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Abstract: We present an operator-theoretic analysis of a coupled plate-membrane system with Kelvin-
Voigt damping. The model consists of an Euler-Bernoulli plate coupled to a membrane through
transmission conditions, with Kelvin-Voigt damping mechanisms acting on different components of
the system. By formulating the problem within an abstract Hilbert space framework, we prove that
the associated operator generates a strongly continuous and analytic semigroup. As a consequence,
we derive regularity properties and describe the long-time behavior of solutions, including asymptotic
stability results. The analysis relies on semigroup theory and establishes a rigorous functional-analytic
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1. Introduction

In recent years, the study of coupled systems with transmission conditions has attracted considerable
attention in the analysis of partial differential equations, particularly in models involving interactions
between different physical media through an interface. These problems naturally arise in biology,
composite materials, hybrid structures, fluid-structure interactions, and vibration monitoring in civil
infrastructure (see [2, 3, 18] and the references therein). In these scenarios, coupled transmission
systems governed by plate and wave equations appear; they have become fundamental models for the
study of several physical and engineering phenomena. Several authors have studied such structures
under various damping mechanisms. Thermoelastic effects are present in the systems considered
in [4,7]. Frictional damping is considered in [4, 5, 11], and Kelvin-Voigt (K-V) damping appears
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in [7,15,17]. A description of the latter two damping mechanisms can be found in Subsections 1.1
and 1.2 of [25]. See also [1, Subsection 1.2] for additional comments on K-V damping. Here, we focus
on K-V damping in the coupled structure under consideration.

In this paper, we consider a transmission problem involving an Euler-Bernoulli plate with K-
V damping, coupled to a membrane with or without K-V damping. To cover both configurations,
the equations below include K-V damping terms for both the plate and the membrane. Within the
geometric framework of the problem, assume that Q and €, are nonempty open, connected, and
bounded sets in R? with boundary of class C* such that 52 c Q0 =N, I = 90Q, and
I := 0Q,. Then 0Q; = I'U 1. We assume that €, is occupied by the middle surface of the plate and that
Q, is occupied by the membrane. We consider the following equations:

Uy + Au+ kA%, =0 in (0, 00) X Q, (1.1)

Ve —Av—kAv;, =0 In (0, 00) X Qy, (1.2)

where u(t, x) denotes the transverse displacement at time ¢ of the material point located at x on the
middle surface of the plate and that v(¢, x) represents the corresponding displacement of the membrane.
The constants are such that «; is positive, and k, is non-negative. When «;, k» > 0, the term «;A’u, in

(1.1) represents K-V damping on the plate, whereas «;Av, in (1.2) represents K-V damping acting on
the membrane. We set the following boundary conditions:

u=0,u=0 on (0,00)%xT, (1.3)
PBr(u+kiu;) =0 on (0,00) X1, (1.4)

together with the transmission conditions
u=v on (0,00)XI, (1.5)
PBr(u + ki) = —0,v — k0,v, on (0,00) X I. (1.6)

The conditions (1.3) are the so-called clamped boundary conditions. The system is completed by the

initial conditions
u0,)=u", u0,)=u' in Qi
0, ) /0, o i (1.7)
v(0,)=v", v(0,)=v in .

The operators %, and %, in the boundary and transmission conditions, acting on sufficiently regular
functions w, are defined by

%1W =Aw+ (1 —,u)Blw and %zw = ayAW + (1 —p)(?,Bzw,
where
Biw = —(1,(V*w)t) and Byw = (1,(V*w)),

where u € (0, 1/2) is the Poisson ratio of the plate, and V2w denotes the Hessian matrix of w. Here,
v = (v1,v)" denotes the outward unit normal vector to the boundary of Q; and 7 := (—=v,,v;)". On
[ = 0Q,, the outward unit normal vector to €, is therefore —v|;. The energy of the system (1.1)—(1.6)
is given by

1 1
E@t) =~ f |lAul® + (1 = I Vul + ] dx + - f (197 + vl?) dx. (1.8)
2 Jo, 2 Jo,
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A direct computation shows that for sufficiently smooth u and v, the following holds:

d
—E@) =—xu | Auldx—xi(1 =) | [VulPdx =k, | |Vv,[dx. (1.9)
dt Q Q IR

The problem (1.1)—(1.7) is formulated as an abstract evolution equation in an appropriate Hilbert
space, where the main analytical difficulty lies in the interaction between the boundary operators %,
and %,, which commonly appear in the so-called free-type boundary conditions in plate theory, and the
transmission conditions, together with the different order of the partial differential equations (PDEs)
involved in the system. This approach allows us to employ semigroup theory as a central tool for
the analysis of the system. Stability and analyticity results are obtained for the semigroup associated
with the abstract problem. Although one might expect such results from the behavior of the individual
components, each of which generates an analytic semigroup under K-V damping, no proof seems to
be available in the literature for a transmission problem of the type considered here. One of the main
objectives of this work is to fill this gap. Despite the analyticity properties known for each uncoupled
subsystem, the interaction through transmission conditions introduces nontrivial coupling effects that
prevent a direct inheritance of regularity and stability properties.

Let us now review some studies related to our problem. In the one-dimensional case, the literature
contains beam-string, string-beam-string, and beam-string-beam transmission problems. For instance,
beam-string transmission problems were studied in [16,19,24], string-beam-string systems in [14], and
beam-string-beam transmission problems in [6, 8].

We next review some existing works concerning the n-dimensional case with n > 2. In [4], a
transmission problem involving a thermoelastic plate, with or without rotational inertia, coupled to
a membrane with and without frictional damping was analyzed. The authors examined the long-
time dynamics of the solution based on damping and rotation effects. In [5], the authors studied a
transmission problem coupling a structurally damped plate with a wave equation under frictional or
no damping. They proved exponential stability in the fully damped case and only polynomial stability
when damping was applied to the plate alone. In [7], the authors studied a transmission problem for
a thermoelastic plate, with or without rotational inertia, coupled to a membrane. Structural and K-V
damping were applied to the plate and membrane, respectively. They proved well-posedness, higher
regularity, and exponential and polynomial stability as well as analyticity of the associated semigroup,
depending on damping and rotational effects. In [11], the existence and uniqueness of solutions were
proved for a coupled wave-plate system with variable coefficients and dynamic boundary conditions.
Under geometric assumptions, exponential energy decay and strong stability were demonstrated using
Riemannian geometry and Lyapunov methods. In [12], the authors studied a two-dimensional wave-
plate system with localized frictional damping. They proved polynomial stability when the damping
was applied only to the plate and exponential stability when it acted on the wave component. The
proof was based on frequency domain techniques and multiplier methods to demonstrate exponential
stability. In [13], the authors presented an analysis of energy decay in a coupled wave-plate system
on concentric circular domains with localized frictional damping. Polynomial decay occurs with
damping only on the plate, whereas exponential stability arises when damping is on the wave region.
Using frequency domain techniques and multiplier methods, it was shown there that exponential
stabilization is guaranteed only when the wave equation is damped. In [15], the authors investigated a
transmission system where a membrane surrounds an Euler-Bernoulli plate, which has localized K-V
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damping. They showed that the system is dissipative, with energy decaying only at a logarithmic rate
as time approached infinity. Their proof employed frequency domain techniques, combining Carleman
estimates with contradiction arguments. In [17], the authors studied a Kirchhoff plate-wave system
with localized K-V damping on the plate. They proved that the system is dissipative and that its energy
decays at a logarithmic rate. The analysis used a new resolvent estimate via Carleman techniques and
reduction to second-order elliptic systems. To the best of our knowledge, none of the papers mentioned
above addressed a plate-membrane transmission problem involving an Euler-Bernoulli plate with K-V
damping coupled with a membrane that may or may not be subject to K-V damping.

