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1. Introduction

Let A be a unital x-algebra over the complex field C with involution = satisfying (xy)* = y*x%,
(x+y) =x"+y, () = Ax*(1 € C), and (x*)* = x for all x,y € A. Forany A, B € A, define
[A, B]l, = AB — BA*. We refer to [A, B], as the skew Lie product on ‘A. Moreover, for any A, B € A,
define [A, B], = AB* — BA*, which we call the bi-skew Lie product of A and B. Furthermore, for any

n>2(me?Z)anday,ay,...,a, € A, we consider a sequence of polynomials under the involution *
defined by q1(a1) = a1, q2(a1,az) = [ar, az]s, and gu(ay, ..., a,) = [gu-1(ai, ..., a,-1),ay]s, Which is
referred to as the bi-skew Lie n-product of a;,a, ..., a,.

An additive mapping d : A — A is called an additive =-derivation if it satisfies d(a,a,) = d(a;)a, +
ayd(ay) and d(a}) = d(a,)" for all a;,a, € A. An additive mapping g : A — A is called a generalized
additive x-derivation if there exists an additive =-derivation d : A — A such that g(a,a,) = g(a;)a, +
ad(ay) and g(ay) = g(a,)” for all a;, a; € A.

In recent years, the structure and characterization of =-derivations and related mappings on
x-algebras have been extensively studied. In 2022, Ashraf et al. introduced the notion of bi-skew
Lie-type derivations and proved that every bi-skew Lie-type derivation on a von Neumann algebra is
an additive =-derivation [1]. In 2023, Madni et al. investigated nonlinear skew Lie-type derivations on
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x-algebras and proved that they are additive. They also showed that such derivations are additive
x-derivations under certain conditions [2]. In 2023, Zhang et al. generalized the above results to
broader settings by proving that every nonlinear bi-skew Lie-type derivation on a s%-algebra is an
additive x-derivation [3]. Rehman et al. studied skew Lie n-derivations on *-algebras in 2025 and
proved that they are additive *-derivations [4].

Moreover, many scholars have extended existing results to more general settings by introducing
the concept of generalized derivations. In 2024, Ashraf et al. proved that every nonlinear generalized
bi-skew Jordan n-derivation G on a *-algebra A can be expressed as G(T) = 6(T) + ZT forall T € A,
where ¢ is an additive *-derivation and Z € Z(A). Therefore, every nonlinear generalized bi-skew
Jordan n-derivation on a x-algebra is an additive generalized *-derivation [5]. In the same year, they
used a similar method to study nonlinear generalized bi-skew Lie n-derivations on *-algebras and
showed that such mappings are additive generalized *-derivations [6]. For generalized skew mappings
on other algebras, relevant studies can be found in references [7-9].

In order to extend the research results to more general cases, many authors have investigated higher
derivations on various algebras. In 2024, Liang et al. investigated nonlinear bi-skew Jordan n-higher
derivations ¢ on *-algebras and proved that ¢ is an additive higher %-derivation [10]. In the same year,
Li et al. generalized the result from [2] and studied nonlinear skew Lie n-higher derivations on operator
algebras [11]. Meanwhile, Yuan et al. characterized nonlinear generalized Lie n-higher derivations on
certain triangular algebras [12]. In 2026, Ren et al. studied nonlinear mixed bi-skew Jordan-type and
skew Jordan higher derivations on =x-algebras [13]. It is worth noting that mathematical induction is
widely employed in [10—12] when dealing with higher derivations. Motivated by the above research, in
this paper we will also use mathematical induction to investigate whether every nonlinear generalized
bi-skew Lie n-higher derivation on #-algebras is an additive generalized higher *-derivation.

2. Preliminaries

Before presenting the verification, we first introduce some definitions. Unless otherwise specified,
throughout this paper, A denotes a unital *-algebra over the complex field C. Throughout this paper, n
denotes a fixed positive integer with n > 2.

Definition 2.1. A mapping ¢ : A — A (not necessarily linear) is called a nonlinear bi-skew Lie
n-derivation if

B(gular, @, a) = ) qular,ar, ..., $@), ... a)
k=1

forallay,ay,...,a, €A

Definition 2.2. Let N denote the set of all non-negative integers, and suppose that ® = {¢,,}nen is a
Sfamily of mappings on A satisfying ¢ = ida. If

¢m(a1a2) = Z ¢i(a1)¢j(a2)a ¢m(a1 +ay) = ¢m(a1) + ¢m(a2) and ¢m(a1*) = ¢m(a1)*

i+j=m

forall ay,a, € A and all m € N, then © is referred to as an additive higher x-derivation.
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In Definition 2.2, if m = 1, then ¢, is an additive *-derivation. By Definitions 2.1 and 2.2, we may
introduce the notion of a nonlinear bi-skew Lie n-higher derivation.

Definition 2.3. Let N be the set of all non-negative integers, and suppose that © = {¢,,}uen is a family
of mappings on A satisfying ¢y = ida. Then, ® is called a nonlinear bi-skew Lie n-higher derivation if

(bm(Qn(al, N T an)) = Z qn(¢i1 (al)’ ) ¢ik(ak)a ) ¢i,1(an))
i1+...+ip,=m
forallay,ay,...,a, € Aandallm € N.
When m = 1 in Definition 2.3, ¢; reduces to a nonlinear bi-skew Lie n-derivation on A. In light

of the definitions presented above, we now define an additive generalized higher *-derivation and a
nonlinear generalized bi-skew Lie n-higher derivation on ‘A.

Definition 2.4. Let N be the set of all non-negative integers, and suppose that G = {G,}nen IS a
SJamily of mappings on A with Gy = id4. If there exists an additive higher x-derivation ® = {¢,,}nen
(do = id#) such that

Gulaiar) = Z Gi(a)gj(a), Gular+ar)=Gyula) +Gulaz) and Gy(a)) = Gylar)”
i+j=m
forall ay,a, € Aand all m € N, then G is called an additive generalized higher *-derivation.

Similarly, setting m = 1 in Definition 2.4 implies that G, is an additive generalized *-derivation.

