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Abstract: About 1.5% of all cancers worldwide are attributed to the Epstein-Barr Virus (EBV).
Mathematical models have been used to support clinical trials in identifying potential treatments for
many diseases. This paper proposes a delayed within-host model of EBV oncovirus dynamics. The
model analyzes the interactions between uninfected B cells, actively infected B cells, latently infected
B cells, cancerous infected B cells, EBV particles, and cytotoxic T lymphocytes (CTLs). We establish
the nonnegativity and boundedness of the model solutions. We derive all equilibrium points and
demonstrate their local stability. We execute sensitivity analyses of the reproduction numbers RV

and RI . We conduct several numerical simulations. Based on our results, increasing the value of a1,
which measures the role of the EBV in weakening the ability of CTLs to kill infected cells, raises the
concentration of infected B cells in the body. This can lead to more severe EBV infections. Moreover,
increasing the value of a2, which measures the role of the EBV in impairing the natural death of
cancer cells, increases the concentration of cancer cells in the body. In addition, increasing the values
of the time delays in the absence of CTLs increases the concentration of healthy cells and reduces
the concentrations of actively infected cells and cancer cells. Additionally, the results show that the
basic reproduction number RV is sensitive to the proliferation rate of the EBV, the production rate of
uninfected cells, the infection rate, and the death rates of uninfected and actively infected cells. Thus,
the values of these parameters should be carefully estimated.
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1. Introduction

About 12% of viral infections can result in cancer [1,2]. These infections are caused by oncoviruses.
Cancer development requires chronic inflammation, immunosuppression, or disruption of normal cell
growth [1, 2]. Viral cancers usually need 15 to 40 years to develop [1]. An exception is EBV-
associated lymphoproliferative disease which may occur shortly after infection [1]. Notably, viral
replication in cancers is suppressed, as active replication can kill the host cell and prevent cancer
development [1]. Some well-recognized oncoviruses are the Epstein-Barr Virus (EBV), Hepatitis B
Virus (HBV), Hepatitis C Virus (HCV), Human Papillomavirus (HPV), and Human T-lymphotropic
Virus (HTLV-1) [1–3].

The EBV is a DNA virus that belongs to the Herpesviridae family [1, 4]. The EBV was discovered
in Burkitt’s lymphoma cells in 1964 [1]. About 1.5% of all cancers worldwide are attributed to the
EBV. The EBV primarily infects B lymphocytes via binding of the viral protein gp350 to the B
cell receptor CD21 [1, 5]. After primary infection, the EBV enters a latent state, leading to latent
infection in B cells [1, 4, 6]. During latency, the virus remains non-lytic and does not generate
new virions [4, 7]. However, partial lytic activity has been suggested as a mechanism that allows
persistent low-level replication without progression to a fully productive infection [8]. Many EBV
genes are expressed during the latent phase, which may contribute to cancer development and immune
escape [1, 4]. EBV persistence is partly attributed to its ability to evade host immune responses. In
particular, latently infected cells and EBV-associated malignant cells express a restricted range of
viral antigens and may impair antigen presentation, thereby reducing their recognition by cytotoxic
T lymphocytes (CTLs) [1, 2, 4, 6, 7]. In contrast, actively infected cells express higher levels of viral
antigens and are therefore more susceptible to CTL-mediated killing [1,2,4,6,7]. The EBV-associated
lymphoproliferative disorders include Burkitt’s lymphoma, Hodgkin’s lymphoma, and post-transplant
lymphoproliferative disease [1, 2, 9]. The strong link between the EBV and many cancers highlights
the need to understand EBV infection to develop effective treatments [1, 2].

Mathematical modeling has been used to support clinical trials in identifying potential treatments
for many infections and diseases. Numerous models have been developed to study infections such
as the Human Immunodeficiency Virus (HIV) [10–13], HBV [14–16], HCV [17–19], measles [20],
malaria [21], chlamydia [22], and COVID-19 [23–27]. Many other infections have also been
studied [28–30]. In addition, a substantial number of models have been generated to understand
the relationship between some viruses and cancer. These models can be divided into oncolytic virus
models [31–33], and oncovirus models [3]. However, based on our current knowledge, studies related
to oncovirus models are rare. In [3], a mathematical model was used to explore how the viral life cycle
could affect oncogenesis at the within-host and between-host levels. The model was analyzed from a
biological perspective, and no mathematical analysis was performed. To the best of our knowledge, no
within-host models of EBV infection have been previously studied from a mathematical perspective.

In this work, we formulate a within-host EBV oncovirus dynamics model composed of six delay
differential equations (DDEs) that analyze the interactions between uninfected B cells, actively infected
B cells, latently infected B cells, cancerous infected B cells, EBV particles, and CTLs. EBV infection
involves several biological processes that are not instantaneous and are characterized by intrinsic time
lags, including viral replication, the establishment of latency, and the progression from latent infection
to malignancy. Therefore, DDEs offer a more realistic framework than ordinary differential equations
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(ODEs) by explicitly accounting for the time required for these biological processes to occur. We
establish the nonnegativity and boundedness of the model solutions. We derive all equilibrium points
and demonstrate their local stability. We execute sensitivity analyses of the threshold numbers RV and
RI . Moreover, we conduct numerical simulations and discuss the results.