The main results of this article include the existence, uniqueness, and regularity of solutions to the
system (1.1)—(1.7). When the plate and the membrane are endowed with K-V damping, the associated
semigroup on the energy space is analytic. This property plays a central role in the analysis and
provides a functional-analytic framework for the study of stability mechanisms as well as for the
potential optimization and control of coupled elastic structures arising in engineering applications.
On the other hand, if K-V damping is applied only to the plate while the membrane is undamped, the
solution exhibits polynomial decay with rate ~!/!°, provided a suitable geometric condition holds on
the interface. We emphasize that this polynomial decay rate is better than the rates obtained in [5],
where structural damping acts on the plate, and in [7], where the plate is thermoelastic. However, the
present analysis does not establish whether the decay rate ¢~!/!° is optimal.

We recall that transmission structures closely related to the one considered here can be found
in [4,5,7]. In [4] and [7], the plate is subject to thermal effects, in contrast to our model, in which
on the plate acts a K-V damping. In [5], as in the present setting, the plate is assumed to be isothermal;
however, the damping mechanisms differ because there, the plate experiences structural damping,
whereas the membrane is either undamped or subject to frictional damping. In this context, it is
worth emphasizing that the particular main result of the present work, namely the generation of an
analytic semigroup associated with the coupled system, is not established in any of the aforementioned
references. The analyticity result, together with the polynomial decay rate obtained in the partially
damped configuration (which is faster than the corresponding rates established in [5] and [7]), further
differentiates the present work from the related literature.

The paper is organized as follows: In Section 2, we prove the well-posedness of the problem (1.1)—
(1.7) using standard methods. In Section 3, we prove the analyticity of the semigroup associated to
the problem when «; > 0, and «, > 0 using the frequency-domain method of semigroup theory and an
argument by contradiction. Finally, in Section 4, we prove the polynomial stability when «; > 0, and
k; = 0 using a result by Borichev and Tomilov.

Throughout the paper, as usual, the symbol .Z(X) denotes the space of bounded linear operators
from X to X, where X is a normed vector space. The letter C represents a constant which may change
from line to line. For O c R? open with sufficiently smooth boundary 00, S c 80, s € R, and
G € {0, S}, H°(G) denotes the standard Sobolev space (or fractional Sobolev space when s ¢ N) of
order s on G.

2. The first-order system associated with the problem

Throughout the paper, all vector spaces are taken over the field of complex numbers. Setting w :=
(Wi, wa, w3, wa) ™ = (u, uy, v, v;)", we rewrite (1.1), (1.2), and (1.7) in the form of the first-order Cauchy
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problem
ow(t) —Aw() =0 (>0), w(0) = wy,

where wy == u°, u',1°,v")T, and A is the matrix operator

0 I 0 0
. —Az —KIAZ 0 0
A= 0 0 0 I @D
0 0 A KA

Here, 7 denotes the identity operator. Let HA(Qy) = {u € H*(Qy) : u = d,u = 0 onT}. On HX(Q)),
we define the inner product

U, V) = f (V2u : V* + ulu, v]) dx
Q)

for u,v € HA(Q), where

[bt, V] = Uyix Vaoxy T Uy Vg — Zuxlxzvxlxz

denotes the von Karman bracket (see [10, Section 1.4]), and
2 w2 . = = =
Vou : VoV =ty 0 Vi + Usoxs Vioxs + 22Uy 30 Vi -

Note that
(u, V>H§(Ql) = Au, Avypoy + (1 — M)(Vzu, V2V>L2(Ql)2x2

for all u,v € HX(Q,), where

(V2u, V) (g, pe = f Vu : Vvdx.

Q)

By Friedrichs’ inequality (see [22, Theorem 1.9]), the corresponding norm || - || H2AQ)) is equivalent to
the standard H*(€2;)-norm on H7(Q;). In particular, (HA(Qy), (-, ) H@p) is a Hilbert space. Because of
Lemma 2.1 in [5], we have for all u € H*(Q;) N H(Q,) and v € H2(Q,) that

(Azu, Vixa,) = (U, V>H§(Ql) —(Au, OV + (Pru, V)2 (2.2)
Now, we define
A= {w e HA Q) x L*(Q)) X H'(Qy) x L*(€,) : w; = w3 on [}
endowed with the inner product
W, W) = (wy, Wl)yg(gl) + (Wa, W) 12, + (Vw3 VWs) 2, + (Wi, Wad12(y)s
and
D(A) = {w € [HHQD]* X [H'(Q)]* : AWy + k1AW, € LA(Q)),

Aws + kpAwy € L*(Q,) and w; = wjyp on [ for j = 1,2}.
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One can show that (7, (:,-) ) is a Hilbert space. Note that D(A) C 7, and if w € D(A), then
Aw € A . For sufficiently smooth w € D(A) and w € [HA(Q))]* X [H'(Q,)]? satisfying w; = Wj,» on
I for j = 1,2, we obtain by (2.2) and Green’s formulas that
(Aw, w)
=(W2, W1 p2q,) — (N> (w1 + Kiwa), Wadrzay) + (Vwa, Vins) 2,2 + (A(Ws + Kawa), Wad 2y
=(W2, Wi,y = W1 + Kiwa, W),y + (D11 + Kiwa), O,w2) 12y = (La(wr + Kiwa), Wa)
+(Vwa, Vws) 2,2 = (VW3 + kawa), VWa) 12,2 — (0y(W3 + KaWa), Wa) 12r)
=(wy, Wl)HI%(Q.) — (w1, W2>Hg(gl) — K1{wa, Wz)yg(gl) +(Vwy, VW3>L2(QZ)2 —(Vws, VV~V4>L2(QZ)2 (2.3)
— ko{VWy, VWa) 12,2 + (B1 (W1 + Kiw2), O,W2) 12y — (Ba(Wi + Kiwa) + 0, (W3 + Kaws), W) 12p)-

Now, note that the boundary and transmission conditions (1.4) and (1.6) read in terms of the
components of the unknown w in the first-order problem associated with (1.1) and (1.2) as

%1(W1 +Kwy) =0 on I, (24)

and
PBr(wy + kKywa) = =0, (w3 + kKowy) on 1. (2.5)

Equation (2.3) motivates the following weak interpretation of the boundary and transmission
conditions (2.4) and (2.5), which are associated with the conditions (1.4) and (1.6).