Definition 2.5. Let N be the set of all non-negative integers, and suppose that G = {G,}nen IS a
SJamily of mappings on A with Gy = id#. If there exists a nonlinear bi-skew Lie n-higher derivation
@ = {@m}men (Po = idz) such that

Gm(Qn(al, (25 PR ¢ ) P Cln)) = Z Qn(Gil (al)a ¢i2(a2)’ L) ¢ik(ak)’ o ¢in(an))
i1+iy+...+iy=m
forall ay,ay,...,a, € Aand all m € N, then G is called a nonlinear generalized bi-skew Lie n-higher
derivation, and @ is called the associated nonlinear bi-skew Lie n-higher derivation of G.

Accordingly, setting m = 1 in Definition 2.5 yields that G, is a nonlinear generalized bi-skew Lie
n-derivation. In other words, there exists a nonlinear bi-skew Lie n-derivation ¢; such that

Gi(gn(ar, az, ..., s ..., an)) = qu(Gi(@r), @z, .., Qs - . Gy) + Z qn(ar, az, ..., ¢1(ay), . .. ay)
k=2

forall ay,a,...,a, € A.

Let I denote the identity element of (A, and let P; be a nontrivial projection on A, thatis, P = P, 2=
P,". Define P, = I — Py, which is also a nontrivial projection on A. For i, j = 1,2, set A;; = PyAP|,
sothat A= A+ A+ Ay + Axp. Define M={A e A|A*=A}, N ={A e A| A" = —A}, and for
k=1,2,let N = {P{NP, + P,NP, | N € N}, Nip. = {PtNP; | N € N}. Then, every N € N admits
a decomposition N = Nj; + Ny, + Ny, where Ny € Ny, Nip € Nj; and Ny, € N,. Unless otherwise
specified, the =-algebra A in this paper is assumed to satisfy the following condition:

XAP,=0=>X=0(k=1,2). (2.1)
Several properties of a nonlinear generalized bi-skew Lie n-derivation G; on a *-algebra are

established in [6]. These properties will be useful for further research.

AIMS Mathematics Volume 11, Issue 8, 23921-23942.



23924

Proposition 2.6. [6] G, satisfies the following properties:
(i) G1(0) =0,

(ii) Gi{(N) € N forall N € N,

(iii) G1(A*) = G{(A) forall A € A,

(iv) Gy is additive on A,
(v) G1(iA) = iG((A) for all A € A.

Let ® = {¢,,}men be the associated nonlinear bi-skew Lie n-higher derivation of G = {G,,},uen. The
nonlinear bi-skew Lie n-derivation ¢; has the following properties.

Proposition 2.7. [3] ¢, satisfies the following properties:
() 1(0) = ¢1(I) = ¢1 (i) = 0,
(ii) ¢y is additive on A,
(iii) ¢1(N) € N forall N € N, and (M) € M for all M € M,
(iv) ¢$1(iA) = ip1(A) and $p1(A*) = $1(A)* forall A € A.
The following result can be deduced directly from [3].

Remark 2.8. A nonlinear bi-skew Lie n-derivation ¢, satisfies ¢1(A) = E(A) + x(A) for all A € A,
where & : A — Ais a x-derivation satisfying P1E(P1)P, = P,E(P1)P; = 0and y : A — Ais a *-inner
derivation.

Proof. As presented in [3], ¢, is an additive #-derivation and ¢,(P;)* = ¢1(Py). Let W = P1¢(P)P, —
P>¢1(Py)P;. Then, [A*, W] = [A, W]". Set y(A) = [A, W]. It is clear that y is a *-inner derivation.
Define £(A) = ¢1(A) — x(A). Then,

&E(Py) =¢1(Py) — [Py, W]
=P1¢1(P)P1 + P1$1(P1)Py + P21 (P1)P1 + P21 (P1)Pa
= P1¢1(P)Py — P21 (P)Py
=P1¢1(P)P1 + Py (P1)Ps.

Obviously, P1&(Py)P, = P4(P1)P; = 0. It follows that & is a =-derivation satisfying P &(P)P, =
Pzé:(Pl)Pl =0. O

3. Nonlinear generalized bi-skew Lie n-higher derivations

In this section, we first investigate the additivity of the nonlinear generalized bi-skew Lie n-higher
derivation G = {G,,}nen On the x-algebra ‘A with respect to the subset N of ‘A. In what follows, we
analyze this problem by means of mathematical induction.

According to Properties 2.6 and 2.7, we assume that for all 1 < s < m (m € N), the mappings ¢,
and G; satisfy the following induction hypotheses, where ¢, and G, are respectively from the
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nonlinear bi-skew Lie n-higher derivation ® = {¢,,},.cx and the nonlinear generalized bi-skew Lie
n-higher derivation G = {G,,} nen,

$5(0) = ¢,(1) = 0,
€% : 3 ¢, is additive on N,
¢ (N)e N forallN e N,

G,(0) =0,
€Y . {G, is additive on N,
G,(N)e N forall N e N.

For convenience, based on Properties 2.6 and 2.7, we set
$1(0) = ¢1(1) =0,

€7 : { ¢, is additive on N,
#(N)e N forallN e N,

G1(0) =0,
(S]G : ¢ G, is additive on N,
Gi(N)e N forall N e N.

Now, we will prove that ¢,, and G,, are also additive on N, aided by some lemmas.

Lemma 3.1. G,,(0) = 0, ¢,,(0) = 0, and G,,(N) C N, ¢p(N) C N.

Proof. In view of the induction hypotheses (S‘f, €Y (1 < s < m), we have G,(0) = ¢,(0) = 0 for all
1 < s < m. Hence,

Gm(o) :Gm(Qn(O’ 0,..., 0))
=(Gn(0),0.....,0) + 4, (0. $(0),...,0) + ...+ g,(0,0,..., $,,(0))
D a(Gi(0),8,00),...,¢;,(0)

i1 +ix+...+i=m
L5025uees 1y <m

=0.

Similarly, we obtain ¢,,(0) = 0.
Furthermore, using the same hypotheses, we have

1 1
Gm(N) :Gm(Qn(N, E’ ceey _))

2
G, 2D e S e g, L 2y
_ql’l m ’2""’2 q}’l ’¢m2"",2 .. q}’l ’2""’¢m2
1 1
) eGiNL6,().8i(5)
l]'+l.2+...-.l—l,,=m
11,012 4e0slp<m

1 1 1
=5(Gn(N) = Gu(N)) + (n— 1)(N¢m(§)* + éu(5)N)
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for all N € N. Thus,

1 1 1
Gun(N) = 5(Gu(N) = Gu(N)) + (1 = DINGu(5)" + $u()N)-

Taking the involution on both sides, we obtain

1 1 1
Gu(N)" = E(Gm(N)* —Gu(N)) = (n— 1)(N¢m(§)* + on(SN).