2. Oncogenic EBV model

The model is formulated based on the following assumptions:

(i) B cells are generated from a source at a constant rate, while they are depleted due to EBV infection
and natural death;

(ii) The depletion of actively infected B cells occurs as a result of CTL clearance and natural death;

(iii) A proportion of actively infected B cells turns into latently infected B cells;

(iv) A proportion of latently infected B cells turns into cancer cells;

(v) The multistage carcinogenic process is represented by a single effective transition rate, ρ3, which
reflects the average progression from latent infection to the cancerous state;

(vi) Both latent and cancer cells die at natural rates;

(vii) Some delays occur during the transitions to active infection, latency, and the cancerous state;

(viii) EBV particles are only produced by actively infected cells, while they decay at a constant rate;

(ix) CTLs are stimulated by actively infected cells, while their depletion occurs due to natural death.

The model is structured as follows:

Ḟ(t) = θ − ρ1F(t)V(t) − ε1F(t),
Ȧ(t) = ρ1e−r1τ1 F(t − τ1)V(t − τ1) − (1 − a1)γA(t)I(t) − (ρ2 + ε2)A(t),
L̇(t) = ρ2e−r2τ2 A(t − τ2) − (ρ3 + ε3)L(t),
Ċ(t) = ρ3e−r3τ3 L(t − τ3) − (1 − a2)ε4C(t),
V̇(t) = ηA(t) − ε5V(t),
İ(t) = αA(t)I(t) − ε6I(t),

(2.1)

where (F, A, L,C,V, I) (t) measure the concentrations of uninfected B cells, actively infected B cells,
latently infected B cells, cancerous infected B cells, EBV particles, and CTLs at time t, respectively.
Uninfected cells are generated at a steady rate θ, become infected by the EBV at a rate ρ1FV , and
die at a rate ε1F. Actively infected cells proliferate at a rate ρ1e−r1τ1 F(t − τ1)V(t − τ1), and turn into
latent cells at a rate ρ2A. Latent cells turn into cancerous cells at a rate ρ3L. Actively infected cells,
latent cells, and cancerous cells die naturally at rates ε2A, ε3L, and (1 − a2)ε4C, respectively. EBV
particles are produced by actively infected cells at a rate ηA, while they decay at a rate ε5V . CTLs
are induced by active cells at a rate αAI, while they die at a rate ε6I. The parameter a1 measures the
effect of the oncogenic virus in reducing CTL-mediated killing of infected cells, where a1 ∈ [0, 1).
In addition, the parameter a2 measures the impact of the oncogenic virus in reducing the death of

AIMS Mathematics Volume 11, Issue 8, 23847–23867.



23850

cancerous cells, where a2 ∈ [0, 1). The delay τ1 > 0 represents the period from virus entry into B
cells until their conversion into actively infected cells. The delay τ2 > 0 is the time needed by actively
infected cells to enter the latent mode. The delay τ3 > 0 is the time needed by latent cells to convert
into cancer cells. In addition, e−riτi(i = 1, 2, 3) represent the survival probabilities from t − τi to t,
where ri represent the death rates during the delay periods. The parameters ri capture not only natural
cell death but also other biological factors that may prevent successful progression, such as immune-
mediated clearance, unsuccessful establishment of infection or latency, and cellular dysfunction during
the transition process.

3. Properties of the solutions

This section discusses the well-posedness of the solutions and computes all possible equilibrium
points of model (2.1).

3.1. Nonnegativity and boundedness

Let X = C([−τb, 0],R6
+), where τb = max {τ1, τ2, τ3}, be the Banach space of continuous functions

with norm ‖ψi‖ = sup
−τb≤ω≤0

|ψi(ω)| for ψi ∈ C([−τb, 0],R6
+), i = 1, 2, ..., 6.

The initial conditions for model (2.1) are(F, A, L,C,V, I) (ω) = (ψ1, ψ2, ψ3, ψ4, ψ5, ψ6) (ω),
ψi(ω) ≥ 0, i = 1, 2, ..., 6, ω ∈ [−τb, 0].

(3.1)

The standard theory of functional differential equations guarantees that model (2.1) with initial
conditions (3.1) has a unique solution [34, 35].

Theorem 3.1. All solutions of model (2.1) with conditions (3.1) are nonnegative and ultimately
bounded.

Proof. From the first equation of model (2.1), it follows that

Ḟ|F=0 = θ > 0, İ|I=0 = 0.

Thus, F(t), I(t) ≥ 0 ∀ t ≥ 0. Additionally, for t ∈ [0, τb], we have the following:

A(t) = ψ2(0)e
−

t∫
0

[(1−a1)γI(u)+(ρ2+ε2)]du
+ ρ1e−r1τ1

t∫
0

e
−

t∫
s

[(1−a1)γI(u)+(ρ2+ε2)]du
F(s − τ1)V(s − τ1)ds,

L(t) = ψ3(0)e−(ρ3+ε3)t + ρ2e−r2τ2

t∫
0

e−(ρ3+ε3)(t−s)A(s − τ2)ds,

C(t) = ψ4(0)e−(1−a2)ε4t + ρ3e−r3τ3

t∫
0

e−(1−a2)ε4(t−s)L(s − τ3)ds,

V(t) = ψ5(0)e−ε5t + η
t∫

0
e−ε5(t−s)A(s)ds.