Definition 2.1. We say that w € D(A) satisfies the boundary and transmission conditions (2.4) and
(2.5) weakly if the equality

(Aw, Whe = (Wa, Wi,y = Wi+ Kiwa, Wad o,y + (Vwa, VW), — (V(ws + kawa), VW),

is satisfied for all w € [HX(Q))]* X [H(Q)]* satisfying W; = Wi on I for j = 1,2.

Now, we consider the unbounded linear operator <7 : D(&/) C J — ¢ given by &/w = Aw with
the domain
D(f) = {w € D(A) : (2.4) and (2.5) are weakly satisfied}.
Note that

2

2~ Kol (2.6)

Re{ ' w,w) » = —kq|[wal| LX)

for all w € D(<7). Thus, the operator <7 is dissipative. Observe that the previous equality is related
to the derivative of energy (1.9). This computation shows that for any smooth solution (u, v) of (1.1)-
(1.6), the energy (1.8) is decreasing.

Theorem 2.1. Suppose k; > 0, and k, > 0. The operator </ generates a Cy-semigroup (7 (t))=0 of
contractions on €. Therefore, for all wy € D(<), the Cauchy problem

ow(t) = dw(t) (>0), w0)=wy (2.7)

has a unique classical solution w € C'([0, o), 7) such that w(t) € D(</) for all t > 0, given by
w(t) = 7 (t)wy.
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Proof. We already know that o7 is dissipative. We now prove that the operator 7 — &7 : D(&/) —
is surjective. Let f € 7. We must find w € D(</) such that

w—dw=f, (2.8)
or, equivalently,
wi—wy = fi in HE(Q),
wr + A*wi + K A%w, = £ in LA(Q),

ws —wy = f3 in H'(Q,),
Wy — Awsz — koAwy = f4 in LX(,).

(2.9)

To this end, we consider w € [HZ(Q)]* X [H'(Q,)]* with w; = Wy, on [ for j € {1,2}, as in
Definition 2.1. If we had a solution w € D(&7) for (2.8) (equivalently (2.9)), we would have that
wi = wy + fi, w3 = wy + f3, and from Definition 2.1 that

(fsWhor = W, W) — (W, W)
= (fi,w >H§(Q,) + (Wo, Wi, + (V3 VW) 2, + (Wa, Wa) 2, + (W2, Wz)zig(gl) (2.10)

+ k1 {wy, W2>H§(Ql) + /1, W2>Hg(gl) + (1 + )(Vwa, VW) 2,2 + (V 3, VW) 2, 0.
Furthermore, because

(fiw)e = (fi, Wy )le_(Ql) + (o, W + (V3 VW) 2, + (fas Wad120,)s
we would obtain that

(Wa, Wad 2,y + (1 4 k1){wo, W2>H1%(Q]) + (Wa, Wa)2y) + (1 + k2)(VWa, VW4) 120,

B . . . (2.11)
= —(f1, W2>H§<Ql) + (. wodrzy — AV f3, VW) 2, + (fa, Wad 2(0y)-

The equality (2.11) motivates the introduction of the following space. Let
V={V=(Vi,W) e H%(Ql) X Hl(Qz) Vil = Vali}
be endowed with the inner product
WV, Vhy = (Vi Vidpay + (1 + k0)V1 Vi + (Vas Vi + (1 + XV Va, Vo).
Note that the mapping F : V — C given by
F(V) = =(fi, Vmay + (. Ve = (Vs VWV, + (s Vo),
is antilinear and continuous. Observe that (2.11) can be rewritten as
(W2, Wa), (W2, Wa))y = F(Wp, Wy). (2.12)

Because (V, (-, -)q) is a Hilbert space, the Riesz representation theorem implies that there exists a
unique W = (W, W,) € V such that

(W,W)q, = F(W) forall WeV. (2.13)
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Let w = (Wi, wa, w3, wy)" := (W; + f1, Wi, W, + f3, W,)T. We show that w € D(</) and that w satisfies
(2.9). It is clear that w € HX(Q;) X HA(Qy) X H' () X H'(£,) and that the first and third equations in
(2.9) are satisfied by w. Moreover,

W1|1 =W +f1|1 =W, +f3|1 = W3| and W2|1 = W1|1 = W2|1 = W4|

1 I

Let ¢ € C2(Q), and W := (p, 0). Because W € V, it follows from (2.13) that

Wi, @) + (1 + ki )XWy, 90>Hg(gl) = —(/1, 80>H§(Ql) + {2, @2 @))- (2.14)

From (2.2), we obtain

Wi @) = (0 Wipa,) = (A%, Wi, = (W1, A@) 12,

; : (2.15)
= (Wi, A°0)p @ x2@) = (AW, @) @)xa@))-

Analogously,
(f1s 90>H§(Q,) = <A2f1, ‘p>@'(Ql)><@(Ql)- (2.16)
It follows from (2.14)—(2.16) that

2 2
Wi, @)z @pxa@) + (1 + KAWL @) grpxaq) = —(A fi, @ a@ixa@) + {fas @) o7@xa@)-

Then, we have
(N’ T(Wy + £1) + kWL ], @) aranxaan = fr = Wi @ aranx o)

Therefore,
A2W1 + K1A2W2 = Az(Wl + K1W2) = fz - W1 = fz — Wy in @’(Ql)

As f, — W, € L*(Q,), we obtain that A>w; + k;A’w, = A’(w; + kyw,) € L*(Q;) and that w satisfies the
second equation in (2.9). In a similar way, we have

AW3 + Ko Awy = A(W; + K2W4) =W, - f4 =Wy — f4 in @’(Qz)

As W, — f; € L*(Q,), we obtain that Aws + ko Aw, = A(ws + kowy) € L*(€,) and that w also satisfies the
fourth equation in (2.9). Then, we have that w € D(A), and w— Aw = f. Therefore, for the surjectivity
of 7 — ¢/, it remains to show that w satisfies the boundary and transmission conditions (2.4) and (2.5)
in the weak sense, which will imply that w € D(&7), and w — &/w = f. Indeed, if we take again
w € [HXQD]* x [H'())* with w; = Wy, on I for j € {1,2}, we have (wy, ws) € V. Then, (2.13)
implies that (2.12) holds for our w and w. In turn, (2.12) implies (2.11), and from this, (2.10) holds.
From (2.10), we can see that w satisfies the boundary and transmission conditions (2.4) and (2.5) in the
weak sense.

By [23, Theorem 4.6] and the Lumer-Phillips theorem, .o/ generates a Cy-semigroup of contractions
on J7. O

Similarly to Section 4 in [5], we can show that if w = (w1, wy, w3, wy)" € D(&7), then wy + k;w, and
w3 + kows have enough regularity in order to satisfy the boundary and transmission conditions (2.4)
and (2.5) in the strong sense of traces on /. We will use such a result in Section 3. Exactly, we have
the following proposition.
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Proposition 2.1. If w = (Wi, wy, w3, ws)" € D(&7), then wy + kiwa € H*(Q)), and ws + koyw, € H* ().

Proof. Letw = (wi,wa,w3,wy)" € D(), and F = (f1, f>, f3, f4)T = @w. Then, f; = w; € H%(Ql),
fi = wy € HY(Q), A(ws + kawy) = fi, and A2(wy + kywa) = —fo.