Comparing the last two equations, we obtain G, (N) + G,(N)* = 0, which implies that G,,(N)* =
—G,,(N). Consequently, we have G,,(N) € N, which means G,,(N) € N. In the same manner, we can
prove ¢,,(N) C N. i

Lemma 3.2. With the notations as above, we have
Gu(Bji + C12) = Gu(Bij) + Gu(Cr2)

and
Gm(Bii + C12) = ¢u(Bjj) + ¢ (Ci2)
fOl" all Bii S Mi’ C12 S N12, i€ {1,2}

Proof. LetT = G,,(B, + C12) — G,(By1) — G,,(Cy). Based on Lemma 3.1, we have T* = —T. In view
of the induction hypotheses (Ef and €Y (1 < s < m) and the fact that [By;, P»], = 0, it follows that

4GBy +Ci2), Po, T, .+ D0 qu(Giy(Buy + Cio), ¢, (P2), (D), ..., ¢1,(D)

i1 +iy+...+i,=m
i1€{0,...,m—1}

=Gu(gn(B11 + C12, P2, 1, ..., 1))
=Gu(qn(B11, P2, 1, ..., D) + Gu(qu(Cr2, P2, 1,..., 1))
:qn(Gm(Bll)7P2’1’ v 71) + Z qn(Gil(Bll)a ¢i2(P2)’ ¢i3(1)’ oo ’¢in(l))

i1 +ix+...+ip=m
i1€{0,...,m—1}

+quGu(C), Po, L. D+ > qu(Gi(Cia), ¢ (P2), ¢y (D), ..., 61,(D)

i +i+...+ip=m
i1€{0,...,m—1}

=q(Gn(B11) + Gu(Cr2), Py, 1, ..., 1) + Z gn(Gi,(B11 + C12), 95, (P2), ¢i, (1), . .., ¢;, ()

i1 +ix+...+i,=m
i1€{0,...,m—1}

for all By; € Ny; and Cy, € Ny,. Hence, q,(T, Py, 1,...,I) = 0. It follows that Ty, = T, = 0, where
Ty, € N2, Ty, € Ny,. Since q,(Cya, Py — Pa,1,...,1) = 0, we have

gn(Gu(B11 + C12), P = Py, 1,...,1)
+ Z qn(Gi,(B11 + C12), ¢5,(P1 — P2),¢i,(1), ..., ¢;,(]))

i1+i2+...+i,=m
i1€{0,...,m—1}

=G(qu(B11 + C12, Py — Py, 1,...,1))
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:Gm(qu(BI]’P] _P2’17'-'71)) +Gm(Qn(C12’P1 _P27I’-"’I))
ZQn(Gm(Bll), Pl - PZ’I,' .. 51) + Z qn(Gil(Bll)a ¢i2(P1 - PZ)’ ¢i3(1)’ ‘e ?¢in(1))

i1+ix+...+iy=m
i1€{0,...,m—1}

+ gn(Gu(C12), Py — Py, 1,..., 1) + Z n(G; (C12), ¢i,(P1 — P2), ¢i,(D), ..., ¢;, (1))

i1+ix+...+i,=m
i1€{0,...,m—1}

=q(Gn(B11) + Gu(C12), Py — Py, 1,...,1)
+ Z q4n(Gi,(B11 + C12), ¢5,(P1 — P2),¢i,(1), ..., ¢;,(]))

i1+ir+...+i,=m
i1€{0,...,m—1}

for all By; € Ny and Cy, € Np,. This yields Ty, = 0, and hence T = 0, that is, G,,(By; + Cy2) =
G,.(B11) + G,(Cy2). Similarly, we have G,,,(Bx; + C12) = Gu(By) + G,(C12). By the same argument,
we have ¢,,(B;; + C12) = ¢u(Bjj) + ¢,,(Cy2) fori € {1,2}. m]

Lemma 3.3. With notations as above, we have
Gu(Bi1 + Ci2 + Dy) = Gy(By1) + Gu(Cr2) + Gu(D22)

and
¢m(Bi1 + Cio + Dy) = ¢u(B11) + ¢p(Cr2) + (Do)

for all By; € Nyi, C1a € Nya, and Dy, € No.

Pl’OOf: LetT = Gm(Bll +Cys +D22) _Gm(Bll) — Gm(C12) — Gm(Dzz) By Lemma 3.1, we have T* = —T.
Next, we will show that 7 = 0. In view of the induction hypotheses € and €Y for 1 < 5 < m, together
with Lemma 3.2, it follows from ¢,,(Dy,, P1,1,...,I) = 0 that

gn(Gu(B11 + Ci2 + D), Py, 1,...,1)
+ Z qn(Gi,(B11) + G;,(C12) + G, (D), ¢, (P1), i (D), - . .., i, (1))

i1 +ip+...+ip=m
i1€{0,...,m—1}

=¢(Gn(Bi1 + Ci2 + D), Py, 1,...,1)
+ Z q4n(Gi,(B11 + Ci2 + Dy), ¢i,(P1), ¢i, (D), . .., ¢, (1))

i1 +ir+...+i,=m
i1€{0,...,m—1}

=Gn(gn(B11 + Ci2 + Do, Py, 1, ..., 1))
=Gn(gn(B11 + Ci2, P11, ..., 1)) + Gu(qu(D22, Py, 1, ..., 1))
=qn(Gu(B11 + C12), P1,1,..., 1)

+ Z gn(Gi\(B11 + C12), i, (P1), ¢is (D), . . ., ¢, (1))

i1 +ip+...+ip=m
i1€{0,...,m—1}

+ qn(Gm(DZZ)’PhI’ oo ’I)
D a(Gi(Dx), 6, (P, (D)., 65, (1)

i1 +i+...+ip=m
i1€{0,...,m—1}
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=q(Gn(B11) + Gu(C12) + G (D), Py, ..., 1)