This implies that (A, L,C,V) (t) ≥ 0 ∀ t ∈ [0, τb]. By induction, we obtain (A, L,C,V) (t) ≥ 0 ∀ t ≥ 0.
This proves that all solutions are nonnegative.
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Next, we show the boundedness of the solutions. From the first equation of model (2.1), we have

Ḟ(t) ≤ θ − ε1F(t) =⇒ lim sup
t→∞

F(t) ≤
θ

ε1
.

Let us introduce the following:

B(t) = e−r1τ1 F(t − τ1) + A(t) +
(1 − a1)γ

α
I(t).

Then, we obtain the following:

Ḃ(t) = e−r1τ1θ − e−r1τ1ε1F(t − τ1) − (ρ2 + ε2)A(t) −
(1 − a1)γε6

α
I(t)

≤ θ − µ

[
e−r1τ1 F(t − τ1) + A(t) +

(1 − a1)γ
α

I(t)
]

= θ − µB,

where µ = min {ε1, ρ2 + ε2, ε6}. This gives the following:

lim sup
t→∞

B(t) ≤
θ

µ
.

Accordingly,

lim sup
t→∞

A(t) ≤
θ

µ
and lim sup

t→∞
I(t) ≤

αθ

(1 − a1)γµ
.

From the third equation of model (2.1), we obtain the following:

L̇(t) ≤
ρ2θ

µ
− (ρ3 + ε3)L(t) =⇒ lim sup

t→∞
L(t) ≤

ρ2θ

µ(ρ3 + ε3)
.

Similarly, we can conclude from the fourth and fifth equations of model (2.1) that

lim sup
t→∞

C(t) ≤
ρ2ρ3θ

(1 − a2)µ(ρ3 + ε3)ε4
and lim sup

t→∞
V(t) ≤

ηθ

µε5
.

Thus, all solutions are bounded. �

3.2. Equilibrium points

Theorem 3.2. There exist threshold numbers RV > 0 and RI > 0 such that model (2.1) has three
equilibrium points:

(i) The healthy equilibrium Q0 = (F0, 0, 0, 0, 0, 0) always exists;

(ii) The EBV immune-inactive equilibrium Q1 = (F1, A1, L1,C1,V1, 0) exists if RV > 1;

(iii) The EBV immune-active equilibrium Q2 = (F2, A2, L2,C2,V2, I2) exists if RI > 1.
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Proof. By solving the algebraic system

0 = θ − ρ1FV − ε1F,

0 = ρ1e−r1τ1 FV − (1 − a1)γAI − (ρ2 + ε2)A,
0 = ρ2e−r2τ2 A − (ρ3 + ε3)L,
0 = ρ3e−r3τ3 L − (1 − a2)ε4C,

0 = ηA − ε5V,

0 = αAI − ε6I,

we find that system (2.1) admits three equilibria:

(i) The healthy equilibrium Q0 = (F0, 0, 0, 0, 0, 0) = (
θ

ε1
, 0, 0, 0, 0, 0) . Hence, Q0 is always defined.

(ii) The EBV immune-inactive equilibrium Q1 = (F1, A1, L1,C1,V1, 0). Its components are given by

F1 =
er1τ1(ρ2 + ε2)ε5

ηρ1
, A1 =

ε1ε5(RV − 1)
ηρ1

, L1 =
e−r2τ2ρ2ε1ε5(RV − 1)

ηρ1(ρ3 + ε3)
,

C1 =
e−r2τ2−r3τ3ρ2ρ3ε1ε5(RV − 1)

(1 − a2)ηρ1ε4(ρ3 + ε3)
, V1 =

ε1(RV − 1)
ρ1

,

where RV =
e−r1τ1ηθρ1

ε1ε5(ρ2 + ε2)
. Consequently, Q1 is defined when the basic reproduction number

RV > 1. Biologically, RV is the average number of newly infected cells that arise from one
infected cell in the absence of the CTL immune response. Hence, it determines whether an EBV
infection can be established and persist within the host.

(iii) The EBV immune-active equilibrium Q2 = (F2, A2, L2,C2,V2, I2). Its components are given by

F2 =
αθε5

αε1ε5 + ηρ1ε6
, A2 =

ε6

α
, L2 =

e−r2τ2ρ2ε6

α(ρ3 + ε3)
, C2 =

e−r2τ2−r3τ3ρ2ρ3ε6

(1 − a2)αε4(ρ3 + ε3)
,

V2 =
ηε6

αε5
, I2 =

(ρ2 + ε2)(RI − 1)
(1 − a1)α

,

where RI =
e−r1τ1αηθρ1

(ρ2 + ε2)(αε1ε5 + ηρ1ε6)
. Thus, Q2 exists when RI > 1. Specifically, RI measures the

ability of the EBV infection to stimulate and sustain the immune response.

�

4. Local stability of equilibria

By considering the linearized system of model (2.1), the characteristic equation at any equilibrium
point Qi = (Fi, Ai, Li,Ci,Vi, Ii) is given by the following:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−ρ1Vi − ε1 − y 0 0 0 −ρ1Fi 0
ρ1e−(y+r1)τ1Vi −(1 − a1)γIi − (ρ2 + ε2) − y 0 0 ρ1e−(y+r1)τ1 Fi −(1 − a1)γAi

0 ρ2e−(y+r2)τ2 −(ρ3 + ε3) − y 0 0 0
0 0 ρ3e−(y+r3)τ3 −(1 − a2)ε4 − y 0 0
0 η 0 0 −ε5 − y 0
0 αIi 0 0 0 αAi − ε6 − y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0,
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where y is an eigenvalue.