Because f; € L*(Q,), and (w; + szz)| , € H’'*(I), Remark 4.4(b) in [5] implies that there exists a
unique v € H*(£),) such that

Av = f4 in Qz ,

v=(w; +xwy)|, on I

I
Because ws + kows = wy + kowy on I, we have ws + kows — v € H(‘)(Qz). Because A(w; + kowy —v) =0
in the weak sense in H}(€,), we have w; + kowy — v = 0. Therefore, w3 + kows = v € H* ().
Now, for sufficiently large 4y > 0, we consider the following boundary value problem:
(Ao + A = g(wi + kywa) — fo in - Qy,
u=0u=0 on T,
PBu=0 on I,

932u = - 6V(W3 +kowy) on 1.

(2.17)

Because Ag(w; +k1wy)—f> € L2(Q)), and — 8, (w3 +kowy) € H'/*(I), we have by Corollary 4.3 in [5] that
the problem (2.17) has a unique solution u € H*(Q,). Let ¢ € HX(Q). Because u € H*(Q;) N HA(Q),
from (2.2) and the boundary conditions in (2.17), we obtain
(A + A*)u, P2, = ol Pray) + (U, Oy + (Bau, @)
= Ao(u, ‘p>L2(Ql) + (u, 90>H§(Q.) —(0,(w3 + kKawy), 90>L2(1)- (2.18)
Now, let ¢ € HX(Q)), and ¢ € H'(Q,) with (p|l = w|], and let w := (0,¢,0,¥)7. By the definition of
D(47), (2.4) and (2.5) are weakly satisfied by w (see Definition 2.1). Then, it follows that
(AW, W) = (=N (W1 + Kiw2), 120 + (AW3 + Kawa), Y120
= —(wi + KWy, <P>H§(gl) —(V(w3 + kawy), V¢>L2(Qz)2-
Because wj + kow, € H*(€,), integration by parts applied to the term (A(ws + kowy), ) [2(0,) in the last
equality yields
(N*(Wy + Kiw2), @) 12,y = =0, (W3 + Kawa), W) 2y + (W1 + Kiwa, O r2)-
Then,
(Ao + A*)(wy + Kiw2), @) 12

(2.19)
= Ao{w1 + Kiw2, ©)r20)) + W1 + Kiw2, @),y = (Oy(W3 + KaWa), Y12y

Note that (g + A?)u = Ag(w; + kywy) — fo = (g + A®)(w; + kyw,) in Q. Then, subtracting (2.19) from
(2.18) we have
0 = Ao(u = (W1 + Kiw2), @) 120 + (U = (W1 + K1w2), @)

for all ¢ € HZ(Q;). Because u — (w; + kjwz) € HXQ)), we obtain u — (w; + k;w;) = 0; that is,
wi + kiwa = u € HY(Q)). O
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The following remark will be very useful in the next sections.

Remark 2.1. Ifu € HX(Q)), and v € H'(Q,) with u = v on I, then it holds that ux, + vy, € HN{(Q),
where X, stand for the characteristic function of set ;. From this and Poincaré’s inequality, it follows
that

2 2 2 2
112 0, + V12 0,y < CallIVulZaig 2 + IVVI2( )

3. Analyticity

In this section, we will establish the analyticity of the solutions to the problem (1.1)—(1.7) when
both the plate and the membrane have K-V damping. Our proof of analyticity, which will be by
contradiction, is supported by the following well-known result.

Theorem 3.1 ( [20, Theorem 1.3.3]). Let (T4(?))»0 be a Cy-semigroup of contractions in a Hilbert
space H generated by A. Suppose that iR C p(A). Then, T4(¢) is analytic if and only if

lim sup |1AGAT — A) |z < 0. 3.1)

|A]—> 00

Proposition 3.1. Ifx; > 0, and k; > 0, then 0 € p(<7).

Proof. Let us see that operator o7 : D(<7) — F is bijective. Let f € 7. Next, we will guarantee the
existence of a unique w € D(&7) such that &/w = f. For this reason, we put w, = f, wy = f5 and
consider the system

—A2W1 - K1A2f1 = f, in Lz(Ql)’

_ (3.2)
AW3 + K2Af3 = f4 in L (Qz)

The space W = {(wy, w3) € H2(Q) X H'(Q,) : w; = w3 on I} endowed with the inner product

(Wi, w3), Wi, w3 = (Wi, Wiga,) + VW3, YW3)2q,

is a Hilbert space. Note that the application A : ‘W — C given by
A(d1, ¢3) = —ki{f1, ¢1>H§(Q]) — (/2 ¢1>L2(Ql) —k2(V f3, V¢3>L2(92)2 = (f4 ¢3>L2(Qz)

belongs to the antidual space ‘W’. By the Riesz representation theorem, there exists a unique (wy, ws) €
W such that

(Wi, w3), (1, 93))w = A(d1, ¢3)  forall (1, ¢3) € W. (3.3)

Let (Y1,¥3) € C2(1) X C°(L,). Note that (¥, ¥3) is also an element of W. Taking into account (2.2)
and (3.3), and using an argument as in (2.15), we obtain

(N + K A fi + Uz + (—Aws — Afs + fi,¥3)z, = 0, (3.4)

where 2(Q)) = 2'(Q;) X 2(Q;) for j = 1,2. Because f, € L*(Q)), and f3, fs € L*(Q,), Eq (3.4)
implies that A%w; + k;A*w, € L*(Q)), and Aws + k,Aw, € L2(Q,). Therefore, w € D(A). Observe that
we have also established the validity of the equations in (3.2), and thus,

Aw = f.
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Let w € [HA(Q)]* X [H'(€)]* with w; = W), for j = 1,2. By (2.1), (3.2), and (3.3), we compute

(AW, W)

= (w2, W1>Hg(gl) + (=AW — K1 AW, W2,y + (Vs Vs + (Aws + Ko Awy, Wad 2y
= (W2, W, >H§(91) + (. Wiz + (VWa, VW3 20,2 + (fa, Wad 12y
= (wp, W >H12,(Ql) + (Vg VW3>L2(QZ)2 —(w, W2>le(gl) —(Vws, VW4>L2(92)2 — ki{wa, Wz)yg(gl)

— ko Vwa, VWa) 120,02

This shows that w weakly satisfies the boundary and transmission conditions (2.4) and (2.5). We have
shown that there exists a unique w € D(2/) satisfying .o/w = f. Thus, o/ : D(&/) — JZ is bijective,
and because it is also a closed operator (see Theorem 2.1 and [23, Corollary 2.5]), then &7 ~! : 5# — #
is a continuous operator. Hence, 0 € p(2/). O

The following result will be very useful for some estimates in the proof of the main result of this
section and also in the last section.

Lemma 3.1. Let O be a bounded domain in R" with C' boundary 0. Then, for any function u € H'(0),

the following estimate holds:
12 2

with C being a positive constant independent of u.

Proof. See Theorem 1.4.4 in [20]. O

Proposition 3.2. If k; > 0, and «,>0, then the imaginary axis is contained in the resolvent set of <7,
that is, iR C p(&7).