+ Z qn(Gi,(B11) + G;,(C12) + G;,(D2), i, (P1), ¢is(D), . .., ¢;, (1))

i1+ix+...+ip=m
i1€{0,...,m—1}

for all 311 S N11, C12 S N12, D22 S sz. Hence,
ql’l(T9P19Ia"'aI) = Oa

which means Thw=T, = 0, where T\ € Nlla T, € N12.
Since ¢,(By1, P2, 1,...,1) = 0, we conclude

gn(Gp(B11 + Cio + D), Py, 1, ..., 1)

> alGi(Bi) + Gy (Cio) + Gy, (D), ¢, (P2), ¢iy (D) ..., 1, (D)

i1 +iy+...+i,=m
i1€{0,...,m—1}

=qn(Gn(B11 + C12 + D), Pa, 1, ..., 1)
+ > @Gy (Biy + Cro + D), 6, (P2), (D), . 64, (1)

i1+iy+...+iy=m
i1€{0,...,m—1}

=Gn(gn(B11 + Ci2 + D, P, I,..., 1))
=Gu(qn(B11, P2, I, ..., D) + Gu(qu(C12 + Do, Pa, 1, ..., 1))
=qn(Gn(B11), P2, 1,..., 1)

> 4GB, ¢ (P, ¢ (D), ... 1,(D)

i1 +ix+...+iy=m
i1€{0,...,m—1}

+ qu(Gu(Ci2 + D), P, 1,..., 1)
£ > quGy(Crr+ Do), 65, (P2). (D). .. 1,(D)

i +ip+...+ip=m
i1€{0,...,m—1}

=gn(Gu(B11) + G, (C12) + G(D22), Py, 1, ..., 1)

> aGy(Bi) + Gy (Cio) + Gy, (D), ¢, (P2), $iy (D) ..., (D).

i1+ix+...+i,=m
i1€{0,...,m—1}

This yields q,(T, P, 1, ...,I) = 0, which implies that 75, = 0. Hence, T = 0. Consequently,

Gu(Bi1 + Ci2 + D) = Gu(B11) + Gu(Cr2) + G(Dy).

Similarly,
Gm(Bi1 + Cia + Dy) = ¢u(B11) + ¢(Ci2) + ¢(D22).

Lemma 3.4. As previously defined, we have

Gu(Biz + C12) = Gp(B12) + G (Cr2)
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and
¢m(B12 + C12) = ¢(B12) + ¢p(C12)

fOI” all B»,Ci, € le.

Pl"OOf. Let Bl2 = U12 - Uikz and C12 = V]2 - Vikz, where U]z, V12 S ﬂ]z. It follows that
. : e . e 1 ! . N
qn(lpl + lU12 + lU12, lP2 + lez + lV12, 5, cees 5) = Blz + C12 + 312C12 - CIZBlz-
According to the definition of involution, we have B}, = =By, and C}, = —C,. Clearly, B;2+Ci> € N2

and
B1,Cy, — C12B}, = Pi(Un Vi, = VioUD) Py + Po(Up,Vie = Vi,Ui)Py € Ny + Noo.

Therefore, by the induction hypotheses €? and €Y for 1 < s < m, and Lemmas 3.1-3.3, we have

Gu(Bix + C12) + Gu(B12Ch, — C12BY,)
=G (B2 + Ci2 + B12Cj, — C12BY,)

1 1
:Gm(qn(ipl +iUp + l.Uik2, iPy +iVi, + l'sz, E, cees 5))

. . N . . o 1 1
= Z 4n(G;,(iPy + iUy +iUY,), ¢, (iPy +1Vip +iV),), ¢i3(§)’ s ¢i,,(§))

i1 +ix+...+i,=m

1 1
D, B(GaliP).6uliP). (). . 41,(5)

i1 +ix+...+iy=m

1 1
t D @GP GVia + Vi) B3 - 61,(3)

i1+iy+...+ip=m

: - . o 1 1
+ Z 4n(G;, iUz + iUY,), ¢, (iVia +1V],), ¢i3(§), cees ¢in(§))

iy+ix+...+iy=m

1 1
t D @GuiUn +iUD). GuliP). 6. . 84,(5)

i1+iy+...+ip=m

o o 1 . T I
:Gm(Qn(lPI’ lP27 59 L 5)) + Gm(CIn(lPI’ lV]Z + lVlZ’ E’ LI ] 5))
: e R 1 . N 1
+ Gm(qn(lU]Z + lU12’ lVlZ + lV127 E’ ey 5)) + Gm(CIn(lUlz + lU12’ lP2’ 57 LR ] E))

=Gu(B12) + Gu(Ci2) + G(B12Cl, — C12By,)

for all By,,Cy» € Nj». Hence, we obtain G,,(By; + Cp2) = G,(By2) + G,,(Cy2). Similarly, we have
Gm(B12 + C12) = ¢p(B12) + ¢(Cr2). m|

Lemma 3.5. As previously defined, we have
Gu(Cii + Dij) = Gu(Cii) + Gu(Dyi)

and
&m(Cii + Dij) = ¢n(Cii) + ¢(Dii)
for all Ci,D;e /Vii’ i € {1, 2.

AIMS Mathematics Volume 11, Issue 8, 23921-23942.



23930

Proof. SetT = G,(Cy; + D11) — G,,(Cyy) — G,(Dyy1). Applying Lemma 3.1, we get 7* = —T. By the
induction hypotheses (Ef (1 < s < m), and the fact that [Cy; + Dy, Po]o = [C11, P2l = [D11, P2]o = 0,
it follows that

Gn(T, Py, 1, ..., 1) = ¢(G(C11 + D), P, 1, ..., 1) = ¢(Gu(C1), Pa, 1., 1)
= gn(Gn(D11), Py, 1, ..., 1)
=4 (Gu(C11 + Dyy1), Po, 1, ..., 1)
+ Z gn(Gi, (Cyi + Dy1), ¢i,(P2), ¢ (D), ..., ¢, (]))

i1 +iy+...+i,=m
i1€{0,...,m—1}

= guGu(C1), Po T, D= Y (G (i), ¢ (P2), 8y (D), .., ,(D)

i1+ix+...+iy=m

= guGu(D1), Pa L, D= > qu(Giy (D), ¢, (P2), iy (D), - 84, (1)

i1+iy+...+iy=m
i1€{0,...,m—1}

=G, (gn(C11 + D11, Py, 1, ..., 1)) — Gp(q,(C11, P2, 1, ..., 1)) — G\(qu(D11, Pa, 1, ..., 1))
=0.