Theorem 4.1. The healthy equilibrium Q0 of model (2.1) is locally asymptotically stable if RV < 1 and
unstable if RV > 1.

Proof. The characteristic equation at Q0 is given by the following:

(y + ε1) (y + ρ3 + ε3)
[
y + (1 − a2)ε4

]
(y + ε6)

[
(y + ρ2 + ε2)(y + ε5) − e−(y+r1)τ1ηρ1F0

]
= 0. (4.1)

For τ1 = τ2 = τ3 = 0, the characteristic equation at Q0 becomes the following:

(y + ε1) (y + ρ3 + ε3)
[
y + (1 − a2)ε4

]
(y + ε6)

(
y2 + φ1y + φ2

)
= 0,

where
φ1 =ρ2 + ε2 + ε5,

φ2 =(ρ2 + ε2)ε5 − ηρ1F0 = (ρ2 + ε2)ε5(1 − RV).

Four of the eigenvalues are given by the following:

y1 = −ε1 < 0, y2 = −(ρ3 + ε3) < 0, y3 = −(1 − a2)ε4 < 0, y4 = −ε6 < 0. (4.2)

Two of the eigenvalues are determined by the solution to the equation y2 + φ1y + φ2 = 0, where φ1 > 0
and φ2 > 0 if RV < 1. By the Routh-Hurwitz theorem, the roots of the equation are either negative
or have negative real parts if RV < 1. This implies that the eigenvalues of the characteristic equation
at Q0 are either negative or have negative real parts if RV < 1. On the other hand, at least one of the
eigenvalues has a positive real part when RV > 1. Therefore, Q0 is locally asymptotically stable if
RV < 1 and unstable if RV > 1.

Next, we prove the stability for any τ1 > 0, τ2 > 0, and τ3 > 0. It is clear that Eq (4.1) has
four negative eigenvalues, as shown in Eq (4.2). The remaining eigenvalues are determined by the
following:

(y + ρ2 + ε2)(y + ε5) − e−(y+r1)τ1ηρ1F0 = 0. (4.3)

Equation (4.3) can be rewritten as follows:

(y + ρ2 + ε2)(y + ε5) = e−yτ1(ρ2 + ε2)ε5RV . (4.4)

If the real part of y is nonnegative, then the modulus of the left-hand side of (4.4) is as follows:

|(y + ρ2 + ε2)(y + ε5)| ≥ (ρ2 + ε2)ε5. (4.5)

The modulus of the right-hand side of (4.4) satisfies the following:

|e−yτ1(ρ2 + ε2)ε5RV | ≤ (ρ2 + ε2)ε5RV < (ρ2 + ε2)ε5. (4.6)

Thus, Eqs (4.5) and (4.6) lead to a contradiction with Eq (4.4). This implies that all roots of Eq (4.1)
have negative real parts, and Q0 is locally asymptotically stable if RV < 1.

When RV > 1, we introduce a function

f (y) = (y + ρ2 + ε2)(y + ε5) − e−(y+r1)τ1ηρ1F0.

Note that f (0) = (ρ2 + ε2)ε5(1−RV) < 0 and lim
y→+∞

f (y) = +∞. Hence, Eq (4.1) has at least one positive

root. This shows that Q0 is unstable when RV > 1. �
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In the following theorems, we establish the local stability of Q1 and Q2 for zero time delays. The
proofs of stability for positive time delays are left for future work. For τi > 0, the characteristic
equations for Q1 and Q2 become higher-order transcendental equations containing exponential terms
e−yτi . This would require advanced analytical techniques, including imaginary-root analyses and the
Hopf bifurcation theory, which are beyond the scope of the present study.

Theorem 4.2. In the case of τ1 = τ2 = τ3 = 0, the EBV immune-inactive equilibrium Q1 is locally
asymptotically stable if RV > 1 and RI < 1. It is unstable when RI > 1.

Proof. The characteristic equation at Q1 is provided by the following:

(y + ρ3 + ε3)
[
y + (1 − a2)ε4

]
(y − αA1 + ε6)

(
y3 + σ1y2 + σ2y + σ3

)
= 0,

where
σ1 =ε1 + ρ1V1 + ρ2 + ε2 + ε5 = ρ2 + ε2 + ε5 + ε1RV ,

σ2 =(ρ2 + ε2 + ε5)(ε1 + ρ1V1) + (ρ2 + ε2)ε5 − ηρ1F1 = ε1(ρ2 + ε2 + ε5)RV ,

σ3 =(ε1 + ρ1V1)(ρ2 + ε2)ε5 − ηε1ρ1F1 = ε1ε5(ρ2 + ε2)(RV − 1).

Three of the eigenvalues are given by the following:

y1 = −(ρ3 + ε3) < 0, y2 = −(1−a2)ε4 < 0, y3 = αA1− ε6 =
αε1ε5 + ηρ1ε6

ηρ1
(RI −1) < 0 if RI < 1.