Proof. Let k; > 0, and «x,>0. Because p(«7) is open in C, and 0 € p(7), there exists a ball Bz(0)
centered at the origin with radius R > 0 such that Bz(0) C p(<7). Let § € R with 0 < § < R. Observe
that i[-98, 8] C p(<7). Therefore, the set R := {1 > 0 : i[-A, 1] C p(</)} is nonempty. Let 1* := supR.
If 2 = oo, we have nothing to prove. Now, suppose A* < co. Note that 1* > 0. Clearly, 4* ¢ R. Then,
there is (1,),en € R such that A, — A%, and ||(i1,7 — &/)7'| £y — 0 as n — oo. Thus, there exists
(e © A with _ _

Ifalle =1 and  lim [|Gd, 1 — ) full o = oo

Now, we will only consider the nonzero terms of ((id,7 — </ )" fner. Putting w, = (id,7 — )"\ f,,
Wy = W, /|Walle, and f, == f,/lIWall», we obtain that

(T — L yw, = f, (3.5)

with
Wollwy =1 and ||, L — D Iw,|lry = 0 as n— . (3.6)

Note that (w,),en C D(«7). By (2.1) and Eq (3.5), we obtain

iL,w) —wy = f{, (3.7)
iAWh + APW! 4+ Kk APwh = 2, (3.8)
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iL,wis —wy = f3, (3.9)
i,wy — Aws — AW, = f), (3.10)

and
. 2 2 2 2 2
1GAT = Wl = WMy + Iy + IV 3y + U2

Using the limit in (3.6) together with (3.7)—(3.10), we obtain that

W —wh — 0 in HAQ)), (3.11)

iAW + AW+ ki APwh — 0 in LA(Q)), (3.12)
i1, VWi — Vwi — 0 in L*(Q,), (3.13)

iAW — AW — ko Aw] — 0 in L*(Q,). (3.14)

By the dissipativity of .o/ (see (2.6)), we have

Re((idnT = Wons Wik = K1IW3IE g + Kol VWS (3.15)

Case 1. We first consider the case x, > 0. Using the Cauchy-Schwarz inequality, (3.6), and (3.15), it
follows that
wi— 0 in HXQ;) and Vw}— 0 in L*(Q,). (3.16)

The limits 4, — A%, (3.11), (3.13), and (3.16) imply
w) — 0 in H%(Ql) and Vw; — 0 in LX(). (3.17)

From the first limit in (3.16), it is immediate that

wi — 0 in L*(Q)). (3.18)
On the other hand,
AWy — AW — Ko AWy, W) 120,) = i/lnllwﬁlliz(gz) — (AW + K AW, Wi 12(0y).- (3.19)

By Proposition 2.1, we have that w% + kow), € H 2(€,). Then, using integration by parts and the fact that
wy = w), on I, we obtain

iZ(Qz)Z —(0,(W5 + kaW), W2y (3.20)

<AW§L + K2AWZ, WZ>L2(QZ) = —<VW’31, VWZ)LZ(QZ)Z — K2||VWZ||
Thanks to the Cauchy-Schwarz inequality and the trace theorem,
[0, (w5 + kW), Whd | < Clws + koWl W5l - (3.21)
Considering again the first limit in (3.16), we have

wi — 0 in H'(Q)). (3.22)
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As AW} + kowy) = id,w)y — f (see (3.10)), and w5 + kow) = w + kow5 on I, Remark 3.1 in [7] implies

||W§ + K2WZ||H2(QZ)
<C(llid,wy = filli2y) + W + kWil si2ry)

SC(/lnHWZ”LZ(Qg) + 3 N2y + Wil + ||W§||H2(Ql)),

and therefore,
”Wg + K2WZ||H2(QZ) <C. (323)

From (3.6), (3.14), (3.16), (3.17), and (3.19)—(3.23), it follows that
wi — 0 in L*(€,). (3.24)

The limits (3.17), (3.18), and (3.24) imply w, — 0 in JZ°, which contradicts the equality in (3.6).
Hence, 1* = .

Case 2. We next consider the case k, = 0. By Proposition 2.1, w? + kjwj € H*(Q,), and wi € H*(Q,).
By (3.6), (3.11), and (3.15), we have

wi—0in HX(Q;) and  wi— 0 in HX(Q)). (3.25)
Inserting (3.9) into (3.10), we obtain
Lwi+ Awh = —id, 3 = f1 in LX(C). (3.26)

Because f7 = f' on I, Theorem 1.9 in [22] and the trace theorem imply

15N < C(A N + IV £ lz@nr)- (3.27)

Because f' — 0in H*(Qy), Vfi' — 0in L*(Q,), and f]' — 0in L*(€,), then from (3.26) and (3.27), it
follows that
Lwi+Awh — 0 in LA(Qy). (3.28)

Using integration by parts,
Mﬁwg’ + AWZ, W'31>L2(92) = /lﬁllwgl”%}(gz) - ||VW§||%2(QZ)2 - (ang, Wr3l>L2(1)- (3.29)
Arguing as in (3.23), we also obtain in this case the boundedness of (W}),cy in H*(Q,). Therefore,
|<8VW§?W’;>L2(1)| < C”ng”Hz(Qz)”Wr]l”Lz(l) < C”W’]l”Hz(Ql)- (3.30)
The first limit in (3.25) together with (3.28)—(3.30) allows us to write
Wil 0, ~ VWA .0 = O. (3.31)

Let xo € R2. Consider the vector field & : Q, — R? given by A(x) := x — xo. By the Rellich identity
(compare with equality (94) in [4]), we have

Re f AWi(h - Vwh)dx = —Re f O,Wi(h - VwhdS + 1 f (h - v)IVwiPdS. (3.32)
Q) I I

AIMS Mathematics Volume 11, Issue 8, 23868-23892.



23881

By performing calculations similar to those on page 12,904 of [4], we obtain
LlW3lIT g, = =34 f (h-v)IWildS — Re f ow's(h - Vwhdx. (3.33)
I Q)
Substituting /lﬁw’g for —id, f3' — fi' — Aw% in (3.33) and using (3.32), we obtain

LML, = =34, f (h-)wiPdS —Re f B, Wi(h - Twh)dS
1 1

+ %f(h WIVWIPAS +Re | (.17 + f)(h - Vwh)dx.
I Q
In consequence, due to w; = w/ on I, the trace theorem, and the boundedness of (W}),ey in H*(Q,), we
have

2 2 2 2 2 2
/ln”Wg”Lz(QZ) S C(llwlil”HZ(Ql) + ||VW§”L2(1)2 + ”f;HLz(QZ) + ||fZl||L2(QZ)) (334)
As we have seen before, lim, o [W]|lm2,) = iMoo 15112 = iMoo 1/} 1122, = 0, and now we
will establish that lim,,_,e, [[VW}|[22 = 0. We have

VWAl = @Y + @wllizae < 1,Wallia) + 118 Will2q- (3.35)
Asw| =wjonl,
18-wAll2y = 118wz < ClWllc- (3.36)
Taking into account the transmission condition %, (W' + k;w}) = —0,w5 on [, using Lemma 3.1 and the
interpolation inequality with the spaces H*(€2;) and H*(Q,), we obtain

lOyWill2ay = B2 (W + kKiw)llr2

1/2 1/2
H4(Q)) H3(Qy)