Therefore, g,(T, P>,1,...,1) = 0, which implies that T\, = T, = 0, where Ty, € N2, T»n € Nop.
Consequently, T = P\TP;. Let N = A, — A}, with A}, € Aj,. Then,

1 1 1 1
W(Ci,N,=,...,=) € , (D11, N,=,...,=) € .
qn(C1y 3 2) Niz qn(D1 3 2) Niz

Using the induction hypotheses €% (1 < s < m), Lemma 3.4, and the above relations, we obtain

(TNI I)— Gu(C +D)NI I) (G(C)NI I)
gn\ 1, 925"'52 =4 Gy 11 11/ ’25--~a2 qn\Upy 11/ ’2a--~a2
1 1
- nGmD ’Na_’~~'9_
gn(Gm(D11) > 2)
=q,(G,(Cy1 + D )NI I)
—Qn m 11 11)» 72a-'~a2

1 1
+ D aGu(Cut D) ga(N). 64 (3). . 84,(3)

i1+iy+...+iy=m
i1 €{0,...,m—1}

1

1
- nGmC 9Na_9--'9_
Gn(Gn(C11) ) 2)

1 1
= D 4Gi(C).4uN). 0 (3. 41, (3))

i1+ix+...+ip=m

1

1
- VleD 7N’_a"'a_
4n(G(D1y) ) 2)

1 1
= D @GP N By 81(5)

i1+ix+...+i,=m
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1 1 1 1
=G, (gn(C11 + D11, N, =, ..., 5)) - Gu(q(C11,N, =,...,2))

2 2 2
~ Gul@uDi N, 5. 5)
=GO N, 52D+ Gl Dri N2, 5)
~ Gul@u(Cii N, 5 = GulguDi N, 5. 5)
=0.

Hence, we have ¢,(T, N, %,...,2) = 0, along with N = A}, — A}, and T = P,TP,. It follows that

ATZT +TA;,, =0.

Multiplying the above relation on the left by P; yields P;TA;; = 0. In view of (2.1), we conclude
T = P]TP] = O, thatis,
Gu(Ci1 + D11) = Gu(Cry) + Gu(D1y).

Similarly, G,,(Cy + D23) = G,,(Cy) + G,,(Dy,). By the same reasoning, it follows that

&n(Cii + Dij) = ¢(Cii) + (D).

By Lemmas 3.2-3.5, we obtain the following result.
Lemma 3.6. Under the induction hypotheses € and €Y G,, and ¢,, are additive on N.

Next, we study the associated nonlinear bi-skew Lie n-higher derivation ® = {¢,,}.en Of the
nonlinear generalized bi-skew Lie n-higher derivation G = {G,,},en. We first assume that ¢,, (m € N)
satisfies

P1¢u(P1)P; = 0. 3.1
It follows from [3, Lemma 2.9] that ¢,(P;) = W; with W, € M and P,W,P, = P,W,P, = 0. Thus,
é1(Py) = P1¢1(P1)Py + Py (P1)Py.

Applying (3.1), we obtain ¢,(Py) = Py¢;(P)P,. Meanwhile, [3, Lemma 2.11] shows that ¢,(P,)" =
¢1(P1), which forces

¢1(Py) = 0. (3.2)

Now, using Property 2.7 and (3.2), we assume inductively that for each s with 1 < s < m, ¢, satisfies
the following condition

¢s(IA) = i (A), ¢(A") = ¢,(A)" forall A € A,
¢S(Pl) = 07 ¢s(ll) = 0’

d(M)e M forall M e M,

¢, is additive on A.

¢, :

AIMS Mathematics Volume 11, Issue 8, 23921-23942.



23932

Specifically, we can define

$1(A) = ip1(A),  ¢$1(A") = ¢1(A)" forall A e A,
$1(P1) =0, ¢1GD) =0,

o1 (M) e M forall M € M,

¢, is additive on A.

0:1:

We will now prove several lemmas showing that ¢,, also satisfies all the conditions in €, along with
the additional relation ¢,,(I) = 0.

Lemma 3.7. Based on the aforementioned registered symbols, we have

(i) ¢u(I) =0,
(ii) ¢pu(M) € M forall M € M,

(iii) ¢m(P1) = 0.
Proof. (i) Applying the induction hypotheses €? (1 < s < m), and Lemma 3.6, we have

2n—l¢m(N) :¢m(2n—1N)
=¢n(gn(N, 1, ..., D))
=qu(Pn(N), 1, ..., 1) + @u(N, (D), ... D) + ..+ qu(N, L, ..., §(D))

O @@ N gD, i, (D)

=2""$u(N) + (n = D22 (NG, (1)" + ¢u(DN)

for all N € N. Thus, N¢,(I)* + ¢,,(I)N = 0. Choosing N = il, we obtain ¢,,(I)* = —¢,,(I), that is,
on(l) € N. It follows that N¢,,(I) = ¢,(I)N for all N € N. For any B € A, let B = N, + iN,, where
Ny = 3(B—B") € N, N, = (B + B*) € N. Then, B¢,(I) = ¢,(I)B for all B € A. This implies
o) € Z(A)NN.

According to the induction hypotheses € (1 < s < m), we have

0 =¢(qn(N,il, 1,...,1))
=qu(Pm(N),il,1,...,I) + g,(N, ¢,,(il), 1, ..., 1) + g,(N,il, ¢,,(I), ..., I)

+*"+qn(NaiI’I""’¢m(I))+ Z qn(¢i1(N)’¢i2(i1)9¢i3(1)"'~’¢in(1))

i1 +iy+...+i,=m
i1yesin€{0,...,m—1}

=2""%(¢,,(iD)N — N¢,,(il))

for all N € N. It follows that ¢,,(i]) € Z(A) N N.
Let ¢,,(Py) = W, + iW,, where W;, W, € M. Then,

1 1
0 :¢m(qn(17P1’ PR ai))

2
1 1 1 1 1 1
—Qn(‘pm(l)’Pl, E""’E)+qn(1’¢m(P]), E""’§)+qn(1’P1’¢m(§)’---7§)
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1 1 1 1