The remaining eigenvalues are determined by the solution to the equation y3 + σ1y2 + σ2y + σ3 = 0.
Note that σ1 > 0, σ2 > 0, and σ3 > 0 if RV > 1. Additionally, we have the following:

σ1σ2 − σ3 = ε1(ρ2 + ε2)2RV + (ε1RV + ε5)[ε1(ρ2 + ε2 + ε5)RV] + ε1ε5(ρ2 + ε2) > 0.

Thus, by the Routh-Hurwitz theorem, the roots of the equation y3 + σ1y2 + σ2y + σ3 = 0 are either
negative or have negative real parts if RV > 1. Accordingly, the eigenvalues of the characteristic
equation at Q1 are either negative or have negative real parts if RV > 1 and RI < 1. Furthermore, the
eigenvalue y3 > 0 if RI > 1. Therefore, Q1 is locally asymptotically stable if RV > 1 and RI < 1, and
unstable when RI > 1. �

Theorem 4.3. In the case of τ1 = τ2 = τ3 = 0, the EBV immune-active equilibrium Q2 is locally
asymptotically stable if RI > 1.

Proof. The characteristic equation at Q2 can be written as follows:

(y + ρ3 + ε3)
[
y + (1 − a2)ε4

] (
y4 + δ1y3 + δ2y2 + δ3y + δ4

)
= 0,

where
δ1 =γ(1 − a1)I2 + ε1 + ρ1V2 + ρ2 + ε2 + ε5,

δ2 =αγ(1 − a1)A2I2 + (ε1 + ρ1V2)[γ(1 − a1)I2 + ρ2 + ε2 + ε5],
δ3 =αγ(1 − a1)(ε1 + ρ1V2 + ε5)A2I2 + ρ1V2ε5[γ(1 − a1)I2 + ρ2 + ε2],
δ4 =αγ(1 − a1)(ε1 + ρ1V2)ε5A2I2.

Two of the eigenvalues are given by the following:

y1 = −(ρ3 + ε3) < 0, y2 = −(1 − a2)ε4 < 0.
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The other eigenvalues are determined by the solution to the equation y4 + δ1y3 + δ2y2 + δ3y + δ4 = 0.
Since A2 > 0 and I2 > 0 when RI > 1, the coefficients δ1, δ2, δ3 and δ4 are positive when RI > 1. In
addition, we have the following:

δ1δ2 − δ3 = (ε1 + ρ1V2)(ε1 + ρ1V2 + ε5)[γ(1 − a1)I2 + ρ2 + ε2 + ε5]
+ [γ(1 − a1)I2 + ρ2 + ε2]

[
αγ(1 − a1)A2I2 + (ε1 + ρ1V2)(γ(1 − a1)I2 + ρ2 + ε2) + ε1ε5

]
,

(δ1δ2 − δ3)δ3 − δ
2
1δ4

= αγ(1 − a1)A2I2[γ(1 − a1)I2 + ρ2 + ε2](ε1 + ρ1V2)

×
[
(ε1 + ρ1V2)2 + αγ(1 − a1)A2I2 + ε1ε5 + ε1 + ρ1V2

]
+ ρ1V2ε5[γ(1 − a1)I2 + ρ2 + ε2]

[
αγ(1 − a1)A2I2ε5 + (ε1 + ρ1V2)(ε1 + ρ1V2 + ε5)(γ(1 − a1)I2

+ ρ2 + ε2) + (ε1 + ρ1V2)2ε5 + ε1ε
2
5
]
+ ρ1V2ε5[γ(1 − a1)I2 + ρ2 + ε2]2

×
[
αγ(1 − a1)A2I2 + (ε1 + ρ1V2)(γ(1 − a1)I2 + ρ2 + ε2) + ε1ε5

]
+ αγ(1 − a1)A2I2ρ1V2ε

2
5 [γ(1 − a1)I2 + ρ2 + ε2]

[
−2 +

αγ(1 − a1)A2I2

ρ1V2ε5
+

ρ1V2ε5

αγ(1 − a1)A2I2

]
.

From the relation between the arithmetic mean and geometric mean, we have the following:

−2 +
αγ(1 − a1)A2I2

ρ1V2ε5
+

ρ1V2ε5

αγ(1 − a1)A2I2
≥ 0.

Accordingly, δ1δ2 − δ3 > 0 and (δ1δ2 − δ3)δ3 − δ
2
1δ4 > 0 when RI > 1. Hence, by the Routh-Hurwitz

theorem, the eigenvalues of the characteristic equation at Q2 are either negative or have negative real
parts when RI > 1. This implies that the equilibrium Q2 is locally asymptotically stable if RI > 1. �

5. Numerical simulations

In this section, numerical simulations are presented to confirm the results of Theorems 3.1, 3.2,
4.1–4.3. The MATLAB solver dde23 is used to solve the equations of system (2.1) with three sets of
initial conditions:

I − 1 :
(
F(ω), A(ω), L(ω),C(ω),V(ω), I(ω)

)
= (200, 0.01, 0.01, 0.01, 0.1, 5),

I − 2 :
(
F(ω), A(ω), L(ω),C(ω),V(ω), I(ω)

)
= (500, 0.001, 0.001, 0.02, 0.2, 10),

I − 3 :
(
F(ω), A(ω), L(ω),C(ω),V(ω), I(ω)

)
= (1000, 0.002, 0.003, 0.03, 0.3, 15),

where ω ∈ [−τb, 0]. The values of α and ρ1 are varied, while the remaining parameters take the values
provided in Table 1. The following cases are obtained according to the stability of Q0, Q1, and Q2:

(i) α = 10−7, ρ1 = 10−5, τ1 = τ2 = τ3 = 0.1: The solutions in this case (Figure 1) approach
the equilibrium Q0 = (2000, 0, 0, 0, 0, 0), where RV = 0.8617 < 1. This result agrees with
Theorem 4.1. It simulates the case of an individual without an EBV infection.

