  i ( X ) Y , Y ⟩ +   ∑  i = 1  m   ⟨   F  i ( X ) , Z ⟩


   ⟨   W . , Z ⟩ = −  ⟨ 𝛹 ( Z ) W , Z ⟩ −  ⟨ G ( X , Y , Z , W ) Z , Z ⟩ −  ⟨ H ( X ) Y , Z ⟩ −  ⟨ 𝛩 ( Y ) , Z ⟩


    V . =  ⟨ Z , 2   a 0 Z ⟩ +  ⟨ Y , 2   a 0 W ⟩ +  ⟨ W , W ⟩ −  ⟨ G ( X , Y , Z , W ) Z , Z ⟩ −  ⟨ H ( X ) Y , Z ⟩


    V . ≥   a 0  ⟨ Z , Z ⟩ +    ‖ W +   a 0 Y ‖ 2 −   a 0 2  ⟨ Y , Y ⟩ −     a  H 2 ( 𝜀    ‖ Y ‖ 2 +   𝜀  − 1    ‖ Z ‖ 2 ) +   ∑  i = 1  m   ⟨   J    F  i ( X ) Y , Y ⟩


    V . ≥   a 0  ⟨ Z , Z ⟩ −   a 0 2  ⟨ Y , Y ⟩ −     a  H 2 ( 𝜀    ‖ Y ‖ 2 +   𝜀  − 1    ‖ Z ‖ 2 ) +   ∑  i = 1  m   ⟨   J    F  i ( X ) Y , Y ⟩


    V . ≥   a 0  ⟨ Z , Z ⟩ −   a 0 2  ⟨ Y , Y ⟩ +   ∑  i = 1  m    a  i  ⟨ Y , Y ⟩ −     a  H 2 ( 𝜀    ‖ Y ‖ 2 +   𝜀  − 1    ‖ Z ‖ 2 )


    V . ≥  (   a 0 −  1 2 m   a ∗   𝜏 ∗ −     a  H   𝜀  − 1 2 )    ‖ Z ‖ 2 +  (   ∑  i = 1  m    a  i − 𝛾 m   𝜏 ∗ −   a 0 2 −     a  H 𝜀 2 )    ‖ Y ‖ 2


  + ( 𝛾 −  1 2   a ∗ )   ∑  i = 1  m    ∫  t −   𝜏  i  t     ‖ Y ( s ) ‖ 2 d s .


    V . ≥ (   a 0 −  1 2 m   a ∗   𝜏 ∗ −     a  H   𝜀  − 1 2 )    ‖ Z ‖ 2 + (   ∑  i = 1  m    a  i −  1 2 m   a ∗   𝜏 ∗ −   a 0 2 −     a  H 𝜀 2 )    ‖ Y ‖ 2 .


    V . ≥ 0


    l i m  t → ∞ V ( t ) =   V 0   .


    V . ( t ) = 0   ,


  Y =   X . = 0


  Z =   Y . = 0


  W =   Z . = 0 ,


    V . = 0   , t ≥ 0


  □


    V . ≥   k 1    ‖ Y ‖ 2 +   k 2    ‖ Z ‖ 2 > 0


    V . = 0


    V .


    V .


    V . ≥ 0 . 105    ‖ Y ‖ 2 + 0 . 15    ‖ Z ‖ 2 > 0


    X . ( s ) =   X ¨ ( s ) =   X ⃛ ( s ) = ( 0 , 0  )  T


    V . ≥ 1 . 85    ‖ Y ‖ 2 + 0 . 15    ‖ Z ‖ 2 > 0