+ ...+ nI,P,—,..., ml=)) + (D I, i P L, Oi (=)o, 0; (=

Gl P15 60(3)) Z - 4@, (1), B (P). 8- - 63,(5)
i1,.05in€{0,...,m—1}

=2¢,,(1)P; — 2iW,.
This implies iW, = ¢,,(I)P;. Consequently,
Sm(P1) = Wi + ¢n(D)P1.
In view of the induction hypotheses (Ef and € (1 < s < m) and Lemma 3.6, we conclude

2" 9(iP1) =h(qnCl, Py, 1, ..., 1))
:CIn(¢m(lI)’ PI’I’ fee ’I) + Cln(il’¢m(P1),I’ o ’I)
+q,Gl, Py, ¢p(D),.... )+ ...+ q,(il, P, 1,...,0,(I))

Y a6l 6P (D). 6, (D)

i1+iy+...+ip=m
i1.0sin€{0,...,m—1}

=2""Y( ¢, (iDP; + iW)).
Therefore,
On(iPy) = ¢ (iD)Py + iW.
Using the induction hypotheses €? and €, (1 < s < m) and Lemma 3.6, we have

2" $(iP1) =¢u(@u(iPy, P11, ..., )
ZQn((]Sm(iPl),Pl,Ia . ,I) + qn(iP1,¢m(P1),I, e ,1)
+ q,(iP1, Py, ¢ (D), ..., D)+ ...+ q,(iPy, P, 1, ..., 0,(I))

+ E qn(¢i1 (lPI)’ ¢i2(P1)’ ¢i3(l)a ey ¢l,,(1))
i1+ix+...+ip=m
i15eeesin€{0,....,m—1}

=2""1¢,,(iDP;y + 2" i(W, P, + PyW)).
Thus,

¢m(ipl) = ¢I11(iI)P1 + (WP + PyW)).

(3.3)

(3.4)

Comparing (3.3) and (3.4), we obtain WP, + P{W,; = W,, which implies P{W,P; = P,W,P, = 0.

Hence,

Gu(P1) = ¢p(DP1 + Wy = ¢, (DDPy + PLW Py + P,W, Py.

(3.5)

For any A, € Ay, let N = A, — Aj,. Then, N € N. By the induction hypotheses (Sf and €, for

AIMS Mathematics Volume 11, Issue 8, 23921-23942.



23934

1 < s < m and Lemma 3.6, we have

~2"2¢,(N) =¢(qu(P1, N, 1., T))
=qu(@u(P), N, L., D) + @u(P1, (N, I, ..., D)
+ q,(P1,N, ¢, (D), ..., D)+ ...+ q,(P,N, I,...,¢,(I))

3.6
O @ (PG (N 6D, (D) 30

i1+ix+...+ip=m
i1,-0rin€{0,...,m—1}

== 2"2($u(P1)N + Ngu(P1)" + Pi(N) + ¢(N)P)).

Multiplying (3.6) on the left by Py and on the right by P; yields ¢,()Ai2 = 0. By (2.1), we obtain
¢m(D)P; = 0. Since ¢,,(I) € Z(A) N N, it follows that ¢,,(/)A], = 0, and applying (2.1) again gives
¢nm(1)P, = 0. Consequently,

¢m(]) = ¢m(I)P1 + ¢m(I)P2 =0.
(i1) Since ¢,,(I) = 0, we have

0=¢(q.(I,M,1,...,1))
0L guM), L. D+ > qul@i (D, (M), i (D), ... 5, (1)

i +ix+...+ip=m
ir€{0,...,m—1}

=2""2(¢u(M)" — u(M))

for all M € M. This yields that ¢,,(M)* = ¢,,(M) for all M € M.

(ii1) Using ¢,,(I) = 0 together with (3.5), we obtain ¢,(P;) = P{W,P, + P,W,P;. By (3.1), we
have P;W,P, = 0, which implies ¢,,(P;) = P,W;P;. Since ¢,(M) € M and P, € M, it follows that
u(P1) = $u(P1)" = PyW P, = 0, o

Lemma 3.8. Based on the aforementioned registered symbols, we have
(i) ¢, is additive on A,
(ii) ¢(A*) = ¢,,(A)* forall A € A.

Proof. (i) By the induction hypotheses € and €, for 1 < s < m together with Lemmas 3.6 and 3.7, we
have

2" $u(iM) =¢,(q,GI, M, 1, ..., 1))
=q (¢, i), M, I, ..., 1)+ q,(il,$,, (M), 1,...,1)+ q,il, M, ¢,,(]),...,1I)

++qn(ll’M’I”¢m(I))+ Z qn(¢i1(i1)9¢i2(M)7¢i3(1),"-,¢in(1))

i1+iy+...+ip=m
i1,..,in€{0,...,m—1}

=2""Y(¢,,(iDM + i¢,,(M))
for all M € M. Thus,

(M) = ip(M) + G (i) M. (3.7
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On the one hand, applying the induction hypotheses €’ for 1 < s < m, Lemmas 3.6 and 3.7 and

Eq (3.7) lead to
2" N ip(K) + p(iDK) =6,,(2"'iK)

=@u(gn(H + iK, 1,...,1))
=g, (¢m(H + iK),1,...,])
=2""2(¢n(H + iK) = ¢n(H + iK)")

for all H, K € M. On the other hand,

2" ig(H) + $u(iDH) =¢,(2""iH)
=¢(q.GI, H + iK,I,...,1))

=qu(pn(l),H +iK,I,...,I)+ q,(il, $,,(H + 1K), 1, ...

=2""1¢,,iDH + 2" %i(¢p,(H + iK) + ¢,,(H + iK)")
for all H, K € M. Comparing (3.8) and (3.9), we obtain
dnm(H + iK) = ¢,,(H) + i,,(K) + ¢,,(iDK.
According to Lemma 3.6 and (3.7), we have
ipn(H + K) + ¢, (i1)(H + K) = ¢,,(i(H + K))
= ¢w(iH) + ¢u(iK)
= i(¢n(H) + ¢pn(K)) + ¢ (iD)(H + K).
Therefore, i¢,,(H + K) = i(¢,,(H) + ¢,,(K)), which implies
¢n(H + K) = ¢pp(H) + ¢(K)
for all H, K € M. This means ¢,, is additive on M.