AIMS Mathematics Volume 11, Issue 8, 23847–23867.



23856

0 100 200 300 400 500

0

500

1000

1500

2000

I-1

I-2

I-3

(a)

0 500 1000 1500 2000

0

0.002

0.004

0.006

0.008

0.01

I-1

I-2

I-3

(b)

0 200 400 600 800 1000

0

0.002

0.004

0.006

0.008

0.01

I-1

I-2

I-3

(c)

0 50 100 150 200 250 300

0

0.005

0.01

0.015

0.02

0.025

0.03

I-1

I-2

I-3

(d)

0 200 400 600 800 1000

0

0.05

0.1

0.15

0.2

0.25

0.3

I-1

I-2

I-3

(e)

0 50 100 150 200

0

5

10

15

I-1

I-2

I-3

(f)

Figure 1. The numerical results of system (2.1) for α = 10−7 and ρ1 =

10−5 with three different sets of initial conditions: I-1=(200,0.01,0.01,0.01,0.1,5), I-
2=(500,0.001,0.001,0.02,0.2,10), and I-3=(1000,0.002,0.003,0.03,0.3,15). The equilibrium
Q0 = (2000, 0, 0, 0, 0, 0) is stable.

(ii) α = 10−7, ρ1 = 10−4, τ1 = τ2 = τ3 = 0.1: The solutions in this case (Figure 2) approach the
point Q1 = (232, 1524, 65.64, 0.99, 1525, 0), where RV = 8.6175 > 1 and RI = 0.0017 < 1. This
coincides closely with Theorem 4.2. Here, the person has a cancerous EBV infection with an
inactive CTL immunity.
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Figure 2. The numerical results of system (2.1) for α = 10−7 and ρ1 =

10−4 with three different sets of initial conditions: I-1=(200,0.01,0.01,0.01,0.1,5), I-
2=(500,0.001,0.001,0.02,0.2,10), and I-3=(1000,0.002,0.003,0.03,0.3,15). The equilibrium
Q1 = (232, 1524, 65.64, 0.99, 1525, 0) is stable.

(iii) α = 10−4, ρ1 = 10−3, τ1 = τ2 = τ3 = 0.1: The solutions (Figure 3) approach the equilibrium Q2 =

(39.2, 1000, 43.09, 0.6498, 1000, 14.48), where RI = 1.6897 > 1. This agrees with Theorem 4.3.
In this case, the CTL immunity is activated against the EBV infection.
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Figure 3. The numerical results of system (2.1) for α = 10−4 and ρ1 =

10−3 with three different sets of initial conditions: I-1=(200,0.01,0.01,0.01,0.1,5), I-
2=(500,0.001,0.001,0.02,0.2,10), and I-3=(1000,0.002,0.003,0.03,0.3,15). The equilibrium
Q2 = (39.2, 1000, 43.09, 0.6498, 1000, 14.48) is stable.
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Table 1. Parameter values for system (2.1).
Parameter Value Source
θ 40 [36]
ρ1 Varied –
ρ2 10−3 Assumed
ρ3 10−3 Assumed
ε1 0.02 [3]
ε2 0.02 [3]
ε3 0.02 [3]
ε4 0.06 [32]
ε5 0.5 [3]
ε6 0.1 [24]
a1 0 ≤ a1 < 1 –
a2 0 ≤ a2 < 1 –
η 0.5 [3]
α Varied –
r1 1 Assumed
r2 1 Assumed
r3 1 Assumed
τ1 Varied –
τ2 Varied –
τ3 Varied –
γ 10−3 [3]

5.1. Effects of a1 and a2 on the model behavior

To investigate the impact of the oncogenic virus on CTLs, we consider case (iii) with different
values of a1. Figure 4(a) shows that increasing a1 increases the concentration of CTLs in the body. As
the virus inhibits CTLs from killing actively infected cells, this will raise the concentration of infected
cells. As a result, the number of recruited CTLs will be higher.

On the other hand, to examine the effect of the oncogenic virus on cancer cells, we again consider
case (iii) with different values of a2. Figure 4(b) shows that increasing a2 raises the concentration of
cancer cells. This indicates that when the oncogenic virus reduces the death rate of cancer cells, the
concentration of these cells in the body increases.
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Figure 4. (a) The impact of the oncogenic virus on CTL-mediated killing of actively infected
cells (a1). (b) The impact of the oncogenic virus on the natural death of cancerous cells (a2).
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5.2. Effects of time delays on the model behavior

To observe the impact of increasing the values of time delays on the system dynamics, we vary
τ1, τ2, and τ3 in case (ii). Figure 5 shows that increasing these delays leads to an increase in the
concentration of healthy cells. In contrast, the delays decrease the concentrations of actively infected
cells, latently infected cells, and cancer cells. As a result, the number of virus particles decreases.
Thus, in the absence of CTLs, these delays can have a positive impact on the system.
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Figure 5. The impact of increasing the values of the time delays (τ1, τ2, and τ3) on the
dynamics of the model.
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6. Sensitivity analysis