3/4 1/4
< Cllw} + Klwgllm(gl)llw'f + Klwglle(Ql). (3.37)

< Clwy + kywh| (W] + &y whl|

Note that the components of w,, satisfy the system

Az(w’f +Kwy) = ) —id,w) in L*(Q))),
Wi + KWy =0 on T,

d,w) +kiwj) =0 onT,

Bi(w] +kws) =0 on I,

PBr(W + kyws) = —0,w5 on I
By Corollary 4.3 in [5], there exists 4y > O such that
W] + K1W§||H4(Ql) < C(||/10(W'11 + KWy + fy — i/an’ﬁlle(Ql) + ||(9VW§Z||H1/2(1)),

and so
W} + kiwhllgaq,) < C. (3.38)

By (3.35)—(3.38), we obtain Vw; — 0 in L*(I). Now, from (3.34), w% — 0 in L*(€,). A combination
of the previous limit together with (3.14), (3.28), and (3.31) allows us to conclude that

Vi — 0 in L*(Qy), and  wj — 0 in L* (). (3.39)

Limits (3.25) and (3.39) lead to the same contradiction as in the previous case. |
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The following is the main result of this section.
Theorem 3.2. If k; > 0, and k, > 0, then the semigroup (7 (1)) generated by <7 is analytic.

Proof. We already have that iR C p(%); see Proposition 3.2. Let us suppose (3.1) is not true. Then,
there are sequences (4,,),en C R with [2,| = oo and (f;,),en C 22 with ||f,]l» = 1 such that

lim | 4,41 — )" fille = 0.

Henceforth we only c0n51der the terms of (4,,),ev and (I/l 1(iA, T — o)~ fn),,eN that are nonzero. Doing
I/l I(l/l I - 52{) fn’ w, = Wn/IIWnHYf and f;l = fn/”wn”%"a we obtain

Wallw =1 and (il — |47 D w, = f, (3.40)
with
- 1
(T — Al = ol = Wl _
Walle  [[Walle

Here, +i = sign(4,)i, where sign(4,) = A,/|4,]. Note that (w,),ey C D(27). Using (2.1) and the
functional equality of (3.40), we obtain

—0 as n— oo, 3.41)

+iw! — |4, wh = f7, (3.42)
+iwh + |1, (AW + K APWE) = £ (3.43)
+iwh — |4, Wl = £, (3.44)
+iw’; — |, AWSE + kiAW) = f1L (3.45)
By (3.41)—(3.45), we can write
+iw! — |4,['wh — 0 in HA(Q)), (3.46)
+iwh + |4, (APW! 4+ ki APWh) — 0 in LH(Q), (3.47)
+iVwi — 4,7 Vw} — 0 in L*(Q,), (3.48)
+iw); — |1 AWS + ko AW]) — 0 in L*(€,). (3.49)

The dissipation of &7 (see (2.6)) implies that

Re((+iL — ||~ W, W) = IIVW4||

Ty * T
This last equality together with the first statement of (3.40) and (3.41) allow us to obtain
|47 ?wE — 0 in HA(Q;) and |4,]7*Vuw! — 0 in LA(Q,). (3.50)
From (3.46) and the first limit in (3.50), it follows that
wi — 0 in Hp(Q)). (3.51)
By (3.48) and the second limit in (3.50),

Vi — 0 in L*(). (3.52)
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As (Wh),eay is bounded in H*(Q,), the limit (3.46) implies that (|4,]~'w?%), , is also bounded in H*(Q).
By the interpolation inequality and [[w}l;2,) < |wall» = 1, we obtain

(172
—1 n 2VHA(Q)) 172
|/ln|1/2||W2”Hl(Ql) < C |A |1/2 ” 2||L2(Q) > (353)
Let us consider the following equality:
(£iw — |47 (AW + kAW, Wi, = +z||W4||Lz(Q ) — 1 THAWS + KW)), Wi 2ay)- (3.54)

Using integration by parts and the equality w, = w}; on I, it follows that

|7 AWS + koW, Wiy = =14~ (VWh, VW) 2,y (3.55)

— Ko|Aa|” IIVW4||L2(Q P — 47O, (W) + kW), W) 120 '
By the Cauchy-Schwarz inequality and the boundedness of (I/L,I‘leZ)neN in L?(€,), we have

3 VWZ>L2(92)2| < Mnl_l||ng||L2(Qz)2”VWZ”LZ(Qz)Z < ClIVwill2, - (3.56)

From (3.45), we have A(w; + kow}) = id,w) — |4,|f}, and as w; + Kow) = w] + kowj on I, then
Proposition 2.1 and Remark 3.1 in [7] lead to

w5 + KZWZ”HZ(QZ)
<C(lid,w}y = 1l il 2y + W] + kaWillmsi2ry)

SC(|/1n|||WZ||L2(QZ) + |/1n|||ff||L2(Qz) + ”W’]l”HZ(QI) + ||W§||H2(91>),
and therefore,
-1 -1 -1
|7 W5 + kowyllmzan < CUWalle + 1 falle + 1 Iwalle + 1 W5l @) < C. (3.57)

Using the Cauchy-Schwarz inequality, Lemma 3.1, ||w}||;2q,) < 1, and (3.53), we obtain

/1,_,1<(9V(W§ + KaW)), W§>L2(1)|

<IATN8, (W5 + kawDll2an IWhllz2r)

<CII10, w5 + kawllzal ™ WIS w512,
<CIL 18,5 + w2 (3.58)

Using the estimate (3.57) and Corollary 4.3 in [7], we obtain

-3/4
|l / 10, (W5 + koWl 2y

1
N | /2 - n nyj1/2
_C|/ln|1/2 ||W3 + K2W4||H2(Qg) |/ln|1/4 ||V(W3 + K2W4)||L2(Qz)2
~1/4 1/2 -1/4 1/2
SCAT VWAL + 1AW, ). (3.59)

Now, taking the limit as n — oo in (3.54) and using (3.49), the boundedness of (W}),en in LX),
(3.50), (3.52), (3.55), (3.56), (3.58), and (3.59), we obtain

wi — 0 in L*(Q,). (3.60)
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On the other hand,

Ty F T W+ kwh), wWh) . (3.61)

(£iw + [T AW+ K AW, Wi ay) = illWhll
Because #,(w| + kiw}y) = 0, and ZBr(w| + Kiw3) = —0,w} — k20,w, on 1, (2.2) and Proposition 2.1
imply that

-1 2
[T (AT (W] + KiW5), W) 12
-1
=l W] + Kiwh, Wil ) + (=0, (W5 + kaw), Wh) 2] (3.62)

-1 -1 2 -1
=l W Wiy + K1 WA ) = Al (OO0 + Ko Wiz,

Taking the limit as n — oo in (3.61) and using (3.47), the boundedness of (W), in L*(Q))), (3.50),
(3.52), (3.58), (3.59), and (3.62), we have

wi — 0 in L*(Q)). (3.63)

The limits (3.51), (3.52), (3.60), and (3.63) lead to w,, — 0 in .7Z, which contradicts ||w,||,» = 1. O

Remark 3.1. Because the operator </ generates an analytic semigroup (7 (1)) on the phase space
F, the following classical consequences hold:

i) Analyticity in time.