(3.8)

(3.9)

(3.10)

Forany A, B € A, write A = A|+iA; and B = B +iB,, where Ay, B, € M (k = 1,2). Applying (3.10)

we obtain

(A + B) = ((Ay + B)) + i(Az + By))
=¢n(A1 + B1) + i(Az + By) + ¢, (iI)(Az + By)

=(¢m(A1) + id(A2) + ¢, (IDA3) + (P (B1) + id(B2) + ¢ (il)Bs)

Therefore, ¢,, is additive on A.

(ii) For any A = A| + iA; € A with A|,A; € M, Lemma 3.1, Lemma 3.7, and (3.10) imply

Pn(A)" = (A1 +iA2)
= (@m(A1) + idn(A2) + du(iDA2)"
= Pm(A1) — ipm(A2) — Pum(iDA>
= Pm(A1 — iA2)
= ¢n(A")
for all A € A.

O
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Lemma 3.9. In accordance with the symbols defined above, we have
(i) ¢u(il) =0,
(ii) ¢(iA) = i,,(A) for all A € A.

Proof. (i) It follows from Lemma 3.7 that

Gn(iP1) = ¢ (iDP;.

The induction hypotheses €, for 1 < s < m imply ¢(iP;) = i¢,(P;) = 0. Now, apply the induction
hypotheses €, for 1 < s < m, Lemma 3.7, Lemma 3.8, and (3.7) to get

~2"2({(Bn(A 1) +n(A1)) + $u(D(A1y + A}))
== 2"2¢,(i(A12 + A}))
= (qn(iP1, A2 — ATZ’I’ )
=qn(Pm(iP1),A1n — ALy, L, ..., 1) + gu(iPy, d(A1y — A}, 1, ..., )
=2"2((¢n(DP1)(A}, — Ap) + (A2 — A} (bw(iDPy)
+iP1(pm(A12)" — d(A12)) + i(Pn(A12) — dm(A12)")P1)

for all A, € A;,. Multiplying the left-hand side of the above relation by P, and the right-hand side by
P,, we arrive at P1¢,,(A12) P, = 0.
Meanwhile,

2" (pu(A12) = Bu(A12)") =Gu(@u(iPy, i(Ary + A}, 1, ..., D))
=qu(@n(iP1),i(A12 + A}, L, .. D) + qu(iPy, §u(i(Arr + A, 1, ..., 1)
=2"2((=igu(iDP)AT, + Ar2) — (A12 + A (=i, iD)Py)
+ Pi(¢n(A12)" + dn(A12) — i (iD(A 12 + AT))
= (Pm(A12) + Pu(A12)" — igm(iD)(A12 + ATy))P1)

for all A, € Aj,. Multiplying the left-hand side of the above relation by P; and the right-hand side
by P,, and using Pi¢,,(A12)*P, = 0, we get ¢,,(i[)A;, = 0. By (2.1), this implies ¢,,(il)P; = O.
Since ¢,,(il) € Z(A) N N, it follows that ¢,,(i[)A], = 0. Applying (2.1) again gives ¢,,(i[)P, = 0.
Consequently,
O (il) = ¢, (iD)Py + ¢,,(i1)P, = 0.
(i1) Using (3.7) together with ¢,,(il) = 0 gives ¢,(iM) = i¢,,(M) for all M € M. For any A € A,
write A = A; + iA, with A, A, € M. Then,

Pm(iA) = pp(i(A1 +iA2)) = pu(iA) — A2) = i(Pn(A1) + id(A2)) = ih(A).
O

In what follows, we shall apply the preceding lemmas to derive several properties of nonlinear
generalized bi-skew Lie n-higher derivations G = {G,,},.en, and then establish the main result of this

paper.
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Lemma 3.10. Based on the aforementioned registered symbols, we have
(i) G,, is additive on A,
(ii) G, (iA) = iG,,(A) forall A € A,
(iii) G, (A*) = G, (A) forall A € A.
Proof. (i) By the induction hypotheses €7 with 1 < s < m and Lemma 3.7, we get
0=Gu(g(M,I,....,D) = q(GCn(M),I,....I) =2""*G (M) - G,(M)")
for all M € M. Hence,

G,(M)" = G,,(M). (3.11)

Applying the induction hypotheses € and € (1 < s < m) together with Lemma 3.6, Lemma 3.7,
Lemma 3.9, and (3.11) yields

271G (M) = =G (q,(M, il 1,.... D) = =g, (G,(M),il,1,...,I)=2""iG,(M)
for all M € M. Consequently,
Gn(iM) = iG(M). (3.12)

Consider the induction hypotheses (‘Zf (1 < s < m) along with Lemmas 3.6, 3.7, and Eq (3.12) to
obtain

2"1iG,(K) =G (2" iK)
=G, (qo(H + iK,1,...,]))
=g, (Gn(H +iK),1,...,1)
=2""2(G(H + iK) = G, (H + iK)")

for all H, K € M. A similar argument, using the induction hypotheses €? and €, (1 < s < m) together
with Lemma 3.6, 3.7, 3.9, and Eq (3.12), gives

2"iG,(H) =G,,(2""'iH)
= - Gu(qu(H + iK,il,1,...,1))
= — qu(Gu(H + iK),il1,...,T)
=2"2i(G,n(H + iK) + G,,(H + iK)")

for all H, K € M. Comparing the two above relations, we conclude
G,.(H +iK) = G,,(H) + iG,,(K) (3.13)
forall H,K € M.
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Using Lemma 3.6 and (3.12), we have
iG,(H+K)=G,(i(H+K))=G,(iH)+G,(K) =i(G,,(H) + G,,(K))

for all H, K € M. Thatis, G,,(H + K) = G,,(H) + G,,(K). So, G,, is additive on M.
Take any A, B € A and write A = Ay + iA,, B = By +iB, with Ay, By € M (k = 1,2). By (3.13) and
the additivity of G,, on M, we obtain

Gu(A+B)=G,((A) + B)) +i(Ay + By))
= Gu(A| + By) +iG,(Ay + By)
= (Gu(A)) +1iGu(A2)) + (Gp(By) + iG(B2))
= Gm(A) + Gm(B)
Therefore, G,, is additive on ‘A.
(i) Let A = A, +iA, with A € A, Ay € M (k = 1,2). Applying (3.12) and the additivity of G,, on
A, we obtain
Gu(iA) = G,(i(A; +1Az)) = Gu(iA; — Ay)
= Gu(iA) — Gu(Az) = (G(A)) +iGy(A2))
= iGm(A)'
Thus, G,,(iA) = iG,,(A) for all A € A.
(iii) For any A € A, write A = A| + iA; with A|, A, € M. Using (i), (ii), and (3.11), we obtain
Gu(A) = Gu(Ay +iA2)" = (Gu(A)) +iG,(A2))
= Gm(Al) - le(AZ) = Gm(Al - lAZ)
= Gpu(A).