6.1. Sensitivity analysis of RV

To understand how different parameters affect the stability of the healthy equilibrium Q0, we
perform a sensitivity analysis of RV . The analysis identifies how RV is affected by variations in the
parameters. The normalized forward sensitivity index of RV w.r.t a parameter p is defined by [37]

ΠRV
p =

∂RV

∂p
·

p
RV

,

where RV is a differentiable function of p. Using the values listed in Table 1 with α = 10−7 and
ρ1 = 10−5, we compute the sensitivity indices of RV as given in Table 2 and visualized in Figure 6(a).
From these results, we observe the following:

(i) The production rate of uninfected cells (θ), the infection rate (ρ1), and the proliferation rate of
EBV (η) are the parameters that increase RV when their values increase;

(ii) The conversion rate of actively infected cells into latent cells (ρ2), the death rate of active cells
(ε2), the death rate of uninfected cells (ε1), the decay rate of EBV (ε5), and the delay parameters
r1 and τ1 are the parameters that reduce RV when their values increase;

(iii) Increasing (or reducing) any of the parameters η, θ, ρ1, ε1, or ε5 by 10% increases (or reduces) RV

by 10%;

(iv) Increasing ρ2 by 10% reduces RV by 0.476%;

(v) Increasing ε2 by 10% decreases RV by 9.524%;

(vi) Increasing r1 or τ1 by 10% reduces RV by 1%.

Based on these results, the parameters η, θ, and ρ1 contribute to the initiation of an EBV infection,
whereas ρ2, ε1, ε2, ε5, r1, and τ1 play important roles in maintaining the stability of the healthy state
and preventing the initiation of an EBV infection. In addition, the parameters η, θ, ρ1, ε1, ε2, and ε5 are
identified as the most sensitive parameters affecting RV .

Table 2. Sensitivity indices of RV .

Parameter P η θ ρ1 ρ2 ε1 ε2 ε5 r1 τ1

Π
RV
p 1 1 1 -0.0476 -1 -0.9524 -1 -0.1 -0.1

6.2. Sensitivity analysis of RI

The normalized forward sensitivity index of RI w.r.t a parameter p is defined by the following:

ΠRI
p =

∂RI

∂p
·

p
RI
.

Using the values listed in Table 1 with α = 10−7 and ρ1 = 10−4, we compute the sensitivity indices of
RI as given in Table 3 and visualized in Figure 6(b). From these results, we note the following:

AIMS Mathematics Volume 11, Issue 8, 23847–23867.



23862

(i) The stimulation rate of CTLs (α), the production rate of uninfected cells (θ), the infection rate
(ρ1), and the proliferation rate of EBV (η) are the parameters that increase RI when their values
increase;

(ii) The conversion rate of actively infected cells into latent cells (ρ2), the death rate of uninfected
cells (ε1), the death rate of active cells (ε2), the decay rate of EBV (ε5), the decay rate of CTLs (ε6),
and the delay parameters r1 and τ1 are the parameters that reduce RI when their values increase;

(iii) Increasing θ by 10% increases RI by 10%;

(iv) Increasing α by 10% increases RI by 9.998%;

(v) Increasing η or ρ1 by 10% increases RI by 1.9996 × 10−3%;

(vi) Increasing ρ2 by 10% reduces RI by 0.476%;

(vii) Increasing ε1 or ε5 by 10% reduces RI by 1.9996 × 10−3%;

(viii) Increasing ε2 by 10% reduces RI by 9.524%;

(ix) Increasing ε6 by 10% reduces RI by 9.99%;

(x) Increasing r1 or τ1 by 10% reduces RI by 1%.

Based on these results, the parameters α, η, θ, and ρ1 contribute to the activation of the CTL immune
response against an EBV infection. In contrast, the parameters ρ2, ε1, ε2, ε5, ε6, r1, and τ1 contribute
to the inhibition of CTL immunity. Moreover, the parameters α, θ, ε2, and ε6 are identified as the most
sensitive parameters affecting RI .

Table 3. Sensitivity indices of RI .
Parameter P α η θ ρ1 ρ2 ε1 ε2 ε5 ε6 r1 τ1

Π
RI
p 0.9998 1.9996 × 10−4 1 1.9996 × 10−4 -0.0476 −1.9996 × 10−4 -0.9524 −1.9996 × 10−4 -0.999 -0.1 -0.1
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Figure 6. (a) The normalized forward sensitivity indices of RV . (b) The normalized forward
sensitivity indices of RI .
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7. Discussion and conclusions

A strong link has been found between EBV infections and many cancers [4]. Thus far, no effective
treatments for latent EBV infections have been identified [1]. This has emphasized the urgent need
to understand the pathogenesis of EBV infections and its relation to cancer. Mathematical models
can help the ongoing clinical trials in developing effective therapies for EBV infection. This paper
proposed a delayed EBV model. The model has three equilibrium points as follows:

(1) The healthy equilibrium Q0, which is stable if RV < 1. This point reflects the case of a person with
no EBV infection.