For every initial datum wy € J, the map t — 7 (t)wy is analytic for all t > 0. In particular, the
corresponding solutions are infinitely differentiable in time on (0, o), even if wy ¢ D(<).

ii) Exponential stability.
Because iR C p(&f), the analyticity of the semigroup generated by <f implies the exponential
stability of the semigroup.

iii) Robustness under bounded perturbations.
If B € L(I) is a bounded linear operator, then </ + B still generates an analytic semigroup
on 7. In particular, analyticity is stable under bounded linear perturbations of the model (e.g.,
lower-order coupling terms or bounded feedback operators).

These properties are well-known in the theory of analytic semigroups; see, for example [23].
4. Polynomial stability in the case of the undamped membrane

In this section, we analyze the case of the undamped membrane for our problem (1.1)—(1.7), that
is, k; = 0. In this case, we prove that the solution of the first-order problem (2.7) associated with the
abstract formulation of (1.1)—(1.7) exhibits polynomial decay under a geometric condition imposed on
Q,, which frequently appears in the stability analysis of wave equations. Specifically, we assume that
there exists some x, € R? such that

qg-v<0 onl, “4.1)

where g(x) := x — xo with x € Q,. Note that Condition (4.1) holds if, for example, Q, is convex,
or, more generally, if it is star-shaped with respect to a point x, located inside it, taking into account
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that the normal vector v on [ points towards the interior of €2,. Recall that a domain €, is said to be
star-shaped with respect to a point x, € €, if, for every x € ), and every ¢ € [0, 1],

Xo + t(x — xp) € Q.
Indeed, if €, is star-shaped with respect to xy, then
(x —x0) - vq,(x) >0 onl,

where v, denotes the outward unit normal vector to €2,. Because the normal vector v used here points
toward the interior of €2,, we have v = —vq, on /, and hence,

qgx)-v(x) =(x—x9) - v(x) <0 (x€el).

For the proof, we use the following theorem, which provides a characterization of the polynomial
stability of a Cy-semigroup of contractions due to Mufioz Rivera and Racke (see [21, Lemma 5.2]) and
extends a well-known result of Borichev and Tomilov (see [9, Theorem 2.4]).

Theorem 4.1. Let (T(t));s0 be a contraction semigroup on a Hilbert space H with generator A such
that iR N 0(A) = 0. Then, for @ € Ny and 8 > 0 fixed, the following assertions are equivalent:

i) There exist C > 0 and Ay > 0 such that for all A € R with |A] > Ay and all f € D(A®), it holds that
[GAT = A" £, < CLAPIA® fla.
ii) There exists some C > 0 such that for all t > 0, it holds that

|T(A < Cr w7,

Nz

Note that Assertion ii) implies that ||T(H)ug|ly < Ct~"@*P||Aug||y for all uy € D(A). The following
is the main result of this section.

Theorem 4.2. Let k; > 0, k;, = 0, and assume that the condition (4.1) holds. Then, for every w, €
D(7), the solution of (2.7) decays polynomially at least at rate t~'/'°; that is, there exists a constant
C > 0 such that

17 wolle < CE e/ woll e

forallt >0 and wy € D().

Proof. By Proposition 3.2, we have iR N o(&/) = 0. Let 49 > 0, and 4 € R with 1] > Ay, F =
(fi, fo, f3s f4)T € 0, and w = (w1, wa, wz, wy)T € D(&7) such that

(Al — o/)w=F, (4.2)

which is equivalent to the following system of equations:

idwy —wy = fi € H%(Ql)’ (4.3)
idw, + A’(wy + Kiwa) = fr € LA (Q)), 4.4)
ilwy —wy = f € H'(Qy), 4.5)
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idwy — Aws = f4 € L*(). (4.6)

Multiplying (4.4) by —w; and (4.6) by —ws3, integrating over the respective domains, and adding the
resulting identities, we obtain

. 2 .
=AW, Wi 2 — (A (Wi +KiW2),Wi) 120 —EAAW4,W3) 12(0y) F{AW3,W3) 1200, = —{ 2. W) 12 — {fa-W3) 12y ) -

Because wy + kjwy € HH(Q)) N HA(Q)), wi € HX(Q)), and wy € H*(€,), we may use (2.2), integrate by
parts, and use the fact that w satisfies (2.4) and (2.5) in the strong sense of the traces to obtain

. . 2
—iA W2 WD) 120 = (W1 HKIW2, WD) 20y ~EAWaW3) 120y — VW3l 2 g, 2 = = (WD 120 = (fasW3) 1200 -

Then, using (4.3) and (4.5), it follows that

2 2 . 2 . 2
2 2 . 2 :
+4 ||W3||L2(Q2) + l/l<f:3)a W3>L2(Qz) - ||VW3”L2(92)2 = _<f2’ Wi >L2(Q|) - <f47 W3>L2(Qz)'

Using the Cauchy-Schwarz inequality after taking the real part of (4.7) and taking into account the
equivalence of the norms || - llx2q,) and || - llp2q,)» We have

2
HA(Q)

2 2 2 2
<4 ||W1||Lz(Ql) +4 ||W3||Lz(92) + C(l/l”lfl”HlZ(Ql) + K1||f1||H§(Ql) + ||f2||L2(Ql))||W1||H§(Ql)

+ (1Al 2@y + 1 fallz@n)Iwsll2q,)-

2

+ ”VW3”L2(92)2

[l

In view of Remark 2.1, the equivalence of the norms || ||2(q,) and || -| HAQ)) again, and because |4]| > A,
we obtain

2

2 2 2 2 2
20 T IIVwsl| < A%wll + A%lwsl| + ClA|[wll»
HAQ))

L2(Q)2 L2(Qy) LX) :

[wil Fll e (4.8)

Now, note that from (2.6), it follows that

2 2
W2llzq,) < Clwalle g,y < ClWlLANIE e, (4.9)

and then, using (4.3), we obtain
Pl < COMW g, = CIfi +wallpg) < C(IFIE, + IWllellFlle ). (4.10)
Using (4.5) and Remark 2.1, we also obtain

2 2 2 2
||W4||L2(Qz) < 24 ||W3”L2(Qz) + 2||f3||L2(Qz)
2 2 2 2
S 2/1 ||W3||L2(Qz) + 2(||Vf1||L2(Ql)2 + ”V‘f3”L2(QZ)2)
2 2 2 2
< 221Wsl72 0,y + 2(Clfilp gy, + 19 ol 1)

< C(X1wsll3aqq,, + IFI,). (4.11)
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Using again the fact that || > Ay, from (4.8)—(4.11), it follows that

W, < C(Alwsl22q,, + IFI, + [AlIWILAIFILe ). (4.12)
Now, we must estimate /12||w3||i2 @ Arguing similarly to the calculations on page 1100 in [5], we have

Wil e, < C(IFIZ, + 1AMWILAIFILe) + f 10,ws(q - Vw3l dS,
1

where ¢ is the vector field given in (4.1). By (2.5), ,w; = —%,(w; + kyw,) on I. Then,
flavm(q - Vw3)|dS = fle%(wl +kiw)llg - VwsldS < CllBo(wi + kiw)llzapIVWsllzge.  (4.13)
I I