Hence, G,,(A*) = G,,(A)" for all A € A. O

Lemma 3.11. Using the symbols introduced above, G, satisfies
Gu(AB) = ) G;(A)g(B),
Ji+ja=m

and ¢,, satisfies

6u(AB) = D" (A (B)

i1 +ir=m

forall A,B € A.

Proof. By Lemma 3.7, Lemma 3.10, and the induction hypotheses @f (1 < s < m), on the one hand,
we obtain

2" %G (AB* + BA*) = G,(q,(iA, B, 1,...,1))
= D (G, (iA),0;,(B), 0D, .., ¢,(D)

Jit+..tjp=m
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= > 4G (A),¢u(B). 1. ])

Jitjo=m

=22 Z (G, (A)pj,(B)" + ¢, (B)G,(A)")

Jitja=m

for all A, B € A. Hence,

Gu(AB" + BA") = Z (G, (A)¢,(B)" + ¢,(B)G,(A)).

Jitja=m

On the other hand, we have

2"2G,(AB* — BA*) = G,(qu(A, B, 1,...,]))

D a(Gi(A), 6B, ¢ (D), ... 6;,(D)

J1+..Fjp=m
= > @G (A),¢,(B) 1. ])
Jitjo=m
=22 Z (G, (M), (B) — ¢,,(B)G,(A)"),
J1+ja=m

it follows that

Gu(AB = BA) = > (G;,(A);(B) = $,(B)G,(A)).

Jitja=m

Comparing the two above relations, we obtain

Gu(AB) = ) G, (A, (B)"

Jitja=m

Moreover, Lemma 3.8 yields

Gu(AB) = Gu(AB)) = Y| G (A)gu(B) = > G;(A)g,(B)
Jitjo=m Jitja=m
for all A, B € A. Similarly,
ou(AB) = > 4, (A)i,(B).

i1 +i=m

O

The preceding lemmas and Definitions 2.2 and 2.4 now enable us to establish the main result of this
paper.
Theorem 3.12. Let A be a x-algebra with identity element I and a nontrivial projection P, satisfying
condition (2.1). Suppose G = {G,,}nen is a nonlinear generalized bi-skew Lie n-higher derivation on A,

and ® = {¢,,}men is the associated nonlinear bi-skew Lie n-higher derivation of G that satisfies (3.1).
Then, G is an additive generalized higher *-derivation.
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4. Applications

Assume that for each nonlinear generalized bi-skew Lie n-higher derivation listed below, the
associated bi-skew Lie n-higher derivation satisfies condition (3.1). We obtain the following
corollaries.

The algebra (A is said to be prime if for all A, B € A, AAB implies A = 0 or B = 0. Itis easy to see
that prime *-algebras satisfy condition (2.1). Applying Theorem 3.12 to prime *-algebras, we have the
following corollary.

Corollary 4.1. Let A be a prime *-algebra with identity element I, containing a nontrivial projection
Py. Then, every nonlinear generalized bi-skew Lie n-higher derivation on A is an additive generalized
higher =-derivation.

A von Neumann algebra A is a weakly closed, self-adjoint algebra of operators on a Hilbert space
H containing the identity element /. A von Neumann algebra A is a factor if its center is C/. It
is well known that a factor von Neumann algebra is prime. Hence, as an immediate consequence of
Corollary 4.1, we get the following corollary.

Corollary 4.2. Let A be a factor von Neumann algebra with dim A > 2. Then, every nonlinear
generalized bi-skew Lie n-higher derivation on ‘A is an additive generalized higher *-derivation.

As demonstrated in [14, 15], if a von Neumann algebra has no central summands of type /;, then it
satisfies condition (2.1). Therefore, we can obtain the following statement.

Corollary 4.3. Let B be a von Neumann algebra with no central summands of type I,. Then, every
nonlinear generalized bi-skew Lie n-higher derivation on B is an additive generalized higher
x-derivation.

Let B(H) be the algebra of all bounded linear operators on a complex Hilbert space H. Let ¥ (H) C
B(H) be the subalgebra of all bounded finite rank operators. A subalgebra A C B(H) is called
a standard operator algebra if it contains # (). Since the standard operator algebra is prime, by
Corollary 4.1, we arrive at the following corollary.

Corollary 4.4. Let H be an infinite-dimensional complex Hilbert space, and ‘A be a standard operator
algebra on H containing the identity element I. Suppose that A is closed under the adjoint operation.
Then, every nonlinear generalized bi-skew Lie n-higher derivation G = {G}gner from A to B(H) is
an additive generalized higher %-derivation.

5. Conclusions

Motivated by existing results on nonlinear bi-skew Lie-type derivations on x-algebras, we
systematically analyze nonlinear generalized bi-skew Lie n-higher derivations on x-algebras using
mathematical induction. It is shown that, under the given conditions, every such derivation on the
x-algebra A is an additive generalized higher *-derivation. This result enriches the theory of nonlinear
Lie-type derivations on *-algebras and provides a theoretical reference for the structural study of von
Neumann algebras, C*-algebras, and other operator algebras. Moreover, this paper offers a feasible
analytical method for the study of other generalized higher derivations. Our results also lay a
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theoretical foundation for applying the properties of nonlinear bi-skew Lie n-higher derivations on
x-algebras in related fields.

Finally, we outline several promising directions for future research. First, we extend our
investigation to nonlinear generalized bi-skew Jordan n-higher derivations, and explore whether
analogous results can be obtained under similar assumptions. Second, we study nonlinear generalized
bi-skew Lie n-higher derivations on a broader class of algebraic structures, such as non-unital
x-algebras. Third, our main theorem can be applied to more operator algebras such as Banach
algebras and C*-algebras, so that we can derive more practically valuable corollaries. Fourth, we
weaken the hypotheses of the main theorem, aiming to find the minimal sufficient conditions that
guarantee the additivity of such nonlinear mappings.
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