(2) The EBV immune-inactive equilibrium Q1, which is stable if RV > 1 and RI < 1. This equilibrium
represents an individual with an EBV infection and an inactive CTL immune response.

(3) The EBV immune-active equilibrium Q2, which is stable if RI > 1. This equilibrium represents an
individual with an EBV infection and an active CTL immune response.

The numerical simulations confirmed the stability results of Theorems 4.1–4.3. Since the numerical
simulations demonstrate the stability of the equilibria for three different sets of initial conditions,
this suggests their potential global stability, which may be rigorously established in future work.
Furthermore, we found that increasing the value of a1, which measures the role of EBV in weakening
the ability of CTLs to kill infected cells, increases the concentration of infected B cells in the body.
Consequently, the number of recruited CTLs will be higher. This result suggests that immune escape
should not be interpreted as a reduction in the number of CTLs, but rather as a reduction in their
functional ability to eliminate infected cells. Although larger values of a1 increase the total density
of CTLs, their ability to eliminate infected cells is diminished. Moreover, increasing the value of
a2, which measures the role of the EBV in impairing the natural death of cancer cells, increases the
concentration of cancer cells in the body. In addition, we observed that increasing the values of the
time delays in the absence of CTLs in model (2.1) raises the concentration of healthy cells and reduces
the concentrations of infected cells and cancer cells. From a biological perspective, this suggests that
therapeutic interventions capable of slowing the establishment of active infection, the transition to
latency, or the progression to cancer may have beneficial effects similar to those predicted by larger
delay values in the model. Although no therapy is specifically designed to increase time delays, several
antiviral and anticancer therapies may indirectly produce analogous effects by slowing the underlying
biological mechanisms represented by these delays. Additionally, the results show that RV is most
sensitive to the parameters η, θ, ρ1, ε1, ε2, and ε5. On the other hand, RI is most sensitive to the
parameters α, θ, ε2, and ε6. Therefore, these parameters should be carefully estimated, as they play
crucial roles in the establishment of an EBV infection and the activation of CTL immunity. Notably,
the production rate of uninfected cells (θ) and the death rate of actively infected cells (ε2) exert equal
effects on RV and RI . In addition, the viral proliferation rate (η), the infection rate (ρ1), the death
rate of uninfected cells (ε1), and the decay rate of EBV (ε5), which strongly affect RV , have negligible
effects on RI . This suggests that once EBV infection is established, the persistence of CTL immunity
predominantly depends on the activation and survival of immune cells rather than on viral replication
itself. Overall, the sensitivity analyses indicate that RV is primarily governed by viral replication and
infection processes, whereas RI is mainly regulated by immune activation and CTL dynamics. It
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should be noted that although the sensitivity analyses indicate that the basic reproduction number RV

increases with the production rate of uninfected B cells (θ), this does not imply that reducing θ is a
desirable therapeutic intervention. In fact, lowering θ could impair the host immune system and have
detrimental clinical consequences. The positive sensitivity index simply indicates that a larger pool of
susceptible target cells can facilitate viral infection. In contrast, parameters directly associated with
viral infection and replication, such as the infection rate (ρ1) and the proliferation rate (η), represent
more plausible therapeutic targets because reducing these parameters may suppress the EBV infection
without affecting the production of immune cells. Compared with existing works, the model suggested
in this paper is the first model that studies the oncogenic effect of the EBV with a mathematical analysis.
The present study faces both mathematical and biological challenges. Mathematically, proving the
local stability of Q1 and Q2 for positive delays requires advanced analytical techniques, including
imaginary-root analyses and the Hopf bifurcation theory. Biologically, the scarcity of experimental
data necessitated the use of some assumed parameter values. One limitation of the present model is
that it assumes a unidirectional progression from active infection to latency. In reality, the EBV can
switch between latent and lytic phases under certain biological conditions [38]. A further limitation
is that the local stability of Q1 and Q2 was only established for zero time delays. Another important
limitation is that some parameter values were obtained from published studies, whereas others were
assumed. When empirical data become available, the results can be tested and the model can be used
to do the following:

(i) Determine the parameter values that shift the system from a healthy state ( Q0 stable) to an EBV-
infected cancer state with inactive CTL immunity (Q1 stable), and further to an EBV-infected
cancer state with active CTLs (Q2 stable);

(ii) Test the impact of the oncogenic virus on the natural death of cancer cells and the killing rate of
CTLs;

(iii) Examine the impact of time delays on the system dynamics;

(iv) Develop therapies that mimic the effects of the time delays.

Model (2.1) can be extended by the following:

(i) Establishing the local stability of Q1 and Q2 for positive time delays;

(ii) Proving the global stability of the equilibrium points by constructing suitable Lyapunov-
Krasovskii functionals that incorporate the delay terms and establishing the stability under
appropriate threshold conditions;

(iii) Considering the delays that can occur during the viral replication or immune response stimulation;

(iv) Incorporating the spatial distribution of the model components;

(v) Using fractional derivatives to test the memory effect on the model behavior;

(vi) Incorporating a multistage progression process, distributed delays, or stochastic mechanisms to
represent the long-term progression from latent EBV infection to cancer;

(vii) Investigating the possibility of delay-induced Hopf bifurcations and periodic solutions that can
arise from variations in the delay parameters;
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(viii) Incorporating a reactivation pathway from latent cells to actively infected cells.
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