In order to estimate ||Vws||;2(2, we estimate the norm of w3 in H 2(Q,). From (4.6), we have
AW:; = l/lW4 - f4.
Because w; = wy on I, by Remark 4.4(b) in [5], it follows that

Wil < C(Ilidws = fill 2y + Wil
< C(IUlwallzay) + Ifillizan + Wil

< (1wl + IF 1Lz )- (4.14)

Using Lemma 3.1, Remark 2.1, and the equivalence of the p-norms on RZ, we obtain

1/2 1/2
Hz(Qz) | |W3 | |H1 (QZ)

1/2 1/2 1/2 1/2
< C(I2IWI + IFI iwil,

= C(I1"2Iwlle + WD), (4.15)

IVwsll 2y < Cliwsl|

We now estimate the term || %,(w; + kiwo)ll 2. We first fix a sufficiently large IO > 0. By (4.4),
w1 + Kyw, satisfies

(Ao + AH) Wy + kiwa) = Aolwy + (ki — Dwal + fr—idws
in Q. Furthermore, w; + xyw, satisfies the boundary conditions

wi+kwy =0 onl,
o,(w; +kiwy) =0 onT,
PBi(wy +Kkiwp) =0 onl,

PBr(wy + Kjwp) = =0,w3  on 1.

Because Ao[w; + (k1 — )\wa] + fo—idws € LX), and 8,ws|; € H/2(I), we have the following a priori
estimate (see Corollary 4.3 in [5]):

Wi + kiwallgae,) < C70(||/10[W1 + (ky = Dwal + fo—idws|l2q,) + ||avW3||H1/2(1)),
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where Gy, > 0 is a constant depending on Zo but not on w; + kyw; or the data. Then, using the trace
theorem for wjs, it follows that

w1 + kKiwallgaq,) < C(/lo[||W1||Hl%(Ql) +Iwallizp] + 14l +HAllwallzg,) + ||W3||H2(Qz))

< C(1U[Iw Iz, + Iwallz@n] + I Allz@) + IWslla,)

for || > Ay, where the final constant C > 0 depends on Ay and ;fo but not on w, F, or A. From the last
inequality and (4.14), we obtain for |1| > A, that

i + Kiwallgsayy < CLANWILE + 1F L )- (4.16)
From (4.9) and (4.10), it follows that
llwy + KIWZHHZ(QI) = ||W1||H2(Ql> + K1||W2||H2(Ql)

C 12
< ﬁl(nwn,yannf +IFIE,) " + CIwI'ZIFNL

< C(IWI'ZIFNL + 1F 1Ly ). (4.17)
. . ) 1 1
In the last inequality, we have taken into account that — < —, and — has been absorbed into the

|] 0 Ao
constant C.

Using Lemma 3.1, the interpolation inequality, (4.16), (4.17), and the equivalence of p-norms in
R2, we obtain

B (w1 + kKiw)ll2y < Cliwy + K1W2|| [lwi + K1W2||

H4(Q)) H3(Q))
1/2
< Cllw, + Klenm (Iwy + K1Wz||H4(Q Iwy +kwall )

< Cllwy + kiwa 5 {lwy + kw1

HY(Q1) HX(Qy)

< (1AWl +1FL) " (211 + 1F1L)

< CIAPH(IwIE + IFIES) (W NFIL + IFIL)

< CLAPH(IWITENEIL + IwIANFIL + Il SUFITS +IFIe). (4.18)
From (4.13), (4.15), and (4.18), it follows that

[1powsta-vimnas
<CLAPH(IWITANFIL + IwIELIEI + IwlESHEIT + 1F 1) - (1121wl + w21 )
<CLAPH(Iwll S NEILS + IwilBIUEIEL + W NEI + WIS

+ IWIZRIEIL + IWISSIENLS + Wil FlLe + WIS,

Now, we can apply Young’s inequality a*?b’ < ea® + C.b?, which holds for fixed 6 € (0,2) and

arbitrary € > 0, to each summand on the right side of the last inequality. The estimate yielding the
highest power of |4] is

1/8
5/4 15/8 1/8 15/8 10 2 20 2
APl EIFIS = Il (1N IL) < ellwl, + CoAAPNFIE,.
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Therefore, for 1] > Ay, we conclude that
flavm(q - Vw)ldS < elwll, + CAAPIFIR,. (4.19)
I

where € > 0 is arbitrary, and C, is a positive constant depending on &.
Using (4.12), (4.13) and (4.19) and applying Young’s inequality to the term |A]||w||_#||F||,», we
obtain
w2, < elwlls, + CaPNFIR, (41> o)

for any £ > 0, where C, > 0 is a constant, which depends only on &, 4y, and Ao. Then, it follows that
IWlle < CIAIPIFLZ (141> o), (4.20)

where C is a positive constant depending on Ay and Ao but not on w or F. The theorem now follows
from Theorem 4.1. O

5. Conclusions

In this paper, we investigated a coupled plate-membrane transmission system with K-V damping
acting on the plate and optionally on the membrane. The problem was formulated within an operator-
theoretic framework, thereby allowing the system to be studied as an abstract evolution equation in an
appropriate Hilbert space.

The main contribution of this work is the proof that the operator associated with the coupled system
generates an analytic semigroup. This result provides a rigorous functional-analytic characterization of
the dynamics and yields enhanced regularity properties for the corresponding solutions. In addition, the
asymptotic behavior of the system was analyzed under different damping configurations. In particular,
exponential stability follows when K-V damping acts on both components, whereas polynomial
stability with an explicit decay rate is established when damping is applied only to the plate. Moreover,
in the partially damped configuration, the polynomial stability obtained here yields a better decay
rate than those previously reported for related transmission systems involving structural damping or
thermoelastic effects. This observation highlights the influence of K-V damping on the long-time
behavior of the coupled dynamics and further illustrates the impact of the transmission coupling
on stability properties. An important consequence of the analyticity result is that solutions exhibit
enhanced regularity in time, even for initial data belonging merely to the energy space. Furthermore,
the generated semigroup inherits exponential stability properties and preserves analyticity under
bounded perturbations. These features underscore the robustness of the proposed framework and
demonstrate the effectiveness of semigroup methods in the analysis of coupled elastic transmission
systems.

From an applied perspective, the analyticity and stability properties established in this work may be
relevant for the mathematical analysis of vibration dissipation mechanisms in coupled elastic structures
involving interacting plates and membranes. In particular, stability properties provide information on
the long-time behavior of vibrations and their attenuation under damping effects. These results may
also provide insight into the study of elastic structures composed of different materials coupled through
transmission interfaces.

AIMS Mathematics Volume 11, Issue 8, 23868-23892.
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The results obtained in this work contribute to the mathematical understanding of transmission
problems for coupled elastic structures with K-V damping and show that the interaction through
interface conditions produces a nontrivial coupling between the subsystems. Future work may
address localized damping effects, nonlinear interface interactions, or more general coupled elastic
configurations involving heterogeneous materials.
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